Ergod. Th. & Dynam. Sys. (2014), 34, 1930-1963 (© Cambridge University Press, 2014
doi:10.1017/etds.2014.56

Symplectic periodic flows with exactly three
equilibrium points

DONGHOON JANG

Department of Mathematics, University of lllinois at Urbana-Champaign,
Urbana, IL 61801, USA
(e-mail: jangl2@illinois.edu)

(Received 1 October 2012 and accepted in revised form 15 May 2014)

Abstract. Let the circle act symplectically on a compact, connected symplectic manifold
M. If there are exactly three fixed points, M is equivariantly symplectomorphic to CP2.

1. Introduction

The study of fixed points of flows or maps is a classical and important topic studied in
geometry and dynamical systems. In this paper we focus on the case where manifolds
admit symplectic structures and circle actions on the manifolds preserve the symplectic
structures. Circle actions in symplectic geometry correspond to periodic flows in
mechanical systems. Fixed points by the actions correspond to equilibrium points by the
flows. If a circle action has fixed points, a lot of information is encoded by the fixed point
data of the action.

Hamiltonian actions are symplectic but symplectic actions need not be Hamiltonian.
Hence it is a natural question to ask if there is a non-Hamiltonian symplectic action on a
compact symplectic manifold when given a certain number of fixed points. It is a classical
fact that a Hamiltonian circle action on a compact symplectic manifold (M, w) has at least
% dim M + 1 fixed points.

Frankel proved that a symplectic S'-action on a Kihler manifold is Hamiltonian if and
only if is has a fixed point [F59]. The property that a symplectic S!-action is Hamiltonian
if and only if it has a fixed point holds on four-dimensional symplectic manifolds [MD88],
and it also holds for semi-free actions on symplectic manifolds with discrete fixed points
[TWO00]. On the other hand, in the same paper McDuff constructed an example of a non-
Hamiltonian symplectic circle action with fixed points. However, in this case the fixed
point set are tori. Therefore, the question still remains whether there is a non-Hamiltonian
symplectic circle action with isolated fixed points.

Let the circle act symplectically on a compact, connected symplectic manifold M. First
of all, there cannot be exactly one fixed point. Also, due to Kosniowski, if there are exactly
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two fixed points, then either M is the 2-sphere or dim M = 6 [Ko74]. This is re-proved by
Pelayo and Tolman using another method [PT11]. This result itself does not rule out the
possibility that there is a six-dimensional compact symplectic manifold M with exactly
two fixed points by the symplectic circle action. In this paper, we follow the method that
Pelayo and Tolman use.

In this paper we study symplectic circle actions on compact, connected symplectic
manifolds with exactly three fixed points. The conclusion is that in this case the manifold
must be four-dimensional and it is equivariantly symplectomorphic to CP? with the
standard action. In particular, if there are exactly three fixed points, symplectic circle
actions are Hamiltonian.

A 2-form w € Q2(M) on a manifold M is called a symplectic form if it is closed and
non-degenerate. If a circle action on M preserves w, the action is called symplectic. Let
X pr be the vector field on M induced by the circle action. The action is called Hamiltonian,
if there exists a map u : M — R such that

—du =1y, 0.

This implies that every symplectic action is Hamiltonian if Hy(M; R) =0, since tx,,w is
closed. We now state the main result of this paper.

THEOREM 1.1. Let the circle act symplectically on a compact, connected symplectic
manifold M. If there are exactly three fixed points, M is equivariantly symplectomorphic
to CP?,

We now give a brief overview of the proof. The proof is based on induction on the
dimension of M. For each fixed point, there are well-defined non-zero integers, called
weights. The main idea of the proof is to get restrictions on the weights at the three fixed
points and show that if dim M > 4, the weights cannot satisfy all the restrictions.

One of the key facts is that, for any non-zero integer /, the subgroup Z; C S' also acts
on M. Moreover, the set of points M% fixed by the Z;-action is a union of symplectic
submanifolds, and the isotropy weights in M%! are multiples of /.

Two important isotropy weights are the largest weight and the isotropy weight two.
First, let d be the biggest weight among all the weights that occurs at the three fixed
points. We show that M?%4 is a union of a 2-sphere and a point. Moreover, we show that
this gives significant restrictions on other weights. Second, we show that M%2 is CP?,
provided that dim M > 4. This implies that for manifolds of dimension greater than four,
exactly two weights at each fixed point are even. If the largest weight d is even, it is itself
one of the weights in the isotropy submanifold fixed by the Z;-action. Because of this, we
divide the theorem into two cases, depending on whether the largest weight is odd or even.
The former case is much easier and requires less work. Finally, if dim M > 4, the fact that
there are exactly three fixed points implies that the sum of the weights at any fixed point
is zero. When combined with the restrictions described above, this determines the number
of negative weights at each fixed point.

Finally, the ABBV localization formula describes the push-forward map from the
equivariant cohomology of M to the equivariant cohomology of a point in terms of a
formula in the weights at the fixed points [AB84]; see Theorem 2.1 below. Since the
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push-forward of 1 is 0, this gives additional restrictions on the weights, and we use these
to complete the proof.

Remark 1.2. Let us now consider a symplectic circle action on a compact, connected
symplectic manifold M with exactly four fixed points. Unfortunately, the techniques for
the case of three fixed points are not sufficient to analyze the case of four fixed points.
One of difficulties in this case is that there are more cases to consider for the isotropy
submanifolds M%2 and M%<, where d is the biggest weight that occurs. Moreover, in this
case the sum of the weights at each fixed point need not be identically zero. Therefore,
there are many possibilities for the number of negative weights at each fixed point as well.

This paper is organized as follows. In §2 we introduce the background and notation
needed. In §3 we prove preliminary lemmas. In §4 we prove the base case, that is, when
dim M < 8. In §5 we consider the case where the largest weight is odd. Sections 6 and 7
are preliminaries for §8, in which we consider the case where the largest weight is even.
Once this is completed, a one-paragraph proof is given in §9.

2. Background and notation
Consider a circle action on a manifold M. The equivariant cohomology of M is defined by
H ;f, (M) =H*(M xg1 §).If M is oriented and compact, then from the projection map
M xg S — CP* we obtain a natural push-forward map

7yt Hy (M3 Z) — H ™M (CP>; Z)
for i € Z. This map is given by ‘integration over the fiber’ and denoted by f M

THEOREM 2.1. (ABBV localization) [AB84] Let the circle act on a compact oriented
manifold M. Fix a € H;‘l (M; Q). As elements of Q(t),

[07
/a: Z f |F ’
M F €S1(Np)
FC

mS!

where the sum is over all fixed components, and eqi (Nf) denotes the equivariant Euler
class of the normal bundle to F.

Let the circle act symplectically on a symplectic manifold (M, w). To each isolated
fixed point p e M ' we can assign well-defined non-zero (integer) weights éll,, ce é;,’
in the isotropy representation T, M (repeated with multiplicity). Denote by o; the ith
elementary symmetric polynomial. Then the ith equivariant Chern class at the fixed point
p is given by

(M), =0i(Ey, ..., ENL,
where ¢ is the generator of H 3%, (p; Z). For instance, the first Chern class map at p is given
by ci(M)|p = X& ;t, and the equivariant Euler class of the tangent bundle at p is given by

esi(Np) =c,(M)], = ([] él’;)t”. Hence,
/ C[(M)|p i Gi(s;’ e s;)ti_n
» est(Np) I 51]7.
Denote by A, twice of the number of negative weights at p for all p € M S'. This is
called the index at p, and this notion agrees with the index of a fixed point of a Hamiltonian
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circle action. Weights in the isotropy representation 7, M also satisfy the following
lemma.

LEMMA 2.2. [PT11] Let the circle act symplectically on a compact symplectic 2n-
manifold with isolated fixed points. Then

HpeMS |1, =2i}|=|{peM* |r,=2n—2i) foralli,
COROLLARY 2.3. [PT11] Let the circle act symplectically on a compact symplectic
2n-manifold with k isolated fixed points. If k is odd, then n is even.

LEMMA 2.4. [PT11] Let the circle act symplectically on a compact symplectic manifold
M with isolated fixed points. Then

Y Ny(h= Y Ny(=I) foralll €.
peMs! peMs!
Here, N (1) is the multiplicity of | in the isotropy representation T, M for all weights | € Z
andall p € MS'.

LEMMA 2.5. [T10] Let the circle act on a compact symplectic manifold (M, w). Let p
and p' be fixed points which lie in the same component N of M%, for some k > 1. Then
the S'-weights at p and at p' are equal modulo k.

Let the circle act on a compact symplectic manifold M. Let p and p’ be fixed points
which lie in the same component N of M% for some k > 1. Denote by % p and X,
the multisets of weights at p and p’, respectively. Lemma 2.5 states that there exists a
bijection between X, and X, that takes each weight o at p to a weight g at p’ such that
o = B mod k.

THEOREM 2.6. [PT11] Let the circle act symplectically on a compact, connected
symplectic manifold M with exactly two fixed points. Then either M is the 2-sphere or
dim M = 6 and there exist natural numbers a and b so that the weights at the two fixed
points are {a, b, —a — b} and {a + b, —a, —b}.

COROLLARY 2.7. [PT11] Let the circle act symplectically on a compact symplectic
manifold M with non-empty fixed point set. Then there are at least two fixed points, and if
dim M > 8, then there are at least three fixed points. Moreover, if the Chern class map is
not identically zero and dim M > 6, then there are at least four fixed points.

3. Preliminaries
One of the main ideas to prove Theorem 1.1 is to look at the biggest weight among all the
weights of fixed points.

Consider a symplectic circle action on a 2n-dimensional compact, connected symplectic
manifold M with exactly three fixed points. The key fact is that the largest weight
occurs only once. From this it follows that if without loss of generality we assume that
Ap < Ay < A, where p, g, and r are the three fixed points, then A, =n — 2, A, = n, and
Ar=n—+2.

Definition 3.1. A weight d is the largest weight if it is the biggest weight such that
ZMGMS1 N,(d) > 0.
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PROPOSITION 3.2. Let the circle act symplectically on a compact, connected symplectic
manifold M and suppose that there are exactly three fixed points. Let d be the largest
weight. Then the isotropy submanifold M%d contains exactly two components that have
fixed points: one isolated fixed point and one 2-sphere that contains two fixed points.

Proof. Consider the isotropy submanifold M%¢. By Theorem 2.6, there are only three

possible cases.

(1) The isotropy submanifold M%< contains a 2-sphere with two fixed points. The third
fixed point is another component of M?%d,

(2) The isotropy submanifold M%¢ contains a six-dimensional component with two fixed
points. The third fixed point is another component of M%d.

(3) The isotropy submanifold M%¢ contains a component with the three fixed points.

The subset inclusions may not be equalities since M%¢ may contain other components with

no fixed points.

Suppose that the second case holds. By Theorem 2.6, the weights in the isotropy
submanifold M%< at two fixed points that lie in the six-dimensional component are
{a, b, —a — b} and {—a, —b, a + b} for some natural numbers a and b. Moreover, a, b,
and a + b are multiples of d, which is impossible since d is the largest weight.

Suppose that the third case holds. Let Z be the component. Let dim Z = 2m. Since all
the weights in the isotropy submanifold M2 are either d or —d, by Theorem 2.1,

1 1 1 1 1 1
0= 1= =+—F —4+ — #£0,
Lt et et
which is a contradiction.

Hence the first case is the case and the weights in the isotropy submanifold M?%¢ at the
two fixed points in the 2-sphere are {—d} and {d}. O

Considering S! as a subset of C, denote an S'-action on a manifold M by A - p for
A€ S', pe M. For technical reasons, throughout this paper we sometimes reverse the
S'-action. By reversing the action, we mean an S'-action on M by A~! - p.

LEMMA 3.3. Let the circle act symplectically on a 2n-dimensional compact, connected
symplectic manifold M and suppose that there are exactly three fixed points. Then we can
label the fixed points p, q, and r so that ., =n — 2, Ay = n, and A, = n + 2. Moreover, if
dim M # 4, then after possibly reversing the circle action, we may assume that —d € X,
and d € X4, where d is the largest weight.

Proof. Let p, g, and r be the fixed points. Without loss of generality, assume that A, <
Ag < A;. By Corollary 2.3, n is even. Also, since the number of fixed points is odd, A, =n
by Lemma 2.2. Moreover, since M is connected, dim M # 0.

First, assume that dim M =4. Then by Lemma 2.2, either A, =1, =1, =2, or
Ap =0, A, =2,and A, =4. Suppose that A, = A, = A, = 2. Then by Theorem 2.1,

1 1 1
M [T 8, Tz Ilizi &

which is a contradiction. Hence A, =0, A; =2, and A, =4.
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Next, assume that dim M > 8. By Lemma 3.2, we can label the fixed points «, 8, and y
such that o and B lie in the same two-dimensional connected component of M%¢ such that
—d € Xy, d € ¥g,and N, (d) = Ny (—d) = 0. By reversing the circle action if necessary,
we may assume that either A, <A, or Ag < A,. Moreover, by Corollary 2.7, the first
Chern class map is identically zero. By Lemma 3.4 below, Ay + 2 = Ag. Together with
Lemma 2.2, the above statements imply that A, =n —2, Ay =n, A, =n+2, —d € ¥,
andd € X,. O

To prove Lemma 3.3, we need the following technical lemma.

LEMMA 3.4. Let the circle act on a 2n-dimensional compact symplectic manifold (M, ).
Let v and w be fixed points in the same two-dimensional component Z of M%d, where d
is the largest weight. Also suppose that —d € X, d € L., and c1(M)|y, = c1(M)|y. Then
Ay + 2 = Ay,

Proof. By Lemma 2.5, £, = %,, modd. Let 55» 1<i<n, and E;, 1 <i <n, be the
weights at v and w, respectively, where &/, &! € 7 \ {0}. By permuting if necessary, we
can assume that S,’; = Sli) modd, for all i <n, §} =—d, and §} =d. By Lemma 2.4,
d > |g!| and d > |€l |, fori < n. Then for all i < n, the following statements hold:
(1) if& >0and & >0, orif & <0 and & <0, then & =& modd implies &/ —
&, = 0;

(2) if& >0and &l <O0,then & =& modd implies & — & = d,;
(3) if& <0andé&. > 0, then & =& mod d implies & — & = —d.

Moreover, there are (A,/2) — 1 negative weights in ¥, excluding —d, and X, /2
negative weights in X,,. Hence,

O=ci(M)y—c1(Mly=E +- -+ —d)— Ep+ - +E +d)

:<s$—si>+---+<§31—5$1)—2d=d(%—%+1)—2d

(e M
= 5 > .
Therefore, A, + 2 = Ay. O

Remark 3.5. We can generalize Lemma 3.4 in the following way. Let the circle act on a
2n-dimensional compact symplectic manifold (M, w). Let v and w be fixed points in the
same component Z of M”%¢ where d is the largest weight. Then

2
Ay(M) — hy(M) + 2 (Z) — A (Z) = _E(CI(MHU —c1(M)|w).

The proof goes similarly to that of Lemma 3.4; by Lemma 2.5, their weights are equal
modulo d. Then as a bijection between X, and X,, modulo d, £d at v is paired with £d
at w. Consider other weights; a positive weight £ at v is paired with either £ or & — d at
w, etc. Finally, we consider the difference of the first Chern class at v and w together with
indices at v and w.

Finally, when the largest weight is odd, we will need the following closely related
technical lemma.
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LEMMA 3.6. Let the circle act on a 2n-dimensional compact symplectic manifold (M, ).
Suppose that fixed points v and w satisfy the conditions in Lemma 3.4. Let d be the largest
weight and assume that d is odd. Suppose that ¥, and ¥, have E; and E; positive even
weights and E; and E, negative even weights, respectively. Then E" — E — E} +
E, =2

Proof. By Lemma 2.5, ¥, = ¥, mod d. Define Sl’; and Efu as in Lemma 3.4 and recall that
the following statements hold:

(a) if& >0and&l >0,o0rif& <Oand &l <0, then & — &1 =0;

(b) if& >0and&l <O,then&! — &l =d;

() if& <0and&l >0,then&! — &l =—d.

Let e] be a positive even weight at v, ;" a negative even weight at v, o] a positive odd
weight at v, and o, a negative odd weight at v, and similarly for w. Then since the largest
weight d is odd, we have the following.

(1) e =e) modd implies that e =e¢}. Hence in ci(M)], — c1(M)|y, this pair
contributes 0. Suppose that there are k1 such pairs.

2) ev+ = 0, mod d implies that e:f — 0, =d. Hence in ¢;(M)|, — c1(M)|y, this pair
contributes d. There are E;" — k; such pairs.

(3) e, =e, modd implies that e;” =e; . Hence in ¢;(M)|, — c1(M)l|y, this pair
contributes 0. Suppose that there are k, such pairs.

4) e, = o$ mod d implies that e,” — 0$ = —d. Hence in c; (M)|, — c¢1(M)|y, this pair
contributes —d. There are E;” — ky such pairs.

(5) of =0} modd implies that o =o}. Hence in ¢;(M)|, — ci (M), this pair
contributes 0. Suppose that there are k3 such pairs.

(6) o =e,; modd implies that oj —e,, =d. Hence in ¢c{(M)|, — ¢1(M)|y, this pair
contributes d. There are E;; — k; such pairs.

(7) o0, =e modd implies that o, — e; = —d. Hence in ¢1(M)|, — ¢1(M)|,, this pair
contributes —d. There are E;} — k; such pairs.

(8) o, =0, modd implies that o, =o0,. Hence in c{(M)|, — c1(M)|,, this pair

contributes 0. Suppose that there are k4 such pairs.
Then

0= CI(M)|U - CI(M)|w
=d(Ef — ki) —d(E,; — k) +d(E,, —kz) —d(E} — ki) —2d
=d(Ef —E; —E} +E, —2). m

Remark 3.7. We can also generalize Lemma 3.6 in the following way. Let the circle act on
a 2n-dimensional compact symplectic manifold (M, w). Let v and w be fixed points in the
same component Z of M%4_ where d is the largest weight. Assume that the largest weight
d is odd. Then

d(E} —Ey —E}L + Ep)=c1(M)|y — c1(M)]yy — c1(Z)|y + ¢1(Z) -

The proof goes similarly to that of Lemma 3.6.
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4. Proof of Theorem 1.1: the base case

The proof of Theorem 1.1 is based on induction. The key fact to prove Theorem 1.1 is that
an isotropy submanifold of a symplectic manifold is itself a smaller symplectic manifold.
To prove the base case, we need several theorems.

PROPOSITION 4.1. [MD88] An effective symplectic circle action on a four-dimensional
compact, connected symplectic manifold is Hamiltonian if and only if the fixed point set is
non-empty.

Let the circle act symplectically on a four-dimensional compact, connected symplectic
manifold M with isolated fixed points. Assume that the action is effective. Then we can
associate a graph to M in the following way. We assign a vertex to each fixed point. Label
each fixed point by its moment image. Additionally, given two fixed points p and ¢, we
say that (p, ¢) is an edge if there exists k > 1 such that p and ¢ are contained in the
same component of the isotropy submanifold M, where k is the largest such. We label
the edge by k. We say that two graphs IT and IT’ are isomorphic, if there is a one-to-one
correspondence between vertices in IT and vertices in IT’, and a one-to-one correspondence
between edges in IT and edges in IT’ such that if o : [T — I1’ is such a map and if (p, ¢)
is a k-edge, then o ((p, q)) is a k-edge.

THEOREM 4.2. (Uniqueness theorem) [K99] Let (M, w, I1) and (M’, o', T1") be two
compact four-dimensional Hamiltonian S' spaces. Then any isomorphism between their
corresponding graphs is induced by an equivariant symplectomorphism.

We now prove the base case.

PROPOSITION 4.3. Let the circle act symplectically on a compact, connected symplectic
manifold M and suppose that there are exactly three fixed points. [f dim M < 8, then M is
equivariantly symplectomorphic to CP?.

Proof. Suppose that dim M < 8. By quotienting out by the subgroup which acts trivially,
we may assume that the action is effective. Since the manifold M is connected, dim M # 0.
Hence by Corollary 2.3, dim M = 4. Let p, g, and r denote the three fixed points and
without loss of generality assume that A, <A, < A,. Thenby Lemma3.4,A, =0, 1, =2,
and A, = 4.

By a standard action on CP? we mean that for each A € S', X acts on CP? by

A-lzo:z1 22l = [A*TPz0 1 A% 1 22]
for some positive integers a and b. This action has three fixed points [1:0:0], [0:1:0],
and [0 : 0: 1]. And the weights at these points are {—b, —a — b}, {b, —a}, and {a, a + b}.
Since dim M =4, by Proposition 4.1, the action is Hamiltonian. Furthermore, by

Lemma 2.4, there exist natural numbers a, b, and ¢ such that the weights are X, = {a, c},
¥4 ={—a, b}, and T, = {—b, —c}. By Theorem 2.1,
1 1 1 b—
02/ oLt U _b-cta
M ac ab  bc abc

Thus ¢ = a + b. It is straightforward to check that the corresponding graph is isomorphic
to a graph corresponding to some standard action on CP? where the action is given
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by A-[zo:z1:22]= [A97Pz0:A9Z1 :72], and hence this induces an equivariant
symplectomorphism on manifolds by Theorem 4.2. O

Hence from now on we assume that dim M > 8. Then note that, by Corollary 2.7, the
Chern class map is identically zero.

LEMMA 4.4. Fix a natural number n such that n > 4. Assume that Theorem 1.1
holds for all manifolds M such that dim M < 2n. Let the circle act symplectically on
a 2n-dimensional compact, connected symplectic manifold M and suppose that there are
exactly three fixed points. Assume that the action is effective. Then there exist even natural
numbers a and b such that the weights at the three fixed points in the isotropy submanifold
M% are {a, ¢}, {—a, b}, and {—b, —c}, where ¢ =a + b.

Proof. Since the action is effective, the isotropy submanifold Z; is a smaller manifold,

i.e., for any component Z of M?2, we have that dim Z < dim M. Then by the inductive

hypothesis and Theorem 2.6, there are only four possible cases.

(1)  Each fixed point is a component of the isotropy submanifold M%2.

(2) The isotropy submanifold M%2 contains a 2-sphere with two fixed points. The third
fixed point is another component of M?%2,

(3) The isotropy submanifold M?2 contains a four-dimensional component with the
three fixed points.

(4) The isotropy submanifold M%2 contains a six-dimensional component with two fixed
points. The third fixed point is another component of M%2,

Assume that the first case holds. Let p, g, and r be the fixed points. The first case means
that all the weights at p, ¢, and r are odd. Let A, B, and C be the products of the weights
at p, g, and r, respectively. Then by Theorem 2.1,

1 1 1 1
1= / = AR -t 4+ "
/M Z Fesing  L1E [1¢& [1&

FcMS!
_<l+l+l)t—”—0
A B C
Hence
LIRS
A B C

Multiplying both sides by ABC yields
BC+ AC+ AB=0.
However, since A, B, and C are odd,
BC+AC+AB=1 mod 2,

which is a contradiction.

Assume that the second case holds. Then the two fixed points in the 2-sphere have one
even weight and n — 1 odd weights. By Corollary 2.3, n is even. Then sums of the weights
at these points are congruent to 1 mod 2, which contradicts Corollary 2.7 that the first
Chern class map (the sum of the weights at a fixed point) is zero for all fixed points if
dim M > 8 and there are exactly three fixed points.
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The fourth case is similar. The two fixed points in the 2-sphere have three even weights
and n — 3 odd weights, hence the sums of weights at these points are congruent to 1 mod 2.
Hence the third case is the case. Thus as in the proof of Proposition 4.3, there are even
natural numbers a and b such that the fixed points of the isotropy submanifold M%2 have
weights {a + b, a}, {—a, b}, and {—b, —a — b}. O

LEMMA 4.5. Fix a natural number n. Assume that Theorem 1.1 holds for all manifolds

M such that dim M < 2n. Let the circle act symplectically on a 2n-dimensional compact,

connected symplectic manifold M and suppose that there are exactly three fixed points.

Assume that the action is effective. Given an integer e € 7\ {—1, 0, 1}, exactly one of the

following statements holds.

(1) Each fixed point is a component of the isotropy submanifold M%e.

(2)  The isotropy submanifold M% contains a 2-sphere with two fixed points, and the
weights in the 2-sphere at these points are {a} and {—a} for some natural number a
that is a multiple of e. The third fixed point is another component of M.

(3) The isotropy submanifold M Ze contains a four-dimensional component with the
three fixed points, and the weights in the isotropy submanifold at these points are
{a + b, a}, {—a, b}, and {—b, —a — b} for some natural numbers a and b that are
multiples of e.

(4)  The isotropy submanifold M contains a six-dimensional component with two fixed
points, and the weights in the isotropy submanifold at these points are {a, b, —a — b}
and {a + b, —a, —b} for some natural numbers a and b that are multiples of e. The
third fixed point is another component of M%e.

Proof. Fix an integer e € Z \ {—1, 0, 1}. Since the action on M is effective, for any
component Z of the isotropy submanifold M%¢, we have that dim Z < dim M.

By ABBYV localization (Theorem 2.1), if any component of the isotropy submanifold
M?e only contains one fixed point, then the fixed point itself is the component.

If every fixed point is itself a component of the isotropy submanifold MZe, this is the
first case of the lemma.

Suppose instead that there exists a component Z of the isotropy submanifold MZ that
contains exactly two fixed points. Then by Theorem 2.6, one of the following statements
holds.

(a) The component is 2-sphere and the weights in the isotropy submanifold MZ« at these
points are {a} and {—a} for some natural number a that is a multiple of e. By the previous
argument, the third fixed point is another component of M%<, This is the second case of
the lemma.

(b) The component is six-dimensional and the weights in the isotropy submanifold M%e
at these points are {a, b, —a — b} and {a + b, —a, —b} for some natural numbers a and
b that are multiples of e. The third fixed point is another component of M%¢. This is the
fourth case of the lemma.

Finally, suppose that a component of the isotropy submanifold M%¢ contains the three
fixed points. Then by the inductive hypothesis, the component is four-dimensional and the
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weights in the isotropy submanifold are {a + b, a}, {—a, b}, and {—b, —a — b} for some
natural numbers a and b that are multiples of e. This is the third case of the lemma. O

As particular cases of Lemma 4.5, we need the following lemma.

LEMMA 4.6. Fix a natural number n. Assume that Theorem 1.1 holds for all manifolds

M such that dim M < 2n. Let the circle act symplectically on a 2n-dimensional compact,

connected symplectic manifold M and suppose that there are exactly three fixed points.

Assume that the action is effective. Fix an integer e € Z \ {—1, 0, 1}.

(1) Suppose that there exist distinct fixed points o and B such that Ny(e) > 0 and
Ng(—e) > 0 such that |e| > d/2 where d is the largest weight. Then Ny(e) =1,
Ng(—e) =1, Ty = Xg mod e, and no additional multiples of e appear as weights.

(2)  If there exist two distinct fixed points o and B such that Ny (e) > 0 and Ng(e) > 0,
then after possibly switching o and B,

{2e,e} C Xy, {—e,e}CXpg, and (-2, —e}CZ,

where y is the remaining fixed point. Moreover, no additional multiples of e appear
as weights.

(3) If there exists a fixed point o such that N,(e) > 1, {—2e,e,e} C Xy and
{2e, —e, —e} C Zg for some fixed point B # a. Moreover, no additional multiples
of e appear as weights.

(4)  Suppose that there exists a fixed point B such that Ng(e) > 0 and Ng(—e) > 0. Then

{2e,e} C Xy, {—e,e}CXg, and (-2, —e}CZ,

where a and y are the remaining two fixed points. Moreover, no additional multiples
of e appear as weights.

Proof. Fix an integer e € Z \ {—1, 0, 1} and consider the isotropy submanifold MZ.

(1) By looking at the weights in the isotropy submanifold MZ«, the second, third, and
fourth cases are possible. In the third or fourth case, a > |e| and b > |e| hence a + b >
2|e| > d, which is a contradiction. Hence this must be the second case of Lemma 4.5
with @ = |e|. Moreover,  and 8 lie in the same 2-sphere of M%<. Hence by Lemma 2.5,
¥y =Xgmode.

(2) By looking at the weights in the isotropy submanifold M%<, this must be the third
case of Lemma 4.5 witha = b = |e].

(3) By looking at the weights in the isotropy submanifold M%, this must be the fourth
case of Lemma 4.5 witha = b = |e].

(4) By looking at the weights in the isotropy submanifold M%<, this must be the third
case of Lemma 4.5 witha = b = |e]. O

5. The case where the largest weight is odd

Let the circle act symplectically on a compact, connected symplectic manifold M with
exactly three fixed points. In this section, we show that if dim M > 8, the largest weight
cannot be odd.
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PROPOSITION 5.1. Fix a natural number n such that n > 4. Assume that Theorem 1.1
holds for all manifolds M such that dim M < 2n. Let the circle act symplectically on a
2n-dimensional compact, connected symplectic manifold M and suppose that there are
exactly three fixed points. Assume that the action is effective. Then the largest weight is
even.

Proof. Assume to the contrary that the largest weight is odd. Then this is an immediate
consequence of Lemmas 5.2, 5.6, and 5.7 below. O

LEMMA 5.2. Fix a natural number n such that n > 4. Assume that Theorem 1.1 holds
for all manifolds M such that dim M < 2n. Let the circle act symplectically on a 2n-
dimensional compact, connected symplectic manifold M and suppose that there are exactly
three fixed points p, q, and r, with A, < Ay < A,. Assume that the action is effective and
the largest weight d is odd. Then after possibly reversing the circle action we may assume
that —d € X and d € X4, and there exist even natural numbers a and b such that either
() A{a,c} CZp, {—a,b} C Xy, and {—b, —c} C Z;; or

2) {=a,b}CXp,{-b, —c} CZy, and {a, c} C %y,

where ¢ = a + b. Moreover, these are the only even weights.

Proof. By Lemma 3.2, Np(d)+ Ny(d)+ N,(d)=1 and Np(—d)+ Ny(—d) +
Ny(=d)=1. By Lemma 3.3, A, =n—2,A; =n, and A, =n + 2. Moreover, after
possibly reversing the circle action, we may assume that —d € X, andd € Z,.

By Lemma 4.4, there exist even natural numbers a and b such that the weights at the
three fixed points in the isotropy submanifold M% are {a, ¢}, {—a, b}, and {—b, —c},
where ¢ = a + b. In the lemma, the order is not specified. We have six possible cases. The
other four cases are:

3) {a,c} CZp, {-b, —c} C Xy, and {—a, b} C %;;
4) {—a,b}CXp, {a,c} CZy, and {—b, —c} C Z;;
(5) {=b,—c}CXp,{—a,b}C Xy, and {a, c} C Z;;
©6) {-b,—c}C X, {a,c}C%y, and{—a, b} C Z,.
The fixed points p and g satisfy the conditions in Lemma 3.6. Therefore, E” — E; —
E} + E,, =2 and the other cases are ruled out. O

LEMMA 5.3. Under the assumption of Lemma 5.2, a # b.

Proof. Assume to the contrary that a =b. Since —d € X, and d € £; where d is the
largest weight, by Lemma 4.6(1) ford, £, = X, mod d. As aresult, we can find a bijection
between the weights at p and the weights at g that takes each weight « at p to a weight 8
at ¢ such that o« =  mod d. Moreover, since a = b, we can take this bijection to take a at
p to b at g in the first case, and —a at p to —b at ¢ in the second case.

Assume that the first case in Lemma 5.2 holds, i.e., {a, ¢} C X, {—a, b} C ¥;, and
{—b, —c} C Z,. Moreover, these are the only even weights. First, —d at p has to go to d
at g since all the other weights are non-zero and have absolute values less than d. Next, ¢
at p must goto c — d at g and —a at g must go to d — a at p. If [ is any remaining positive
odd weight at p, then it has to go to [ at ¢ since the largest weight d is odd. Similarly, any
negative odd weight —k at p must go to —k at q.
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By Corollary 2.3, % dim M is even. Since A, = % dimM —2 and A4 = % dim M by
Lemma 3.3, this implies that the weights at p and g are

EP = {_d’ a, ¢, d— a} U {'xi};:l U {_yi}lt‘zlv
Eq = {d7 bs c— d1 _a} U {xl}le U {_yl}lev

for some odd natural numbers x; and y; where dim M = 8 + 4¢, for some 7 > 0.

Suppose that x; > 1 for some i. Then by Lemma 4.6(2), {2x;, x;} C Z,, {—x;, xi} C
¥4, and {—2x;, —x;} C X, or {—x;, x;} C Xp, {2x;, x;} C Xy, and {—2x;, —x;} C Z,.
Moreover, no more multiples of x; should appear as weights. This implies that —x; # —y;
for all j. Since —y; are the only negative odd weights at p, this implies that the second
case is impossible. Assume that the first case holds. Then we must have ¢ = 2x;. Also,
since {—x;, x;} C X4 but —x; # —y; for all j, —x; = ¢ — d. However, this means that
2x; —d = ¢ —d = —x; hence d = 3x;, which is a contradiction since no more multiples
of x; should appear.

Hence x; =1 for all i. Similarly, one can show that y; =1 for all i. Then ¢1(M)|, =
—d 4+ a+ c+d— a=c >0, which by Corollary 2.7 contradicts that the first Chern class
map is identically zero.

Similarly, we get a contradiction of the second case of Lemma 5.2 with a = b by a slight
variation of this argument. O

LEMMA 5.4. Assume that the first case in Lemma 5.2 holds. Then the weights are

S, ={-dacd—ab—d1}U{-11}_,.
S, ={d.a—d c—d —a b 1}U{-1,1}_,.
Er = {_b’ —C, .. '}7

where the largest weight d is odd, a, b, and c are even natural numbers such that ¢ =
a + b, and dim M = 12 + 4t for some t > 0. Moreover, a # b and the remaining weights
atr are odd.

Proof. Assume that the first case in Lemma 5.2 holds, i.e., there exist even natural numbers
a, b, and ¢ such that {a, ¢} C X, {—a, b} C &;, and {—b, —c} C &, where c =a + b.
Moreover, these are the only even weights.

As in the proof of Lemma 5.3, combining the fact that X, = X, mod d by Lemma
4.6(1) for d, & dim M is even by Corollary 2.3, Ap = % dim M —2and A, = % dim M by
Lemma 3.3, one can show that

2y ={~d,a,c,d—a,b—d}U{x} I Ul-y)_,,
Sg=1{d.a—d,c—d, —a b}U{x}!T] U{-y}_,.
for some odd natural numbers x; and y; where dim M = 12 4 4¢, for some ¢ > 0.
Moreover, with a slight variation of the argument as in the proof of Lemma 5.3, one can
show that x; = y; = 1 for all i by using Lemma 4.6(2) for x; and y;, respectively. O
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LEMMA 5.5. Assume that the second case in Lemma 5.2 holds. Then the weights are

S, ={-d,—a,b,d—b,d—c, 1} U{-1, 1}{_,,
Yy =1{d,=b,—c,d —a,b—d, 1} U{-1,1}_,,
Y ={a,c, ...},
where the largest weight d is odd, a, b, and c are even natural numbers such that ¢ =

a + b, and dim M = 12 + 4t for some t > 0. Moreover, a # b and the remaining weights
atr are odd.

Proof. The proof is analogous to that of Lemma 5.4. O
LEMMA 5.6. The first case in Lemma 5.2 is not possible.

Proof. By Lemma 5.4, the weights are

Yp={-d,a,c,d—a,b—d, 1} U{-1, 1}§=1,
Ty =1{d,a—d,c—d, —a, b 1}U{-1,1}|_,,
Y, = {—b, —c, ...},

where the largest weight d is odd, a, b, and c are even natural numbers such thatc = a + b,
and dim M = 12 + 4¢ for some ¢ > 0. Moreover, a # b and the remaining weights at r are
odd.

We consider Lemma 2.4 for each integer. Lemma 2.4 holds for d, a, b, and c. Since
d>c>b, b—d<—1. Since a # b, by Lemma 2.4 for b — d, it is straightforward to
show thatd — b € %,.

First, suppose that c —d # —1. Then N,(1) = Np(—=1) + 1 and Ny (1) = Ny (—1) + 1.
Hence by Lemma 2.4 for 1, N,(1) 4+ 2= N,.(—1). Considering Lemma 2.4 for each
integer, one can show that

Er = {_ba —C, d _ba _15 d—C, _1} U {_el" el}izl

for some odd natural numbers e;. By Lemma 4.6(4) for e;, one can show that ¢; = 1 for
all i.

Second, suppose that ¢ —d = —1. Then N,(1) = Np(—=1) + 1 and Ny (1) = Ny(—1).
Hence by Lemma 2.4 for 1, N,(1) + 1 = N,.(—1). Considering Lemma 2.4 for each
integer, one can show that

B, ={-b, —c,d —b, —1} U {—e;, ¢;}\T]

for some odd natural numbers e;. Again, ¢; = 1 for all i.
Hence in either case the weights are

Sy ={(-d.a.cd—a b—d 1}U{-1, 1},
T, =1{d, —a,b,a—d,c—d, 1}U{-1,1},
S, = (<b. —c.d —b, —1.d —c. —1} U {—1, 1}".
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Moreover, since ¢1(M)|, =0 by Corollary 2.7, we have that —d +a +c+d —a+b —
d +1=0. Therefore, d =c+ b+ 1. Let A=c,(M)|, =[1&;, B=ca(M)|y =T]&],
and C = c,(M)|, =[] &/. Then

(=)"*Y(B + C) = dab(d — a)(d — ¢) — be(d — b)(d — ¢)

= b(d — ¢){da(d — a) — c(d — b)}
=b(d—c)(c+b+Dalc+b+1—a)—c(c+b+1—b))
=b(d —)f(c+b+ Da@b+1) —c(c+ 1)}
=bd—-o)f(a+2b+ Dab+1) —(a+b)(a+b+ 1)}
= b(d — o){(a*> +2ab + a)(2b + 1) — (a* + 2ab + b*> + a + b)}
= b(d — ¢){2a’b + 4ab® + 2ab + a* + 2ab

+a— (a*> +2ab + b* + a + b))
= b(d — c){(2a*b — a®) + (4ab® — b?)

+ (2ab — 2ab) + (a2 —a)+ 2ab —b) +a} > 0.

Hence (—1)t'B > —(—1)T1C >0, ie., (=D ((1/B)+ (1/C)) <0. We also have
that (—1)’*‘1 1/A < 0. Then, by Theorem 2.1,

1 1 1
0= (-1 t+1/ 1=(—-1 t+1 _ _ _ 0’
(=D y (=D TtETe)<

which is a contradiction. O
LEMMA 5.7. The second case in Lemma 5.2 is not possible.

Proof. By Lemma 5.5, the weights in this case are

Y,={-d,—-a,b,d—b,d—c, 1} U {1, 1}§=1’

¥y=1{d, b, —c,d —a,b—d, 1} U{-1, 1}521,

Er = {aa c, .. '}a
where the largest weight d is odd, a, b, and ¢ are even natural numbers such thatc =a + b,
and dim M = 12 + 4+ for some 1 > 0. _ _

Let A=c,(M)l, =[]&), B=cn(M)ly =]]&;,and C = c,(M)|, =[] & . Then
(—1)’+1(B + A) =dbce(d — a)(d — b) — dab(d — b)(d — ¢)
=db(d — b){c(d —a) —a(d — ¢)} >0,

since ¢ > a and d — a > d — c. Hence it follows that (—1)’+1((1/A) + (1/B)) < 0. Since
A= % dim M + 2, we also have that (—1)"“l 1/C < 0. Then, by Theorem 2.1,

1 1 1
0 1 t+1 / 1 1 t+1 0
( ) M ( ) A B C =%

which is a contradiction. O
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6. Preliminaries for the case where the largest weight is even, part I

Let the circle act symplectically on a compact, connected symplectic manifold M with
exactly three fixed points. Also assume that dim M > 8 and the largest weight is even.
The main idea to prove Theorem 1.1 is to rule out manifolds such that dim M > 8. In this
section, we investigate properties that the manifold M should satisfy, if it exists.

PROPOSITION 6.1. Fix a natural number n such that n > 4. Assume that Theorem 1.1
holds for all manifolds M such that dim M < 2n. Let the circle act symplectically on a
2n-dimensional compact, connected symplectic manifold M and suppose that there are
exactly three fixed points. Assume that the action is effective. Then the largest weight is
odd.

Proof. Assume to the contrary that the largest weight is even. Then this is an immediate
consequence of Lemmas 6.2, 7.1, and 8.1-8.11 below. O

LEMMA 6.2. Fix a natural number n such that n > 4. Assume that Theorem 1.1 holds
for all manifolds M such that dim M < 2n. Let the circle act symplectically on a 2n-
dimensional compact, connected symplectic manifold M and suppose that there are exactly
three fixed points p, q, and r, with A, < Ay < A,. Assume that the action is effective and
the largest weight c is even. Then after possibly reversing the circle action we may assume
that the weights are

Zp = (=e, =b)U ()2} U {(=yidi U U =1 1),

Ty ={e,a} Ul — e} Ufe — widi U V=1, 1,

Yy ={—a,b, ...},

for some s > 0 and t > 0 such that dim M = 2n = 12 + 4¢ + 4s, where a and b are even
natural numbers such that c = a + b, and x; and y; are odd natural numbers for all i.
Moreover, the remaining weights at r are odd.

Proof. Let ¢ be the largest weight. By Lemma 3.2, N,(c) + Ny(c) + Ny(c) =1 and
Np(—=¢c) + Ny(=c) + Ny (—c)=1.By Lemma 33,1, =n —2, Ay =n,and A, =n + 2.
Moreover, after possibly reversing the circle action, we may assume that —c € X, and
c € Xy

By Lemma 4.4, there exist even natural numbers a and b such that the weights at the
three fixed points in the isotropy submanifold M?% are {a, d}, {—a, b}, and {—b, —d},
where d =a + b. In Lemma 4.4, the order is not specified. However, since we can
assume without loss of generality that —c € & p and ¢ € ¥, we can assume that d =c,
hence {—c, —b} C X, {c, a} C Xy, and {—a, b} C X,. Moreover, these are the only even
weights.

Next, by Lemma 4.6(1) for ¢, X, = X, mod c. As a result, we can find a bijection
between weights at p and weights at ¢ that takes each weight « at p to a weight 8 at g
such that « = 8 mod c.

First, —c at p has to go to ¢ at g since all the other weights are non-zero and have
absolute values less than c. Second, —b at p must go to a at ¢g. Next, if [ is any positive
odd weight at p, then it goes to either / or [ — ¢ at g. Suppose that there are 7o positive
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odd weights at p that go to negative odd weights at g. Then since A, =n — 2 and there
is no positive even weight at p, there are n/2 + 1 — ty positive odd weights p that go to
positive odd weights at g. Similarly, if —k is any negative odd weight at p, it has to go
to either —k or ¢ — k at g. Suppose that there are #; negative odd weights at p that go to
positive odd weights at g. On the other hand, since A, =n and g has two positive even
weights, the number of positive odd weights at g that go to positive odd weights at p is
equalton/2 —2 —t;.Hencen/24+1—ty=n/2 -2 —1t1,ie,to =1t +3.Lett =t and
s =n/2 —t — 3. By Corollary 2.3, % dim M is even. This implies that the weights are

Ty = {—e, by Ul }i5] U =widisy Ui U= fiis,

Ty = {e,a) Ul — el U fe — yidisy Ulei] U= fidizy,

¥y ={—a,b, ...}

for some odd natural numbers x;, y;, ¢;, and f;, where dim M = 2n = 12 4 4t 4 4s, for
some ¢t >0ands > 0.

Next, we show thate; = f; = 1 for all 7.

First, assume to the contrary that e; > 1 for some i. Denote e = ¢;. Then by Lemma
4.6(3) for e, either {2e, e} C X, {—e, e} C Xy, and {—2e, —e} C Z;, or {—e, e} C X),
{2e, e} C Xy, and {—2e, —e} C Z,. Moreover, no additional multiples of e should appear
as weights. Since {—2e, —e} C X, in either case, the only possibility is that a = 2e.
Therefore, the latter is the case. Thus, we have that {—e, e} C X,,. Therefore, —e = —y;
for some i or —e = — f; for some i. Since no additional multiples of e should appear as
weights at g, — f; # —e for all i. Hence, —y; = —e for some i. Without loss of generality,
let y; = e. Moreover, since no additional multiples of e should appear as weights, b # 2e.
In particular,a =2e # b. Since 2e =a <a+b=c,e <c/2. Thusc —e > c/2.

Next, we show that e — ¢ € X,. We have that c — e =c¢ — y; € ¥;. By Lemma 2.4 for
c—e,eithere —ce€ Xy, e—ceXy,ore—cel,.

(a) e — c ¢ Xp. Suppose that e — c € X),. Since e — ¢ is odd, either e — ¢ = —y; for

some i or ¢ — ¢ = — f; for some i.
First, assume that e — ¢ = —y; for some i. If e — ¢ = —yy, this implies thate — ¢ = —e
hence ¢ = 2e, which is a contradiction. Hence if e — ¢ = —y; for some i, i # 1. Without

loss of generality, let e — ¢ = —y,. Then we have that {—y;, —»}={e—c,e—c} C
X ,. Then by Lemma 4.6(3) for e — ¢, 2(c —e) € X, which is a contradiction since
2(c —e) > c.

Second, assume that e — ¢ = — f; for some i. Then we have that e —c=—f; € X,
and e —c=—f; € ;. Then by Lemma 4.6(2) for ¢ —e, 2(c —e) € X,, which is a
contradiction since 2(c — e) > c. Hence e — ¢ # X,.

(b) e —c ¢ X,;. Suppose that e — c € X;. Then we have that {c —e, e — c} ={c —
y1, e —c} C . Hence by Lemma 4.6(4) for ¢ — e, either 2(c —e) € X, or 2(c —e) €
%.,. However, 2(¢ — e) > ¢, which is a contradiction.

Therefore e —ce€ X,. Then by Lemma 4.6(1) for ¢ —e, X;=X, modc—e.
Consider {c, e} C ;. We have that c¢ X, and e ¢ Z;. Also, e — (c —e) =2e —c=
a—a—b=—b, but —b ¢ ¥, since —b is a negative even integer and —a is the only
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negative even weightin X, buta # b. Since |e + k(c — e)| > cfork < —2o0rk > 1, %, =
Y, modc — e and {c, e} C X, imply that N,(e — 2(c — e)) = N, (3e — 2c¢) = 2. Then by
Lemma 4.6(3) for 3e — 2¢, 2(2¢ — 3e) € X,, which is a contradiction since 2(2¢ — 3¢) =
dc—6e=c+3c—6e=c+3a+3b—6e=c+6e+3b—6e=c+3b>c, where ¢
is the largest weight. Therefore, e; = 1 for all i.

Second, assume to the contrary that f; > 1 for some i. Denote f = f;. Then by Lemma
4.6(3) for f, either {—2f, —f} C Zp, {—f, f}1 C Xy, and {2f, f} C Zy, or {—f, f} C
Yp, {=2f, —f}C X4, and {2f, f} C Z,. Moreover, no additional multiples of f should
appear as weights. Since {2 f, f} C X, in either case, the only possibility is that b =2 f.
Therefore, the former is the case. Thus, we have that {— f, f} C X,. Therefore, f =c¢ —
y; for some i. Without loss of generality, let ¢ — y; = f. Moreover, since no additional
multiples of f should appear as weights, a # 2 f. In particular, b =2 f # a. Since 2 f =
b<a+b=c, f<c/2.Thusc — f > c/2.

Next, we show that ¢ — f € X,. We have that f —c=—y; € £,. By Lemma 2.4 for
c— f,eitherc— feX, c— feX,orc— feX.

(a) c — f ¢ Xp. Suppose that ¢ — f € X,,. Then we have that {c — f, f —c}={c—
fs —=y1} C Xp,. Then by Lemma 2.4(4) for ¢ — f, either 2(c — f) € ¥, or 2(c — f) € %y,
which is a contradiction since 2(¢c — f) > c.

(b)c — f ¢ X,. Suppose thatc — f € X;. Thenc — f =c — y; forsome i.If c — f =
c—y1, then ¢c— f=c—y; = f hence c=2f < ¢, which is a contradiction. Next,
suppose that ¢ — f =c —y; for some i # 1. Then we have that {f —c, f —c} =
{—=¥1, —yi} C Zp. Hence, by Lemma 4.6(3) for f —c, 2(c — f) € ¥,, which is a
contradiction since 2(c — f) > c.

Therefore ¢ — f € X,. We also have that f —c = —y| € X,,. Then by Lemma 4.6(1)
for c — f, ¥, =X, modc — f. Consider {—c, —f} C X,. We have that —c ¢ X, and
—fé¢% . Also,—f+(c—fl=c—2f=a+b—-2f=a+2f—-2f=a,buta¢ X,
since a is a positive even integer and b is the only positive even weight in X,, but a # b.
Since | — f +k(c— f)l>cfork<—lork>2,%,=%,modc— f and {—c, — f} C
X, imply that N, (—f +2(c — f)) = N, (2c — 3 f) = 2. Then by Lemma 4.6(3) for 2¢ —
3f,—2Q2c —3f) € ¥, whichis a contradiction since —2(2c —3f) = —4c+6f = —c —
3c+6f=—c—3a—-3b+6f=—c—3a—6f+6f=—c—3a<—c, where —c is
the smallest weight. Therefore, f; = 1 for all i. O

LEMMA 6.3. In Lemma 6.2, x; # ¢ — yj, forall i and j.

Proof. This follows from Lemma 4.6. O
LEMMA 6.4. In Lemma 6.2, if x; =c — xj for i # j, then 2x; =2x; = c. Also, if x; =
¢ — x; for some i, then 2x; = 2x; = ¢ for some j # i. Moreover, there could be at most
one such pair (x;, x;) for i # j such that x; = ¢ — x;.

Proof. This follows from Lemma 4.6. O

LEMMA 6.5. In Lemma 6.2, y; #c — yj, ifi # j.
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Proof. Suppose not. First, assume that y; =c¢ — y; and y; = y; forsomei # j ,ie., 2y; =
2y; =c. Then {-2y;, —y;i, —yi} ={—c, —yi, —y;} C ¥, which contradicts Lemma
4.6(3) for y;.

Second, assume that y; = ¢ — y; and y; # y; for some i # j. Without loss of generality
assume that y; =c — y» and y; # y». We can also assume that y; > ¢/2 > y;. Then
we have that —y; € ¥, and ¢ — y, = y; € Z;. Hence by Lemma 4.6(1) for y;, ¥, =
X4 mod y;.

First, we can choose a bijection between X, and X, so that

Zp0{-y, BU{=L I} ={c—y=y1, JU{=1,1}) CX; mod y;.
Then we are left with
Bp D {—c, b} U {5 )i U {-yi}lL,
={c.alUfxi— i Ufe—yi =y} Ulc— )y C T, mod yi.
Without loss of generality, let x; <xp <-- - <x;p3and —y3 < —ys <--- < —y;,i.e.,
{—c,=b, —y2, =3 < —y4 =< ==y <0<x1 <x2=<--- < x143}
={x1—c<---<x413—c<0<c—y3<---<c—y,c,a,c—y} mod xi.

Recall that y; is odd and 2y; > ¢ where c is the largest weight.

Consider x; € X,. If x; =c — y; mody; for some i #1 and 2, then x; =c —y;,
which contradicts Lemma 6.3. If x; = x; — ¢ for some i, x; — 2y; = x; — ¢, which is a
contradiction since x; — 2y < x; — ¢ for all i. If x; = ¢ mod yy, then x; + y; = ¢, which
contradicts Lemma 6.3. Therefore, x; = a mod y;.

Next, consider —y; € X,,.If —y; = ¢ — y; forsomei # 1 and 2, then2y; — y; =¢ — y;,
which is a contradiction since 2y; — y; > ¢ — y; forall i. If —y; = x; — ¢ mod y; for some
i, then —y; = x; — ¢, which contradicts Lemma 6.3. Therefore, we have that either —y, =
cmod y; or —y; =c¢ — yp mod yj.

Suppose that —y; =cmod y;. This means that —y; +3y; =c. Then we have
that —ys =c —=3y1 =y1+y2 = 3y1 =y2 — 2y1 < y1 — 2y1 = —y1 < —)2, hence —y; <
—y2. Next, we consider —y; € X,,. Using the same argument for —y,;, we have that
—Y2 € X, is congruent to no element in X, modulo y;, which is a contradiction.

Next, suppose that —y; =c¢ — y» mod y;. This means that 2y; — y; =c¢ — y». Then
we have that 2y; — y; =c — y» =y1 + Y2 — y2 = y1, hence y; = y;. Hence, we have
{=y1, =y1} ={—y1, —y:} C X,. Then by Lemma 4.6(3) for —y;, 2y € X, which is a
contradiction since ¢ < 2y; where c is the largest weight. O

LEMMA 6.6. Fix a natural number e such that e # c/2. In Lemma 6.2, at most one of x;,
Yi, ¢ — Xj, and ¢ — y; can be e.

Proof. This follows easily from Lemmas 4.6, 6.3, and 6.4. O
LEMMA 6.7. In Lemma 6.2, x; # y; foralli and j.

Proof. Assume to the contrary that x; =y; for some i and j. Then by Lemma 6.6,
x; = y;j = c¢/2. Hence, we have {—2x;, x;, —x;} = {—c, x;, —y;} C X, which contradicts
Lemma 4.6(4) for x;. O

https://doi.org/10.1017/etds.2014.56 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.56

Symplectic circle actions with three fixed points 1949

LEMMA 6.8. In Lemma 6.2, assume that {—f, f} C X, for some natural number f.
If f>1,then c=2f, {—c==-2f, —f} CXp, 2f =c, f} C Xy, and {—f, f} CZ,.
Moreover, no additional multiples of f should appear as weights.

Proof. This follows easily from Lemma 4.6(4) for f. O

LEMMA 6.9. In Lemma 6.2, if N, (1) > N, (1) and Ny (1) > N, (1), then N,(1) < N,(1) +
3 or Ny(1) < N,(1) + 3. Similarly, if Ny(—1) > N.(=1) and Ny4(—1) > N.(=1), then
Np(=1) < N.(=1) +3 0r Ny(—1) < N.(—=1) + 3.

Proof. First we prove the former. To do so, suppose that N, (1) > N, (1) + 3 and N, (1) >
N, (1) 4 3. There are three cases:

First, assume that a > ¢/2. Since a € ¥, and —a € Z,, by Lemma 4.6(1) for a, &, =
X, mod a. With N, (1) > N, (1) + 3, this implies that N,(1 +a) >2 or N,(1 —a) > 2,
since |1 4+ ka| > ¢ for |k| = 2. If N.(1 +a)>2, —2(1 +a) € £, by Lemma 4.6(3) for
1 4+ a, but 2(1 4+ a) > ¢, which is a contradiction. If N.(1 —a) =2, 2(a — 1) € &, by
Lemma 4.6(3) for 1 — a. However, 2(a — 1) > cbutc ¢ %,.

Second, assume that a < ¢/2. Then b =c —a > ¢/2. Since —b € X, and b € X, by
Lemma 4.6(1) for b, ¥, = X, mod b. With N, (1) > N, (1) + 3, this implies that N, (1 +
b)>2or N,(1 — b) >2,since |1 +kb| > cfor |k| =2.If N,(1+b)>2,-2(1+b)e X,
by Lemma 4.6(3) for 1 4 b. However, 2(1 + b) > ¢, which is a contradiction. If N, (1 —
b)>2,2(b—1) € ¥, by Lemma 4.6(3) for 1 — b. However, 2(b — 1) > cbut ¢ ¢ %,.

Finally, suppose that a = ¢/2. We have b = ¢ — a = ¢/2. Then the isotropy submanifold
M?%a must be the third case of Lemma 4.5. This means that the three fixed points lie in
the same component of MZ%a hence X, =X, =X, moda by Lemma 2.5. With N, (1) >
Ny(1) +3, ¥, =%, moda implies that N,(1+a)>2, N,(1—-a)>2, N,(1 —2a) >
2, or No(14+a)=N,(1—-a)=N,(1—-2a)=1, since |1 + ka| > c for k # -2, —1,0,
and 1.

(@) Nr(1+a)=>2.Since N, (1 +a) >2, —2(1 + a) € &, by Lemma 4.6(3) for 1 + a.
However, —2(1 + a) < —c where —c is the smallest weight, which is a contradiction.

(b) N.(1 —2a) > 2. By Lemma 4.6(3) for 1 — 2a, 2(2a — 1) € ¥,. However, 2(2a —
1) =2(c — 1) > ¢ where c is the largest weight, which is a contradiction.

(¢) N;(1 —a)>2. By Lemma 4.6(3) for 1 —a, N,(1 —a)=2 and 2(a — 1) € %,.
Since b is the only positive even weight at r, this means that 2(a — 1) = b. Hence
a=>b=2and c=a+ b=4. Then the weights at p and g are

2y = (4, 2} U} U=y U U (=1, 1,
Eq = {4, 2} U {x; —4};:? Ui{4- y,-}§=1 U{l}u{-1, 1}°.

Since ¢ =4 is the largest weight, all of x; and y; are either 1 or 3. If at least two of
x; are 3, Np(3) > 2 hence —6 € X, by Lemma 4.6(3) for 3, which is a contradiction
since —4 is the smallest weight. If at most one of x; is 1, then at least two x; — ¢
are —3. This means that N, (—3) > 2 and hence 6 € X; by Lemma 4.6(3) for —3, which is
a contradiction since 4 is the largest weight.
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(d) Ny(1+a)=N,(1 —a)=N,(1 —2a) =1. Since | —2a € Z,, by Lemma 2.4 for
1 — 2a, there must be a weight of 2a — 1 for some fixed point. If it is r, then {2a — 1,
1 —2a} C %,. Hence 2(2a — 1) € ¥, or 2(2a — 1) € X, by Lemma 4.6(4) for 2a — 1,
which is a contradiction since 2(2a — 1) =2(c — 1) > ¢ where c is the largest weight.
Hence either 2a —1€ X, or 2a — 1€ X,;. Suppose that 2a —1¢€ X,. Then by
Lemma 4.6(1) for 2a — 1, ¥, = X, mod 2a — 1. That N,(1) > N, (1) + 3 implies that
N (2 —2a) > 3 since |1 + k(2a — 1)| > ¢ for k # 0 and —1, and the fixed point r does
not have a weight of c. However, r has only one negative even weight —a, which is a
contradiction. Similarly, 2a — 1 € X is also impossible.

With a slight variation of this argument, one can prove the latter statement of the
lemma. O

7. Preliminaries for the case where the largest weight is even, part I1

Let the circle act symplectically on a compact, connected symplectic manifold M with
exactly three fixed points. Also, assume that dim M > 8 and the largest weight is even.
In this section, for technical reasons, we consider w = minwE us! min{Ny(—1), Ny (1)}
and rewrite the weights in terms of w. And then we further investigate properties that the
manifold M should satisfy in terms of w, if such a manifold exists.

LEMMA 7.1. Let w = minaeMsl min{Ny(—1), Ny (1)}. In Lemma 6.2, the weights are

2, = {—c, =b} U {5} U=y}l U {1} U (=1, 1}VF",
B, ={c,al Ul — el Ufe — yiY_ U U{=1, 1)U+,
Y ={-a,b,.. }U{-1,1}",
for some t > 0and v > 0, where a, b, and ¢ are even natural numbers such thatc =a + b

is the largest weight, and x; and y; are odd natural numbers for all i. Moreover, the
remaining weights at r are odd.

Proof. In Lemma 6.2, the weights are
Ty ={—c, =b} U {x}i1] U {—yi}i, U1} U {1, 1},
By =f{e,alUfx — et Ufe — yii U1 U {=1, 1},
27‘ = {_a7 b9 .. '}3
for some s >0 and ¢ > 0 such that dim M =2n =12 + 4t + 4s, where a, b, and c are
even natural numbers such that ¢ =a + b is the largest weight, and x; and y; are odd

natural numbers for all i. Moreover, the remaining weights at r are odd.

Let w = min wems! min{Ny(—1), Ny(1)}. We rewrite the weights in terms of w.
We show that {—c, —b} U {x; '3 U{—y;}'_, U{1} in =, and {c,a} U {x; —c}!T3 U
{c — yi}i_; U {1} in 2, do not contribute to w, i.e.,

(=1, 1} € ({—e, =b} U (e} U{—yiti, U 1)
N (e, a} U fx; — e} Ude — yidioy U {ID.
First, a, b, and ¢ are even natural numbers. Second, by Lemma 6.6, at most one of ¢ — x;
or y; can be 1.
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Suppose that y; =1 for some i. Then ¢ — x; # 1 for all j by Lemma 6.6. Hence in
g (=1, 1} Z (fe, a} U {x; — c}?j Ufc—yi 521 U {1}). The case ¢ — x; = 1 for some i
is analogous.

Finally, if y; #1 and ¢ —x; #1 for all i, then {—1, 1} g,Z ({—c, —b} U {xi}gﬁ U
(=yi}i_, U1 in Zp and (—1, 1} € ({e. a} Uy — e}t 53 Ufe — )i, U (1) in . O

LEMMA 7.2. In Lemma 7.1, for each x;, either x; =c — x; for some j or —x; € L, \
({—a, b} U {1, 1}").

Proof. By Lemma 2.4, for each x;, either —x; € X, —x; € Xy, or —x; € I,.
First, assume that x; > 1. By Lemma 6.6, x; # y; for all j. Hence —x; ¢ X,. Next, if
—x; € ¥4, then —x; = x; — c for some j. If —x; € &, —x; € E, \ ({—a, by U {-1, 1}").
Second, assume that x; = 1. By Lemma 6.6, at most one of ¢ — x; and y; can be 1.
Hence, either Nj(1) > N, (—1) and Ny (1) > N4(—1), or Np(1) > N,(—1) and Ny (1) >
N,y(—1). By Lemma 2.4, this implies that N, (1) < N,(—1). Therefore, —x; = -1 € Z, \
({—a, b} U {—1, 1}¥). O

LEMMA 7.3. In Lemma 7.1, for each ¢ — y;, yi — c € X, \ ({—a, b} U{—1, 1}¥).

Proof. By Lemma 2.4, for each ¢ — y;, either y; —c € X, yi —c € Zy,0r y; —c € Z,.

First, assume that ¢ — y; > 1. Suppose that ¢ — y; € ¥,. Then ¢ — y; =c¢ — x; for
some j, which is a contradiction since ¢ — y; # ¢ — x; for all j by Lemma 6.7. Next,
suppose that y; —c € ¥j,. Then y; —c=—y; for some j. By Lemma 6.5, i = j, ie.,
¢ =2y;. Hence, {—2y;, —yi} ={—c, —yi} C Xp and {2y;, y;} ={c, c — yi} C X;. The
isotropy submanifold M Zvi must be the third case of Lemma 4.5. Therefore, we have that
{—vi, i} C Z,. In particular, y; —c = —y; € &, \ ({—a, b} U {—1, 1}¥), since ¢ — y; =
yi =c/2>2andc — y; is odd.

Second, assume that ¢ — y; = 1. By Lemma 6.6, at most one of ¢ — x; or y; can be 1.
Hence, either Ny (1) > N, (—1) and Ny (1) > N4(—1), or Np(1) > N,(—1) and Ny (1) >
Ny(=1). By Lemma 2.4, this implies that N,(1) < N,(—1). Therefore, y; —c=—1¢
Z\ ({—a, by U{-1, 1}"). O

LEMMA 7.4. In Lemma 7.1, suppose that c — x; # 1. Then either ¢ — x; = x for some j
orc—x; € X\ ({—a, b} U{-1, 1}").

Proof. This follows easily from Lemma 2.4 for ¢ — x; and Lemma 6.7. O
LEMMA 7.5. In Lemma 7.1, suppose that y; # 1. Then y; € £, \ ({—a, b} U {—1, 1}¥).

Proof. Suppose that y; # 1. By Lemma 2.4, for each y;, either y; € X, y; € ¥4, or y; €
Y. From Lemma 6.7, it follows that y; ¢ ¥,. Next, assume that y; € ¥,. Then y; = ¢ —
yj forsome j. By Lemma6.5,i = j,i.e., ¢ =2y;. Hence, {—2y;, —yi} ={—c, —yi} C &)
and {2y;, yi} = {c, ¢ — y;} C X,. The isotropy submanifold M Zy; must be the third case
of Lemma 4.5. Therefore, we have that {—y;, y;} C X,. In particular, y; € &, \ ({—a, b} U
{—1, 1}"), since y; = c/2 > 2 and y; is odd. O

LEMMA 7.6. In Lemma 7.1, if x; # ¢ — xj foralli and j, thent < v.
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Proof. Assume to the contrary that x; # ¢ — x; foralli and j, and ¢ > v. By Lemma 7.2,
—x; € Xy \ ({—a, b} U {—1, 1}*) for all i. Also, by Lemma 7.3, y; —c € X, \ ({—a, b} U
{—1, 1}*) for all i. By Lemmas 6.5 and 6.6, it follows that x; # x; and y; # y; fori # j.

First, suppose that ¢ — x; = 1 for some i. Without loss of generality, let ¢ —x; = 1.
Then by Lemma 6.6, ¢ —x; #1 for i #1 and y; # 1 for all j. Hence ¢ — x; € , \
({—a, b} U{—1, 1}*) fori # 1 by Lemma 7.4. Also, y; € %, \ ({—a, b} U {—1, 1}") for
all j by Lemma 7.5. Also, by Lemma 6.3, x; # ¢ — y; for all i and j. Therefore, we have
that {—x;}'23 U {c — 0} B3 Uy}l Ule — widl_, € =\ ({—a, b} U {—1, 1}*), which
is a contradiction since |{—x,'};j Ufc— xi}ﬁig U {y; le Ufc— y,-}§:1| =4t +5 and
-\ ({—a, b} U{-1, 1}")|=2t+44+2u+2v, but 4+ +5=2t4+2t+5>2t +4+
2v. The cases where y; =1 for some i and where ¢ — x; # 1 and y; # 1 for all i are

similar. O

8. The case where the largest weight is even

Let the circle act symplectically on a compact, connected symplectic manifold M with
exactly three fixed points. In this section, we show that if dim M > 8, the largest weight
cannot be even. We proceed by elimination. In Lemma 7.1, we have the following cases:
(1) t=0andv=0;

2) t=0andv=1;

3) t=0andv=2;

4 t=1landv=0;

S t=landv=1;

6) t=1landv=2;

(7Y t=2andv=1;

@B t=2andv=2;

9) tr=3andv=2;

(10) 1>2+v;

(11) v>3.

LEMMA 8.1. In Lemma 7.1, t = 0 and v = 0 are impossible.

Proof. The weights in this case are
X, ={—c, =b, x1, x2, x3, I} U {1, 1},
¥y ={c,a,xi—c,x2—c,x3—c, 1JU{-1, 1}¥,
¥ ={—-a,b,.. }U{-1,1}",

where w = minaeMSl min{N,(—1), Ny (1)}, a, b, and ¢ are even natural numbers such
that ¢ = a + b is the largest weight, and x; are odd natural numbers for all i. Moreover,
the remaining weights at r are odd.

By Lemma 7.6, x; = ¢ — x; for some i and j. Then by Lemma 6.4, there exist x; and x
where i # j such that 2x; = 2x; = c. Without loss of generality, let 2x; = 2x, = c. Lemma
6.4 also implies that x3 # ¢ — x; for all i. Therefore, —x3 € X, \ ({—a, b} U {—1, 1}¥).
Note that x| =c — x; =¢/2 > 2.

First, suppose that ¢ — x3 = 1. Then we have that x3 =c — 1 > 1. Hence, N,(1) =
Np(=1) +1=w + land N;(1) = Ny (—1) = w + 1. Therefore, N, (1) + 1 = N,(—1) by

https://doi.org/10.1017/etds.2014.56 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.56

Symplectic circle actions with three fixed points 1953

Lemma 2.4 for 1. Considering Lemma 2.4 for each integer, one can show that the weights
are

X, ={—c, =b, x1, x1, x3, U {—1, 1}",
Zq = {C, a, —x1, —X1, _la ]} ) {_17 ]}ws

{—a, b, —x3, f, —f, =1} U{-1, 1}V,

for some odd natural number f. If f > 1, by Lemma 6.8, we have that c =2x; =2f,
which is a contradiction since no additional multiples of x; should appear by Lemma
4.6(3) for x1. Hence f = 1.

Second, suppose that ¢ —x3 # 1. Then by Lemma 7.4, ¢ —x3€ X, \ ({—a, b} U
{(—=1, 1}*). Also, Ny()>N,(-D+1=w+1 and Ny(D)=Ny(-D)+1=w+1.
Therefore, N,(1) +2 < N,(—1) by Lemma 2.4 for 1. Considering Lemma 2.4 for each
integer, one can show that the weights are

Ep = {_C, _b, X1, X1, X3, 1} U {_17 1}wa
Eq = {Ca a, —xX1, —X1, X3 — C, 1} ) {_17 1}wa
Er = {_a7 b’ —X3, € — X3, _17 _1} U {_1’ l}w'

Therefore, in either case the weights are

2:[7 = {_C, _ba X1, X1, X3, 1} U {_17 l}wa
Eq = {C, a, —XxX1, —X1, X3 — C, l} U {_17 1}11)’

Y, ={—a, b, —x3,c—x3, —1, =1} U {1, 1}*.

Let A=cy(M)ly =[]}, B=ca(M)lg=[1&], and C=c,(M)|, =[]&. First,
2x1;=c=a+b>b.Sincec=a+b>2+2=4, x;1 =c/2> 2. Therefore, ¢ =2x1 >
x3 implies that x12 > x3. Then

-B-C
(—l)wm = CX12 — b)C3 > 0,

and this implies that (—1)**!'B > (=1)*C. Also, we have that (—1) A > 0. Then, by
Theorem 2.1,

0=0" [ 1= H g g) =0

o Y A B C ’

which is a contradiction. O
LEMMA 8.2. In Lemma 7.1, t =0 and v = 1 are impossible.

Proof. The weights in this case are

2, = {—c, —b, x1, x2, x3, 1} U {—1, }**,
Y, ={c,a,x1 —c,x2— ¢, x3 —c, JU{=1, }¥T
S, ={—a,b,..  U{-1, 1}*,

where a, b, ¢, w, x; are as in Lemma 7.1, and the remaining weights at r are odd.
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() x; #c —xj foralli and j. By Lemma 7.2, —x; € X, \ ({—a, b} U {—1, 1}*) for all
i. From Lemma 6.6 it follows that x; # x; fori # j.

First, assume that ¢ — x; # 1 for all i. Then by Lemma 7.4, ¢ — x; € X, \ ({—a, b} U
{—1, 1}*) for all i. Then

¥ ={—a, b, —x1, —x2, —x3, ¢ —x1,c —x2, c —x3} U {1, 1}¥

and hence A, = % dim M, which contradicts A, = % dim M + 2 in Lemma 3.3.

Next, assume that ¢ — x; = 1 for some i. Without loss of generality, let c — x3 = 1. Then
by Lemma 6.6, c — x; # 1 fori #3. By Lemma 7.4, ¢ — x; € X, \ ({—a, b} U {—1, 1})
for i # 3. Also, by the assumption, x; # 1 for i # 3. Then N,(1) = Np(=D +1=w +
2 and Ny (1) = N4(—1) = w + 2. Therefore, N, (1) + 1= N,(—1) by Lemma 2.4 for 1.
Then

X ={—a,b, —xi, —x2, l —c,c —x1,c —x2, =1} U {—1, 1}*.

By Lemma 4.6(1) forx3 =c—1, X, = X, modc — 1. N, (1) = w. Then N,(1) > w + 2,
Ny(1)=w, and X, = X, mod ¢ — 1 imply that N,(2 —¢) > 2 since |1 +k(c —1)| > ¢
for |k| >2 and c ¢ ¥,. However, r has only one negative even weight, which is a
contradiction.

(2) x; =c — xj for some i and j. By Lemma 6.4, there exist x; and x; where i # j such
that 2x; = 2x; = ¢. Without loss of generality, let 2x; = 2x; = ¢. Lemma 6.4 also implies
that x3 # ¢ — x; for all i. Therefore, by Lemma 7.2, —x3 € X, \ ({—a, b} U {—1, 1}¥).
Note that x; =¢c — x1 =¢/2 > 2.

First, assume that ¢ —x3=1. Then N,(1)=N,(-1)+1=w+2 and N,(1) =
Ny(=1) =w + 2. Therefore, N,(1) +1=N,(—1) by Lemma 2.4 for 1. Considering
Lemma 2.4 for each integer, one can show that

Zr = {_as ba l —C, _1a _fs fs _ga g} U {_11 1}w9
for some odd natural numbers f and g. From Lemma 6.8 it follows that f = g = 1, which
contradicts the definition of w.

Second, assume that ¢ — x3 # 1. By Lemma 7.4, ¢ — x3 € X, \ ({—a, b} U {—1, 1}*).
Then N,(1) > N,(-1)+1=w+2 and Ny(1) =N,y(—1) +1=w + 2. Therefore,
N,(1) +2 < N,(—1) by Lemma 2.4 for 1. Similarly, we consider Lemma 2.4 for each
integer and have

Y, ={—a, b, —x3,¢c—x3, =1, =1, —f, fYU{-1, 1}".
As above, f = 1 and we get a contradiction. O

LEMMA 8.3. In Lemma 7.1, t = 0 and v = 2 are impossible.

Proof. The weights in this case are

%p = {—c, —=b, x1, x2, x3, U {1, 1}" 2,
¥, =fc,a,x1 —c,x2—¢,x3 —c, 1JU{~1, 1}¥ 2,
Er = {_a7 b5 .. .}U{—l, l}wa

where a, b, ¢, w, x; are as in Lemma 7.1, and the remaining weights at r are odd.
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() x;j #c —xj foralli and j. By Lemma 7.2, —x; € X, \ ({—a, b} U {—1, 1}*) for all
i. By Lemma 6.6, it follows that x; # x; fori # j.

First, assume that ¢ — x; # 1 for all i. Then by Lemma 7.4, ¢ — x; € ¥, \ ({—a, b} U
{—1, 1}*) for all i. Also, Ny(1) > N,(=1)+1=w+3 and Ny(1)=N,(-1) +1=
w + 3. Therefore, N, (1) + 2 < N.(—1) by Lemma 2.4 for 1. Considering Lemma 2.4 for
each integer, one can show that

¥ ={—a, b, —x1, —X2, —X3,Cc — X1, ¢ — X2, ¢ — x3, —1, =1} U {1, 1}*.
Then we have that N,(1) > w + 3, N4(1) > w + 3, and N,(1) = w, which contradict
Lemma 6.9.

Next, assume that ¢ — x; = 1 for some i. Without loss of generality, let c — x3 = 1. Then
by Lemma 6.6, ¢ — x; # 1 for i # 3. Hence, by Lemma 7.4, ¢ — x; € £, \ ({—a, b} U
{—1, 1}*) fori # 3. Also, Np(1) > Np(—=1) + 1 =w + 3and Ny(1) = Ny(—=1) =w + 3.
Therefore, N,(1) + 1 < N,(—1) by Lemma 2.4 for 1. Considering Lemma 2.4 for each
integer, one can show that

Erz{_a, b7 —X1, —X2, 1 —C,C— X1, C— X2, _17 _f’ f}U{_19 1}w7

for some odd natural number f. From Lemma 6.8 it follows that f = 1, which contradicts
the definition of w.

(2) x; =c — x; for some i and j. By Lemma 6.4, there exist x; and x; where i # j
such that 2x; = 2x; = ¢. Without loss of generality, let 2x; = 2x; = c¢. Lemma 6.4 also
implies that x3 # ¢ — x; for all i. Therefore, —x3 € X, \ ({—a, b} U {—1, 1}"). Note that
Xj=c—x;=c/2>2.

First, assume that ¢ — x3 =1. Then we have that N,(1)=Np(-1)+1=w+3
and N, (1) = Ny(—1) = w + 3. Therefore, N,(1) + 1= N,(—1) by Lemma 2.4 for 1.
Considering Lemma 2.4 for each integer, one can show that

Yy ={-a,b,1—c,—1,—f, f, —h, h, =k, k} U {—1, 1}*,

for some odd natural numbers f, i, and k. As above, f = 1 and we get a contradiction.

Second, assume that ¢ — x3 # 1. By Lemma 7.4, ¢ — x3 € X, \ ({—a, b} U {—1, 1}*).
Also, Np() > Np(=D+1=w+3 and Ny;()=Ny(—1)+1=w + 3. Therefore,
N,(1)+2 < N,(—1) by Lemma 2.4 for 1. Considering Lemma 2.4 for each integer, one
can show that

Zr = {_a9 b’ —X3, C — X3, _17 _17 _f5 f’ _hv h}U {_1’ l}w’

for some odd natural numbers f and h. As above, f=1 and we get a
contradiction. O

LEMMA 8.4. In Lemma 7.1, t =1 and v = 0 are impossible.

Proof. The weights in this case are
2, ={—c, —b, x1, x2, x3, x4, —y, 1} U {—1, 1}V,
¥ ={c,a,xi—c,x2—c,x3—c, x4 —c,c—y, 1JU{=1,1}",
2 ={—-a,b,..  U{-1,1}",

where a, b, ¢, w, x;, y are as in Lemma 7.1, and the remaining weights at r are odd.
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By Lemma 7.6, x; = ¢ — x; for some i and j. By Lemma 6.4, there exist x; and x;
where i # j such that 2x; = 2x; = c. Without loss of generality, let 2x; = 2x, = c. Lemma
6.4 also implies that x; # ¢ — x; for i #1 and 2, and for all j. Therefore, —x; € X, \
({—a, b} U {—1, 1}") for i =3 and 4 by Lemma 7.2. Also, by Lemma 7.3, y —c € X, \
({—a, b} U {—1, 1}"). Moreover, by Lemma 4.6(3) for x, none of x;, y,c — x; and ¢ — y
can be x for i # 1 and 2. Hence, by Lemma 6.6, all of x;, y, ¢ — x; and ¢ — y are different
fori # 1 and 2.

First, suppose that ¢ —x; #1 for all i and y #1. By Lemma 7.4, x; —ce %, \
({—a, by U{-1,1}*) for i =3 and 4. Also, by Lemma 7.5, ye X, \ ({—a, b} U
{—1, 1}*). Then

Y, ={—a,b, —x3, —x4,y,c —x3,¢c — x4,y —c}U {1, 1}V

and hence A, = % dim M, which contradicts A, = % dim M + 2 in Lemma 3.3.

Second, suppose that y = 1. By Lemma 6.6, none of x;, ¢ — x;, and ¢ — y is 1 for all i.
Hence, by Lemma 7.4, x; —c € &, \ ({—a, b} U {—1, 1}¥) for i =3 and 4. Moreover,
Ny(1)=Np(=1)=w+1 and Ny(1) — 1= Ny(—=1)=w. By Lemma 2.4 for 1, this
implies that N, (1) = N,.(—1) — 1. Then the weights are

Ep = {_Cv _bv X1, X1, X3, X4, _15 1} ) {_17 l}ws
Xy ={c,a, —x1, —x1, x3 —¢, x4 —c,c— 1, 1} U {1, 1}*,

Y, ={—-a,b, —x3, —x4,¢c —x3,¢— x4, 1 —c, =1} U {1, 1}".

By Corollary 2.7, ¢{(M)|, =0 and this implies that x3 + x4 = b. Since x3 + x4 =b <
a+b=c=2x; and x; =c/2 > 2, we have that x% > x3x4. Therefore,
B+C
(=" + =cx12 — bx3zx4 > 0.
a(c —x3)(c —x4)(c — 1)
Also, (—1)" A < 0. Then, by Theorem 2.1,

o—/ ==Y l+l+l <0
S Iu A B C ’

which is a contradiction.

Finally, suppose that ¢ — x; = 1 for some i. Since ¢ > 4, ¢ — x1 = x] = ¢/2 > 2. Hence,
c—x;=x; #1 for i =1 and 2. Therefore, without loss of generality, let ¢ — x4 = 1.
By Lemma 6.6, none of x;, ¢ —x;, y, and ¢ — y is 1 for all i and for j # 4. Hence,
by Lemma 7.4, ¢ —x3€ %, \ ({—a, b} U {—1, 1}¥). Also, by Lemma 7.5, ye X, \
({—a, b} U {—1, 1}*). Moreover, N,(1) = Np(—=1) + 1 =w + land N, (1) = N, (—1) =
w + 1. By Lemma 2.4 for 1, this implies that N, (1) = N,.(—1) — 1. Then the weights are

X, ={—c, =b, x1,x1,x3,c— 1, —y, 1JU{-1, 1}V,

Yy ={c,a, —x1, —x1, x3 —¢, =1, c—y, 1JU{=1, 1}*,

> ={-a,b,—x3,1 —c,c—x3,y—c,y, —1}U{-1, 1}".
By Lemma 4.6(1) for ¢ — 1 = x4, ¥, = X, mod ¢ — 1. First, we can choose a bijection
between X, and X, so that ¥, D{c—1, —c}JU{-1, 1} ={l — ¢, -1} U{-1, 1}¥ C
¥, modc — 1. Since Ny(1)=w + 1 and N, (1) =w, X, =X, mod c — 1 implies that
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2 —ce X, since |1 +k(c — 1)| > cfor |k| > 2 and ¢ ¢ X,. Since —a is the only negative
even weight at r, we have that —a =2 — ¢, i.e., a +2=c=a + b. Hence, b = 2. Then
we are left with

{(-2=-b,x1,x1,x3, =y} ={2=b, —x3,c —x3,y —c,y} mod c— 1.

Since for 2 € X,, 2# —2,x;, and x3modc — 1, the only possibility is that 2=
—ymodc—1,ie,2—c+1=—y.Thus y =c — 3. By Corollary 2.7, c;(M)|p, = —c —
24+x1+x14+x34+c—1—y+1=0. Hence, we have that x3 + ¢ =y + 2. However,
x3+c=y+2=c—3+2=c—1andso0 < x3 = —1, which is a contradiction. O

LEMMA 8.5. In Lemma 7.1, t = 1 and v = 1 are impossible.

Proof. The weights in this case are

Epz{_cs _b’x17x21x37x43 _y’l}U{_lvl}w-i_l’
Y, ={c,a,x1 —c,xp—c,x3—¢, x4 —c,c—y, JU{=1, 1},
Er ={_a,b,...}U{_1, l}w’

where a, b, ¢, w, x;, y are as in Lemma 7.1, and the remaining weights at r are odd.

By Lemma 7.6, x; =c¢ — x; for some i and j. By Lemma 6.4, there exist x; and x;
where i # j such that 2x; = 2x; = c¢. Without loss of generality, let 2x; = 2x, = ¢. Denote
x = x1. Lemma 6.4 also implies that x; # ¢ — x; fori # 1 and 2, and for all j. Therefore,
—x; € Xy \ ({—a, b} U{—1, 1}") for i =3 and 4 by Lemma 7.2. Also, by Lemma 7.3,
y—c€X\ ({—a, b} U{-1, 1}"). Moreover, by Lemma 4.6(3) for x, none of x;, y, c —
xi, and ¢ — y can be x for i # 1 and 2. Hence, by Lemma 6.6, all of x;, y, ¢ — x;, and
¢ — y are different for i # 1 and 2. We have the following cases:

(1) y =1. By Lemma 6.6, none of x;, c — x;, and ¢ — y is 1 for all i. Then by Lemma
7.4, c—x; € %\ ({—a, b} U {—1, 1}") for i =3 and 4. Moreover, N,(1) = N,(—1) =
Ny(1) =Ny4(—=1) + 1 =w+2. Hence, by Lemma 2.4 for 1, N,(—1)=N,(1)+ 1.
Considering Lemma 2.4 for each integer, one can show that

Er ={_as bv —X3, —X4, C — X3, C — X4, ] —C, _17 _fs f}U{_]7 1}w7

for some odd natural number f. By Lemma 6.8, since no additional multiples of x should
appear, f = 1, which contradicts the definition of w.

(2) c — x; =1 for some i. Since 2x| =2xp) =c¢ >4, ¢c — x1 =c — xp = x1 > 2. Hence,
without loss of generality, assume that ¢ — x4 = 1. By Lemma 6.6, none of x;, y, ¢ — x;,
andc — ycanbe 1 foralli and j #4. Thusy € X, \ ({—a, b} U {—1, 1}) by Lemma 7.5
andc —x3 € &, \ ({—a, b} U {—1, 1}") by Lemma 7.4. Considering Lemma 2.4 for each
integer, one can show that

E}’Z{_a9b1 _-x37l_cv yvc_-x37y_c7_11_f9 f}U{_17 l}ws

for some odd natural number f. Then as above, f = 1, which contradicts the definition
of w.

(3)y#1landc —x; # 1,foralli. By Lemmas 7.5and 7.4, y, c — x; € £, \ ({—a, b} U
{—1, 1}*) for i =3, 4. Considering Lemma 2.4 for each integer, one can show that the
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weights are

E[? - {_Ca _ba X, X, X3, X4, —Y, 17 _15 1}U{_17 l}wa
¥, ={c,a,—x,—x,x3—c,x4—c,c—y, 1, -1, 1} U{-1, 1}*,

2, ={—a,b, —x3, —x4,c —x3,¢c—x4,y,y —c, —1, =1} U{—1, 1}*.

By Lemma 4.6(3) for x, no additional multiples of x appear. Hence, a # x and b # x.
Since 2x =c =a + b, eithera > c¢/2 or b > ¢/2.
(a) a > ¢/2. By Lemma 4.6(1) for a, ¥, = ¥, mod a. First, we can choose so that

%, D le=a+b,a, —1}U{-1, 1}"
={—a,b,—1}U{-1,1}* CZ, mod a.

Next, {-x,—x}CX, and —x¢X, imply that {a—x,a—-x}CZXZ \({—a,
b, -1}u{-1,1}*), {2a—x,2a—x}C X\ {—a,b, -1} U{-1,1}*), or {a-—
x,2a —x}C X\ ({—a, b, =1} U {—1, 1}¥),since | —x + ka| > cfork <Qork > 2. If
the first or second case holds, it implies that two of ¢ — x3, ¢ — x4, and y are equal since
¢ — x3, ¢ — x4, and y are the only positive integers in X, \ ({—a, b, —1} U {—1, 1}V),
which contradicts Lemma 6.6. Hence {a — x, 2a — x} C X, \ ({—a, b, —1} U {—1, 1}*).

Similarly, Ny(1)=w+2, N,(1)=w, and ¥; =%, moda imply that either
14+a,14+a}cZ \{—a,b, —1}U{-1,1}"), {1 —a,1 —a}C X, \ ({—a, b, —1} U
(-1, 1}"), or {1 —a,1+a}cC Z\ ({—a, b, -1} U{—1, 1}¥), since |1 + ka| > ¢ for
|k| > 2. If the first case holds, —2(a + 1) € X, by Lemma 4.6(3) for a + 1, which is
a contradiction since —2(a + 1) < —c¢ where —c is the smallest weight. If the second
case holds, 2(a — 1) € ¥, by Lemma 4.6(3) for 1 — a, which is a contradiction since
2(a — 1) > 2x =c but ¢ ¢ X,. Hence, the third case must be the case.

To sum up, we have that {1 —a,1+a,a —x,2a —x} C{—x3, —x4,y,¢c — Xx3,C —
x4,y —c} =%\ ({—a, b, -1} U{-1, 1}"), ie., 1 —ae{—x3, —x4,y —c} and {l +
a,a—x,2a—x}=1{y, c—x3,c— x4}. For each o € {—x3, —x4, y — ¢}, we have that
a+cef{y,c—x3,¢c—x4}. This implies that 1 —a+cef{y,c—x3,¢c— x4} ={1+
a,a—x,2a—x}. If l—a+c=14a, then 1 —a+c=1—a+2x =1+ a, hence
2x = 2a, contradicting a >x. If |l —a+c=2a—x, then |l —a+c=1—-a+2x=
2a — x, hence 3x + 1 = 3a, which is a contradiction since a > x. Hence | —a +c=a —
x.Then ¢ + 1 =2a — x, which is a contradiction since 2a — x € {y, ¢ — x3, ¢ — x4} C X,
but 2a — x =c + 1 > ¢, where c is the largest weight.

(b) b > ¢/2. By Lemma 4.6(1) for b, ¥, = X, mod b. First, we can choose so that

%,D {—c=—a—b,—b, —1}U{-1, 1I}"
={—a,b,—1}U{-1,1}” CE, mod b.

Next, as above, one can show that {b — x,2b —x, b+ 1} ={y, ¢ — x3, ¢ — x4}. This
impliesthatb —x +2b—x+b+1=4b—-2x+1=2c+y—x3—xa=y+c—x3+
¢ — x4. Therefore,4b —2x + 1 =2c+y —x3 —xa=4x +y —x3 — x4, hence4b + 1 =
6x + y — x3 — x4. On the other hand, by Corollary 2.7, ci(M)|, =b+x3+x4 —y +
1=0.Thus y —x3 —x4 =b + 1. Then we have that4b + 1 =6x + y —x3 — x4 =6x +
b + 1, hence 3b = 6x, which is a contradiction since b < 2x = c. O
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LEMMA 8.6. In Lemma 7.1, t = 1 and v = 2 are impossible.

Proof. The weights in this case are

¥, = {—¢, =b, x1, x2, x3, x4, —y, 1} U {—1, 1}* 2,

Yy={c,a,xi—c,xo—c,x3—c, x4 —c,c—y, 1} U{-I, 1yw+2,
E, ={-a,b,.. }U{-1, 1},

where a, b, ¢, w, x;, y are as in Lemma 7.1, and the remaining weights at r are odd. By
Lemma 7.3,y —c e &, \ ({—a, b} U {—1, 1}). We have the following cases:

(1) x; =c¢ — x; for some i and j. By Lemma 6.4, there exist x; and x; where i # j
such that 2x; = 2x; = c. Without loss of generality, let 2x; = 2x; = ¢. Denote x = x;.
Lemma 6.4 also implies that x; # ¢ — x; for i # 1 and 2, and for all j. Therefore, —x; €
¥\ ({—a, b} U {—1, 1}") fori = 3 and 4 by Lemma 7.2. Moreover, by Lemma 4.6(3) for
x, none of x;, y, ¢ — xj, and ¢ — y can be x for i # 1 and 2. Hence, by Lemma 6.6, all of
Xi, ¥, ¢ — Xxij, and ¢ — y are different for i # 1 and 2.

We consider three cases: y =1; ¢ — x; for some i; and y, c —x; # 1. By using
Lemmas 7.5, 7.4, and 2.4 for each integer, one can show that in each case we have

Y ={—a,b, —x3, —x4,c —x3,c — x4, l —c, =1, = f, f, =h, h} U {—1, 1}*,
Zr = {_a’ b? —X3, 1 —C Yy, C— X3,y —C, _19 _f’ f’ _h3 h}U{_ly 1}w7
Y, ={—a,b, —x3, —x4, y,c —x3,c — x4,y —c, —1, =1, — f, fYU{-1, 1}*,

for y =1, for ¢ — x; for some i, and for y, ¢ — x; # 1 respectively, for some odd natural
numbers f, 4. As in Lemma 8.5, we conclude that f = 1, which contradicts the definition
of w.

(2) x; #c —xj, foralli and j. By Lemmas 7.2 and 7.3, —x;, y —c € %, \ ({—a, b} U
{—1, 1}*) for all i. By Lemma 6.6, it follows that x; # x; for i # j. By Lemma 6.3,
xi #c—yforalliand j.

First, suppose that y = 1. By Lemma 6.6, none of x;, ¢ — x;, and ¢ — y is 1. By
Lemma 7.4, ¢ — x; € &, \ ({—a, b} U {1, 1}") for all i. Moreover, N,(1) = N,(—1) =
Ny(1) = Ny(—=1) + 1 = w + 3. Hence, by Lemma 2.4 for 1, N, (—1) = N, (1) + 1. Hence,
the weights are

X, ={—c, =b, x1, x2, x3, x4, =1, 1, =1, 1, =1, 1} U {—1, 1}",
Xy ={c,a,xi—c,x2—c,x3—c,x4—c,c—1,1,—1,1, =1, 1} U {-1, 1}",
% ={—a, by U{—x}{_ Ulc—x;)i_, U{l —¢c, =1} U {=1, 1}¥.
Then we have that Np(1)>w+3, Ny(1)>w+3, and N,(1)=w, which is a
contradiction by Lemma 6.9.
Other cases—the case ¢ — x; = 1 for some i, and the case y # 1 and ¢ — x; # 1 for

all i—are similar: considering Lemmas 6.6, 7.4, 7.5, and 2.4 for 1, we conclude that
Np(1) > w+ 3, Ny(1) > w + 3, and N, (1) = w, which contradicts Lemma 6.9. O

LEMMA 8.7. In Lemma 7.1, t =2 and v = 1 are impossible.
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Proof. The weights in this case are

Epz{_cs _bv X1, X2, X3, X4, X5, —=Y1, —Y2, I}U{_17 1}w+1’
Y, =1{c,a,x1 —c,x2—¢,x3—¢, X4 — ¢, X5 — ¢, ¢ — y1, ¢ — y2, U {=1, }*F,
2}" ={_a5 ba"‘}U{_17 l}wa

where a, b, ¢, w, x;, y; are as in Lemma 7.1, and the remaining weights at » are odd.

By Lemma 7.6, x; = ¢ — x; for some i and j. Then by Lemma 6.4, there exist x; and x ;
where i # j such that 2x; = 2x; = c¢. Without loss of generality, let 2x; = 2x, = ¢. Denote
x = x1. Lemma 6.4 also implies that x; # ¢ — x; fori # 1 and 2, and for all j. Therefore,
—x; € X\ ({—a, by U{—1, 1}") for i # 1 and 2 by Lemma 7.2. Also, by Lemma 7.3,
yi —c € X, \ ({—a, b} U {—1, 1}*) for all i. Moreover, by Lemma 4.6(3) for x, none of
Xi, ¥j, ¢ — X, and ¢ — y; can be x for i # 1 and 2, and for all j. Hence, by Lemma 6.6,
all of x;, yj, ¢ — x;, and ¢ — y; are different for i # 1 and 2, and for all ;.

First, suppose that y; = 1 for some i. Without loss of generality, let yo = 1. Then none
of xj, ¢ — xj, y1, and ¢ — y; is 1 for all i. Then we have that ¢ — x;, y; € £, \ ({—a, b} U
{—1, 1}*) for i # 1 and 2 by Lemmas 7.4 and 7.5. By Lemma 2.4 for 1, N,(1) + 1 =
N, (—1). Then the weights are

Ep = {_C5 _b’ X, X, X3, X4, X5, _yla _15 17 _1’ I}U {_17 l}wa
¥y ={c,a,—x,—x,x3—c¢c, x4 —c,x5—c,c—y,c— 1,1, -1, 1} U{-1, 1}",

¥, ={—a, b, —x3, —X4, —X5,y1,C — X3, C — X4, C — X5,y1 — ¢, | — ¢, —1}JU {-1, 1}*.

By Lemma 4.6(1) for ¢ — 1, X; = X, mod ¢ — 1. First, |1 +k(c — 1)| > ¢ for [k] > 2.
Also, ¢ ¢ Z,. Then, N,(1)=w +2, N,(1)=w, and ¥, =%, modc — 1 imply that
N, (2 — ¢) =2, which is a contradiction since r has only one negative even weight.

Second, suppose that ¢ — x; =1 for some i. Since c —x;=c—x2=x1=c¢/2>2,
without loss of generality, let ¢ — x5 = 1. Then none of x;, ¢ —x;, y;, and ¢ —y; is
1 for all i and j #5. Therefore, we have that ¢ — x;, y; € %, \ ({—a, b} U {-1, 1}*)
for j =3 and 4 and for all j by Lemmas 7.4 and 7.5. Moreover, by Lemma 2.4 for 1,
N,(1) + 1 = N,(—1). Then the weights are

Y, ={—c,=b,x,x,x3,x4,¢c— 1, =y, —y2, 1, =1, 1} U {1, 1}*",
¥ ={c,a,—x,—x,x3—c,xa—c,—l,c—yi,c—y, 1, -1, 1JU{-1, 1}",

Y ={—a,b, —x3, —x4, 1 —c, y1, y2, ¢ —x3,¢c— x4, y1 — ¢, y2 — ¢, —1} U {~1, 1}".
By Lemma 4.6(1) forc — 1, £, = ¥, mod ¢ — 1. As above, N,(1) =w + 2, N, (1) = w,
and X, = X, mod ¢ — 1 imply that N,(2 — ¢) =2, which is a contradiction since r has
only one negative even weight.

Finally, suppose that ¢ — x; # 1 and y; # 1 for all i. Then we have that y; € ¥, \

({—a, b} U{—1, 1}*) foralli by Lemma 7.5 and ¢ — x; € %, \ ({—a, b} U {—1, 1}*) for
Jj # 1 and 2 by Lemma 7.4. Then

Y, ={—a, b, —x3, —x4, —X5, Y1, Y2, C — X3, C — X4, c — x5, y1 — ¢, yp —c}U {=1, 1}*

and hence A, = % dim M, which contradicts A, = % dim M + 2 in Lemma 3.3. O
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LEMMA 8.8. In Lemma 7.1, t =2 and v = 2 are impossible.
Proof. In this case the weights are

Ep = {_c’ _bv X1, X2, X3, X4, X5, —=Y1, —)2, 1} U {_15 1}w+2’
Y, ={c,a, X1 — ¢, X2 — ¢, X3 — ¢, X4 — €, X5 — ¢, ¢ — Y|, ¢ — y2, 1} U {~1, 1} 2,
ZI‘:{_a5 ba"‘}U{_171}wa

where a, b, ¢, w, x;, y; are as in Lemma 7.1, and the remaining weights at r are odd.

By Lemma 7.6, x; = ¢ — x; for some i and j. Then by Lemma 6.4, there exist x; and x ;
where i # j such that 2x; = 2x; = c¢. Without loss of generality, let 2x; = 2x, = ¢. Denote
x = x1. Lemma 6.4 also implies that x; # ¢ — x; fori # 1 and 2, and for all j. Therefore,
—x; € Xy \ ({—a, by U{—1, 1}"*) for i # 1 and 2 by Lemma 7.2. Also, by Lemma 7.3,
yi —c € X, \ ({—a, b} U {—1, 1}") for all i. Moreover, by Lemma 4.6(3) for x, none of
Xi, ¥j, ¢ —X;j,and ¢ — y; can be x for i # 1 and 2, and for all j. Hence, by Lemma 6.6,
all of x;, yj, ¢ — x;, and ¢ — y; are different for i # 1 and 2, and for all j.

First, suppose that y; = 1 for some i. Without loss of generality, let y» = 1. Then none
of xj, ¢ — x;, y1, and ¢ — y; is 1 for all i. Therefore, y; € X, \ ({—a, b} U {—1, 1}*)
by Lemma 7.5 and ¢ — x; € ¥, \ ({—a, b} U {—1, 1}*) for i #1 and 2 by Lemma 7.4.
Moreover, by Lemma 2.4 for 1, N,(1) + 1 = N, (—1). Considering Lemma 2.4 for each
integer, we have

Y, ={—a, b U{—x; 3 Uy} Ufe—xi )3 Uly — el Ul=1, —f, flU{=1, 1}*,

for some odd natural number f. By Lemma 6.8, f =1, which contradicts the definition
of w.

Second, suppose that ¢ — x; =1 for some i. Since c —x;=c—x2=x;1=c/2>2,
without loss of generality, let ¢ — x5 = 1. Then none of x;, ¢ —xj, y;, and ¢ —y; is
1 for all i and j # 5. Therefore, we have that y; € ¥, \ ({—a, b} U {—1, 1}**) for all
i by Lemma 7.5 and ¢ — xj € ¥, \ ({—a, b} U {—1, 1}*) for j =3 and 4 by Lemma
7.4. Moreover, Np(1) = N,(—1) and N,(1) = Ny(—1) + 1. Hence, by Lemma 2.4 for
1, No(1) + 1 = N,(—1). Then the weights are

%, ={—a, b} U {—x_3 Uy Ulc — xdfs Uy — el UL=1,—£ LU (=1, 1}¥,

for some odd natural number f. As above, we get a contradiction.

Finally, suppose that ¢ —x; # 1 and y; # 1 for all i. Then we have that y; € 3, \
({—a, b} U{—1, 1}*) foralli by Lemma 7.5 and ¢ — x; € ¥, \ ({—a, b} U {-1, 1}*) for
J # 1 and 2 by Lemma 7.4. Since N,(1) > Np(=1) + 1 and Ny (1) > N;(—1) + 1, by
Lemma 2.4 for 1, N, (1) + 2 < N, (—1). Then the weights are

Y,={—c, =b, x, x, X3, X4, x5, =y1, —y2, 1, =1, I, =1, 1} U {—1, 1}",
Eq:{cv a, —xX, —X, X3 —C, X4 —C, X5 —C, C—YI, c— )’27 19 _17 11 _131} ) {_1’ l}w’
Zr={—a, by U{—x;};_3 U{yilio, Ufc — xili_3 U i — climy U{=1, =1} U{=1, 1}

Then we have that N,(1) >w+3, Ny;(1)>w+3, and N,(1) =w, which is a
contradiction by Lemma 6.9. O

https://doi.org/10.1017/etds.2014.56 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2014.56

1962 D. Jang

LEMMA 8.9. In Lemma 7.1, t =3 and v = 2 are impossible.

Proof. In this case, the weights are

S, = {—c, —b} U)o, U {—yi}3_, U1} U (=1, 1}*+2,
g = {e a) U fxi — )8 Ufe =yl U U (=1, )7+,
% ={-a,b,..  U{-1, 1}¥,

where a, b, ¢, w, x;, y; are as in Lemma 7.1, and the remaining weights at r are odd.

By Lemma 7.6, x; = ¢ — x; for some i and j. By Lemma 6.4, there exist x; and x;
where i # j such that 2x; = 2x; = c¢. Without loss of generality, let 2x; = 2x, = ¢. Denote
x =x1. Lemma 6.4 also implies that x; # ¢ — x; for i # 1, 2, and for all j. Therefore,
—x;i € 2y \ ({—a, b} U{—1, 1}*) fori # 1, 2 by Lemma 7.2. Also, by Lemma 7.3, y; —
ce X\ ({—a, by U{-1, 1}") for all i. Moreover, by Lemma 4.6(3) for x, none of x;, y;,
¢—xj,and ¢ — y;j can be x fori # 1, 2, and for all j. Hence, by Lemma 6.6, all of x;, y;,
¢ — x;, and ¢ — y; are different for i # 1, 2, and for all j.

First, suppose that y; = 1 for some i. Without loss of generality, let y3 = 1. Then none
of xj, ¢ —x;, yj, and ¢ —y; is 1 for all i and j # 3. Therefore, y; € X, \ ({—a, b} U
{—1, 1}") for i #3 by Lemma 7.5 and ¢ — x; € ¥, \ ({—a, b} U {-1, 1}*) for j #1
and 2 by Lemma 7.4. Moreover, N, (1) = Np(—1) and N, (1) = Ny(—1) + 1. Hence, by
Lemma 2.4 for 1, N.(1) + 1 = N, (—1). Then

2, ={—a, b} U{—x:)0_ 3 Uy} Ufe —xi)S 3 Uy — bl U{=1} U {=1, 1}*

and hence N,(1)=w+3, N,(1)=w+3, and N,(1)=w, which contradicts
Lemma 6.9.

Second, suppose that ¢ — x; =1 for some i. Since c —x;=c—x2=x1=c¢/2>2,
without loss of generality, let ¢ — x¢ = 1. Then none of x;, ¢ — xj, y;, and ¢ — y; is 1
for all i and j # 6. Therefore, y; € X, \ ({—a, b} U{—1, 1}) for all i by Lemma 7.5
andc —x; € &, \ ({—a, b} U {1, 1}¥) for j =3, 4, and 5 by Lemma 7.4. Moreover, by
Lemma 2.4 for 1, N.(1) + 1 = N, (—1). Then

%, ={—a, b} U{=x)0 5 Uy}, Ufe —xi )3 Uy — b U{=1} U {=1, 1}"

and thus N, (1) =w + 3, Ny(1) = w + 3, and N, (1) = w, which contradicts Lemma 6.9.

Finally, suppose that ¢ — x; # 1 and y; # 1 for all i. Then we have that y; € ¥, \
({—=a, b} U{—1, 1}*) for all i by Lemma 7.5 and ¢ — x; € X, \ ({—a, b} U {—1, 1}*)
for j #1 and 2 by Lemma 7.4. Then we have that N,(1) > w + 3, Ny(1) > w + 3, and
N, (1) = w, which contradicts Lemma 6.9. O

LEMMA 8.10. In Lemma 7.1, t > v 4 2 is impossible.

Proof. By Lemma 7.6, x; = ¢ — x; for some i and j. Then by Lemma 6.4, there exist x;
and x; where i # j such that 2x; = 2x; = c. Without loss of generality, let 2x; = 2x; = c.
Lemma 6.4 also implies that x; # ¢ — x; for i #1, 2, and for all j. Therefore, —x; €
2\ ({—a, by U {—1, 1}") fori # 1, 2by Lemma 7.2. Also, by Lemma 7.3, y; —c € X, \
({—a, b} U {—1, 1}*) for all i. Moreover, by Lemma 4.6(3) for x, none of x;, y;, ¢ — x;,
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and ¢ — y; can be x fori # 1, 2, and for all j. Hence, by Lemma 6.6, all of x;, y;, ¢ — x;,
and ¢ — y; are different for i # 1, 2, and for all j.

First, suppose that ¢ —x; =1 for some i. Since c —x1=c—x2=x1=c¢c/2>2,
without loss of generality, let ¢ — x3 =1. By Lemma 6.6, ¢ — x; # 1 for i #3 and
yj #1 for all j. Then ¢ — x; € ¥,({—a, b} U {-1, 1}¥) for i #1, 2, 3 by Lemma 7.4,
and y; € Z({—a, b} U{-1, 1}") for all j by Lemma 7.3. Therefore, we have that
(=l U idis, Ule =) Ul — edisy € 20\ ({=a, b} U (=1, 1}"), which is a
contradiction since there are 2t + 4 + 2u + 2v spaces in X, \ ({—a, b} U {—1, 1}") but
4t + 1 > 4t > 2t + 4 4 2u + 2v by the assumption.

The other cases, where y; = 1 for some i and where ¢ — x; # 1 and y; # 1 for all i, are
similar: using Lemmas 7.3 and 7.4, we have ¢ — xj, yx € %, \ ({—a, b} U {—1, 1}*) for
Jj # 1,2 and k # i, which contradicts the assertion that there are not enough spaces to fill
in %,. O

LEMMA 8.11. In Lemma 7.1, v > 3 is impossible.

Proof. This follows easily from the definition of w and Lemma 6.9. O

9. Proof of Theorem 1.1

By quotienting out by the subgroup which acts trivially, without loss of generality we
may assume that the action is effective. Then this is an immediate consequence of
Propositions 4.3, 5.1 and 6.1.
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