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SUMMARY
Although robots have some kinematic and dynamic con-
straints such as the limits of the position, velocity,
acceleration, jerk, and torque, they should move as fast as
possible to increase the productivity. Researches on the
minimum-time trajectory planning and control based on the
dynamic constraints assume the availability of full dynam-
ics of robots. However, the dynamic equation of robot may
not often be exactly known. In this case, the kinematic
approach for the minimum-time trajectory planning is more
meaningful. We also have to construct a controller to track
precisely the minimum-time trajectory. But, finding a proper
controller is also difficult if we do not know the explicit
dynamic equations of a robot.

This paper describes an optimization of trajectory
planning based on a kinematic approach using the evolution
strategy (ES), as well as an optimization of a sliding mode
tracking controller using ES for a robot without dynamic
equations.

KEYWORDS: Time-optimal trajectory; Evolution strategy; Slid-
ing mode controller.

1. INTRODUCTION
Robot manipulators have become indispensable for factory
automation. In order to increase productivity, it is desirable
to move robots as fast as possible. However, robots have
some physical constraints such as the limits of the position,
velocity, acceleration, jerk, and torque. The problem may be
formulated as a minimum-time control problem that is very
difficult to solve because of the nonlinearity and couplings
in robot dynamics.1 The minimum-time control problem can
be split into two subproblems: the minimum-time trajectory
planning and the trajectory tracking. The trajectory planner
provides the trajectory tracker with the control commands
such as the desired values of a robot’s position and velocity,
while the tracker is responsible for the robot to follow the
control commands as closely as possible.2

Lin, Chang, and Luh3 proposed a minimum-time trajec-
tory planning method with kinematic constraints on the
position, velocity, acceleration, and jerk. The desired path
was given through some finite knot points, and the
minimum-time trajectories connecting the knot points were
investigated with the flexible polyhedron search algorithm.
Bobrow, Dubowsky and Gibson,4 Shin and McKay,2,5 and J.-
J.E. Slotine and H.S. Yang6 developed dynamic approaches
to find the minimum-time trajectories along a prescribed
path under the actuator constraints such as torques,
assuming the robot full dynamics are available. Their
methods were extended to find the minimum-time paths.7, 8

The research for the minimum-time trajectory planning was
also conducted for two robots system.9 Trajectory tracking
along the minimum-time trajectories based on the dynamic
approaches is trivial because the exact control torque can be
computed from the robot dynamic equation.

Dynamic approaches for finding the minimum-time
trajectories and paths are justified if the full dynamic
equations of motion for robots are exactly known. In real
situations, however, it is often difficult to obtain accurate
dynamic equations, and the dynamics are also changeable
due to variable payloads. Without the accurate dynamic
equations, the dynamic approaches for the minimum-time
trajectories and paths may lose their meaning, and we are
unable to compute the control torque to drive the robots
along the planned trajectories. In this case, the kinematic
approaches may be more appropriate than the dynamic ones
since the former need not know the robot dynamic
equations.

In this paper, we discuss the problem of the minimum-
time trajectories and the control strategy to drive the robots
along the trajectories, assuming that exact dynamic equa-
tions of robots are unavailable. Finite knot points from the
path are specified to describe the desired path. The
trajectory between the knot points is described by cubic
polynomials and parameterized by time intervals between
the knot points. Each time interval should be optimized so
that the total traveling time is minimized under the
constraints. To find the best time intervals, Lin3 used the
flexible polyhedron search method. But this algorithm
suffers from characteristics of the local search whose
performance depends on initial conditions.10 In this paper
we optimize the time intervals by using the evolution
strategy (ES)11, 12 i.e. a kind of an evolutionary algorithm
that is known to be simple and has an excellent global
search feature. To track precisely the minimum-time
trajectory, we adopt a sliding mode controller that is a kind
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of a robust controller.13–15 The sliding mode controller can
be easily implemented. Due to the assumption on the lack of
full knowledge of the robot dynamics, we have to tune
iteratively the control parameters such as the sliding surface
gradient, saturation function boundary and switching gain.
These tuning operations are done successfully through
experiments, using ES. Experimental results for the SCARA
type robot show a drastic reduction in traveling time of the
planned trajectories and an increasing accuracy for tracking
the planned trajectories as the search operations of ES are
repeated.

2. TRAJECTORY OPTIMIZATION FOR ROBOT
MANIPULATOR

2.1 Trajectory construction
The robot task planner generates the ordered sequence of
knot points in the Cartesian space, and these knot points are
transformed to those in the joint space through inverse
kinematics. Robot trajectories are constructed by a sequence
of cubic polynomials that connect the knot points in the
joint space.3

When the knot points in the joint space are specified by
q1, q3, q4, . . ., qn-3, qn-2, qn, and the time intervals hi’s
between the knot points are given, the joint trajectory can be
described as follows: Figure 1 shows that hi is the interval
between ti and ti+1. Let Qi(t), Q̇i(t), and Q̈i(t) be the position,
velocity, and acceleration between the knot points qi and
qi+1, respectively. The v1, a1, vn, and an denote the initial
velocity, initial acceleration, final velocity, and final accel-
eration, respectively. Then we have the following
equations.

Qi(t)=
Q̈i(ti)
6hi

(ti+1 � t)3 +
Q̈i(ti+1)

6hi

(t� ti)
3
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�
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�
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6 �(ti+1 � t) (1)

where i=1, 2, . . ., n�1.
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The q2 and qn�1 are determined by the above equations. 
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where i=1, 2, . . ., n�1.

Q̈i(t)=
ti+1 �1

hi

Q̈i(ti)+
t� ti

hi

Q̈i(ti+1) (3)

where i=1, 2, . . ., n�1.
The accelerations in each time interval can be determined

using the positions of knot points and time intervals, given
the velocities and accelerations at the initial and final knot
points.

As shown in the above equations, the time interal hi plays
an important role about the velocity and acceleration of the
trajectory. Shorter hi causes higher velocity and accelera-
tion. Then, the problem is to find hi’s such that the total
traveling time, the sum of all hi’s, should be minimized
under the limits of velocity, acceleration, and jerk. Jerk
means the derivative of acceleration with respect to time.
Flexible polyhedron search method was used to find the
minimum-time trajectory.3 But the search algorithm is a
kind of a local search, and its results largely depend on
initial conditions.

In this paper, to find optimal time intervals hi’s we use ES
that is simple and has excellent global search performance.

2.2. Evolution strategy
Evolutionary algorithms (EAs), whose studies began in the
late 1960s, have prominent capability for optimization. EAs
imitate the principle of natural evolution and do not require
the continuities and derivatives of objective functions,
which are indispensable information to the conventional hill
climbing methods. EAs are global search algorithms so that
they can have a low probability of local convergence.11

Evolution strategy (ES), which is known as one of EAs,
has both features of global and local searches, and its search
space is influenced by the standard deviation of the random
variable.

ES is relatively simple in comparison with other evolu-
tionary algorithms and uses the search parameter itself. The
mutation operation of ES is given asFig. 1. Robot manipulator trajectory.
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x�=x+N(0, �) (4)

where x is a parent parameter vector, x� is an offspring
parameter vector, and N(0, �) denotes the normal distribu-
tion with zero mean and the standard deviation �. The
parent denotes a parameter before operation, and the
offspring means a parameter after operation. The � plays an
important role in searching operations. If � is large, ES
seems to be a global search algorithm. If � is small, ES
looks like a local search algorithm. It is usual to have a large
� in the initial phase of search and to have a small � in the
final phase of search.

Time intervals hi’s are iteratively updated to minimize the
traveling time under the constraints of velocity, acceleration,
and jerk as follows: 

hi, offspring =hi, parent +N(0, �t), i=1, 2, . . . , n�1 (5)

where � t is a standard deviation for the trajectory search.
A fitness function is necessary to select excellent

individuals. The fitness function fp has been chosen as

fp =
1

�n�1

i=1

hi +pvel +pacl +pjerk

(6)

where

pvel =Wvel*��L

j=1
�n�1

i=1

OVCj(i)�
pacl =Wacl*��L

j=1
�n�1

i=1

OACj(i)�
pjerk =Wjerk*��L

j=1
�n�1

i=1

OJCj(i)�
Wvel, Wacl, and Wjerk denote penalty weights. L and n mean
the number of joints and knot points, respectively. OVCj(i),
OACj(i), and OJCj(i) represent penalties occured by the
constraints in the velocity, acceleration, and jerk at the j-th
joint in the time interval hi, respectively. OVCj(i) can be
given as

OVCj(i)=1 if Q̇i(t)�VCi for the j-th joint and any t��ti, ti+1�

(7)

where VCi is the velocity constraint. OACj(i) and OJCj(i)
can be defined in the same way.

3. TRAJECTORY CONTROL FOR A ROBOT
MANIPULATOR
In case when the robot dynamics are exactly known, we can
calculate the control torque which drives the robot along the
optimized trajectory determined in the trajectory planning
phase. However, we often know only the nominal dynamics
of robots in the actual situation. If we apply the nominal
torque computed from the nominal dynamic equations, it is
very hard to obtain a good tracking performance since the
nominal torque is a little different from the actual desired
torque. In order to compensate for the tracking error, we
should add a feedback control loop as shown in Figure 2. Td

means the nominal torque computed with the nominal
dynamics of robot along the optimized trajectory. The
incremental feedback control u compensates for the error
between �d and �. Thus, the total control input to the robot
manipulator consists of Td and u.

We have adopted the sliding mode controller (SMC) as
the feedback loop controller. SMC gives us robot control
systems that are insensitive to the variation of plant
parameters and loads.13 Researches of SMC began in the
USSR and Yugoslavia in the 1960s. SMC has robust control
performances with sliding mode actions. Using the dis-
continuous control input which make the state vector
directed towards the sliding surfaces, we can have a fast
convergence property along the sliding surface to the
origin.14 The performance of SMC systems is largely
determined by some control parameters such as the sliding
surface gradient, saturation function boundary layer and
switching gain. The sliding surface gradient directly affects
the dynamic behaviour. The saturation function boundary
layer is used to reduce the chattering problem caused by the
discontinuous control input. The switching gain is related to
the magnitude of the discontinuous control input that
generates the sliding mode actions.14

For the precise tracking performances, ES is applied to
optimize the sliding surface gradient, saturation function
boundary layer and switching gain. The sliding mode
controller used in this paper has a dead zone within the
saturation function boundary layer to compensate for the

Fig. 2. Control block diagram of robot manipulator.
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friction forces. Using the sliding mode controller with the
dead zone, we have effectively reduced tracking errors for
the robot manipulator.

For each joint, the feedback control in Figure 2 is given
by

ui = (8)

ki, if si >�i

�ki, if si >��i

(ki ��d
i )

�i

si +sgn(si)*�d
i , if ��i <si <�i, si ≠0

0, if si =0

where ui is the control of the i-th joint, and si =ci xi1 +xi2xi1 is
the velocity error of the i-th joint, xi2 is the position error of
the i-th joint, and ci means the sliding surface gradient. �i

denotes the saturation function boundary layer, ki is the
switching gain, and � d

i is a deadzone torque.
Figure 3 shows the above sliding mode controller with the

deadzone torque. The sliding surface gradient ci, switching
gain ki, and saturation function boundary layer �i are
iteratively updated to reduce tracking errors by using ES as
follows:

[ci, ki, �i]parent = [ci, ki, �i]offspring +Wi*N(0, � c
i ) (9)

where Wi = �Wc
i , Wk

i , W�
	 � is a weighting vector, and � c

i is a
standard deviation for the control parameter search.

The fitness function is necessary to select excellent
individuals. The fitness function fc is defined as

fc =
1

KE�L

j=1
�N

i=1

�xj2(iTs)�+KC�L

i=1

chati +1

(10)

where L is the number of robot joints, Ts is the sampling
time, and N is the total number of time steps. KE and KC are
weighting factors, and xj2(iTs) is the position tracking error
of the j-th joint at the i-th time step. The chati is defined as

chati =�N

j=1

1��ui(jTs)�ui((j�1)Ts)
Ts

�� U̇max
j � (11)

where U̇max
j is the maximum changing rate of input torque

for the j-th joint, and 1(x) is a step function which is 1 for
a positive x and 0 for a negative x.

4. EXPERIMENTAL RESULTS
We are now ready to apply the above mentioned methods to
a real robot manipulator. For experiments, we have chosen
the SCARA type robot; only the first 2 joints are used for
simplicity. The robot system is composed of the SCARA
type robot, a DSP system, and a PC. The constraints are
given in Table I. The knot points q1, q3, q4, q5, q6, and q8 are
given as (180°, �45°), (162°, �27°), (144°�9°),
(126°, 9°), (108°, 27°), and (90°, 45°), respectively.

ES is used in order to optimize the time intervals hi�s. The
population size is 21, and the fitness function is the same as
that defined in (6). The weighting factors Wvel, Wacl, and
Wjerk are assigned to be 1, 1000, and 100, respectively.
Figure 4 shows that we can reduce the traveling time of the
trajectories for the joint 1 as the number of searches is
increased. If we choose the 300-th trajectory as the
minimum-time trajectory, we have the minimum traveling
time 0.94 seconds that is less than a quarter of 3.98 seconds
of the 0-th, initial, trajectory. Therefore, after 300 genera-
tions, we can reduce the trajectory traveling time about 4
times. Figures 5, 6, and 7 indicate that the near minimum-
time trajectories do not violate the given constraints. For the
joint 2, we have results similar to those of the joint 1. The
performance comparison of ES and the flexible polyhedron
search method (FPS) is depicted in Figure 8. We have 10
trials from random initial conditions for two search
methods, ES and FPS. The least traveling time of ES is 0.94
seconds, while that of FPS is 1.14 seconds. Hence, ES gives
better a performance than FPS.

Fig. 3. Sliding mode controller with deadzone torque.

Table I. Constraints of the robot

Coordinate Joint

Constraints Joint 1 Joint 2

Velocity 150/̊s 150/̊s
Acceleration 1200/̊s2 1200/̊s2

Jerk 7000/̊s3 9000/̊s3

Fig. 4. Reduction of traveling time in position trajectory of the
joint 1.
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ES is also used to optimize the control parameters of
SMC for the robot. The population size is 6, and the fitness
function is the same as that defined in (10). Each of KC and
KE has 0.03, and the sampling time Ts is 1 millisecond. The
total number of steps, N, is given as 940, and the maximum
changing rates of input torques U̇max

1 and U̇max
2 are 0.848 Nm/

s and 0.269 Nm/s, respectively. The deadzone torques, � d
1

and � d
2, are 0.034 Nm and 0.011 Nm, respectively. The

weighting factors Wc
1, W

c
2, W

k
1, W

k
2, W

�
1 , and W�

2 in (9) are
0.05, 0.05, 6, 6, 0.08 and 0.08, respectively. The optimized
tracking performance for the sliding mode controller is
shown in Figures 9 and 10. The sliding surface gradient,
saturation function boundary layer and switching gain of the
sliding mode controller are optimized to reduce tracking
errors by using ES.

Although large tracking errors exist in the first genera-
tion, the errors become reduced as the ES search operation

Fig. 5. Optimized speed trajectory of the joint 1.

Fig. 6. Optimized acceleration trajectory of the joint 1.

Fig. 7. Optimized jerk trajectory of the joint 1.

Fig. 8. Performances of ES and FPS.

Fig. 9. Position tracking of the joint 1.

Fig. 10. Position tracking of the joint 2.
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is repeated. At the 30-th generation, the maximum tracking
errors are 0.21° and 0.18° for joints 1 and 2, respectively.
They are so small that we can hardly distinguish the actual
trajectory from the preplanned desired trajectory. It takes
about 7.3 minutes to conduct experiments for optimization
up to the 30-th generation. Therefore, for the repetitive
operations such as pick-and-place tasks, our method is
useful even though we have not got the exact dynamics of
the robots.

5. CONCLUSIONS
In this paper, we discussed the problem of the minimum-
time trajectories and the control strategy to drive the robots
along the trajectories when the exact dynamic equations of
robots are unavailable. The trajectory between the knot
points, specified to describe the desired path, is built by
cubic polynomials and parameterized by time intervals
between the knot points. Each time interval is optimized by
use of ES so that the total traveling time can be minimized
under the kinematic constraints such as the limits of the
position, velocity, acceleration and jerk. We found that ES
could get faster trajectories than the conventional methods
such as FPS. After achieving the minimum-time trajectory,
we adopt a sliding mode controller to track precisely the
trajectory. Due to the lack of full knowledge of the robot
dynamics, we have iteratively tuned the control parameters
using ES. Experimental results for the SCARA type robot
show the drastic reduction of traveling time of the planned
trajectories and the increasing accuracy for tracking the
planned trajectories as the search operations of ES are
repeated.
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