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Abstract

Let Mod(S,) be the mapping class group of the closed orientable surface of genus
g > 1, and let LMod,,(X) be the liftable mapping class group associated with a finite-sheeted
branched cover p:S — X, where X is a hyperbolic surface. For k > 2, let p:Skg—1)+1 — S¢
be the standard k-sheeted regular cyclic cover. In this paper, we show that {LMod,, (S¢)}i>2
forms an infinite family of self-normalising subgroups in Mod(S,), which are also maximal
when k is prime. Furthermore, we derive explicit finite generating sets for LMod,, (S,) for
g>3and k> 2, and LMod,,(S>). For g > 2, as an application of our main result, we also
derive a generating set for LMod,,(Sg) N CMod(Sg)(t), where CMod(Sg)(L) is the centraliser
of the hyperelliptic involution ¢ € Mod(S,). Let £ be the infinite ladder surface, and let
gg:L — S, be the standard infinite-sheeted cover induced by (k8 ~1y where % is the standard
handle shift on £. As a final application, we derive a finite generating set for LModyg, (Sg)
for g > 3.
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by ba by
aj : (’1112 : Qg :

Fig. 1. A free regular cover p4 : Sy, — S induced by a Z4-action on Sg, .

1. Introduction

Let S, be the closed connected orientable surface of genus g > 1, and let Mod(S,) be the
mapping class group of S,. Understanding the finite-index subgroups of Mod(S,) and their
homology groups is a natural pursuit (see [19, sections 2 and 6]). A special class of finite-
index subgroups of Mod(S,) arise as the liftable mapping class groups of finite-sheeted cov-
ers. The study of the liftable mapping class groups can be traced back to the seminal works
of Birman—Hilden [5-7] in the 1970s. In the past decade, there has also been some renewed
interest [12—14] on the study of these groups. The problem of liftability of periodic map-
ping classes under finite cyclic branched covers is tackled combinatorially in [24] using the
theories of orbifolds and automorphisms of compact Riemann surfaces. For k > 1 and g;: =
k(g — 1)+ 1,let py : Sg. — S be the standard regular k-sheeted cover of S, induced by a Z-
action on Sg,, as shown in Figure 1 below (for k = 4). Let LMod,,(X) denote the liftable map-
ping class group of a finite-sheeted branched cover p : S — X. Recently, in [1], a symplectic
characterisation of elements in LMod,, (S,) was derived. Furthermore, it was shown that for
g >2, LMod,,(Sy) is a generalisation of the congruence subgroup I'g(k)( =LMod,, (S1))
of SL(2, Z) which appears frequently in the theory of modular forms [2,15,22,25]. In this
paper, we show that for k > 2, LMod,,, (S,) is a self-normalising subgroup of Mod(S,) which
is maximal when k is prime. Furthermore, we derive an explicit finite generating set for
LMod,, (S,) for k > 2 and g > 3, and also for the case when (g, k) = (2, 2).

For k prime, it was shown in [1] that [Mod(Sg):LMod,, (S¢)] = Z?ﬁo_l ki and that
LMod,, (S) is not a maximal subgroup of Mod(S,) when k is composite. Moreover, using
the main result of [4], it can be shown that LMod,, (S, ) is a maximal subgroup of Mod(Sy).
Thus, a natural question that arises in this context is whether LMod,, (S,) is maximal
when k is prime. In Section 2, using the symplectic criterion derived in [1] we show the
following.

THEOREM 1. For g > 2 and k > 2, we have:
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(1) LMod,, (S,) is self-normalising in Mod(S,), and
(ii) when k is prime, LMod,, (S,) is maximal in Mod(S,).

Let W : Mod(S,) — Sp(2g, Z) be the symplectic representation induced by the action of
Mod(S,) on H{(S,, Z), that preserves the algebraic intersection number 2(04, B) between any
two classes «, B € H{(S,, Z). Let ¥ denote the composition of the map W with the mod-
ulo k reduction map Sp(2g, Z) — Sp(2g, Zy), and let Mod(S)[k]: = ker (W) (also known

as the level-k subgroup of Mod(S,)). Let {a1,b1,...,a,, b,} be the standard generators
of Hi(S,, Z)(= 728) represented by the oriented curves in Figure 1 and the standard unit
vectors e, . . ., e3¢ in 728, respectively.

Note that p; induces an injective map (py)« : 71(Sg,) — 71(Sg). In fact (py)«(71(Sg,)) is
a normal subgroup of 71(Sg), which is the kernel of the map ¢:m1(Sg) — Zji defined by

c |£> ?(al, ¢) (mod k), where c¢ on the right refers to the class it represents in Hi(Sg, Z).
Let (pr)#:H1(Sg, Z) — Hi(Sg,7Z) be the induced map on homology. By identifying
1(Sg,) with ker ¢ < 71(Sg), we obtain (pi)#(H1(Sg,, Z)) = (a1, b’f,az, by, ...,ag,bg). Let
Mod,, (Sg, €1): = StabMod(sg)(el), where e1 =(1,0,...,0) € Hi(Sg, Zy).

In [1], it was shown that for g > 2, there exists a normal series in Sp(2g, Z) given by

1 <Y (Mod(Sg)[k]) <« W(Mod,, (S, e1)) < W(LMod,, (S)) @)

that generalises a well known [22, §4.2] normal series of congruence subgroups in SL(2, Z).
Moreover, it was shown that the normal series () pulls back under W to an analogous series
in Mod(S,) with [LMod,, (S¢):Mod,, (S, e1)] = ¢(k), where ¢ is the Euler’s totient function.
Furthermore, a set of coset representatives of LMod,, (S,)/Mod,, (S, e1) are given by

S =T T T e 2 and € =1 (mod ).

Thus, our approach in this paper involves the derivation of a finite generating set for
Mod,, (S, e1). Again, from [1], we know that Mod,, (S1, e) is the congruence subgroup
I'1(k) < SL(2, Z), where

(k) = {[Z’ Z] eSL2,Z)y:a,d=1 (mod k), c=0 (mod k)} .

Let T, denote the left-handed Dehn twist about a simple closed curve ¢ in Sg. Given any
finite generating set Sy for I'1(k) (see [9, lemma 12] and [26, proposition 1-17]) expressed
as a product of the matrices W (7}, ) and W (T3,), consider a collection gk of words (mapping
classes) in Mod(Sy) in {Ty,, Tp,} such that \If(gk) =S; and |S| = |§k|. Our main result can
be stated as follows.

THEOREM 2. Fork>?2 and g > 3,
Mod,, (Sg. €1) = { Sk USgk U{Tuy. Toyo - - o2 Tags T Teys -2 Tey 1 1)

where Sg =1{F\, ..., Fg_2} is a collection of bounding pair maps in the Torelli group Z(S)
such that for each i, F; corresponds to a bounding pair of genus i (see Figure 2 below) that
intersects the curve ay nontrivially. Consequently,

LMod,, (Sg) = ( S} USk USgk U{Tuy Tyo - - o2 Tags T Teys - Tey ).
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Fig. 2. Each curve in the figure along with its image under the hyperelliptic involution ¢ forms a
bounding pair that determines a map of type F;.

The component groups of (x) (which are the congruence subgroups of the paramodular
group Sp(2g, Z)) are of great importance in the theory of Siegel modular forms [2,15,25].
Thus, it may be noted that the proof of our main result (see Section 3) also yields generating
sets for the groups W(LMod,, (S,)) and W (Mod,, (S, e1)), for g, k > 2. Let Ry x € Mod(Sg,)
be represented by the free 27/k rotation of S, that induces the cover p;. As an immediate
application of Theorem 2 we derive an explicit generating set for the centraliser of R, in
Mod(S2¢—1) for g > 3 (see Corollary 3-10).

In the past decade, there has been a growing interest around mapping class groups of
surfaces of infinite type, also known as big mapping class groups (see [3] and the references
therein). Since infinite-type surfaces are inverse limits of finite-type surfaces, big mapping
class groups are used to analyse the asymptotic and stable properties of mapping class groups
of finite-type surfaces. In Section 4, we consider the covering map g, : £ — S, induced by
(h8~1y where h is the standard handle shift on the infinite ladder surface £ (see Fi gure 6). We
show that this cover satisfies the Birman—Hilden property [20], and establish the following.

THEOREM 3. For g>2, let UMod(S,): = m LMod,, (Sg) and let Mod(Sg, e1) be the
k>2
stabiliser subgroup of Mod(S,) with respect to the vector e € H1(Sg, Z). Then:

(1) UMod(Sg) = LMod,,(S,), and consequently for g > 3, we have
UMod(Sg) = (Sgk U{t, Tays Tays Thgs - - s Tags Toygs Teys - -+ s Tey 1 1)s
(ii) there exists a normal series of UMod(S,) in Mod(Sy) given by
1 <Z(Sy) < Mod(Sg, e1) < UMod(S,),
where the two distinct cosets of UMod(S,)/Mod(Sg, e1) are represented by the

elements in (1).

Let S, , denote the surface of genus g with n marked points. Let § : S¢ — So2¢+2 be the
branched cover induced by the action of (t) on Sg, and let Cmodcs,)(¢) be the centraliser of {¢}
in Mod(Sy). The group Cwmodcs,)(¢) which is commonly known as the hyperelliptic mapping
class group (and formerly known as the symmetric mapping class group [5-7]) has been
widely studied [8,17]. The techniques used in the proof of Theorem 2 do not work for the
case g = 2 since Z(S,) is not finitely generated [21]. In Section 5, we use the well-known [7]
epimorphism $ :CMod(s,)(t) = Mod(S0,2¢+2) induced by § to show the following.

THEOREM 4. For g > 2, we have:
(i) LMod,,(Sg) N CMOd(Sg)(L) =, Ty, Tag, Tfl, Tp,. . .. Tbg, Teys. .. Te, ) and

s Leg
(i) LMody,(S2) = (Tuy. T3, Tey. Tay. Ty).

1°
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2. Algebraic significance of LMod,, (Sg) in Mod(S,)

Let W:Mod(S,) — Sp(2g, Z) be the symplectic representation induced by the action of
Mod(S,) on Hi(Sg, Z), and let Wy denote the composition of the map W with the modulo
k reduction map Sp(2g, Z) — Sp(2g, Zx). Let Z(S,) denote the Torelli group, which is the
kernel of W. Restricting W to Mod,, (Sg, e1) = StabMod(sg)(el), where ¢; =(1,0,...,0) €
H1(Sg, Z), we have a short exact sequence

1 = Z(Sy) — Mody, (Sg. 1) — W(Mod,, (S, e1)) — 1.

In [1], the following symplectic criteria for liftability of mapping classes under pj have
been deduced, which we will use in this section.

THEOREM 2-1 ([1, theorem 2-2]). Given an f € Mod(S,), the following statements are
equivalent.

(1) f € LMod,,(S,).

(il) W(f) = (dij)ogx2g Where kldyj, for 1 <i <2g andi#2, and gcd (dao, k) = 1.
(iii) Wi(f) = (eij)2gx2g, Where e2; =0, for 1 <i<2gandi#2, and e € Z;.
@iv) fe StabMod(Sg)({zel e Z: D.

We will also require the following result which combines theorem 3-1 and Corollary 3-3
from [1].

THEOREM 2-2. For g > 1 and k > 2, there exists a normal series of LMod,, (S,) given by

1 <t Mod(Sg)[k] <t Mody, (S, e1) < LMod,, (S,), where
LMod,, (S¢)/Mody, (Sg, e1) = Z and

[Mod(Sg):Mody, (S, e1)] = |{Primitive vectors in Zig}l.

Moreover, the distinct cosets of LMod,, (S¢)/Mod,, (S, e1) are represented by the elements
in

Sp =T T T e e ZF and €0 =1 (mod k).

2-1. Maximality of LMod,, (Sg)

In this subsection, we discuss the maximality of LMod,, (S;) in Mod(Sg) when k is prime.
In the process, we also give a set of coset representatives of LMod,, (S,) in Mod(S,). Let
G be a group and H C G be a finite-index subgroup of G. Suppose [G:H] =n, and {x;:1 <
i < n} be the left coset representatives. Let H; denote the left coset of G/H given by x;H.
Without loss of generality, we assume that x; = 1 and H; = H. We will require the following
elementary group-theoretic lemma.

LEMMA 2-3. Under the notations above, we have:

(1) (H,x;H)=(H,y) foranyy € x;H, and
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Table 1. The coset representatives of Wi(LMod,, (Se)) in Sp(2g, Zy)

Coset type Primitive vector v Coset representative
1 (1,)61,2,"' sxl,2g) leﬂ—l\y(Ta—lxm(xm—l) PXH—IPXM—]
(T, TPl 1‘ 1#"2 “Pag_1Prg—2-- P2
2 (0 1 X23, ¢ XD 2g) \II(T—X24(X23—1))P§23—1P224—1 . \P(Ta*xz.Zg(xz.ngI*l))
s Ly ,3 5 . g1
1 _
P’Z;” 1 PX” Pog_1Pog—3 -+ P3W(Th, Ty, Tp,) !
3 (0’ 0’ l,)C3,4, . ’x3’2g) wa 1\I/(Ta—zxze(xas—]))Pgs,s—1]323,6—] . \I/(Ta_gic?'zg(xmg_l_l))

o1 —1 _
g; Py Pag 1Pag 2 -+ PaW(Ty, Ty, Te, Ty, Ta,) >

2¢ —1 (0,0, , 1,x261.2¢) P)é?"'“\lJ(TalTbchlszTCZ. T,

Coi Ty Tag)_z
28 (0,0,---,0,1) wmmmﬂmﬁ@ﬂmffhmmﬂ>

(ii) ifthere exists somey € G suchthaty ¢ HUH; buty € (H, H;), then (H, H;) C (H, H;),
where 'y € H;.

We fix the following notation. Let I, denote the identity matrix of order 2g,
and E(ij) denote the 2g><2g matrix whose (ij)th entry is 1 and all other entries
are 0. Let Pz,—‘lfk(T )—12g+E(2l 2i—1), and, Prjt1 —\IJk(T Ta,-Tai+1)=I2g+
EQi+ 1,2+ EQi—1, 21+2) andlet Lo = (T4, Tp,, - - Tag,Tbg,TC,,...,Tcg_l},bethe
Lickorish generating set [18] for Mod(S,) (where the curves are as indicated in Figure 1).

THEOREM 2-4 For k prime and g > 1, LMod,, (S,) is a maximal subgroup of Mod(S).

Proof. Since Mod(Sg)[k] < LMod,, (Sy), it suffices to show that W;(LMod,, (Sg)) is max-
imal in Sp(2g;Zy). From Theorem 2-1, the distinct cosets of Wi(LMod,, (Sg)) in Sp(2g, Z)
are in bijective correspondence with the set

{{tv:l € Z }:v € H1(Sg, Zy) is primitive}.

Moreover, each coset is represented by a matrix that maps the vector ey € H{(Sg, Z) to some
vector £v, where £ € ka. The distinct coset representatives are listed in Table 1 below.

Forl<i<2gletg;j(forl <j< kzé’_i) denote the distinct coset representatives of type i
with g1 being the identity matrix. Let H: = W;(LMod,, (S¢)) and let H; ; = (H, g; ;). In the
view of Lemma 2.3, it suffices to show that (H, g; ;) = Sp(2g, Zi) whenever (i, ) # (1, 1).
Since Wi(h) € H, for each h € L \ {Tp, }, this amounts to showing that W (T}, ) € H;; for all
(i) # (1, 1.

First, we consider the case when i = 2. It is apparent that H; j = (H, Wi (Tp, Ty, T, y~ 1y, for
each j. By the braid relation and fact that W(T,,) € H, we have W(T},) € (H, g») for each j.

Now we consider the case i > 3. It follows immediately that

Hij= (H,V(Ta, Ty, Te,Toy Tey - -~ Tey  Toy Tay) ™)

for each j, where €= [i+1/2]. Since W(Ty Ty, Tc;Tp,Tcy -+ Tty 1szTae)zeH,-J, the
commutativity relation between Dehn twists (about disjoint curves), would imply that
W(Tp,T¢, Ty, Tp,) € H;j. Thus, we have
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Fig. 3. The curves d; in Sg.

W (T, Te, Tay To)) ™ Toy (T, Te, Tay Toy)) = W (T, T, Ty Ty Ty
= W(T, ' To, T, T, Ty
= W(T}, T, TblTC_llTb_zl),

where the first equality follows from the commutativity (of Dehn twists about disjoint
curves) and the last two follow from the braid relation between Dehn twists about curves
(that intersect once). Hence, W(T},) € H;; for each i > 3.

Finally, we consider the case i = 1. In order to show that W(T},) € Hy j (forj # 1), we will
show that H ; will contain an element of g; 7 H for some i > 2. Suppose that g1 ; corresponds
to the primitive vector (1, y2,y3, - - - , ¥2¢). Choose a minimum #n such that y, #0.If y,y, = 1
(mod k), then the matrix M = I + (v, — DE(1, 1) + (y, — 1)E(2, 2) € H. Now setting Q> =
W(T,,), consider the following matrices for 1 <i<g—1:

Qair = (T4, T, ' Tor) )™
=D+ EQRi+1,2)+ E(1,2i+2) and

Orit = V(T Toyyy Tar)~Q2is2~V (Tary, Toy Tary )™
=hy—EQRi+2,2)+E(1,2i+ 1),

where the d; are as shown in Figure 3. Then g1 ; = Q,, Y g1;M € (H, g, ). Thus, our assertion
now follows from Lemma 2-3.

2-2. LModp, (Sy) is self-normalising.

A subgroup H of a group G is said to be self-normalising if the normaliser Ng(H) = H.
In other words, this means that if H << K < G then H = K. In this subsection, we show that
LMod,, (S,) satisfies this property.

THEOREM 2-5. For g > 2 and k > 2, LMod,, (Sy) is self-normalising in Mod(S).

Proof. Let us assume on the contrary that there exists a proper subgroup H < Mod(Sy)
in which LMod,, (S¢) < H. Now choose an & € H \ LMod,, (S,). Then by our assumption
h=lfhe LMod,, (S) for any f € LMod,, (S,). By Theorem 2.1, this is equivalent to requir-
ing that (h’lfh)#(q) = {fey, for some £ € ka . In other words, (fh)z(e1) = £(hg(e1)). Denoting
hy(e1) = v, we have f3(v) = £ v, for some ¢ € Z: . Thus, it suffices to show that for any prim-
itive vector v € H1(Sg, Zy) such that v ¢ {£ey:£ € ZZ }, there exists an f € LMod,, (Sg) such
that fu(v) # €v, for any £ € Z;" .

Now given a v € Hi(Sg, Zj), consider a v € H1(Sg, Z) such that v=v (mod k). Let v=
% aiai+ Y% | Bibi. We break our argument into the following two cases.

Case 1: At least one among {o, B, . . ., ag, Be} is nonzero. Without loss of generality, let us
assume that ap # 0. Then v =a1a; + B1b1 +mw, where m € Z and w € {(az, by, . . ., ag, bg)
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is primitive. Let ¢ be an oriented simple closed curve in S, that represents the class of w.
Note that ¢ can be chosen to be disjoint from both a; and b;. Let f € Mod(S,) such that
f(ay) =ay, f(c) = by, and f is represented by a homeomorphism that restricts to the identity
in a closed regular neighbourhood of a; U by. (Such a choice of f is possible from the change
of coordinates principle.) Then fi(v) = «1a; + B1b1 + mby, from which it is apparent that
f#(v) # £v, for any € € Z;°. The argument for any other «; or g; would be similar.

Case 2: a;j=pB; =0, for 2 <i<g. We may further assume that 8; # 0, for this would oth-
erwise imply that 4 € LMod,, (S). In this case, we can see that (T,,)#(v) = aja; + B1(b1 +
a; —az) # v, forany £ € ka. Thus, our assertion follows.

3. Generating LMod,, (S,)

A crucial tool which we will use comes from the work of Johnson in [16]. We begin by
deriving a generating set for W(Mod,, (Sg, €1)) using the symplectic criteria for liftability
and employing a few number-theoretic arguments.

3-1. Generating ¥(Mod,, (Sg, €1))

We establish the following theorem in this subsection.
THEOREM 3-1. W(Mod,, (Sg, 1)) is generated by
S® = ny(T1 (k) UW({Tay. Ty, - - -+ Tags Togs Ters - - s Ty D)

where 1, is the canonical embedding ng:SL(2, Z) — Sp(2g, Z) defined by

A}"_g)[ A 02,2g—2:|’
O 2o Dy o

where Op,, is the m x n zero block and Ig_» is the (2g — 2) x (2g — 2) identity block.
The proof of Theorem 3-1 will require the following technical number-theoretic lemmas.

LEMMA 3-2. Let A be a tuple (ajy, ..., apg)) € 728 such that ged (ar, ..., ape1) =1
Then there exists B=(A1,..., ) € 728 such that ged (A1, A2) =1 and A - B = 1. Further,
ifay1 =1 (mod k) and ajy =0 (mod k) for all 2 < j <2g, then Ay =1 (mod k).

Proof. Consider § = gcd (a1, a3, . - ., apg)1). Since ged (ayy,8) =1, we have integers
t1, 1y such that fja;; + 8 = 1. We define y = gcd (as1, ..., apg)1). So we have integers
13, ..., g suchthat 13a31 + ... + 12ga(2¢)1 = y. As § = gcd (a1, y), we can choose integers
r1, 12 such that rjas; + roy = 8. This equation can be rewritten as

az] Y
rn—+n—-=1.
s TS

By Dirichlet prime number theorem, there exists a natural number N such that r| + Ny /§

is a prime number bigger than ¢;. Denoting 81 =r; + Ny /8§ and By = r, — Naz1 /5, we have:

azi Y
2 gt
Bi 5 Jrﬂz(S
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From the equations above, we deduce that t1aj; + t2(B1az1 + B2y) =1, which implies
that

fiaiy + n(Brax + Ba(t3a31 + - - - + gapg)) = 1. (3-1-1)

Denoting A1 =11, A =181, Ai =2 Bot;, for 3 <i<2g, we further assume that a;; =1
(mod k) and aj; =0 (mod k), for 2 < j < 2g. Thus, Equation (3-1-1) takes the form Ajaj; +
A2az1 + ...+ Aogag)1 = 1, from which it follows that A} =1 (mod k).

LEMMA 3-3. Let Ay, Ay be two coprime integers and L1 =1 (mod k). Then there exist
oy, ar € Z with ap =0 (mod k), such that oAy + axry = 1.

Proof. Since gcd (A1, Ap) = 1, there exist o1, oy € Z such that ajA] + apAy = 1. Now let
us assume that A =1 (mod k). Consider the set {Ayki~|~0 <i <Ay —1}.

We first establish that A; divides (A2ki+ 1), for some i. Suppose we assume on the
contrary. Then by pigeonhole principle, there exist 0 <i#j <XA; — 1 such that Ayki+ 1=
A2kj+ 1 (mod A1), and hence Azki = A2kj (mod Ap). Since both A, and k are coprime with
A1, we have i =j (mod Xp), which is a contradiction.

Hence, there exists ip such that A| divides (Akip 4 1). Finally, by choosing o1 = (A2kip +
1)/A1 and ap = —kig, our assertion follows.

Let StabMOd(Sg)(Ef) denote the subgroup of Mod(S,) which preserves the curve a; with
a chosen orientation. Let PMod(S) denote the pure mapping class group of S. We need the
following lemma, which follows from [10, chapter 4].

LEMMA 3-4. Stabwod(s,)(@1) = (Tays Teys -+ Tey_is Tays Toys - - - Tags T, )-

Proof. Let S — a; denote the surface obtained from S, \ a; after capping its boundary
components with marked disks. We have the following short exact sequence

1 — Z — Stabuodcs,)(@1 ) => PMod(S, — ar) — 1. (3-12)
Since PMod(S; — a;) = (S), where
S: {TL'19 ceey T(,'g_p Taz, Tb2$ ety Tag, Tbg}’

if follows from the sequence (3-1-2) that StabMod(Sg)(Ef) =(S5,Ty).

We are now in a position to prove Theorem 3-1.

Proof (of Theorem 3-1). Given an A = (a;;) € W(Mod,, (S, €1)), we wish to express A as a
product of elements in the generating set

S® = ng(T1(K) U {Tay. Tys -2 Tags Togs Teys -2 Tey 1 ).

To this end, we iteratively multiply A with matrices from S® so that the end product is the
identity matrix I5¢. For this purpose let us consider the curves dy,d>, . . . ,d,_1 as shown in
Figure 3. By Lemma 3-4, W(Ty,) € (S®), for all i.

To begin with, we consider the first column A(1) = (a11, a1, . . ., a@g)1) of A. Lemma
3-2 providesusaB=(A1,A2,..., ) € 7?8 such that gcd (A1, A2)=1and A(1)- B=1.By
Lemma 3-3, we have a1, oy € Z, such that ; =0 (mod k) and Ly + Ao = 1.
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Let I, denote the identity matrix of order 2g, and E(i,j) denote the 2g x 2g matrix whose
(i,)th entry is 1 and all other entries are 0. Consider the following matrices, for 1 <i <

g—1L:
. Al A2

Majip1 = W(Ty T, ' To ! )™
= b+ EQ2i+1,2) + E(1,2i+2), and

Mot = W (Tayy Toiyy Tag ) ~Maiv 1~V (Tay Toyy Taryy )~!
=Dy — EQi+2,2)+E1,2i+ ).

Note that My, W(Ty,), W(Tp, e ng(I'1(k)). We consider the element

g1 . . Ao Ao
T ; A A g—1 8
A] = "IJ( al) Zl—l 2it1A2 2M2 M

A A
2l MM MA.

Then the (1, 1)th entry in A, which we denote as A;(1, 1), equals 1. Now we consider the
following matrices, for 1 <i<g —1:

Nt = (T, “ T, WMo W (T3, )M,
= by —kEQi+1,1)+kEQ2,2i+2)and
Nojyo = ‘IJ(Ta,-+1 TbH—l Tai+1 )~Nait1 N\IJ(TaH—l Tbi+1 Tai+1 )_1

=L+ kEQi+2,1)+kEQR,2i+1).

Next, we consider

—141(2g,1) 20-2A1(2g—1L1) 3A1(41) 2A13,D
(—D 2R (k2 (=1) (=1
A2=N2g k N2g—1 k Ny k N, Ay and

A3 = W(Tp, Y23V,
We note that the first column of A3 is (1,0, ..., 0), and as Az € Sp(2g, Z), the second row of

A3is (0,1,0,...,0).
Finally, we consider
_1)2 _1)28-1 _ _1)4 _1)3
Ag = MG MDY C UG DM@ B2 ang
As = W(T,,) 4124,

We see that As has the form [ L 02X2g_2] , where M € Sp(2g — 2,7), and As is a
O, 252 M,
product of elements from
\I"({Ta2$ cre Tag, Tb29 cee Tbgy Tcza st TCgfl})'
Hence, the theorem follows.

3-2. Generating the kernel of WV |M0dpk(5g,el)

We begin this subsection by recalling some relevant definitions and tools from [16].

Definition 3-5 For n> 2, a chainin Sy is an ordered collection (y1, y2, . . ., yn) of oriented
simple closed curves such that:
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Fig. 4. The Johnson chain of curves.

(1) for each 1 <i<n—1, the geometric intersection number i(y;, viy1) =1 and the
algebraic intersection number i(y;, Vi+1) = +1,

(1) i(yi, y) =01if [i —jl > 1, and
(iii) the homology classes of the y;’s are linearly independent.

The integer n is called the length of the above chain (y1, y2, . . ., ¥).

Given a chain C = (yy, . .., y2k+1) of odd length in S, there exists a unique pair of curves
that constitutes the boundary of a closed regular neighbourhood of C. We call this pair B
as the bounding pair associated with the chain C. Moreover, the unique bounding pair map
in Z(S,) associated with such a B is given by the product of opposite twists about the two
boundary curves in B with the positive twist being taken about the curve lying to the left of
Y1, V2, .- -, V2k+1. This is called the bounding pair map associated with C, and is denoted

by ch(y1, - -+ s Vak+1)-
We further extend this definition in the following manner. By an ordered subcollection

of C, we mean a subtuple (¥;,, Vi, ..., ¥i,) of C such that £ is even. Given an ordered
subcollection (y;,, Vi, - - - » ¥i,) of C, let ; denote the free homotopy class of the curve
)7ij * )7ij+1 * ...k )7,'(/.+1)_1, where y,, denotes the representative of y,, in (71(Sy), ¥). We
define

ﬁl()/il, Vigs -+ s Yig): =ch(01,...,60p-1)

to be the bounding pair map associated with the subcollection (yi, Vi, ..., Vi) and
(01, . ..,0¢—1) will be called the chain induced by (y;,, Vi,, - - - » Vi,). For further details, we
refer the reader to [16, section 2].

Now we consider the ordered collection Cq = (ay, by, c1,b2,¢2,b3,...,ce_1, bg, ag) of
length 2g 4 1, where the curves a;, b;, and ¢; are as shown in Figure 4. For simplicity, we
rename these curves and fix the notation Cg: = (aq, .. ., a2¢41). Also consider the curve 8
as shown in Figure 4.

We now state the main result from [16] that is relevant to our context.

THEOREM 3-6 (Johnson). For g > 3, the bounding pair maps associated with the ordered
subcollections of Cq and (B, a5, a, . . ., a2g11) generate L(Sy).

Let the genus of a bounding pair map associated with a chain C of length 2k + 1 is k.
Following the notation from Section 1, we now establish the main result in this subsection.

THEOREM 3-7. Fork>2and g >3,

ker ("I’|M0dpk(5g,€])) C <Sg,k U {TLI] > Ta2’ sz’ st Taga Tbg, TC]> LR ] TCg,1 }>,
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where Sg ={F\, ..., Fg_2} is a collection of bounding pair maps such that for each i, F; is
a bounding pair map associated with an ordered subcollection of Cg of genus i that intersect
ay nontrivially (as shown in Figure 2).

Proof. By construction, a bounding pair map F associated with any ordered subcollection
of (B,as,...,az1) or an ordered subcollection of C, that is disjoint from a; (as stated
in Theorem 3-6), will preserve a; with orientation. Thus, by Lemma 3-4, it follows that
Fel(l, T.,..., Tcg,p Tay. Ty, - - - Ty, Tbg)-

Fori=1,2, let P; = (o1, . ..,a) be an ordered subcollection of C, that intersects a.
Then there exists a G € StabMod(Sg)(Ef) that maps the chain induced by the ordered sub-
collection (a1, . ..,a1¢) to the chain induced by the ordered subcollection (31, - . . , ®2¢).
Consequently, c71(P1) is conjugate to az(Pz) via G.

Hence, it follows that any two bounding pair maps associated with ordered subcollections
of C, of the same length which intersect a; are conjugate by an element in

StabMOd(Sg)(El)) = <Ta11 T(,‘] LA ] Tcg,l > Ta2$ sza cet Tag7 Tbg>$
and our assertion follows.

3-3. Generating LMod,, (Sg)

Following the notation from Section 1, we obtain the next result as a direct consequence
of Theorems 3-1 and 3-7.

COROLLARY 3-8. Fork>2and g >3,
MOdpk(Sg’ el) = < Sk U Sg,k U {Ta2’ sza e tdgo Tbg9 TC] LR TCg_l })
Furthermore, from Theorem 2-2 and Corollary 3-8, we obtain our main result.

THEOREM 3-9 (Main theorem). For k> 2 and g > 3,

LMody, (Sg) = ( S} USk USgk U{Tuy Tye - - o2 Tage T Teys - Tey ).

3-4. Generating SMod,, (Sg,)

Recalling the notation from Section 1, let Rg x € Mod(S,, ) be represented by the free 27 /k
rotation of S, that induces the cover py. Let SMod,, (Sg, ) be the symmetric mapping class
group of py, which is the normaliser of (Rg ) in Mod(Sg, ). By Birman-Hilden theory, we
have the following short exact sequence for g > 2:

1= (Rgx) = Zi — SMod,, (Sg,) — LMod,, (S,) — 1.

By pulling back the generators of LMod,, (S,) in Theorem 3.9, we obtain an explicit
generating set Gg for the normaliser NMOd(Sgk)((Rg,k» of (R ) in Mod(S,,). Moreover,
as the centraliser CMod(Sgk)(Rg,k) of Ry is a finite-index subgroup of NMod(Sgk)((Rg,k)), one
can derive a finite generating set for CMod(Sgk)(Rg,k) using G, ¢, which is in general cum-
bersome. In this subsection, we derive an explicit finite generating set for the centraliser
CMod(Sgk)(<Rg,k>) of (Rgx) in Mod(S,, ) when k =2.

COROLLARY 3-10. For g >3, consider the two-sheeted regular cover py:Sye_1 —> Sg.
Then:
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Fig. 5. A rotation of Sy, that induces the cover p;.

(i) LMOdpz(Sg) = ({Tal B szl ’ Taza Tb27 A Tbga TC] LR TCg_l }) and
(i1) SMod,, (S24—-1) = CMod(s, 1) ((Rg2)) = ({Rg 2, Tay  Tays Toy 1 Ty Tay s
Toi2Tbyss s Tay  Tay g Toy Ty gs Tey 1 Tegys -+ Tey g 1 Teng 1 }), Where  the  Dehn

twists are about the curves shown in Figure 5 below.

Proof. For the case g >3 and k=2, Theorem 3-9 would imply that LMod,,(S,) =
Mod,, (S, e1). So, we have

LMod,,(Sg) = (S2USga U{Tuay. Ty, - - - Tags Togs Teys oo Tey ).

We will now follow the notation from Secti~0ns 1 and 3. It is a well known fact that S, =
(W(Ty)), \If(sz1 )) (see [26]). Thus, we have Sy = (T, Tlf] ). By applying the chain relations

in Mod(S,), we see that F; € Sq 5 has the form F; =T, Td_,-zl’ where
TayTay = Tp, Te, Ty Tey - - - Ty, TCini+1)2i+2 = (Tlgl Te\Tp,Tey - -+ TbiTCini+1)2i+l-

Since Ty, is conjugate to T, by an element in StabMod(Sg)(Ef), the assertion in (i) follows.

To show (ii), we first observe that SMod,,(S2¢—1) = CMod(s, 1) ({Rg,2)). Moreover, the
collection of curves {ai,az,bs,...,ag,bg,c1,...,co_1} in S, (shown in Figure 1) pulls
back under p; to the collection C \ {b1,1}, where C is the collection of curves in S>,_1 shown
in Figure 5. Thus, by pulling back the generators of LMod,,(S,) under the epimorphism
SMody, (S2,—1) — LMod,, (S,), the assertion follows.

4. Lifting mapping classes to the infinite ladder surface

Let £ be the infinite ladder surface, that is, the surface of infinite type with two ends
accumulated by genus. In this section, we examine the liftable mapping classes of the regular
infinite-sheeted cyclic cover ¢,:£ — S, induced by an (h$ —l)-action on £, where h is the
standard handle shift map on £. The covering map gy is illustrated in Figure 6 below (where
the ‘~’ symbol means ‘homeomorphic to’). As in finite-sheeted case, (¢¢)«(r1(L)) < w1 (S,)

and is identified with the kernel of the map ¢:71(Sg) — Z given by ¢ ﬁ) ?(a 1, ¢). Consider
the induced homomorphism (gg)#:H1(L, Z) — H1 (S, Z) given by

Y

G =, ifi= (= 2)g 1 + 2.

- G

b 2 by, ifi= (= 2)g1 + 2. @-0-1)
(gg)#

sj—> ay, if j=0 (mod g —1),
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Fig. 7. An illustration of p3 0 g4 = q>.

where for any z,r € Z, r > 1, (z), denotes the unique integer in {0, 1,...,r — 1} such that
(2)r =z (mod r).

Note that for k > 2, we have py o gg, = g,. This is illustrated for the case when g =2 and
k =3 in Figure 7.

We will use ‘~’ to denote ‘isotopic to’ and id to denote the identity map. We will now
show that the cover g, satisfies the Birman—Hilden property [20].

LEMMA 4-1. Suppose that a homeomorphism f:£—> L is a lift of a homeomorphism
f:Sg — Sg under q,. If f ~ id, then f ~ id.

Proof. The cover g, maps the chain of curves (&3,...,02+1) in £ to the chain
(a3,...,0a2¢11) in Sg as shown in Figure 8. Let f € Homeo™*(£) such thatf ~ id. Then for
3<i<?2g+1,we havef(&,-) ~ @;, and so it follows that f(«;) ~ ;. Since the complement of
an open regular neighbourhood of the chain (a3, . . ., ag11) in S, is an annulus containing
a1, we have that f ~ Téj] , for some k € Z. Consequently, we have
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Q2g \

|
. e

1

& ’

2g+1\/
Sg—1
dg
2 Qg Q2g
[6%)
[e%) ! a2g+1l
Fig. 8. The image of the chain (a3, . . ., &241) under gg.

7 | | k
f ~ hm TS,"
i€Z
i=0(mod g—1)

for some m € Z. Sincef ~ id, we have that m = 0 and k = 0. Thus, it follows that f ~ id, as
required.
The following is now an immediate consequence of Lemma 4-1.

COROLLARY 4-2 For g > 2, there exists a short exact sequence

1— (h¥~1) > SMod,, (£) - LModg, (Sg) — 1.

Let UMod(S,): = ﬂ LMod,, (Sg). In [1], the following result was derived as an immedi-
k>2
ate consequence of Theorem 2-1.

COROLLARY 4-3 ([1, corollary 2-5]). Let f € Mod(S,), and let W(f) = (djj)2gx2g. Then,
f € UMod(Sy) if and only if d; =0, for 1 <i <2gandi#?2, and dy = +£1.

Using this criterion, we will now establish the following.
PROPOSITION 4-4. For g > 2, UMod(S,) = LModqg(Sg).
Proof. From the definition of (g,)# in Equation 4-0-1, we have
Vei=(q)#(H\(L,Z)) = (ay, ... a4, b, ..., bg).
It suffices to show that StabMod(Sg)(Vg) = UMod(S,), which is equivalent to showing that
W (UMod(Sg)) = W (Stabmodcs,)(Vg)) = Stabsp(2g,2)(Vy),

since ker W =7(S,) < UMod(S,). But it follows immediately from Corollary 4-3 that
W (UMod(Sg)) < Stabgp(2g,7)(Vg). Now our assertion follows from the fact that an A €
Stabgp(2¢,7)(Vy) has to be of the form described in Corollary 4-3.
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Fig. 9. The hyperelliptic cover § : S26 — So.6-

Thus, by applying Theorem 3-1, Proposition 4-4, and [1, corollary 3-8] we have the
following corollary.

COROLLARY 4-5. Forg >3,
UMOd(Sg) = (Sg,k U{e, Tal, Tazs Tb27 cees Tag, Tbga TCl’ cees Tcg_l})-

The following corollary [1, corollary 2], which draws inspiration from [11, theorem
5-2-2], is an immediate consequence of Theorem 2-1.

COROLLARY 4-6 Forg>1andk,{>2, we have
LMod,, (S¢) N LMod,, (S¢) = LMod,,(S,),
where d = Icm(k, £).

By Theorem 2.2 and Corollary 4-6, it follows that both {LMod,, (S¢):k € N} and
{Mod,, (Sg, e1):k € N} form directed systems of groups. Furthermore, by Corollary 4-3, it
follows that h_r)n LMod,, (S¢) = UMod(S,) and it follows by definition that h_r)n Mod,, (Sg, e1)
is the stabiliser in Mod(S,) of the vector ey € H(S,, Z), which we denote by Mod(S,, e1).
Thus, by considering the fact that « € UMod(S,) \ Mod(Sg, e1), we obtain the following
normal series.

COROLLARY 4-7. For g > 2, there exists a normal series of UMod(Sy) in Mod(S,) given by
1 <Z(S,) < Mod(S,, e1) < UMod(S,),

where the two distinct cosets of UMod(S,)/Mod(Sg, e1) are represented by the elements
in (1).

5. Generating LMod,,(S>)

Let S, denote the surface of genus g with n punctures (or marked points). The techniques
used in Section 3 do not apply to LMod,, (S2) since it is known [21] that Z(S>) is not finitely
generated. Let §:S, — So2¢42 be the branched cover induced by the action of {t) on S,. Let
8:S 02642 —> S0,2¢+2 be the covering map obtained from § by removing the branch points and
their preimages under 8, as shown in Figure 9 (for g = 2).

We label the marked (branched) points of S ¢12 with the numbers 1,2,...,2g + 2. Let
Su:Hy (Se.20425 Z2) — H1(S0,26+2, Z2) be the induced map on homology. For 1 <i <2g+2,
let B; € H1(S0,2¢+2, Z>) be represented by the curve (oriented counterclockwise) enclosing
the marked point i in Sp¢42. We will employ an alternative approach to derive a finite
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generating set for LMod,,(S2) using the following classical result from Birman-Hilden
theory [7].

THEOREM 5-1. For g > 2, let 1 € Mod(S,) denote the hyperelliptic involution. Then follow-
ing sequence is exact:

I (1) = Chtadisy (1) > Mod(Sp.2¢42) — 1.
where 8 is induced by the hyerelliptic cover §:Sq — So2g+2. In particular, when g =2, this
sequence takes the form
1 — (1) > Mod(S,) i Mod(Sp6) — 1.
Note that for 1 <i<2g+ 1, we have S (Ty;) = oi, where o; is the (left-handed) half-twist

about the arc connecting the point i with i 4 1 and the «; are the chain curves shown in
Figure 8.

Remark 5-2. Let Ig € Sp(2g, Z) be the identity matrix. Since Wi (1) = —Iag, it follows by
definition of Mod,, (S, e1) that 1 € Mod,, (Sg, e1) if and only if k=2. Hence, for k > 3, we

8
have CMod(Sg)(l) N MOdpk (Sg, el)"—>M0d(S072g+2).
Observing from Figure 9 that Sy(ay) = B1 + B2, we make the following claim.

PROPOSITION 5-3. For g > 2, we have:

(1) S(LMOdpz(Sg) N CMod(s,) (1)) = StabMod(Sy 5,42)(B1 + B2), and

(i) LModsop, (S0,2¢+2) = (LMod,, (Sg) N Chod(s,)(1))-

Proof. For 1 <i<2g+2,letx; € H(Sg2¢+2, Z2) be represented by a loop (oriented coun-
terclockwise) going around the lift of the point i € Sp 2442 under § so that 84(x;) = 2B8;=0.

Now consider homomorphism ju:H1(Sg 2442, Z2) — H1(Sg, Z>) induced by the inclusion
map j:Sg 2612 —> Sg. Then it is apparent that

ker (jx) = ker (%) = ({xi:1 <i <2g +2}).

Let ¢ € Mod,,(Se, e1) N CMOd(Sg)(L), and let f be a fiber-preserving representative of ¢.
Consider the surjective homomorphism Forger:Mod(S,,2,+2) — Mod(Sg) that forgets the
2g +2 marked points, induced by the inclusion j:Se2012 — Sg, and let Forget(¢) = ¢.
Choose a representative f for ¢ such that jof =f o .

Since fz(a1) =a;, we have f#(al) =a; +x, where xe€ker(jz) and jg(a;) =a; (see
Figure 9). Thus, § o f = B(f) o 8, which would imply that

8(F ) 0 84(@r) = 4 o fy(@r) = S4(@i + x),
and so it follows that

GUE)#(B1 + B) = B1 + Bo.

The converse is just a matter of reversing this argument. This concludes the argument
for (i).
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For (ii), it suffices to show that LModsop,(S0,2¢+2) C S(LModpz(Sg) N CMod(s,) (1)), for

the other inclusion follows easily by definition. Let f € LModsep,(So,2¢+2) lift to anf €
NMod(ng)((L,R)), where R is represented by the free rotation r of Sg, by 7 inducing the

cover ps. Thenf’l oR of € (,,R), and SOJN"l oR of is represented by a ¢ € Homeo*(SgZ)
that has no fixed points. Thus, ¢ =r, and so we have f € CMod(ng)(R), from which our
assertion follows.

THEOREM 5-4. For g > 2,

LMod,, (Sg) N Chiod($e)(©) = {62 Tays Tag- Tps Ty - o Togo Teys - o2 Tey ).

Proof. Let 6:Sg — So24+2 be the branched cover induced by the action of {¢) on S, and
let

S4:H1(Sg20+2, Z2) — Hi(S0.2¢+2, Z2)

be the induced map on homology. For 1 <i<2g+2, let B; € H(So2¢+2, Z2) be repre-
sented by the curve (oriented counterclockwise) enclosing the marked point 7 in So2¢-+2.
Then é4(a7) = B1 + B2, and by Proposition 5-3, we have

8(Mod,,(Sg, €1) N Chod(s,) (1)) = Stabmod(y 2442)(B1 + B2)-

Consider the natural epimorphism p:Mod(So2¢+2) — X24+2, Where X212 denotes the
group of permutations of the points {1, ...,2g + 2}. It is apparent that

P(StabMod(Sya42)(B1 + B2)) = ({(1, D} U{(3,4), (4,5), ..., (2g + 1,2 + 2)}),
where (i, j) € ¥y¢4 2 denotes the transposition of the points i and j. Consequently, we have
StabMod(S.2042)(B1 + B2) = (ker p U {01} U {03, 04, . . ., 02¢41}).-
Moreover, it is well known that
ker p = PMod(So,24+2) = ({Tjj:1 <i<j<2g+2}),
where 7;; = (0j_1 . .. or,-+1)ol-2(0j_1 . ai+1)_1. So, we have that
zj € ({01,035} U{03,04, ..., 02g41}),

whenever 7;; does not contain the subword 713 = 0201202_ ! But by repeated application of
the braid relation, we can see that:

-1 -1 -1 -1 -1 -1_2
0201010, =0, 020102010, =0, 020201020, =0, 0501,

and so it follows that 7j3 € ({1, 07} U {03, 04, . ..,02441}).
Since S(Tai) =o0; and S/z/ = {1}, our assertion follows from Remark 5-2.

COROLLARY 5-5. LMod,, (S2) = (T, T,fl Teys Tay, Thy)-

Proof. In view of Theorems 5-1 and 5-4, it suffices to show that: € (T, Tlfl Ty Tay, Tpy).
It is known [23, lemma 3-1] that : € Mod(S;) has a representation of the form
(T, Ty, )3(Ta2 sz)_3. By the braid relation, we see that
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L= T Tp, (T, Tp, T4 )Tp, ) (T4, Tb2)73

= (T, Tp, (To, Tay To ) Tp N Tay Tp,) >

= (Ta, Ty Y (Tay Tp,) > € (Tay. T, Tey s Tay Ty

from which our assertion follows.

COROLLARY 5-6. For g > 2, we have

LModsep, (S0.2g42) = (8({t. Tay. Tag- Ty, s Ty - - T Teys - o Tey D)
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