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Consider sequences {Xi}mi=1 and {Yj}nj=1 of independent random variables, taking values

in a finite alphabet, and assume that the variables X1, X2, . . . and Y1, Y2, . . . follow the

distributions µ and ν, respectively. Two variables Xi and Yj are said to match if Xi = Yj .

Let the number of matching subsequences of length k between the two sequences, when r,

0 6 r < k, mismatches are allowed, be denoted by W .

In this paper we use Stein’s method to bound the total variation distance between the

distribution of W and a suitably chosen compound Poisson distribution. To derive rates

of convergence, the case where E[W ] stays bounded away from infinity, and the case

where E[W ] → ∞ as m, n → ∞, have to be treated separately. Under the assumption that

ln n/ ln(mn) → ρ ∈ (0, 1), we give conditions on the rate at which k → ∞, and on the

distributions µ and ν, for which the variation distance tends to zero.

1. Introduction

Assume that {Xi}mi=1 and {Yi}nj=1 are sequences of independent random variables taking

values in a finite alphabet A. Let {Xi} and {Yj} follow the distributions µ and ν,

respectively, and let

p = P (Xi = Yj) =
∑
a∈A

P (Xi = Yj = a)

be the probability of a ‘match’ between Xi and Yj , i, j > 1. In this paper we will study

the distribution of the number of ‘nearly matching’ consecutive subsequences of a certain

length between {Xi}mi=1 and {Yi}nj=1, where ‘nearly matching’ means that a number of

mismatches is allowed.

† This work was partly done while the author was visiting the University of Zürich, supported by the Swedish

Natural Science Research Council (NFR).

https://doi.org/10.1017/S096354830000448X Published online by Cambridge University Press

https://doi.org/10.1017/S096354830000448X


530 M. Månsson

Fix k and r, where 1 6 k 6 min{m, n}, and 0 6 r < k, and let

Iij = 1

{
k−1∑
t=0

1{Xi+t = Yj+t} = k − r
}
. (1.1)

Then Iij = 1 when there are exactly k − r matches and r mismatches between the

subsequences Xi, . . . , Xi+k−1 and Yj, . . . , Yj+k−1. To avoid edge effects, we treat the sequences

as ‘circles’, and let Xm+i and X−m+i be identified with Xi, and similarly let Yn+j and Y−n+j
be identified with Yj , where 1 6 i 6 m, 1 6 j 6 n. The number of matching subsequences

of length k with r mismatches can then be written as

W =
∑

(i,j)∈Γ

Iij , (1.2)

where Γ = {(i, j) : 1 6 i 6 m, 1 6 j 6 n}.
There is an extensive literature on various sequence matching problems. This is mo-

tivated, for instance, by the interest in molecular biology to compare DNA, RNA or

protein sequences with the purpose of finding similarities that cannot be explained by

chance. A variable which has received particular attention is the length of the longest

matching subsequence with at most r mismatches, r > 0, between {Xi}mi=1 and {Yi}nj=1:

M = max{k :
∑k−1

t=0 1{Xi+t = Yj+t} > k − r, for some i, j}. Analogues of the strong law

of large numbers for M are given in Arratia and Waterman [4, 5]. A general reference in

computational biology is Waterman [18]. Chapter 11 of that book focuses on statistical

and probabilistic aspects of sequence matching, and some ideas in the present paper can

be found in a simpler setting there.

Since W is a sum of indicators it might seem reasonable to approximate W by a Poisson

variable, if p is small. However, since there is a strong dependence between indicators

for overlapping subsequences, the matching subsequences tend to occur in clumps. In

particular, if Iij = 1 then the probability is high that also Ii−l,j−l = 1 or Ii+l,j+l = 1,

l < k, especially if r > 0. Therefore ‘usual’ Poisson approximation to the total number

of matching subsequences, W defined in (1.2), fails. However, under suitable conditions

Poisson approximation of the number of clumps, W ∗ say, appropriately defined, has

proved successful.

In Arratia, Gordon and Waterman [2], and Karlin and Ost [12], for example, Bonferroni

inequalities are used to show that W ∗ is asymptotically Poisson-distributed. In more

recent papers, the Stein–Chen method is used to derive rates of convergence for the

approximations. Some examples are Arratia, Goldstein and Gordon [1], Arratia, Gordon

and Waterman [3], Neuhauser [13], Novak [14, 15], and Dembo, Karlin and Zeitouni [11].

The conditions in these references are somewhat different (for instance, whether µ 6= ν

and r > 0 are allowed), and some of them will be discussed further below Theorem 3.3.

The length of the longest matching subsequence, M, is related to the number of clumps,

W ∗
k = W ∗, by P (M < k) = P (W ∗

k = 0), and hence distributional results for W ∗ carry over

to M. In many of the above references, the main purpose is to find the distribution of

M, and then Poisson approximation to the number of clumps is suitable to use. However,

if the interest is in the total number of matching subsequences, W , then the clumping

has to be taken into account in the approximating distribution, and a compound Poisson
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distribution is then a natural candidate. Stein’s method is also developed for compound

Poisson approximation, as is described in Section 2. In the present paper this method is

used to approximate W by a compound Poisson variable.

2. Compound Poisson approximation by Stein’s method

Let W =
∑

α∈Γ Xα, where Γ is a finite family of indices, and the Xα take values in N;

in our case, the Xα s are indicator variables. Here, we consider the compound Poisson

approximation of W by means of Stein’s method. Let CP (Λ), where Λ =
∑

i>1 δiλi, with δi
the unit mass at the point i, denote the compound Poisson distribution defined by

CP (Λ) =L
(∑

i>1

iNi

)
=L

(
N∑
i=1

Vi

)
, (2.1)

where (Ni, i > 1) are independent with L(Ni) = Po (λi), and L(N) = Po (
∑

i>1 λi) and Vi,

i = 1, 2, . . . , are independent of each other and of N, with P (Vi = j) = λj/
∑

i>1 λi.

Letting gA be the solution of the Stein equation∑
i>1

iλig(j + i)− jg(j) = 1{j ∈ A} − CP (Λ){A},

j > 0, it follows that

dTV (L(W ),CP(Λ)) = sup
A⊂Z+

|P (W ∈ A)− CP (Λ){A}|

= sup
A⊂Z+

∣∣∣∣∣E
[∑
i>1

iλigA(W + i)−WgA(W )

]∣∣∣∣∣. (2.2)

Roos [16, 17] showed that it is often possible to find ε0 and ε1 such that∣∣∣∣∣E
[∑
i>1

iλig(W + i)−Wg(W )

]∣∣∣∣∣ 6 ε0|g|+ ε1|∆g|, (2.3)

for all bounded g : N→ R, where |g| = supj>1 |g(j)| and |∆g| = supj>1 |g(j + 1)− g(j)|,
and the quantities λi are appropriately defined; and if (2.3) is satisfied, then

dTV (L(W ),CP(Λ)) 6 ε0H0(Λ) + ε1H1(Λ), (2.4)

from (2.2), where H0(Λ) = supA⊂Z+ |gA| and H1(Λ) = supA⊂Z+ |∆gA|. In the ‘local ver-

sion’ of Stein’s method for compound Poisson approximation, which is stated in Theo-

rem 2.1 below, the index set Γ must be partitioned for each α ∈ Γ: Γ = {α}∪Γvs
α ∪Γvw

α ∪Γb
α,

where

Γvs
α = {β ∈ Γ \ {α} : Iβ is ‘very strongly’ dependent on Iα},

Γvw
α = {β ∈ Γ \ {α} : Iβ is ‘very weakly’ dependent on Iα},

and

Γb
α = Γ \ {{α} ∪ Γvs

α ∪ Γvw
α }.

With Uα =
∑

β∈Γvs
α
Iβ , Zα = Iα + Uα, Xα =

∑
β∈Γb

α
Iβ , Yα =

∑
β∈Γvw

α
Iβ , the following

theorem holds.
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Theorem 2.1 (Theorem 2 in Roos [16]). Using the notation introduced above, (2.3) holds

if

λi =
1

i

∑
α∈Γ

E[IαI[Zα = i]], i > 1, (2.5)

ε0 =
∑
α∈Γ

|Γvs
α |+1∑
i=1

E|E[IαI[Zα = i] | (Iβ : β ∈ Γvw
α )]− E[IαI[Zα = i]]|,

and ε1 =
∑
α∈Γ

(E[Iα]E[Iα +Uα +Xα] + E[IαXα]) .

A ‘coupling version’ of the above theorem can be found in Roos [17].

Note that, letting Γvs
α = ∅, λ1 = λ and λi = 0, i > 2, the above reduces to the Poisson

setting:

dTV (L(W ),Po (λ)) 6 ε0H0(λ) + ε1H1(λ),

in which case there exist good bounds on H0(λ) and H1(λ), given respectively by

min(1, λ−1/2) and λ−1(1 − e−λ). Bounds on H0(Λ) and H1(Λ) as sharp as these cannot

be found in the compound Poisson case for general Λ. The difficulties in deriving bounds

for compound Poisson approximation are thoroughly discussed in Barbour [6]. In Barbour,

Chen and Loh [7] the following bound is given:

H0(Λ), H1(Λ) 6 min

(
1,

1

λ1

)
exp

{ ∞∑
i=1

λi

}
, (2.6)

valid for any Λ =
∑∞

i=1 λiδi. Because of the exponential term, (2.6) is unsatisfactory when∑
i>1 λi is large. If iλi ↘ 0 or (

∑
i>1 iλi)

−1
∑

i>1 i(i−1)λi < 1/2, considerably better bounds

are given in Barbour, Chen and Loh [7] and Barbour and Xia [10], respectively. In the

current problem, unfortunately neither of these conditions are satisfied in general, so

the only available bound on H0(Λ) and H1(Λ) is that given in (2.6). However, Barbour

and Utev [8, 9] developed an alternative way to handle the case when
∑

i>1 λi is large.

First we introduce the notation Ω =
∑

i>1 λi, µi = λi/Ω, µ =
∑

i>1 µiδi and the first

moment m1 =
∑

i>1 iµi. The following result follows from Barbour and Utev [9], where

explicit expressions are given for all involved constants (in Theorems 1.10 and TV, and

equations (1.24)–(1.28)).

Theorem 2.2. Assume that (2.3) is satisfied for some nonnegative integer-valued random

variable W . Then there exist Sl(µ) < ∞, l = 0, 1, 2, and 3/4 < T (µ) < 1, such that

dTV (L(W ),CP (Λ)) 6
ε0S0(µ)

Ω1/2
+
ε1S1(µ)

Ω
+ P (W 6 T (µ)Ωm1)S2(µ),

if Λ =
∑

i>1 λiδi satisfies the conditions

(i)
∑

i>1 µir
i
0 < ∞ for some r0 > 1,

(ii) µ is aperiodic (µ{lZ+} < 1 for all l > 2),

(iii) Ω > 1
2(1−T (µ))

.
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The expressions for Sl(µ) and T (µ) are rather involved; hence Theorem 2.2 is most

applicable for asymptotic results in the case where E[W ] tends to infinity. In that case the

following proposition can be useful, where the dependence on n is explicit in the indices.

Proposition 2.3. Assume that, for each n, (2.3) is satisfied for some nonnegative integer-

valued random variable Wn. Then there exist Sl < ∞, l = 0, 1, 2, and 3/4 < T < 1, which

are independent of n (but depend on {µn}n>1), such that

dTV (L(Wn),CP (Λn)) 6
ε0nS0

Ω
1/2
n

+
ε1nS1

Ωn

+ P (Wn 6 TΩnm1n)S2,

if the sequence (Λn, n > 1) satisfies the conditions

(i) supn>1

∑
i>1 µinr

i
0 < ∞ for some r0 > 1,

(ii) there exists a nonnegative measure ν on N, such that the greatest common divisor of

{j : νj > 0} equals 1, and such that µin > νi for all i and n,

(iii) infn>1 Ωn > (2(1− T ))−1.

The proof of this proposition is deferred to the Appendix.

3. Main results

Before we state the results, some notation needs to be introduced. In the case where

{Xi}mi=1 and {Yi}ni=1 have unequal distributions over the alphabet A, let

µa = P (Xi = a), νa = P (Yj = a), (µν)∗ = max
a∈A (µaνa),

i = 1, . . . , m, j = 1, . . . , n,

qµk =
∑
a∈A

µk/2+1
a νk/2a , qνk =

∑
a∈A

µk/2a νk/2+1
a , and qµνk =

∑
a∈A

(µaνa)
(k+1)/2.

Recall that p = P (Xi = Yj), for any i, j, so that p =
∑

a∈A µaνa. Furthermore, if k > 2 is

even, then qµk can be interpreted as the probability for a chain of k equalities starting and

ending in sequence {Xi}, for instance

qµk = P (X1 = Y1 = X2 = Y2 = · · · = Xk/2 = Yk/2 = Xk/2+1).

Similarly qνk is the probability for a chain of k equalities starting and ending in sequence

{Yj}, and if k > 1 is odd then qµνk is the probability for a chain of k equalities, if we start

in {Xi} and end in {Yj}, or vice versa.

When the sequences {Xi}mi=1 and {Yi}ni=1 have the same distribution, we use the notation

in Novak [15], and let

pa = P (Xi = a) = P (Yj = a) and qk =
∑
a∈A

pk+1
a ,

where qk = qµk = qνk if k is even, and qk = qµνk if k is odd.

To prove the results below, Stein’s method as described in the previous section will be

used. In particular, Theorem 2.1 will be used both to derive bounds and to define the

parameters λl , l > 1, in the approximating compound Poisson distributions. Recall that
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λl , l > 1, defined as in (2.5), depends on how the index set Γ is partitioned. We choose

Γvs
ij = {(i′, j ′) ∈ Γ\{(i, j)} : −k < i− i′ = j − j ′ < k};

the choice of Γb
ij and Γvw

ij can be found in Section 4, to which the proofs of the main

theorems are deferred. Note that in our case

Zij = Iij +
∑

(i′j ′)∈Γvs
(ij)

Ii′j ′

have the same distribution for all (i, j) ∈ Γ, so that

λl =
E[W ]

l
P (Z11 = l|I11 = 1), (3.1)

where W is defined in (1.2), and

E[W ] = mn

(
k

r

)
pk−r(1− p)r.

For r = 0, the parameters are

λl =


mnpk+l−1(1− p)2, l = 1, . . . , k − 1,

mn((2k − l − 2)pk+l−1(1− p)2 + 2pk+l−1(1− p))/l, l = k, . . . , 2k − 2,

mnp3k−2/(2k − 1), l = 2k − 1.

When r > 0 and k is at all large, there are many combinations of matches and mismatches

for which Z11 = l, and a formula for the general case seems hard to find. However, given

r and k, the parameters can be calculated by computer.

The following lemma is the first step towards bounds on the total variation distance

between the distribution of W and a compound Poisson distribution with the above

parameters, and is proved in Section 4.1 by means of Theorem 2.1.

Lemma 3.1. Let W and λl , l > 1, be defined by (1.2) and (3.1), respectively. For any

bounded function g : N→ R,∣∣∣∣∣E
[
Wg(W )−∑

l>1

lλlg(W + l)

]∣∣∣∣∣ 6 |∆g|ε,

where

ε = mn

(
k

r

)2 {
p2(k−r)6k(m+ n) + 4k2Q2(k−r) + 2mkqk−rµ2 + 2nkqk−rν2

}
, (3.2)

with qµ2 = qν2 = q2 if µ = ν, and

Q2(k−r) =

{
q2(k−r), if µ = ν,

(µν)∗(k−r), otherwise.
(3.3)

In the case where µ = ν is the uniform distribution,

ε = mn

(
k

r

)2

|A|−2(k−r)8k(m+ n). (3.4)

A bound with somewhat better constants is given in (4.13), in the proof of this lemma.
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The following result is valid for any m, n, k and r, and follows immediately from (2.4),

(2.6), and Lemma 3.1. However, because of the exponential term it is useful only when

the total number of clumps
∑
λl is small.

Theorem 3.2. Let W , Λ =
∑

l λlδl and ε be defined by (1.2), (3.1) and (3.2), respectively.

Then

dTV (L(W ),CP(Λ)) 6

(
1 ∧ 1

λ1

)
exp

{∑
l>1

λl

}
ε.

If k and r are kept fixed while m and n tend to infinity, then the total variation distance

obviously tends to infinity. The asymptotics considered here is when k, m and n tend

to infinity at suitable rates, while r is fixed. To emphasize the dependence on m and n,

we will henceforth use the subscript mn when it seems necessary. The first part of the

theorem below follows directly from Theorem 3.2, while the second is proved by means

of Lemma 3.1 and Proposition 2.3 in Section 4.2.

Theorem 3.3. Let Wmn and Λmn =
∑

l λlmnδl be defined by (1.2) and (3.1), respectively. If

kmn is chosen such that:

(i) E[Wmn] stays bounded away from ∞ as m, n→∞, then

dTV (L(Wmn),CP (Λmn)) = O
(
mnk2r+1

mn

(
mqkmn−rµ2 + nqkmn−rν2 + kmnQ2(kmn−r)

))
6 O

(
mnk2r+1

mn (m+ n)(µν)∗(kmn−r)
)

;

(ii) E[Wmn]→∞ as m, n→∞, then

dTV (L(Wmn),CP (Λmn)) = O

(
kr+1
mn

pkmn−r
(
mqkmn−rµ2 + nqkmn−rν2 + kmnQ2(kmn−r)

))
6 O

(
kr+1
mn

pkmn−r
(m+ n)(µν)∗(kmn−r)

)
,

where Q2(kmn−r) is defined in (3.3), with qµ2 = qν2 = q2 if the sequences have equal distribu-

tions. In the case of the uniform distribution,

dTV (L(Wmn),CP (Λmn)) =

{
O
(
mnk2r+1

mn (m+ n)|A|−2(k−r)) , in case (i),

O
(
kr+1
mn (m+ n)|A|−(k−r)) , in case (ii).

We will now consider the asymptotic behaviour of the bounds above when

kmn = bb log1/p mn+ cr log1/p(log1/p mn) + dc, (3.5)

where b·c denotes the greatest integer function, and b, c, d ∈ R. The choices of b and c

determine the asymptotic behaviour of E[Wmn]:

E[Wmn]→
{

0, if b > 1, or b = 1, c > 1,

∞, if b = 1 and c < 1, or 0 < b < 1,

pd−r(1− p)r/r! 6 E[Wmn] < pd−1−r(1− p)r/r!, if b = c = 1,

for large m, n.
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With kmn as in (3.5), it follows that, for any 0 < x < 1,

xkmn−r = O((mn)b log1/p x(lnmn)cr log1/p x). (3.6)

Using this expression for x = qµ2, qν2, q2, p and (µν)∗ yields the order of the bounds on

dTV (L(Wmn),CP (Λmn)) given in Theorem 3.3. In particular, if X1, X2, . . . and Y1, Y2, . . . are

uniformly distributed, then

qk−rµ2 = qk−rν2 = Q2(k−r) = p2(k−r) and log1/p p
2(k−r) = −2(k − r),

so that

dTV (L(Wmn),CP (Λmn))

=

{
O((m+ n)(lnmn)1+2r(1−c)(mn)1−2b), if lim supE[Wmn] < ∞,
O((m+ n)(lnmn)r+1−cr(mn)−b), if E[Wmn]→∞.

To make the bounds in Theorem 3.3, with kmn as in (3.5), approach zero as m, n → ∞,

we need some conditions on q2, qµ2, qν2, and on the relative growth rates of m and n.

Conditions for convergence in the case where ln n/ ln(mn)→ ρ ∈ (0, 1) are summarized in

the following corollary, which is proved in Section 4.3. Note that ρ = 1/2 if m = n.

Corollary 3.4. Let kmn be given by (3.5), and assume that ln n/ ln(mn) → ρ ∈ (0, 1) as

m, n→∞. Then

dTV (L(Wmn),CP (Λmn)) → 0 as m, n→∞,
under the following conditions.

Case 1: lim supE[Wmn] < ∞ (b > 1 or b = 1, c > 1),

log1/p qµ2 < (ρ− 2)b−1 and log1/p qν2 < −(ρ+ 1)b−1. (3.7)

Case 2: E[Wmn]→∞ (b = 1 and c < 1, or 0 < b < 1),

log1/p qµ2 < (ρ− 1)b−1 − 1 and log1/p qν2 < −ρb−1 − 1. (3.8)

In particular, for the uniform distribution, m = n and kmn chosen so that E[Wmn] stays

bounded away from 0 and infinity,

dTV (L(Wmn),CP (Λmn)) = O(n−1 ln n).

Remark.

• In the case of equal distributions and ρ = 1/2, (3.7) is satisfied since then qµ2 = qν2 =

q2, min{ρ − 2,−(ρ + 1)}b−1 = −3/(2b) > −3/2, and, by Lemma 4.1(iii), log1/p q2 <

log1/p p
3/2 = −3/2.

• In the case of the uniform distribution, log1/p q2 = log1/p p
2 = −2, so the bounds tend

to zero for any ρ in Case 1.

• To achieve convergence to zero in the above corollary, a necessary condition is that

b > 1/2. This condition is also sufficient for the uniform distribution, if ρ = 1/2.
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With k chosen so that the expected number of clumps of matching subsequences, E[W ∗
mn],

stays bounded away from 0 and infinity, and ln n/ ln(mn) → ρ ∈ (0, 1), conditions for

convergence of the total variation distance between the distribution of the number of

clumps of matches to a Poisson variable can be found in Arratia, Gordon and Waterman

[3] and in Neuhauser [13]. Using the notation θh = − log1/p P (Y2 = X1|X1 = Y1) and

θv = − log1/p P (X2 = Y1|X1 = Y1), then if r = 0, the conditions for convergence in Case 2

of Corollary 3.4 equals ρ ∈ (1−θv, θh), which coincides with the condition for convergence

in Arratia, Gordon and Waterman [3]. In Neuhauser [13] it is shown that convergence to

a Poisson limit can be achieved under the somewhat weaker condition

H(γ, ν)

ln 1/p
< ρ < 1− H(γ, µ)

ln 1/p
,

where H(γ, α) =
∑

a∈A γa ln(γa/αa) is the relative entropy, and γ is defined by γa = µaνa/p.

It seems plausible that the same technique could be used here to widen the possible ranges

for qµ2 and qν2.

Furthermore, in Neuhauser [13] approximation by a compound Poisson distribution is

considered under the condition that 0 < ρ < H(γ,ν)
ln 1/p

or 1− H(γ,µ)
ln 1/p

< ρ < 1.

In the case of no mismatches, r = 0, and m = n (ρ = 1/2), and equal distributions,

the order of the bounds for Poisson approximation for the number of clumps given in

Arratia, Gordon and Waterman [3], Neuhauser [13] and Novak [14] is O(n−1 ln n), which

is the same as the order achieved here for compound Poisson approximation of the total

number of matches. In the case of mismatches, Novak [15] presents bounds of order

O(1/ ln n). Here we have proved that under the same conditions the order is O(n−1 ln n)

for compound Poisson approximation, as for no mismatches.

3.1. At most r mismatches, and the longest matching subsequence

All the above results concern approximation of the number of matching subsequences

of length k when exactly r mismatches are allowed. Maybe the case where at most r

mismatches are allowed is more useful, and we conclude this section with some results in

this case. Let

W̃ =
∑

(i,j)∈Γ

Ĩij ,

where Ĩij = 1 if
∑k−1

t=0 1{Xi+t = Yj+t} > k − r, and let Λ̃ be defined by means of the same

partitioning of Γ as before. In Section 4.4, the proof of Lemma 3.1 is adapted to the

present situation, which results in the following corollary.

Corollary 3.5. Let W̃ and Λ̃ be defined as above.

• If
(
k
r

)
is replaced by

(
k+r
r

)
in (3.2) and (3.4), then Lemma 3.1 remains true.

• The bounds given in Theorem 3.2 and Theorem 3.3, and the conditions for convergence in

Corollary 3.4, remain true for dTV (L(W̃ ),CP (Λ̃)).
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Finally, fix r > 0 and let

M = max

{
t :

t−1∑
l=0

1{Xi+t = Yj+t} > t− r for some 1 6 i 6 m, 1 6 j 6 n

}
,

be the length of the longest matching subsequence with at most r mismatches. Then

P (M < k) = P (W̃ (k) = 0), where W̃ (k) = W̃ , and the above error bounds also hold for

|P (M < k)− exp{−∑l λ̃
(k)
l }|.

4. Proofs

4.1. Proof of Lemma 3.1

In order to use Theorem 2.1 to prove Lemma 3.1, we must partition Γ = {(i, j) : 1 6 i 6 m,

1 6 j 6 n} in a suitable way. For each (i, j) ∈ Γ, let

Γvs
ij = {(i′, j ′) ∈ Γ\{(i, j)} : −k < i− i′ = j − j ′ < k},

Γb
ij = {(i′, j ′) ∈ Γ\{(i, j) ∪ Γvs

ij } : |i− i′| < 2k − 1 or |j − j ′| < 2k − 1},
and

Γvw
ij = {(i′, j ′) ∈ Γ : |i− i′| > 2k − 1 and |j − j ′| > 2k − 1}.

Then Γ = Γvw
ij ∪ Γb

ij ∪ Γvs
ij ∪ {i, j}, and by this partition of Γ we have that the {Ii′j ′ ,

(i′, j ′) ∈ Γvw
ij } are independent of both Iij and the {Ii′′j ′′ , (i′′, j ′′) ∈ Γvs

ij }, so that ε0 in

Theorem 2.1 equals zero. We need a finer division of Γb
ij:

Γb1
ij = {(i′, j ′) ∈ Γb

ij : |i− i′| < k, |j − j ′| < k, i− i′ 6= j − j ′},
Γb2
ij = {(i′, j ′) ∈ Γb

ij : |i− i′| < k, |j − j ′| > k},
Γb3
ij = {(i′, j ′) ∈ Γb

ij : |i− i′| > k, |j − j ′| < k},
and

Γb4
ij = Γb

ij\{∪3
l=1Γbl

ij } = {(i′, j ′) ∈ Γb
ij : |i− i′|, |j − j ′| > k}.

Another reasonable partition of Γ would be to let the indices in Γb1
ij belong to Γvs

ij . The

advantage of such a partition would be that the bounds on the total variation distance

become somewhat smaller, albeit of the same order of magnitude. The disadvantage is

that the parameters λl become more involved, which is the reason for their not being used

here.

Let | · | denote the number of elements in a set. Then

|Γvs
ij | = 2(k − 1),

|Γb
ij | = (4k − 3)(m+ n)− (4k − 3)2 − |Γvs

ij | − 1,

|Γb1
ij | = (2k − 1)2 − 2(k − 1)− 1 = 4k2 − 6k + 2,

|Γb2
ij | = (n− (2k − 1))(2k − 1),

|Γb3
ij | = (m− (2k − 1))(2k − 1),

|Γb4
ij | = 2(k − 1)(m+ n− 6k + 4). (4.1)
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Recall from Section 1 that

Uij =
∑

(i′ ,j ′)∈Γvs
ij

Ii′j ′ and Xij =
∑

(i′ ,j ′)∈Γb
ij

Ii′j ′ .

Note that Iij are equally distributed for all (i, j) ∈ Γ; since we treat the sequences as circles

this is true also for Uij , Xij and IijXij . Hence, by Theorem 2.1,

|E[Wg(W )−∑
l>1

lλlg(W + l)]|

6 |∆g|mn (E[Iα]E[Iα +Uα +Xα] + E[IαXα]) , (4.2)

where α is an arbitrary index in Γ. It follows immediately that

E[Iα +Uα +Xα] = (1 + |Γvs
α |+ |Γb

α|)E[Iα] (4.3)

and, in order to bound E[IαXα], we write

E[IαXα] =

4∑
l=1

∑
(i′ ,j ′)∈Γbl

α

E[IαIi′j ′].

The indicators Ii′j ′ with (i′, j ′) ∈ Γb4
α are independent of Iα, and hence∑

(i′ ,j ′)∈Γb4
α

E[IαIi′j ′] = E[Iα]
2|Γb4

α |. (4.4)

Before turning to E[IαIi′j ′], where (i′, j ′) ∈ Γbl
α , l = 1, 2, 3, we collect some simple

inequalities in a lemma. Some of these inequalities, and parts of the argument below can

be found elsewhere; see, for instance, Arratia, Gordon and Waterman [3] and Novak [15].

Lemma 4.1.

Equal distributions: (i) If s ∈ {1, 2, . . .}, then ps 6 qs.
(ii) If s, t ∈ {1, 2, . . .}, then qsqt 6 qs+t.

(iii) If s ∈ {2, 3, . . .}, then qs < p(s+1)/2.

Unequal distributions: (iv) p2 6 qµ2 and p2 6 qν2.

Proof. (i) Let Z be a random variable which assumes the value pa with probability pa.

Then it follows from Jensen’s inequality that

ps =

(∑
a∈A

p2
a

)s

= E[Z]s 6 E[Zs] =
∑
a∈A

ps+1
a = qs.

(ii) Now, let Z assume the value ps+ta with probability pa, and let f(x) = xs/(s+t). Then,

again by Jensen’s inequality,

qs =
∑
a∈A

(ps+ta )s/(s+t)pa = E[f(Z)] 6 f(E[Z]) =

(∑
a∈A

ps+t+1
a

)s/(s+t)

= q
s/(s+t)
s+t ,

and similarly qt 6 q
t/(s+t)
s+t , from which the inequality follows.

https://doi.org/10.1017/S096354830000448X Published online by Cambridge University Press

https://doi.org/10.1017/S096354830000448X


540 M. Månsson

(iii) Since (s+ 1)/2 > 1 the following inequality holds:

p(s+1)/2 =

(∑
a∈A

p2
a

)(s+1)/2

>
∑
a∈A

ps+1
a = qs.

(iv) This follows in a similar way to (i).

Note that if Iα = 1, and α = (11) say, then Xi′′ = Yj ′′ for exactly k − r of the indices

(i′′, j ′′) ∈ {(s, s) : s = 1, . . . , k}, while r are mismatches, Xi′′ 6= Yj ′′ . These mismatches can

occur at
(
k
r

)
different r-subsets of the index pairs, and we number the configurations of

matches and mismatches from 1 to
(
k
r

)
. Let Iαc denote an indicator which equals one if

the particular configuration c, c = 1, . . . ,
(
k
r

)
, of matches and mismatches takes place. Let

Ii′j ′c′ , c
′ = 1, . . . ,

(
k
r

)
, be the corresponding indicators pertaining to Ii′j ′ . Then

∑
(i′ ,j ′)∈Γbl

α

E[IαIi′j ′] =
∑

(i′ ,j ′)∈Γbl
α

(kr)∑
c=1

(kr)∑
c′=1

P (Iαc = 1, Ii′j ′c′ = 1). (4.5)

First we will consider P (Iαc = 1, Ii′j ′c′ = 1) in the case where the sequences are equally

distributed. The 2(k − r) equalities constitute 1, 2, . . . , or 2(k − r) ‘chains’, depending on

where the mismatches occur. This is illustrated by an example.

Example. Let k = 3, r = 1, i′ = i and j ′ = j + 1. In the diagrams below, which show two

possibilities when Iij = 1 and Ii′j ′ = 1, the bars correspond to equalities.

• First we let Xi 6= Yj and Xi+2 6= Yj+3.

Xi Xi+1 Xi+2

@ @
Yj Yj+1 Yj+2 Yj+3

Here Xi = Yj+1 = Xi+1 = Yj+2 = Xi+2, and the equalities constitute one chain.

• Next, we let Xi+2 6= Yj+2 and Xi 6= Yj+1.

Xi Xi+1 Xi+2

@ @
Yj Yj+1 Yj+2 Yj+3

In this case Yj = Xi, Yj+1 = Xi+1 = Yj+2 and Xi+2 = Yj+3, so there are three chains of

equalities.

So, all in all there are 2(k − r) equalities which are split into at most 2(k − r) chains.

Assume that there are s chains, where 1 6 s 6 2(k− r), in the configurations c and c′, and

that the number of equalities in the chains are ni, i = 1, . . . , s, where
∑s

i=1 ni = 2(k − r).
Then

P (Iαc = 1, Ii′j ′c′ = 1) 6 qn1
qn2
· · · qns

6 qn1+n2+···+ns
= q2(k−r), (4.6)
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where the second inequality follows by Lemma 4.1(ii).

We now turn to the case of unequal distributions. As before there are 2(k− r) equalities

which split into chains. Assume s of these chains start and end in sequence {Xi}, and let

m1, . . . , ms be the number of equalities these chains involve. Furthermore, assume t of the

chains start and end in sequence {Yj}, with n1, . . . , nt equalities each. Finally, assume that

u of the chains start in {Xi} and end in {Yj}, or the other way around, with o1, . . . , ou
equalities each. Then

P (Iαc = 1, Ii′j ′c′ = 1) 6 qµm1
· · · qµmsqνn1

· · · qνntqµνo1
· · · qµνou . (4.7)

To bound the right-hand side of this inequality, recall that (µν)∗ = maxa∈A{µaνa} so that

qµmi =
∑
a∈A

(µaνa)
mi/2µa 6 (µν)∗mi/2,

and analogously, qνni 6 (µν)∗ni/2. Furthermore,

qµνoi =
∑
a∈A

(µaνa)
(oi+1)/2 6 (µν)∗oi/2

∑
a∈A

(µaνa)
1/2 6 (µν)∗oi/2,

by using the Cauchy–Schwarz inequality in the last step. Since m1 + · · ·+ms + n1 + · · ·+
nt + o1 + · · ·+ ou = 2(k − r), we get

P (Iαc = 1, Ii′j ′c′ = 1) 6 (µν)∗(k−r), (4.8)

by (4.7). Combining (4.5), (4.6), (4.8) and letting Q2(k−r) = q2(k−r) in the case of equal

distributions, and Q2(k−r) = (µν)∗(k−r) otherwise, yields∑
(i′ ,j ′)∈Γb1

α

E[IαIi′j ′] 6 |Γb1
α |
(
k

r

)2

Q2(k−r). (4.9)

Next, we show that

P (Iαc = 1, Ii′j ′c′ = 1) 6 qk−r2 ,

if (i′, j ′) ∈ Γb2
α , in the case where the sequences are equally distributed. If Iα = Ii′j ′ = 1,

then there are 2(k− r) equalities which split into chains, and (4.6) is valid also in this case.

However, here we can do a little better by using the knowledge that the 2(k− r) equalities

constitute chains with either one or two equalities in each chain, depending on where the

mismatches occur. This is because |j− j ′| > k, and is illustrated by the following example.

Example. Let k = 3, r = 1, i′ = i and j ′ = j + k, and let the mismatches be Xi 6= Yj and

Xi+2 6= Yj+k+2. Then we have the situation illustrated by the figure below.

Yj Yj+1 Yj+2

| |
Xi Xi+1 Xi+2

| |
j+3 Yj+4 Yj+5

Hence, the 2(k− r) equalities split into s chains, where k− r 6 s 6 2(k− r). Let the number
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of equalities in the chains be ni, i = 1, . . . , s, where ni = 1 or 2, and
∑s

i=1 ni = 2(k − r).
A chain with ni equalities has probability qni . Since there must be an even number of ni
which equals 1, and q2

1 = p2 6 q2 by Lemma 4.1(i), it follows that

P (Iαc = 1, Ii′j ′c′ = 1) 6 qn1
qn2
· · · qns 6 qk−r2 , (4.10)

if (i′, j ′) ∈ Γb2
α . By symmetry, (4.10) also holds for (i′, j ′) ∈ Γb3

α .

In the case of unequal distributions, the bounds for (i′, j ′) ∈ Γb2
α and (i′, j ′) ∈ Γb3

α are

somewhat different. As in the case of equal distributions, the 2(k − r) equalities split into

chains with either one or two equalities in each chain. If (i′j ′) ∈ Γb2
α the chains with two

equalities will consist of one variable from sequence {Xi} and two from {Yj}, and vice

versa if (i′j ′) ∈ Γb3
α . Using Lemma 4.1(iv), we then get

P (Iαc = 1, Ii′j ′c′ = 1) 6

{
qk−rν2 , if (i′j ′) ∈ Γb2

α ,

qk−rµ2 , if (i′j ′) ∈ Γb3
α ,

(4.11)

so that ∑
(i′ ,j ′)∈Γb2

α ∪Γb3
α

E[IαIi′j ′] 6

(
k

r

)2 {|Γb2
α |qk−rν2 + |Γb3

α |qk−rµ2

}
, (4.12)

where qµ2 = qν2 = q2 if µ = ν, by (4.5), (4.10) and (4.11).

From the definition of Iα, given in (1.1), it follows that

E[Iα] 6

(
k

r

)
pk−r,

which together with (4.2), (4.3), (4.4), (4.9) and (4.12) gives

|E[Wg(W )−∑
l>1

lλlg(W + l)]| 6 |∆g|mn
(
k

r

)2

{
(1 + |Γvs

α |+ |Γb
α|+ |Γb4

α |)p2(k−r) + |Γb1
α |Q2(k−r) + |Γb2

α |qk−rν2 + |Γb3
α |qk−rµ2

}
. (4.13)

Using (4.1) proves Lemma 3.1.

4.2. Proof of Theorem 3.3

Theorem 3.3 concerns the asymptotic behaviour of the total variation bounds as m, n→∞.

The dependence on m, n is not explicitly written out here, but note that k,W , λl , µl , Ω, Zα
all depend on m, n.

(i) If E[W] stays bounded away from ∞, then this is true also for
∑

l λl , and the bound

in Theorem 3.2 is of order O(ε). Since qµ2, qν2 > p2 by Lemma 4.1(iv), Theorem 3.3(i)

follows immediately.

(ii) To prove Theorem 3.3(ii), we will use Proposition 2.3, and first we will show that

E[W]→∞ implies Ω =
∑

l λl →∞.

Let the pair of subsequences of length k which start in α be referred to as the α-sequence.

If there is a match in each end of the α-sequence, and r + 1 mismatches directly to the
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left and to the right of the α-sequence, then every (i′j ′)-sequence, (i′j ′) ∈ Γvs
α , will have at

least r + 1 mismatches. Thus Ii′j ′ = 0 for (i′j ′) ∈ Γvs
α in that case, and we get

P (Zα = 1 | Iα = 1)

> P (Zα = 1 | Iα = 1, a match in each end of the α-sequence)

(
k−r

2

)(
k
2

)
> (1− p)2(r+1) (k − r)(k − r − 1)

k(k − 1)
> C, (4.14)

for some C > 0 which is independent of k (and hence of m and n). It follows that

Ω = E[W]
∑
l>1

1

l
P (Zα = l|Iα = 1)

> E[W]C, (4.15)

and hence Ω and E[W] are of the same order. Then, if the conditions of Proposition 2.3

are satisfied,

dTV (L(W),CP (Λ)) 6 O

(
ε

Ω
+ P (W 6 TE[W ])

)
6 O

(
kr+1

pk−r
(mqk−rµ2 + nqk−rν2 + kQ2(k−r)) + P (W 6 TE[W ])

)
,

by (3.2) and (4.15).

To show that condition (i) in Proposition 2.3 is satisfied, we need an upper bound on

µl =
E[W]

l Ω
P (Zα = l|Iα = 1) 6 P (Zα = l|Iα = 1)/C. (4.16)

Assume that Iα = 1 and l > r, and that the r mismatches in the α-sequence all lie at the

beginning and/or the end of the α-sequence. Then the probability of Zα = l is less than

pl−1−r since it is enough with l − 1 − r new matches for a clump of size l to occur. For

all other configurations of matches and mismatches in the α-sequence, the probability of

Zα = l given that Iα = 1 is smaller. Hence

P (Zα = l|Iα = 1) 6 min{1, pl−1−r},
independently of k, and it follows that condition (i) of Proposition 2.3 is satisfied, since,

for any z such that 1 < z < 1/p,∑
l>1

zlµl 6
∑
l>1

zl min{1, pl−1−r} = O(1),

by (4.16).

By (4.14) and since E[W ] > Ω,

µ1 =
E[W]P (Zα = 1 | Iα = 1)

Ω
> C > 0.

Thus condition (ii) of Proposition 2.3 is satisfied, with ν1 = C and νj = 0, j > 2.

Furthermore, condition (iii) is satisfied for large m and n since Ω tends to infinity.
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All that remains of the proof of Theorem 3.3 is to bound P (W 6 TE[W ]), which is

easily done by means of Chebyshev’s inequality:

P (W 6 TE[W ]) = P (E[W ]−W > E[W ](1− T ))

6 P ((W − E[W ])2 > E[W ]2(1− T )2)

6
E[W 2]− E[W ]2

E[W ]2(1− T )2
.

Recall the definitions of Yij , Xij , and Uij given above Theorem 2.1, and note that∑
(i′ ,j ′)6=(i,j) Ii′j ′ = W − Iij = Yij +Xij +Uij . Thus

E[W 2] = E[
∑

(i,j)∈Γ

I2
ij] + E[

∑
(i,j)∈Γ

∑
(i′ ,j ′)6=(i,j)

IijIi′j ′]

= E[W ] +
∑

(i,j)∈Γ

E[Iij(Yij +Xij +Uij)]

= E[W ] + mn

(
|Γvw
α |E[Iα]

2 +
∑

(i′ ,j ′)∈Γb
α∪Γvs

α

E[IαIi′j ′]

)
6 E[W ] + E[W ]2 + 4mn(m+ n)kE[Iα]

= E[W ](1 + 4(m+ n)k) + E[W ]2,

where the inequality follows since |Γvw
α | 6 mn, |Γb

α ∪ Γvs
α | 6 4(m+ n)k by (4.1). Hence

E[W 2]− E[W ]2

E[W ]2(1− T )2
6

E[W ](1 + 4(m+ n)k)

E[W ]2(1− T )2

6 O

(
(m+ n)k

E[W ]

)
,

which is of smaller order than ε/Ω, and the proof of Theorem 3.3 is concluded.

4.3. Proof of Corollary 3.4

Using Theorem 3.3, (3.6) and that m ∼ (mn)1−ρ and n ∼ (mn)ρ yields the following bounds.

Case 1:

dTV (L(Wmn),CP (Λmn)) = O((ln n)1+r(2+c log1/p qµ2)n(2−ρ+b log1/p qµ2)/ρ

+(ln n)1+r(2+c log1/p qν2)n(ρ+1+b log1/p qν2)/ρ)

+(ln n)2(1+r)+rc log1/p(µν)
∗
n(1+b log1/p(µν)

∗)/ρ).

Since log1/p(µν)
∗ < log1/p p = −1, the last term in this bound tends to zero.

Case 2:

dTV (L(Wmn),CP (Λmn)) = O(n(1−ρ+b(log1/p qµ2+1))/ρ(ln n)r+1+cr(log1/p qµ2+1)

+n(ρ+b(log1/p qν2+1))/ρ(ln n)r+1+cr(log1/p qν2+1))

+(ln n)r+2+cr(log1/p(µν)
∗+1)nb(log1/p(µν)

∗+1)/ρ).
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4.4. Proof of Corollary 3.5

To adapt the proof of Lemma 3.1 to the present situation, only minor changes are

necessary. The equality corresponding to (4.5) here looks like

∑
(i′ ,j ′)∈Γbl

α

E[IαIi′j ′] =
∑

(i′ ,j ′)∈Γbl
α

r∑
t=0

r∑
t′=0

(kt)∑
ct=1

(kt′)∑
ct′=1

P (Iαct = 1, Ii′j ′c′
t′

= 1),

l = 1, 2, 3, where ct and c′t′ are configurations consisting of t and t′ mismatches, respectively.

If µ = ν, then P (Iαct = 1, Ii′j ′c′
t′

= 1) 6 q2(k−r) for all 0 6 t, t′ 6 r, since qa 6 qb if a > b,

and hence, for Γb1
α , ∑

(i′ ,j ′)∈Γb1
α

E[IαIi′j ′] 6
∑

(i′ ,j ′)∈Γb1
α

q2(k−r)
r∑
t=0

(
k

t

) r∑
t′=0

(
k

t′

)

6
∑

(i′ ,j ′)∈Γb1
α

q2(k−r)
(
k + r

r

)2

.

The corresponding bounds involving Ii′j ′ , (i′, j ′) ∈ Γbl
α , l = 2, 3, and for µ 6= ν are changed

similarly, and hence Lemma 3.1 holds with
(
k+r
r

)
instead of

(
k
r

)
.

Since r is constant, the change of the bound in Lemma 3.1 does not affect the magnitude

of order of the bounds, so the rest of the results for exactly r mismatches holds true.

Appendix

Proof of Proposition 2.3

Using the notation of Barbour and Utev [9], let

mj =
∑
i>1

ijµi, m[j] =
∑
i>1

i(i− 1) · · · (i− j + 1)µi, m∗ = sup
j>1

{
m[j]

(j − 4)!

}1/j

,

m
(r)
j =

∑
i>1

ijµir
i and ρ∗(r)(ζ) = min{ inf

ζ6θ6π
ρ

(r)
1 (θ), inf

ζ6θ6π
ρ

(r)
2 (θ)/2, 1},

where

ρ
(r)
1 (θ) = 1− 1∑

k>1 µkr
k

∑
i>1

riµi cos(iθ) and ρ
(r)
2 (θ) = 1− 1

m
(r)
1

∑
i>1

iriµi cos(iθ),

and n! = 1 if n 6 0. T (µ) and Sl(µ), l = 0, 1, 2, in Theorem 2.2 involve specific values of ζ

and r, such that

0 < ζ 6 π and ζ <
√

2m2/m4, (4.17)

and 1 < r < r0 is small enough that

m
(r)
2

m
(r)
4

>
2m2

3m4
and m

(r)
1 (1− ρ∗(r)(ζ)) < m1(1− ρ∗(1)(ζ)/2), (4.18)
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and so that s =
√
r2 − 1 satisfies

s <
1

9
min

{
1,

1

m∗
,
m[2] + m1/2

m3∗

}
. (4.19)

Furthermore, some of the moments mj and m[j] are involved in Sl(µ), l = 0, 1, 2, in such a

way that, to prove this proposition, we must show the following:

(a) mjn, m[j]n and m∗n are uniformly bounded above in n, and mjn, m∗n > 1,

(b) µn is aperiodic for all n,

(c) there exist fixed choices of ζ and r such that (4.17)–(4.19) are valid for all n.

(a) By the definitions, mjn, m∗n > 1 for all n. To get upper bounds on mjn, m[j]n and m∗n
we start by noting that by condition (i) there exists S < ∞ such that

sup
n>1

∑
i>1

µinr
i
0 < S

for some r0 > 1. This implies that, for each j, mjn and m[j]n are uniformly bounded in n

from above, since there exists cj such that ij < ri0 for i > cj , and hence

m[j]n 6 mjn =
∑
i>1

ijµin 6

cj∑
i=1

ijµin +

∞∑
i=cj+1

ri0µin 6

cj∑
i=1

ij + S < ∞.

Furthermore, µin 6 S/ri0, and hence(
m[j]n

(j − 4)!

)1/j

6 S1/j

(∑
i>1

ijj4

ri0j!

)1/j

∼ S1/jj7/(2j)e

j(2π)1/(2j)

(∑
i>1

ij

ri0

)1/j

, (4.20)

by Stirling’s formula. Now, for some r−1
0 < b < 1, 0 < c < ∞ and i > cj,(

i+ 1

i

)j
6 ej/i 6 b r0,

and hence ∑
i>1

ij

ri0
6

∑
i<cj

ij

ri0
+

(cj)j

r
cj
0

∑
i>0

bi 6

(
r0

r0 − 1
+ (1− b)−1

)
(cj)j ,

since r0 > 1. Thus (4.20) is bounded by 4Se(r0(r0 − 1)−1 + (1− b)−1)c, for all n and j, so

that supn>1 m∗n < ∞.

(b) The aperiodic assumption (ii) of Theorem 2.2 is expressed as follows in Assumption A

in Barbour and Utev [9]: for any 0 < ζ 6 π, ρ∗(1)(ζ) > 0.

To show that Assumption A holds for every n, we note that

ρ
(1)
1n (θ) = 1−∑

i>1

µin cos(iθ) =
∑
i>1

µin(1− cos(iθ)) >
∑
i>1

νi(1− cos(iθ)), (4.21)

for all n > 1. Now, 1− cos(iθ) > 0 for all θ, and 1− cos(iθ) can be 0 only if θ = 2πp/q, for

some p, q ∈ Z+, and 1 6 p 6 q/2. Then those i for which cos(iθ) = 1 are i = q, 2q, 3q, . . . ,
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which have gcd q > 2. By condition (ii), the gcd for those i with νi > 0 is 1, and

so it follows that there exists j 6= q, 2q, 3q, . . . , for which νj(1 − cos(jθ)) > 0. Hence∑
i>1 νi(1− cos(iθ)) > 0 for all 0 < θ 6 π, and then by continuity

inf
ζ6θ6π

∑
i>1

νi(1− cos(iθ)) > 0,

which, together with (4.21), shows that infζ6θ6π ρ
(1)
1n (θ) > 0. Similarly infζ6θ6π ρ

(1)
2n (θ) is

bounded away from 0 uniformly in n, and hence Assumption A is satisfied for all n.

(c) By (a) it follows that there exists a single choice of ζ that satisfies (4.17) for all n. If

m
(r)
jn → mjn and ρ∗(r)n (ζ) → ρ∗(1)

n (ζ) uniformly in n as r ↘ 1, then there also exists a single

choice of r such that (4.18) and (4.19) are satisfied for all n, since there exists δ > 0 such

that ρ∗(1)
n (ζ) > δ for all n, by the proof of (b). What remains of the proof of (c) is thus to

verify the uniform convergence.

The function f(r) = ri, i > 1 is convex, thus (ri − 1)/(r − 1) 6 dri/dr, so that

|m(r)
jn − mjn| =

∑
i>1

(ri − 1)ijµin

6 (r − 1)
∑
i>1

ri−1ij+1µin,

and it follows from condition (i) that m(r)
jn → mjn as r ↘ 1, uniformly in n. Furthermore,

|ρ(r)
1n (θ)− ρ(1)

1n (θ)| =

∣∣∣∣∑
i>1

(
ri∑

k>1 µknr
k
− 1

)
µin cos(iθ)

∣∣∣∣
6

∣∣∣∣∑
i>1

∑
k>1

µkn(r
i − rk)µin cos(iθ)

∣∣∣∣
6 2

∑
i>1

∑
k<i

rk(r − 1)ri−k−1(i− k)µknµin

6 2
∑
i>1

(r − 1)ri−1(i− 1)µin,

and again uniform convergence follows from condition (i). Using similar arguments for

ρ
(r)
2n (θ), it follows that ρ∗(r)n (ζ)→ ρ∗(1)

n (ζ) as r ↘ 1, uniformly in n.
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