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In this article we consider a finite queue with its arrivals controlled by the random
early detection algorithnThis is one of the most prominent congestion avoidance
schemes in the Internet routetéie aggregate arrival stream from the population of
transmission control protocol sources is locally considered stationary renewal or
Markov modulated Poisson process with general packet length distribWtien
study the exact dynamics of this queue and provide the stability and the rates of
convergence to the stationary distribution and obtain the packet loss probability and
the waiting time distributionThen we extend these results to a two traffic class case
with each arrival stream renew&lowever computing the performance indices for
this system becomes computationally prohibitiféus in the latter half of the
article we approximate the dynamics of the average queue length process asymp-
totically via an ordinary differential equatiolVe estimate the error term via a
diffusion approximationWe use these results to obtain approximate transient and
stationary performance of the systefmally, we provide some computational ex-
amples to show the accuracy of these approximations

1. INTRODUCTION

Random early detectiofRED) was proposed by Floyd and Jacobgdd] as an
effective mechanism to control the congestion in the network rotdatswayslt
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also helps to prevent tiggobal synchronizatiom the transmission control protocol
(TCP) connections sharing a congested router and to reduce the bias against bursty
connectionslt was an improvement over the previous proposals such as Random
Drop and Early Random Drofsee Hasherfi12], Mankin and Ramakrishndri.g],

and Zhand25]). Currently it has been implemented in various routers and has been
recommended for queue management by IE3&e Braden et a|5]). Recently

Clark and Fangj7] have proposed the incorporation of differentiated servigf

Sery in the Internet by applying RED with different parameter settings to the “In”
and “Out” packets of the flows arriving at a rout&ee Internet RFC-2473] for

details on the Diff Serv Architecture

To be able to apply RED in the differentiated services environnitiatimpor-
tant to study its queuing behavior in det&br exampleto provide any guarantees
on throughput and delaysne needs to study these as a function of the RED param-
eters Previously this has been studied via simulations in Floyd and Jacofkbn
and Lin and Morri§16]. However it is useful to complement these efforts with an
analytical study

In a more recent referenca simple analytical model of this mechanism has
been developed in Maolot, Jean-Marieand Diot[19] and Bonald and Maj4].
However RED is more complicated and several of its important feat(egs av-
erage queue length threshold and the counter during congestion buildy e
not been captured in this modél more detailed analysis has been presented in
Peeters and Blondi21]. They consider a slotted system with the packet lengths
having a truncated geometric distributidrhen a finite Markov chain approxima-
tion for the overall system is mad®ther recent articles on the performance of RED
although not explicitly on analytical modeling of include Otf Lakshman and
Wong[20] and FengKandlur, Sahaand Shin10].

Afull description of the problem should consider a closed system consisting of
two parts (1) a queue receiving an aggregate flow of packets and reacting dynam-
ically to the changes in the total flow rate under the control of the RED algorithm and
(2) the population of TCP sourcesach of which reacts to the packet losses at the
gueue as determined by the TCP flow control mechariga®a Fig 1). In this article
we focus on part 1 of the problertt is reasonable to assume thiatcally, the ag-
gregate traffic stream can be described by a Poisson prpeessaybe by some
more refined modekuch as the Markov modulated Poisson pro¢&4sIPP)]. In
general the arrival rate of the aggregate packet stream is time varginthe pa-

packet stream

TCP source RED controlled
population queue

<

packet loss

FiGuURE 1. Interaction between the TCP population and the RED-controlled queue
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rameters of the MMPP are time varyindglowever the typical timescale of these
variations is of the order of a round-trip tim&hich for long-distance TCP connec-
tionsis long in comparison with the timescale of the dynamics of the queue in a core
network routerin this casethe queue will be in a quasiequilibrium

Sq as a first approximation for part it is meaningful to consider the behavior
of an RED-controlled queue receiving a Poisson or an MMPP stream of packets
This problem is studied in detail in this article and results relating to the stability of
the queue and the equilibrium of the queue are provi@Géden these resuliérom
the point of view of part 2 of the systerhe queue can be considered as a black box
which has a given relation between the parameters ofstfa¢ionary input process
and packet losse$he analysis of the dynamics of systepnh@weveris outside the
scope of the present article

When the timescale of the variations of system 2 is not very much longer than
that of system Jthe stationarity assumption of the input process is no longer.valid
This leads us to consider the transient behavior of the RED-controlled gu&ue
present a new approach based on an asymptotical approximatarh leads to an
ordinary differential equatiofODE) description of the average queue length dy-
namics We obtain approximate transient and stationary behavior of the system via
this approximationThe error in the ODE approximation is quantified by diffusion
limits.

In this article in particular we consider the transient where an initially empty
system starts to receive the input stream at tinTeh@ same techniqubowevercan
be used virtually without any modification to describe the case where input process
varies smoothly in timeAgain, given these resultshe RED-controlled queue can
be considered as a black box relatingw dynamicallythe input process and packet
losses Such a model can then be incorporated in a larger model describing the
interaction of parts 1 and. 2

Finally, we consider the special case of exponential packet size distribution and
Poisson arrival proceswhich allows us to derive some exact resultise accuracy
of the ODE approximation is also tested in this exponential case against simulated
results

The article is organized as followk the next section we explain the RED
algorithm In Section 3 we prove the stabilitgrgodicity) of its queuing model as
well as the rates of convergence to the stationary distribution for the renewal and
MMPP arrival streams with general packet length distributidwesxt, we extend
these results to a two traffic class cabethe processwe extend our analysis to
regenerative arrival streamis Section 4 we provide the ODE approximation and
the diffusion approximationsn Section 5 we explicitly write formulas for the ex-
ponential interarrival and service timés Section 6 we verify our approximations
via computations and simulatians

2. THE RED ALGORITHM

This section explains the model we study in this arti€lensider a queue with a
finite buffer which can hold up t& packets at a timéThis could be the queue at an
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outputlink of arouterThe input to the queue is arenewal sequence or an MMPP and
the packet lengths are independent and identically distribiuiedl) with a general
distribution The arriving packets to the queue are subjected to admission control by
the RED algorithmexplained below

Let g, be the queue length.e., the number of packets in the systéimclud-
ing the one in servigeat the time of thenth packet arriva)l. Let §, be the average
gueue lengthto be defined beloyvat thenth arrival The nth packet will be dis-
carded with probabilityp,, which depends ol and the past historBy defining
p. appropriatelythe RED algorithm controls congestion in the router before its
queues overflowFix the constant®max, Tmin, aNd Tax appropriately such that
0 = Thin = Thax = K. p, is defined as

if §, < Thinthen
pn=0,¢c,=—-1
else if@, > Tmaxthen
pn=21c,=0
else if Thin = G, = Thaxthen
Ch=Chi1t+1
Cn= (Tmax— Tmin)/[ pmax(Qn - Tmin)] and
Pn= l/(Cn —Cn)
end if

Then with probability p,,, discard the packet argl = 0,
and with probability 1— p,, queue the packet

The average queue lengihis defined as

Qn = (1_ B)anl + Bqn if O > 0

_ me - 1)
Gh=(1-B)"0—1 otherwise
wherem= (idle time during the interarrival time of th@h packe}/s, Sis the typical
transmission time for a small packanhd 0< 8 < 1 is an appropriately fixed con-
stant Typically, 8 is chosen to be relatively smak.g., Floyd and Jacobsofi1]
propose using = 0.001 and usg@ = 0.002 in their simulations

In the above algorithimit is possible thap,, can become negative or greater
than 1 In that case we sqi, = 0 or 1 as the case may b&lso, it is possible that
the algorithm decides that an arriving packet should be admitteidy, = K. In
that case the packet will be discarded and wecset 0.

Clark and Fang7] suggest using this algorithm to provide differentiated ser-
vice. The packets of different flows are classified into two class#ass 1 and
class 2 The admission of class packets to the queue is controlled by the RED
algorithm with parameter§,i, i, Tmaxi> @NdPmax . Class 1 is given higher priority
by assigning

Tmin,2 = Tmin,l, Tma)g2 = Tmaxl, pmaxl = pmax2- (2)
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Class 1 is composed of the packets of the “premium” service ,clasish are in
conformance with their traffic profile€lass 2 carries the best effort traffic and the
packets of the premium classhich are not in conformance with their traffic pro-
files. Also, for traffic class 1 we consider the average queue len@tlof only class

1 packetswhereas for class,2he average queue length of all the packets is con-
sidered in the algorithm

3. THE ANALYSIS

In this section we study the proc€s$s,, G, Cn)} corresponding to the queue defined

in the previous sectiatWe show the stability of the queue and provide the rates of
convergence to the stationary distributidhis computationally very intensive to
obtain these stationary distributions even for Poisson arrivals and exponential ser-
vice times Thereforgin Section 4 we will obtain asymptotic approximations for our
systemAs mentioned earliepur model is much more realistic than the one studied

in May etal [19]. In Section 31 we study the queue with the renewal arrival stream

In Section 32 we consider an MMPP arrival sequen&ection 33 extends the
results to the two traffic class case while generalizing the arrival stream to a regen-
erative sequendavhich covers the models of long-range-dependent traffic consid-
ered in the literature

3.1. Renewal Arrivals
The process$(q,, 4., C,)} has state space
{0’1""5 K} X [O’Tmax] X {0’1""}'

Actually, g, can exceed,,a @ little, but for the purpose of this section it will not
make any differencéVe will assume that the interarrival timésositive with non-
zero probability and the packet lengths form.d. sequences with general distribu-
tions and these sequences are independent of eachTdteef(q,, G., c,)} becomes

a regenerative process with the visit times to the st@i@, —1) as regeneration
epochslfwe show that the regeneration lengthf the process has afinite mean and
an aperiodic distributiarthen this process will have a unique stationary distribution
7 (Asmusseril]). Also, starting from any initial distributiosit will converge tor

in total variation To be able to show this we will make extra assumptiéirst, once

g, is nonzergit may not become zero again even though it may come arbitrarily
close to it Thereforewe modify the queue dynamid#/e choose an arbitrarily small
positive constant < T,;, such that whenevej, = ¢ we makeq,, = 0. If ¢ is chosen
small enoughit will not affect the dynamics and the performance of the systeam
addition to do the computations latexe will need to discretize the ran@)@, Trax]

of g, anyway which will require us to make such a chan@jext, we need to take
care of the residual service time of the packet being transmitted at the time of an
arrival. To control this quantity we will make various alternative assumptions—the
service time can be phase type or new better than (iS&tl) or boundedin the
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Internet and all other existing networkese are boundedAlso, in the practical
queuethe number of bits that can be stored is limit&tis will enforce the bound-
edness assumptions on the packédtaler these assumptions we obtain the ergodic-
ity of the processin the following a ands will denote generic interarrival and
service timesrespectively

Start the proces§(q,,dn, C,)} in the state(0,0,—1) at timet = 0. We make
the assumption that the service time distribution is of phase tygewill com-
ment on the NBU or the bounded packet length assumption l&teralso assume
that the interarrival times are spread .olihen there is ane; > 0 and a8, > 0
such that Py < B,} > ¢, and s < B4} > &1, wherey is a residual service time
at the time of an arrivalThen irrespective of the queue length at the timg dy)
the nth arrival with probability greater thagX, the queue will be empty at time
KB, (if the (n + 1)st arrival has not come yefAlso, let N; be an integer such that
(1 — B)MThax < . By the spread-out property af (actually we need only that
P{a > KB1 + N;§} > & for someé > 0), the probability that thén + 1)st arrival
comes after timeKB; + N;5 is positive Therefore with a positive probability
(lower bounded away from)Owhenever the next arrivdi.e., the (n + 1)st ar-
rival) to the system occuyg, .1 = 0, G,.1 < & (then we makej,., = 0) and
hence c,., = —1. Therefore by the geometric coin-tossing argumgBt* < oo
foranya > 0. Also, if (g, =0, g, = 0, ¢, = —1), we have shown with a positive
probability that this event occurs at tlie + 1)st arrival also Hence 7 is aperi-
odic. This provides the existence and uniqueness of the stationary distribtion
and also convergence to it in total variation

If, instead of being phase typeis NBU, then again we can find 3, > 0 and
aneg; > 0 satisfying the assumptions in the last paragrdpso, for the bounded
packet lengthgthe condition is trivially satisfied

The fact thatEr“ < oo holds fore > 1 provides us with the following rate of
convergence to stationary distributiOalashnikov{ 13])

sup P{(gn, 0, Cy) € Af — 7(A)] < cn' ¢, (3)

wherec is some constant and the process can stamt=a0 in any arbitrary distri-
bution Furthermorefrom Sharmd22], using the boundedness @, q,), when
E7? < o0, we obtain the functional central limit theorem for the prodggsd,). We
will use this fact to obtain diffusion approximations in the next section

Next, let us consider the continuous-time procggst), §(t), c(t)), t=0}, where
(q(1),q(t),c(t)) represents the state of the system at timEhis process is also
regenerative with regeneration epochs at the arrival epochs to theG@tel).
Then the regeneration lengitfor this process i¥n_sa,,, where{a,} are the inter-
arrival times if n = 0 is a regeneration epoch for the procé&s,, g, C,)}. If
Ea* < oo, for @ = 1, then we obtairE7* < co. From this then follows the existence
and uniqueness of the stationary distributiband the rate of convergen¢®) for
the continuous-time process also
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If the arrival process is Poissgihen by PASTAthe time stationary distribution
of q(t) is the same as that gf.. Thus knowing, by Little’s law, we know the mean
sojourn time of a packet admitted to the queue

Next, we consider the waiting time procelsg,} wherew, is the waiting time of
thenth packet The proces$(w,,q,, ., C,)} is also regenerative with regeneration
state(0,0,0, —1), which occurs whenevéq,, G,, ¢,) = (0,0, —1). Thus we have also
shown the existence and uniqueness of its stationary distributeomd the rates of
convergence tar for this processHowever for our finite queuethe waiting times
may still be unboundedbecause we have not assumed the packet lengths to be
bounded. However because for&Em=17 —1,

7—1
Wi = 2 an =7,
n=0

we obtain
£ - E[mEoW%} _ E[77¢] _ E[7P]¥P E[ 79 ]Ya
AR S TR T T TR T B

for anyp > 1 and ¥p + 1/q = 1. Therefore E,, [wg] < oo if E[7%"1] < o0 and
E[7%"1] < oo, which holds if Ha*"!] < co.

If we can computer, we will be able to compute the stationary probability of
packet loss alsdHowever becausd is real-valuedeven when(q,, G, ¢,) is Mar-
kov, it is computationally very expensive to obtatrand7. Thereforgin Section 4
we will use a decomposition approach to substantially ease this job

3.2. MMPP Arrivals

The assumption ofiid. interarrival times is restrictive because it is known fhat
networksthe interarrival sequence is correlatétius now we extend our results to
the case when the interarrival sequence is an MMPP modulated by a finite-state
irreducible Markov chaifJ(t)}. We assume that wheh(t) = i, the instantaneous
arrival rate isA; (for conveniencewe will keep the packet length distributions in-
dependent of(t) although this condition can also be generalizélx a state, of
{J(t)}. We will consider(0,0,—1,i,) to be a regeneration state for the procgss,
Gns Cny dn)}, Wherel, is the state ofJ(t)} at the arrival instant of theth packet to the
gueue Start this process in sta{6,0,—1,i,) at timen = 0. Again we denote the
intervisittime to(0,0,—1,1,) by 7. Now consider the proof for theid. case given in
Section 31. Even for the MMPP cas&ve can find are, > 0 such that an interarrival
time for this process under any statelgf) is greater thaig; + N; §, with proba-
bility £, > 0. Thus the next visit time to staté,0,—1) by (q,, ., C,) will have a
finite ath moment for anyr > 0. Once staté€0,0,— 1) is reachegwith a probability
lower-bounded by am; > 0, the following event will happenin an interval of
lengths,, J(t) will reach state,, and in a further interval of lengty, J(t) will still
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be in stateip while there is an arrival to the queu€hat will ensure that state
(0,0,—1,ip) is reached by the process with a positive probabiliopver bounded
away from zerp once stat€0,0,—1) is reachedNow, previous arguments ensure
that the proces§q,, G», Cn, Jn)} has regeneration lengths with a finith moment
for eacha. Aperiodicity of 7 can also be showa s earlierThus we obtain existence
and uniqueness of the stationary distribution and convergencé&3ydte this pro-
cess Finiteness of the moments of the waiting times can also be shasvearlier
Now, the time stationary distributiofr of (q(t),§(t),c(t), J(t)) (the existence and
uniqueness of the stationary distributj@tc for this process can be justified as for
the ii.d. case is related to that ofr by

2T\

J
A

P [(a(t),q(t),c(t)) € AI(t) =i]=P,[(Gn, G, Co) EA I =1]
wherer; is the stationary probability dfJ(t)}.

3.3. Two Traffic Classes

Next, we extend the above results to the two traffic class case described in Section 2
for Clark and Fang’s scheme of differentiated servi@ee[7]). Now, we need to
consider the procegqgy, Gn.1, Gn, Cn 1, Cn.2)}, Wherec, ; is the counter for class g,

is the total queue length at thth packet'’s arrival epoctof the total traffig, g, is the

total average queue lengthnd g, ; is the average queue length of class 1 traffic
Now, one technicality arises when we consider the two arrival str€éams, s, i)},

i = 1,2, to be independent renewal sequendéd®eir superposition is not a renewal
sequence unless both sequences are Poi3$ms we generalize the framework
which will not only allow us to handle this case but also to treat the MMPP case
simultaneouslyand in fact, this allows the long-range dependence in the arrival
strean). This technique was first used in Sharf23] using the theory in Kalashni-
kov[13]. We assume the arrival stream of each class to be a regenerative sequence
Then under weak conditionsee Kalashnikoy13] and Sharm@23]), we can have
common regeneration epochs for both arrival strearesdenote the total arrival
stream by{(a,, s,)}). This common regeneration lengithas a spread-out distribu-
tion and finiteath moment if the regeneration lengths of both individual streams
have the corresponding propertiée also assume that the probability that no packet
arrives to the system during a common regeneration lefigdéxcluding the end
points is g4 > 0. Now, making the assumption of phase ty?/NBU or bounded
service times of each clasgboth classes do not need to satisfy the same assump-
tion), we can repeat the arguments of thli traffic case for the single-class system

to show that with a probability lower-bounded tsay) s > 0, irrespective of the
state of the system at a common regeneration gpatcthe next such epoch the
system will have the regeneration stat,0,0,—1,—1) for the process
{(0n, Gn.1, Gns Cn.1, Cn 2)} - Thus all of our previous results will hold for this system
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4. ASYMPTOTIC APPROXIMATIONS

Until now we have been studying the system exadigwever to compute the
performance indices exactly requires unrealistic computational resoerasfor
exponential interarrival and service time distributiohBus in this section we de-
velop approximation techniques that can provide asymptotically exact approxima-
tions of some of the quantities of interebt Sections 5 and 6 we will provide some
numerical results to show the accuracy of these approximatidmeughout this
section the interarrival times arg.d. generally distributed or MMBRvhereas the
service time distributions will be phase type for some of the resttissimplicity,
we will restrict our study to the single-class case only

The key parameter controlling the dynamics of the systeép.i$he first time
4. exceedd i, indicates the time of onset of the congestion stétkend, exceeds
Tmax We declare that the system is too congesidereforeit is of interest to study
the proces$q,} and the epochs when it exce€lils, andT,,.,. Furthermorewheng
is small(as suggested for practical systentke proces$(,} moves very slowly as
compared tdqg,, c,). Thus the proces§(qn, G, C,)} converges to stationarity slowly
(therefore the transient period becomes important from a practical point oj.view
However the (g,, c,) component varies rapidlyand for a givend, = ¢, (qn,Cn)
obeys approximately the stationary distribution of {k&,, c,)} process wherg,
controlling the RED mechanisras defined in Section, & fixed (i.e., §, = ¢ for all
n). (This is similar to the decomposition approach of Cour{8ik) This artificial
process is denoted Hy,(g), c.(g)}. It is easy to show thaft(g,,c,)} has a unique
stationary distribution for ang. Also, starting from any initial conditionghe pro-
cess converges in total variation tolttis computationally much easier to obtain the
stationary distribution ofg,(§), c,(§)} because of the reduction in the dimensionality

Now, the actual average queue lenggh as given by(1), is not constant but
moves slowly according to

41 = 65 + B(aR1 — 6F) (4)

wheneverg, > 0; and to emphasize the dependencd®f §,,c,) on 8 we have
appende@ as a superscript to these quantitieshis section we will do the same to
the other quantities as well

Because we are really interested in the system dynamics when the system is
heavily loadedat least not lightly loaded because then the system behaves as a usual
queue, g, = 0 will rarely happen anchence (4) will provide a good enough ap-
proximation of{g,} in the system(Actually, the error thus introduced depends®n
andsalso and can be nonnegligibldoweverwe will show that our main results—
the ODE approximation—can be proved even with the inclusion of this correction
However for simplicity in the main text in the rest of the articlee will ignore this
correction) Studying(4) exactly is not possible for our systeBut in practices will
be small and hence we stu@) asg | 0.

An advantage of identifying4) as the key equation is that it has been well
studied in the stochastic approximation literatgsee BenvenisteMetivier, and
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Priouret[2], Macchi[17], and Kushner and Yifl5]). However the fact thai3 is
constant“constant step size” cagand{g?} depends o precludes the use of most
of the results available in the literatuidowever this case has also been studied and
we will use those results extensively in this section

As a first-order approximation @#), we will show that the proceg$#} when
suitably scaled will converge in probability to the solution of a deterministic ODE as
B 4 0. This approximation is an analog of the law of large numlietN ). We will
use the solution of the ODE to obtain the approximate behavior of the sample paths
of {§#} for smallB. This, in particular will provide an approximation of the first
time to visitT,,;, andT,.cand the distribution of the queue lendttationary as well
as transientand the probability of lossThe next step will be to obtain a second-
order refinement of this approximatiganalogous to the central limit theorgimy
providing a diffusion approximation to the error between the sample paft@pf
and the solution of the ODBVe shall provide a justification of this approximation
and verify via the numerical examples in Sectiom Be theoretical justification of
the above results will be provided in the Appendbection 41 provides the ODE
approximation and Section2the diffusion approximatian

4.1. ODE Approximation
Let us considef4) with 45 = a. Define proces$2#(t)} as

2°(0) = a,

N . (5)
2°(t) = Qup
for t > 0, where| t/B] is the integer part af/3. Define the ODE
dz(t)
4 E.[q(z(1))] — z(1),
(6)
z(0) = a

where E,[q(2)] is the mear(quasij stationary queue length {fj,} is identically
equal toz. If a < Ty, then as long agz(t) < T.in, (6) reduces to

dz(t)
—— = E[q] — z(t),
z(0) = &,

where Hq] is the mean stationary queue length of a finite buffer quetiaout the
RED contro).

Using the results of Kushner and Vazquez-Abad], we show in the Appendix
that for any 0< T < oo,

sup |28(t) — z(t)| >0 (8)

o=t=T
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(i> denotes convergence in probabiligs — 0, wherez(t) is the solution of6).
By the boundedness @Ff(t), this also implies the convergence of all the moments
of 28(t) to that ofz(t). In particular we obtain that Varz?(t) — z(t)] > 0asB L 0
for anyt = 0. At the end of Appendix AL we will also indicate how this result can be
proved even when we include the idle time correctias compared t¢4)) in the
dynamics of§#}. From this result we can obtain the following useful approxima-
tions for our system_et 72;, andr£,, be the first timg§#} visits (crosses T, and
Tmax @nd let T, and Trax be the corresponding quantities for the ODE solution
{z(t)}. Then(8) provides us withr£;, - Trin andrfa, — Tmaxass L 0. Hence for
smallg, T2, andT£,,can be used as approximations for our syst&lso, by taking
z(nB) as an approximation d@f?, we can approximate the distribution(@f?, c?) by
the stationary distribution dfg,(z(nB)), c.(z(nB))). This also provides an approx-
imation of the packet loss probability at thén arrival instantAs mentioned earlier
because for smap the system stays in a transient period for a long tipr®bably
always because new flows arrive and termipgteese transient performance indi-
ces are in fact more important than the stationary distributions and moments
This motivates us to obtain the solution of the OD&L In the Appendix we
show that(6) has a uniqugboundedcontinuous solutiorextendable to infinity for
all initial conditions 0= a = T, Also, we show that(6) has a unique global
attractorg®, which can easily be obtained by either iteratively finding the zero of the
right side of(6), that is

E.[a(2)]—z=0, 9)

or by numerically finding the solution of the ODE until it reaches the attra@pr
proximately. To obtain the solution of6) for any initial a, we can use the standard
numerical techniqueObserve that it is much easiecomputationally to obtain
E.[q(z(1))] for any z(t) than to obtain the stationary mean queue length of the
systemFurthermoreif a < T, then to obtain the solution of the ODE urilt) =

Tmin, We can solve the simple ODE), which has an explicit solution

z(t) =ae '+ E[q](1—e™).

If a< Tinand Hq] < Tmin, then this solution is valid fof6) for all time and we need
not consider the numerical techniqué$us this approximation can be used to
compute various transient and stationary distributi@ssexplained belowof our
system However because this solution never reacHgg, while {g#} will almost
surely crosdl,i, even for smalj3, we do not obtain an approximation gf;, from
this solution(of course 74, will be very large for smalB). However exactly for this
case using Freidlin—~Wentzel theory in Dupuis and Kushh@}, one can obtain a
sharper approximation of[z2;,]. (We have verified the assumptions for our system
but do not provide the details in this artigle

Next, we explain how to approximate the stationary distribution and moments of
the system parameters via the solutiot@®f Let §# denote{g#} under stationarity
In the Appendix we show tha}? converges in total variation tg* asg | 0. Also,
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becausd)” is boundedthis implies H(4#)*] — (g*)« for anya > 0. Take the ex-
pectation of(4) under stationaritySimplifying, we obtain £§#] = E,[g#]. Thus
for smallB the stationary mean queue length can be approximatgd lahich is much
easier to computé&imilarly, we can obtain the stationary distribution(gf, %, c?)
asg” ~ q* and(g?, c?) with the stationary distribution aig?(q*), cf(q*)). From
this we can also obtain the stationary probability of packet loss

4.2. Quantifying the ODE Error

In this section we estimate the error in the ODE approximation via a diffusion
approximation

Although the following diffusion approximation should hold for the general
caseour justification in the Appendix using results from Bucklé€urtz, and Set-
hared 6] is limited only to the ODE?7). The interarrival times can be generald.
or MMPR whereas the service times can be general i

Define

26(t) — 2(t)
VB

Then{X”(t),0=t=T} converges weakly iD[0, T ] (the space of right-continuous
real-valued functions with left-hand limits and with Skorohod topoldagya diffu-
sion proces$X(t),0 =t = T} satisfying

Xﬂ(t) =

X(t) = oB(t) —fo X(s) ds (10)

where{B(t),0 =t =T} is a zero mean standard Brownian motion and

a2 = Var[gy] + 2 >, Cov[qo, k],
k=1

where{q,} is taken under stationarity
For the exponential special case of Section 5 we can conaptitaore explic-
itly via

o?2=w.-(U"+Pu"), (11)

wherer =[0-77(0),1-7(1),..., K- (K)] with 7 (k) denoting thekth component of
the stationary distribution dfj,} (in this casethe stationary distribution of a/M/
1/K queue andP is the transition matrix ofq,}. The vectom is given by

u= i (P*n™ — E[q]e"),
k=0

wheren =[0,1,...,K]ande=1[1,...,1].
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Equation(10) is the well-known Langevin equatioh has a strongunique(up
to indistinguishability solution{X(t)}. Also, {X(t)} is a Gaussian diffusion with

2

E[X()] =0,  Var[X(t)] = % (1—e2) (12)

and has a stationary distribution that is Gaussian with mean zero and variance
a?[; e > ds= o?2. From (12) we observe tha2?(t) — z(t) is (for small B)
approximately Gaussian with mean zero and variance proportiogal to

Although we do not have rigorous justification of the diffusion approximation
of the error for the general OD@B), the proces§X#(t)} in this case should converge
weakly to the diffusion satisfying the stochastic differential equat®DE)

t

t t a
X(t) = —fo X(s) ds+J; o(z(s)) dB(s) +f a—ZEW[q(z(s))]X(s) ds (13)

0

where

o(2)? = k; Cov[(ok(2) — 2),(0o(2) — 2)],

{ak(2)} is under stationarity=or the special case af< T, this equation reduces

to (10). One can further carry on with the approximation procedure by observing
that ast — o0, z(t) — q* and hencefor larget we can approximate the solution of
(13) by the solution of the SDE

t

Xt =~ [ xods+ [ wlaram+ | L e lgc)

0

X(s) ds
z=q*
The justification of this can be obtained from Theorem 15 in Benveniste E2,al
p. 335]. The two crucial assumptions of this theoréfri, A-ii ) are satisfied by our
system(see Appendix Al) although we do not have a full justificatiofs a result of
this theorem we obtain that#~(t,) converges in distribution to a Gaussian random
variable(r.v.) with mean 0 and varianae(q*)%/2 wheneveg, | 0 andt, — cc. This,
in particularimplies thatX# ~ N(0, o (q*)?/2) for 8 small whereX” denotes<#(t)
under stationarity

5. THE EXPONENTIAL SPECIAL CASE

In this section we present more specific forms of the previous results for the case
where the arrival process is Poisson and the packet size distribution is expanential
In particular we consider the conditional proceigs,(§), c,(d))} (i.e., the process
{(gn, c,)} conditioned on the controlling, being identically equal tg). The results
obtained here will be used in the next section to compare with the simulations

As noted earligrwheng, < Tin, ¢ = —1 and the procesy,} is simply the
queue length of an ordinai/M/1/K queue Let g be a random variable with the
stationary distribution ofy,; that is
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k

= = :—p

’

and the generating function

1-p 1-(p2)**?
1_pz 1_pK+l ’

mn=§mﬂ=

wherep is the offered load of the systeiffrom this we can derive the momentsf
and Vafq]. In particular for the expectation we get

K+1

o P
HM_IT; m+nzjﬁﬁ.

The casd,in = = Thaxrequires a more detailed analy#s described earliethe
packets are rejected with probabilipy , where

1

IOC—W_C,

and
Tmax_ Tmin 1

Cc(g = .
a q - Tmin Pmax

(Here we use notation where the subscrippofefers to the value of the counter
rather than to the indexof the arrival) Forc, > C(g) — 1 we defingy. = 1. The state
space of(g,(§),c,(g))} is[0,K] X [0,/C] — 1], where[C] is the smallest integer
equal to or greater thab. Because the arrivals are Poisstre stationary distribu-
tion of {(g.(d),c,(§))} is the same as that of the corresponding continuous-time
system with the state transition diagram shown in Figureh2 transition rates for
a generic state are shown on the right

Note that for an infinite queyeK = oo, the procesdgc,} alone constitutes a
Markov procesdlts transition diagram is given on the right-hand side of Figuiée 2
is easy to see that the stationary distributiort,pffor an integer value o€(qg)) is

- :
XXX XN\ b a7\ b2
4. R >pJ (o [\ ot

/) ! <wmt pA

FIGURE 2. State transition diagrams for the proced$g3(§), c,(6))} and{(c,(§))}.
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o
=Plc,=1}=————, 1=01,...,C—1
m =P }§C(C+1)

Consequentlyp,m is constant 2C(C + 1); that is all values ofc, are equally
probable at the point where the rejection actually occlinés was also noted in
Stallings[24].

We are howevey more interested in the marginal distributiongpfg), which
can only be solved by first considering the full Markov procgss(q), c.(g))}. The
stationary distribution of this two-dimensional process or the corresponding
continuous-time process can be solved numericgisen the transition diagram of
Figure 2 Let (g(q),c(qg)) be a pair of random variables obeying the stationary dis-
tribution. From the two-dimensional stationary distributj@me can determine the
marginal distribution of(§) and in particular its expectation Eq(q)]. Finally, the
attractorg® is obtained as the solution ), g* = E[q(q™*)].

6. NUMERICAL RESULTS

Here we illustrate the use of some of the results obtained in the earlier sections
The system parameters are chosen to be the followihg 50, T, = 20,
Tmax = 40, andpmax = 1. The packets are assumed to arrive according to a Poisson
process with arrival rat@ and the packet lengths are assumed to be exponentially
distributed with parameter. Unless otherwise statethe load of the system is
assumed to be = A/u = 1.5. For a system of this size the direct discretization
approach(by discretizingq to obtain a countable state Markov chaimould not
allow us to investigate the performance for the valuegdhat have been sug-
gested in the literature without running into problems with the size of the state
space of the discretized proce$&us in the following we compare the accuracy
of our approximations against simulated results

First, we illustrate the effect of the RED control on the performance of the
queue Figure 3 plots the attractay® as a function of the loa@ obtained as a

40

35 —
30
25

q 20 /L
15
10

2 4 6 8 10

FiGuURE 3. Value of the attractog*® as a function of the loag.
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solution to(9). We showed in Section 4 thatEq?]1=E,[§#]— q* asB { 0. Thus
for small B, g* approximates the mean stationary queue lengénce from Fig-
ure 3 we can clearly see how the average queue length increases until it reaches the
thresholdT,,;», at which point the rapid increase is being cut down by the RED
control algorithm

Next, we show the convergence of the sample path&®¢f) wheng | 0 (see
Fig. 4) to the solution of the ODES) (see Fig5, left, lower curve. The solution of
(6) is obtained numerically by using the formulas provided in Sectidfi®dyd and
Jacobson11] suggesp close to 0001 (cf. the center figure in Figd). From Fig-
ures 4 and 5 we can also observe #f4} can be well approximated Bi,;,. In our
simulations T, was never reache@hus it appears that?,, is the critical param-
eter to estimateThe left-hand side of Figure @ipper curvealso shows E[q(§,)]
for smallg. In the simulated resultghe convergence of[i# ] to E[q(q*)] is slower
because of averaging over a large number of samples

Then we examine the discarding behavior of the RED algorithm by looking at
the time evolution of théquasistationarytime-dependent loss probabilities due to
buffer overflow and rejection due to the RED algorithm as obtained fror(ujines) -
stationary distribution of the proce$&y,(g), c,(4))}. The time dependency arises
from the fact thatj evolves in time according to the solution of the OQEE This is
shown in Figure 6The figure on the left is the ODE solution and the figure on the
right gives the simulated results for a system vtk 0.001 The simulated results
are again obtained in the same manner as earlier by averaging over 5000 sample
paths The simulation graph also includes a plot of the time evolutioftgf taken
as an average over the sample paitee results show how in the beginninghen
4 = T.in, the queue behaves as the uncontrolled queue and the loss probabilities due
to overflow are highHowever as the control starts affectiridue to increasing,),
it reduces the overflow probabilitthus also reducing the probability of the global
synchronization effecihis also verifies our decomposition heuristic for the prob-
ability of packet discarding

As can be seen from the simulated res(8ese Figs5 and 6, the actual system
with finite 8 has an oscillatory behaviorhis can be explained as follow#/e have
considered théq,} process in the asymptotic limit — 0. The changes in the pro-
cess are then so slow that tfog} process can be assumed to be in the equilibrium
However the {q,} process follows its own dynamicand when a change g}
takes placgit takes a finite time before the equilibrium is attain@tie related time
constant is independent @ Thus when 3 increasesthe slowness of théq,}
process becomeis relative termgmore importantin this regime we see overshoot-
ing and oscillations typical of control systems with time lag in the control loop

We have also computed the approximate varianc2?¢f) for t = 74, from
(11). For our examplgo? = 150 Then the variance o2#(t) is 15011 — e~2Y)/
(2)(10%). If g* was less thail,, (it is not in our casg thenV150/(2)(10°%) ~ 0.27
would be the standard deviation of the error under stationatiyever this devi-
ation cannot be seen in the example figures because the deviation is much less in
magnitude than the amplitude of the oscillatio®$ course even for our present

https://doi.org/10.1017/50269964802163078 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964802163078

ssa.d Alssanun sbprique) Ag auljuo paysiiand 8£0£9120879669205/£101°0L/B1010p//:5d1y

50 50 50
40 40 40
30 , 30 30
ODE soiution o -
20 / // 20 AR 20 /
10 // 10 10
05 1 15 2 25 3 05 1 15 2 25 3 05 1 15 2 25 3

Ficure 4. Convergence of sample pathsdff wheng = 0.01 (left), 8 = 0.001 (cente, andB = 0.0001(right). For reference
purposesthe solution of the ODE6) is shown in the same figures
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Ficure 5. Time evolution off, andq, as obtained from the solution of the OD& (left) and the same results from the simulated
w System(right) with 8 = 0.001
00
@


https://doi.org/10.1017/S0269964802163078

384 V. Sharma, J. Virtamo, and P. Lassila

0.6 0.6 : . . . 50
0.5 40
0.4 0.4f Lo rejection due to RED

: ‘ : 30

N\ [ - : T~
03 rejection due t§ RED ‘ \/
~ average queue length log
0.2 K 02 / : |
01 / \ buffér overflow / ' 10
T ) buﬁer overfiow

05 1 15 2 25 3 % o5 n 15 2 25 &

FIGURE 6. Analytical resultgleft) and simulation resultgight) with 8 = 0.001 on
the time evolution of the packet loss probabilities due to overflow or rejection

example the transient and stationary variance<6¢t) could be computed along
the same line usin@l3), but at a substantially higher computational cost for the
transient variance
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APPENDIX
A.1. ODE Approximation

In this Appendix we supply the proofs for the asymptotic approximations in Sec-
tion 4.1. First we show tha2? converges weakly to the unique bounded solution of
the ODE(6) in spaceD[0, T ] with the Skorohod topologyor this we use the result
in Kushner and Vazquez-Abdd4]. In the following we show that our system sat-
isfies the assumptions in this referen&ethe end of this section we will discuss the
solution of the ODHE®6).

In the notation of Kushner and Vazquez-Alddl, we takeB = ¢, 2 = 65,
Ye=q21— g%, and(g?,c?) = £5. Now we will further assume that the service
times of the packets are exponentially distribu¢sde comments later in this Ap-
pendix for generalization Then the boundedness off and§? provides the uni-
form integrability of {Y}. For tightness of{¢s, 65} we need the tightness of
{(g”,68,ck), B > 0,n = 0}. Now, we further assume thaf is upper-bounded by
some(arbitrarily large constant. In a practical system this will always be required
Given g# fixed (say= ) (g?,c#) is a Markov chain(Z {(g.(4), c,(4))}) with a
transition matrix independent @ Thus condition(3.6) in Kushner and Vazquez-
Abad[14]is satisfied For condition(3.7), becausel? andc? are integer-valugave
only have to prove the continuity of the transition probabilities

Plas.=dq,ch =c|gf =qcf=cf=q (A1)
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as a function ofj. From the algorithm in Section 2 we see that the probability of
rejection of an arrival is a continuous function @fexcept possibly aff = Ty

If pmax = 1, then we have continuity af,., alsa The continuity has been recom-
mended from a practical point of view also in “Gentle” RE&nother possibility

is to keeppmax < 1 atTnay but then linearly increase the probability of rejection
from pmaxto 1 for § € [Tmaxw Tmax + 8] for some smalb > 0. This will not change
the dynamics of the system mudbenoting byu(-|q§) the stationary distribution
of (A.1) (which can be easily shown to exist uniquelthe boundedness of the
state space of this Markov chain provides(8s8) in Kushner and Vazquez-Abad
[14]. Thus all of the assumptions for Theoreml3n Kushner and Vazquez-Abad
[14] are satisfied This provides us with the tightness of the procesg&¥t),

t € [0,T]}, B < 1. We show later in this Appendix th&6) has a unique solution
for each initial conditionThis implies that{2A(t),t € [0,T]} converges weakly
to this unique solutionThis, of course also implies that the first visit times to
Tmin and Trax BY 22(1) converge in distribution to the corresponding visit times of
the solution of the ODEG).

The above convergence holds if the service time distributions are phase type
using the same argumer(isow & will also include the phase of the packet being
transmitted. One can try to extend the results to the case of general service time
distributions by taking into account the residual service time of the packet being
transmitted but we have not studied this extensidinis generalization is more of
theoretical interest onjJypecause any distribution can be arbitrarily closely approx-
imated by phase-type distributiadso, in the context of the ODE?7), this gener-
alization is obtained directly from Bucklew et &6].

From Kushner and Vazquez-Ab&t¥] we also obtain under the same assump-
tions thatj? (Bt + t) converges in distribution tq* if Bt; — oo asg | 0. By taking
t; large enoughwe can ensure tha@®(Bt;) is within & variation distance from its
stationary distributionr? for § arbitrarily small This ensures that

Ili;gg) SLXJHWB(X) — 8- (x)| <8,

whered,- is the probability measure with an atom of weight tyatTakings Lo, we
obtain that sug 7#(x) — q*| — 0 asB | 0. Becausej? is boundedthis ensures that
all stationary moments af? also converge to that af*.

If we include the idle time correction t¢4), then we can use the result of
Kushner and Vazquez-Abdd 4] as follows For simplicity we only discuss the
case of exponential service timd3efine m, as them used in the definition of
RED in Section 2 at the time of theth arrival Includem, as one of the compo-
nents in{&s}. Given gf, m2,, is independent of everything els&lso, m?,, =
0/5, wheres > 0. Thus if E[a'™*] < oo for somea > 0, {m£} will be uniformly
integrable Continuity of the transition matrix of(q?(4), §4(g),cf(g))} as a func-
tion of different parameters can be easily seEme existence and uniqueness of
the stationary distribution of this process follows in the same way as that of the
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process withouin, because the regeneration epochs for both processes are the
same Also, tightness of the stationary distribution holds by the boundedness of
g2,cf,mf = a/sand Ha*"'] < co. Thus we have verified all the assumptions
required

Now we show that the ODEB) has a unique solution for each initial condition
aand the solution extends up to infinity and is bound#d also show that this ODE
has a unique global attractor to which each such solution convérpegustifica-
tion for convergence to the solution @) provided above is limited to the case
where the service times are phase type and the coapisrupper bounded by a
constantc. Thus we limit our discussion to this cadénder these conditions the
procesd(qn(q), c,(4))} for § = Taxis a finite-state irreducible Markov chain inde-
pendent of3. Also, as observed earligts transition matrix is a continuous function
of § (for continuity at§ = T,,ax, We Needmay = 1, which we assume hexerhen by
the finite-state spac¢ehe stationary distribution of this Markov chain arebnce
also E,[q,(g)] are continuous functions df for all § = T,,.x. We need Lipschitz
continuity with respect tg for obtaining a unique local solution of the ODiEor this
we modify the rejection probability of RED aroufig;, and T, a little, to make it
differentiable Then E.[q,(§)] also becomes differentiabl&his implies the Lip-
schitz continuity This provides a local solution of the OD) for each initial
condition 0= a = T, Next, observe that E[ q,(Tmad] = 0 whenp,,.,= 1 (or at
Tmax+ & in the case of the other linear approximation mentioreed! that E.[q,(4)]
is a nonincreasing continuous function @fvith 0 < E,.[g,(0)] < co. Thus(see
Fig. A.1) the equation E[g,(§)] = g has a unique solutiog®. This is the unique
attractor of the ODE®). Also, observe that when(t) = § < q*, then E.[g,(§)] —
g > 0 and the solutioa(t) of (6) strictly increasesSimilarly, whenz(t) = § > q*,
then E.[g.(§)] — g < 0 and hence z(t) strictly decreasesThus irrespective of
z(0) = a = Thas (1) converges monotonically &', This, along with the existence
of (locally) a solution of(6) shown earlierprovides the existence and uniqueness of

E,lq(@)] 4

T,

max

Y 4

min

FIGURE A.l. Attractor of the ODE
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a solution of(6) for eacha = T,,,, and convergence tq* (thus also the solution
exists for all time and is boundgd-urthermorethe solution is a continuous function

A.2. Diffusion Approximation

Next we justify the diffusion approximation to the error in the ODE approximation
only in the limited context of7). We use Theorem 2 of Bucklew et &6]. In their

terminology 8 =, f = W, gns1 = Yi, H(W, Y) = Y — W, and there are ng, and
u.. Then by the boundedness qgf andg?, it is easy to verify assumptions CT2,
and C3in[6]. Also,

[t/Bl-1

Lu(t) = ZO (Gh1 — E-[ADVB;

hence C4 i 6] follows from the functional central limit theorem in Section 3
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