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Reflection and martingale principles are central to models of rational learning. They can
be justified in a variety of ways. In what follows we study martingale and reflection prin-
ciples in the context of measure theory. We give special attention to two approaches for
justifying these principles that have not been studied in that context before: diachronic
coherence and the value of information. Together with an extant argument based on ex-
pected accuracy, these arguments lend support to the thesis that reflection and martingale
principles govern rational learning.

1. Introduction. Jeffrey’s (1992) epistemological program known as rad-
ical probabilism tries to reconcile two goals: it aims at being both mathe-
matically precise and flexible regarding representations of opinions and opin-
ion change. Jeffrey conditioning (also known as probability kinematics) is
a prime example (Jeffrey 1957, 1965, 1968). Being less rigid than standard
Bayesian conditioning, it nonetheless captures a common type of uncertain
observational learning within the framework of probability theory.
Learning from experience is not, however, restricted to Bayesian and Jef-
frey conditioning. In the most extreme case the learning event is a black box:
we only know an agent’s opinions before and after the learning experience.
Despite the lack of structure, there is a family of principles—known as reflec-
tion and martingale principles—that are plausible candidates for regulating
how to respond to new information in generalized learning situations. The
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principles say, roughly speaking, that current opinions should cohere with
anticipated future opinions.

How can such principles be justified? There are three paradigms (Hut-
tegger 2017). One is based on diachronic Dutch book arguments (Goldstein
1983; van Fraassen 1984; Skyrms 1990), the second one proceeds in terms of
expected accuracy (Easwaran 2013; Huttegger 2013), and the third approach
appeals to ideas related to the value of knowledge theorem in decision theory
(Huttegger 2014). The three paradigms are well understood in finite probabil-
ity spaces. The same is true for the expected accuracy approach and infinite
probability spaces. However, a corresponding treatment is missing for the other
two approaches. The aim of our article is to fill this gap.

We are going to follow the most common approach to infinite probabil-
ity spaces, Kolmogorov’s (1933, 1956) measure-theoretic probability theory.
The central concept of Kolmogorov’s theory is the conditional expectation of
a random variable given a g-algebra, which gives rise to a natural formula-
tion of generalized learning. There is an ongoing discussion of the limits of
the concept of conditional expectation and the measure-theoretic approach.
Kolmogorov’s assumption of countable additivity has not found universal
acceptance (de Finetti 1974; Seidenfeld 2001). Moreover, conditional expec-
tation has some strange consequences when it is taken with respect to cer-
tain o-algebras (Seidenfeld, Schervish, and Kadane 2001). For the purposes
of this article, we take it for granted that conditional expectation is a worth-
while object of study, even if it may not be universally valid.

The article is structured as follows. After introducing Kolmogorov con-
ditional expectation in section 2, we introduce reflection and martingale prin-
ciples in section 3. Most of the aricle investigates the value-of-knowledge
paradigm (sec. 4). In section 5 we show that the diachronic Dutch book argu-
ment for Kolmogorov conditional probability presented in Rescorla (2018) gives
rise to reflection and martingale principles. Finally, in section 6 we conclude
by discussing the impact of these arguments on the status of those principles.

2. Conditional Probability and Conditional Expectation. Let (2, B, P)
be a probability space: (1 is a set of atomic events, ®B is a g-algebra of mea-
surable subsets of Q called “events,” and [P is a countably additive proba-
bility measure.' We can think of (2, B, [P) as an experimental setup, where
the elements of  represent the most fine-grained experimental outcomes,
members of B capture experimental events, and [P represents a scientist’s
degrees of belief.

Let & be a sub-g-algebra of °B. Intuitively, & represents the outcomes of
an experiment that gives partial information about the space of atomic events.

1. Here we set aside issues that arise when [P is finitely but not countably additive. See
Kadane, Schervish, and Seidenfeld (1996) and Seidenfeld (2001).
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Furthermore, let X : @ — R be a random variable on (Q, ®8). Random vari-
ables represent quantities that have a determinate value in the experimental
setup (i.e., X is B-measurable).

According to Kolmogorov (1933), the conditional expectation of X given
&, E[X|®], is itself a random variable. More precisely, E[X|®] is a &-
measurable real-valued function such that

JXdIP> = J EX | &)dP
G G

for all G € &. The conditional expectation E[X|®] is almost surely unique
and can be thought of as the best estimate of X given the experimental out-
comes in 6.2 For instance, if & is the trivial algebra {<J, Q}, then & provides
no information at all, and the best estimate of X given & is the expectation
of X, E[X|&] = E[X], a.s. (almost surely). Yet, E[X|B] = X a.s., since X
is B-measurable and thus coincides with its best estimate given 8.

It is well known that Kolmogorov’s concept of conditional expectation
basically coincides with the traditional concept of conditional expectation
when  is finite. Moreover, conditional probability can be defined in terms
of conditional expectation. Let B be an event in B, and let x; be the indi-
cator of B. Then the conditional probability of B given &, P[B|®], is equal
to E[xs|®] a.s. While conditional probability, thus understood, is a random
variable, it effectively coincides with the elementary concept of conditional
probability when (2 is finite.

3. Principles for Updating Opinions. Conditioning is the best known
Bayesian principle of updating. It is usually stated in terms of partitions: the
new probability of an event 4 is given by the conditional probability of 4 given
the element of the partition that was observed to be true. Conditional proba-
bilities given a o-field generalize that idea to epistemic situations that cannot
be captured by partitions. Conditional expectations given a o-field generalize
Bayesian conditioning to random variables.

In both manifestations, Bayesian conditioning assumes that one learns
something with certainty.® Learning with certainty is a limiting case of uncer-
tain learning, as Jeffrey has argued in several places (Jeffrey 1957, 1965, 1968).
This led him to develop a broader Bayesian epistemology, radical probabilism,
which subsumes Jeffrey conditioning but also includes other forms of updating
(Jeffrey 1992).

2. See Huttegger (2013) for a brief discussion. The treatment presupposes strictly proper
scoring rules. For brevity’s sake we cannot go into details here.

3. This understanding requires conditional probabilities given a o-field to be proper. See
our discussion of properness below.
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Several authors have argued that there is a family of principles, usually
referred to as reflection or martingale principles, that govern how an agent
should change opinions in response to new information in all forms of up-
dating that fall under the umbrella of radical probabilism (Goldstein 1983;
van Fraassen 1984; Skyrms 1990; Jeffrey 1992). Our first order of business
is to formulate them within the conceptual framework sketched in the pre-
ceding section.*

As before, (2, B, P) is a probability space. Let P: Q x B — [0, 1] be a
function with the following properties:

(1) P(w, +) is a probability measure on ({2, 8) for each w € Q;
(i1) P(-, B) is B-measurable for each B € ‘B.

We will refer to P as an update policy. An update policy represents an
agent’s future probabilities after learning. Let § be the o-algebra generated
by the family {P(-, B) : B € ®B}. Note that § is a sub-o-algebra of B, since
by (ii) P(-, B) is ‘B-measurable. Intuitively, § represents information about
future probabilities after learning. It is the “future algebra.”

The principle of reflection says that present probabilities, conditional on
the future, should be equal to future probabilities, or, for all B € B:

PB | 3) = P(-,B) as. (1)

In other words, for all B € 9B, P(-, B) is a version of the conditional prob-
ability P(B | §). Notice that reflection implies that (- | §) has a regular
version. The latter is true, for example, if 2 is a Polish space and *B is its Borel
g-algebra. In general, however, ’s being Polish is not necessary for the ex-
istence of a regular version of P(- | §). Conversely, if a space has no regular
conditional probability given §, then the principle of reflection does not hold.

Suppose the reflection principle holds. By integrating both sides of (1),
we get

P(B) = JP(B)d[F". ©)

We call (2) the weak reflection principle, since it is implied by the reflec-
tion principle.

The martingale principle generalizes the reflection principle to P-integrable
random variables. In the remainder of the article, we denote the space of

4. These principles have been met with criticism (e.g., Levi 1987; Talbott 1991; Maher 1992;
Bovens 1995; Briggs 2009). We refer the reader to Huttegger (2017, chaps. 5 and 6) for
an extensive discussion of these issues based on the idea that the reflection principle and
the martingale principle apply to learning events and not arbitrary kinds of opinion change.
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P-integrable random variables by L'. The martingale principle says that,
forall X € L' for which [X dP € L

EX|3] = JXdP a.s. 3)

If X = x; is an indicator function, then [X dP = P(B) is bounded and
therefore integrable, so the martingale principle implies the reflection prin-
ciple. In general, it is not the case for an arbitrary random variable in
X € L' that [X dP € L' as well. We will soon show, however, that if the
weak reflection principle holds, then [X dP is indeed in L.

We interpret the martingale principle as saying that best estimates after
learning are (almost surely) equal to conditional expectations given the fu-
ture algebra. This interpretation requires viewing [X dP as the best estimate
for X after learning. This view seems quite intuitive to us. Since coherent best
estimates for random variables are always given by expected values, the view
amounts to assuming that learning maintains coherence. To spell this out in
more detail, it seems very plausible that an agent’s best estimate for X should
be the same as her fair price for a gamble with X. It is the price she would pay
(accept) to have the opportunity to collect (pay out) whatever value the ran-
dom variable X manifests in the actual world. If the agent’s best estimates did
not match her fair prices, then she would be making a mistake by her own
lights. She would regard her own betting behavior as falling short of the stan-
dard set by her best estimates. With best estimates and fair prices thus iden-
tified, suppose now that the agent expects to remain coherent after learning.
(Itis not clear in what sense a change from coherent beliefs to incoherent ones
could count as learning, but we can set this issue aside.) By the standard
Dutch book argument, coherence demands that fair prices be determined
by expected values (e.g., Jeffrey 2004, chap. 4). So, since best estimates
match fair prices, the agent’s best estimate for X after learning is given by
the expected value of X relative to her update policy P. This argument sug-
gests that, if an agent expects to remain coherent after learning, then her best
estimate for X after learning should be given by the P-expected value of X. If,
moreover, the martingale principle holds, then best estimates after learning
are given by conditional expectations.’

5. These arguments are pragmatic. One might wonder whether there is also an accuracy
approach to establishing that best estimates must be expectations. For squared error loss
this was worked out for previsions by de Finetti (1974). There are other loss functions
one might plausibly use in certain contexts. For the sake of brevity we will not say more
about this here.
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The martingale principle implies

JXd[P’ = JJXdeIP “)

for all X € L' for which [X dP € L'. This says that random variables and
their best estimates after learning have the same expected value. We refer to
(4) as the weak martingale principle.

Our first result verifies that [X dP is integrable in the presence of weak
reflection and also shows that the (weak) martingale principle is actually
equivalent to the (weak) reflection principle.

Proposition 1. If the weak reflection principle holds, then [X dP is §-
measurable and integrable for all X € L'. Moreover, the reflection princi-
ple is equivalent to the martingale principle, and the weak reflection prin-
ciple is equivalent to the weak martingale principle.

Proof. First note that by considering X = 3, it is clear that the (weak)
martingale principle implies the (weak) reflection principle, so we only
need to verify the converse implications to settle the proposition’s second
claim.Now, suppose that the weak reflection principle holds. Establishing
the proposition’s first claim and deriving the weak martingale principle is
a straightforward application of what Williams (1991) calls the “standard
machine”: we first show that the desired result holds if X is an indicator
function, then if X'is a simple function, then if X is nonnegative, and finally
if X' is any integrable random variable. If X = x; is an indicator function,
then clearly [X dP = P(B) is §-measurable, and (4) follows immediately
from (2). If X = =, b:x5 is a simple function, then [X dP is a linear com-
bination of §-measurable functions, and so it is itself §F-measurable; more-
over, [X dP is clearly bounded and therefore integrable, and

JXdIP = SHP(B) = ibiJP(Bi) P = JJXde[P’,

by the linearity of the integral and the weak reflection principle. If X is
nonnegative, then it can be approximated from below by an increasing
sequence of simple functions Z,, Z,, . . . . Then, by the monotone conver-
gence theorem, [X dP is the monotone limit of a sequence of §-measurable
functions, and so it is itself §-measurable, and

JXd[P’ = limJZ,,d[P’ = limJJZ,,de[F" = JJXdeIP,

n— o n—o
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by the monotone convergence theorem and our previous step. This last
equation also reveals that [X dP is integrable, because X is. Finally, for
arbitrary X € L', write X = X* — X~ .° Since, X" and X~ are nonnegative
and integrable, by our last step we have that both [X* dP and [X~ dP are
integrable. It follows that [X dP = [X " dP — [X~ dP, being the differ-
ence of two §-measurable integrable functions, is itself §-measurable and
integrable. Moreover,

|xap = |xae— [x-ap = | [xapap - | [x-apar

_ J (erp— JX‘dP) AP = ”Xdpdp

We have established the proposition’s first claim and shown that the weak
reflection principle implies the weak martingale principle. The argument
showing that the reflection principle implies the martingale principle is
analogous, and we omit it. QED

4. Value of Information. In a seminal paper, Good (1967) showed that in
certain finite decision problems a Bayesian agent will prefer making a de-
cision after conditioning on new information to making a decision right
away. This result, known as the value of knowledge theorem, was anticipated
by Savage (1954) and Ramsey (1990). Good used it as an argument for the
principle of total evidence, which says that in forming opinions one should
use all available evidence. Skyrms (1990) generalized Good’s theorem to
Polish spaces. His argument extends to all probability spaces that admit a reg-
ular conditional probability.

The value of knowledge theorem operates under a number of stringent
assumptions. One is that there are no costs involved in obtaining new evi-
dence. In addition, the agent is assumed to conform to the principles of Sav-
age’s decision theory before and after the learning event, and the learning
event has no effect on the utilities associated with decision problems. There
are a number of additional assumptions that we will not mention here (see
Skyrms 1990, for details).

We are not so much interested in defending the plausibility of the assump-
tions underlying the value of knowledge theorem but in using the value of
knowledge idea to study Bayesian learning from experience. For this we tac-
itly assume that the assumptions hold. Huttegger (2014) showed that the
value of information can be used to derive the principle of reflection when

6. Recall that X* = max(X, 0) and X~ = max(—JX, 0).
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Qs finite. Huttegger’s central requirement is that a belief change leads one to
expect to make better decisions in a sufficiently large class of decision
problems if the belief change is a genuine learning event, in which the agent
responds to legitimate new information.

Let’s articulate this idea in the context of a probability space (2, B, )
and an update policy P. An act is an integrable real-valued random variable
A : Q— R. The value 4(w) represents the utility of state w if act 4 is chosen.
Utilities are assumed to be cardinal utilities. The expected utility of 4 is thus
given by the expectation of A4:

JA(w)IP(dw).

A decision problem A is a finite set of acts.
Before a learning event, the expected value of choosing an act from a
decision problem A = {4,} is

max JA dP.
We refer to this as the value of the prior Bayes act, since it is the utility a
Bayesian agent expects to get in case she makes a choice before new infor-
mation is available.

After the learning event, the agent adopts the probabilities given by her
update policy P. Provided that [A4, dP is integrable, the prior expected value
of the posterior Bayes act is given by the following integral:

J max JAi(w)P(w’, dw)P(dw').

We now suppose that the update policy P is in response to a genuine learn-
ing event. Then the value of information postulate says that for all decision
problems A = {4,}, [A; dP is integrable, and

JmaXJAfdeIP > maxJA,d[F". (5)

This says that the agent does not expect to make worse decisions after acquir-
ing new information.”

7. The postulate in Huttegger (2014) is actually a bit stronger since it includes a proviso
to the effect that in a certain class of cases the weak inequality in (5) is strict.
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The next result shows that the value of information postulate (5) is equiv-
alent to the weak reflection principle (2).

Proposition 2. The value of information postulate is equivalent to both the
weak reflection principle and the weak martingale principle.

Proof. By proposition 1, it suffices to establish the equivalence with the
weak reflection principle. If the value of information postulate holds, that is,

Jmax JAi dP dP > m_axjA,dP

for all decision problems A = {4;}, then it holds in particular for A =
{xs} with B € B. Hence,

JP(B)dIP > P(B) (6)

holds for all B € ‘B. If the inequality were strict for some B, then putting B¢
in (6) would yield a contradiction, so (6) holds with equality for all B,
which is to say that the weak reflection principle (2) holds.Now suppose
that the weak reflection principle holds. By proposition 1, the weak martin-
gale principle holds as well, and [4,dP € L' for all decision problems
A = {4;}. Let A, denote a maximizer of [A; dP. Then,

max JAi dP > JAm.dx dP.
Integrating both sides of this, we obtain

JmaxJA,-deIP’ > JJAmadedIP’ = JAmaX dP = m_axJAidIP,

by the weak martingale principle. QED

We now discuss two ways of improving proposition 2. We provide two
conditions under which the value of information postulate is equivalent to
the reflection principle.

Let us say that P is proper just in case P(w, F') = 1(w) for all w in a P-
probability 1 set and all /' € §. Elementary conditional probabilities are
trivially proper in the sense that P(E | £) = 1 whenever P(£) > 0. In gen-
eral, however, regular conditional probabilities are not proper (see Blackwell
and Dubins 1975; Seidenfeld et al. 2001). Properness corresponds to the
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intuition that conditioning on § represents observing which members of §
are true and which are false. The condition that P is proper is thus one way
to generalize the “luminosity” condition that Huttegger (2014) used for finite
probability spaces, which requires that the agent perfectly recalls how learn-
ing affected her probabilities.

We regard the next proposition as one of the two main results of this ar-
ticle. We return to a discussion of its significance in the final section.

Proposition 3. If P is proper, then the value of information postulate holds
if and only if both the reflection principle and the martingale principle
hold.

Proof. By proposition 1, it suffices to establish the equivalence with the
reflection principle. Suppose that P is proper and that the value of informa-
tion postulate holds. By proposition 2, this implies that the weak reflection
principle (2) holds. Moreover, almost surely, for all F € §, if w € F,
P(w, F) = 1, which implies P(w, B N F') = P(w, B) for all B € B. That
is, x,P(B N F) = xzP(B) a.s. Similarly, if w & F, then P(w, F) = 0,
which implies P(w, B N F) = 0. So, x~P(B N F) = 0 a.s. Then, by the
weak reflection principle, for all B € B and all F € 3,

P(BNF) = JP(B NF)dP = JP(B N F)dP
+ J P(BNF)dP = J P(B)dP.

This shows that for all B € 9B, P(-, B) is a version of P(B | §); that is, the
reflection principle holds.Conversely, whether or not P is proper, the re-
flection principle implies the weak reflection principle, which in turn im-
plies the value of information postulate, by proposition 2. QED

The connection between the principle of reflection and the value of infor-
mation postulate is further elucidated by the following property. We say that
P is idempotent if for P almost every w and all B € B

P(w,B) = JP(w’, B)P(w, do'). 7

The meaning of idempotence becomes clearer if the integral is interpreted as
representing the probability of an event. Then the right-hand side of (7) is the
probability of first updating states in Q and then updating the probability of B.
Idempotence requires that the resulting probability is the same as updating
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the probability of B immediately. Thus, iterating P does not change the result
of updating beyond the initial application.®

Regular conditional probabilities are idempotent. So, if the reflection prin-
ciple holds, then so do weak reflection and idempotence. We establish the
converse with the next proposition.

Proposition 4. If P is idempotent and the weak reflection principle holds,
then both the reflection principle and the martingale principle hold.

Proof. We establish that the martingale principle holds. In the same way that
one can extend the (weak) reflection principle to the (weak) martingale prin-
ciple, as in the proof of proposition 1, so we can extend idempotence to

JX(w/)P(w, dw') = J JX(w")P(w/, dw")P(w, dw) ®)

forall X € L.

Now, we will show that there exists a sub-g-algebra & of 8 such that,
forall X € L', [X dP is a version of E[X|®]. Let L' be the quotient space
of P-integrable random variables that are equal with P-probability 1. By
corollary 1 in Douglas (1965), as presented by Gyenis and Redei (2017,
proposition 2.7), it suffices to show that the mapping Y : L' — L', X » [X dP
is a linear projection, contractive in the L' norm, such that Y(xq) = xq. All
of these properties are basically immediate from the definitions of the terms
involved.

By proposition 1, Y(X) € L' forall X € L'. The linearity of the integral
implies that Y is linear. It is clear that Y(xq) = Xqo. To say that Y is a pro-
jection means that Y(Y (X)) = Y(X), and this follows from the definition
of Y and (8). To say that Y is contractive in the L' norm means that
E|Y(X)| < E|X]|, and this follows from the fact that |Y(X)| < Y(|X|) and
(4), which holds by proposition 1.Thus,

EX|8] = Y(X) ©)
for some sub-g-algebra & and all X € L'. Thus, for all X € L',

Ex|®] = JXdP a.s. (10)

We conclude by showing that (10) continues to hold with & = §. Since
JX dP is measurable in both & and g, it follows from (10) that [X dP
is a version of E[X|® N F]:

EX|&NF=EEX | &]|eng=E Hde &N s] =JXdPa.s.

8. Idempotence was first studied in the context of Markov chains by Blackwell (1942).
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By the minimality of §, § € ® N §. Hence, § = & N §, and we are done.
QED

The next proposition is the second main result of the article.

Proposition 5. Idempotence and the value of information postulate hold if
and only if both the reflection principle and martingale principle hold.

Proof. Proposition 4 shows that idempotence and weak reflection imply
the reflection principle. We already observed the converse above. Since,
by proposition 2, the value of information principle is equivalent to the weak
reflection principle, the result follows. QED

Let C, = {o: P(w,B) = P(w, B) for all B € B}, where C, is the event
that updated probabilities are given by P(w, +). Then, idempotence is con-
nected to the following luminosity condition:

P(w, C,) = 1 foras. w. (11)

This says that the update policy does not assign positive probability to the
event that it updates in a different way than it had planned.” The update policy,
in other words, does not forget any information that was gained from learning.

In order for (11) to be meaningful, C, must be measurable. To guarantee
measurability, we assume that ‘B is countably generated. In that case, § is
countably generated, and {C, : w € Q} is a family of § atoms in §.'° To see
why, let 2 be a countable algebra generating 8. Then § = o({P(-,B):
B € 21}) by a monotone class argument.'" Thus, § is countably generated:
for each B € 2, o(P(-, B)) is countably generated (call the generating set
Ci) because P(-, B) is a real-valued random variable, and § is generated by
UgeaCs, which is a countable union of countable sets. Moreover, it follows
that C, = Ngea{w' : P(w, B) = P(w/', B)} because 2 is an algebra generating
B, and, since this intersection is countable, C, € §. The collection of all C,
may or may not be countable. In fact, one can see that there are countably

9. This is the analog to the luminosity condition that was used in Huttegger (2014).

10. An atom in § is a set of the form N . 44, w fixed. If C, is an atom in §, then for
every F € § either C, N F = C, or C, N F = & (Blackwell 1942, 563).

11. Let & = o({P(-, B): B € 2}) and note that the class of all measurable sets B such
that P(-, B) is &-measurable is a monotone class since measurability is preserved under
monotone limits. By the monotone class theorem, this class is identical to o(2() = B.
Thus, P(-, B) is ®-measurable for every B € ‘B.
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many C, just in case the range of P—that is, the collection of probability mea-
sures {P(w, -) : w € Q}—is countable.

The following results relate luminosity to the conditions studied above.
The first follows from a theorem of Blackwell (1942) and was stated inde-
pendently by Gaifman (1988).

Proposition 6. Suppose ‘B is countably generated. Then the luminosity
condition implies idempotence. If the weak reflection principle holds, then
the luminosity condition and idempotence are equivalent.

Proof. Suppose the luminosity condition holds. Then, almost surely,
P(w, C,) = 1, and thus

JP(w', B)P(w,dw') = JP(w', B)lc(0)P(w, dw).

Now, for all o' € C,, P(w, ) = P(v', -), and so the integrand on the right
side is equal to P(w, B). The conclusion follows.

The second statement follows from Blackwell (1942, theorem 7), which
implies that there is a set N such that P(w, N) = 0 for (almost) all w and
such that (11) holds for (almost) all w & N. Weak reflection implies that
PV) = 0. QED

By propositions 5 and 6 we have the following corollary.

Corollary 1. Suppose ‘B is countably generated. The luminosity condition
and the value of information postulate hold if and only if both the reflec-
tion principle and martingale principle hold.

It remains to clarify the relationship between the luminosity condition
and proper update policies.

Proposition 7. If *B is countably generated, then properness and luminos-
ity are equivalent.

Proof. Suppose ‘B is countably generated. Then the C, are the atoms of
$, and for every F' € § either C, N F = C, or C, N F = J. Suppose
the luminosity condition holds, and let F' € §. Then, for all w in a set of
[P-probability 1, if w € F, then w € C, C F and P(w,F) = 1;if w & F,
then C, N F = Jso P(w, F) = 0. Therefore properness holds. Conversely,
since 93 is countably generated, C, € §, and since w € C,, properness im-
plies that P(w, C,)) = 1 for all w in a set of P-probability 1. QED
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5. Diachronic Dutch Books. We now turn to reflection and martingale
principles in the context of dynamic coherence. Rescorla (2018) has shown
that P is a conditional probability given a sub-g-algebra & if and only if P is
not vulnerable to a diachronic Dutch book when events in & are observed.
The o-algebra & captures a learning situation in which the agent updates on
the outcome of an experiment or an observational setup. This is only super-
ficially different from the learning situations considered in this article.
Rescorla’s argument extends straightforwardly to our setting.

For the reflection principle, replace Rescorla’s observational o-algebra &
with our future algebra §. His argument shows that P[-|3] is the almost
surely unique updating strategy that avoids a diachronic Dutch book. More
precisely, Rescorla’s main results imply that there is no diachronic Dutch
book for the update policy P if and only if P(-, B) is a version of P[B|§] for
every B € ‘B, that is, if and only if the reflection principle (1) holds and,
by proposition 1 if and only if the martingale principle holds.

The Dutch book characterization of reflection, then, simply generalizes the
well-known results of Goldstein (1983) and van Fraassen (1984) to measure-
theoretic conditional probabilities and expectations: in a black box learning
situation, diachronic coherence demands conditioning on future probabilities.
This point is also discussed in Skyrms (1997, 287).

6. Concluding Remarks. The two main results of this article can be sum-
marized as follows:

i) In the presence of properness, the value of knowledge postulate is
equivalent to the principle of reflection and the martingale principle
(proposition 3).

i1) The value of knowledge postulate and idempotence are equivalent to
the principle of reflection and the martingale principle (proposition 5).

One way to read these results is as justification of the reflection and mar-
tingale principles. The value of knowledge postulate is a rather compelling
requirement for all genuine learning situations: in the absence of factors that
interfere adversely with the acquisition of new information, one should not
expect to make worse decisions after adjusting one’s probabilities. Proper-
ness is a desirable property for update policies. An improper update policy
foresees that it will lose some information that is part of the learning event.
While information loss is certainly something that can happen after a learn-
ing experience, it does not seem to be entirely appropriate for update policies.
If the update policy foresees an information loss, then this should already be
factored into the learning event in such a way that the future algebra only cap-
tures the actual information gain.
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Still, luminosity conditions such as properness have sometimes been
criticized as unreasonable assumptions about our introspective access to be-
lief change (Williamson 2002; Weisberg 2007). Idempotence establishes an
alternative route to the principle of reflection. It simply requires that updating
be independent of whether information is presented in one or more steps. Un-
like properness, idempotence holds for all regular conditional probabilities;
it thus constitutes a plausible constraint for all update policies.

Our results can also be read as putting in context so-called counterexam-
ples to the principle of reflection. Any violation of reflection entails a vio-
lation of the value of knowledge postulate or a violation of properness and
idempotence. This identifies the conceptual space within which we can find
counterexamples. They draw on situations in which an agent does not expect
to make better decisions based on new beliefs, in which some information
that was learned is lost, or in which belief change depends on the way in which
information is presented.

Finally, many criticisms of the principle of reflection go hand in hand with
criticisms of dynamic Dutch book arguments. Because of our results and
Huttegger (2017), critics of reflection face a more formidable task, though.
Skepticism regarding the principle of reflection does not just entail skepti-
cism regarding diachronic coherence but also accuracy and value of informa-
tion arguments. Such skepticism might prove difficult to sustain in the face of
the general treatment of those arguments given here and, for expected accu-
racy, in Huttegger (2013).
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