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ABSTRACT

Based on the Timoshenko beam model, the nonlinear vibration of microbeams made of functionally
graded (FG) materials is investigated under different boundary conditions. To consider small scale ef-
fects, the model is developed based on the most general form of strain gradient elasticity. The nonlinear
governing equations and boundary conditions are derived via Hamilton’s principle and then discretized
using the generalized differential quadrature technique. A pseudo-Galerkin approach is used to reduce
the set of discretized governing equations into a time-varying set of ordinary differential equations of

Duffing-type.

applied so as to solve the problem in time domain.
rameters, material gradient index and geometrical parameters are studied.
of the small length scale is affected by the type of boundary conditions and vibration mode.

The harmonic balance method in conjunction with the Newton-Raphson method is also
The effects of boundary conditions, length scale pa-

It is found that the importance
Also, it is

revealed that the classical theory tends to underestimate the vibration amplitude and linear frequency of

FG microbeams.

Keywords: Timoshenko microbeam, Functionally graded material, Nonlinear vibration, Most general

form of strain gradient elasticity.

1. INTRODUCTION

Microbeams and microplates are important structural
components in micro-engineering applications, such as
in micromechanical systems (MEMS) and atomic force
microscopes (AFMs). Based on the classical contin-
uum theory, several researchers studied the mechanical
behavior of microbeams [1-11] and microplates
[12-16].

It is experimentally observed that the mechanical
behavior of micro-structures is size-dependent [17-19].
Since the classical continuum theory cannot predict the
small scale effects, size-dependent continuum theories
such as strain gradient theory (SGT) [20,21] and couple
stress theory (CST) [22,23] have been proposed to ac-
commodate the size dependence of micro-structures.
In the CST, two material length scale parameters (in
addition to two classical material constants) are used in
order to capture the size effects. Whereas, in the
modified couple stress theory (MCST) [24], the consti-
tutive equations contain only one additional material
length scale parameter. In comparison with the CST,
the SGT includes some higher-order stresses in addition
to classical and couple stresses. In the modified strain
gradient theory (MSGT) [25], three material length
scale parameters associated with the dilatation gradient
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tensor, deviatoric gradient tensor and symmetric rota-
tion gradient tensor are considered.

From the published papers, it is revealed that many
studies have been conducted on the mechanical behav-
ior of micr-ostructures based on the size-dependent
continuum theories. Asghari et al. [26] developed a
size-dependent Euler-Bernoulli beam model based on
the MCST in order to study the static and vibration
characteristics of FG microbeams. Ke et al. [27] in-
vestigated the effect of temperature change on the free
vibration and buckling of Timoshenko microbeams on
the basis of MCST. Ke and Wang [28] studied the
dynamic stability of FG Timoshenko microbeams using
the MCST. Ansari and his co-workers [29] developed
a SGT Timoshenko beam model to analyze the free
vibration of FG microbeams. Ke et al. [30] used the
MCST in conjunction with the Mindlin plate theory so
as to address the bending, buckling and free vibration of
FG annular microplates. Ansari et al. [31] studied the
nonlinear free vibrations of FG Timoshenko mi-
crobeams using the SGT. The free vibration analysis
of Mindlin microplates was presented by Ke et al. [32]
based upon the MCST. Within the framework of
MCST, Kahrobaiyan et al. [33] developed an Euler-
Bernoulli beam model in order to investigate the non-
linear forced vibration of microbeams. Ahmadi and
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his associates [34] studied the buckling of rectangular
flexural microplates using the MCST. Based on the
SGT with the inclusion of surface energy, Rajabi and
Ramezani [35] developed a nonlinear Euler-Bernoulli
beam model for the vibration of microbeams. Ansari
et al. [36] employed the SGT to study the nonlinear
vibration of Timoshenko microbeams. Simsek and his
co-workers [37] analyzed the static bending of FG Ti-
moshenko microbeams based on the MCST. Sahmani
and Ansari [38] analyzed the free vibration behavior of
FG microplates applying a non-classical higher-order
shear deformable plate model together with the SGT.
Nateghi and Salamat-talab [39] presented the thermal
effect on the free vibration and buckling of FG mi-
crobeams on the basis of MCST. Salamat-talab et al.
[40] studied the bending, buckling and free vibration of
FG Euler-Bernoulli microbeams via the SGT. Ansari
et al. [41] investigated the pull-in instability of circular
microplates subjected to uniform hydrostatic and non-
uniform electrostatic actuations based on the MSGT.
Also, it should be mentioned that surface effect is con-
sidered to be an important physical mechanism for the
size-dependent mechanical responses of micro- and
nano-structures. In this regard, there are several
works in which the surface elasticity theory has been
used to investigate the surface effect on the mechanical
behavior of micro- and nano-structures [42-46].

In this paper, the nonlinear vibration of FG Timo-
shenko microbeams subject to different boundary con-
ditions is studied using the most general form of strain
gradient elasticity. First, Hamilton’s principle along
with the von Karman hypothesis is applied to derive the

nonlinear governing equations and boundary conditions.

The governing equations and boundary conditions are
then discretized via the generalized differential quadra-
ture (GDQ) method. A Galerkin-based scheme is ap-
plied to reduce the set of discretized governing equa-
tions into a set of Duffing-type ordinary differential
equations. Using the present pseudo-Galerkin scheme,
both essential and natural boundary conditions are sat-
isfied since the linear mode shapes used in the scheme
are obtained from a numerical method. Furthermore,
small scale effects are incorporated into the model as
the linear mode shapes are obtained based on the strain
gradient elasticity theory instead of classical elasticity
theory. Accordingly, by the present pseudo-Galerkin
method, one can obtain the desired accuracy by a lower
number of mode shapes which considerably reduces the
computational cost. Finally, the harmonic balance
method together with the Newton-Raphson technique is
used to solve the problem in time domain. Numerical
results are presented to show the effects of material
gradient index, length scale parameters, boundary con-
ditions and length-to-thickness ratio on the nonlinear
vibration of FG microbeams.

2. PRELIMINARIES

According to the most general form of strain gradient
elasticity [20,21], the stored strain energy in a contin-
uum made of a linear elastic material occupying region
V under infinitesimal deformations is evaluated by
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Hs=%fv(6:8+r§§)dV (1)

in which o, 1, ¢ and & are respectively stress, double
stress, strain and third order strain gradient tensors.
The strain tensors are written as

I I
o= Vur (V) |, &y =G +uy)), (2a)

1
=Ve=—V|Vu+(Vu) |,
&= Vo= V[Vt (V']
1
Ein =& = €u, :E(”/,k Uy ) (2b)

where u; shows the components of the displacement
vector u. The stress tensors are given by

G, =0, = kg d,; +2ug; (3a)

1
Tk = Ty = Eal (Eipp®; + 28,0 4 +&,,,04 ) +2a,8,,0

+ a3 (&0 + &0 ) +2a,8 5 +as( y; + &)
(3b)

where §; is the Kronecker delta. In the constitutive
equation of the classical stress o, the parameters
A =EV/[(1 +v)(1 —2v)] and p = E/[2(]1 + v)] are Lame
parameters [47].

3. GOVERNING EQUATIONS

Consider an FG microbeam made of a mixture of
ceramic and metal with length L and thickness 7. A
coordinate system x y z is introduced on the central axis
of the microbeam, where the x axis is taken along the
length of the microbeam, the y axis in the width direc-
tion and the z axis is taken along the height direction.
Also, the origin of the coordinate system is selected at
the left end of the microbeam. The materials at bot-
tom (z =—h/2) and top (z = +h/2) surfaces of the mi-
crobeam are considered to be ceramic-rich and metal-
rich, respectively. The volume fractions of ceramic
(V) and metal (V,,) phases can be defined by the fol-
lowing simple power law functions

1 z . 1 z -
VC(Z):[EszJ , Vm(z):l—(5+zj €]

where k denotes the material gradient index. Effective

Young’s modulus (E), Poisson’s ratio (v) and mass den-

sity (p) of FG microbeam are given as
E(Z) = EL‘VC +Eml/m > V(Z) = vcl/c +vmV

m ° 5
p(2) =pV. +puV - ©)

Based upon the Timoshenko beam theory, the dis-
placements of an arbitrary point in the microbeam along
the x-, y- and z-axes are equal to

w =U({,x)-z¥(t,x), u, =0, uy =W(t,x) (6)
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where U(t, x), W(t,x) and Y(¢,x) are the axial dis-
placement of the center of cross sections, lateral deflec-

tion, and rotation angle of the cross section with respect
Assuming tiny slopes after

to the vertical direction.

deflection and possible finite transverse deflection W,

the nonlinear strain-displacement relationship can be

approximated by the von Karman relations as follows

ou  1(ewY _au oY 1fow :
870( = + -~ 4 + ~ )
’ Ox ax  ox 8x ax

€, =— (GW ‘I’j
ox

Q)

By substituting Egs. (6) and (7) into Eq. (2b), the non-

zero components of & are obtained as

62U w ow &'

= —z s
S o ox o o’
oW 0¥ oY
gxxz E.a\'zx - _( axz Ej > E.szxt - a .

The major constituents of the symmetric section of

the stress tensor are expressed by

%ﬂ{%xﬁ[WH
ox ox 2\ ox

— @—T—WJ.

where £, is the shear correction factor.

®

(€)

Inserting Eq. (8)

into Eq. (3b) leads to the following nonzero compo-

nents of the higher-order stresses

U owotw &t

T =2(ay+a, +a;+a, +a5)(

1 2
Tz = Tax =_(a3+2a4+a5) 5
ox

2
T, :—(al+2as)a ! or
o

+_ —
ot ox ot : ox*

a, +4a, +4a, +2a5)—.
2(1 2 4 5)ax

‘P]’

oY
—(a, +a; +2a, +3a;)—,
2(1 3 4 5) ax

(10)

By substituting Egs. (7) ~ (10) into Eq. (1), the strain
energies corresponding to the classical theory (I'l¢) and

strain gradient theory (Iyc) are derived as

Hc=lj GZSdV=lJ.L N, aU (8Wj
277 290 8x ox

-M, a—\F+Q(a—W—‘Pj} dx

" o Ox

62U oW *W
NC :_I T: &dV :—J‘ { [6 2 po ?]_M

2
LA I P
ox ox ox
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(11a)

XXX

(11b)

oY
ox*

Strain energy as a result of the variation of classical
and higher order stresses with respect to the initial con-
figuration can be given by I[Iy=TIc+ [Iyc. In Eq. (11),
the normal resultant force N,,, shear force O, bending
moment M,, and the other higher-order resultant forces
and higher order moments (7, My Ty Thxx), due to
higher-order stresses acting on a section can be ob-
tained by

{NXX b Q’ XXx > \'JCZ b Z‘(‘(} I {GXX > GXZ b Tx,p\ > YXxz o TZ’C.’C} dA
MM} = [ {60070} 2dA
(12)

In addition, the kinetic energy of microbeam, Iy, is
written as

1L ou o¥Y ow
m, = AP S dAdx
! 2J.0J‘Ap{(at atj{atj}
2 2
Y LA 7 L 2 L
240 ot ot ot ot ot
(13)

where p and A are the density and cross-sectional area
of the microbeam, respectively. The inertia terms ap-
peared in Eq. (13) are given by
hi/2 5
U by Ly=[ p@){L, 2, 2} dz. (14)

Hamilton’s
sjt (I, ~T1,) dr =0

Based on principle, ie.
, the following governing equa-

tions and associated boundary conditions are derived

oN, &T._,oU &V
x> o D b (o
E(N 9_W_8Tma_WJ+GQ 0T 1 OV (15p)
ox\U ™ ox ox Ox) Ox 8x2 bort
0 MMutTtl) FMu_, ¥ _ U
ox o e e
(15¢)
[Nm——ﬁij =0 or 8U|,,, =0, (15d)
ax x=0,L ’
(Nﬁa_W+Q_ aTma_WﬁTij =0 or 8|, =0,
&x ax ax ax x=0,L
(15¢)
) L
29 x=0,L
(15%)
T, =0 or 5(%:) =0, =0 (15¢)
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(T a—W-i-ij (15h)
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Consider the following parameters

x=0,L =0

M (151)

x=0,L =0

wee|yo.z =0 or 8(

hi2 R

B Dy = O+ lzz)dz,

1

Ay :_5
hi2 R

{453, B33, D3} = 2.[7}1/2(‘11 +ay +a; +a, +as){l,z,z°} dz,

1

hi2
S+ 2e ey

2 s
{Ass, Bss, Dss} = J_h/ZH{IaZ,Z ydz,

h2

Jlm(a1 +a;+2a,+3a5) dz

A44 =
1 ¢hi2

Age =Ejih/2(2a1 +5a;+a; +6a,+4a,) dz.

(16)

Also, consider the following dimensionless parameters

X u,w) t |4y
= > = Uuw)=——, :‘{ja T=—
g A (1, w) v T,
(17a)
(a,, ass, by, bss,,dyy, dss)
(A4 4s B, By D, Dy j
Ao Ao Aol Ajoh Anoh2 Anoh2
4y, Ay Ags
a B a b a = 9 b
(622, s> ) {Anoh2 Auoh2 Allohz
A B D.
(a33aa337a33):[ 3325 333, 334J
Anoh”™ Apoh” Ayoh
(17b)
L I 1
(1, I, I)= [ ]2h ]3}[2] (17¢)
Ly 1y 10

where 4,0 and I,, are the values of 4;; and [, for a ho-
mogeneous beam made of metal. Via Eq. (17), the
dimensionless governing equations together with the
dimensionless boundary conditions can be expressed as

1@5%}

(az
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oc* mag ac
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The simply-supported boundary condition is given by
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and clamped boundary condition is expressed as
u:O,w=0,w:0,a—u:0,a—W:O a—“’zo. (20)

¢ & e

By considering the following parameters

X: {UT, WT, \PT}T

-ID” 0
M= 0 -,DY
LDy 0
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4 1 1
T e R )

a; :—H(%llz"‘%lzzja
1 2
a, = M[gllz +122j > ds :H(Ellz _lzzjo (21

in which /;, /; and [, show the independent material
length scale parameters respectively associated with the
dilatation gradients, deviatoric stretch gradients and
symmetric rotation gradients, the current most general
form of strain gradient beam model can be reduced to
the nonlinear FG Timoshenko beam model based on the
MSGT [25]. Moreover, when [, = [; = 0 the present
model is reduced to the model of MCST [24], and it is
reduced to the classical theory when all material length
scale parameters become equal to zero.

4. SOLUTION METHODOLOGY

4.1 Discretized Equations

In this subsection, the GDQ method [48] is employed
to derive the discretized counterparts of governing
equations together with the boundary conditions. First,
grid points in &; direction are generated using the shift-
ed Chebyshev—Gauss—Lobatto grid points, given by

1 i—1
- =—|1-cos nl|, i=1,2,....,N 22
g 2( N-1 j @2)

Column vectors U, W and ¥ are defined as

T T

UZ{UIDUZS"'aUN} > Wz{VVIDVVZS"'aWN} El
Y={¥, ¥, Yy, (23)

with N entries equal to the number of grid points
U=u&) Wi=w&;) and ¥;=wy(;). The discretized
form of governing equations given by Egs. 18(a) ~ 18(¢c)
can be shown by

MX + KX +N(X) =0 (24)

in which field variables vector X, stiffness matrix K,
mass matrix M and nonlinear part vector N(X) are giv-
en as

(25a)
o
0 (25b)
~I,DY
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a, DY —%Df{” 0 ~b, DY +z3—231)g4>
K= 0 k,asDP - D —k,asD{’ - 22 DY (25¢)
~5, DY +b%3 DY kamDY + 22 D@ —ksassnzDg’)+(a66+dn)D(§2)—d—323D(§4)
L n n n i
T
NX) = {N,(X)", N, (X)", N, (X)"} ",
1
N, (X) =a, H(DS)W) °(DY'W)
“33[ (DOW)o (DW)+= (D<2>W) (D‘”W)j
n
a
N, (X)= # (D'U) - (DY'W) + (D(;)U) o(D"W) + —n(D§>W) o(D"W)o (D?W)j
b a
—ﬁ((Dg)‘I‘)o(D‘;)W)+(D§)W)o(D‘§2)‘I‘)) nB (U)o (DPW)+(DLU) o (DP'W))
a
—%(4(Dg‘>W) o(DP'W)o (DY'W) + (D"W) o (DL"W) o (DVW) + (D' W) o (DPW) 0 (DQW))
Pa (W) (D) + (D2 W) (D)),
n
1 by (1 3
N, (X)= —H(DS)W) o (D'W) + ﬁ(E(Dg)W) o(DYW) +H(D§)W) ° (D‘;)W)J . (25d)

where o shows the Hadamard product whose definition together with the weighting coefficients of the first and
higher-order derivatives can be found in Appendix A. The boundary conditions can be discretized, similarly. For
instance, in the case of clamped ends, the discretized form of Eq. (20) is

U=W=¥=D’U=D{’W=D"¥=0 at £=0,1. (26)
o, 0 0
4.2 Numerical Galerkin Approach
PP Opiom = 0 @, 0 (290)
Here, a Galerkin-based numerical approach is ap- 0 0 o,
plied in order to reduce the set of nonlinear equations of
(24) into a time-varying set of ordinary differential where
equations of Duffing-type. Assuming a harmonic so-
lution, X = Xe’®, and by dropping the nonlinear terms D,y = [{X whwts oo X0 }le:' (30a)
in Eq. (24), the following general eigenvalue problem
can be obtained D, = [ X bt oo X | (30b)
KX = -o’MX 27) ) _
(D\uNxm =|:{XW}N><1:-"7 {X\y }le] (300)

It should be noted that the elements of discretized
boundary conditions equivalent to boundary nodes must
be replaced with the same elements in the matrix equa-
tion of (27). After solving Eq. (27) and obtaining lin-
ear mode shapes, the solution of Eq. (24) is considered
as

X=®dq (28)

where q and @ are the reduced generalized coordinates
and basis functions used in the numerical Galerkin
method (a sparse matrix which contains the first m ei-
genvectors), respectively. They are given by

G s Qs Gt
(292)

T 1 2 m 1 2
q (Bm)x1 ={qu 9qu LEERE) qu 9qw7 qw:”
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By substituting Eq. (28) into Eq. (24) the residual
can be obtained as follows

R = M®ij + K®q + N(®q) 31)

Multiplying each equation by corresponding mode
shapes and integrating over the domain in the numerical
Galerkin approach can be simultaneously performed via
the following matrix operator

Goy =(SODT), S=1{S.,S.,S:}im) (32)

in which ¢ denotes the SJT product and S; is the in-
tegral operator (see Appendixes A and B). By multi-
plying the operator of Eq. (32) by the residual vector of
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Eq. (31) one can arrive at the reduced form of Eq. (24)
as

Mi+Kq+N(q)=0 (33)
where
M=GM®, K =GK®, N(q) = GN(®q) (34)

It is found that the general coordinates are reduced
from 3N discrete points into 3m ones (where N and m
are the number of discrete points in the GDQ method
and the number of chosen mode shapes in the Galerkin
method, respectively). It must be noted that both es-
sential and natural boundary conditions are satisfied in
the present numerical Galerkin approach as the linear
mode shapes used in the method are obtained from a
numerical technique. Also, it is worth mentioning that
the small scale effects are taken into consideration since
the linear mode shapes used in the method are obtained
from the strain gradient elasticity rather than from the
classical elasticity. Hence, it can be concluded that by
using the present numerical Galerkin method the de-
sired accuracy is achieved via a small number of mode
shapes and for this reason the computational expense
significantly reduces. Using one mode shape, Eq. (33)
is reduced to a three-degree-of-freedom coupled non-
linear Duffing oscillator as

i % 0C 00 (q"q)“;
MG, t+Kig, t+Glc, 0 ¢, ¢, |1 oo
! 4.4

(35

where C;(i =1, 2, ..., 5) are directly associated with the
basis function matrix @ (see Appendix C).

4.3 Time-Domain Solution

The harmonic balance method [49] can be used to
reduce the set of nonlinear ordinary differential equa-
tions of (35) into a set of nonlinear algebraic equations.
Based on the HBM, a set of algebraic equations is ob-
tained through balancing the terms with the same fre-
quency components. To this end, each time history is
characterized by its frequency content. The steady-
state response, q = {qu,qw,q\l,}T for Eq. (35) is ex-
pressed as

2k-1

q:ZVf cosiQr+V; siniQt, V,={,,, V, , V,.}" (36)

ui > W
i=1,3

where £ is an integer number and denotes the number of
harmonics. By inserting Eq. (36) into Eq. (35) one
can obtain the following set of nonlinear algebraic
equations

H(VE,V;,Q)=0,i=1,3,...,2k-1 (37)
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which is a mapping from R**®*' — R**  Note that
in the HBM all nonlinear trigonometric functions are
replaced with the linear ones. Here, only one har-
monic (k = 1) is used that yields to a set of nonlinear
equations R” - R°. The set of nonlinear equations
of (37) can be considered as an eigenvalue problem in
which Q is the eigenvalue and {VS, V/}" is the cor-
responding eigenvector.  This problem cannot be
solved using root finding method because (2 which is an
eigenvalue cannot be considered as a parameter. Thus,
a new parameter is introduced in the system by adding a
normalizing equation as

H:R®* 5> R’,
AVE Ve, Q, 0= 1V V. =0

VIOVi+ VIV —c=0 (38)
Note that both {VS,V’}" and Q are related to the
value of parameter ¢ in the augmented system of (38).
Finally, Eq. (38) can be solved using the Newton-
Raphson method.

5. RESULTS AND DISCUSSION

In this section, numerical results are presented for
the effects of material gradient index, length scale pa-
rameter, boundary conditions and length-to-thickness
ratio on the nonlinear vibration of FG microbeams. It
is assumed that the material of FG microbeams is a
mixture of aluminum (Al) and ceramic (SiC) with the
following material properties

E,=70GPa, v,=0.3, p,= 2702kg/m3 for Al, and
E.=427GPa, v.=0.17, p.= 3100kg/m3 for SiC.

The results are given for FG microbeams with three
types of boundary conditions including simply sup-
ported-simply supported (SS), simply supported-
clamped (SC) and clamped-clamped (CC). Further-
more, all results are generated for the case of MSGT
(unless otherwise stated). It should be remarked that
experimental data are required to obtain the length scale
parameters of a homogeneous or FG microbeam. The
length scale parameter of an isotropic homogeneous
microbeam has been experimentally evaluated as
[ =17.6um in [25]. Nevertheless, to the best of the
authors’ knowledge, there are no available experimental
data for the FG microbeams in the open literature.
Thus, in order to quantitatively study the size effects on
the nonlinear vibration behavior of FG microbeams, the
values of length scale parameters are assumed to be
equal (ly=1, =, =) and a dimensionless length scale
parameter, 4//, is used for this purpose.

Figure 1 shows the variation of maximum of dimen-
sionless transverse deflection (Wy.x / k) versus the fre-
quency ratio (/®;) for FG microbeams with different
material gradient indexes. It is observed that for all
types of boundary conditions, both vibration amplitude
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Fig. 1 Maximum of dimensionless transverse deflec-

tion versus frequency ratio for different gradi-
ent indexes (n =12, A/l =2)

and linear frequency decrease with the increase of the
material gradient index. Also, it is seen that the non-
linear effects become more significant as the stiffness
of material decreases.

The size effects on the nonlinear vibration of FG mi-
crobeams are shown in Figs. 2 and 3 based on the
MSGT (lp=1, =1L =1) and MCST (lp=1, =0, L =),
respectively. The results of the classical theory (/o= /,
= [, = ) are also presented in these figures. It is ob-
served that the difference between the results obtained
based on the MSGT and MCST, and those predicted by
the classical theory is significant for small dimension-
less length scale parameters and as /// increases, the
difference diminishes and the results of non-classical
theories tend to those of classical theory. This obser-
vation can confirm the validity of the present numerical
approach. It is worth mentioning that the convergence
of the results obtained by the MCST to the results of
classical theory is faster than that of the results obtained
by the MSGT. One can see that by employing the
MCST, the vibration amplitude is predicted smaller
than that obtained by using the MSGT. Moreover, it is
observed that with increasing the dimensionless length
scale parameter, the vibration amplitude and linear fre-
quency decrease. Figures 2 and 3 indicate that the
importance of the small length scale is affected by the
type of boundary conditions, so that the small scale
effect is more pronounced for softer boundary condi-
tions.

The effect of length-to-thickness ratio is illustrated in
Fig. 4. This figure is presented to show the nonlinear
vibration of FG microbeams at short lengths based on
the Timoshenko beam theory. It is seen that as the
length-to-thickness ratio becomes larger, the vibration
amplitude and linear frequency respectively increases
and decreases. Also, Fig. 5 shows the variation of
maximum of dimensionless transverse deflection
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Fig. 2 Maximum of dimensionless transverse deflec-
tion versus frequency ratio for different
dimensionless length scale parameters based
on the MSGT (n=12,k=2)
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Fig. 3 Maximum of dimensionless transverse deflec-
tion versus frequency ratio for different
dimensionless length scale parameters based
on the MCST (n =12, k=2)

against the nonlinear frequency for the first three vibra-
tion modes based on the MSGT and classical theory.
It is found that the difference between two theories is
more significant for higher modes.

6. CONCLUSIONS

In this work, the nonlinear vibration of FG Timo-
shenko microbeams with different boundary conditions

Journal of Mechanics, Vol. 30, No. 2, April 2014


https://doi.org/10.1017/jmech.2013.65

(a) SS microbeam

(b) SC microbeam

g g

g o6 g
3 ©,=087,13=10 3 ©,=1.28,1 =10
0al [f |- ©,=074,q=12 ost |- o =11,n=12
_____ ©,=064,n=14 ——=-= ,=0.96,n =14
02tf | e ©=056n=16] |f | ©0,=0.85,1 =16
,=046,=20 ©,=07,q=20

0 0
1 1.1 12 13 14 15 1 11 12 13 14 15
Qlo, 0lo,

(c)CC microbeam

W, Jn)

©,=175,1=10
....... =153, =12
———-- =135, =14
.......... ©,=121,n=16
©,=099, =20

1 1.1 12 1.3 14 1.5
o,
Fig. 4 Maximum of dimensionless transverse deflec-
tion versus frequency ratio for different
length-to-thickness ratios (k = 2, h/l = 2)

was studied based on the most general form of strain
gradient elasticity. In order to derive the governing
equations and end conditions, Hamilton’s principle was
used. The GDQ differential operators were applied to
discretize the problem. Then, a numerical Galerkin
method was employed to derive the Duffing-type set of
equations. The time-domain solution was accom-
plished based on the HBM together with the Newton-
Raphson method. The effects of boundary conditions,
length scale parameter, material gradient index, and
length-to-thickness ratio on the nonlinear vibration be-
havior were studied. It was observed that the vibra-
tion amplitude and linear frequency decrease with in-
creasing the material gradient index and dimensionless
length scale parameter. Also, the significance of the
small length scale was shown to be affected by the type
of boundary conditions and vibration mode. It was
found that the frequencies calculated based on the
MSGT are larger than those obtained by the MCST. In
addition, the difference between the results obtained by
the size-dependent theories and those predicted by the
classical theory is significant for small dimensionless
length scale parameters and the difference diminishes
with increasing the dimensionless length scale parameter.
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(a) SS microbeam

(b) SC microbeam

)

ma

w

Fig. 5 Maximum of dimensionless transverse deflec-
tion versus nonlinear frequency for the first
three modes based on the MSGT (solid lines)
and classical theory (dashed lines) (m =12,
k=2,h/l=5)

APPENDIX A
Hadamard and SJT Products:

Definition 1: Let A[A4;]var and B[Bj]yas then the
Hadamard product of these matrices take
the form as A o B [4;; By«

Definition 2: Let A[A4;]yx and vector U = {U}nx,
then A O U [4; U]ny indicates the
postmultiplying SJT product of matrix A
and vector U.

Definition 3: Let [A4;]yus, and vector V = {v;} 1.y, then
Vi o A = [4; Vilnsue indicates the
premultiplying SJT product of matrix A
and vector V.

Weighting coefficients of the first and higher-order
derivatives:

the weighting coefficients of the first and higher-
order derivatives can be evaluated by the following
formula

r=0

i#jandi, j=1,...,N and r=1
il ,i#jand i, j=1..., N and r=2,3,...N-1

N
- > W, i=jand i, j=1,..,N adr=12,3,.. .N-1
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