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Abstract. In this paper, we consider pure infiniteness of generalized Cuntz—Krieger
algebras associated to labeled spaces (E, L, £). Itis shown that a C*-algebra C*(E, L, &)
is purely infinite in the sense that every non-zero hereditary subalgebra contains an infinite
projection (we call this property (IH)) if (E, L, £) is disagreeable and every vertex
connects to a loop. We also prove that under the condition analogous to (K) for usual
graphs, C*(E, L, £) = C*(pa, sq) is purely infinite in the sense of Kirchberg and Rgrdam
if and only if every generating projection p4, A € £, is properly infinite, and also if and
only if every quotient of C*(E, L, £) has property (IH).

1. Introduction

In the literature, one can find at least two definitions of pure infiniteness of C*-algebras.
The property of a C*-algebra having infinite projections in each of its non-zero hereditary
subalgebras was called ‘purely infinite’ in some articles (for example, [1, 6, 10, 25, 28]),
and then the same term ‘purely infinite’ began to be used by Kirchberg and Rgrdam [27]
to mean another infiniteness of C*-algebras. Their motivation was to extend to non-
simple C*-algebras the fact that a simple separable nuclear unital C*-algebra A is purely
infinite if and only if it is isomorphic to A ® O« by finding the right definition of being
purely infinite for non-simple C*-algebras. While these two definitions are known to be
equivalent for simple C*-algebras, each is neither stronger nor weaker than the other in
general, and thus to avoid any confusion we will say that a C*-algebra has property (IH)
if it has only infinite hereditary subalgebras, that is, every non-zero hereditary subalgebra
contains an infinite projection.
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Pure infiniteness and property (IH) have been studied for various classes of C*-algebras
(a few examples are [1, 5, 7, 8, 12, 16, 17, 28, 29, 31]), including graph C*-algebras (see
[6, 10, 25]). The purpose of the present paper is to do this sort of study for labeled graph
C*-algebras C*(E, L, £) which are a generalization of the graph C*-algebras.

The graph C*-algebras C*(E) associated to (directed) graphs E have drawn much
interest from many authors since they were introduced in [26] ([13] for finite graphs) and
have been generalized in many ways over the past twenty years. A graph C*-algebra
C*(E) is generated by a universal Cuntz—Krieger E-family consisting of projections p,
and partial isometries s, indexed by the vertices v and the edges e of E satisfying the
relations determined by the graph E so that every C*-algebra generated by a Cuntz—
Krieger E-family is a quotient of C*(E). By virtue of [10], it is enough to consider row-
finite graphs as far as the properties that are preserved under strong Morita equivalence are
concerned. (IH) is one such property, and the following theorem is known for a row-finite
graph E.

THEOREM 1.1. ([6, Proposition 5.3] and [25, Theorem 3.9]) C*(E) has property (IH) if
and only if E satisfies condition (L) and every vertex connects to a loop.

Condition (L) means that every loop has an exit, and the above theorem actually holds true
for arbitrary graphs [10, Corollary 2.14]. On the other hand, characterizations of purely
infinite graph C*-algebras were obtained in [16, 22] for locally finite graphs with no sinks
and in [17] for arbitrary graphs. One consequence of [17] that we are interested in as
follows.

THEOREM 1.2. [17, Theorem 2.3] For a graph E, the following are equivalent:
(@) every quotient of C*(E) has property (IH);

(b) C*(E)=C*(py, Se) is purely infinite;

(c) there are no breaking vertices, and every projection p, is properly infinite.

(If E is row-finite, there are no breaking verices.) In the same paper, it is also shown that
if C*(E) is purely infinite, then E satisfies condition (K) (that is, every vertex lies on no
loops or lies on at least two loops each of which is not an initial path of the other) and that
E satisfies (K) if and only if every ideal of C*(E) is invariant for the gauge action of T
which is induced by the universal property of C*(E).

In order to obtain characterizations for property (IH) or pure infiniteness of labeled
graph C*-algebras as in Theorem 1.1 or 1.2, we need labeled space analogues of the
notions used in the above theorems. A graph with condition (L) was generalized to a
disagreeable labeled space in [5], and this notion will play an important role throughout
this paper together with the notion of loop introduced in [18]. Besides, we will make
heavy use of the notion of quotient labeled space of [21] to deal with quotient algebras
of labeled graph C*-algebras. Before we state our results, recall that a labeled graph is a
graph E equipped with a labeling map £ : E! — A assigning a letter in the alphabet A
to each edge of E. If BB is an accommodating set, a certain collection of vertex subsets,
then a triple (E, L, B) is called a labeled space. 1t is known from [4] that a C*-algebra
C*(E, L, B)=C*(pa, sa), A € B,a € A, can be associated to (E, £, /) in a similar way
to associating a graph C*-algebra to a graph. A labeled graph C*-algebra C*(E, L, B), by
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definition, depends on the choice of an accommodating set 3, and we will consider mostly
the smallest accommodating set, which we denote by £. Throughout this paper, we deal
only with labeled spaces (E, L, £) of graphs E with no sinks that satisfy some standard
conditions. The class of labeled graph C*-algebras strictly includes all the graph C*-
algebras; for example, it was recently shown [19] that there exists a family of unital simple
labeled graph C*-algebras which are AT algebras with non-zero K-groups, whereas any
simple graph C*-algebra is known to be either AF or purely infinite.

This paper is organized as follows. We review in §2 the definitions and known facts
about (quotient) labeled graph C*-algebras and purely infinite C*-algebras, and then
investigate in §3 the property (IH) for labeled graph C*-algebras. Our main result in §3 is
the following theorem.

THEOREM 1.3. (Theorem 3.14(a)) If (E, L, &) is a disagreeable labeled space such that
every vertex connects to a loop, then C*(E, L, £) has property (IH).

Note here that a loop in a labeled space is different from a cycle used in [9] while every
cycle is a loop and they are the same in a (trivially labeled) graph. In fact, we provide
an example of a labeled space (E, L, &,) (see Example 3.17) without any cycles but with
loops for which the C*-algebra C*(E, L, £,) is simple and purely infinite. This example
shows the sharp contrast between loops and cycles in a labeled space. The converse of the
above theorem is also shown in Theorem 3.14(b) under some extra conditions.

In §4 we consider pure infiniteness of labeled graph C*-algebras. We say that a labeled
space (E, L, &) is strongly disagreeable if every quotient labeled space is disagreeable.
Then we show in Proposition 4.4 that if (E, £, £) is strongly disagreeable, then every
ideal of C*(E, L, £) is gauge invariant. Thus the condition of being strongly disagreeable
can be considered as an analogue of condition (K). The following theorem is our main
result for pure infiniteness of C*(E, L, £).

THEOREM 1.4. (Theorem 4.9) Let (E, L, £) be a strongly disagreeable labeled space.
Then the following are equivalent for C*(E, L, £) = C*(sy, pa):

(a) every quotient of C*(E, L, £) has property (IH);

(b) C*(E, L, &) is purely infinite;

(c) every non-zero projection p 4 is properly infinite for A € £.

We believe that the condition of (E, £, £) being strongly disagreeable should be a
necessary condition for its C*-algebra to be purely infinite. As evidence, in Proposition 4.8
we show under some conditions that if C*(E, L, £) is purely infinite, then the labeled
space (E, L, £) is strongly disagreeable.

2. Preliminaries

2.1. Directed graphs and labeled spaces. A directed graph is a quadruple E =
(E%, E', r, 5) consisting of two countable sets of vertices E? and edges E', and the range
and source maps r, s : E' — E°. If a vertex v € E° emits (respectively, receives) no edges,
it is called a sink (respectively, a source). A graph E is row-finite if every vertex emits only
finitely many edges.
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For each n > 1, a finite path A of length n, |A| = n, is a sequence of edges A; € E! such
that r(A;) = s(Aj4+1) for 1 <i <n — 1. E" denotes the set of all paths of length n, and the
vertices in E¥ are regarded as finite paths of length zero. The maps r, s naturally extend to
the set E* ={_J,,.o E" of all finite paths, especially with r(v) = s(v) =v forv € E0. We
write E® for the set of all infinite paths x =Ajho ..., A; € E' with r(x;) = s(Xjy1) for
i > 1, and define s(x) :=s(A;). For A, B C E? and n > 0, set

AE":={(LeE":s(\)€ A}, E"B:={reE":r(A)e B},

and AE"B := AE" N E"B. We write E"v for E"{v} and vE" for {v}E", and we will use
notation such as A EZ* and v E* the meaning of which should be obvious.

A finite path A € E=! with r(1) = s(A) is called a loop, and an exit of a loop A is a path
8 € EZ! such that |8] < |A|, s(8) =s(1), and § # Aq1,5)]- A graph E is said to satisfy
condition (L) if every loop has an exit and E is said to satisfy condition (K) if every vertex
v € E° lies on no loops, or if there are two loops « and $ such that s(«) = s(8) = v and
neither o nor B is an initial path of the other.

Let A be a countable alphabet and let A* (respectively, .A%°) denote the set of all
finite words (respectively, infinite words) in symbols of A. A labeled graph (E, L)
over A consists of a directed graph E and a labeling map L : E' — A which is always
assumed to be onto. Given a graph E, one can define a so-called trivial labeling map
Liq:=id : E' — E! which is the identity map on E! with the alphabet E'. To each finite
path A=A ---A, € E" of a labeled graph (E, £) over A, there corresponds a finite
labeled path £L(1) := L(Ay) --- L(A,) € L(E™) C A*, and similarly an infinite labeled
path L(x) := L(A1)L(Ap) - - - € LI(E®) C A% to each infinite path x = AjAy - - - € E®.
For convenience we often call these labeled paths just paths if there is no risk of confusion,
and use the notation £*(E) := L(EZ!), where EZ! = E*\ E?. We also write £(v) := v
forve E%and £(A) := A for A C E°. Asubpathe; - - - ajof e =ajar - - - oy € L(E)
is denoted by «o; ) for 1 <i <j <|«|, and each aq1,j1, 1 < j <lal, is called an initial
path of a. The range and source of a path « € L*(E) are defined by

r@)=1{r(x) e E’: e EZ', L(1) = a},
s@)=1{sx) e E*:xc EZ', L) =),

and the relative range of o € L*(E) with respect to A C EY is defined by
r(A,a)={r(0): A€ AEZ', L)) =a).

A collection B of subsets of E” is said to be closed under relative ranges for (E, L)
if ¥(A, @) € B whenever A € B and o € L*(E). We call B an accommodating set for
(E, £) if it is closed under relative ranges, finite intersections and unions, and contains
r(a) for all « € L*(E). A set A € B is called minimal (in B) if A N B is either A or @ for
all B € B. By Bpin, we denote the set of all minimal sets in B, that is,

Bmin :={A € B: AN B is either A or ¢ for all B € B}.

If B is accommodating for (E, L), the triple (E, £, BB) is called a labeled space. We
say that a labeled space (E, L, B) is set-finite (respectively,receiver set-finite) if for every
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AeB and k> 1 the set L(AEX) (respectively, L(E¥A)) is finite. A labeled space
(E, L, B) is said to be weakly left-resolving if it satisfies

r(A,a)Nr(B,a)=r(ANB, a)

for all A, Be B and o € L*(E). If B is closed under relative complements, we call
(E, L, B) a normal labeled space as in [2].

Assumption. Throughout this paper, we assume that graphs E have no sinks and that
labeled spaces (E, £, B) are weakly left-resolving, set-finite, receiver set-finite, and
normal unless stated otherwise.

By £ we denote the smallest accommodating set for which (E, £, &) is a normal labeled
space. Let 20(E) be the set of all vertices that are not sources, and for each / > 1 define
a relation ~; on Qo(E) by v ~; w if and only if L(E=!v) = L(E='w). Then ~; is an
equivalence relation, and the equivalence class [v]; of v € Qo(E) is called a generalized
vertex (or simply a vertex if there is no risk of confusion). If k >/, then [v]; C [v]; is
obvious and [v]; = U,"n:1[vi]l+l for some vertices vy, . .., v, € [v]; [, Proposition 2.4].
The generalized vertices of a labeled graph play the same role as vertices in a graph.
Moreover, we have

Ez{U[vi]lzv,-eEO, lzl,nzo}, (1)

i=1
with the convention Z?: 1[vil; :== @ by [18, Proposition 2.3].

2.2. C*-algebras of labeled spaces. ~We review the definition of C*-algebras associated
to labeled spaces from [2, 4, 5].

Definition 2.1. A representation of a labeled space (E, £, B) is a family of projections
{pa : A € B} and partial isometries {s, : a € A} such that for A, B€ Banda, b € A:

() pp=0, pans = paps,and paup = pa + PB — PANB;

(il)  pasqs =Sq Pr(A,a)s

(iii) $)'s¢ = pr(a) and s;sp = O unless a = b;

(V) PaA=Duer(art) SalriAa)S;-

It is known [4, Theorem 4.5] that, given a labeled space (E, L, B), there exists a
C*-algebra C*(E, L, B) generated by a universal representation {s,, pa} of (E, L, B).
We call C*(E, L, B) the labeled graph C*-algebra of a labeled space (E, £, B) which is
unique up to isomorphism, and simply write C*(E, L, B) = C*(s,, pa) to indicate the
generators. Note that s, #0 and ps #0 fora € A and A€ B, A#. Every graph
C*-algebra is a labeled graph C*-algebra of a trivial labeled space. The labeled graph
C*-algebra C*(E, L, B) depends on the choice of an accommodating set B, and we are
mainly interested in C*-algebras of labeled spaces (E, £, £) with the smallest normal
accommodating sets £ throughout this paper.

Remark 2.2. Let (E, L, B) be a labeled space with C*(E, L, B) = C*(s,4, pa). By ¢
we denote a symbol (not belonging to L*(E)) such that r(¢) = E Oand r(A, &) = A for
all A c EO. We write £*(E) for the union £*(E) U {e}. Let s, denote the unit of the
multiplier algebra of C*(E, L, B).
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(a) We have the equality

Say' Pr(A,yhnBSy  if y =By’
SaPAnr(B.p)Ssy  iEB=vP,
SaPANBS; if =y,

0 otherwise,

(SapaSE)(sy pBS3) =

fora, B, y,8 € L*(E)and A, B € B (see [4, Lemma 4.4]). Since sapAsE # 0 if and
only if A Nr(a) Nr(B) # 0, it follows that

C*(E. L, B) =3pan{sapasy o, p€ LAE)and ACr(@)Nr(B)). ()

(b) The universal property of C*(E, L, B) = C*(s4, pa) defines a strongly continuous
action y : T — Aut(C*(E, L, B)), called the gauge action, such that

V2(8a) =25« and  y;(pa) = pa

fora € Aand A € B. Averaging over y with respect to the normalized Haar measure
of the compact group T,

®(a) :=fyz(a)dz, aeC*(E, L, B),
T

defines a conditional expectation ® : C*(E, L, B) — C*(E, L, B)Y onto the fixed
point algebra which is also known to be faithful.

(¢) Tt is shown in [5, Theorem 4.4] that C*(E, £, B)? is an AF algebra isomorphic to
Ur. (@), FX([v]1)), where

F*([v)r) = Span{sa ppuysj : @, B € LIEN)). 3)

2.3. Cuntz—Krieger uniqueness theorem. Recall that a Cuntz—Krieger E-family for a
graph E is a representation of the labeled space (E, Liq, B) with the trivial labeling,
and the Cuntz—Krieger uniqueness theorem for graph C*-algebras says that if E satisfies
condition (L), then every Cuntz—Krieger E-family of non-zero operators generates the
same C*-algebra C*(E) up to isomorphism (for example, see [6, Theorem 3.1], [10,
Corollary 2.12], and [25, Theorem 3.7]). A condition for labeled spaces corresponding
to condition (L) for directed graphs was given in [§, Definition 5.2], and we briefly review
it here.

Alabeled path @ € L£*(E) with s(a) N [v]; # @ is called agreeable for [v]; if @ = Bo’ =
o'y for some o', B, y € L*(E) with |8] = |y| <. Otherwise « is called disagreeable. (It
is useful to note that any path « agreeable for [v]; must be of the form o = %8’ for some
B e E=! k>0, and an initial path B’ of B.) We say that [v]; is disagreeable if there is an
N > 1 such that for all n > N there is an « € L(E=") which is disagreeable for [v];. (It
can be easily seen that [v]; is not disagreeable if and only if there is an N > 1 such that
every path in LV EZN) is agreeable for [v];.) A labeled space (E, L, B) is said to be
disagreeable if for every v € EY, there is an L, > 1 such that every [v]; is disagreeable
for all / > L,. Then it is shown in [5, Lemma 5.3] that for a graph E, the labeled space
(E, Lig, £) with the trivial labeling is disagreeable if and only if E satisfies condition (L).
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In [9, Definition 9.5], the notion of cycle was introduced to define condition (L) for
a labeled space (E, L, B) (more generally for Boolean dynamical systems) which can be
regarded as another condition equivalent to condition (L) for usual directed graphs. For
apath o € £L(E) and a set # # A € £, the pair (o, A) is called a cycle if B=r(B, a¥)
holds for all k > 0 and non-empty subsets B € £ of A (see [9, Definition 9.5]). We say that
a labeled space (E, L, &) satisfies condition (Lg) if there is no cycle without an exit. We
will see in Proposition 3.7 that every disagreeable labeled space satisfies condition (Lg).
The following is the Cuntz—Krieger uniqueness theorem for labeled graph C*-algebras.

THEOREM 2.3. ([4, Theorem 5.5], [9, Theorem 9.9]) Let {t,, g4} be a representation
of a labeled space (E, L, £) such that g4 # 0 for all non-empty A€ &. If (E, L, E)
satisfies condition (Lg), in particular if (E, L, £) is disagreeable, then the canonical
homomorphism ¢ : C*(E, L, E) = C*(sq, pa) = C*(tq, qa) such that ¢(s,) =1, and
d(pa) = qa is an isomorphism.

2.4. The ideal structure of labeled graph C*-algebras. ~We first review definitions of
quotient labeled spaces and their C*-algebras which were introduced in [21] to study the
ideal structure of labeled graph C*-algebras.

Let (E, L, £) be a labeled space and ~g an equivalence relation on £. Denote the
equivalence class of A € £ by [A] (rather than [A]g) and set

Agr:={a e A:[r(a)] # 41},
Lr(E") :={a e LIE") :[r(@)] # 4]}, for n>1,

LR(E) :={a € LXE) : [r(a)] # 4]},

and so forth. If the operations
[AJU[B]:=[AUB], [AIN[B]:=[ANB], [A]\[B]:=[A\ B]
are well defined on £/R := {[A] : A € £} and if the relative range
r([A], @) :=[r(A, o)]

is well defined for [A] € £/R and « € L’;(E) so that r([A], @) = [{] for all o € E*R(E)
implies [A] = [@], we call (E, L, £/R) a quotient labeled space of (E, L, £). We also use
the notation Lz ([AJEZN) := UnZN LR([A]E™), where

Lr([AIE") :={a € L([AIE") : r([A], @) # [4]}.

We say that a quotient labeled space (E, £, £/R) is weakly left-resolving if for [A], [B] €
E/R and a € L (E), the following holds:

r([A], @) Nr([B], @) =r([A]N [B], @).
We write [A] C [B]if [A]N[B] =[A], and [A] C [B]if [A] € [B] and [A] # [B].

Definition 2.4. [21, Definition 3.3] A representation of a quotient labeled space
(E, L, E/R) (always assumed weakly left-resolving) is a family of projections {p(4 :
[A] € £/R} and partial isometries {s, : @ € Ag} such that:

@ pro1 =0, prains) = praipisy and prajuis] = pral + Pis1 — PLAINB];

(1) pra1Sa = SaPr(Ala)
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(iii) $¥S¢ = Pir(a)] and s, s, = O unless a = b;
(V) PIAI = Y aerpqalE!) SaPrALa)Sy if LrR(LAIEY) # 0.

It is known [21, Theorem 3.10] that if (E, £, £/R) is a quotient labeled space, there
exists a C*-algebra C*(E, L, £/R), called the quotient labeled graph C*-algebra of
(E, L, E/R), generated by a universal representation of (E, £, £/R). By [21, Lemma
3.8], we have

C*(E, L, /R) =Spanisy prais : &, B € Ly(E), [A]# [4]}. @)

The equivalence relation on £ which we are mostly interested in is related with
hereditary saturated subsets H of £. Recall from [21, Definition 3.4] that a subset H
of & is hereditary if it is closed under finite unions, relative ranges, and subsets in £.
A hereditary set H is saturated if A € H whenever A € & satisfies r(A, @) € H for all
o € L*(E). Every hereditary saturated subset H C £ defines an equivalence relation ~ g
on€&;forA, Be&,

A~y B AUW=BUW forsome W € H.

For a hereditary set H, let H be the smallest hereditary saturated set containing H. Then
the ideal I of C*(E, L, £) generated by the projections {p4 : A € H} is gauge invariant
[21, Lemma 3.7] and

Iy =3panf{s, pas, : u, v € L¥(E), A€ H).

Remark 2.5. Let (E, L, £) be a labeled space.

(@) H Iy is an inclusion-preserving bijection between the non-empty hereditary
saturated subsets of £ and the non-zero gauge-invariant ideals of the C*-algebra
C*(E, L, £). Moreover, the quotient algebra C*(E, L, £)/Iy is isomorphic to
C*(E, L, £/H) [21, Theorem 5.2].

(b) Every quotient labeled graph C*-algebra C*(E, L, £/R) = C*(s4, pra1) admits the
gauge action y of T,

V2(8a) =25« and  y;(pra)) = piay,

fora € Ag and [A] € £/R. It can be seen as in [5, Theorem 4.4] that the fixed point
algebra

C*(E. L, E/R)” =Span{sapiaisy : o p € Lr(E"). n > 1,[A] € £/R)

is an AF algebra (see the proof of [21, Theorem 4.2]). Also, one sees
as in Remark 2.2(b) that there exists a faithful conditional expectation & of
C*(E, L, £/R) onto the fixed point algebra C*(E, L, £/R)Y.

2.5. Simplicity of labeled graph C*-algebras. Let (E, L, £) be a labeled space and let
L(E®):={x € AV | x1,,) € LE™) forall n > 1}

be the set of all infinite sequences x such that every finite subpath of x occurs as a labeled
path in (E, £). Clearly L(E®®) C L(E®), and in fact, L(E) is the closure of L(E*)
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in the totally disconnected perfect space AV which has the topology with a countable
basis of open-closed cylinder sets Z(a) := {x € AN : Xin =0}, a e A", n>1 (see [24,
§7.2]). We say that a labeled space (E, L, £) is strongly cofinal if for each x € L(E)
and [v]; € £, there exist an N > 1 and a finite number of paths A1, ..., A, € L*(E) such
that

m
repay € (U rawls 2.
i=1

Remarks 2.6. For simplicity of C*(E, L, £), we note the following.

(a) If (E, L, &) is disagreeable and strongly cofinal, then C*(E, L, £) is simple (see
[5, Theorem 6.4], [20, Theorem 3.16], and [19, Remark 3.8]). A condition of being
disagreeable and cofinal assumed in [5, Theorem 6.4] is in fact not sufficient for the
C*-algebra C*(E, L, £) to be simple, but by modifying its proof for a disagreeable
and strongly cofinal labeled space one can obtain the simplicity result.

(b) We see from [9, Theorem 9.16] that C*(E, L, £) is simple if and only if (E, L, &)
satisfies condition (Lg) and the only hereditary and saturated subsets of £ are ¢J
and .

2.6. Purely infinite C*-algebras.  For positive elements a, b in a C*-algebra A, we write
a 3 b if there exists a sequence {x;}72; in A such that x;/bx; — a. More generally, for
positive elements a € M, (A) and b € M,,(A), we write a 3 b if there exists a sequence
{xk}72, in My, , (A) such that x[bx; — a. A positive element a € A is said to be infinite if
there exists a non-zero positive element b € A such that a @ b 3 a, and properly infinite if
a ® a 3= a. Every properly infinite a is obviously infinite. Because the relationa ® a S a
is preserved under x-homomorphisms, if a € A is properly infinite, then for any ideal / of
A the element a + [ is either zero or properly infinite in the quotient A/ of A.

A C*-algebra A is said to be purely infinite if there are no characters on A and if for
every pair of positive elements a, b € A, a < b if and only if a € AbA (see [27, Definition
4.1]). Note that any C*-algebra of type I is not purely infinite [27, Definition 4.4]. For
example, C(T) ® M, is not purely infinite for n > 1.

Remarks 2.7. Let A be a C*-algebra.

(a) A is purely infinite if and only if every non-zero positive element in A is properly
infinite [27, Theorem 4.16]. For projections p, g in A, we write p <gq if p is
Murray—von Neumann equivalent to a subprojection of g, namely p~¢g < p. A
projection p € A is infinite if and only if p ~ g < p for some subprojection g of p,
and is properly infinite if and only if p has mutually orthogonal subprojections p;
and p» such that p; ~ p> ~ p.

(b) A is purely infinite if every non-zero hereditary subalgebra in every quotient of A
contains an infinite projection, namely every quotient of A has property (IH) [27,
Proposition 4.7].

(c) Every non-zero hereditary subalgebra and every quotient algebra of a purely infinite
C*-algebra is always purely infinite [27, Propositions 4.17 and 4.3].

(d) If A is simple, then A is purely infinite if and only if it has property (IH) (see [27,
Propositions 4.6 and 5.4]). It should be noted that for non-simple C*-algebras, these
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two properties is neither weaker nor stronger than each other in general (for example,
see [27, Example 4.6]).

3. Labeled graph C*-algebras with property (IH)

3.1. Infinite C*-algebras of disagreeable labeled spaces. Because the original
definition of a disagreeable labeled space seems a bit complicated, we list its equivalent
but simpler conditions in Proposition 3.2 after we observe the following lemma which will
also be frequently used.

LEMMA 3.1. Let o and B be paths in L*(E) (or words in A*) with |a| < |B|. If ™ = B"
for somem, n > 1, thena, B € {a](j 1k > 1} for an initial path o of «.

Proof. If |@| = 1 or n = 1, there is nothing to prove. Thus we assume |«| > 1 and n > 1.
Since || < |B| and the path ¢ = B" begins with both of « and S, the longer path 8 must
have « as an initial path. If 8 = o"! for some n| > 1, we are done. Otherwise, we can write
B =a"aV for some ny > 1 and an initial path o of & with 1 < |&"| < |&|. Then by
canceling ! from the left of both sides of o = B", we obtain &1 = V' 7~1. Thus,
with a subpath a®@ of a such that @ = D@ | it follows that

aWa®@ .. qWg® = gMgmgM .. gmgM

in which the right-hand side is equal to " (P a@)1aM ... "D hence comparing
initial parts of both sides we see that « @) = ¢(Da®@ . Thus the lemma reduces to the
following claim.

Claim. If o, B € L*(E) and af = Ba, then «, B € {8* : k > 1} for some § € L*(E).

Again we may assume that |a| < || and 8 = o aV) for some m > 1 and an initial path
a of o with 1 < |aV| < |&|. Then af = Ba gives aaD = aVa. If « is a repetition of
aW that is, @ = (oz(l))" for some n > 1, the claim follows. If not, with & = a V@, we
have from aaV = aWMa that V@ =a@ o, If one of P or a® is a repetition of
the other, for example if aD = (@@)s for some s > 1, we can take «@ for 8. If not, we
continue the process to obtain

a® g K+ — o (k1) o () )

for initial paths a® k> 1, of @. We can check if one of a® or a*tD is a repetition of
the other whenever we arrive at step (5). If it is the case, then we stop and obtain the claim.
If not, again we can go on to the next step but with paths having length smaller than the
previous step. Obviously this process should stop after a finite number of steps, and when
it stops we obtain an initial path § of « satisfying the claim. O

PROPOSITION 3.2. For a labeled space (E, L, B), the following are equivalent:

(a) (E, L, B) is disagreeable;

(b) [v]; is disagreeable for all v € EVandl > 1;

(¢c) for each non-empty A € B and a path B € L*(E), there is an n > 1 such that
LAEPI") (™).
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Proof. The first two are known to be equivalent from [20, Proposition 3.9(iii)].

To show (b) = (c), suppose there are a non-empty set A € £ and a path 8 € L*(E)
such that L(AE!PI")y = {"} for all n > 1. Then for a vertex ¥ # [v]; C A with [ > |B],
L([v];E'PI"y = {B"} for all n > 1, and [v]; is not disagreeable.

For (c) = (b), suppose [v]; is not disagreeable for some v € E%and! > 1. Then, by [20,
Proposition 3.9(1)], there is an N > [ such that every path in L([v]; E zNy g agreeable for
[v];. Observe here that for any § € L*(E), every pathin L(r([v];, SMYE=1) is agreeable for
[v];, which is immediate from the inclusion relation £(r([v];, V)EZY) ¢ L([v] EZN).
One can choose a (finite) set {31, . . ., §,,} of paths § € L*(E) with |§| < such that every
path in £([v]; EZV) is of the form

81! (6)
forsomen >1,1<i <m,and 8; an initial path of §;. We may assume that
if i # j then |8 | = |aj-" | and 8" # 5;’.-’ for some n;, nj > 1. (7)

In fact, if §]' =85% whenever |8]'| =|852|, then by Lemma 3.1 we can find an initial
path § of §; such that §; and §, are equal to some repetitions of 5. Then we remove §1,
8y from the set {d1, ..., dn}, and include § instead. Pick L > N large enough so that
the path 8{‘ cannot be of the form in (6) for i # 1 (this is possible by (7)). Then for
A :=r([v], (SIL) € &, every path in E(AEZI) is, as already observed, agreeable for [v];,
hence must be of the form 81‘8/1. But this contradicts (c). O

We can naturally extend the notion of ‘disagreeable labeled space’ to ‘disagreeable
quotient labeled space’ as in the next definition. The Cuntz—Krieger uniqueness theorem
for disagreeable quotient labeled spaces will be given in §4.

Definition 3.3. Let (E, L, £/R) be a quotient labeled space and [[v];] #[@] in £/R. A
path o € L”’I}(E) with s(a) N [[v];] # @ is said to be agreeable for [[v];] if

[r([vl, )] =[] or a=pa =a'y

forsome o', B, y € L (E) with |B| = |y | <[. Otherwise « is disagreeable for [[v];]. Also
[[v]/] is called disagreeable if there is an N > 1 such that for all n > N, there is a path in
Lr([[v];]E=") which is disagreeable for [[v];]. The quotient labeled space (E, L, £/R)
is said to be disagreeable if every [[v];] # [¥] is disagreeable for/ > 1 and v € EY.

Remark 3.4. As in Proposition 3.2, one can prove that (E, £, £/R) is disagreeable if
and only if for each [A] # [#] in £/R and a path § € L} (E), there is an n > 1 such that

Lr([AEPIMy £ {pm).

It is easy to see that if a graph E has a loop with an exit, the C*-algebra C*(E) contains
an infinite projection. In order to see whether this is true for labeled graph C*-algebras,
we will use the following definitions of loop and exit in a quotient labeled space (see [18,
Definition 3.2]).

Definition 3.5. Let (E, L, £/R) be a quotient labeled space. For a path @ € L (E) and a
set [#] # [A] € E/R, we call («, [A]) (or &) a loop at [A] if [A] € r([A], «). We say that
aloop («, [A]) has an exit if one of the following holds:
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(i) there exists a path 8 € Lz ([A]E'*!) such that 8 # «;
() [A]l S r([A]l ).
Clearly, every cycle is a loop, and an exit of a cycle must be of type (i).

Example 3.6. We give examples of labeled spaces which have loops with exits.
(i)  For the labeled graph (E, L) given below, let H be the smallest hereditary saturated
subset of £ containing r(c) = {vg} € £.

S

S

o—>0 —>0
o —0 —> 0

Vo U1 v2 v3

Then {v} € H for each v € E®. Consider the quotient labeled space (E, L, £/H).
Since r([r(a)], a) = [r(az)] = [r(a)], we see that (a, [r(a)]) is a loop. On the other
hand, b € Ly ([r(a)]E") and it follows from r([r(a)], b) = [r(ab)] # [#] that the
loop (a, [r(a)]) has an exit b(# a) of type (i) of Definition 3.5.

(i) Let H be the smallest hereditary saturated subset containing r(c) = {vp} in the
labeled space of the following graph.

Pl
fa o fa, fa, 1o
T
S

Then (a, [r(1)]) is a loop in the quotient labeled space (E, £, £/H). Since [r(1)] &
r([r(D], a) = [(r(1a)], it has an exit of type (ii) of Definition 3.5.

If a directed graph E has a loop with an exit, the exit gives rise to an infinite projection
in the graph C*-algebra C*(E). The same is true for labeled graph C*-algebras [18,
Proposition 3.5], and more generally for quotient labeled graph C*-algebras, as we see
in the following proposition.

PROPOSITION 3.7. Let (E, L, £/R) be a quotient labeled space. If (a, [A)) is a loop with
an exit, then praj is an infinite projection in C*(E, L, £/R). In particular, if (E, L, £/R)
is disagreeable, every loop (a, [A]) has an exit and p|a) is an infinite projection.
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Proof. If («, [A]) has an exit of type (i) with a path 8 € Lz([A]1E'®!) such that 8 # « and
r([A], B) # [4], then the projection pp4 is infinite since

Pr(Ala) = PlA] = Z S5 Pr((A1.8)S5 > Sa Pr((Al.e)Se ~ Pr(Al.a)-
[8]=la]

If (o, [A]) has an exit of type (ii), that is [A] C r([A], «), then

Pr((Al,e) ™ Sotpr([A],oz)S:)[k = PlA) < Pr(Al,a)»

which shows that p| 4 is infinite.

To prove the second assertion, let (E, £, £/R) be a disagreeable labeled space. If
[A] € r([A], @), o has an exit of type (ii). Assume that [A] =r([A], «). Then by
Proposition 3.2 (see Remark 3.4), there is an n > 1 such that Lr([A]E*!") £ {a"}).
Let m be the smallest integer among such n satisfying Lg([A]E!¥") £ {a"}. Choose
B € LR(AIE!®™) with B #a™. If m =1, or m > 1 and B ja)] # @, then B 1) is an
exit of (ar, [A]). If m > 1 and B = af” for some B”(# ™), then from [A] = r([A], «)
we have B’ € LrR([A]E'®I"=D) Hence Lz([A]E*m=DY) £ {o¢™~1} follows, but this
contradicts the choice of m. O

3.2. Labeled graph C*-algebras with property (IH). ~ As mentioned in the Introduction,
it is well known that for a graph E satisfying condition (L), the C*-algebra C*(E) has
property (IH) if and only if every vertex connects to a loop. We will prove in Theorem 3.14
that for a disagreeable labeled space (E, L, £), if every vertex connects to a loop in the
sense of Definition 3.10 below, then C*(E, L, £) has property (IH). Its converse will be
shown to be true under an additional condition. To prove Theorem 3.14, we need the
following useful proposition which can be obtained by slightly modifying the proofs of
[5, Theorem 6.9] and [6, Proposition 5.3]. We provide a detailed proof for the reader’s
convenience.

PROPOSITION 3.8. Let (E, L, £) be a disagreeable labeled space. Then every non-zero
hereditary C*-subalgebra of C*(E, L, £) contains a non-zero projection p such that 0 %
supas,, < p for some p € L*(E) and A € E with A C r(p).

Proof. Let B be a non-zero hereditary C*-subalgebra of C*(E, L, £) and fix a positive
element a € B with ||®(a)| = 1. Choose a positive element b € span{sy pAsE o, Be
L*(E)and A Cr(a) Nr(B)} sothat la — b| < }1. From [5, Proposition 2.4(ii) and (iii)],
we may write b = Z(a,[w]l,ﬁ)EF c(a’[w]l,ﬁ)sap[w],sg, where F is a finite subset of L*(E) x
Q; x L*(E) for some [ > 1. Let by = ®(b) > 0. Since ® is norm-decreasing, we have

11— llbolll = @@ = @B < [ P(a—b)|| < lla — bl < g,

and hence ||bg|| > %. Let k = max{|«|, |B] : (¢, [w];, B) € F}. Applying Definition 2.1(iv)
and changing F (if necessary), we can choose a k € N so that min{|«/|, | 8|} = k for every
(o, [w];, B) € F. Let M =max{|«|, |B]: (o, [w];, B) € F}. Applying [5, Proposition
2.4(iii)] again, we may choose m > M large enough so that

by € @{w:(a,[w],,ﬁ)eF}J’:k([w]m)
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(see (3) for F¥([w]m)). Now ||bo|| must be attained in some summand F*([v],,). Let b be
the component of by in F*([v]) so that Ilboll = ||b1 || and note that by > 0. Then we can
choose a projection r € C*(b;) C F*([v],) such that rbr = |lb1]|r. Since by is a finite
sum of s, p[v]msg, we can write 7 as a SUm ) CogSq Plvl,, sg over all pairs of paths in

G = {a € L(EX) : either (, [v]m, B) € F or (B, [V]m, @) € F}.

Note that rbor =rbir and the G x G matrix (cqg) is also a projection in a finite-
dimensional matrix algebra ]-"k([v]m) = Span{sap[u]ms; ‘o, B eGl.

Since [v],, is disagreeable, we may choose a path A € L*(E) with |A| > M so
that A has no factorization A =A'A” =1"§ for some |\|, |§| <m. Then because
span{sq. Pr([v], )‘)S;k 1, B € G} is also a finite-dimensional matrix algebra generated by
the family of non-zero matrix units {Sas. pr((v),.,2)Sg; : @ B € G},

0= Z Caﬂsakpr([v]m,k)szk
o,BeCG

is a projection satisfying
P=) CapSaPllnSh = D CapSa(SiPruln St + (Pluly = $1Pr(vly S)SE = Q.
We claim that for (u, [v],;, v) € F,
qup[v]msij =O0unless |u|=|v|=k and [v], Cr(n) Nr(v).

Suppose that (i, [v]y, V) € F with || # |v|. We may assume |u| = k because either u
or v has length k. Since SZASM # 0 if and only if 8 = u, we have

Q (s Plv1nsy) Q =< > Ca’ﬂ’sa'wr([v]m,x)SZq)(SuP[v]mS;k ( anﬂsa}»pr([v]77z,)»)szk>

o' ,B'eG o,BeG
= <Z Ca’usa’xpr([v]m,A)SZASMP[v]mS:)< Z Caﬂsa)tpr([u]m,)\)s;))
o'eG o,BeCG
= > Cocﬂ(z Ca'usa’xprqv]m,A)Si‘x>Sawr<[v]m,x)5,’§x-
o,BeG a'eG

For s, sy to be non-zero, vA must extend oA, so that vA = aAd for some § € L*(E).
Then v =aA’ and A = A'A” for some A/, A € L*(E) since |v| > |a| = k. Asal’A = v =
ard = ar')’S, we have
)\, :)\’/)\’// :)\.//8
with |A/| = |8|. Because |v| = |a)/| < M with |a| =k, we know |\/| < M — k < m, which
contradicts the fact that X is disagreeable for [v],,.
Thus, we see that

Qb0 = 0b1Q = QrbirQ =|lbi]rQ =|lbollQ > 3 0.

https://doi.org/10.1017/etds.2017.123 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2017.123

2142 J. A. Jeong et al

Since [la — bl| < 1, we have QaQ > 0bQ — 10 > 1 0. This implies that QaQ is
invertible in QC*(E, L, £)Q. Let ¢ be the inverse of QaQ in QC*(E, L, £)Q and put
v=c20a'’?. Then v*v =a'2QcQa'’? < | c||a, and hence v*v € B. Since

v o~ vv* =c?0aQc'? = 0,

the hereditary C*-subalgebra B contains a non-zero projection equivalent to Q. Note that
Q belongs to the finite-dimensional subalgebra C := span{sax Pr([v},,.2)5p; : @ B € G} for
which the elements {sa5. Pr([v],,,2)55;} form a matrix unit. This means that Q dominates
a minimal projection in C. Since every minimal projection in C is equivalent to a
minimal projection of the form 543 pr((v],,,1)5,; » the hereditary subalgebra B also contains
a projection equivalent to the desired form. O

COROLLARY 3.9. Let (E, L, E) be a disagreeable and strongly cofinal labeled space.
Then the following are equivalent:

(a) C*(E, L, &) is purely infinite;

(b) every non-zero projection p 4 is infinite for A € £.

Proof. We only need to show that (b) implies (a). By Proposition 3.8, every non-zero
hereditary subalgebra contains a projection p such that p4 < p for a non-empty set
A € £. Thus p should be infinite, and C*(E, L, &) has property (IH). Since C*(E, L, £)
is simple, it is purely infinite. O

Definition 3.10. Let (E, L, £) be a labeled space. We say that every vertex connects to
a loop in (E, L, &) if for each [v];, there exist a loop (o, A) and a finitely many paths
81, ..., 8m € L*(E) such that §; is not an initial path of §; for j # i and

AcJrl, 8). ®)
i=1

This definition naturally extends to quotient labeled spaces (E, £, £/R).

Note that the condition in the above definition for a path §; to be an initial path of none
of the rest of the paths implies that s;i s5; = Ofori # jin C*(E, L, £). This is the case if
8;’s are distinct paths with the same length.

Remark 3.11. In [§, Definition 6.6], it is said that every vertex connects to a repeatable
path if for each [v],,, there exist w € EY L >1,and o, § € £L*(E) such that

[w]lp € r([v]lm,§) and (a, [w];)isaloopforl > L. )

This property is obviously stronger than the one (every vertex connects to a loop) given in
Definition 3.10, and actually strictly stronger, as we see in Example 3.12.

Example 3.12. 1In the following labeled space (E, L, £), if («, [w];) is a loop, then w = vy,
and o € {a, b}" for some k, n > 1.
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[ ] [ ] [ [ ] [ ] [ [ ]
e Y A
[ ] [ [ ] L] [ ] [ ] ]
| v | o | | )l
[ ] [ ] [ ] ] [ ] [ ] [ ]
) ) | 3| ) | %)
[ ] [ [ L] [ ] [ ] [
EPNG P P P P P
U—WU—Z\E/U—YUO\Z/UI\Z/UZ\E/W

But for a fixed n, if I’ is large enough, then (c, [vg];) fails to be a loop, and accordingly
there is no vertex that connects to a repeatable path in the sense of (9). On the other
hand, every vertex connects to a loop ([v;];, a”) for some j, [, n > 1. Since (E, L, £) is
disagreeable and strongly cofinal, the C*-algebra C*(E, L, £) is simple, and we will see
that it is purely infinite by Theorem 3.14 below.

Recall that a graph C*-algebra C*(E) has property (IH) if and only if E satisfies
condition (L) and every vertex connects to a loop. For labeled graph C*-algebras, it is
known from [5, Theorem 6.9] that if a labeled space (E, £, £) is disagreeable, strongly
cofinal, and every vertex connects to a repeatable path, then the simple C*-algebra
C*(E, L, £) has property (IH). We will extend this result to disagreeable labeled spaces
in which every vertex connects to a loop (see Theorem 3.14(a)). But for the converse, we
need additional assumptions for (E, L, £).

Definition 3.13. We say that a labeled space (E, L, &) has sufficiently many minimal sets
if it satisfies the following:

(i) every non-empty A € £ contains a non-empty minimal subset;

(i) if A € Emin, then r(A, @) is a finite union of minimal sets for any o € L*(E).

Note that the notion of having sufficiently many minimal sets also makes sense even for
quotient labeled spaces (E, £, £/R) (with £/R and L% (E) in place of £ and L*(E),
respectively). Even if (E, L, £) has sufficiently many minimal sets, not every set in £ is a
finite union of minimal sets. For example, in the following labeled space,

v2

a a a
a [ ° ° [
b ;(ﬁic Ic &C Ic
vy a a a

each vertex set {v}e &, v e EO, is a minimal set in £, hence every non-empty set A € £
contains a minimal set and obviously every relative range with respect to a minimal set
is a finite union of minimal sets. But not every A € £, like A = r(a), is a finite union of
minimal sets.
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THEOREM 3.14. For a disagreeable labeled space (E, L, E), we have the following

statements.

(@)  If every vertex connects to a loop, then C*(E, L, £) has property (IH). Moreover,
every non-zero hereditary C*-subalgebra of C*(E, L, E) contains an infinite
projection equivalent to a projection p A for some A € E.

(b) Assume further that (E, L, £) has sufficiently many minimal sets. If C*(E, L, £)
has property (IH), then every vertex connects to a loop.

Proof. (a) Let C*(E, L, £) = C*(sq, pa). We first show that the projections pp,j, of
vertices [v]; are all infinite. Given a vertex [v];, choose a path y € e (E) such that [v]; C
r(y). Since [v]; connects to a loop by our assumption, there exist a loop (o, A) and finitely
many paths 81, . . ., &, such that s:;_s(gj =0 wheneveri # jand A C U;”:l r([v];, 8;). Set

i—1
Ai:=ANr(v];, §) CANr(ys) and B;:= A[\ U Aj (B :=Ay)
j=l1

fori =1, ..., m. Then the projections pp, are mutually orthogonal and

%
pPA = Z PB; < Z pB,-Sy(;iSyzSipB,-
i i
* *
_ * * ~ * *
= (Z st ) (S rmsia ) ~ (X rmsin) (X pusin)
i i i i
* * *

= ZSV‘SipBiSVSi =Sy ZSS,»PB,-S(;;[. Sy

i i

* *
=Sy Z §8; Pr([v];,8:)55; * Sy

1
< Sy PluliSy ~ Pl

Thus the projection pyy), is infinite since pj4 is infinite by Proposition 3.7. On the other
hand, every non-empty set in £ is a finite union of vertices by (1), hence it follows that
every projection pp, ¥ # B € &, is infinite. By Proposition 3.8, any non-zero hereditary
subalgebra of C*(E, L, £) contains a non-zero projection p such that 0 # s, pgs; < p for
some u € L*(E) and B € £ with B C r(u). But the projection supgs:j ~ pp is infinite,
and thus p is infinite.

(b) We claim that if there is a vertex [v]; which does not connect to any loop, then
C*(E, L, £) has an AF ideal.

By our assumption, we may assume that [v]; is minimal in £. Let
{By, :n>1}:={B € &nin: B Cr([v];, a) for some « € L#(E)}.

(There could be only finitely many B,, but the arguments given below work even in this
case.) Note that each B, does not connect to any loop because [v]; would connect to a
loop otherwise. Hence for each n > 1 and « € L(B,E="), we have

r(By, )N B, =9 (10)

since minimality of B, implies B, C r(B,, ) whenever r(B,,a) N B, #@. If B, N
r(By, A) # @ for some A€ L*(E) and n #m (hence, if B, Cr(B,,))), we write
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B,, > B,. Note that B, # B, for all n > 1, and once B,, > B, holds for n # m, then
B, # By, because of (10). The set of all finite unions of B, which we denote by H is
readily seen to be a hereditary subset of £ by our assumption. With p, := pp,,n > 1, the
ideal Iy generated by the projections {pp : B € H} can be easily seen to be
Iy =M{sapns§ ta, Be LYE), n>1).
Set J, := M{sapnsz ‘o, B € LX(E)} for each n>1. Consider the product X :=
(Sa pnsz)(su PmsSy) of two elements sy pns’g, and s, pms; in Iy. Using the properties of
the minimal sets B,, mentioned above, one can check that
Xeld, iftn=m,
Xel, ifB, > B,,
Xel, ifB,> By,
X =0 otherwise.

Y

It then follows that both J,, and
I, = span{sapks; ta, BeLXE), 1<k<n)

are C*-subalgebras of Iy, and, moreover, that Iy = Un>1 I,, holds. Thus it is enough to
show that each I, is an AF algebra to obtain a contradiction.

Fix n > 1 and consider the C*-subalgebra I,,. For each k € {1, ..., n}, Ji is easily
seen to be isomorphic to the C*-algebra (C2(L(EZ'By))) of the compact operators (see
[25, Corollary 2.2]). Let {ky, ..., k,} C{l,..., n} be the set of all such k that By #
Bj for all 1 < j <n. Then Ji is an ideal of I, for each k € {ky, ..., ky, }, and by (11),
Ji; ka = {0} fori # j. Thus I, contains an AF ideal @e(k,,... k,} Jk. For the quotient map
w1, - I,/ ® Ji, the image 7 (J;) of J; is either zero or isomorphic to itself since each
J; is a simple C*-algebra. Then one can apply the above argument to 77 ({,) which has the
subalgebras 7 (J;)(Z J;), and find AF ideals and the quotient algebra that is generated by
subalgebras each of which is isomorphic to the compact operators. This process should
stop when a quotient algebra consists of ideals which are all isomorphic to the compact
operators and mutually orthogonal, which proves that I, is an AF algebra. O

The following corollary generalizes [5, Theorem 6.9]. In fact, as mentioned earlier, the
disagreeable and strongly cofinal labeled space (E, £, £) in Example 3.12 satisfies the
condition of the following corollary but not the condition of [5, Theorem 6.9].

COROLLARY 3.15. Let (E, L, ) be a strongly cofinal labeled space. If there exist a
vertex w € EV, a strictly increasing sequence {l;}; of integers, and paths {B;}; such that
(Bi, [wly,) is a loop for each i > 1, then every vertex connects to a loop (B;, [w];;) for
somei > 1.

If, in addition, (E, L, £) is disagreeable, then the simple C*-algebra C*(E, L, £) is
purely infinite. In particular, if (E, L, £) is a strongly cofinal and disagreeable labeled
space with a cycle, then C*(E, L, £) is purely infinite and simple.

Proof. Given a generalized vertex [v];, since (E, L, £) is strongly cofinal, one can find
N > 1and paths §;, 1 < j <k, such that

k
[wly, Crwly, B Crt) < | rwl, 8.

j=1
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We may assume w € [w];; N r([v];, 81), and then for all large /; we have [w];; C r([v];, 81)
by (1). Thus [v]; connects to a loop (B;, [w]; ).

If (E, L, £) is disagreeable, by Theorem 3.14(a) we see that the simple C*-algebra
C*(E, L, &) is purely infinite. O

Remark 3.16. Let (E, L, £) be a labeled space.

(a) One can modify the proof of Proposition 3.8 to obtain the same criterion for quotient
labeled spaces. Let (E, £, £/R) be a disagreeable quotient labeled space. Then
every non-zero hereditary C*-subalgebra of C*(E, £, £/R) contains a non-zero
projection p such that s, pajs;, < p for some € L3(E) and [A] € £/R with
supralsy, # 0 and [A] C [r(w)].

(b)  An argument similar to the proof of Theorem 3.14(a) shows that if a quotient labeled
space (E, L, £/R) in which every vertex connects to a loop is disagreeable, then
C*(E, L, £/R) has property (IH).

3.3. An example: a purely infinite simple C*-algebra of a labeled space (E, L, £,) with
no cycles. It is well known that for a simple graph C*-algebra C*(E), it is infinite if
and only if it is purely infinite, and this is exactly when there is a cycle (or a loop) in the
graph E.

For a simple labeled graph C*-algebra C*(E, L, £) associated to a disagreeable and
strongly cofinal labeled space (E, L, £), we know that the existence of a cycle implies
pure infiniteness of C*(E, L, £) by Corollary 3.15. But the converse may not be true. In
fact, our purpose in this subsection is to provide an example of a labeled space (E, L, &,)
with no cycle but with a loop for which C*(E, L, &,) is purely infinite and simple.

Example 3.17. In the following labeled graph (E, L)

V_4 v_3 v V—1 Vo V1 1%} U3 V4 V5 Vg

s

the {0, 1} sequence is the bi-infinite Thue—Morse sequence which is an infinite {0, 1}
sequence with no finite subpaths of the form aaa; for any o = a1 - - - o) € {0, 1}* (see
[15], [19, Examples 2.5 and 2.7], for instance). Let ¢; € El i €7, be the edge of E with
s(e;) =v; and L(e;) € {0, 1}. For convenience, we write the Thue—Morse sequence as a
bi-infinite labeled path

W=+ W_2W_1WYW|WIW3 * * -,

where w; = L(e;) € {0, 1}, i € Z. 1t is well known that w is not periodic but almost
periodic (or uniformly recurrent) in the sense that every finite subpath occurs with a
bounded gap. We write the accommodating set £ as &,. Note that (E, L, &,) is a
disagreeable labeled space in which (cX, E) is a loop for each k > 1. Thus C*(E, L, &,)
is an infinite C*-algebra by Proposition 3.7; actually we have

1= pre) =858c ~ Sesy < Sesp + sosg + s1s] = 1.

PROPOSITION 3.18. Let (E, L, &) be the disagreeable labeled space of Example 3.17.
Then:
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(@) if(a, A)isaloop, then o = ck for some k > 1;
(b) there exist no cycles;
(¢c) C*(E, L, &) is purely infinite and simple.

Proof. 1t is helpful to note that in the labeled space (E, L, &,), every vertex [v]; coincides
with the range of a {0, 1} path of length /.

(a) Suppose («, A) is a loop with k := |a|. Then " occurs in L*(E) for every r > 1
since ACr(A, @) Cr(A,a®)C---. If ¢ has a {0, 1} subpath, say «’ (which we may
assume ends with 0), then r(a’) must contain a finite periodic set of arbitrary cardinality.
But this is not possible by Gelfond’s result [14] saying that for any a, b € N,

N
(0 < N: Gansp =0}l = 7 + O(N%).

Thus we have a = c*.

(b) Suppose («, A) is a cycle in (E, L, ;). Then o = ck for some k > 1 by (a), and
B = r(B, c*) holds for any non-empty subset B C A. Especially for B = r(8) C A where
B is a {0, 1} path of length | 8| > 3k, we have

r(B)=B=rB,) =rr@),H=r= ] rp.
5€{0, 1}k

Choose any vertex v € r(f). Then v € r(B5) for some {0, 1} path § with |§| = k. This
means that there must be a path 8’ such that 8’8 = B4. Since || > 3|8/, we obtain that 8
ends with 83, which is not possible since 8 is a subpath of the Thue—Morse sequence .

(c) We first show that C*(E, L, &) has property (IH). Let [v]; be a generalized vertex.
Then there is a finite {0, 1} path g € L(E") such that [v]; = r(B). Since B is a subpath of
the almost periodic sequence w, it occurs with a bounded gap, say Lg. Thus we can find
finitely many paths §; of the form §; := ;¢ for some ¢; € {0, 1}* such that sg“’_ ss; =0 for
i # jand

ECc{Jrvn. 80 =JrBsn.
1

1

This is possible since if w € E? is a vertex, then w € r(Bac) for some {0, 1}-path «
(possibly a =€) such that |a| < Lg. Thus [v]; connects to a loop (c, EY), and by
Theorem 3.14(a), C*(E, L, &,) has property (IH).

To see that C*(E, L, &) is simple, we only need to show by Remark 2.6 that
(E, L, &) is strongly cofinal. Let [v]; =r(8), B € {0, 1}1, be a generalized vertex
as above and let x € L(E*®). We already know that E°c \U; r([v];, 8;) for finitely
many paths §;, and thus r (x1,n7) C EY = Ui r([v];, 8;) for any N > 1, which shows that
(E, L, &) is strongly cofinal as desired. O

Remark 3.19. Pure infiniteness of C*(E, L, &,) can also be obtained if one can prove that
the standard action of the inverse semigroup

S:={sapr)sp 1, B, 8 € L7(E), |8] = max{|el, |BI}}

associated to the labeled space (E, L, &,) on the tight spectrum é (S)tight of £(S) is locally
contracting in the sense of [12, Definition 6.2] (although this does not seem to work easily),
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because then by [12, Proposition 6.3] the tight groupoid G;gn(S) is locally contracting,
and hence by [1, Proposition 2.4] one sees that the C*-algebra C*(E, L, £,) is purely
infinite.

For this inverse semigroup S of C*(E, L, &4), the standard action is locally contracting
if and only if S is locally contracting in the sense of [12, Definition 6.4] by [12, Theorem
6.5] since every tight filter is an ultra-filter, which we briefly show here. First recall that
a filter £ is an ultra-filter if and only if & contains every idempotent f such that fe # 0
for every e € £. Let 1 be a tight filter and f = 55 p,(g)ss € £(S) be an idempotent such
that fe # 0 for every e € n. There is a unique tight character ¢ on £(S) such that n =
ng :={ee€&(S):¢(e) =1}. Picke= sﬂpr(a)s; € ng. By [11, Proposition 1.8] we have
for every finite cover Z C £(S) for e,

\/ 0@ = ¢ =1,

z€Z

which implies that if e=)"; | ¢; is a finite sum of mutually orthogonal idempotents
e; € £(S), for example, one can write e as

€= Z Sp,vpr(av)szv or e= Z S/LPr(a,-a)S;i
veLk(E) o €{0,1)!

for k,1>1, then ¢(e¢;) =1 for one and only one e¢; because {ey, ..., e,} is a cover
for e and ¢ is a multiplicative function with ¢(0) =0. Also the identity r(a) =

Ua,-e{O,l}'“‘ r(a;) allows us to assume that o is a {0, 1} path. Thus we may pick e € ny
r(o)=r(a)

such that || > |o| and « is a {0, 1} path with || > |B| 4+ || — |o|. Then

0# fe=50Pr(p)Ss * SuPr(@s,

= D S Prpe)Siar SuPr@)s),

lo’|=|pl—lo|
=Soo’ Pr(Bo’) * pr(ﬂl)s;‘; (for oo’ = w)
=St DL Prifipop Prsy
BiBoj{0,1}lel

ZSaa/pr(a)S;
=eec€ng.

Since f > fe and ny is a filter, we have f € iy, which proves that ny is an ultra-filter.

4. Purely infinite labeled graph C*-algebras

In this section we find equivalent conditions for a labeled graph C*-algebra C*(E, L, &)
to be purely infinite. We begin with the following Cuntz—Krieger uniqueness theorem for
quotient labeled graph C*-algebras. Although the theorem can be obtained by standard
arguments as in the proof of [5, Theorem 5.5] for labeled graph C*-algebras, we give a
proof here only to make sure that our definition of a ‘disagreeable’ quotient labeled space
(Definition 3.3) does not cause any degeneracy. We will use this uniqueness theorem later
in Proposition 4.4.
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THEOREM 4.1. Let (E, L,E/R) be a disagreeable quotient labeled space and let
C*(E, L, E/R) = C*(sq, p1a])- If {Sa, Pay} is a representation of (E, L, £/R) such that
Pia) # 0 for [A] # [@] and S, # O for [r(a)] # (D], then the homomorphism

TSP C*(E, L, E/R) — C*(S,, Pray)
with ts p(sq) = Sq and 1ws, p(pra)) = Pia is faithful.

Proof. As usual (for example, see [S, Theorem 5.5]), it is enough to show that:

(a) g, pisfaithful on C*(E, L, £/R)Y; and

(b) |lws. p(P(a))|l < |lws.p(a)| for all a € C*(E, L, £/R), where ® is the conditional
expectation onto the fixed point algebra C*(E, L, £/R)Y .

But (a) was shown in the proof of [21, Theorem 4.2], and thus we show (b). By (4), it

suffices to prove (b) for an element a of the form

a= > Colwhlp SaPlwlISh
(a,[[wli].B)eF
where F is a finite set and cq [fw];1,p € C. Let k = max{|«|, |B] : (o, [[w]/], B) € F}. We
can choose k € N by applying Definition 2.4(iv) and changing F if necessary such that
minf|«|, |B]} =k for every («, [[w]/], B) € F. Let M = max{|x|, |B]: («, [[w]/], B) €
F}. We also may suppose that [ > M — k. Since |«| = |B| = k whenever |¢| = |B], we
have
®(a) = Z Ca[wl]. B Sa Pllwl 1S € Bl F ([[wli]).
(o, [[wli],B)eF
la|=[B|=k

Thus the norm |75 p(P(a))|| is attained on a direct summand, say F*([[v];]). For this
[([vl], let Fryy, := {(«, [[vli], B) : (@, [[v]i], B) € F}. Then we have

s, p (D (@) = Y. ool Sa P Sp ”
(o, [V ). B e Fry,
lo|=IBl=k

Itis easy to see that the x-algebra span{Sq Pi[v),1 S : @, B € G}, where
G :={a € Lr(E") :cither (a, [[v]/], B) € Fiuy, or (B, [[V]i], @) € Fiyy, with | = |Bl},

is a finite-dimensional matrix algebra and contains the element

byi= Y. Caitolp S PoiSp-

(a,[[v]i]. B)e o),
la|=[B1=k

Since [[v];] is disagreeable (see Definition 3.3), we can choose a path A € ,CR([[v]l]E>M)
which has no factorization A = A’A" = 1"y for ), y € L} (E) with [M|=|y| <M —k <
[ and [r([v];, A)] # [@]. This gives a non-zero projection

Q=2 SuiPir(ul. 1Sy

veG

It is routine to check the following (for example, see [5, Theorem 5.5])
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@ NQms,p(®(a)) Ol = s, p(P@)l;
(i) O SuP1 S5 @ =0 when (o, [[v]i], B) € F and |a| # |B].
Then we see that

s, p(P@)| = | Qms,p(P(a)) Ol

= Q< > Ca‘[[v]zl,ﬂSaP[[v]z]Sz)QH

(. [[v]i]. B)e Fu),
la|=IB]

= Q< Y caln g S P[[v]/]S§> 0 H

(a,[[v]i]. B)e Fu),

> cattonpSa P Sh H
@I[v)1.B)e A,

s, p(@)]l.

IA

This completes the proof. O

4.1. Gauge-invariant ideals of C*-algebras of strongly disagreeable labeled spaces.
Here we introduce a property, called ‘strong disagreeableness’, of a labeled space
(E, L, £) which we believe is a necessary condition for the C*-algebra C*(E, L, £) to
be purely infinite, at least in many practical examples including all the C*-algebras of
(locally finite) graphs.

As is seen from the following labeled graph, a C*-algebra C*(E, L, E) of a
disagreeable labeled space (E, £, £) is not necessarily purely infinite if it has a non-
disagreeable quotient labeled space:

C a a a

b ° ° ° °

Vo V1 1%) U3

Definition 4.2. We say that (E, L, £) is strongly disagreeable if the quotient labeled space
(E, L, £/H) is disagreeable for every hereditary saturated subset H of £.

Remarks 4.3. We note the following facts related to condition (K).

(@) Let E be a locally finite graph with no sinks. FE satisfies condition (K) if and
only if the labeled space (E, Liq, £) is strongly disagreeable: recall first that E
satisfies condition (K) if and only if every ideal of C*(E) is gauge invariant (see
[3, Lemma 2.2] for the fully general version). Thus Proposition 4.4 below implies
that if (E, Liq, £) is strongly disagreeable, then E has condition (K). The converse
can be easily seen by considering a quotient graph because a hereditary saturated set
H (respectively, £/H) of £ can be identified with a hereditary saturated set of E°
(respectively, EO \ H).

(b) A strongly aperiodic higher-rank graph was introduced in [23], and it was shown
[30, Corollary 3.9] that a k-graph A is strongly aperiodic if and only if every ideal of
the C*-algebra C*(A) associated to A is gauge invariant. Thus strong aperiodicity
can be viewed as the higher-rank graph analogue of condition (K).
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PROPOSITION 4.4. If (E, L, £) is strongly disagreeable, every ideal of C*(E, L, £) is
gauge invariant.

Proof. Let I be an ideal of C*(E, L, £). Then H ={A €& : py €1} is a saturated
hereditary subset of £, and the ideal Iy, generated by the projections {p4 : A € H} is
gauge invariant [21, Lemma 3.9]. Since /g, C I, the quotient map

q:C*(E. L, &Iy, — C*E, L,E)]I

given by q(s + Ip,) :=s + I for s € C*(E, L, £), is well defined. From [21, Theorem
5.2], we have an isomorphism = : C*(E, L, £/H;) — C*(E, L, £)/1g, which maps the
canonical generators to the canonical generators. Then the composition map g o7 :
C*(E, L,E/H;) — C*(E, L, £)/I satisfies

qon(pa) =q(pa+1In)=pa+1,
qom(sq) =q(sq + [H1) =s5,+1

for [A] e £/H; and a € Ap,. If pra) #0, then [A] # [#] in £/H|, hence A ¢ H;. Thus
pa+1e€C*(E, L, £)/I is anon-zero projection. Also for a € Ay, (namely [r(a)] # [¥]
in Hy), we have g o (sy) = q(sq + IH,) = sq + I # 0 because otherwise p,q) = s)s, €
I, contradicting [r(a)] # [@] in H;. Since the quotient labeled space (E, £, £/Hj) is
disagreeable by our assumption, we see that the map ¢ o 7 is injective by Theorem 4.1.
Thus ¢ is be injective, so that / must coincide with the gauge-invariant ideal Iy, .

Note that if / is an ideal such that H; ={@}, then Iy, ={0}, and g om is the
quotient map ¢q : C*(E, L, E) — C*(E, L, £)/I. Since the family {ps + I, s, + I} is
a representation of the labeled space (E, £, £) in the C*-algebra C*(E, L, £)/I such that
pa+1#0and s, +1#0 for each A € € and a € A, the disagreeability of (E, L, &)
asserts by the Cuntz—Krieger unique theorem that ¢ is injective. Thus we have I = {0}. O

Example 4.5. For the labeled graph

it is not hard to see that £ = {A C E” : A is finite or cofinite}. The labeled space (E, £, &)
is disagreeable, and there are only three non-trivial hereditary saturated subsets of
E Hi={ACE":|A| <00}, Hh={A C E°\ {vg} : |A| < 00 or |A¢| < 00}, and H3 =
{AC E°\ {vo}:|A| <o0}. Note that H3 C Ho N H;. To see what each quotient
algebra C*(E, L, £/H;) would be like, it is helpful to view each quotient labeled space
(E, L, £/H;) as if it is a labeled space:

(E,L,E/H): a ‘Qb

[E]
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(E, L, E/H>) : CC.Qd

[{vo}]
(E, L, E/H3) - CC.Qd aCoQb
[{vo}] [r(a)]

Then it is rather obvious that (E, £, £/H;) is disagreeable for all i =1, 2, 3, and thus
by Proposition 4.4 every ideal of C*(E, L, £) is gauge invariant. Consequently, the
C*-algebra C*(E, L£,&) has only three non-trivial ideals Ip, i=1,2,3, by
Remark 2.5(a).

4.2. Purely infinite C*-algebras of strongly disagreeable labeled spaces. 1f a graph
C*-algebra C*(E) is purely infinite, then by Theorems 1.1 and 1.2 we know that every
loop in E must have an exit. For labeled graph C*-algebras, the following lemma shows
that if C*(E, L, £) is purely infinite, then every loop («, A) has an exit provided A is a
minimal set.

LEMMA 4.6. Let (E, L, &) have a loop («, A) with no exits. If A€ Enin, then
C*(E, L, &) contains a hereditary subalgebra which is isomorphic to M,,(C(T)) for some
n>1.

Proof. We may assume that @ =« - - - o, n = ||, has the smallest length among all the
loops at A. Since (, A) has no exits, we have A = r(A, «) and L(AE'*!) = {«}. Thus

L(AEZ"Y = {o¢*a/ : k > 0, &’ is an initial path of o}, (12)

and pg =sq, p,(A,al)so’j] = soé“l]pr(A’m[m)s{’;“‘2J = =S¢Pr(A.a)Sy- Moreover, the
relative ranges 7 (A, of1,;]), 1 <i < |«], are all minimal and mutually disjoint. In fact, if
r(A, ay,i7) is the union of two disjoint sets By, By € £, then A itself must be a union of
two disjoint sets since

A=r(A, a)=rr(A, o), oi+1,ja) = r(B1, Qfit1,je) Y (B2, oi+1,ja))-

From minimality of A, one of the two sets should be empty. But then By =@ or By =@
because both sets By and B emit the path a1, otherwise. Hence, r(A, ajy ;) is
minimal for 1 <i < |a|. Also it follows easily from minimality of the sets r (A, o ;1) and
our assumption for o having the smallest length that

r(A,ap) Nr(A, ap =9, 1<i<j<lal.
Let A; :=r(A, Ol[l,,']), 1<i<n,and
P :i=pa + -+ DA,-

Now we claim that pC*(E, L, £)p = C(T) ® M,. For s, pcs; € C*(E, L, &), if

PupCSIP =Y SuPranwnCrr(a; v se # 0,
iJ
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then s//.pr(A,-,p,)ﬂCﬂr(Aj,v)sj # 0 for some i, j. Hence
r(Ai, W) Nr(Aj,v)=r(A, ap,gw) Nr(A, o, jv) #9.
Then by (12) we see that the paths p, v are of the form
pw=ogpmelepy,  v=apimeep

for some I[,m>0 and 0<k, k' <n. Then @ #r(A, apqn) Nr(A, ap,jv) =
r(A, o Tlag ) Nr(A, @™o ) =r(A, apg) Nr(A, ap ) = Ak N Ap. Thus,
k = k' (which implies r(A;, 1) =r(A;, v)), and

SuPr( AL IWNCOFA DS = Sayy 1 g g Pr(Aati ) Sagj 1 oo i
= Soqi1melop g P Ak s;[jﬂ.n]a'”a[l,k] :
This means that the hereditary subalgebra pC*(E, L, £)p is generated by the elements
DA;_1Sa; (= So; Pr(Ai_y,a;) = Sa; PA;)-  Let y be the restriction of the gauge action on
C*(E, L, £) to the hereditary algebra pC*(E, L, £) p which is obviously gauge invariant,
and let 8 be the gauge action of the universal (graph) C*-algebra C(T) ® M, generated
by the partial isometries 71, . . . , t, satisfying the relations

n
ft =titl, tity=nt; and Z titj =1
j=1
for 1 <i <n — 1. But the partial elements sy, pa,, 1 <i <n, satisfy the above relations
with p in place of 1, hence there exists a homomorphism

7:C(TYQ® M, — pC*(E, L, E)p

such that 7w (t;) = s, pa, for 1 <i < n. Itis then immediate that 7 (8;(%;)) = y, (7w (t;)) for
all i and the gauge-invariant uniqueness theorem [4, Theorem 5.3] proves that 7 is an
isomorphism. O

As we reviewed in Theorem 1.2, several equivalent conditions for a graph C*-algebra
C*(E) to be purely infinite are known from [17]. To state one of them for a row-finite
graph E: E satisfies condition (K) and every vertex in a maximal tail connects to a loop
in the maximal tail. Thus if « is a loop in E, there is another loop 8 which is neither an
initial path of @ nor an extension of @ whenever C*(E) is purely infinite. In the same vein,
we have the following proposition.

PROPOSITION 4.7. Let (E, L, £) be a labeled space with a loop at a minimal set A € Enip.
If C*(E, L, &) is purely infinite, then there exist at least two loops (a, A) and (B8, A) such
that B™ # o forallm, k > 1.

Proof. Let (v, A) have the smallest length among the loops at A. To prove the proposition,
we show that if every loop at A is of the form a¥, then there is a hereditary saturated subset
H of & such that the quotient C*(E, L, £)/Iy contains a hereditary subalgebra which is
isomorphic to M, (C(T)) for some n > 1.

First observe that for the minimal set A € Epin,

(B, A) is a loop if and only if 8 € L(AEZ'A),
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which is immediate from A C r(A, B) if and only if 7 (A, 8) N A # (. Suppose that
if B € L(AEZ'A) then ™ € {o* :k > 1},  forsomem > 1, (13)

and let
H:={Be&:r(B,B)NA=@forall B € L*(E)}.

Then H # £ since A ¢ H. We will show that H is a non-empty hereditary saturated subset
of £.

Since C*(E, L, £) is purely infinite, by Lemma 4.6, @ must have an exit. If («, A) has
an exit of type (i), that is, if there is a path y € L(AE!%) with y # «, then r(A, y) € H.
Since r(r(A, y), )N A =r(A, yB) N A # @ for some f implies that y8 € L(AEZ!A),
(yB, A) is a loop, and by (13), (yB)" = af for some m, k > 1, which gives y =«, a
contradiction. Hence (o, A) must have an exit of type (ii), namely A C r(A, «). Then
H #A@withr(A,a)\ A€ H. Infact,if B:=r(A, )\ A ¢ H,thenthereisa g € L*(E)
such that r(B, B) N A # (. Again by minimality of A, we have

ACr(B,B)=rr(A, )\ A, B) Cr(A, aB), (14)
which shows that (e8, A) is a loop, and
ACr(A,a)Cr(r(B, B),a)=r(B, Ba)=r(r(A, a)\ A, Ba). (15)

By (13) together with (14), there exist m, k> 1 such that (a8)" = ok, but then
a(Ba)™ 1B = (af)" = af = aa¥~! and thus (Ba)” !B = «*~!. Multiplying both sides
by o from the right, we have (Ba)” = a* = (¢B)™, or fa =af. Thus we have from
(14) and (15) a contradiction to our standing assumption that (E, £, £) is weakly left-
resolving, and see that H is non-empty. To show that H is hereditary, let B € H and
y € L*(E). If r(B,y) ¢ H, then r(r(B, y), B) N A # @ for some B € L*(E), but then
r(B, yB) N A # (4, in contradiction to B € H. Thus H is closed under relative ranges.
It is rather obvious that H is closed under taking finite unions and subsets. In order to
see that H is saturated, let B € £ satisfy r(B, y) € H for all y € L*(E). If B ¢ H, then
r(B, B) N A # @ for some . Thus again from minimality of A, we have A C r(B, B) and
then
ACr(A,a)Cr(r(B, p), o)

which means r(B, 8) ¢ H, a contradiction.

Now consider the quotient labeled space (E, £, £/H). For B € &£, note that [B] =[]
occurs exactly when B € H, from which [A] # [@] in £/H follows. Also r(A, @)\ A €
H, as seen above, implies [A] =[r(A, @)](=r([A], «)), and thus we obtain a loop
(o, [A]) in the quotient labeled space (E, £, £/H) which has no exits of type (ii). If
it has an exit of type (i) with a path u € Ly ([A1E!Y)), u # « and r([A], n) # [#], then
[r(A, w)] #[4], that is, r(A, u) ¢ H. Thus there exists a path 8 € L*(E) such that
r(r(A, u), B) N A #@, or equivalently A C r(A, uB). But then by (13), (u8)" ="
for some m, n > 1, which gives u = «, a contradiction. Hence the loop (¢, [A]) of
(E, L, £/ H) does not have any exits. On the other hand, minimality of the set [A] € £/H
easily follows from minimality of A in £ and thus the same arguments as in the proof
of Lemma 4.6 can be applied to conclude that the C*-algebra C*(E, L, £/H) contains a
hereditary subalgebra isomorphic to M, (C(T)) for some n > 1. O
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Since pure infiniteness of C*(E) implies that every quotient graph of E satisfies
condition (L), one might expect that a labeled space (E, L, £) should be strongly
disagreeable whenever its C*-algebra C*(E, L, £) is purely infinite. In fact, this is true in
some cases including all (locally finite directed) graphs.

PROPOSITION 4.8. Let (E, L, E) be a labeled space such that every quotient labeled
space has sufficiently many minimal sets. If C*(E, L, £) is purely infinite, then (E, L, £)
is strongly disagreeable.

Proof. We only prove that (E, L, £) is disagreeable since the same argument also shows
that (E, £, £/H) is disagreeable for any hereditary saturated subset H.

Suppose (E, L, £) is not disagreeable. By Proposition 3.2 (or Remark 3.4), there exist
A €& and § € L*(E) satisfying L(AE®I") = (8"} for all n > 1. By choosing § with the
smallest length, this is equivalent to saying that

L(AEZ"Y = {8"8' :n >0, &' is an initial path of §}. (16)

Since A contains a minimal subset and (16) holds true for any subset of A in £, we may
assume that A is minimal. Moreover, any loop at A is of the form §". In fact, if « = §"8’
is a loop for some n > 1 and 8’ with 8 = 8’8", then o = (§"8")% = &' for some k, [ > 1, by
(16), which implies 8’8" = §”§’. Since 8 has the smallest length among the paths satisfying
(16), we must have § = &’ (see the proof of Lemma 3.1). Then by Proposition 4.7, we see
that there are no loops at the minimal set A, that is,

r(A,a)NA=9 foralla € L(AEZD),
since C*(E, L, £) is purely infinite. Now consider the sets
{By:n>1}:={B€&Emnn:B Cr(A, a) for some o € L(AEZ")}

as in the proof of Theorem 3.14. Then the previous arguments for A can be applied to B,
to see that

r(Bp,a) N By =1 a7

forall n>1and o € L(B,EZ"). If n #m and B, N r(By, 1) # @ for some y € L*(E)
(hence, if B, C r(B,,, A)), we write B,, > B,,. Note that once B,, > B,, holds, B,, > B,,
is not possible because of (17). Then the hereditary subset H of £ consisting of all finite
unions of B, gives rise to an ideal Iy, and this ideal can be shown to be an AF algebra in
the same way as before, in contradiction to Remark 2.7(c). O

In view of the fact that if C*(E, L, £) is purely infinite, then every quotient C*-
algebra (in particular, every C*-algebra of a quotient labeled space) is purely infinite,
Proposition 4.8 supports our stance of discussing the pure infiniteness of labeled graph C*-
algebras only for strongly disagreeable labeled spaces. The following theorem below is a
non-simple version of Corollary 3.9. Note that the equivalent conditions in the theorem are
also equivalent to the following: every non-zero hereditary subalgebra of C*(E, L, £/H)
contains an infinite projection for every hereditary saturated subset H of &£.
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THEOREM 4.9. Let (E, L, E) be a strongly disagreeable labeled space. Then the

following are equivalent,

(a)  Every non-zero hereditary subalgebra in every quotient of C*(E, L, £) contains an
infinite projection.

(b) C*(E, L, &) is purely infinite.

(c) Every non-zero projection p 4 is properly infinite for A € £.

Proof. We only need to show that (c) implies (a). If C*(E, L, £) is simple, the assertion
follows from Corollary 3.9. If C*(E, L, £) = C*(s4, pa) is not simple, and I is a non-
zero ideal of C*(E, L, £), then by Proposition 4.4, I is gauge invariant, that is, I = Iy
for a non-empty hereditary saturated subset H (in fact, H = {A € £ : pa € I}). Moreover,
with C*(E, L, £/H) = C*(t4, pia}), there is an isomorphism
Yv:C*E,L,E/H)—~> C*(E, L, E)/I

such that ¥ (pra)) = pa + T and ¢ (t,) = s, + I for [A] € £/H and a € Ay (Remark 2.5).
Now we show that a non-zero hereditary subalgebra B of C*(E, £, £/H) has an infinite
projection. Since (E, £, £/H) is disagreeable, applying Proposition 3.8 (see also
Remark 3.16(a)), we have a non-zero projection p € B such that s, py A]s; < p for some
e Ly (E) and [A] € £/H, [A] # [/]. On the other hand, the projection pa + I # 0 is
properly infinite in C*(E, L, £)/1 because p4 is properly infinite by (c). But the property
of being properly infinite is preserved under a x-homomorphism, hence the projection
DIA] = ¥~ (pa + 1) is properly infinite. Thus p is infinite in B. O

COROLLARY 4.10. Let (E, L, £) be a strongly disagreeable labeled space. If for every
hereditary saturated subset H of £, every vertex connects to a loop in the quotient labeled
space (E, L, E/H), then C*(E, L, £) is purely infinite.

Proof. This follows from Theorem 4.9 and Remark 3.16 . O

Example 4.11. For the labeled graph (E, £) given by

the accommodating set £ consists of the finite or cofinite vertex subsets, and
H:={A C E°: Ais finite}

is the only non-trivial hereditary and saturated subset of £. Each single vertex set
{vi} =[vil; € €, i € Z, admits a loop, hence the projections py,,} are all infinite because
the labeled space (E, L, £) is disagreeable. Since Ay = {b, ¢}, £/H = {[4], [E°]},
and [r(b)] = [r(c)] = [E"], the quotient labeled space (E, £, £/H) can be visualized as
follows:
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Clearly (E, L, £/H) is disagreeable, hence the labeled space (E, L, £) is strongly
disagreeable. For each A € &, the infinite projection py € C*(E, L, ) is either zero
or infinite in the quotient algebra C*(E, L, £)/Iy = C*(E, L, £/H), and thus p4 is
properly infinite [27, Proposition 3.14]. Therefore the C*-algebra C*(E, L, £) is purely
infinite by Theorem 4.9.
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