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ABSTRACT

In non-life insurance, territory-based risk classification is useful for various in-
surance operations including marketing, underwriting, ratemaking, etc. This
paper proposes a spatially dependent frequency-severity modeling framework
to produce territorial risk scores. The framework applies to the aggregated
insurance claims where the frequency and severity components examine the
occurrence rate and average size of insurance claims in each geographic unit,
respectively. We employ the bivariate conditional autoregressive models to ac-
commodate the spatial dependency in the frequency and severity components,
as well as the cross-sectional association between the two components. Using a
town-level claims data of automobile insurance in Massachusetts, we demon-
strate applications of the model output—territorial risk scores—in ratemaking
and market segmentation.
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1. INTRODUCTION

In non-life insurance, individual risks are often correlated spatially. For in-
stance, claims in homeowner insurance often display geographic patterns due
to weather-related hazards. Similar arguments also apply to automobile insur-
ance where the frequency and severity of car accidents are highly influenced
by factors such as traffic density and road conditions. In health insurance, care
expenditures present spatial correlation because local health status and health
care utilization are affected by the socio-economic profile, population density
and aging. Modeling the spatial dependency and understanding its effects on
an insurer’s portfolio help to balance its risk pool geographically in choos-
ing what risks to insure against and what coverage to offer, and help to assess
the geographic relation and build the information into pricing of its insurance
contracts.
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The research question that we are interested in is how an insurer could lever-
age industry-level information into its own operations such as marketing, under-
writing or ratemaking. One can think that an insurer can easily obtain the indus-
try data from sources such as professional associations, government agencies,
bureau of statistics, etc. Motivated by the territorial risk classification in non-
life insurance, our goal is to produce a risk score for each geographical region. In
this paper, we develop the score using macro-level data collected over geographi-
cal regions and we demonstrate the applications using micro-level data observed
for individual policyholders. To build the score, this paper proposes a spatially
dependent frequency-severity framework for modeling insurance claims in non-
life insurance. Following the standard two-part approach, we decouple insur-
ance claims into the frequency and severity components. To capture the spatial
heterogeneity in each component, we consider the bivariate conditional autore-
gressive (CAR) models based on linear models of co-regionalization. The pro-
posed model easily accommodates the spatial dependency in the frequency and
severity components, as well as the cross-sectional association between the two
components.

Our work relates to two strands of literature in insurance claims modeling.
The first is spatial modeling of frequency and severity. Despite the rich devel-
opment of spatial statistics in disciplines such as biology and epidemiology, the
literature on spatial modeling of insurance claims is still sparse, presumably due
to some unique features of the insurance data. The first effort in this line of study
is Dimakos and Di Rattalma (2002). They employed the spatial Poisson and spa-
tial gamma models to examine the claims from car theft in Norway, and unfor-
tunately the proposed spatial structure was not supported by the data. Gschlo81
and Czado (2007) extended the approach in Dimakos and Di Rattalma (2002)
by using the observed claim count as a predictor for the average claim severity,
and thus allowing dependence between them. As in Dimakos and Di Rattalma
(2002), they also considered the CAR model for the spatial structure, and used
independent specifications in the frequency and severity components. Another
example is Czado et al. (2014), where the authors investigated the model selec-
tion issue for spatial count regressions in the context of health insurance. We
refer to Brechmann and Czado (2014) for an introduction of spatial modeling
in actuarial applications.

The second is dependent modeling of frequency and severity. Popular meth-
ods for pricing non-life insurance contracts, including the frequency-severity or
two-part model and the Tweedie compound Poisson or pure premium model,
often assume an independent relationship between the frequency and severity
of claims. There are a few efforts in the current literature toward relaxing this
independence assumption. As noted above, Gschlé1 and Czado (2007) con-
sidered the regression of claim size on claim count in automobile insurance.
This conditional probability approach has also been used in modeling health
care expenditures, for example, see Frees et al. (2011) and Erhardt and Czado
(2012). Czado et al. (2012) and Kramer et al. (2013) employed parametric copu-
las to jointly model the number and the average size of claims using aggregated
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car insurance data. Shi et al. (2015) compared the predictive performance of
both approaches using simulation and micro-level claims data in automobile
insurance.

What sets our work apart from existing literature is the joint modeling of
the spatial random effects in the frequency and severity components. Instead of
assuming independent CARs, we explore bivariate CARs that allow for flexible
spatial structure within the frequency and severity models, in the meanwhile,
inducing the cross-sectional correlation between them. We also contribute to
the literature by demonstrating novel applications of the model output—a risk
score for each areal unit—using a unique dataset of automobile insurance in
Massachusetts.

The rest of the article is structured as follows: Section 2 introduces the Mas-
sachusetts automobile insurance claims database and explores the data charac-
teristics that motivate the statistical model. Section 3 details the spatially depen-
dent frequency-severity model and the Bayesian inference procedure. Section 4
summarizes the estimation and model selection results based on the aggregated
claims data on areal units. Section 5 presents two applications of the model out-
put, ratemaking and market segmentation. Some technical details and supple-
mentary analysis are provided in appendices to make the paper self-contained.

2. DATA

We use a database of automobile insurance obtained from the Commonwealth
Automobile Reinsurers in the state of Massachusetts in the United States. The
Commonwealth Automobile Reinsurers is an industry-operated residual mar-
ket and statistical agent for motor vehicle insurance in the Commonwealth of
Massachusetts. As a statistical agent, the Commonwealth Automobile Reinsur-
ers collects, edits and processes premium and claim data of private passenger
and commercial automobile insurance in Massachusetts.

We analyze a claim dataset of personal automobile insurance. The dataset
contains claims records about two million policyholders corresponding to the
minimum required coverage in the year 2006. We focus on policyholders with a
full year exposure to simplify the measurement of frequency and severity. For
each individual policyholder, we observe whether there are claims during the
year. When claims are present, we have access to the amount of payments for
the two types of compulsory coverages: third party liability and personal injury
protection (PIP). The liability coverage compensates the policyholder’s financial
losses arising from property damage or bodily injury of the third party. PIP
covers medical expenses for the policyholder in case of a car accident regardless
of the legal liability. We consider the combined claims from the two coverage
types in this study. See Shi (2016) and Shi and Guszcza (2016) for more detailed
description of the Massachusetts automobile insurance data.

In addition to the claim information, the data also contain some basic pric-
ing variables that are commonly used by all insurers, such as driver and vehicle
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TABLE 1

DESCRIPTIVE STATISTICS OF TOWN-LEVEL OUTCOMES AND COVARIATES.

Variable Description Mean Std Min Max
Response Variable

freq Frequency of At Least One Claim 3.66 1.10 0.00 7.80
size Average Size of Payments 3250.08 83245 678.78  7291.09
Covariates

young Percentage of Young Driver 9.93 1.80 3.13 22.22
senior Percentage of Senior Driver 15.01 5.10 0.00 39.03
vehage Average Vehicle Age 5.40 0.27 4.56 6.67
lux Percentage of Luxury Car 4.69 2.83 0.00 20.95
van Percentage of Van 7.85 1.63 3.80 22.22
pickup Percentage of Pickup Truck 14.27 6.23 1.09 33.33
utility Percentage of Utility Vehicle 24.76 4.42 11.11 58.14
awd Percentage of All-Wheel Drive Vehicle 41.65 9.28 26.93 77.08

characteristics. However, because the dataset represents experiences from sev-
eral insurance carriers, the amount of policy-level information is very limited
and much less than typically used by large carriers that employ advanced ana-
lytic techniques. Regarding policyholder characteristics, the only variable avail-
able is the age group of the primary driver, i.e., whether the driver is young (age
below 25) or senior (age above 65). As for the vehicle characteristics, available
variables include vehicle age (in years), vehicle type (passenger car, van, pickup
truck and utility vehicle), whether it is a luxury car, and whether it is an all-
wheel-drive vehicle. Last, the dataset contains information on the garage town
of the insured vehicle. There are in total 351 towns in Massachusetts. The garage
town defines the areal units in the statistical modeling of spatial dependency in
insurance claims.

In the following analysis, we split the data into two pieces. We use 80% of the
data to build the macro (town) level model, and save the rest 20% for validating
the microlevel (policy/claim) predictions. Data separation uses stratified sam-
pling based on garage towns. To build a town-level scoring model, we aggregate
claims and pricing variables in each garage town. A brief description and the
associated summary statistics (mean, standard deviation, minimum and max-
imum) of aggregated data are exhibited in Table 1. Note that the descriptive
statistics reflect the variation of aggregated data across towns. The average ex-
posure is 7,986 car years. The response variable consists of two measurements
that correspond to the frequency and severity of claims, respectively. To derive
frequency, we count the number of policies with one or more claims over the cov-
erage period and report the corresponding percentage in the table. On average,
about 4 out of 100 policies will incur claims over the year, and this probability
ranges from 0% to 8% across towns. To define severity, we calculate the average
amount of payments per policy conditioning on the occurrence of claims. The

https://doi.org/10.1017/asb.2017.7 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2017.7

TERRITORIAL RISK CLASSIFICATION 441

Distribution of Claim Frequency Distribution of Claim Severity

1st quintile 1st quintile

750000 800000 850000 900000 950000 71000000
750000 800000 850000 900000 950000 1000000

i [m] i a
&= 2nd quintile = 2nd quintile
= 3rd quintile = 3rd quintile
B 4th quintile W 4th quintile
E W 5th quintile = W 5th quintile
T T T T T T T T T T T T
50000 100000 150000 200000 250000 300000 50000 100000 150000 200000 250000 300000

FIGURE 1: Maps of the frequency and severity of automobile insurance claims in Massachusetts.

mean of the (conditional) average payments over towns is about $3,250. One
observes a considerable amount of variation across towns with a minimum of
$680 and a maximum of $7,300. The covariates are aggregated in a similar man-
ner. We report in the table the percentage for discrete variables and the average
for continuous variables. For example, for an average town in Massachusetts,
there are about 10% young drivers, about 5% luxury cars and the average vehi-
cle age is 5.4 years. When examining across towns, one also observes significant
variability among all explanatory variables.

To motivate the dependent spatial modeling in frequency and severity com-
ponents, we display in Figure 1 the heat map of the town-level claim probability
and average payment amount in Massachusetts. The shape file and the adja-
cency matrix used for the analysis are obtained from the Office of Geographic
Information (MassGIS) of the Government of Massachusetts. The distributions
of both variables are demonstrated by their respective quintiles. First, there ex-
ists spatial clustering in both frequency and severity components. For instance,
see the clusters in the Boston area and in the far southeast of the state. This
feature suggests a certain degrees of spatial smoothing in model specification.
Second, high (low) frequency areas tend to be associated with high (low) severity
areas, indicating the positive dependence between the two components. Third,
the spatial variation in the frequency and severity distributions implies hetero-
geneous degrees of smoothing in the two components.

3. MODELING

3.1. Two-part specification

In the frequency component, we model the number of policyholders in the ith
region who have incurred at least one claims, denoted by Zf . We assume that
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Ig/ “follows a binomial distribution as

Xf ~ Bin(E;, p;),

I(E +1) , -
i —pnf,
F'(y+DIO(E —y+1)

fylf(y) =

— Vi

where E; is the total number of policies written in region i. One can interpret
p: as the probability of one or more claims for a policyholder from region i. A
logistic regression is employed for p; where x'l-f denotes the vector of covariates

and 3, denotes the associated regression coefficients. The last term ¢if repre-
sents the region-specific effects in the frequency component.

In the severity component, we model the average amount of payments per
policy in region i given occurrence of claims, denoted by Y. A long-tailed re-
gression is employed for ¥’ due to the skewness and heavy-tails exhibited in the
claims distribution. Specifically, we use a log-normal regression as

Y ~ LN, t™),

Jr(») = yf;—ﬂ exp{—0.57(In y — u;)*},
Mi = X?ﬂs + ¢[S’ (2)

with E[Y'] = exp(u; + 0.577!) and Var[Y'] = exp(Qu; +  Hexp(rh = 1).
As in usual predictive applications, we assume a constant dispersion parameter
T across all geographical regions and perform a regression on the location pa-
rameter ;. For simplicity, a linear combination of covariates x; 8, is employed.
Similarly, ¢; represents counterpart of the region-specific effects in the severity
component. .

Let Blf = (B, ¢,.f )and 07 = (B, ¢;) be the vectors of parameters associated
with region i in the frequency and severity components, respectively. Denote
function g(@{ , 07) a risk score for region i that could be produced from the
model. The score can be used either as a predictor in the models built with more
granular level data, or as a rating variable directly for risk classification. Table 2
provides some examples of the risk score.

The first score measures the probability of occurrence of accidents and can
be used as a covariate in the frequency modeling in insurance ratemaking. The
second score is a variation of the first one and represents the odds ratio of claim
occurrence. The third score measures the average size of claims per policy given
occurrence and is a more relevant predictor to the severity modeling in ratemak-
ing. The fourth score corresponds to the region-level loss cost that is useful for
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TABLE 2

EXAMPLES OF THE RISK SCORE.

Example Score Function

1 20!.0) =E[Y/)/E =p

2 (0/.6) = E[Y/1/(E — E[Y/]) = pi/(1 - p))

3 26/, 6) = E[¥'] = exp(u; + 3771

4 2(0/.03) = E[Y/] x B[R/ E = piexp(ui + 377

5 20/.09) = \/ (ELF2VEIP) / (LY )/ E) = 1 = Jexp( ) /pr — 1

the determination of pure premium. The last score is based on the coefficient of
variation of the loss cost and is an appropriate risk loading in ratemaking.

In the above examples, it is straightforward to see that the specification for
the random effects (q&,:f , ¢7) 1s critical for the inference of the score g(Ozf ,07).In

1

the next section, we discuss the specification of spatial dependence and cross-
sectional dependence in the region-specific random effects.

3.2. Spatial specification

3.2.1. Review of univariate CAR. We employ bivariate CAR specifications to
accommodate the spatial correlation in the frequency and severity components
as well as the correlation between frequency and severity. Below we briefly re-
view the univariate CAR model based on which we introduce the bivariate
specification.

The CAR model was originally proposed in Besag (1974). It is the most
commonly used approach to account for spatial clustering and variation in
areal data, i.e., data collected over geographical units, such as counties, zip
codes and so on. Let ¥; denote the spatial random variable associated with the
ith i = 1,...,n) areal unit. Define v» = (¥1,..., ¥,)". Under the Markov
random field assumption, the univariate CAR is defined through conditional
distributions:

wi“h—iNN iz‘(l’]’L ,i=1,...,l’l, (3)
m; i ] ym;

where ¥_; denotes the vector ¢ without its ith component, i ~ ; indicates
that region j is an adjacent neighbor of region i and m; denotes the number
of neighboring regions of the ith areal unit. The model assumes that all neigh-
boring regions are equally influential on every geographical unit. In the above
specification, X is the spatial autocorrelation parameter that controls the spatial
dependence among regions, and y ~! is the spatial dispersion parameter.
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The CAR model (3) corresponds to the following joint distribution:

P~ N, 0, [y(D— A, 4

where N, denotes the n-dimensional normal distribution, D =
diag(my, ..., m,), and W is the adjacency matrix with Wj; = 1 if geographical
units 7 and j are neighbors and W; = 0 otherwise. A valid joint distribution
of ¥ requires 1/Cmin < A < 1/Zmax, Where Zmin and {max are the minimum and
maximum eigenvalues of D~'/2WD~1/2_ respectively. When A = 0, model (4)
corresponds to the heteroscedastic independence model that induces global
smoothing. When A = 1, model (4) corresponds to the well-known intrinsic
CAR model (Besag et al., 1991) that induces local smoothing by borrowing
strength from neighboring regions.

3.2.2. Bivariate CAR for dependent frequency-severity model. Let ¢/ =
(¢>'1f e ,{ ) and ¢* = (¢7,...,¢;)". To account for the spatial dependence
in the random vectors ¢/ and ¢* in the two-part model, a starting point is to
assume that each of ¢/ and ¢* follows the univariate CAR framework intro-
duced in Section 3.2.1. For the purposes of our application, it is also important
to capture the association between the frequency and severity components. For
instance, it is well known that the expectation of the product of frequency and
severity is not equal to the product of their expectations if the two components
are dependent. Therefore, it is sensible to consider some bivariate version of
CAR to join ¢/ and ¢*.

Several bivariate, in general multivariate, CAR models have been proposed
in the literature of spatial statistics. The theoretical background on multivariate
Gaussian random field is due to Mardia (1988), where the univariate CAR was
extended using the separable dependence framework by assuming the identi-
cal spatial structure for all variables. The following literature has been focusing
on relaxing the restricted separable dependence assumption. Kim et al. (2001)
proposed a bivariate twofold CAR model to allow for non-separable spatial
dependence, though it was not straightforward to extend the framework to
higher dimension. Sain and Cressie (2002) presented a formulation of covari-
ance that yields a richer spatial structure, in particular, the asymmetric spatial
cross-correlations. However, the approach is computationally expensive. Carlin
and Banerjee (2003) and Gelfand and Vounatsou (2003) generalized the CAR
model to the multivariate setting using the framework of hierarchical models.
For the sake of faster computing, most multivariate CAR priors work with the
precision matrix. To improve interpretability, Jin et al. (2007) adopted the idea
of modeling geostatistical data to the case of lattice data and specified the joint
distribution of a multivariate Markov random field directly through conditional
and marginal distributions. More recently, Jin ez al. (2007) proposed an order-
free approach to address the issue of arbitrary ordering of variables in the con-
ditional specifications in building multivariate CAR models. Martinez-Beneito
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(2013) extended the multivariate CAR framework further to incorporate uni-
variate spatial dependencies beyond conditional autoregressive distributions.

In this application, we employ the approach of a linear model of co-
regionalization. This method has been proposed for multivariate geostatistical
data (see, for example, Schmidt and Gelfand, 2003; Gelfand et al., 2004), and
recently has also been used for multivariate lattice data (see Jin et al., 2007).
Denote ¢ = ((¢”), (¢*)') and define

¢’: (B® Inxn)va (5)

where Bis anon-singular 2 x 2 matrix, I, denotes a n x n identity matrix and ®
denotes the Kronecker product. Vector v is constructed using v = ((vf ), (v‘Y)’)/,
where v/ and v*, corresponding to the frequency and severity components, re-
spectively, are independent, and each is an n x 1 spatial lattice process. Essen-
tially, one constructs the multivariate spatial process ¢ through linear combi-
nations of univariate processes v/ and v*, and the cross-sectional correlation is
introduced by matrix B. When B = L,,,, model (5) reduces to two independent
CAR models. Hence, different assumptions on v/ and v* will result in different
covariance structures in ¢p. We consider two specifications below.

Separable model : Assume that each of v/ and v* follows a univariate CAR
specification (4) and they use the same smoothing parameter:

v/ ~ Ny(0,(D—AW)7h),
v’ ~ N,(0, (D — A W),

~ For identification purposes, we set the spatial dispersion parameters in both
v/ and v* to one. An equivalent strategy is to impose some constraints on matrix
B s0 as to induce unit dispersion. Using (5), it is straightforward to show that

¢ ~ Nu(0, %)

2:((D—wwu (D—wmu> 1 ©
(D=aW)yar (D—=2aW)yn
Note that y;» = ;. Let Q7! = {¥ij}i j=1,2, one can also express X =
Q ® (D — AW)~!. The dependence structure is separable in the sense that ma-
trix 2 accommodates the cross-sectional correlation between the frequency and
severity components, and (D — A W)~! captures the spatial dependence over ge-
ographical regions. Note that matrix B is identifiable up to BB’ = Q.
Non-separable model : One main limitation of the separable specification is
that the spatial dependence structure is forced to be identical for both frequency
and severity components. This could be a very strong assumption in practice.
One simple remedy is to modify the assumptions in v/ and v*. Specifically, as-
sume that both v/ and v* follow the univariate CAR specification (4) but with

https://doi.org/10.1017/asb.2017.7 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2017.7

446 P. SHI AND K. SHI

different smoothing parameters:
v/ ~ N, (0, (D= )7,
o'~ N0, (D= A, W),
Under the above assumptions, one can show
¢ ~ Ny (0, %),

_ . —1

When A ; = A; = A, the non-separable model (7) reduces to separable model
(6). To see this,

> — blllnxn b121n><n (D_)\W)71 0 blllnxn b121n><n '
- b2lln><n b221n><n 0 (D - )\-W)_l b2lln><n b22In><n

_ ( b, +bi, bi1bar + b12bx

D—w)!
bi11b21 + b12b b3, + b3, ) @ W)

= (BB)® (D — W)~

Note that if we define A = diag(A s, A;), one can also express ¥ = (B ®
L) (b ® D— A ® W)™ 1 (B® I,,)". Thus, a further extension is to allow A
to be a symmetric matrix instead of a diagonal matrix. This way one relaxes the
independence assumption between v/ and v* and accommodates the correlation
between them via A. Under this formulation, the cross-sectional dependence be-
tween the frequency and severity will be induced by both Band A. For simplicity
reason, we will not explore this specification in our study.

3.3. Estimation

We estimate the proposed model using the Markov Chain Monte Carlo
(MCMC) method in a Bayesian framework. Let y/ = (ylf e ynf )Y and y' =
(¥}, ..., ) denote the data observed from the frequency and severity models,
respectively. The posterior distribution of parameters is

PBr. B 1.0, 2, A) o [(y, '|Bs, By, T. v, Q) p(0|A) p(Q)
x p(M)p(By, Bs) p(T). (®)

The first term corresponds to the likelihood /(y/, y*|3 £ B85, T, 0, Q) =
lf(yfl,Bf, v, Q) (y'|Bs, T, v, Q), where [ ¢(:|-) and /(:|-) are defined by the bi-
nomial and lognormal models, respectively. The second term corresponds to
the prior of the bivariate spatial process p(v|A) = p f(vflk ) ps(V*|Ay), where
pr(-|-) and p,(-]-) are defined by independent CAR models. The rest part corre-
sponds to the prior and hyperprior parameters. The general rule that we follow
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is to assign vague priors and to make the priors as conjugate as possible. Specif-
ically, smoothing parameters A ; and A, are assumed to follow the uniform dis-
tribution on (1/¢min, 1/Zmax), regression coefficients 3, and B, are assumed to
follow normal distributions with large variance and dispersion parameter t is
assumed to follow a gamma distribution. The specification of p(£2) is discussed
below in detail.

In (8), parameter Q2 is defined as Q = BB'. Because of the identification
issue in B, we work with Q directly instead of B. Specifically, we take B as the
lower triangular Cholesky decomposition. Recall that @ captures the correla-
tion between frequency and severity components. To facilitate interpretation,
we parameterize 2 in terms of correlation matrix:

2
o PO 0,
Q= ( / ) Y) .

pofos Oy

Therefore, the relation between B and 2 follows:

biy=oy
bin =0
by = poy

b22 = O/ 1 - pz.

To set priors, we assume that p follows uniform (-1, —1), and 1/0 and
1/0, follow gamma distributions. The above parameterization facilitates prior
specifications and model implementation. The approach can be easily general-
ized to the situation with higher dimension. Note that there is an ordering issue
between the frequency and severity components. The particular order that we
select above is a natural choice for our application, because the severity com-
ponent is defined by conditioning on the frequency component in the two-part
modeling framework.

4. SIMULATION

We perform a simple simulation study to investigate the properties of the
Bayesian estimates. In the simulation, the frequency and severity outcomes are
generated from (1) and (2), respectively, with the following specification:

log(p/(1 = p)) = Bro+ Br1 X1+ BpXa,
= Bso + Bs1 X1 + B2 X2,

where X; ~ Uniform(0, 1) and X; ~ Bernoulli(0.6). We use only two predictors
to keep the model parsimonious, and the same set of explanatory variables are
used in the frequency and severity models. Without loss of generality, we set one
covariate to be continuous and the other one to be categorical. The spatial vari-
ations in (1) and (2) are jointly simulated from (7), where the adjacency matrix
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TABLE 3

ESTIMATES FROM A SIMULATION WITH 100 REPLICATIONS.

Parameter Posterior Mean  Relative Bias  Mean Squared Error
Bro = —150 —1.471 —0.020 0.029
Bs1 = 2.00 1.990 —0.005 0.013
B = —1.00 —1.015 0.015 0.016
Bo = 7.50 7.517 0.002 0.039
Bs1 = =250 —2.490 —0.004 0.053
B2 = 2.50 2.483 —0.007 0.034
T = 15.00 14.360 —0.045 1.433
Ap = 0.25 0.248 —0.007 0.039
Ag = 0.50 0.451 —0.109 0.104
oy = 1500 14.430 —0.039 0.740
oy = 10.00 10.921 0.084 1.132
P = 0.75 0.713 —0.053 0.111

from the 351 Massachusetts towns is used in the data generation. The true values
of the model parameters as shown in Table 3 are specified to mimic the real in-
surance application. In the marginal models, exposure E; in the town-level Mas-
sachusetts insurance data described in Section 2 is used in the frequency model,
and regression coefficients are specified so that the distributions of p; and u;
are close to the real data. The estimated parameters from the Massachusetts
data (as reported in Table 5) are used as guidance to determine the dependence
parameters in the simulation.

We conduct the simulation in R and we report the results based on 100
replications in Table 3. For each replication, we run the spatially dependent
frequency-severity model for 20,000 iterations each with a burn-in of 15,000.
The numbers of iteration and burn-in are sufficient to ensure the convergence
based on the trace plots from multiple chains. The intercept terms By and
Bso are assigned flat priors, the slope parameters are assigned normal priors
N(0, 100), and the dispersion parameters (7, o s, o) are assigned gamma priors
Gamma(10, 1). Uniform priors are used for the dependence parameters (A s,
As, ) on their respective domains, i.e., A/, A* ~ Uniform(1/Zmin, 1/¢max), and
o ~ Uniform(—1, 1). The table shows the average posterior mean, relative bias
and mean squared error across the 100 replications. Considering the relatively
small sample size (351 areal units), the proposed inference seems sensible to be
applied to the Massachusetts automobile insurance data.

5. INFERENCE
To demonstrate the importance of spatial correlation within frequency and

severity, as well as the cross-sectional correlation between frequency and sever-
ity, we consider alternative model specifications. Specifically, we compare five
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TABLE 4

GOODNESS-OF-FIT STATISTICS FOR ALTERNATIVE MODELS.

Model Description DIC
i Independent Aspatial Model 9,661
il Independent Spatial Model 8,463
il Bivariate Intrinsic Spatial Model 8,361
v Bivariate Separable Spatial Model 8,323
v Bivariate Inseparable Spatial Model 8,262

different models: (i) independent aspatial model: This model assumes indepen-
dence both among town-level responses and between frequency and severity
components. Essentially, one separately fits a binomial regression and a lognor-
mal regression without spatial random effects. (ii) Independent spatial model:
This model ignores the correlation between the frequency and severity com-
ponents. The binomial and lognormal models are estimated separably, and in
each model, the town-specific effects follow a CAR specification. (iii) Bivariate
intrinsic spatial model: This is a nested case of (iv) and (v) where the spatial
smoothing parameters in both frequency and severity models are equal to one.
But frequency and severity are allowed to be correlated. (iv) Bivariate separable
spatial model: This corresponds to specification (6) where the frequency and
severity of claims are assumed to follow the same spatial pattern, and the corre-
lation between them is captured by Q. (v) Bivariate inseparable spatial model:
This model uses specification (7) and is the most general model in our study. It
allows for different degrees of spatial smoothing in frequency and severity, and
in the meanwhile accommodates the cross-sectional correlation.

Bayesian inference for all the above models is implemented in WinBUGS.
For each model we run 20,000 MCMC iterations and discard the first 15,000
iterations as burn-in sample. We generate multiple chains from different initial
values to assess the convergence of the parameters. Selected diagnostic analysis
is reported in the appendix to demonstrate the mixed property of the simula-
tion. For model selection, we turn to the deviance information criterion (DIC)
(Spiegelhalter et al., 2002). The DIC is an analogy to the AIC (Akaike informa-
tion criterion) and BIC (Bayesian information criterion) as a Bayesian model
selection criterion. It is calculated as DIC = D + pp, where D is the posterior
expected deviance and pp is the effective number of parameters. Both terms are
based on the posterior distribution of the deviance statistics which is defined
as negative twice the likelihood function plus a constant solely determined by
data, i.e., D(8) = —2log f(y|0) + c(p). It is shown that D = Eq ,[D(0)] and
pp = D — D[Eg,(8)]. In DIC, a smaller D (a larger likelihood) indicates a
better fit between the model and the data, and a smaller pp corresponds to a
more parsimonious model, thus a smaller DIC indicates a preferred model. We
report the DIC statistics for alternative models in Table 4.
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TABLE 5

ESTIMATES OF POSTERIOR DISTRIBUTION FOR THE ASPATIAL AND SPATIAL MODELS.

Independent Aspatial Model Bivariate Inseparable Spatial Model

Estimate 95% Credible Interval Estimate 95% Credible Interval

Frequency Model

Intercept —3.532 (—3.727, =3.337) -3.211 (—3.713, =2.691)
young —1.837 (—2.351, —1.315) —0.862 (—2.088, 0.370)
senior —1.670 (—1.850, —1.485) —1.536 (—1.919, —1.144)
vehage 0.293 (0.264, 0.322) 0.227 (0.148, 0.304)
lux 2.429 (1.913,2.931) 1.809 (0.740, 2.845)
van —3.824 (—4.285, —3.347) —4.144 (—5.372, —2.925)
pickup —-1.792 (—2.030, —1.549) —1.818 (—2.361, —1.293)
utility 3.064 (2.780, 3.351) 1.943 (1.362, 2.539)
awd —3.038 (—3.262, —2.813) —2.387 (—2.788, —1.979)
Severity Model

Intercept 8.142 (7.000, 9.327) 7.634 (7.163, 8.158)
young —2.051 (—4.173, 0.103) —1.719 (—3.734, 0.293)
senior —0.670 (—1.395, 0.065) —0.633 (—1.342, 0.059)
vehage 0.047 (—0.131, 0.215) 0.111 (0.014, 0.201)
lux 2.933 (0.800, 5.005) 3.333 (1.546, 5.187)
van 1.163 (—1.504, 3.806) 1.827 (—0.498, 4.126)
pickup 1.470 (0.442,2.491) 1.544 (0.572, 2.560)
utility 1.767 (0.758,2.798) 1.881 (0.857,2.844)
awd -2.212 (—2.813, —1.582) —2.170 (—2.819, —1.444)
Dispersion 13.720 (11.730, 15.940) 17.420 (13.930, 22.710)
Dependence model

Ar 0.202 (0.009, 0.518)
As 0.463 (0.025, 0.934)
or 16.930 (13.190, 21.410)
oy 10.640 (0.363, 35.220)
P 0.833 (0.414, 0.998)

A comparison between model (i) and model (ii) indicates the significant spa-
tial dependence in the frequency and severity components. Comparisons be-
tween models (ii) and (iii)—(v) suggest the importance of cross-sectional corre-
lation between frequency and severity. The DIC statistics select the inseparable
bivariate spatial model as the best one. The result emphasizes the advantage
of heterogeneous spatial smoothing in the dependent frequency-severity model.
Note that DIC is scale-free and is informative only in terms of the ordering of
the scores.

For brevity, we present in Table 5 the parameter estimates (posterior mean
and 95% credible interval) for the independence aspatial model and the bivariate
inseparable spatial model. The reported results correspond to the two extreme
cases. One expects the estimation of other specifications falls somewhere in
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FIGURE 2: Scatter plot matrix of risk scores.

between. Comparing the regression coefficients in frequency and severity com-
ponents, one finds that there are substantial differences in the posterior means
between the two models. However, one should be cautious when interpreting
the difference in the posterior distributions. Taking the spatial dependence into
consideration does not necessarily lead to more efficient estimates because of
the misspecification issue.

The estimates of dependence parameters are quite consistent with ex-
ploratory analysis. The spatial dependence in severity (A,) appears to be stronger
than in frequency (1) for this particular data, providing evidence of heteroge-
neous spatial variation in the bivariate model. Recall that when p = 0, we have
B = D>, and specification (7) reduces to two independent CAR models. In this
sense, parameter p reflects the correlation between the frequency and severity
components. The strong positive correlation as indicated by the table reinforces
the findings in the literature of dependent frequency-severity modeling that is
discussed in the introduction. The estimates of both spatial and cross-sectional
dependence are in line with observations in Figure 1 and further confirmed by
the goodness-of-fit statistics in Table 4.

We conclude this section with a comparison of the risk scores discussed in
Section 3.1. We are going to show how to use these scores in the next section.
The five risk scores in Table 2 are calculated based on the bivariate inseparable
spatial model (the best one in terms of DIC). Figure 2 displays the pair-wise
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scatter plots of the risk scores that are based on the posterior means. All these
scores are positively correlated. In particular, score2 and scorel are almost
perfectly correlated because of the relatively low claim frequency. The non-
linear relation between score2 and scoreb is due to the specific functional
form of our model specification. We denote score2 as the frequency score
(score.freq), score3 as the severity score (score.sev) and score4 as the pure
premium score (score.pp). These three scores will be used in the following
applications.

Note that using MCMC iterations, one could derive the posterior distribu-
tion of each score in each town. To emphasize this, Figure 3 shows the posterior
distributions of the frequency, severity and pure premium scores for all Mas-
sachusetts towns. The towns are ordered based on the posterior means of the
pure premium score. As shown in Figure 2, we observe the positive relation
between the frequency and severity scores.

6. APPLICATIONS

This section discusses two applications of the model output (town-level risk
scores) in insurance operations. The first one demonstrates that the town-level
risk scores can be used to improve micro-level prediction. For simplicity, we
focus on the posterior means of the risk scores. The second one shows that the
analysis of aggregated data provides a natural setting for risk clustering. In this
application, we will demonstrate the usage of score distributions in market seg-
mentation.

6.1. Ratemaking

Ratemaking is a classical actuarial problem where one wants to determine the
price of an insurance contract. We are examining a simpler version of the prob-
lem, pure premium determination. The quantity of interest is the expected cost
of an individual contract. Two classes of methods are commonly used for pric-
ing non-life insurance in practice, the two-part model and the pure premium
model (Frees et al., 2014). We show that that the town-level risk scores help im-
prove both in-sample goodness-of-fit and out-of-sample prediction. Recall that
20% of data are reserved for application. Imagine that the data used to develop
risk scores are from the insurance market. The insurer wants to incorporate
the risk score into its own claim experience. We further separate this data into
two pieces, using 75% to build pricing models and 25% to test the predictive
performance.

Table 6 shows the summary statistics of the individual level data. It is no-
ticeable that policyholders with more than one claims account for less than 1%
of the portfolio. This is partly because we only considered the minimum re-
quired coverage for drivers in Massachusetts. As anticipated, the claim severity
are right skewed and heavy-tailed.
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FIGURE 3: Credible intervals for frequency score, severity score and pure premium scores.
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TABLE 6

DESCRIPTIVE STATISTICS OF POLICY-LEVEL OUTCOMES AND COVARIATES.

freq 0 1 2 3 4

Percentage 95.45 4.34 0.20 0.01 0.00
Mean Std

size 3804.05 6673.86

young 9.86

senior 14.19

vehage 5.42 2.98

lux 5.04

van 7.98

pickup 10.34

utility 23.83

awd 35.49

We consider two versions of the frequency-severity model. The first one ex-
amines claims at policy level. A logistic regression is used to model the probabil-
ity of a policy having one or more claims, and a lognormal regression is used to
model the total amount of payments from a policy given occurrence of claims.
The second one examines claims at claim level. A Poisson regression is employed
to model the number of claims of a policyholder, and a gamma regression (with
log link) is employed to model the amount of individual claims assuming in-
dependence among multiple claims from the same policyholder. Though not
reported here, we also explored more flexible models (negative binomial regres-
sion and zero-inflated Poisson regression) for claim counts, and did not find the
results superior to the Poisson model. It is not surprising given the fact that over
99% policyholders have either zero or one claim over the year.

To examine the predictive lift due to the scores from the spatial model, we
include score.freq in the frequency models, and score. sev in the severity
models. Note that all other predictors are measured at policyholder level. Es-
timation results are summarized in Table 7. Since the statistical significance of
policy-level covariates is not of our primary interest, we skip the discussion of
their effects in this study. The effects of both frequency and severity scores are
positive and statistically significant, suggesting that a high frequency score is
associated with a larger probability of claims, and a high severity score is asso-
ciated with a larger amount of payments, other things equal. We will also see
this significant effect in the out-of-sample prediction.

The pure premium model is based on the Tweedie generalized linear model.
We perform a regression on the location parameter only. We consider three dif-
ferent ways to include the town-level risk score. First, if one thinks of the pure
premium score (score. pp) as an estimate of the cost of a contract without tak-
ing into account individual risk factors, it is sensible to use the score as an off-
set variable in the Tweedie model. Second, to extend this idea, one could also
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TABLE 7

ESTIMATION RESULTS OF FREQUENCY-SEVERITY MODELS.

Two-Part: Policy Data

Logit Estimate Std. Error LN Estimate Std. Error
Intercept 0.148 0.088 Intercept 4.746 0.805
young 0.632 0.021 young 0.198 0.034
senior 0.032 0.023 senior 0.023 0.038
vehage 0.005 0.003 vehage —0.004 0.004
lux —0.287 0.041 lux —0.040 0.068
van 0.082 0.029 van 0.015 0.048
pickup 0.209 0.030 pickup 0.279 0.052
utility 0.180 0.028 utility 0.161 0.049
awd —0.009 0.026 awd 0.052 0.045
score.freq 1.102 0.029 score- 0.288 0.099
Two-Part: Claim Data
Poisson Estimate Std. Error Gamma Estimate Std. Error
Intercept 0.150 0.084 Intercept 3.425 0.831
young 0.613 0.020 young 0.146 0.035
senior 0.029 0.022 senior —0.079 0.039
vehage 0.005 0.002 vehage —0.005 0.004
lux —0.288 0.039 lux 0.041 0.070
van 0.079 0.027 van —0.075 0.049
pickup 0.217 0.029 pickup 0.246 0.054
utility 0.178 0.027 utility 0.152 0.051
awd —0.009 0.025 awd —0.080 0.046
score.freq 1.103 0.027 score-sev 0.581 0.102

estimate the effect of the score from the data. In this sense, we simply use
score.pp as a predictor in the model. Third, instead of combining two scores
score.freq and score.sev into the pure premium score, we use them as co-
variates and examine their effects separately. The estimation results are summa-
rized in Table 8. The estimate of regression coefficient is 0.957, indicating that
the pure premium score is a good estimate of the insurance cost. As anticipated
as well, both frequency score and severity score are positively associated with
loss cost.

The predictive performance is evaluated using out-of-sample validation.
Considering the non-continuous nature of the outcome variables, we employ
Gini index as the validation statistic. See Frees et al. (2011) for the theoretical
background of Gini index and Frees et al. (2014) for its applications in insur-
ance. The Gini correlation and the simple Gini of alternative specifications are
presented in Table 9. The validation statistics are calculated for frequency, sever-
ity and pure premium models separately. Within each group, we consider three
different sets of predictors: (1) Policy-level characteristics only: this set ignores
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TABLE 8

ESTIMATION RESULTS OF PURE PREMIUM MODELS.

Pure Premium Frequency-Severity
Score Estimate Std. Error Estimate Std. Error Estimate Std. Error
Intercept —0.086 0.038 0.134 0.225 0.789 1.770
young 0.761 0.045 0.759 0.045 0.759 0.045
senior —0.057 0.047 —0.059 0.047 —0.059 0.047
vehage —0.001 0.005 —0.001 0.005 —0.001 0.005
lTux —0.258 0.078 —0.258 0.078 —0.258 0.078
van —0.027 0.060 —0.027 0.060 —0.026 0.060
pickup 0.412 0.061 0.409 0.061 0.412 0.061
utility 0.297 0.058 0.300 0.058 0.301 0.058
awd —0.072 0.053 —0.075 0.053 —0.076 0.053
score.pp 1.000 - 0.957 0.044 - -
score.freq 0.950 0.091
score.sev 0.868 0.190

the town-specific effects. (2) Policy information and town-specific heterogene-
ity. Thinking of Massachusetts as population, we add a town-level fixed effect.
(3) Policy information and the corresponding risk score. One can think of risk
scores as spatially smoothed town effects. It is not surprising to see the predictive
lift added by the geographical location of garage towns of the policyholder. We
further observe the additional lift due to risk scores when comparing with town
fixed effects. Another advantage of using risk scores is the significant reduction
in the computational time. In the pure premium panel, the validation statistics
are almost the same regardless of whether using score.pp as an offset or a re-
gressor. This is because the estimated regression coefficient of score. pp in the
Tweedie model is very close to one. In the last two rows of the table, we report
the Gini statistics for the two versions of the two-part model so as to compare
their performance with the pure premium model. The performance is compa-
rable, especially the Poisson-gamma model. This result is sensible because the
Tweedie random variable is a Poisson sum of gamma variables.

6.2. Market segmentation

The town-level risk scores produced by the bivariate spatial model can be used in
risk clustering for market segmentation purposes. As above, if one thinks of the
scores as being produced using the market data (pooled from the experiences of
several insurers), the insurer could use the score to segment risks geographically,
which is useful for marketing and underwriting. In marketing, the insurer wants
to locate the potential profitable customers. In underwriting, the insurer decide
the riskiness of the policyholder. For new customers, the risk score could serve as
a priori information about the policyholder’s risk level. For existing customers,
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TABLE 9

OUT-OF-SAMPLE VALIDATION FOR THE FREQUENCY-SEVERITY AND PURE PREMIUM MODELS.

Gini Correlation Simple Gini

Frequency Model

Logit: policy info only 3.501 9.160
Logit: policy info + town 6.000 15.702
Logit: policy info + score- freq 6.517 17.053
Poisson: policy info only 3.526 9.452
Poisson: policy info + town 6.108 16.375
Poisson: policy info + score.freq 6.571 17.615
Severity Model

LN: policy info only 2.668 2.715
LN: policy info + town 4.703 4.787
LN: policy info + score.sev 5.235 5.328
Gamma: policy info only 4.190 4.261
Gamma: policy info + town 5.554 5.649
Gamma: policy info + score.sev 6.128 6.233
Pure Premium

Tweedie GLM: policy info only 2.467 13.319
Tweedie GLM: policy info + town 4.015 21.681
Tweedie GLM: policy info + score.pp (offset) 4.287 23.152
Tweedie GLM: policy info + score.pp 4.287 23.153
Tweedie GLM: policy info + score.freq + score.sev 4.289 23.160
Two-part: Logit (score.freq) + LN (score.sev) 4.184 22.597
Two-part: Poisson (score.freq) + Gamma (score.sev) 4.288 23.155

the risk score is a supplement to the insurer’s own claim experience, which is
valuable especially for small insurers without credible data.

In this study, we demonstrate the town-level risk clustering based on the
entire distribution of the risk score. We employ the k-medoids algorithm
for clustering that is implemented using partitioning around medoids (PAM)
(Theodoridis and Koutroumbas, 2003). To be self-contained, we provide a de-
tailed description of the clustering technique in the appendix. The essential
idea is to partition points into groups such that within each group the distance
between observations and representative objects (known as medoids) is mini-
mized. The advantage of the PAM is that it supports any arbitrary distance mea-
sure and it is more robust than k-means algorithm. This feature is particularly
important to our application. Recall that from the output of MCMC iterations
one obtains the entire distribution of the risk score at each town rather than
a single point estimate. In the clustering analysis, we use the Jensen—Shannon
divergence (JSD) to measure the distance between two score distributions (Man-
ning and Schiitze, 1999). The optimal number of clusters is determined using the
Silhouette coefficient (Rousseeuw, 1987).
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We perform the clustering analysis for the frequency, severity and pure pre-
mium scores. Two comparisons are reported. First, we compare the clustering
results that is based on the entire distribution of the score and that is based
on a limited amount of information of the score. In the former, the similarity
between two scores are measured using the JSD. In the latter, we cluster using
only two features of each score, the mean and the variance (both are normal-
ized), and the similarity is based on their Euclidean distance. For visualization,
we plot clusters on the mean-variance dimension. The results are summarized in
Figure 4. In general, the distribution-based approach is expected to group data
into more clusters than the mean-variance based approach. This is indeed what
is observed for the frequency score. The clustering results for the severity score
from the two methods are very close. This is explained by the small variability in
the variance of the score as exhibited in the figure. The pure premium score is a
combination of frequency and severity, and the clustering result reflects this fact.
Second, we compare the clustering using the scores from the spatial model and
the scores from the aspatial model. Both are based on the score distribution,
and the optimal clustering is visualized in Figure 5. As anticipated, there are
fewer clusters when we allow some degrees of local smoothing among the risk
scores over geographic regions, and the associated map of risk segmentation is
much more smooth when using scores from the spatial model compared with
the aspatial model.

7. CONCLUSION

In this paper, we proposed a spatially dependent frequency-severity modeling
framework for risk classification in non-life insurance. Specifically, we extended
the standard two-part model by (1) allowing the frequency and severity compo-
nents to be correlated, and (2) incorporating the correlation over geographical
regions in each component. To achieve this purpose, we adopted the idea of
linear models of co-regionalization. In the application, we demonstrated the
importance of both types of dependencies in insurance claims modeling.

Our study fits in the broader literature of spatial statistics. We employed the
CAR-based model, which is a commonly used strategy for areal data, to ac-
count for spatial dependence in the town-level aggregated insurance claims. An
alternative strategy is to consider the methods for handling geostatistical data.
In each case, one wants to balance the computation and interpretability when
modeling the covariance matrix.

From the perspective of application, a relevant question of practical inter-
est is how to use macro-level information to improve micro-level prediction. In
this application, we aggregated data at town- (macro) level and calibrated the
spatial statistical model using the aggregated data. We further showed that the
model output could help improve the prediction at policy- and claim- (micro)
level observations. As an alternative, one could build a mixed effects model with
town-level heterogeneity being a spatial process. The downside is the computa-
tional complexity especially when the sample size is large.
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FIGURE 4: Clusters in the frequency, severity and pure premium scores on the mean-variance space. The left
panel groups data based on the mean and variance of the score and the right panel groups data based on the
score distribution.
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FIGURE 5: Clusters in the frequency, severity and pure premium scores on map. The left panel uses scores
from the aspatial model and the right panel uses scores from the spatial model.
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APPENDIX A

A.1. CLUSTERING ANALYSIS

This section briefly describes three key components of the clustering technique employed
in the application. The first is the PAM algorithm that is used to implement the k-medoids
method. There are three steps in the algorithm: (1) initialization: randomly select a subset
of n towns as medoids; (2) assignment: assign each town to its closest medoid; (3) update:
calculate the average distance between an observation and all other observations in the same
cluster, and set the observation with smallest average distance as the new medoid. Repeat
these three steps until convergence.

The second is the distance measure between two distributions, the JSD. The statistics
between two distributions g; and g, denoted by JSD(g,, g2), is defined as

1 _ 1 _
JSD(g1, &) = EKLD(gI, g+ EKLD(g, g2)

where § = (g1 + g2)/2 and KLD(:, -) denote the Kullback-Leibler divergence between two
distributions.

The third is the Silhouette coefficient used to determine the optimal number of clusters.
The Silhouette coefficient for the score in the ith town, denoted by S(7), is defined as

d@) —c@)

5@ = max{c(i), d(i)}

Here, ¢(i) is the average distance between town i and all other towns in the same cluster,
and d(i) is average distance of town i to all towns in the closest other cluster. By definition,
S(i) is bounded by —1 and 1. A smaller ¢(7) indicates better cluster cohesion and a larger d (i)
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FIGURE Al: Autocorrelation of MCMC iterations for the dependence parameters.

indicates better cluster separation. An observation which is much closer to its own cluster
than to any other cluster has a high positive S(i) value. An S(i) close to zero implies that the
observation lies somewhere between two clusters while a large negative S(i) value indicates
that the observation is assigned to the wrong cluster. The overall Silhouette coefficient is the
average over all towns S = > SG)/n.

A.2. DIAGNOSTICS OF POSTERIOR DISTRIBUTIONS

We perform routine diagnostic analysis to examine the mixing properties of the Markov
chains. For brevity, we only report some important results in this section. The first concern is
regarding the temporal dependence in the parameters. Figure A1 displays the autocorrelation
of the MCMC iterations for the dependence parameters in the spatial model. The marginal
parameters show similar pattern and the results suggest no strong temporal dependence in the
model parameters. The second analysis examines the effects of initial values on the conver-
gence and hence ensure the burn-in sample to be large enough. Because of model complexity,
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FIGURE A2: Posterior distributions of the frequency, severity and pure premium scores for an average town
from multiple Markov chains.

instead of focusing on the posterior distributions of parameters, we present in Figure A2 the
posterior distributions of the frequency, severity and pure premium scores from two chains.
The consistency between multiple chains indicates the robustness of the estimates.

A.3. SUPPLEMENTARY MATERIALS

This section provides more details on the Tweedie generalized linear model and Gini index.
The Tweedie distribution is defined as a Poisson sum of gamma random variables. Specifically,
let ¥; denote the per exposure amount of claims for risk i. We can express ¥ as ¥ = (Z;; +
-+ + Zin;)/wi, where N; is the number of claims, Z;; (j = 1, ..., N;), independent of N}, are
ani.i.d. sequence indicating the corresponding amount of claims and w; denotes the exposure.
The Tweedie compound Poisson model is derived by assuming that »; is Poisson distributed
with mean w;A; and Z; is gamma distributed with shape parameter « and scale parameter
Vi
The Tweedie variable ¥; has a mass probability at zero:

£i(0) = Pr(Y; = 0) = Pr(N; = 0) = e™™.

Notice that ¥; conditional on N; = n follows a gamma distribution with shape no and
scale y; /w;, one could show the density of the Tweedie distribution for y > 0 as

(wid)" 1

. — —wjkj
Ji» = Ze n! (yi/wi)™

n=1

ynafle*)’yi/wi .

The Tweedie distribution is a special case of exponential dispersion models, a class of
models used to describe the random component in generalized linear models. To see this,
consider the following reparameterizations:

2—
i ’ o = 2
p2—p) P

With the above relationships, one can show that the distribution of Y is

2-p
o y K
() =exp| — - + S d/w) |,
Jiy) eXp[d) <(p D2 p> (6% ¢/w)}

L =ep -l ©

i
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where
0 if y=0

Sy ¢/w;) = (wl./d;)1/(!’*1)};(2*17)/(11*1) n 1
). { 2= p)(p—DHe-p/r=b } n'T(n@2—-p)/(p— 1)y

if y> 0.

n>1

Hence, the distribution of ¥; belongs to the exponential family with parameters u;, ¢,
and p € (1, 2), and we have

EOD=p and Var() = .
1

It is also worth mentioning the two limiting cases of the Tweedie model: p — 1 results
in the over-dispersed Poisson model and p — 2 results in the gamma GLM. The Tweedie
compound Poisson model accommodates the situations inbetween. To perform regression,
one can connect mean with covariates through a link function g, (u;) = x;ﬂ, where x; is the
vector of covariates and B is the vector of corresponding regression coefficients.

The ordered Lorenz curve and the associated Gini index are suitable for out-of-sample
validation where the outcome distribution is featured with high proportion of zeros and the
skewness and heavy tails. Using insurance as an example, the essential idea of the ordered
Lorenz curve is to measure the discrepancy between the premium and loss distributions. Let
B(x) be the base premium and P(x) be the competing premium, both depending on a set of
exogenous variables x. The ordered premium and loss distributions are defined based on the
relativity R(x) = P(x)/B(x) as

Yo B(x)I(R(x;) <5) Yo vl (R(x;) < 9)
> B(xi) Y .

The ordered Lorenz curve is the plot of (Hp (s), L p(s)). The 45-degree line, known as the
line of equality, indicates the percentage of losses equals the percentage of premiums. The
associated Gini index is defined as twice the area between the ordered Lorenz curve and the
line of equality, and it may range over (—1, 1). A curve below the line of equality suggests
that the insurer could look to the competing premium to identify more profitable contracts.
In this study, we employ two related statistics, the Gini coefficient and the simple Gini. The
former measures the correlation between the predicted outcome and the rank of predictor,
and the latter is twice the average covariance between the predicted outcome and the rank of
the predictor. For both cases, a larger statistic indicates a better prediction.

Hp(s) = and Lp(s) =
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