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1. Introduction

In this paper we provide a minimal constructive integration process of Riemann
type which includes the Lebesgue integral and also integrates the derivatives of
differentiable functions. We provide a new solution to the classical problem of
recovering a function from its derivative by integration, which, unlike the solution
provided by Denjoy, Perron and many others, does not possess the generality which
is not needed for this purpose.

The descriptive version of the problem was treated by A. M. Bruckner, R.J.
Fleissner and J. Foran in [2]. Their approach was based on the trivial observation that
for the required minimal integral, a function Fis the indefinite integral of fif and only
if F” = f almost everywhere and there exists a differentiable function H such that
F— H is absolutely continuous. They strengthen this definition by proving that F— H
can have arbitrary small variation. Nevertheless, their definition still needs a choice
of a differentiable function.

Our approach is based on a Riemann-type integral and so does not need any
choice of differentiable functions. It has been proposed, under the name of
‘C-integral’, by Bongiorno [1]. The basic idea behind the notion of the C-integral
is similar to the one used by Zahorski in his fundamental study of derivatives [8].

DerNITION 1. Given a function f:[a,b)]—— R we say that f'is C-integrable on
[a, b] if there exists a constant A such that for each ¢ > 0 there is a gage J so that

£ fxoit)—a| <o

for each o-fine (McShane) partition {(/,x,),...,(/,,x,)} satisfying the condition
P dist(x, ) < 1/e.

We recall that a gage J on [a, b] is a positive function defined on [g, b] and a J-fine
partition is a collection {(/;,x,),...,(/,,x,)} of pairwise non-overlapping intervals
I, < [a, b] such that I, = (x,—d(x,), x,+ d(x;)) and Y. 2 || =b—a. If Y 7 || < b—a,
then we say that the collection {(1;, x,), ..., (1, x,)} is a partial partition. (We consider
only so-called McShane partitions.)

We remark that Lebesgue integrable functions are C-integrable. The easiest way
to see this is to recall that the Lebesgue integral is equivalent to the McShane one
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[4, 5] and note that the McShane integral is contained in the C-integral. We remark
also that C-integrability implies Denjoy integrability (with the same value of the
integral). In order to avoid the use of many integrals, every integral will be
understood as a Denjoy integral, unless specified otherwise.

Other simple facts about the C-integral include the following:

(1) The C-integral is linear; in particular the space of C-integrable functions is a
vector space.

(2) C-integrability on an interval implies C-integrability on each subinterval.

(3) fis C-integrable if and only if, given ¢ > 0, there exists a gage J so that

/4
2
i-1

fx) |1,,-,|—f f] <

for each oJ-fine partial partition {(/,,x,),...,(/,,x,)} satisfying the condition
»  dist(x,, I) < 1/& (Henstock’s lemma).

For additional properties of the C-integral we refer to [1].

THEOREM 1. The C-integral is the minimal integral which includes Lebesgue
integrable functions and derivatives.

As usual, we use the term ‘derivative’ to denote a function / for which there is an
everywhere differentiable function H such that 7 = H’.
In a more precise form our result may be stated as follows.

MAIN THEOREM. A function f[a, b] —— R is C-integrable if and only if there exists
a derivative h such that f—h is Lebesgue integrable.

The ‘if” part was proved in [1, Theorem 1]. For completeness we will reproduce
the simple argument at the end of the next section.

2. Proof of Main Theorem

For the proof of the ‘only if” part we need the following notation and lemmas. By
Ala, f] we denote the family of all derivatives on the interval [a, f].

Given a real function f, an interval [e, ] will be called f-regular if there is he Ala, f]
such that f—# is Lebesgue integrable in [a, f].

By €([o, f]) and by L*([«, f]) we denote respectively the family of all continuous
functions and the family of all Lebesgue integrable functions in [o, £].

Lemma 1. If[a, B] is f-regular, then for each ¢ > 0 there exists h,€ Ao, §] such that
h(o) = h(p) =0 and

B B B
—h <, j h={r
o o o

Proof. Let heAlo, ] be such that f—he L'([e, f]). By the absolute continuity of
the Lebesgue integral and by Lusin’s theorem there exists f; € €([«, f]) such that

ﬁjlf—h—fll <7
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Let f,€%([o. f)) be such that f,(2) = h(2) +1,(2). £(B) = h(f)+f,(B and [|£] < e/4.
Define now f,e%([a, f]) such that f,(x) = f,(f) = 0 and

[£=[oer-n-[r

We can assume that f; > 0 or f; < 0. Then

[is=| [ 5] < [1r=n=si+ [ 11

_EE_¢
474 2

Finally define h, = h+f, —f,—f,. Then h e Ala, ] and

=]
B B A 4
fLﬂJMsJWf—ham+fLm+fLm

frio 0
472

Moreover

<6+
4

LemmMma 2. (a) A subinterval of an f-regular interval is f-regular.
(b) If an interval is the union of two f-regular intervals, then it is f-regular.

Proof. Statement (a) is obvious. To prove (b) let [o, f] = [}, f,] U [y, B,], With
[o;, B;] fregular, i = 1,2. By (a) we may assume that o, = o, o, = 5, and §, = . By
Lemma 1 there are #h,eAle,pf], i=1,2, such that /&) =h(F)=0
fﬁzlf—hl <4 o0. We define h(x) =0 for x¢[a,pf], i=1,2 and let h = h,+h,.
Cledrly h is the desired derivative. O

LemmMma 3. Let f be C-integrable on [a, f] and let F be a closed subset of [, f] such
that a, f€ F and each closed interval contained in [o, [\ F is f-regular. Suppose also that

[ol1 <+ 0 and
Jf‘ <+ oo,
J

where I, = (,,,) is the sequence of all connected components of o, fI\F. Then [o, ff]
is f-regular.

Y. sup ez,

Jinterval
peN

Since the proof of this lemma is more involved than the previous ones, we defer
it to the last section of this paper.

2.1. Proof of the ‘only if” part of the Main Theorem

Let f'be C-integrable on [a, b]. We have to prove that [a, b] is f-regular. Let G be
the union of the interiors of all f-regular intervals contained in [a,b] and let
F = [a,b\G. By Lemma 2, every closed interval J < [a, b]\ F is f-regular, since it can
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be covered by finitely many f-regular intervals. We first observe that the closure of any
connected component (., f) of [a, ]\ F is f-regular. Indeed, by the continuity of the
indefinite Denjoy integral of f, we have

SUp J<=@.p

Jinterval

Lf‘ < +o00.

Consequently, the assumptions of Lemma 3 hold with F replaced by F n [«, ], and we
conclude that [«, ] is f~regular. In particular, if F = {a, b}, then [a, ] is f-regular and
we are done.

To finish the proof, we assume that Fn(a,b) # & and find a contradiction. We
note that F N (a,b) does not have any isolated point. In fact for such a point y we
could find a <y < pf, o, ffeF such that (e,y) N F= & = (y,) N F. By the above
observation, [«, y] and [y, f] are f-regular, so by Lemma 2, [«, ] is f-regular and y ¢ F.

Since fis Denjoy-integrable there exists [7, Chapter VIII, Theorem 1.4] an interval
[, fl1<]a, b] such that Fn(a,f) # O, an[w] |f] <+ o0 and

Y. sup s,

J lntel val
peN

ff<+oo,

where {1} is the sequence of connected components of [, S\ F. Since F'N (a, b) has no
isolated points, we may achieve «, f€ F. Then all assumptions of Lemma 3 hold with
Freplaced by F N [«, f], so [«, B] is f~regular, which, by definition of F means that («, )
cannot meet F. This is the final contradiction proving the ‘only if” part of the
theorem.

2.2. Proof of the “if’ part of the Main Theorem

Let i be a derivative such that f—# is Lebesgue integrable. Then f—/4 is C-
integrable. To complete the proof it is enough to show that /2 is C-integrable. Let e > 0
and let 7 = H’. By the definition of derivative, given x€[a, b] there exists Jd(x) > 0
such that

H(y)—H(x)

=) <5 m

for each yela, b] with |y —x| < d(x).
Let I = (o, ) be an interval such that dist(x, 7) < d(x). By (1) we get

[H(I)—h(x) ]| < IH(ﬁ) — H(x) —h(x) (f—x)|+ [H(2) — H(x) — h(x) (o — )|

Iﬁ x|+ —x| < &2dist(x, I). 2)

Then, if {({,x)),...,I,,x,)} is a J-fine partition satisfying the condition
P dist(x,;, ) < 1/e, we get by (2)

i

S ) L — (H(D) — )| < & 1hCo) ] — HU)| < ¢ ¥ dist(x, 1) < 81 = . O
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3. Proof of Lemma 3

In this section we assume that f'is a function C-integrable on [«, ], F is a closed
subset of [a, f] such that «, fe F and each closed interval contained in [a, f]\F is
f-regular. We also assume that fF |f] <+ o0 and

Y. sup s,

Jinterval
PeN

ff’<+oo,

where I, = (,,f,) is the sequence of all connected components of [a, f]\ F.

If F=[a,p] then [o,f] is f-regular, since 0eAla,f], fe L'([o,f]) and f—0 =
feL'([a,f]). We will therefore assume that F # [a, f] and even that {/,} is infinite
(indeed, if it is finite we can reduce the proof to the infinite case by adding a suitable
sequence of points to F).

Let .

f=1=1xp
Note that f= 0 on F and f'is C-integrable on [, ], by the assumption fF |f] <+ o0,
so if we prove that [o, ] is f-regular, then [«,ff] is f-regular. Thus, from now, we
assume /=0 on F.
Now let {¢,} be a sequence of positive real numbers such that

Y&, <+, Q)
neN

and
[3—0(+2<i. @)

n

Moreover, let J,(x) be the gage corresponding to ¢ = ¢, in the definition of the C-
integral of f. Hence, if {(x,, 1)), ...,(x,,1,)} is a J,-fine partial partition in [a, f] such
that x,e Fand )_7”  dist(x,, I,) < f—a+2, we have by Henstock’s lemma

s

Fix an increasing sequence of compact sets H, such that (o, )\F = |J;, H,.
H,n1,is a proper interval for finitely many p and H, NI, = ¢ for the remaining

indices p, and
|s
J

E, = {xeF: min(8,(x), ..., 6,(x) > %}

<e,. (%)

Y supser,m, < + 0. (6)

peN Jinterval

For natural n, [ set

G,,= {xe[oc,/f]:dist(x, E, )< %}

CLAaM 1. There exists a family {y, ,;p€N, ge L} of real numbers such that
(€) Vpo = (@, +8,)/2;

(C2) Vpg < Vpgars

(C3) OCP < yﬁeq < ﬁp"

(cy) inf iy, ) =a, and sup,, {7, } =B,
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and such that the intervals I, , = [, ,»Vp.q411] Satisfy
(cy) for each xe F and each ¢ > 0 there exists 0 > 0 such that

I/

Sfor any interval J contained in I, ,, provided that I, , = (x—0,x+9);

(CG) ZpeN,qulflpytffl <+ 0.

<edist(x, 7, ),

Proof. We construct only the family {y, ,;peN,q >0} and prove the cor-
responding version of conditions (c;)—(cg). The family {y, ,;peN,q <0} can be
constructed in a similar way.

DEFINITION 2. According to condition (c,) we have to define y, , = (a,+f,)/2
and we will continue by induction. Suppose that y, . has been defined. To define p
we set

p,q+1

Fq =1k Dy s B,) = Gy pand [y, . f) N H, = ).
For the case when .7, , is empty we define y, .., = (7, ,+8,)/2. For the opposite

p.q
case we remark that %, _ is finite. Indeed [y, .. $,) N H,, = & only for finitely many k,
the sequence {H,} being increasing. Moreover the inclusion [y, ,.f,) = G, , can hold
only if I < 1/(B,—7,.0)-
Set

Ly = sup{te[ypvq,ﬁp):lfk,fl < g dist([y, . 1, K. ,), for each interval
J <[y, and for each (k,/)e.Z, }.

In the case t,,<p, we define y, ., =1,, in the case 7, ,=f, we define
By >Vpain >, +B,)/2 such that [y, ..., N H,,, =, for every k for which
[7,.0-8,) N H, = &. It is clear that y, <7, and that conditions (c,) and (c;) are

satisfied, for any p and g¢.

Condition (c,). Suppose to the contrary that y = sup {7, .} < f, Take0 < <
B,—7 such that |fJf| < &l p,—7y)/2 for each k for which y¢ H, and for each interval
J < (y—9,y+9). Choose y,,>y—0J. We claim that y, ., >y If Z = then

yp.qul = (yy),(1+ﬁp)/2 > (y_5+ﬂp)/2 > y lf Eg—f;,([ 7& @ and lp,q = ﬁp’ then yp.q+1 >
Wpo+B)/2>y. 8 F # & and t,,<p, we prove that 1, >y+J/2. Let J be a
subinterval of [y, .,y +(J/2)] and let (k, /) e %, . By the definition of #,  we have H,.n
[1,.007+(0/2)] = &, so y¢ H,. Moreover, J < (y—d,y+6). Hence

R

< g, (/’)p B (y +§))
_y dist([yp,q= Y +§} ’ F)

_ 2
<g, dlst([ymy V+§]’ Ec,l) :
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Then, by the definition of y, ., we have

0
yy),(1+1 = l;o,q 2 y+§ > V-
Hence in all three cases we get a contradiction with the definition of .

Condition (c;). Let xeF and ¢ > 0. Take keN such that ¢, < ¢ and take /eN
such that xeF, ,. We choose 0 < < 1/2/ such that (x—26,x+20)NH,= . If
I,,< (x—06,x+0) then (k,[)e ., . To see this we have to prove that [y, q,[)’ )< G,
and [y, ,B)NH, = If x> f, then [7,.00B,) © (x—9,x), so both statements hold
since (x—6,x) = G, and (x—d,x)N H, = . If x <, then (a7, ,) < (x,x+0).
Since y,, , = 7,,, (Which is the centre of 1)), we get [yp.q,[)’p) c I, < (x,x+20). Then the
required statement follows from (x,x+20) = G, and (x,x+20)N H, = &&. Now,
from (k,/)e #, , wesee that ¢ is defined and, by continuity of the indefinite integral,

we have

forall J <[y, ,.t,,] Since IM <[y tpads XEF,, and ¢, <&, we conclude that

p.q

< g dist([y, . 2,0 B

‘Jf} < edist(x, 7, ),
J
forallJ<1,,.

Condition (c;). Decompose

L= Lt L+

».q (v.0es  (D.0)eh  (D.Q)ES
where 4, is the set of those p, ¢ for which #, | = (J, .4, is the set of those p, ¢ for which
Gy Q and t, , = f8,, % is the set of those P-q for which #, # Jand ¢, , <f,.

Concerning the sum ), ., we claim that it is finite since J is a finite set. Indeed,
assume {(p.q):.Z, , = J} is infinite. Then there exists an infinite sequence of different
pairs (p;,¢;) such that 7, = (J. Hence there exists x € F' such that for every positive
¢ the inclusion 7, , = (x—d,x+0) holds for infinitely many indices i. However
xel;, for some / and some &, so there exists 6* > 0 such that (x—d*, x+6*) = G, ,
and (x—d*,x+0%) N H, = . For those indices i for which 7, , < (x—J*,x+ %) we
have 7, , # ¢J, hence a contradiction.

We now estimate the second sum. For every (p,¢g)€.% we choose k, , such that
[y, q,ﬂ INH, = and]|y,,.p,INH, mF 5. We first show that, glven k and p,
there is at most one ¢ = 0 such that k = k. To see this, suppose that ¢, < g, with
(1.9, (p-q,)€fand k, , =k, =k By definition of k,, , we have [y, ,.8,) N H, =
&. Since ¢, , = f,, the point y, ., was chosen so that [75.0,415 B )ﬂH,H1 = Q.
However ¢, > ¢,+1,s01[y,,..B,) N Hy, = J, against the assumption that k, , = k.
Noting that /[, , = Ip\Hkp_q we therefore infer from (3) and (6) that

Sl Aeszl]

D,qe5 k Icp.q:k
<L) sup

k p JSI\H,

D.q p.q

s

<Y & <+c0.
k
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Finally we estimate the third sum. Assume that (p,q)e.%; then for every
(k,)e 7, , we have
K

for all intervals J = I, . Since ¢, , < f8,, we infer from the continuity of the indefinite
integral of fthat there exist an interval J, , < I, , and indices k, , and /, , such that

(k )eZ, ,and
1./

J/#

Because of (3) we finish the proof by showing that, for each &,
Y dist(l, . B, ) <2

paF

< g dist(/, . B, ),

D.q> ?9 q

'=sk dlst(m, ) @)

D.@°"P.q
ko kp =k J‘Ipﬂ
< Z gk; ISt( D, {1? N )
k

I‘ @ r.q
kﬁvﬂ &

Now we estimate

)}

(p,9)edy

D.q

k

Suppose to the contrary that for some k this is false. Then there are a finite set . < .4,

and (py. q,) € %\J such that k, =k =k, foreach (p,q)es,
Z dist(Z, . K. . ) <2
(p.q)es
and
Y distd, . E ) =2 ®)

p q’ 1» q
(P, @S U{(Dy,q¢)}

If 0<e<1/l and xe€F, ol 18 such that dist(x,/, ) < dist(/, ,, F, %oy TE
we 1nfer from the fact that the centre of I,, belongs to G M',M’ that
dlst( o )+| I,,0/2<1/l,, and so, by deﬁnition of F, ;lp q; that
I,,c(x— 3/lp q,x+3/lp ) ©(x—=0,(x),x+J,(x)). Consequently, for cach (p,q)es
we may choose x,,€F ., ~such that I, =(x,,— 0p(x,.)s X, ,+0,(x,,) and
Y ppesdist(x, . 1, q) < 2. Hence

Y, dist(x, . J, ) <2+ Y |, |<b—a+2.

(p.0)es (p.q)es

Since J,, =1, , = (x,,—0,(x, ). X, ,+0,(x,,), by (5) we have

».q
(0.9)es pr.q

p.q p.q

)}

<.

Thus, using (7) we have

ey dist, B )= ) J fl <e
(p 0es ' woes 1 Ja,,
hence
1
) dist(Z, . £, )<l1+dist(l, ,.F )<1+— 2,
(P, @S U{(Dy,q¢)} lpu '
which contradicts (8). O
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Proof of the regularity of [a,/]. For each peN and geZ we put

1 :
C,, = f
P |1pq| J‘I‘qu

F) and ) #,,<+co. )

peN, geZ

By Lemma 1 there exists 4, ,e Ala, f] such that /4, , = 0 outside /, ,,

J |f_ Cp,q_hp,q| < 7710.(1
I

p.q

Let
0<n,,<dist*(I

p,q°

and
IP-G
Define
h="Y h,,
peN, geZ

We will prove the f-regularity of [a, f] by showing that f—he L*([e, $]) and he Ale, S].
Since f= 0 on F, we have

f|f_h|< N,qeZ ( p,q|+|f_cp,q_hp,q|)
peN, qe. I

J‘Ip'q

Then, by condition (c¢;) and by (9) we conclude that f—he L'(a, ). Note that
= (h—f)+fis Denjoy integrable. Let

< ¥

peN,qeZ

Y M

peN,qeZ

H(x) = f h, xela,pf].
Clearly H'(x) = h(x) if x¢ F. We prove that H'(x) = 0 = h(x), for each xeF. First let
F=Fu {r.:P€EN,g€eZ} and observe that H(x) = 0 for every xeF. Also note that
h(x) =0 for xeF.

Now fix xe F and 7 > 0. By (c;) and by the absolute continuity of the Lebesgue
primitive of 1—f, there exists 0 < d < 7 such that

I/

whenever J is an interval and J <= [,
intervals J we obtain

< rdist(x,7,,) and f lh—f1<mn,, (10)

< (x—0,x+0). By (9) and (10), for the same

‘ J h| < AR/
< rdlst(x, o) Hdist*(1, . F)
< vdist(x, 7, ) +dist*(x, 1, )
< tdist(x, I, ) +odist(x, 1, )
< 2tdist(x, 1, ).
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We finish the proof by showing that
|H(y)—H(x)| < 21|y —x] an
for ye(u,,u,), where u,, u, e F are chosen such that
X—0<u <Xx<u,<x+9o.

Indeed (11) is obvious if y e F. If y € (u,, u,)\ F there are p, g such that yel, , (see (c,)).

Then
Ip,q = (ula uz) < (x—&,x—i—&).
Hence
Yy
|H(y)— H(x)| = ’ h| < 2tdist(x, 1, ) < 27|y —Xx]|. O
Yp,q
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