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SUMMARY
This paper introduces a task-space dynamics formulation for fixed-base serial-link kinematically
redundant manipulators and a motion/force controller based on it. The aim is to alleviate joint-space
instability problems that have been observed with other motion/force controllers. The dynamics are
represented in floating-base coordinates, wherein the end effector is regarded as the floating base.
This representation gives rise to a momentum-conserving redundancy resolution scheme based on the
reaction null-space (RNS) method used in past studies on free-floating and flexible-base space robots.
A generalized inverse is obtained that is shown to satisfy the conditions for dynamic consistency
in the sense of the operational space (OS) formulation, but may lead to the joint-space instabilities
observed earlier. The proposed controller is based on the pseudoinverse of the coupling inertia matrix
and ensures reactionless link motion that does not disturb the force balance at the end effector. The
performance of the RNS motion/force controller is examined by comparison to that with an OS
motion/force controller. It is shown that while the performance in task-space of both controllers is
satisfactory, the joint-space performance of the proposed controller is superior.

1. Introduction
This work addresses the problem of motion/force control of redundant serial-link manipulators on
a fixed base. A number of model-based controllers have been developed throughout the years with
the help of task-space dynamic models. The adoption of such models is a fairly straightforward task
when the manipulator is a non-redundant one. Representative pioneering works include refs. [1–4],
a concise overview is given in ref. [5]. On the other hand, when the manipulator is a kinematically
redundant one, it is known that a formulation based on task-space dynamics only would be insufficient.
Indeed, joint-space dynamics cannot be neglected due to the inherent self-motion property; therefore,
the null-space dynamics have to be involved in addition to the task-space ones. Early works that tackle
this problem include the OS method,4 the dynamic control algorithm,6 the augmented impedance
controller7 and the compliant motion controller.8 The main feature of the OS method is that task
and null-space dynamics are completely decoupled through the so called “dynamically consistent
relationship”.9, 10 The latter two controllers are based on the extended task-space approach,11 wherein
kinematic redundancy is parametrized in a minimal way. The same approach was adapted to derive
controllers with a dynamic decoupling property12, 13 and a compliance controller.14 Impedance control
was tackled under the dynamically consistent relationship in refs. [15–17].

Recently, an attempt was made to unify the derivation of a number of dynamic controllers within
an optimal control framework, by assigning appropriate metrics for a cost function.18 It was shown
that while the controllers’ performance in task space was quite satisfactory, in joint space very
different behaviors were observed. In particular, algorithms involving a quadratic form that includes
the inverse of the link inertia matrix, as in the underlying transform (or metric) under the OS
formulation1, exhibited problematic performance. Similar problems have been reported elsewhere.

* Corresponding author. E-mail: nenchev@ieee.org
1 The inverse of the end-effector mobility tensor,2, 19 called also “operational space inertia matrix (OSIM)”.20
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In ref. [8] the authors noticed that significant errors appeared in their impedance controller, and
resorted therefore to manipulability maximization21 within the null space of the primary task. In
ref. [17], impedance control was experimentally evaluated with a seven-DOF manipulator (the DLR
light-weight robot, generation II). It was concluded that dynamic decoupling is difficult to be realized
in practice because the decoupling accuracy is limited due to ill-conditioning of the transform. In ref.
[22], an overview of the state-of-the-art, OS control is presented. It was reconfirmed that stability can
usually be demonstrated in task-space only. The joint-space instability problems were attributed to
the null-space dynamics, which is in accordance with the results that have been previously reported,
e.g. in ref. [8]

From this brief overview, we can conclude that the joint-space behavior of redundant manipulators
exhibiting satisfactory performance in task space under motion/force or impedance control, is not
fully understood yet. One of the reasons for the undesirable behavior seems to be the ill-conditioning
of the underlying transform/metric. As another reason, joint velocity build-up can be pointed out, e.g.
as observed in early works on task-space dynamic control of kinematically redundant manipulators
under torque minimization.23, 24 The problem can be related to the lack of integrability of joint
acceleration, thus yielding a second-order non-holonomic behavior of the manipulator, similar to that
discussed in ref. [25] for free-joint manipulators. Analysis has been provided in refs. [26,27] but
nevertheless, the problem is still actual as also apparent from more recent results in refs. [28–31].

The aim of this work is to design a task-space motion/force controller capable to alleviate the joint-
space instability problem, without necessarily resorting to null-space control. First, we introduce a
new formulation that, similarly to the OS formulation, is shown to yield a dynamically consistent
relationship. The dynamic model is derived w.r.t. a moving coordinate frame attached to the end
effector. Force components facilitating motion/force control, i.e. the force of constraint and the inertial
force due to end-effector acceleration, can then be obtained in explicit form, without involving any
transformation from the joint space. Furthermore, an additional force component stemming from the
inertial coupling between the end effector and the rest of the links is explicitly visible. This component
gives rise to a joint-space decomposition scheme wherein integrability of the joint acceleration can
be ensured with generalized momentum conservation, under certain assumptions. Also, the ill-
conditioning problem can be alleviated by avoiding quadratic forms that include the inverse of the
link inertia matrix. Further on, we will show that the null-space solution component yields reactionless
motion, i.e. motions of the intermittent links that do not impose any force/moment on the end effector.
This property can be regarded as a necessary condition for complete dynamic decoupling between
the particular and null-space solution components. Finally, we will show that the proposed controller
minimizes part of the kinetic energy stemming from the inertial coupling. This, in conjunction with
momentum conservation, leads to a motion with low kinetic energy.

The decomposition scheme outlined above is based on the RNS method32, 33 used so far to ensure
the dynamic decoupling between an unfixed base (e.g. that of a free-floating34 or a flexible-base
robot35, 36) and the rest of the links. We will first reformulate the original RNS notation, w.r.t. end-
effector dynamic decoupling. Such reformulation can be done in a straightforward manner, as shown
in ref. [37] for a free-floating space robot, and in ref. [38] for a quasi-flexible base robot. Then, we
will show how to implement the new notation in motion/force control task scenarios with a fixed-base
serial-link kinematically redundant manipulator. Finally, results of a comparison to motion/force
control under the OS formulation will be presented to evaluate the performance of the new scheme.

The remainder of this article is organized as follows. Section 2 introduces background and
notations. End-effector dynamics derived via the floating-base representation and the respective
inverse dynamics solution obtained through RNS decomposition is described in Section 3. In Section
4, the momentum conserving RNS motion/force controller is introduced. In Section 5, RNS controller
performance is compared with that of an OS controller. The last section gives the conclusions.

2. Background and Notation
The dynamics of a redundant serial-link robot manipulator in end-effector coordinates have been
described within the OS formulation4, 9 as

Me(θ )V̇ + Ce(θ , θ̇) + Ge(θ ) = F . (1)
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θ ∈ �n denotes the joint coordinate vector, V,F ∈ �m denote end-effector velocity and force,
Ce(θ , θ̇), Ge(θ) stand for Coriolis and centrifugal force and gravity force, respectively. Matrix Me(θ )
is called the ‘OSIM20 and is represented as the inverse of the end-effector mobility tensor:2, 19

Me(θ ) = (
J(θ )M−1

l (θ ) JT (θ )
)−1 ∈ �m×m, (2)

where J(θ ) ∈ �m×n stands for the manipulator Jacobian. It should be noted that the manipulator
dynamics in end-effector coordinates (1) have been obtained from the equation of motion in joint
coordinates:

M l(θ)θ̈ + cl(θ , θ̇) + gl(θ ) = τ , (3)

via the (transposed) inertia-weighted generalized inverse

J#
M (θ ) = M−1

l (θ) JT (θ )Me(θ ).

τ ∈ �n is the joint torque, M l(θ ) ∈ �n×n stands for the link inertia matrix, cl(θ , θ̇), gl(θ ) ∈ �n denote
Coriolis and centrifugal force and gravity force vectors, respectively. Note that the end effector is
not in contact with the environment and therefore, F is not an external force: F = J#T

M τ . Since this
force depends on the particular choice of a generalized inverse, the dynamics representation (1) is
not unique.

Consider now a motion/force control scenario wherein the end effector is partially constrained by
the environment. The end-effector dynamics become4

F − Me(θ )V̇ − Ce(θ , θ̇) − Ge(θ ) = Fκ , (4)

where Fκ is the contact force imposed on the end effector from the environment. To meet the control
objective, a reference end-effector force is designed as

F ref = F ref
m + F ref

κ , (5)

F ref
m = Me(θ )SV̇ ref + Ce(θ , θ̇) + Ge(θ ) + Me(θ)ṠV,

F ref
κ = S⊥F ref

c ,

where F ref
m and F ref

κ are two components referring to end-effector motion and contact force,
respectively. S is a selection matrix suitably defined to specify the unconstrained (motion) directions,
while S⊥ is its complement. V̇ ref and F ref

c are reference values for the motion and force tasks,
respectively, that usually involve feedback control terms.

Further on, since the manipulator is redundant, there is an infinite set of control joint torques that
could be applied without affecting the resultant forces at the end effector:4, 9

τ = JTF ref + (
I − JT J#T

M

)
τ a, (6)

where (I − JT J#T
M ) denotes a projector onto the null space of the transposed inertia-weighted

generalized inverse of the Jacobian, I standing for the n × n identity matrix. τ a , an arbitrary joint
torque vector, parametrizes (in a non-minimal way) the set of joint torques that do not impose any
end effector force. Moreover, as noted in ref. [10] there is also another infinite set of control joint
torques that produce the same end-effector acceleration as a given end-effector force:

τ = M l J# M−1
e F ref + M l

(
I − J# J

)
θa, (7)

where θa stands for an arbitrary joint acceleration vector. The two joint-torque sets (6) and (7)
are compatible (or dynamically consistent), only when the inertia-weighted generalized inverse of
the Jacobian is applied in (7). This leads to complete dynamic decoupling between the particular
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Composite rigid body

Fig. 1. Model of a free-floating serial-link manipulator. With joints locked momentarily, the manipulator can be
regarded as a composite rigid body (CRB). Points A and B are characteristic points on the two end-links, point
C denoting the total CoM.

components responsible for the motion/force control task and the null-space components. It was
shown in ref. [10] that the following four conditions will be then satisfied:

Tn = M lQn, Tp = M lQp (8)

and

Tn ⊥ Qp, Tp ⊥ Qn, (9)

where Q and T denote the joint motion (velocity/acceleration) and its dual (momentum/force)
subspace, while subscripts “p” and ‘‘n” stand for components from the row and null subspaces of the
underlying transform.

The property of complete dynamic decoupling plays an important role in motion/force
and impedance control design, since task and null-space control components can be designed
independently. As noted in the Introduction, though, the nominal behavior in joint space determined
by the task-space control component may become unstable due to ill-conditioning of the end-effector
mobility tensor and the respective metric. Also, the joint velocity may grow in an uncontrollable
fashion because of the non-integrability of joint acceleration. Although these problems can be
alleviated via the null-space control component, it would be much more desirable to have a controller
with a satisfactory nominal behavior.

3. End-Link Dynamics with Floating-Base Coordinates
In this section, we show how the dynamics of a fixed-base manipulator can be rewritten by adopting
a floating-base dynamic model. The special properties of this model are then highlighted and shown
to be useful in the design of a motion/force controller with the desirable nominal behavior.

3.1. Dynamics of a floating-base serial-link manipulator
Consider a free-floating serial-link manipulator with n + 1 links, as shown in Fig. 1. The two end-links
are denoted as A and B. Without loss of generality, in what follows end-link A will be designated
as the root link. It is convenient to assume that the root link is connected to the inertial frame via a
virtual six-DOF joint. Hence, there are n + 6 generalized coordinates: the n joint coordinates plus the
six coordinates of the root end-link. There are three points of interest: characteristic points on each
of the two end-links (points A and B in Fig. 1) and the total center of mass (CoM point C). External
spatial forces FA and FB act at points A and B, respectively. The motion of the two end-links is
characterized by spatial velocities VA and VB .

The system dynamics are described by two coupled equations:

MAV̇A + MAl θ̈ + CA + GA = FA + TFB (10)

and

MT
AlV̇A + M l θ̈ + cl + gl = τ + JTFB. (11)
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End effector Floating base (end effector)

Floating base Fully constrained (fixed base)

Fig. 2. In the floating-base manipulator model (the figure on the left) link A is the floating base (root link) while
link B is the end effector. The fixed-base manipulator model is obtained when link A is assigned the role of the
end effector (floating base, root link), while link B is being fully constrained to obtain the fixed base.

First, note that in (10) there are two linear force components. MAl θ̈ reflects the inertial coupling
between end-link A and the rest of the links. MAl ∈ �6×n will be referred to as the coupling inertia
matrix.32 Component MAV̇A, on the other hand, represents the inertia force of the composite rigid body
(CRB) obtained when the joints are momentarily locked. The CRB dynamics are characterized by the
inertial properties of the entire system; they are represented in terms of end-link A coordinates. MA ∈
�6×6, CA, GA ∈ �6 denote CRB inertia matrix, non-linear coupling and gravity forces, respectively.
T ∈ �6×6 is a spatial force transform.

Next, note that (11) would represent the dynamics of a “conventional” fixed-base manipulator,
when link A is fixed. This manipulator is composed of all bodies except link A; because end-link
A is the root, quantities M l , cl , gl and J are those of the fixed-base manipulator, link B being its
end effector. To adapt this floating-base notation to a fixed-base manipulator, we will keep end-link
A as the root link, but designate it as the end effector. End-link B, on the other hand, will be fully
constrained to become the fixed base. This implies the renumbering of joints and links in reverse
order, as illustrated in Fig. 2.

3.2. Properties of system dynamics
The partial dynamics (10) have some desirable properties from the viewpoint of motion/force
controller design. These properties will be examined below via some idealizing assumptions. First,
note that end-effector acceleration V̇A and (external) force FA are explicitly present in the equation.
Hence, there is no need to involve a coordinate transformation, such as the transposed inertia-weighted
generalized inverse. Furthermore, note the presence of the term MAl θ̈ ; it accounts for the joint-space
dynamics. This is in contrast to the OS dynamics representation (1) wherein the joint-space dynamics
remain completely hidden.

Assume now that the system is under zero gravity or static balance (GA = TFB) and the joints are
locked. Then, from (10) we obtain the CRB dynamic relationship:

FA = MAV̇A. (12)

Next, assume a stationary or uniformly moving end effector (V̇A = 0). When the manipulator
accelerates, the end-effector will be subjected to the spatial force:

F = MAl θ̈ . (13)

Further on, we focus on the partial dynamics (11). Assume again zero gravity or a stationary state.
When a joint torque is applied, the joints accelerate as follows:

θ̈ = M−1
l τ . (14)
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On the other hand, when the end effector accelerates, then the respective joint torque is

τ = MT
AlV̇A. (15)

With the help of (13)–(15), and under force balance FA = F , the end-effector force/acceleration
relation (12) can be expressed as

FA = MAl M
−1
l MT

AlV̇A. (16)

By comparison to (12), it becomes apparent that the CRB inertia matrix can be represented as

MA = MAl M
−1
l MT

Al. (17)

This matrix can be regarded as an equivalent of the OSIM.

3.2.1. Reactionless motion property. Assume again that end-effector force FA is the only acting
external force (e.g. under static balance or zero-gravity condition). The joint acceleration obtained
from (10) is

θ̈ = M#
AlFA + (I − M#

Al MAl)θ̈a, (18)

where M#
Al denotes a generalized inverse of the coupling inertia matrix. The second term on the r.h.s.

is a vector from the null space of this matrix, θ̈a denoting an arbitrary joint acceleration. This term
appears since we deal with a redundant manipulator (n > 6). Hence, there is an infinite set of joint
accelerations that do not alter the force balance at the end-effector:

{θ̈RL : θ̈ = (I − M#
Al MAl)θ̈a, ∀θ̈a ∈ �n}.

Any acceleration from the above set can be characterized as reactionless. The null space of the
coupling inertia matrix MAl plays an important role in the following derivations. We will henceforth
refer to this null space as the end-effector reaction null space (EE-RNS).

3.2.2. Integrability property. The necessary and sufficient conditions for integrability are given below.

Proposition 1 (necessary condition for integrability). Assume quasi-static force balance (GA =
FA + TFB) and a non-linear force represented as CA ≈ ṀAVA + ṀAl θ̇ . Then, the partial dynamics
(10) can be integrated.

Proof. Follows by direct substitution of the assumptions into (10). �

The integration results in the following constant of motion:

MAVA + MAl θ̇ = 0, (19)

whereby the integration constant is assumed null. This relation can be interpreted as a momentum
conservation constraint. Solving for the joint velocity, we obtain

θ̇ = −M#
Al MAVA + θ̇RL, (20)

where

{θ̇RL : θ̇ = (I − M#
Al MAl)θ̇a, ∀θ̇a ∈ �n}

is an infinite set of joint velocities, referred to as reactionless, θ̇a denoting an arbitrary joint velocity.
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Proposition 2 (sufficient condition for integrability). For any M#
Al , the necessary condition for

integrability (19) should be enforced with the unique joint velocity θ̇ = −M#
Al MAVA.

Proof. Given a joint acceleration θ̈(t), its integral is represented by an unique joint velocity vector,
invariant w.r.t. a linear shift in the origin. The statement in the proposition implies that the reactionless
joint velocity must be identically zero. Assuming the opposite (θ̇RL �= 0), and noting that {θ̇RL} is an
infinite set parametrized by θ̇a , we arrive at the contradiction that there is more than one joint velocity
for a given joint acceleration. Therefore, the reactionless velocity should be null. �

Henceforth, based on reasons to be outlined below, we resort to the Moore–Penrose-generalized
inverse (pseudoinverse) in the equations.

Corollary 1. Assume M#
Al ≡ M+

Al . Then, to enforce integrability, the following reactionless joint
acceleration must be employed:

θ̈RL = − (
I − M+

Al MAl

)
Ṁ

T

Al(MAl MT
Al)

−1 MAVA

= (
I − M+

Al MAl

)
Ṁ

T

Al(MAl MT
Al)

−1 MAl θ̇ ,

(21)

where M+
Al denotes the pseudoinverse and ṀAl ≡ d

dt
MAl .

Proof. In (20), substitute M#
Al by M+

Al and differentiate w.r.t. time under the sufficient condition
θ̇RL = 0. Taking into account constraint (19), it is straightforward to arrive at (21). �

3.2.3. Dynamically consistent relationship. With the help of the EE-RNS, we can derive an infinite
set of joint torque vectors that produce the same end-effector acceleration as a given end-effector
force:

τ = M l M#
Al MAV̇A + τRL, (22)

where

{τRL : τ = M l(I − M#
Al MAl)θ̈a, ∀θ̈a ∈ �n}. (23)

Equation (22) was obtained by substituting (18) into (11), and ignoring the non-linear, gravity and
reaction forces.

Proposition 3. Generalized inverse

MAl = M−1
l MT

Al

(
MAl M

−1
l MT

Al

)−1
, (24)

is a dynamically-consistent generalized inverse.

Proof. First, it can be confirmed by direct observation that for any M#
Al , (22) together with (23)

satisfies the two conditions (8). Next, we focus on the enforcement of the orthogonality conditions
(9). To this end, observe that there is an infinite set of joint torques that do not alter the state of the
end effector:

τ = MT
AlV̇A + (

I − MT
Al M

T #

Al

)
τ a. (25)

The second term on the r.h.s. is a null-space vector, τ a denoting an arbitrary joint torque vector. It is
straightforward to confirm that for any M#

Al , (25) satisfies (9). The unique generalized inverse that
satisfies both, (8) and (9), is the dynamically-consistent generalized inverse MAl . �
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It is worth noting that, when MAl is substituted into (23) and (25), the two null-space projectors
will be related via a similarity transform2:

(I − MAl MAl) = M−1
l

(
I − MT

Al M
T

Al

)
M l . (26)

3.2.4. Coupling energy minimization. The dynamically consistent force/torque relationship derived
above via generalized inverse MAl , includes the inverse of the link inertia matrix (cf. (24)). As
explained in the Introduction, this type of generalized inverses lead to ill-conditioning problems, such
as error amplification,18 and may induce joint-space instability. To avoid such problems, henceforth
we employ the pseudoinverse as a generalized inverse. The complete dynamic decoupling property
will then be sacrificed to guarantee joint-space stability, without involving the null-space component.
The reactionless motion property, that guarantees conditions (8) of the dynamically consistent
relationship via (22) and (23), though, will be unaffected.

The reason why we prefer the pseudoinverse will be explained in what follows. Consider first the
total kinetic energy:

T = 1

2

(
mAvT

AvA + ωT
A IAωA

)

+ 1

2

n−1∑

i=1

(
miv

T
i vi + ωT

i I iωi

)

+ 1

2

(
mBvT

BvB + ωT
B IBωB

)
, (27)

where m(◦), I (◦), v(◦), ω(◦) denote mass, inertia tensor, CoM velocity and angular velocity of each link,
respectively. Rewrite in a compact form as

T = 1

2
VT

A MAVA + 1

2
θ̇

T
M l θ̇ + VT

A MAl θ̇ . (28)

The first two terms denote the kinetic energies of the CRB and of the links, respectively. The last
term, referred to as the coupling kinetic energy, stands for the energy exchanged between the end
effector and the rest of the links.

The coupling kinetic energy plays an important role in the derivations. To gain further insight,
consider again a system under quasi-static force equilibrium, s.t. GA = FA + TFB , or equivalently,
a system in zero-gravity environment and no external forces. These special cases allow us to focus
on the dynamics of link motion and the inertia coupling property. As clarified in the previous section,
generalized momentum will then be conserved. The joint velocity, obtained from the particular
component in (20) is

θ̇ = −M#
Al MAVA. (29)

With this velocity, the coupling kinetic energy becomes

TCE = −VT
A MAVA

= −θ̇
T (

MT
Al M

−1
A MAl

)
θ̇ , (30)

where the property MAl M#
Al = I was used.

Next, note that to minimize (locally) the total kinetic energy under momentum conservation, it
would be sufficient to minimize the partial kinetic energy, e.g. the coupling kinetic energy. For a given

2 This is also true for the two null-space projectors in the OS formulation:
(I − J #

MJ ) = M−1
l (I − J T J T #

M )Ml .
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system configuration, this energy will be minimized iff the joint velocity norm is minimal. Such joint
velocity can be obtained by choosing the pseudoinverse M+

Al as a generalized inverse in (29).
With the above expression for the coupling kinetic energy, the system kinetic energy can be

rewritten as

T = 1

2
θ̇

T
M l θ̇ − 1

2
VT

A MAVA

= 1

2
θ̇

T (
M l − MT

Al M
−1
A MAl

)
θ̇ . (31)

The momentum conservation condition means that pausing the end-effector motion will necessarily
lead to pausing link motion (under null initial momentum). Thus, the non-integrability (joint velocity
build-up) problem, inherent to other task-space dynamic controllers, can be avoided.

4. Reaction Null-Space-Based Motion/Force Control
Our goal is to design a controller with a task-space control component that can ensure the desirable
nominal behavior in joint space, such that large joint-velocity peaks and velocity build-up can be
avoided. As shown in the previous section, the pseudoinverse of the coupling inertia matrix is worth
being considered in the underlying redundancy resolution scheme. When deriving the relations, the
idealizing assumptions from the previous section will be dropped and the complete dynamics (10)
and (11) will be taken under consideration.

The derivation is based on the hybrid motion/force control approach presented in ref. [5], Chapter 7.
End-effector A contacts the environment under a motion/force task scenario, being thereby constrained
along k < 6 directions. This can be expressed via the equation Jκ (q)q̇ = 0, Jκ (q) ∈ �k×(6+n)

denoting the constraint Jacobian containing partial derivatives related to the environment constraint
κ(q) = const. End-effector A’s spatial force is then FA = JT

κAλ, where λ ∈ �k is the Lagrange
multiplier for the forces of constraint and JκA(q) ∈ �k×6 is a submatrix of the constraint Jacobian
s.t. JκAVA = 0. Further on, denote VA ≡ Svν where ν ∈ �6−k is end-effector A’s velocity along the
unconstrained directions and Sv(q) ∈ �6×(6−k) is defined from ST

f Sv = 0, Sf (q) ≡ JT
κA(q).

Using (10), we first obtain the reference joint acceleration for the task-space (particular-solution)
control component:

θ̈
ref

p = M+
Al

(
Sf f λ − MASvαv − MA Ṡvν

)

+ M+
Al (TFB − CA − GA) . (32)

As shown in the Appendix, this control acceleration ensures complete decoupling between the motion
and force subtasks for the closed-loop system, s.t. ν̇ = αv and λ = f λ. The respective joint torque
control component derived via (11) is

τp = MT
Al Svαv + M l θ̈

ref

p − JTFB + cl + gl

= (
MT

Al − M l M
+
Al MA

)
Svαv + M l M

+
Al Sf f λ

+ (
M l M

+
Al T − JT

)
FB

+ cl + gl − M l M
+
Al

(
CA + GA + MA Ṡvν

)
. (33)

This control torque compensates the joint-space non-linear and gravity forces and ensures a double-
integrator type closed-loop behavior θ̈ = θ̈

ref

p . When compared to the particular-solution control
torque derived under the OS formulation, τ = JT (θ)F ref , F ref given in (5), the above expression
is somewhat messier. But we can expect a better nominal behavior in joint-space, as explained. The
following remarks are due. First, note that with the controller we have to compensate the exact
non-linear force term CA instead of compensating its approximation CA ≈ ṀAVA + ṀAl θ̇ that was
required for momentum conservation (19); otherwise, the task-space behavior cannot be guaranteed
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Fig. 3. Planar five-link four-joint manipulator models used in the RNS and OS formulations. The “root” links
are end-links A (for RNS this is the end effector, while for OS this is the base). The passive joints at the two
end effectors appear since end-effector orientation is ignored. The “fixed-base” link B in the RNS formulation
is obtained by a constraint force calculated via the Lagrange multiplier method.

anymore. The integrability property will deteriorate in that case only insignificantly, as will be shown
below with the simulation. Second, note that, on the other hand, the integrability property depends
very much on the null-space (reactionless) acceleration (21) (cf. Corollary 1). Since the controller (33)
is solely based on a particular-solution component, the desirable joint-acceleration integrability will
be compromised to some extend and hence, there will be some residual joint-velocity drift. Because
of the momentum conservation property, however, this drift is expected to be substantially smaller
than that of a similar OS controller. Third, if integrability is the only secondary task envisioned, then
the reactionless acceleration (21) should be added as a control component.

5. A Comparative Study
Motion/force control under the OS formulation4, 9 and the newly introduced EE-RNS formulation
will be compared herein. Starting with the floating-base model, we constrain end-link B via FB ,
calculated with the help of the Lagrange multiplier method. The kinetic energy term for end-link B

(the last term in (27)) is zero, hence (28) becomes

T = 1

2
VT

A M̃AVA + 1

2
θ̇

T
M̃ l θ̇ + VT

A M̃Al θ̇ , (34)

where the tilde operator denotes inertia matrices modified to account for the constraint acting on
end-link B. This notation will be used below in all floating-base relations derived so far.

5.1. Models
Two equivalent planar five-link four R-joint manipulator models will be employed as shown in Fig. 3.
The only difference is in the assignment of root link A as end-effector or base in the RNS and
OS formulations, respectively. All link parameters are identical: link mass, inertia, length and CoM
position are set to mj = 10 kg, Ij = 0.83 kgm2, lj = 1.0 m, aj = 0.5 m (j = 1, 2, 3), respectively.
The base-link parameters in the RNS formulation are set at m0 = 104 kg and I0 = 830 kgm2 (the link
length is irrelevant). Note, the base link is constrained but nevertheless, its parameters determine the
joints-space behavior to a great extent. Further on, there is one virtual passive joint at each of the end
effectors, such that the respective rotational coordinate can be ignored. Thus, we obtain two equivalent
3R redundant manipulators, with n = 3 and two end-effector coordinates (for translational motion
only). The end effectors move along a semi-circular surface of radius r = 0.5 m. A spring/damper
system is attached at each end effector, pointing always along the normal of the circular surface. With
this system, positioning/force errors in the constrained direction will be modeled. The spring and
damper constants in both models are the same: 5.0 × 104 N/m and 5.0 × 102 Ns/m, respectively.

5.2. Controllers
The performance of the following two motion/force controllers will be examined: the RNS formulation
based controller, or RNS-C for short and the OS formulation based controller, or OS-C for short.
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Thereby, the main focus is on the task-space (or particular-solution) control component that ensures
the nominal behavior in joint space. With RNS-C, control torque (33) will be used; with OS-C —
τ = JTF ref , F ref given in (5). The feedback control loops for motion along x direction and force
along z direction are designed as

v̇
ref

i = v̇des
i + kd (vdes

i − vi) + kp(xdes
i − xi), (35)

f
ref

i = f des
i + kf (f des

i − fi), (36)

where kd , kp and kf are feedback gains. In the case of RNS-C (i = A), v̇
ref

A and f
ref

A are to be used
in (33) in place of Svαv and Sf f λ, respectively. In the case of OS-C (i = B), on the other hand, v̇

ref

B

and f
ref

B should replace the reference acceleration and the reference contact force appearing in (5) as
SV̇ ref and S⊥F ref

κ , respectively.
Further on, to assess the property of dynamic decoupling, null-space control components will be

added to the above particular components in the form of null-space joint-motion dampers. The role
of null-space component (21) for improving integrability, and hence, for reducing the residual joint
velocity, will be also examined.

5.3. Simulation results
Results from two simulations will be presented. Sampling and simulation times are set to 1 ms
and 6 s, respectively. Without loss of generality, the gravity term is excluded to keep the focus
on dynamic and reactive forces only3. The initial configurations in the simulations are the same:
θ = [−15 60 60]T deg.

The first simulation uses the particular-solution control torque only (no null-space motion
whatsoever). The desired path in the unconstrained direction is defined via a fifth-order spline
function, s.t. the end effector tracks a circular arc of ±45◦ in both directions (one full cycle). At
the half-cycle, the boundary conditions for the two splines are stationary, such that the end effector
pauses instantaneously. The motion feedback gains are set at kd = 10 s−1 and kp = 100 s−2. The
desired force in the constrained direction is designed as a fifth-order spline function during the first
second, with a maximum value set at 10 N, to be kept constant for the remaining time. The respective
feedback gain is set at kf = 5. Note that the setting of the feedback gains is not critical due to the
stability properties of the controllers, stemming from complete dynamic decoupling and reactionless
motion for OS-C and RNS-C, respectively. The above values were selected empirically to yield
minimal position/force tracking errors.

The second simulation involves null-space motion initialized with a non-zero null-space joint
velocity, whereby the initial (stationary) state of the end effector is to be tracked under motion/force
feedback control. This results mainly in self-motion.

5.3.1. Particular-solution control torque with pseudoinverse. Figures 4 and 5 show the task and
joint-space simulation results obtained with RNS-C and OS-C. From Fig. 4, it is apparent that the
end-effector position/force data are almost identical for the two controllers. This means that the
properties of full motion/force decoupling could be validated with both controllers. Note that the end-
effector position errors in the z direction are larger. These errors are due to the elastic environment
modeled via the springs and the lack of position feedback control (pure force control) in this direction.

Further on, from the joint-space behavior results shown in Fig. 5, it becomes apparent that the
joint velocity obtained from the OS-C simulation undergoes much larger fluctuations than that in the
RNS-C one; the respective peak values are 4.22 rad/s against 0.73 rad/s. This considerably different
joint-space behavior can be explained with the condition number of the mobility tensor4, as shown in
Fig. 6. For both controllers, the maximum value is attained around the end of the half-cycle, when the
manipulator is mostly extended. The maximum value under OS control, however, is much larger than
that under RNS control. Note also that under OS-C, the condition number fluctuates significantly:
local peaks can be observed, and in addition, the rate of change is also considerably higher than that
under RNS-C. These observations show that, indeed, the ill-conditioning of the end-effector mobility

3 The gravity term is assumed to be fully compensated in the controller (32).
4 The inverse of this matrix is used only in the OS controller.
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Fig. 4. Simulation results of end-effector position and force obtained with particular-solution control torque
only, no null-space component.
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Fig. 5. Simulation results of the joint variables obtained with particular-solution control torque only, no null-
space component.
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Fig. 7. Simulation results of position and force errors including null-space damping control. In this simulation,
end-effector position and force are regulated to their initial values: [1.41 1.41] m for position and null for force.

tensor may influence joint-space behavior to a great extent, as also suggested in other works. As
a consequence from the large joint velocity peaks under OS control, joint torque peaks appear, as
apparent from Fig. 5. Also, a larger end-effector force error is induced, as seen in Fig. 4.

The joint acceleration near-integrability property of the RNS controller can be assessed via the
joint-space velocities shown in Fig. 5. At the half-cycle, when the end-effector pauses to reverse
direction, the joint velocities also become almost null, as expected from the momentum conservation
condition. This is in contrast to the behavior under OS control: joint velocity peaks are observed
for the above-mentioned end-effector state. These peaks are induced via the conditioning of the
transform that enforces the dynamically consistent relationship, as explained above. Note also the
relatively large residual joint-velocity norm for OS-C at the end of the cycle: 0.87604 rad/s versus the
significantly smaller 0.2616 rad/s for RNS-C. Further on, when the reactionless null-space component
(21) is employed in addition to the particular one, the residual velocity decreases dramatically to the
order of 10−4 rad/s.

From Fig. 6, it is seen that the RNS-C outperformed OS-C also in terms of total kinetic energy,
in spite of the (local) minimization property of the inertia-weighted generalized inverse. Note that at
the end of the half-cycle, the total kinetic energy under RNS-C decreases to zero, in agreement with
the condition that generalized momentum is conserved at zero. In contrast, the kinetic energy under
OS-C remains at a high level at that point.

5.3.2. Particular plus null-space control torque. The aim of this simulation is to demonstrate the
differences in the complete dynamic decoupling property between the particular and the null-space
components. In both controllers, null-space motion is initialized via a joint velocity from within the
null-space of the Jacobian: (I − J+ J)θ̇a , with θ̇a = [10 10 10]T rad/s. This joint velocity is then to
be damped out with the null-space terms, using τRL with θ̈a = −K jd θ̇ for RNS-C (see (23)), and
τ a = −M l K jd θ̇ for OS-C (see (6)). The identity matrix is used as the joint damping matrix K jd .
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Fig. 8. Simulation results of the joint variables for the case with null-space damping control.

The position of each end effector is regulated thereby to the initial value of [1.41 1.41] m while the
force component is regulated to zero. The results are shown in Figs. 7 and 8 for the task-space and
joint-space behavior, respectively. First, from Fig. 7 it is seen that with the OS-C, the null-space
motion did not affect the end-effector position regulator. This can be explained with the complete
dynamic decoupling property of this controller. In the RNS-C case, however, an end-effector error
in the position is observed. This situation was anticipated, though, because the controller does not
ensure exact complete dynamic decoupling. Nevertheless, as seen from the results, the RNS controller
performs well, which can be attributed to the reactionless motion property.

6. Conclusions and Discussion
The contribution of this work is the development of a framework for task-space dynamics and its
application to motion/force control. The aim was to address the not yet fully understood problematic
joint-space behavior of redundant robots exhibiting otherwise satisfactory performance in task-space
under motion/force or impedance control. We assumed that the problem was caused by two conditions:
(i) ill-conditioning of the inverse link-inertia matrix appearing in the end-effector mobility tensor,
and (ii) joint velocity residual due to non-integrability of joint acceleration. It was shown that these
problems can be tackled with the help of the RNS method used in previous works to minimize
base reactions of free-floating and flexible-base robots. The main characteristics of the method are
joint-space decomposition via the coupling inertia matrix and its momentum conservation ability,
which are essential in generating reactionless motions. A dynamically consistent force/torque relation
for complete dynamic decoupling was derived with a weighted generalized inverse of the coupling
inertia matrix, wherein the inverse link inertia was used as the weight matrix. This type of generalized
inverse has a similar structure as the dynamically consistent inverse in the OS formulation; both
inverses are prone to ill-conditioning. The problem cannot be alleviated under the OS formulation,
unless the null-space dynamics are involved. This, however, means that the null-space dynamics
may become unavailable for other subtasks. On the other hand, as shown herein, under the RNS
formulation it is possible to address ill-conditioning by employing the pseudoinverse of the coupling
inertia matrix, and without resorting to the null-space dynamics. The complete dynamic decoupling
property diminishes, but the reactionless motion property is preserved, as a necessary condition for
the decoupling.

Further on, the necessary and sufficient conditions for integrability were identified in relation to
momentum conservation. Under the motion/force control scenario with a fixed-base robot discussed
herein, external forces are present and therefore, the necessary condition for integrability cannot
be met exactly. Nevertheless, simulation experiments have shown that the proposed RNS-based
redundancy resolution approach has the potential of reducing the residual joint velocity. It must be
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noted that the mass distribution in the system determines the joint-space behavior to a great extent.
Especially, the mass of the base link that was constrained via the Lagrange multiplier method, plays
an important role. When the mass approaches infinity, the behavior of the manipulator in joint-space
coordinates comes close to the one under resolved-acceleration control.39 As a consequence, our RNS
motion/force controller exhibits the behavior of a resolved-acceleration controller in joint space.

The performance of the RNS motion/force controller was investigated via simulations with a planar
robot arm, focusing mainly on the particular-solution component. Results from a comparison with
an OS motion/force controller have confirmed that position- and force-tracking errors were of the
same order. The RNS controller, however, exhibited a significantly better performance in terms of
joint-space motion: it was possible to avoid the excessive joint velocity and torque peaks of the OS
controller. Also, the residual joint-velocity build-up after a cyclic motion was less than that of the OS
controller. The total kinetic energy was also lower, which was attributed to the local minimization
property of the coupling kinetic energy exchanged between the end effector and the rest of the links.
On the other hand, when a null-space control component was added, the performance of the RNS
controller deteriorated somewhat. This was due to the trade-off in the RNS controller design wherein
the complete dynamic decoupling property between the task and null-space dynamics was sacrificed
in lieu of better joint-space behavior. As was shown in Corollary 1, the null-space component is
important for the integrability. Therefore, these trade-offs need to be examined further in a future
work.

With regard to practical implementations, it should be noted that in general, model uncertainties
will lead to performance deterioration in both controllers. The deterioration will be stronger for the OS
controller, though, since the underlying transform (or metric) is prone to ill-conditioning, as explained
already above. Further on, most practical implementations would involve a spatial manipulator rather
than the planar one discussed here. The momentum of a spatial manipulator includes an angular
component, in addition to the linear one investigated here. This may lead to deterioration in the
near-integrability property of the RNS controller.

Finally, it is important to note that the reaction forces are explicitly available as a byproduct of
the floating-base formulation. These forces are irrelevant in the case of a fixed-base manipulator. But
for floating-base robots (on a mobile or flexible base, humanoids and so on), these forces play an
important role. We believe that the potential of the RNS motion/force controller is exactly in this
field. We intend to confirm this in the near future.
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Appendix A
Closed-loop stability for the motion/force controller in task-space can be inferred from the following
derivations. The notations introduced in the beginning of Section 4 are used.

The end-effector motion constraint is

JκAV̇A + J̇κAVA = 0. (37)

Therefore, (10) can be rewritten as

MAV̇A + MAl θ̈ + CA + GA = JT
κAλ + TFB. (38)

Combining these two equations, we obtain

JκA M−1
A JT

κAλ = −JκA M−1
A (TFB − MAl θ̈ − CA − GA) − J̇κAVA (39)

and hence,

λ = 	−1
f

(
JκA M−1

A (MAl θ̈ + CA + GA − TFB) − J̇κAVA

)
, (40)
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where 	f ≡ JκA M−1
A JT

κA. Then, substitute λ into (38) to obtain

MAV̇A + JT
κA	−1

f J̇κAVA = −P(MAl θ̈ + CA + GA − TFB), (41)

where P = I − JT
κA	f J̇κA M−1

A and P JT
κA = 0. Next, by multiplying both sides of (41) with ST

v

from the left and using ST
v P = ST

v and V̇A = Sv ν̇ + Ṡvν, we obtain

ST
v MASv ν̇ + ST

v MA Ṡvν = −ST
v (MAl θ̈ + CA + GA − TFB) (42)

or

	v ν̇ = −ST
v (MAl θ̈ + CA + GA − TFB + MA Ṡvν), (43)

where 	v ≡ ST
v MASv . Further on, noting that Ṡ

T

f Sv = −ST
f Ṡv , we rewrite (40) as

λ = 	−1
f JκA M−1

A (MAl θ̈ + CA + GA − TFB + MA Ṡvν). (44)

The control equation:

MAl θ̈ = Sf f λ − MASvαv − CA − GA + TFB − MA Ṡvν (45)

is substituted into (43) and (44) to confirm that the closed-loop relations for motion and force are
decoupled as ν̇ = αv and λ = f λ, respectively.
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