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Abstract. We numerically study a thermal-diffusive model for smouldering combustion

under microgravity with convective heat losses. In accordance with previous experimen-

tal observations, it is well known that porous materials burning against a gaseous oxi-

diser under microgravity exhibit various finger-like char patterns due to the destabilising

effect of oxidiser transport. There is a close resemblance between the pattern-forming

dynamics observed in the experiments with the mechanism of thermal-diffusive insta-

bility, similar to that occurring in low Lewis number premixtures. At large values of the

Lewis number, the finger-like pattern coalesces and propagates as a stable front reminis-

cent of the pattern behaviour at large Péclet numbers in diffusion-limited systems. The

significance of the order of the chemical kinetics for the coexistence of both upstream

and downstream smoulder waves is also considered.
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1. Introduction

Smouldering combustion occurs in many domestic and technological processes. How-

ever, it can also be a potential fire hazard, and understanding the mechanism of smoulder

wave propagation is important. We are presently interested in the structure of smoulder

waves arising in microgravity environments, specifically aboard a spacecraft where fire

safety measures are paramount. It is known that the structure of smoulder waves exhibits

different finger-like patterns in microgravity experiments aboard spacecraft [15] and in
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Figure 1: Spatial pro�les of two-dimensional �ngering (
har) patterns of a �lter paper sample, observed

experimentally in a Hele-Shaw 
ell; The 
har propagation is from bottom to top. Ignition is initiated at

the bottom and oxidiser gas is passed from the top, in a typi
al 
ounter�ow 
on�guration. The 
har is

identi�ed by the dark �nger-like patterns, and the lighter shades are the quen
hed part of the �ame that

separates the regions of burned parts from unburned parts. (a) Conne
ted front that o

urs at high �ux

velo
ity, where the front is stable. (b) Tip-splitting regime marked by splitting of sole �ngers at the tip,

observed at moderate �ux velo
ity. (
) Sparse �ngers that appear at relatively low �ux velo
ity, where

the �ngers are more distin
t from ea
h other and the tips do not split. The snapshots are 
ourtesy of

E. Moses (Weizmann Institute of S
ien
e).

quasi-two-dimensional Hele Shaw cells [20–22]. The fingering patterns differ from those

observed in a natural convection dominated environment, and include distinct states that

depend upon the velocity of a gaseous oxidiser. Thus although the oxidiser exerts a desta-

bilising effect on the emerging smoulder waves, there are three steady states — viz. sparse,

tip-splitting and connected front (cf. Fig. 1). The smoulder wave basically proceeds as a

self-sustaining reaction front. This front propagates on the surface of a solid porous sample,

which reacts with an oxidiser gas infiltrating its pores. The direction of flow of the gaseous

oxidiser, relative to the direction of propagation of the reaction front, can be classified into

distinct configurations of practical interest due to the characteristic features they exhibit.

For a detailed discussion of distinct smouldering configurations, see Refs. [13, 14, 17, 18].

In this article, we focus on the smouldering regime referred to as reverse smoulder, where

the direction of the gaseous oxidiser flow is opposite to the direction of the reaction front.

In order to understand the pattern-forming dynamics, various macroscopic models have

been studied in different contexts. In Refs. [4,8], a reaction-diffusion system was proposed

to study the distinct fingering regimes based on the mechanism of diffusion-limited instabil-

ity exhibited in the experimental observations reported [15,20–22]. The diffusion-limited

mechanism describes the destabilisation of the smoulder waves through the oxidiser veloc-

ity (or Péclet number in dimensionless systems), emphasising the effect of reactant trans-

port on the propagating smoulder waves. Filtration combustion models have also been

proposed [7, 10, 12]. However, in thermal-diffusive models the instability of propagating

smoulder waves is easier to understand based on two competing transport processes —

viz. the transport of reactants and the transport of heat. It is known that the transport

of heat has a stabilising effect on the waves. There are various thermal-diffusive mod-

els in the literature, notably in the framework of premixed combustion, exhibiting similar

qualitative behaviour to the observed situation in non-premixed flames. For instance, it
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was concluded that the diffusive-thermal instability of non-premixed flames occurs in a

manner similar to that of premixed flames [3]. In dimensionless combustion systems, the

mechanism of thermal-diffusive instability is usually characterised by the Lewis number —

i.e. at large Lewis numbers the combustion wave stabilises. Furthermore, thermal-diffusive

models have been investigated in our present context [3,7,9,11,19].

Here we extend the adiabatic model in Refs. [6, 7] via homogenisation theory for pe-

riodic structures, for a nonadiabatic situation with a convective heat transfer mechanism.

For details of homogenisation theory, interested readers may refer to Refs. [1, 2, 5, 16].

We analyse the combustion wave behaviour in both one and two dimensions by direct

numerical simulation of the dimensionless reaction-diffusion system, with a focus on the

influence of the order of the chemical kinetics and the Lewis number. In Section 2, we

describe the mathematical model and its rescaling, and our numerical solution schemes.

Our one-dimensional and two-dimensional numerical results are presented in Section 3,

and concluding remarks are made in Section 4.

2. Mathematical Model

In order to capture the pertinent physics for the phenomenon of interest, our proposed

model has filtration properties that are akin to the influence of porous medium obstacles,

convective heat transfer, and a one-step irreversible exothermic reaction with Arrhenius

kinetics. The influence of the chemical kinetics is considered by a comparison with a second-

order case. An appropriately non-dimensionalised set of equations for the temperature,

concentration of gaseous oxidiser and the density of solid fuel (or char product) is then [7]

ut = ux x + uy y +φΛPeux + βγ f (u,v , w)− h̃(u−σ) ,

φvt = Le−1(vx x + vy y) +φPevx − γ f (u,v , w) ,

wt = −Hwγ f (u,v , w) , (2.1)

where the subscripts denote respective partial derivatives and f (u,v , w) is the reaction rate

function. The other notational details are: u is the nondimensional temperature in units of

ub, the adiabatic temperature of combustion products; v is the nondimensional concentra-

tion of the gaseous oxidiser in units of v0, a reference inlet gaseous mixture; w is the density

of solid fuel in units of w0, initial density of the solid; x and y are the non dimensional

spatial coordinates in units of lth = α/Ub, the thermal width of the flame, where α is the

effective thermal diffusivity of the mixture and Ub is the speed of a planar adiabatic flame at

infinitely large activation temperature θ = ua/ub, with ua, the dimensional activation tem-

perature; t is the nondimensional time in units lth/Ub;σ = u0/ub is the nondimensional

temperature of the surroundings; u∗ is a ignition temperature; h̃ is the nondimensional

heat transfer coefficient in units of Ubceff/φs lth, where ceff is the effective volumetric heat

capacity and φs is the surface fraction derived from homogenisation [7]; Hw = v0/φ
sw0

is a nondimensional coefficient corresponding to the ratio of initial reactants species; φ

is the system porosity; β is the nondimensional heat release in units of ceffub/v0;γ is the

nondimensional pre-exponential factor in units of Ub/φ
s lthθ exp(−θ);Λ = cg/c

eff is the

https://doi.org/10.4208/eajam.010914.250315a Published online by Cambridge University Press

https://doi.org/10.4208/eajam.010914.250315a


Fingering Instability in Smouldering Combustion 141

ratio of heat capacities, with cg , heat capacity of the gaseous mixture; Pe = V lth/α is the

Péclet number and Le = α/Deff is the Lewis number, where V and Deff are respectively the

prescribed flow velocity and effective mass diffusivity of the gaseous phase. The reaction

rate function

f (u,v , w) =

¨

vwθ exp(θ − θ/u) , if u ≥ u∗ ,

0 , otherwise ,
(2.2)

describes a second-order kinetics — for comparison with the first-order Arrhenius law re-

actant consumption rate

f (u,v) =

¨

vθ exp(θ − θ/u) , if u≥ u∗ ,

0 , otherwise ,
(2.3)

when the kinetic equation in Eq. (2.1) describes the density of char — i.e. the solid product

of combustion. (However, the sign of the right-hand side changes in this respect.) In one

dimension, we consider a finite interval 0 < x < Lx . In two dimensions, we consider a

bounded rectangular domain 0< x < Lx , 0< y < L y with insulation conditions at the top

and bottom boundaries — i.e.

uy = vy = 0 at y = 0, L y .

At the inlet end x = Lx and the outlet end x = 0, the boundary conditions adopted are

(ux ,vx)(t, 0) = (0,0) , (ux ,v)(t, Lx ) = (0,v0) , t > 0 , (2.4)

corresponding to ignition initiated at the left boundary and the smoulder wave propagating

from the left to the right boundary where the gaseous oxidiser is passed. This configuration

describes a reverse combustion as previously mentioned, since the flow direction of the

gaseous oxidiser is opposite to the propagation direction of the front. Finally, the problem

is closed on assuming the initial conditions

(u,v , w)(0, x , y) = (u0(x , y),v0, w0) for 0< x < Lx , 0< y < L y . (2.5)

2.1. Numerical schemes

For the one-dimensional problem, we used the Method of Lines (MOL), which typically

involves a finite difference spatial discretisation followed by a suitable time integration of

the resulting ODE system. Thus let h := Lx/Nx be the spatial step size, where Nx > 0 is the

number of discretisation intervals. The interval I = 0 < x < Lx can then be represented

by a uniform grid of nodes Ih := {x i := ih ∈ I | i = 0, · · · , Nx}. We define a grid function

G I
h

:= {ϕh | ϕh : Ih → R} such that ϕi(t) := ϕh(t, x i), ϕh ∈ C1([0, T ],G I
h
), T > 0. The

second-order derivatives were defined by the central difference discretisation △hϕi(t) :=

(ϕi−1(t) − 2ϕ(t) + ϕi+1(t))/h
2, and the first-order derivatives by the forward difference

discretisation ∇hϕi(t) := (ϕi+1(t)−ϕi(t))/h, for ϕh ∈ C1([0, T ],G I
h
).
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Consequently, for uh ∈ C1([0, T ],G I
h
), vh ∈ C1([0, T ],G I

h
) and wh ∈ C1([0, T ],G I

h
),

the semi-discrete solution of the problem is the triple (uh,vh, wh) defined by the system of

ordinary differential equations for t > 0:

dui(t)

d t
=△hui(t) +φΛPe∇hui(t) + βγ f

�

ui(t),vi(t), wi(t)
�

− h̃
�

ui(t)−σ
�

, i = 0, · · · , Nx ,

φ
dvi(t)

d t
= Le−1△hvi(t) +φPe∇hui(t)− γ f

�

ui(t),vi(t), wi(t)
�

, i = 0, · · · , Nx−1 ,

dwi(t)

d t
= −γ f
�

ui(t),vi(t), wi(t)
�

, i = 0, · · · , Nx , (2.6)

subject to the initial conditions

ui(0) = u0(x i) , vi(0) = v0 , wi(0) = w0 , for i = 0, · · · , Nx . (2.7)

The boundary conditions at i = 0, Nx have been implemented by eliminating the ghost

nodes — i.e. nodes outside the grid points appearing in the end grid points of the first

equation and the left end grid point of the second equation, using appropriate first-order

difference approximations on the boundary conditions defined in Eq. (2.4). For Dirichlet

boundary conditions, specifically for the variable v , we prescribe a boundary value at the

right end grid point:

vNx
(t) = v0 , t > 0 . (2.8)

On the other hand, an explicit finite difference scheme on a uniform orthogonal grid will

be employed for a two-dimensional problem.

3. Numerical Results

In this section, we present our numerical results for the model in Section 2 using the

methods described above. The numerical integration for the one-dimensional problem was

achieved with a variable order ODE solver in Matlab R©. The parameter values used in

the numerical simulation are given in Table 1, unless otherwise stated. In all numerical

simulations, the spatial domain length is Lx = 200. The Péclet and Lewis numbers are taken

as free parameters with assumed values according to the physical problem of interest.

Table 1: Typi
al set of parameter values used in the numeri
al simulation.

θ β γ h̃ φ v0 w0 σ Λ Hw u∗

1.94 20. 5.0 0.28 0.497 0.1 1.0 0.02 0.0 1.0 0.1
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Figure 2: Spatio-temporal pro�les of u, v , w and the heat release rate f , from model (3.1) with a

�rst-order kineti
s. The parameters used in the simulation are taken from Table 1. In this 
ase, Pe = 2.0

and Le = 0.25.

3.1. One-dimensional combustion waves

We first consider a one-dimensional minimal model

ut = ux x +φΛPeux + βγ f (u,v)− h̃(u−σ) ,

φvt = Le−1
vx x +φPevx − γ f (u,v) ,

wt = Hwγ f (u,v) . (3.1)

An obvious difference between this model and the diffusion-limited model presented in

Ref. [4, 8] is that the diffusion term of v in the second equation has been scaled with the

reciprocal of Le. For the present simulation, we also assume that the reaction rate has first-

order kinetics according to Eq. (2.3). Fig. 2 depicts the travelling wave profile. In this case,

the waves are not reflected downstream on reaching the end of the line at Lx = 200, because

the order of the chemical kinetics excludes a contribution from the solid fuel consumption.

Next, we replace the kinetic term in the model (3.1) with the second-order kinetics

described by Eq. (2.2). The simulation in this case exhibits a reflection of the thermal front

https://doi.org/10.4208/eajam.010914.250315a Published online by Cambridge University Press

https://doi.org/10.4208/eajam.010914.250315a


144 E. R. Ijioma, H. Izuhara, M. Mimura and T. Ogawa

0
50

100
150

200 0

100

200

300

400

500

time

x−coordinate

u

u

0
50

100
150

200 0

100

200

300

400

500

0.05

0.1

time

x−coordinate

v

v

0
50

100
150

200 0

100

200

300

400

500

0.2
0.4
0.6
0.8

time

x−coordinate

w

w

0
50

100
150

200

100

200

300

400

0

0.05

time

x−coordinate

f(
u,

v,
w

)

f (u,v , w)

Figure 3: Spatio-temporal pro�les of u, v , w and the heat release rate f , from model (3.1) with a

se
ond-order kineti
s. The parameters used in the simulation are taken from Table 1. In this 
ase,

Pe = 2.0 and Le = 0.25.

of u as depicted in Fig. 3 — i.e. the smoulder waves are reflected on reaching the end of

the line. This downstream phenomenon for smoulder waves was reported in microgravity

experiments [15]. Thus we see the importance of a second-order kinetics, where the waves

turn back downstream on including solid fuel consumption in the chemical model. Fig. 4

shows that the structure of the travelling waves moves upstream until the end of the domain

at Lx = 200, and that after about t = 200 it is no longer reflected downstream. For Pe fixed

within a critical range (e.g. Pe = 0.35) and increasing values of Le the smoulder wave is

not reflected downstream, indicating that high heat diffusivity inhibits the propagation of

the downstream smoulder provided that the Pe value remains within a certain range.

3.2. Two-dimensional fingering instability

In one dimension, we found the wave behaviour depends on the chemical kinetics and

that there are limiting values of the Péclet and Lewis numbers. Thus the one-dimensional

waves propagate only at relatively large Pe number, and large Le numbers can quench the
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Figure 4: Spatio-temporal pro�les of u, v , w and the heat release rate f , for the model (3.1) with

se
ond-order kineti
s. The parameters used in the simulation are taken from Table 1. In this 
ase,

Pe = 0.35 and Le = 1.5.

propagation downstream. However, there are other interesting phenomena under micro-

gravity environments to consider at higher dimensions.

In this section, we numerically investigate the fingering instability mechanism under

microgravity from the point of view of the proposed thermal-diffusive model (2.1). From

the one-dimensional results of the previous section, we expect that at large Lewis numbers

and within a critical range of Péclet numbers the downstream smoulder waves are not

viable. In addition, the system stabilises at increasing values of Le, and at large Péclet

numbers, the fingering behaviour vanishes so there is a stable planar front. Furthermore,

given the experimental observations [20–22] we expect that distinct fingering regimes are

manifest in the thermal-diffusive model, in verifying the close resemblance of the pattern-

forming dynamics with the diffusional instability reported in the experiments. We restrict

our discussion here to the case of a second-order kinetic law, but we also envisage that

the results of the one-dimensional problem with first-order kinetics applies in the two-

dimensional case. Here, we consider the problem in Section 2 over a rectangular domain
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(a) (b) (
) (d)

Figure 5: Collage of 
har patterns of w as a fun
tion of Pe and for Le = 0.5. (a) Pe = 0.16 (sparse

�nger); (b) Pe = 0.27; (
) Pe = 0.35 (tip-split �ngers); (d) Pe = 4.0; (
onne
ted front). The pattern

behaviour des
ribes the limit of large Pé
let numbers in the thermal-di�usive model (2.1); Similar results


an be realised from the point of view of di�usion-limited systems [8℄. Here, ignition is initiated from the

bottom, the gaseous oxidiser is passed from the top, and the smoulder front propagates from bottom to

top. The dark shades represent the burned (
harred) region, and the light shades the unburned region.

with Lx = 200 and L y = 150.

3.2.1. Distinct fingering regimes

The system (2.1) was first controlled by varying the Pe number, while other parameters

remain fixed. In particular, the adopted value of the Lewis number was Le = 0.5. Fig. 5

shows distinct fingering states, depending on the Pe number. In Fig. 5(a), the pattern

exhibits a sole finger of constant width that propagates from bottom to top, corresponding

to Pe = 0.16. As Pe is increased, the density of fingers increases and the fingers begin to

tip-split, but remain distinct from each other — cf. Fig. 5(b) and Fig. 5(c). The results in

Fig. 5(d) for even higher values of Pe show a stable planar front occurring at Pe = 4.0.

At this point, the simulation exhibits the diffusional instability mechanism in the system,

consistent with that reported in Ref. [15, 21]. This instability arises when the transport

of the reactants (the oxidiser transport in this case) is limited. It can also be shown that

two-dimensional travelling front solutions exist for the results depicted in Figs. 5(a) and

(d).

3.2.2. Lewis number effects

Next, the system (2.1) was controlled by varying the Le number, while other parameters

remained fixed. In particular, the Péclet number Pe = 0.35 was adopted, as in the one-

dimensional simulation of Section 3.1. Fig. 6 shows the evolution of the fingering patterns

for various values of the Lewis number. Thus for Pe = 0.35 and increasing Le number up

to Le = 1.5, initially sparse fingers shown in Fig. 6(a) gradually transit into a stable planar

solution regime — i.e. the system stabilises at sufficiently large values of the Lewis number,

when the finger-like patterns vanish. This result is consistent with the linear stability results
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(a) (b) (
) (d)

Figure 6: Collage of 
har patterns of w as a fun
tion of Le and for Pe = 0.35. (a) Le = 0.2; (b) Le = 0.4;

(
) Le = 0.8; (d) Le = 1.5. The pattern behaviour des
ribes the limit of large Lewis numbers in the

thermal-di�usive model (2.1).

reported Ref. [19] for nonadiabatic reverse smoulder waves. We also point out that the

wave in Fig. 6(d) is not reflected on reaching the edge of the domain, similar to the one-

dimensional behaviour of the travelling waves — cf. Fig. 4.

4. Conclusions

A simple thermal-diffusive model with convective heat transfer predicts the fingering

instability arising in smouldering combustion under microgravity. In comparison with phe-

nomenological RD models [4, 8] and most other combustion models that neglect the in-

fluence of porous media obstacle [19], the strength of the convective flux in the proposed

model (2.1) derived by homogenisation is limited by the presence of nonunity porosity.

However, within an appropriately chosen parameter space the two modelling approaches

are functionally identical.

In one dimension, the order of the chemical kinetics was found to be significant for the

viability of downstream smoulder waves. The smoulder waves turned downstream when a

second-order kinetics was invoked. Within a critical range of Péclet numbers and at large

Lewis numbers (say Le ≥ 1), the downstream smoulder waves were no longer viable —

i.e. the smoulder waves no longer occur. Thus for suitable fixed Pe values, increasing

the Le number stabilises the reverse combustion, inhibiting the propagation of forward

combustion in the absence of convective dominance in the system. It is notable that the

extinction limit observed in the one-dimensional results cannot be extended by the thermal-

diffusive effects of the Le number if the Pe number increases beyond a certain threshold [3].

In two dimensions, we verified the results of our one-dimensional simulations of the

limiting values of the Lewis and Péclet numbers. The dynamics of the pattern behaviour

exhibited by the proposed thermal-diffusive model (2.1) is reminiscent of the diffusion-

limited instability reported in [21], and similar to the pattern dynamics reported from other

diffusion-limited models [4,8,12].
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