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NOTES AND PROBLEMS

QUASI-MAXIMUM LIKELIHOOD
ESTIMATION OF SEMI-STRONG

GARCH MODELS

JUAN CARLOS ESCANCIANO
Indiana University

This note proves the consistency and asymptotic normality of the quasi–maximum
likelihood estimator (QMLE) of the parameters of a generalized autoregressive
conditional heteroskedastic (GARCH) model with martingale difference centered
squared innovations. The results are obtained under mild conditions and generalize
and improve those in Lee and Hansen (1994, Econometric Theory 10, 29–52) for
the local QMLE in semistrong GARCH(1,1) models. In particular, no restrictions
on the conditional mean are imposed. Our proofs closely follow those in Francq and
Zakoı̈an (2004, Bernoulli 10, 605–637) for independent and identically distributed
innovations.

1. INTRODUCTION

Since the seminal contributions by Engle (1982) and Bollerslev (1986), generalized
autoregressive conditional heteroskedastic (GARCH) models have received con-
siderable attention in the theoretical and empirical literature devoted to financial
and economic time series. Although a vast quantity of alternative volatility
models have been proposed to capture several “stylized facts” of financial series,
the GARCH model is certainly still the most popular and successful model.
See Straumann (2005) for a recent reference on GARCH and other volatility
models.

The asymptotic properties of the quasi–maximum likelihood estimator (QMLE)
were first established by Weiss (1986) for autoregressive conditional heteroskedas-
tic (ARCH) models. Lumsdaine (1996) proved the consistency and asymptotic
normality (CAN) of the local QMLE for the GARCH(1,1) model. These results
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for the local QMLE have been improved in, e.g., Ling (2007). Berkes, Horváth,
and Kokoszka (2003) gave rigorous proofs of CAN for the global QMLE for
GARCH(p,q) models. See also Berkes and Horváth (2003, 2004), Hall and Yao
(2003), and Robinson and Zaffaroni (2006). Some of the conditions in Berkes
et al. (2003) were improved by Francq and Zakoı̈an (2004), who provided the
weakest known conditions under finite fourth moments of innovations. For a
recent review on the QMLE in GARCH models, in addition to other aspects of
these models, see the survey by Li, Ling, and McAleer (2002).

However, all the aforementioned references assumed independent and iden-
tically distributed (i.i.d.) standardized innovations. The i.i.d. assumption on the
standardized innovations restricts substantially the flexibility of GARCH models
in modeling higher order conditional moments, such as conditional skewness
and kurtosis. This limitation is important from an empirical point of view be-
cause there is now a growing econometrics and financial literature documenting
time-varying conditional skewness and kurtosis in economic and financial time
series; see, e.g., Gallant, Hsieh, and Tauchen (1991), Hansen (1994), Harvey and
Siddique (1999, 2000), Premaratne and Bera (2001), Jondeau and Rockinger
(2003), Leon, Rubio, and Serna (2005), and Brooks, Burke, Heravi, and Persand
(2005), among many others. In this paper we are consistent with this existing
literature, and hence, we do not restrict the functional form of these higher order
conditional moments. As we shall show, neglected conditional kurtosis of innova-
tions may cause misleading conclusions in statistical inferences using the QMLE;
see the discussion after our Theorem 2.

To the best of our knowledge, only Lee and Hansen (1994) have studied the
CAN of the local QMLE in GARCH(1,1) models with martingale difference
innovations. As these authors explicitly stated (see Lee and Hansen, 1994, p. 39),
their methods may not easily generalize to more complicated models, e.g.,
GARCH(p,q). It remains then an open problem to investigate the CAN of the
global QMLE for general GARCH(p,q) models under martingale assumptions.
The purpose of the present note is to carry out such an analysis under mild
conditions on the data generating process.

The rest of the note is organized as follows. Section 2 studies the CAN of the
global QMLE for the GARCH(p,q) model. Mathematical proofs are relegated to
Section 3. Henceforth, the norm of a matrix A = (ai j ) is defined by ‖A‖ = ∑ |ai j |.
The symbols −→d and −→a.s. denote convergence in distribution and almost
surely (a.s.), respectively. All limits are taken as n → ∞.

2. CAN OF THE QMLE IN GARCH (p,q) MODELS

The GARCH(p,q) model is defined as

Yt =√
htεt , ht = w0 +

q

∑
i=1

α0i Y
2
t−i +

p

∑
j=1

β0 j ht− j , t ∈ Z, p,q ∈N,
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where εt is a sequence of strictly stationary and ergodic random variables
satisfying

E[ε2
t | Ft−1] = 1 a.s. (1)

and w0 > 0, α0i ≥ 0, i = 1, . . . ,q, β0 j ≥ 0, j = 1, . . . , p. Here Ft−1 is the σ -field
generated by (Yt−1,Yt−2, . . .). Define the vector of parameters θ = (w,α1, . . . ,αq ,
β1, . . . ,βp)

′ and the parameter space � ⊂ (0,∞)×[0,∞)p+q . The true parameter
value is unknown, and it is denoted by θ0 = (w0,α01, . . . ,α0q , β01, . . . ,β0p)

′. The
prime denotes transposition.

The problem we tackle is, given a sample of size n of Yt ,{Yt }n
t=1, say, to esti-

mate the parameter θ. A QMLE estimator is defined as any measurable solution
θ̂n of

θ̂n = argmin
θ∈�

L̃n(θ) ≡ n−1
n

∑
t=1

�̃t (θ), �̃t (θ) = Y 2
t

σ̃ 2
t (θ)

+ log σ̃ 2
t (θ), (2)

where the σ̃ 2
t are defined recursively, for t ≥ 1, by

σ̃ 2
t ≡ σ̃ 2

t (θ) = w +
q

∑
i=1

αi Y
2
t−i +

p

∑
j=1

βj σ̃
2
t− j (θ),

starting with initial values chosen, e.g., as

Y 2
0 = ·· · = Y 2

1−q = σ̃ 2
0 = ·· · = σ̃ 2

1−p = w (3)

or

Y 2
0 = ·· · = Y 2

1−q = σ̃ 2
0 = ·· · = σ̃ 2

1−p = Y 2
1 . (4)

It can be shown that the initial values do not matter for the asymptotic properties
of the QMLE; see Section 3. However, they may have importance from a practical
point of view.

For strong consistency of θ̂n we need the following regularity conditions. First,
define the polynomials Aθ (z) = ∑q

i=1 αi zi and Bθ (z) = 1−∑p
j=1 βj zi , z ∈ C. By

convention, Aθ (z) ≡ 0 if q = 0 and Bθ (z) ≡ 1 if p = 0.

Assumptions A1.

(a) {εt }t∈Z is a strictly stationary and ergodic process satisfying (1), and ε2
t

has a nondegenerate distribution;

(b) {Yt }t∈Z is a strictly stationary and ergodic process with E[|Yt |2s] < ∞ for
some s > 0.

Assumptions A2. θ0 ∈ � and � is compact.
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Assumptions A3. If p > 0, Aθ0(z) and Bθ0(z) have no common root. For all
θ ∈ �, Bθ (z) has its roots outside the unit disk. Moreover, Aθ0(1) �= 0 and α0q +
β0p �= 0.

We are now in a position to establish the first result of the note.

THEOREM 1. Let (θ̂n) be a sequence of QMLE satisfying (2), with initial con-
ditions (3) or (4). Then, under Assumptions A1–A3, θ̂n −→a.s. θ0.

Our assumptions are standard in the literature. Recently, Linton, Pan, and
Wang (2009) (see also Dahl and Iglesias, 2007) found necessary and sufficient
conditions for the strict stationarity in Assumption A1(b) for the semistrong
GARCH(1,1) model. The sufficient conditions are as follows: {εt }t∈Z is a strictly
stationary and ergodic process, ε2

t has a nondegenerate distribution, E[|εt |s] < ∞
for some s > 0, and γ = E[log(α0ε

2
t +β0)] < 0. These sufficient conditions can

be easily extended to general GARCH(p,q) models and, in particular, imply
that the roots of Bθ0(z) are outside the unit disk. In view of Jensen and Rahbek
(2004a, 2004b), we conjecture that our results are also valid for some nonstation-
ary time series. Francq and Zakoı̈an (2004) discussed assumptions similar to A2
and A3. Unlike these authors, we do not assume that the standardized innova-
tions are i.i.d., but rather we assume that they are strictly stationary and ergodic
innovations satisfying the martingale condition (1). Lee and Hansen (1994) also
required the latter assumption, but results were given for the local QMLE, i.e.,
solving (2) in a neighborhood of θ0. Moreover, Lee and Hansen (1994) assumed
that E[Yt | Ft−1] = γ a.s. for a constant γ. We do not impose restrictions on the
conditional mean. Furthermore, unlike in Lee and Hansen (1994), there is no need
for θ0 to belong to the interior of �, allowing situations of overidentification such
as ARCH(q) models. See Francq and Zakoı̈an (2004, p. 609) for remarks about
Assumption A3 and its implications on the parameter space.

Let σ 2
t (θ) be the strictly stationary and ergodic solution (cf. Assumption A3) of

σ 2
t ≡ σ 2

t (θ) = w +
q

∑
i=1

αi Y
2
t−i +

p

∑
j=1

βjσ
2
t− j (θ). (5)

For asymptotic normality, we need the following additional assumptions.

Assumptions A4. E[|εt |4(1+δ)] < ∞ for some δ > 0.

Assumptions A5. θ0 ∈ int (�), where int (�) denotes the interior of �.

THEOREM 2. Under Assumptions A1–A5,
√

n(θ̂n − θ0) −→d N (0, J−1 I J−1),

where J = Eθ0 [(1/σ 4
t (θ0))(∂σ 2

t (θ0)/∂θ)(∂σ 2
t (θ0)/∂θ ′)],

I = Eθ0 [(τt −1)(1/σ 4
t (θ0)) (∂σ 2

t (θ0)/∂θ)(∂σ 2
t (θ0)/∂θ ′)], and τt = E[ε4

t | Ft−1].
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In Berkes et al. (2003) Assumption A4 is assumed in addition to t−μ P(ε2
t ≤ t)

→ 0 when t → 0, for some μ > 0. We do not require the latter assumption.
Our moment assumption is just slightly stronger than that of Francq and Zakoı̈an
(2004), who required fourth moments in the innovations. Hall and Yao (2003) and
Mikosch and Straumann (2002) discussed the case where E[ε4

t ] = ∞; see also
Linton et al. (2007). Lee and Hansen (1994) assumed that τt = E[ε4

t | Ft−1] ≤
C < ∞ a.s. Under constant conditional kurtosis, i.e., τt = E[ε4

t | Ft−1] ≡ τ,
I = (τ −1)J , and the asymptotic variance matrix becomes (τ −1)J−1, as in the
i.i.d. noise case. In the more general case in which the conditional kurtosis is time-
varying, standard errors based on the classical QMLE (i.e., with i.i.d. noise) are
invalid, as shown in our Theorem 2. The empirical evidence on conditional kurto-
sis supports the use of robust standard errors based on our Theorem 2. Estimation
of robust standard errors can be obtained straightforwardly from our Theorem 2
in a routine fashion; see Lee and Hansen (1994) for further details.

3. PROOFS

For the proofs we closely follow Francq and Zakoı̈an (2004). We indicate the
corresponding changes in their arguments resulting from the use of our conditions
instead of their conditions using the i.i.d. assumption. In what follows C is a
generic constant that may change from one expression to another.

Define

Ln(θ) = n−1
n

∑
t=1

�t (θ), �t (θ) = Y 2
t

σ 2
t (θ)

+ logσ 2
t (θ), (6)

where σ 2
t (θ) is defined in (5).

Proof of Theorem 1. Rewrite (5) in vector notation

σ 2
t = c t + Bσ 2

t−1, (7)

where

σ 2
t =

⎛⎜⎜⎜⎜⎜⎝
σ 2

t

σ 2
t−1
...

σ 2
t−p+1

⎞⎟⎟⎟⎟⎟⎠ , ct =

⎛⎜⎜⎜⎜⎝
w +∑q

i=1 αi Y 2
t−i

0
...

0

⎞⎟⎟⎟⎟⎠ , B =

⎛⎜⎜⎜⎜⎝
β1 β2 · · · βp

1 0 0
...

0 · · · 1 0

⎞⎟⎟⎟⎟⎠.

(8)

The following intermediate results are obtained in Theorem 2.1 in Francq and
Zakoı̈an (2004):

https://doi.org/10.1017/S0266466609090689 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466609090689


566 JUAN CARLOS ESCANCIANO

(i) sup
θ∈�

∣∣∣L̃n(θ)− Ln(θ)
∣∣∣−→a.s 0.

(ii) (∃t ∈ Z such that σ 2
t (θ) = σ 2

t (θ0) Pθ0−a.s.) =⇒ θ = θ0.

(iii) Eθ0 [|�t (θ0)|] < ∞, and if θ �= θ0, Eθ0 [�t (θ)] > Eθ0 [�t (θ0)].

(iv) Any θ �= θ0 has a neighborhood V (θ) such that
liminf
n→∞ inf

θ∗∈V (θ)
L̃n(θ

∗) > Eθ0 [�1(θ0)] a.s.

An analysis of the proof of (i)–(iv) in Francq and Zakoı̈an (2004) reveals
that the authors only use the i.i.d. assumption in the innovations for proving
that E[|Yt |2s] < ∞ for some s > 0 (see Berkes et al., 2003, Lem. 2.3) and for
establishing sufficient conditions for strict stationarity and ergodicity (i.e., the
assumption that a certain matrix has strictly negative Lyapunov exponent). We
have assumed these conditions directly in Assumption A1. After (i)–(iv), the
proof follows standard compactness arguments. n

Proof of Theorem 2. From the classical Taylor-series expansion we have

0 = n−1/2
n

∑
t=1

�̃t (θ̂n)

= n−1/2
n

∑
t=1

∂

∂θ
�̃t (θ0)+

(
n−1

n

∑
t=1

∂

∂θi∂θ ′
j
�̃t (θ

∗
i j )

)
√

n(θ̂n − θ0),

where the θ∗
i j are between θ̂n and θ0. We will show that

n−1/2
n

∑
t=1

∂

∂θ
�̃t (θ0) −→d N (0, I )

and

n−1
n

∑
t=1

∂

∂θi∂θ ′
j
�̃t (θ

∗
i j ) −→d J (i, j).

The theorem will straightforwardly follow. To that end, we will prove the follow-
ing intermediate results:

(a) Eθ0

[∥∥∥ ∂�t (θ0 )
∂θ

∂�t (θ0 )
∂θ ′

∥∥∥]< ∞, and Eθ0

[∥∥∥ ∂2�t (θ0 )
∂θ∂θ ′

∥∥∥]< ∞.

(b) J is nonsingular, and Eθ0

[
∂�t (θ0 )

∂θ
∂�t (θ0 )

∂θ ′
]

= I.

(c) There exists a neighborhood V (θ0) of θ0 such that, for all i, j,k ∈
{1, . . . , p +q +1},

Eθ0

[
sup

θ∈V (θ0)

∣∣∣∣∣ ∂3�t (θ)

∂θi∂θj∂θk

∣∣∣∣∣
]

< ∞.
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(d) ‖n−1/2 ∑n
t=1{(∂�̃t (θ0)/∂θ) − (∂�t (θ0)/∂θ)}‖ −→d 0 and supθ∈V (θ0)

‖n−1

∑n
t=1 {(∂2�̃t (θ)/∂θ∂θ ′)− (∂2�t (θ)/∂θ∂θ ′)}‖ −→d 0.

(e) n−1/2 ∑n
t=1(∂/∂θ)�t (θ0) −→d N (0, I ).

(f) n−1 ∑n
t=1(∂/∂θi∂θ ′

j )�t (θ
∗
i j ) −→a.s. J (i, j).

We start by proving (a). The derivatives of �t (θ0) are

∂�t (θ0)

∂θ
=
(

1− Y 2
t

σ 2
t (θ0)

)
∂σ 2

t (θ0)

∂θ

1

σ 2
t (θ0)

and

∂2�t (θ0)

∂θ∂θ ′ =
(

1− Y 2
t

σ 2
t (θ0)

)
∂2σ 2

t (θ0)

∂θ∂θ ′
1

σ 2
t (θ0)

+
(

2
Y 2

t

σ 2
t (θ0)

−1

)
∂σ 2

t (θ0)

∂θ

∂σ 2
t (θ0)

∂θ ′
1

σ 4
t (θ0)

. (9)

By Hölder’s inequality, for any γ > 1,

Eθ0

[∥∥∥∥∂�t (θ0)

∂θ

∂�t (θ0)

∂θ ′

∥∥∥∥]

≤
⎛⎝Eθ0

⎡⎣∣∣∣∣∣
(

1− Y 2
t

σ 2
t (θ0)

)∣∣∣∣∣
2(1+γ )

⎤⎦⎞⎠1/(1+γ )

×
⎛⎝Eθ0

⎡⎣∥∥∥∥∥ 1

σ 4
t (θ0)

∂σ 2
t (θ0)

∂θ

∂σ 2
t (θ0)

∂θ ′

∥∥∥∥∥
(1+γ )/γ

⎤⎦⎞⎠γ/(1+γ )

. (10)

Now, it is straightforward to show that (see Francq and Zakoı̈an, 2004)

1

σ 2
t (θ0)

∂σ 2
t (θ0)

∂w
≤ C,

1

σ 2
t (θ0)

∂σ 2
t (θ0)

∂αi
≤ 1

αi
, i = 1, . . . ,q. (11)

Whereas from (7),

∂σ 2
t (θ0)

∂βj
=

∞
∑
k=1

{
k

∑
i=1

Bi−1 B( j)Bk−i

}
ct−k,

where B( j) is a p × p matrix with (1, j)th element 1 and all other elements equal
to zero. Hence from the positivity of the parameters, βj B( j) ≤ B, and hence

βj
∂σ 2

t (θ0)

∂βj
≤

∞
∑
k=1

{
k

∑
i=1

Bi−1 B Bk−i

}
c t−k =

∞
∑
k=1

k Bkc t−k .
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Notice that Assumption A3 implies that
∥∥Bk

∥∥ ≤ Cρk, for some ρ ∈ (0,1) and
all k. Using the simple inequality x/(1+ x) ≤ xs, for x ≥ 0 and all s ∈ (0,1], we
obtain for any r > 1 and 0 < δ ≤ r,∣∣∣∣∣ 1

σ 2
t (θ0)

∂σ 2
t (θ0)

∂βj

∣∣∣∣∣
r

≤ 1

βr
j

( ∞
∑
k=1

k Bk(1,1)c t−k(1)

w + Bk(1,1)c t−k(1)

)r

≤ 1

βr
j

⎛⎝ ∞
∑
k=1

k

(
Bk(1,1)c t−k(1)

w

) δ
r

⎞⎠r

≤ C

wδβr
j

( ∞
∑
k=1

kρ
δk
r c

δ
r
t−k(1)

)r

. (12)

Now, using Hölder’s inequality, one can bound (12) by

C

wδβr
j

( ∞
∑
k=1

ρ
δk
2 cδ

t−k(1)

)( ∞
∑
k=1

kr/(r−1)ρδk/(2(r−1))

)(r−1)

.

By Assumption A1, E
[
cs

t−k(1)
]

< ∞, for some s ∈ (0,1], and hence choosing
δ = s, we conclude that for all r > 1

E

[∣∣∣∣∣ 1

σ 2
t (θ0)

∂σ 2
t (θ0)

∂βj

∣∣∣∣∣
r]

< ∞.

The last statement, (11), and Assumption A4 imply that the moment in (10) is

bounded. By similar arguments it holds that Eθ0

[∥∥∥ ∂2�t (θ0 )
∂θ∂θ ′

∥∥∥]< ∞.

The nonsingularity of J in (b) was proved in Francq and Zakoı̈an (2004).
To prove (c), differentiating (9) and applying the Cauchy–Schwartz and Hölder
inequalities (see Francq and Zakoı̈an, 2004), it is sufficient to bound for δ > 1

E

[∣∣∣∣∣ sup
θ∈V (θ0)

Y 4
t

σ 4
t (θ)

∣∣∣∣∣
]

≤
(

Eθ0

[
|εt |4(1+δ)

])1/(1+δ)

×
⎛⎝Eθ0

⎡⎣ sup
θ∈V (θ0)

∣∣∣∣∣σ 4
t (θ0)

σ 4
t (θ)

∣∣∣∣∣
(1+δ)/δ

⎤⎦⎞⎠δ/(1+δ)

.

Let �∗ be a compact set containing θ0 and included in the int (�). Denote by B0
the matrix defined in (8) evaluated at θ0. For all η > 0, there exists a neighborhood
V (θ0) of θ0, with V (θ0) ⊂ �∗, such that B0 ≤ (1+η)B for all θ ∈ V (θ0). From
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(7) we obtain

σ 2
t (θ) = w

∞
∑
k=0

Bk(1,1)+
q

∑
i=1

αi

{ ∞
∑
k=1

Bk(1,1)Y 2
t−k−i

}
.

Hence, using the same arguments as in (12), we conclude that for any r > 1,

Eθ0

[
sup

θ∈V (θ0)

∣∣∣∣∣σ 2
t (θ0)

σ 2
t (θ)

∣∣∣∣∣
r]

< ∞.

The rest of the proof of (c)–(f) follows the same steps as in Francq and Zakoı̈an
(2004) in a routine fashion, and hence it is omitted. After proving (a)–(f) it suffices
to apply the Slutsky lemma. n
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