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SUMMARY

This paper studies the gait characteristics of a quadruped rover that mimics domestic cats, and
attempts to optimize these characteristics. The kinematics and dynamics formulation of the rover’s
three-dimensional model is developed, and its gait, pose and corresponding control parameters are
computed to minimize torque or maximize speed, using a genetic algorithm. The optimization model
consists of a set of equality and inequality constraints that ensure the feasibility and stability of the
gaits, while considering the entire gait spectrum that feline species exhibit. The optimal gaits for
minimizing the torque closely resemble lateral sequence gaiting, with a trotting behaviour as speed
increases. A running gait is obtained at the maximum speed. The optimization results appear to con-
form to the biological observations of feline species, suggesting the tendency of conserving energy
in biological gaiting.
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1. Introduction

The study of legged locomotion is inspired by the locomotion capabilities of animals, which use
different gaits at different speeds depending on factors such as energy consumption.! Despite exten-
sive studies on animals locomotion (see ref. [2], as an example,) there are some key questions, still
awaiting rigorous answers, about why animals adopt certain locomotion behaviours in various cir-
cumstances and whether their locomotion has converged to optimal gaits throughout their evolution.
Theoretically, finding optimal gaits for a multi-legged system faces two major challenges: one is due
to the complexity of kinematic and dynamic modelling of legged locomotion, and the other roots in
developing proper optimization models and capable solution algorithms. The present work attempts
to address both challenges for a quadruped rover model that mimics domestic cats.

In general, a comprehensive model of quadruped locomotion includes the three translational
movements, that is, forward-backward thrust, upward-downward heave and sideways sway, as well
as roll, yaw and pitch rotations. However, such models, albeit feasible, may end up computationally
too complicated, and to some extent redundant, for optimization purposes. Thus, most works in the
literature on gait optimization consider a two-dimensional (2D) model in the sagittal plane to study
major aspects of quadruped locomotion, entirely avoiding the complexities of a three-dimensional
(3D) model.? For example, a 2D rigid body model was used to simulate the locomotion of a horse
from patterns of a given kinematic data set.* A fuzzy-logic-based control strategy was developed
for creating simulated planar gallops in quadrupeds.’ A 10-link planar simulation was used to test
the feedforward and feedback strategies for controlling transverse gallops in a horse.® A kinematics-
based simulation was developed in ref. [7] for studying articulated rovers traversing uneven terrains.
In the present paper, the complete 3D simulation of a quadruped rover is utilized for gait optimiza-
tions; however, each optimization model is focused on the sagittal plane parameters, as the primary
factors in quadruped locomotion, in order to guarantee the efficiency of the solution algorithm.
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1264 Gait optimization for quadruped rovers

The locomotion of a quadruped rover is achievable by defining the trajectories of actuated joints.®
Therefore, the goal of the gait optimization problem is to obtain optimal joint trajectories. Two
approaches can be used for modelling such an optimization problem. In the first approach, the
parameters defining the joint trajectories are directly optimized. This method has been used in var-
ious works, such as,” where joint trajectories are defined using polynomial functions. The second
approach involves designing the motion of foot or toe of the legs, and obtaining the correspond-
ing joint trajectories through the inverse kinematics model.!” As a notable example, in ref. [11] the
trajectory for the toes of a hexapod rover was selected as a cycloid during the swing phase (SW)
and a uniform horizontal trajectory during stance phase (ST). The present paper uses the second
approach, because it allows us to take into account some of the natural behaviours, for example, with
respect to the leg impact at touchdown. Animals tend to retract their paws right before touchdown
to reduce leg impact, and this has been shown to aid locomotion periodicity in legged rovers.!>!?
Further, continuous, periodic toe trajectories can be created, in this work by using a series of Bezier
functions.

The gait optimization has been shown to be a non-linear, multi-constrained problem.'* Many
researchers have used evolutionary algorithms (EAs) to solve for the optimization problem, due to a
number of reasons. First, EAs do not require a closed-form model,!> which in case of quadruped
rovers consists of highly coupled, non-linear relations. Secondly, EAs are known to be viable
approaches when many design variables are involved with their interrelationships not necessarily
known. The complexity and multi-dimensionality of the search space in problems such as gait opti-
mization critically diminish the efficacy of standard gradient-search-based techniques.'® Thirdly, EAs
do not require continuity or differentiability of the associated objective function(s), and are capa-
ble of readily finding multiple local minima/maxima in the search space.'> Lastly, with a suitable
choice of population size, mutation and recombination rates in the EA, the algorithm can potentially
become independent of the assigned initial population, hence showing strong global search capabil-
ities. The gait optimization problem for a dog-like quadruped rover for various walking speeds is
carried out in ref. [17]. An optimization of gaits for the Sony(R) AIBO(TM) robot is also carried
out using genetic algorithms (GAs), as a form of EA, with the aid of AIBO hardware.'®2° A biped
humanoid robot for climbing slopes is suggested in ref. [21], and optimized using a GA to achieve
maximum forward velocity and stability, as well as minimum energy consumption. The parame-
ters of a hexapod rover are optimized using the GA for different locomotion speeds and periodic
gaits.!!

This paper develops an evolutionary optimization model to find near-optimal gaits for a cat-like
quadruped rover, using a 3D simulation and considering the entire gait and pose variable spectrum.
This differs from the works highlighted in the previous paragraph by both not constraining the gait
to a specific sequence and not constraining the robot’s movement to the sagittal plane, in effect
attempting to find the optimal gait under the objective function with a minimum of constraints on the
motion. The optimization model is based on defining smooth, continuous and periodic trajectories for
the motion of the toe of each leg. Further, the results of minimum joint torque or maximum forward
speed are evaluated by comparing them with those found in nature.

The remainder of the paper is organized into the following sections. Section 2 describes the
quadruped rover model and the kinematics and dynamics formulations, while also detailing the
Integrated Design and Simulation Environment (IDSE) developed for gait optimization. Section 3
defines the optimization variables, and discusses the objective functions, constraints and the GA used
for the optimization. Section 4 provides the optimization results and their comparison with profiles
observed in nature. Some concluding remarks are made in Section 5.

2. Quadruped Rover Model

An illustration of a quadruped rover and associated variables is given in Fig. 1. The main body B,
with length Ly, mass Mg and inertia /g, has no constraints on it motion in the world (inertial) frame
{W}. The coordinates of the body centre of mass (Op) in {W} are xg, yg and zg. The pitch g angle
describes the rotation of the body about yg axis of the body frame B. Four bilaterally symmetric legs
are attached to B, which collectively behave similarly to a parallel manipulator. The legs are labelled
as FL (front left), FR (front right), HL (hind left) and HR (hind right). Each leg is modelled as a
serial-link manipulator with three degrees of freedom, consisting of three links, of length L;, L, and
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Table I. Body mass and geometric properties.

Length, Lg (cm) Width (cm) Height (cm) Mass Mp (kg)

29.4 15.3 5.0 2.486

Table II. DH and mass parameters for the front and hind legs.

. F_7F F F F H_7yH H H H
J a; —Lj (cm) o; dJ (cm) m; (kg) a; —Lj (cm) o; dJ (cm) m; (kg)

1 15.0 0 0 0.061 13.5 0
2 13.2 0 0 0.139 11.7 0
3 7.5 0 0 0.114 9.5 0

0 0.061
0 0.139
0 0.116

1,[1FR
3 AZy(Heave)

Toe 03

. Xw (Thrust)

0

GROUND

Fig. 1. Rover model in the sagittal plane.

L3, connected with parallel revolute joints, the hip (Oy), knee (O;) and ankle (O,). The three joint
angles in each leg are grouped as

q(t) = [61(1) 6>(1) 63(0)] (1)

where 6; is the angle of link i with respect to the previous link (Fig. 1). For the front/hind legs, the
links are called humerus/femur (Oy0O), radius/tibia (O 0,) and metacarpal/metatarsal (O, 03) links,
respectively. The end point of metacarpal/metatarsal link, which touches the ground, is called the toe
(03). The length of the links is selected proportionally to resemble that of a domestic cat without the
phalanges.?? The total leg length L, is the sum of the length of the links. The physical parameters of
the robot are summarized in Tables I and II.

The instant when the toe O3 hits the ground is referred to as the leg’s touchdown, where the rover
is in its anterior extreme position (AEP) configuration. The instant when Oj is lifted off the ground is
referred to as the leg’s take-off, where the rover is in its posterior extreme position (PEP) configura-
tion. The leg movement from AEP to PEP is referred to as the SW, whereas the leg movement from
PEP to AEP is referred to as the ST, as illustrated in Fig. 2.

2.1. Kinematics formulation

The locomotion of a quadruped rover can be considered as a sequence of cyclic motions, where each
stride cycle is a period during which all four legs complete one SW and one ST. The successive
stride cycles in quadruped animals are nearly identical,?* so the body centre of mass O (Fig. 1) can
be described as a distance A (stride length) over time T (stride time) with a uniform horizontal speed
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Fig. 2. Front leg models showing ST (a) and SW (b).

of Vg = A/T. Two parameters are used to define the leg locomotion. The first one is the duty factor
B € (0, 1) as the ratio of the duration of the ST to the stride time. Consequently, the duration of the
ST and SW is BT and (1 — B)T, respectively. While most animals have a nearly identical duty factor
across different legs, in this work independent duty factors are assumed for the legs for generality,
namely BFL, IR, BHL and BHR. The second parameter is the net distance i travelled forward by the
hip Oy of each leg during its SW:

K=0=BTxA/T)=1-=p)2r 2)

Since Op moves A meters ahead in one cycle, each hip joint must move the same distance forward in
one cycle, as well. Hence, the distance « that the leg’s hip Oy moves forward with respect to its toe
O3 during the ST can be defined as

K=A—k=pA (3)

To ensure that each leg returns to the same AEP after each cycle, the leg’s toe O3 must move forward
horizontally with respect to its hip Oy by « during the SW. For this reason, « is referred to as the step
length (Fig. 2).

The rover motion can then be characterized by defining the relative phase ¢ € (0, 1) as the offset
in time between the touchdown of a leg to that of another arbitrarily reference leg, the FL leg in this
work. Therefore, with the front left leg serving as a reference, three relative phase parameters, ¢},
ML, ¢MR, should be defined for other legs in general (Fig. 3a). As a special case, a symmetric gait
refers to one in which the two legs of each leg group have a relative phase of 50% with respect to
each other. In this case, a single phase parameter ¢'™ can be used. Figures 3c—3e show three common
symmetric gaits, namely pace, trot and the lateral sequence walk, respectively.

During the SW of each leg, the hip Oy moves forward with body B along the trajectory (¥ Oy (£))sw
expressed in {W} (where a pre-superscript signifies relation to the frame), while the toe O3 moves
along the trajectory (°03(#))sw expressed in frame {0}, which is the coordinate frame attached to
the body at O, with x-axis along Ag. During the ST, the toe O3 maintains contact with the ground.
If no slippage occurs ((VO3(1))sT = const.), O3 can be treated as a passive pivot about which Oy
follows the trajectory (*Oq(f))st. (Frame {3} is an inertial frame parallel to {W} with origin at O3.)
To avoid using {3} as a reference frame, (°03(1))st can be used instead representing a rotation of
about Og (Fig. 2).>* As the toe O3 moves backward along (°03(f))st, body B moves forward along
(COy(1))st as desired. Therefore, the desired motion of the rover can be translated into the desired
toe trajectories (°03(1))sw and (°03(¢))st during SW and ST, respectively.
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Fig. 3. The relative phases of the legs for a (a) general gait, (b) symmetric gait, (c) pace, (d) trot and (e) lateral
sequence walk. Note that O is the reference leg.

The desired motion for each leg can be defined in each phase by using its toe position in the sagittal
plane, x3 () and z3(¢), as well as the orientation of the metacarpal/metatarsal link ¥3(¢), expressed in
{0}, each in the form of a Bezier curve of order m:>

m!

S(1) =
=G ; kl(m — k)

!zk(tf - " “4)

where #; is the length of time taken for that phase. Bezier curves are chosen for this task, because
they exhibit smooth curves and are insensitive to small perturbations in their coefficients. A Bezier
curve of order m has (m+ 1) coefficients a;, requiring at least (m + 1) boundary conditions to
solve for. Such boundary conditions are indeed the value of leg parameters (toe position and
metacarpal/metatarsal link orientation) and their rate of change at the initial and phase transition
times.

In this work, the AEP configuration at each cycle is considered to be the leg’s initial configuration
(see Section 3.2). This results in the initial leg parameters of (x3 arp, 23 AEP, ¥3.aEP). Consequently,
the corresponding parameters at PEP can be obtained from

X3,PEP = X3, AEP — BA COS YB + Zner SIN Y (5)
73,PEP = Z3,AEP — BA SIN /B + Znet COS Y (6)
Y3.PEP = V3, AEP — Ynet @)

where z,¢ is the net change in height of the hip in {W}, and v, is the net change in orientation of
the metatarsal/metacarpal link during ST/SW (Fig. 2).

Assuming that body B is travelling at a uniform velocity Vg horizontally with respect to {W},
while O3 is stationary with respect to {W} during the ST, it is indeed moving with respect to {0} with
magnitudes of —Vp cos ¥ and —Vp sin ¥ along x and zo, respectively. Hence,

X3 pgp = — VB COS ¥ (8)
Z3.pep = — VB sin ¥ 9

Further, to eliminate impact effects caused by instantaneous changes in velocity, we assume

X3, AEP = X3 PEP (10)

23,AEP = Z3,PEP (1D

The v/ rates for AEP and PEP configurations are to be determined through the optimization problem,
as it will be discussed in the next section (Section 3.2).

https://doi.org/10.1017/50263574719001413 Published online by Cambridge University Press


https://doi.org/10.1017/S0263574719001413

1268 Gait optimization for quadruped rovers

By assuming that the maximum step clearance ( f.) occurs halfway between x3 pgp and x3 agp, one
additional boundary condition is obtained for the SW:

K . K .
(X3,m, 23,m) = <X3,PEP + 5 ©0s VB + [ sin yp, —7 sin Y + fc cos 1/fB) (12)

Table AIV summarizes the boundary conditions and their derivations for each parameter/phase, as
well as the order for the corresponding Bezier function. Using these boundary conditions, the proper
coefficients a; for the Bezier function (Eq. (4)) can be determined, thus obtaining the trajectories
(03())sw and (P03(1))sr.

The motion of the quadruped rover is generated through the actuation of the three joints in each
leg. Therefore, the above mentioned desired trajectories for the leg parameters should be related to
the (desired) joint displacements in each leg through the following equations:

x3 = Licos(0y) + Lycos(0, + 6,) + Lycos(6) + 6, + 03) (13)
z3 = Lysin(0y) + Losin(6 + 6») + L3sin(6; + 6, + 653) (14)
Y3=01+6,+065 (15)

Equations (13)—(15) can be solved for the joint displacements analytically, and there exist two sets
of joint angles (or leg configurations) for each desired set of (x3, z3, ¥3). Therefore, to create a con-
tinuous profile for the joint displacements from the desired trajectories, the solution must increment
in time starting from the initial joint angles ¢(t = 0) = g, corresponding to the AEP configuration.

To begin the motion of the rover, the initial position of the body B centre of mass in the world
frame must be defined. Assuming that at the start of the motion at least one leg is in ST (and all the
other toes are on or above the ground), the initial vertical position can be defined as

L
Vg =max{ x5E sin(Yg) + 5~ cos(¥p) — 7‘3 sin(yp)

AR sin(Pp) + z5% cos(¥p) — L?B sin(yp)
(16)

A sin(yp) + 25 cos(yp) + L7B sin(yrp)

KR sin(yp) + Z5R cos(¥p) + %B sin(yg) }

where Lp is the distance between hind and front hips which is a rover parameter (Fig. 1), and yp
is the body pitch, which is an optimization variable. Further, the horizontal position of the body B
centre of mass Waxg is initialized to zero.

Equations (4)-(16) are analytically solved and evaluated in MATLAB®, and this module is
referred to as the Kinematics Trajectory Generator (KTG).

2.2. Dynamics formulation

The inverse dynamics (ID) of a fixed-base manipulator is well documented in the literature,?® but
the development of an ID formulation for moving-base manipulators, such as biped or quadruped
rover, is an ongoing research. The dynamic equations for a six-wheeled rover are derived using
Kane’s method in ref. [27], but the work is not challenged by changing the contact points as in the
case of legged rover. The dynamic equations for a six-legged, radially symmetric rover are derived
using the Euler-Lagrange approach for a tripod, statically stable gait.”® However, in our work the
gait variables describe an entire range of gaits, which may not be statically stable. The approach
developed in ref. [29] computes the ID torque in a reduced-dimensional null space of the constraints,
using an orthogonal decomposition of the constraint Jacobian. Hence, contact forces need not be
measured and used. Using this method in this paper, the rover’s generalized coordinates are

§= [qFL g gL gHR ,,B]T cR'® (17)
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where g € R? represents the three joint angles for each of the four legs, and rp represents the hori-
zontal and vertical position of the body B centre of mass and its orientation, expressed in the world
coordinate frame {W}:

rg = {xg 28 VB Ok} € R? (18)

The ID model can be formulated using the Euler-Lagrange equations:°

F=M@-4+C@.-4+8@ —J@"-f (19)
The generalized torque vector 7 in Eq. (19) is
? = [¢FL PR ML HR 0.0 0 0] e RIS (20)
where 7 is the joint torque matrix for each of the four legs:
t=[nnnlek’ (21)

The matrix M € R'6*!¢ represents the inertia matrix, C € R'®*16 is the matrix describing centrifugal
and Coriolis effects and g € R'® defines the gravitational field vector. The vector f € R® consists of
the four horizontal F,, and four vertical F, interaction forces between the ground and the toes:

T
f=[F" R FE PR FTE FIR PR PR (22)

The constraint Jacobian J, € R3%1¢ is defined as

9%
Jo= [—”} (23)
99 Jgx 16
where
A T
h= [wng wng WxglL wxng Wsz wzgk WZ13»1L WzglR] cR® (24)

and Wx; and Wz3 are the horizontal and vertical position of the four toes in the world frame {W]}.
By carrying out a QR decomposition of the constraint Jacobian,? the unconstrained and constrained
dynamics can be separated, and the joint torque T can be can be solved.

The forward dynamics simulations (FDSs) of a quadruped rover can be performed through the fol-

lowing algorithm, using the subroutine INV ( g, ¢, ¢ ) for solving the rover’s ID model as explained
above:

Step 1: Having the initial values of g and E] solve the ID model for 21 =0:
INV (. 4,0) =M@ -0+ C@G. &) i+ 87— @ -f

Step 2: LOOP i =1 TO 16;

Put: § = 8;, and solve: M(§) - 8 =INV(q, §, 8;) — INV(§, §, 0)
where §; is a 16 x 1 column matrix such that its ith element is unity and the rest is
zero. Hence, in each loop, the column i of the inertia matrix M is calculated.

END
Step 3: By knowing M, 7 and INV(g, g, 0), solve the following set of simultaneous equations for g.

M@G)-g=1t —INV(g,§,0)

Step 4: Integrate 2] to obtain é and then g for one step ahead in time, and continue steps 1 — 4 for the
next time increment.

2.3. Integrated design and simulation environment
The IDSE consists of the KTG and the FDS, and it was developed using MATLAB®/ Simulink®
and their physical modelling toolboxes to compute the design attributes of the optimization problem,
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(b)

Side View Trimetric View

Fig. 4. Rover model built in Simulink®/SimMechanics®.

as it will be discussion in Section 3. Given a set of variables ¢ (Section 3.2) for any rover during
the optimization process, the KTG creates the corresponding joint trajectories ¢(f), as described in
Section 2.1. Using ¢ and ¢(¢), the FDS is executed and the optimization attributes are calculated
(Section 3). This iterative step is repeated for all rovers in a population, over multiple generations in
the GA.

2.3.1. Rover model. As shown in Fig. 4, the rover model consists of a cuboidal main body and four
legs. All parts are designed in accordance to the model outlined in the beginning of this section.
The Denavit—Hartenberg (DH) parameters a, o and d°° offer a convenient notation to represent
the configuration of robot manipulators, and have been used in this work for the legs of the rover.
The major advantage in using DH parameters is that the structure of the rover can be modified to
resemble any other animal through a change in these parameters. The fourth DH parameter 63! cor-
responds to the joint angles g. The DH parameters selected for the rover (Table II), the mass of the
entire rover (3.7 kg) and the length of the main body (Lg = 0.29 m) are based on data collected for
domestic cats.?? The links are designed as uniform cylindrical rods, with a density of aluminium
(2700 kg/m?), and link masses proportional to link lengths.

2.3.2. Environment model. The environment model consists of a standard gravity field and a spring-
damper-based ground contact model.>? The model uses a vertical position switch to apply appropriate
forces to the toes. When the vertical position of the toe is greater than zero (no contact between the toe
and the ground), no external force is applied to the toe. When there is contact, vertical reaction force
(F;) and horizontal frictional forces (F and Fy) are applied according to the following equations:>’

Fo=ks" +bs"c? (25)
Fy =, F;
(26)
Fy = uyF;

. Vx| Mk

Mx = — (i Mx+3 — ) Vix
Sp Sp

. iyl Mk

M)’:_3( )y 3= ) vy
Sp Sp

where ¢ is the penetration distance of the toe into the surface, u, and u, are internal states of the
friction model, v , and v, ,, are the horizontal velocities of the toe measured with respect to the world
frame {W} and uy is the coefficient of kinetic friction. The roles and values of the constants in these
equations are summarized in Table III.

27)

2.3.3. Verification and validation. Through the use of the physical modelling toolbox in Simulink®,
it can be assumed that the calculations of the motion of the rover will be accurate. Along with the
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Table III. Descriptions and assigned values of constants used in friction model.

Constant Description Value

k Spring constant of the ground 7.21 x 107
b Damping constant of the ground 3.8 x 10*

n,p,q Exponential terms modelling non-linear effects 2.31,1.1,1
Lk Coefficient of kinetic friction 0.6

Sp Displacement of toe before saturation of friction 1x1073

environment model presented in Section 2.3.2 and derived from ref. [32], this allows for straightfor-
ward verification of the model presented. Furthermore, the results presented in Section 4 appear to
be reasonably similar to those of the feline on which the model is based, as discussed therein. This
suggests that model is also valid.

3. Optimization Model

The optimization model of the quadruped rover consists of the objective functions, optimization
variables, equality and inequality constraints, as well as the offline optimization algorithm, which
will be discussed in this section.

3.1. Objective functions

3.1.1. Torque minimization. While some works have used different forms of the specific resistance,
that is, the ratio of the maximum available power/energy to the maximum forward velocity travelled
over a cycle,*34 this work selects a function that minimizes the average of total instantaneous joint
torque T over one stride cycle:®

1 T
FT=;/ (T2 + 1™+ 102+ 1R )12) dr (28)
0

This provides an indication of the total load applied on the joints, and thus is proportional to the
power consumption. This optimization is performed at four different speeds (0.10, 0.50, 1.00 and
1.50 m/s) as well as the one obtained from the speed maximization case.

3.1.2. Speed maximization. An alternative objective function that is considered in this study is the
average of the horizontal speed of the body B centre of mass over one stride cycle. Although the
horizontal speed of the body centre of mass is assumed to be constant (Vp) in this work, due to
the numerical errors, it would be more accurate for the optimization to compute this objective func-
tion through the integration of the instantaneous horizontal speed of the centre of mass over the stride
period:

1 T
Is= T /0 (xg) dt (29)

3.2. Optimization variables
To obtain an optimal motion of body B based on a certain objective function, such as joint torque or
rover speed, the corresponding desired trajectories must be computed for the three joints in each leg
(Eq. (1)). One approach to achieving the desired motion of the rover is to define ¢(f) and derive the
trajectories (°03(¢))sw and (°03(¢))sw using forward kinematics.!” However, to allow for a better
insight into the motion of the rover, the toe trajectories are instead defined first, and ¢(#) is derived
using inverse kinematics (as described in Section 2.1).

To obtain the appropriate boundary conditions for the Bezier functions (Eq. (4)) for the toe
trajectories (Section 2.1), a number of parameters need to be defined as optimization variables,
including

Ph= [V Ve Vi 2k Xl ke{FL,FR, HL, HR} (30)
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where 1/}[’§EP and ‘/.’lﬁEP are the angular velocities at AEP and PEP, yX, is the net change in the angular
position of metacarpal/metatarsal link from PEP to AEP, z,,, is the net change in the vertical position
of the hip joint from PEP to AEP and fck is the maximum step clearance during the SW. Further,
computing g(¢) for each leg using inverse kinematics requires the initial position of the leg, for which
either AEP or PEP can be used; the former option is selected in this work. Consequently, the initial

position of the legs must also be included in the optimization variables:
Py =qh=[0kgp Ohgp O5hp]. k€ (FL,FR, HL, HR} (31)

Finally, the stride length, body pitch and initial y velocity also need to be defined as optimization
variables:

P.=[X VB 8.] (32)

The set of P’,j, P’,; and P, is referred to as the Pose (P) optimization variables.

Additional parameters must be defined as optimization variable to describe the gait of the rover,
including the duty factor B and relative phases ¢ of the legs, referred to as Gait (G) optimization
variables:

G= [,BFL ,BFR ﬂHL ﬂHR ¢FR ¢HL d)HR] (33)

Furthermore, to ensure that each joint follows a desired trajectory, its movement should be con-
trolled. Servo controllers have been successfully used for quadruped rovers,*® which is adopted in
this work. To find the optimal values of control gains, in this case proportional (Kp) and derivative

(Kp), for each of the three joints (Kp ;, Kp j, j=0, 1, 2) of the front and hind legs during each phase
of a cycle, they are also included in the optimization model as the Control (K) optimization variables:

K =[(Kp w (Kp w (Kp ks (Kp ki]

j=0,1,2,  ke{FL, FR, HL, HR}

(34)

The Pose, Gait and Control optimization variables form the set ¢ for the torque minimization:
or =[PP PR PR PV P PER PR P G KT KR KPR KR e RY 35)

For the speed maximization, to compute for the objective function (Eq. (29)), the stride time (7')
should also be included in the optimization variables, resulting in the ¢g optimization variable set:

ps =[Py P- PR PR P P PR PR PG KT KR KT KPR T e R (36)

The @7 and ¢g optimization variable sets are summarized in Table AV.

3.3. Constraints

3.3.1. Phase boundary constraints. As the leg transitions between ST and SW, sudden changes
occur in the degrees of freedom and their derivatives. This can result in physical impacts on the
system causing energy dissipation. Without restoring energy into the system, it cannot repeat its peri-
odic motion. Hence, to ensure smooth and continuous movement between the SW and ST to sustain
a periodic motion, the following constraints are imposed on the joint angles g of each leg:

qst.i =4sw.f = 4o (37)
gsw.i = gsT. (38)
gst,i = qsw, (39)
dsw,i =gsT, f (40)

where i and f subscripts denote the initial and final states of the joint angles, respectively.
3.3.2. Touchdown constraints. Animals tend to retract their legs prior to touchdown, a behaviour

that has been shown to help with motion periodicity.!>!3 This can be mimicked in the rover model
by reducing the absolute velocity of the toe at touchdown to eliminate impact effects:
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(e)sw.r = (ey)sw.r = (Vedswr =0 (41)

3.3.3. Contact constraints. By definition, during the SW, the toe O3 must not contact the ground,
whereas during the ST, the toe O3 must remain in contact with the ground.

(Va3(0) gy > O (42)
(Vz3(0)gp =0 (43)

Further, to prevent slippage the friction force should be sufficiently large, so that there is no
horizontal movement at the toe during the ST:

(vta(0) gr = (s (D) gy =0 (44)

In addition, the initial value of the horizontal position of the toe in the world frame is also set equal to
its value at the end of the SW. This way the robot begins its stance at the same point where it touched
down.

(Wx3)ST,i = (Wx3)sw, 7 (45)

Also, the toe’s vertical position at the start as well as the end of the SW must be zero:

(Me3)swi = (Va3)gw, =0 (46)

3.3.4. Maximum torque constraints. The maximum torque available for each joint is limited to

|‘[| < Tmax = [Tl,max T2, max TS,maX] (47)

3.3.5. Gait stability. In the quadruped legged locomotion, the stability of a gait can be realized using
criteria such as zero moment point,* eigenvalues of the Poincaré map, change of angular momentum
and the ground reference points.>’ This work adopts the definition of stability presented in ref. [38].
It defines the basin of fall as a “subset of the state space that leads to a fall, (where) a point on the
rover, other than a point on the foot (toe in this case), touches the ground.” A periodic gait is stable
then if and only if the rover is never in the basin of fall. Together, the phase boundary and numerical
computation constraints will ensure that the rover does not fall during each period.

3.3.6. Numerical computation constraints. For certain optimization variable sets ¢, the solver in
Simulink® may not converge to any solution, or the solution may be unrealistic or impractical.
To avoid such circumstances, the model computation is terminated and discarded if any of the
following constraints are violated:

¢(1) exists and can be found with the KTG (48)
At > Atpin (49)

Wip =V (50)

>0 (5D

[¥B| < VB, max (52)

Wk <Wk  ke{FL,FR, HL, HR} (53)

where At is the required time increment for solving the simulation. The individual roles of these
equations are summarized as follows:

e Equation (48) ensures that the desired toe positions are physically realizable.
e Equation (49) ensures that the produced motion is numerically stable.
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Fig. 5. Recombination and mutation — Parents P-a and P-b undergo arithmetic recombination to give children
C-a and C-b, which undergo mutation to give mutated children mC-a and mC-b.

e Equation (50) ensures that the actual horizontal velocity of the body matches the expected velocity,
ensuring that the overall motion is linear and uniform.

e Equation (51) ensures that body does not contact the ground, and hence ensures the gait is stable
(see Section 3.3.5).

e Equation (53) ensures that the toe is never above the hip during the gait.

3.4. Optimization algorithm

The minimum torque and maximum speed optimizations are carried out using a GA,3"3 which has
been studied and used extensively for optimizing legged rovers.'"*'7-2! An initial population of n
rovers is created, where each rover has a randomly generated ¢t or ¢s. After evaluating all mem-
bers in the population, they are ranked based on the value of their objective function (Section 3.1).
From this population, two members are randomly picked up, and the member with the better rank is
selected as a parent (binary tournament selection). Repeating this process n times generates the par-
ent pool. These parents undergo arithmetic recombination in pairs to generate n children, which in
turn are mutated (Fig. 5) and then evaluated. The best n rovers from the combined children and parent
pools are selected to represent the new population. Details on various recombination and recombi-
nation and mutation techniques used in GAs can be found in.3":3° This iterative process is repeated
numerous times, until convergence is reached. Convergence is defined here as the first population
where the difference between the average value of the objective function for the best 50%, 20% and
10% of the population is less than 1% of their combined average value.

A random initial population was used as the input for each optimization procedure. In the spe-
cific case of torque minimization at maximum velocity, the best member of the final generation
of speed optimization was randomly permuted in all dimensions to form the initial population of the
torque optimization, as discussed in Section 4.1.1. Optimization stops when the convergence criterion
described previously is met.

The population size, recombination rate and mutation rate should be selected carefully to prevent
a premature convergence to a local solution. If # is too small, the population may experience genetic
drift and converge prematurely. If n is too large, on the other hand, the required simulation time
may be exceedingly large. This work selects n =100 as a trade-off. A suitable recombination and
mutation rate can also help diversify the population at each generation, thereby reducing chances of
premature convergence. This rate determines what percentage of variables are affected during each
step. The fractional rate for recombination and mutation is selected as 30% and 10%, respectively.

On the machine used for this paper (Intel® Core™ i7 with 16GB memory), each generation of
100 rovers took approximately 2 min to evaluate.

4. Results and Discussion

The optimization process described in Section 3 was applied to the robot model described in
Section 2. In the first part of this section, the results of the maximum speed optimization are dis-
cussed and compared with the results of a subsequent minimum torque optimization performed at
the same speed. The second part of this section examines select trends in the results of the minimum
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Fig. 6. Convergence of objective functions versus the number of generations elapsed.

torque optimization at increasing speeds. The optimal design variables obtained are listed in Tables
AVI, AVII, AVIII, AIX, AX, AXI.

4.1. Behaviour at maximum obtained speed

4.1.1. Objective convergence. The convergence of the speed objective function in the speed maxi-
mization problem is shown in Fig. 6a. The speed maximization converged to a maximum speed of
2.17 m/s. This speed differs from the theoretical values derived solely from Vg = A/7T = 1.97 m/s and
using A and T that were also obtained from the speed optimization, as opposed to simulated results.
The difference can be due to the fact that some of the constraints, including touchdown constraints
(Eq. (41)), were defined with some margins to help the optimization arrive at feasible solutions.
While an ideal solution is expected to adhere to all constraints as defined, some small margin of
deviation from these constraints was required to account for the numerical nature of the simulations.
This would allow the toe to slip slightly at touchdown, resulting in increasing the overall speed of
the rover. Since such effect is merely due to the optimization model, the theoretical maximum speed
was used along with the other optimum variables as a seed for the torque optimization. Theoretically,
slippage is not accounted for in the rover model, so any slippage observed in the simulation can
be expected to produce some deviation from the expected movement. Deviations in the movement
result in increased corrective torque; therefore, the optimal minimum torque solution should have
little to no slippage. The convergence of the torque optimization at the maximum speed is shown in
Fig. 6b. In both optimizations, the three curves, depicting the average value of the objective function
for the best 50%, 20% and 10% of the population, all approach a steady value of maximum speed or
minimum total joint torque, respectively.

Figures 6a and 6b also show that the torque objective took longer to converge than the speed objec-
tive, requiring more than four times the number of generations. This may be because the value of the
speed objective is only directly dependent on the stride length and stride time. Therefore, as long as
the gaiting remains stable, improvements in the speed objective can be obtained through the random
mutation of only these variables. In comparison, the value of torque objective is likely dependent on
many more of the parameters, thus requiring a more gradual changes in the parameter values.

The torque minimization converged to a minimum total torque of 43.39 Nm, which is ~3.3 times
smaller than the value of the total torque required in the speed maximization, that is, 143.0 Nm.

4.1.2. Joint angle trajectories. Figure 7 shows the difference in the configuration of the rover at
the front left leg’s AEP and PEP for the two gaits produced by the speed maximization and torque
minimization problems. At a cursory glance, the two configurations appear to be similar. This is to
be expected since the gait produced by the speed maximization was used as a seed for the torque
minimization. On closer inspection, the larger stride length (0.564 vs. 0.436 m) produced by the
torque minimization, the difference in relative phases and the steeper body pitch (—2.69° vs. —0.92°)
are clearly visible.
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Fig. 7. Visualization of gaits at the AEP and PEP of the front left leg.
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Fig. 8. Joint trajectories for the front left leg during one cycle at a nominal speed of 1.97 m/s. (a)—(c) speed
maximization and (d)—(f) torque minimization.

Considering the front left leg only, the similarity between the two gaits remains in their angular
trajectories (Fig. 8) and angular velocities (Fig. 9). The figures begin at the take-off of the leg and
show one complete cycle; touchdown is shown by a dashed line. While 8 seems approximately the
same for the leg in both gaits, this does not hold for the other legs. Nevertheless, the same general
pattern in the trajectory continues to hold.

In the SW, the front left leg follows a retraction-extension pattern as seen in the change in sign of
the angular velocity of each joint midway through the SW. This pattern breaks the contact with the
ground, and creates the desired step clearance f... The hip joint is the first to change direction, ending
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Fig. 9. Angular speeds for the front left leg during one cycle at a nominal speed of 1.97 m/s. (a)—(c) speed
maximization and (d)—(f) torque minimization.

the SW with a further forward position than at take-off, and driving the leg forward to its AEP
configuration. As the leg approaches touchdown, the angular velocity of each joint rapidly decreases
to its respective initial velocities during ST, reducing impact effects and resulting in a continuous
transition in the joint angles between SW and ST.

In the ST, the hip angle decreases at an approximately uniform speed, driving the leg backward,
and thus the rover forward. The knee and ankle follow a similar retraction-extension pattern to that
experienced during SW, albeit with a much smaller magnitude. This ensures that the toe maintains a
uniform horizontal velocity through the ST.

The only major difference between the angular trajectories of the optimizations is a small increase
in the amplitude of the movement, which is a result of the increase in stride length. The pattern
described here is actually a general pattern, observed at every other speed with minor variation caused
by differences in B and A. This pattern can also be observed in the results obtained from natural feline
gaits 4041

4.1.3. Gait and torque. Figure 10 illustrates the torque applied at each joint of the front left leg
during one cycle, beginning at the PEP of the front left leg. The AEP of the front left leg is marked
by a dashed line while the AEPs and PEPs of the other three legs are marked by dotted line. Together,
these lines denote instantaneous changes in the support of the rover corresponding to the gait, with
the spaces in between labelled A through H. For the result produced by speed maximization, the
order of these events is

FL PEP — FR AEP — HL. AEP — HR PEP — FL AEP — FR PEP — HR AEP — HL PEP - FL. PEP

producing a sequence primarily comprised of double-support (B, D, F, H) periods with brief triple-
support (C, E, G) and single-support (A) periods. For the result obtained from torque minimization,
the order varies only slightly

FL PEP — FR AEP — HL. AEP — HR PEP - FR PEP - FLL AEP — HL. PEP — HR AEP - FL PEP

but produces a sequence primarily comprised of double-support (B, D, F, H) and single-support
(A, E, G) periods, with a brief triple-support (C) period.

The most noticeable difference between the results of the two optimizations is the large increase
in the amount of time spent in the single-support period after torque minimization. As opposed to
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Fig. 10. Torque applied at actuated joints in the front left leg during one cycle at a nominal speed of 1.97 m/s.
The top set of figures show the result produced through speed maximization while the bottom set shows the
result produced through torque minimization.

being almost entirely comprised of double-support periods in speed maximization, the time spent
in double-support and single-support is nearly equal in torque minimization. Additionally, while the
result produced from speed optimization is nearly symmetric and is very close to a lateral sequence
gait, the result of torque minimization is closer to a trotting gait than a lateral sequence gait.

The difference in gaits as well as the increase in stride length in torque minimization can explain
the reduction of overall joint torque. During much of the swing cycle in both optimizations, the
torque exerted by the knee and ankle joints hovers around zero. By increasing the stride length, the
stride time and thus the duration of the SW increases. This means that the knee and ankle joints
spend longer time hovering around zero torque, because most of the work needed to accelerate and
decelerate the angular rotation of the joints can be done by gravity acting on the links. For the same
reason, the hip torque is also reduced in the torque minimization gait. Further, during the ST a large
spike in the applied torque for all three joints in and after sub-phase G is seen in speed maximization
gait, corresponding to the switching support in the hind legs between left and right sides. The drastic
change in the support of the rover requires a large torque to accommodate. Comparatively, there is no
such drastic change in support during the ST of torque minimization gait. Interestingly, the impact of
touchdown is about the same in both gaits.

The lateral sequence gait of speed maximization is more typical of a walking gait, while the trot
of torque minimization is the gait that would be expected in a cat moving at 1.97 m/s. 04243

The oscillations of the joint torque (and the consequent oscillations in the joint speed shown in
Fig. 9) are the by-product of the dynamics of the servo controllers at the joints, rather than indicative
of the desired motion. In particular, the optimal solutions for the proportional gains result in high
values, which in turn cause such fluctuations in the control torque. Nevertheless, the overall motion
remains mostly free from these oscillations, as seen in Fig. 8. The greater oscillations at the knee and
ankle are expected as these joints operate on less mass.

4.2. Some trends at increasing speeds

Torque minimization was also performed at slower speeds. Trials were conducted at 0.1, 0.5, 1.0 and
1.5 m/s. Despite being seeded with the results of the speed maximization, the result of the trial at
maximum speed (1.97 m/s) conform with those at slower speeds. Some of the notable observations
are highlighted in the following.
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Fig. 11. Joint trajectories for the front left leg during one cycle, beginning at the take-off, at a nominal speed of
0.50 m/s. Touchdown is shown by a dashed line.
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Fig. 12. Absolute and relative phase duration versus speed.

4.2.1. Joint angle trajectories. Figure 11 shows the angular trajectories of the gait produced by
torque minimization at 0.50 m/s. The general pattern at this lower speed is consistent with the pattern
observed in Fig. 8. However, the proportion of ST to SW is larger at a lower speed, visible in the
scaling of the different sections. A shorter stride length is also visible in the smaller amplitude of
pattern oscillation. The only other significant difference between the patterns in Figs. 8 and 11 is that
at the (low) speed of 0.50 m/s, the angle of the ankle at touchdown is larger than the angle at take-off,
whereas at the maximum speed, it is the other way around.

4.2.2. Phase duration. The absolute cycle and phase duration is shown in Fig. 12a, while the dura-
tion of the SW and ST as a fraction of the cycle duration is shown in Fig. 12b. Some biological
observations for domestic cats are shown in Figs. 12c and 12d.*? Similar observations are also
reported in.*’ At low speeds, a cycle is primarily in ST. As the speed increases, the duration of
the ST decreases while the duration of the SW remains relatively constant. At higher speeds, the SW
occupies the majority of the cycle duration.
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The results obtained from the simulation appear to conform to the biological observations of feline
species. There is some disparity at higher speeds, however, in a sense that the speed at the point where
the duration of the ST and SW are equal is slightly slower in the simulation than in real life. This
inconsistency may simply be the result of the mobility limitations in the developed rover model.
Nevertheless, the torque optimization results clearly show that feline species likely optimize their
energy (effort) in their gaiting.

4.2.3. Gait parameters. Figure 13a shows the phase of the legs relative to the front left leg versus
the horizontal speed of the rover. The rover exhibits a gait most similar to a lateral sequence gait at
each of the trials. However, at the maximum speed, the front right and hind left legs have relative
phases more similar to a trotting gait. As discussed in refs.,*>*>43 this is around the speed in which
feline species also begin transitioning to a trot.

Figure 13b shows the trend in the square of the stride length versus the horizontal speed of the
rover. A very strong linear relationship is observed in this graph, with an adjusted R> of 0.994.
Since the speed of the rover is equal to stride length over the stride time, this would suggest a linear
relationship between the reciprocal of the square root of stride time and speed. As can be seen in
Fig. 12a, this is indeed the case.

From Figs. 12a and 12b, it can be inferred that as the speed increases there is a transition from
gaits being primarily comprised of triple-support periods to those with double-support periods.

Finally, at the maximum speed periods were observed in the simulation, where both of the front
legs or both of the hind legs were in the SW at the same time, which is a characteristic of running
gaits.

4.2.4. Torque objective. Figure 14a demonstrates a linear trend in the square root of the torque objec-
tive with increasing speed. As described in Section 3.1, the torque objective represents the average of
the sum of the squared instantaneous joint torque across a cycle. The square root of this quantity is
then an indicator of the average magnitude of the instantaneous torque being exerted by all the joints.

In domestic cats, a linear relationship is observed between speed and oxygen consumption, as a
measure of the average power being exerted by the animal, as demonstrated in Fig. 14b.** Since the
minimum torque obtained from the optimizations increases linearly with respect to speed (Fig. 14a),
the power increases quadratically. This suggests that the model used in the optimizations is unable to
recover the utilized energy as efficiently as a domestic cat is able to.

5. Conclusion
In this work, a 3D model of a quadruped rover, based on a domestic cat, was developed to optimize
its gait, pose and control parameters. The multi-constraint optimization problem was solved, using a
GA, to minimize the total joint torque or maximize the rover’s speed.

The optimal gait was found to be similar to a lateral sequence at all speeds and to follow a consis-
tent profile for each joint. With increasing speed, the optimal gait showed some of the characteristics
of a trotting gait. At the maximum speed (1.97 m/s), a double SW in either the front or hind legs
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Fig. 14. Trend in the minimum torque and energy consumption of the simulated model and living cats,
respectively, with increasing speed.

signified a running gait. With increasing speed, the stride lengths of the optimal solutions increased,
the duty factors as well as duration of the ST decreased, while duration of the SW remained relatively
constant. These results are consistent with those found in nature, suggesting that torque (power)
conservation is one of the factors contributing to the evolution of the gaiting patterns in feline species.

Future works can further explore methods of controlling the sagittal behaviour, which was a source
of instability in the simulations. Mimicking the ability of recovering energy in natural muscles (by
replacing the last joint with a spring, as one example) may also reduce the torque required for the
desired gaits. Performing similar optimizations for models based on other animal species may yield
meaningful insights into biological locomotion behaviours.
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Appendix A
Table AIV. Boundary conditions and order for the Bezier functions.
Boundary Relation to optimization Bezier function
Trajectory Condition Variable variables order
x|r=0 XAEP From QAEP, Eq (13)
x()st Xi=tgy XPpEP From Oagp, A, B, Egs. (3), (5) and (13) 4
%h:o XAEP From V3, ¥, Eq. (8)
((17); [F— XPEP From Vg, ¥, Eq. (10)
Xlr=1gy XPpEP Described above
x(Hsw b PR——— XAEP Described above 4
% [F— XpEP Described above
% li=tsr+1sw XAEP Described above
=0 ZAEP From Oagp, Eq. (14)
2(Dst Zi=rgr ZpEP From 6gp, A, B, Eqs. (3), (6) and (14) 4
%h:o ZAEP From Vg, ¥, Eq. (9)
o - ZpEP From Vi, ¥g, Eq. (11)
=gy ZPEP Described above
2(Dsw Zi=tgp+igw ZAEP Described above 5
% P ZpEP Described above
% li=rgr+1sw ZAEP Described above
Z|t=t5T+tSTW Zm From Oagp, f¢ Eqs. (12) and (14)
Vli=0 YAEP From Oagp, Eq. (15)
VAGEN Vli=isr YpEp From 6agp, ¥net Eqs. (7) and (15) 4
ileb li=o0 1/"AEP 1/'/AEP
%} li=rsr VpEP YpEP
Y=gy VpEP Described above
V(Dsw (/] PE———— Y AEP Described above 4
%/ [P—— VpEp Described above
%ﬁ li=tgr+tsw VAEP Described above
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Table AV. The pose, gait and control variables for leg k, k € FL,FR,HL,HR.

Gait optimization for quadruped rovers

Total: 90 (¢)

7 Variables Notes 91 (¢s)
) 91" AEP Hip joint angle at AEP for leg k 4
P, 0§ ABP Knee joint angle at AEP for leg k 4
94‘ AEP Ankle joint angle at AEP for leg k 4
1/'f[§EP Metacarpal/Metatarsal’s angular velocity at AEP for leg k 4
P %‘Ep Metacarpal/Metatarsal’s angular velocity at PEP for leg k 4
b ,fet Metacarpal/Metatarsal’s net angular change for leg k 4
zﬁet Net change in hip’s height during stance for leg k 4
k Toe’s step clearance during SW for leg k 4
A Stride length 1
P, VB Body Pitch 1
VB.i Initial out of sagittal plane velocity 1
G B~ Duty factor for leg k 4
o Relative phase for leg k, k # FL 3
Kl’g,lsw Proportional gain for hip joint during swing for leg k 4
K]k),1 sw Derivative gain for hip joint during swing for leg k 4
K’gql ST Proportional gain for hip joint during stance for leg k 4
K]'S’ IsT Derivative gain for hip joint during stance for leg k 4
Kk K}Ié,z sw Proportional gain for knee joint during swing for leg k 4
ng sw Derivative gain for knee joint during swing for leg k 4
K{;,z ST Proportional gain for knee joint during stance for leg k 4
I(]")’2 st Derivative gain for knee joint during stance for leg k 4
K]ﬁj sw Proportional gain for ankle joint during swing for leg k 4
Kﬁﬁsw Derivative gain for ankle joint during swing for leg k 4
K’1§’3 St Proportional gain for ankle joint during stance for leg & 4
K]kl3 st Derivative gain for ankle joint during stance for leg k 4

\% T Stride time. Only for ¢g (Speed Maximization) 1 (¢s)
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Table AVI. The optimal pose (Pﬁ) and variables.

Minimum torque Maximum speed
Parameter 0.10 m/s 0.50 m/s 1.00 m/s 1.50 m/s 1.97 m/s 1.97 m/s
L 0.289 0.585 0.559 0.202 0.391 0.172
NS —-0.316 —0.187 0.013 —0.353 0.274 —0.110
SR —0.294 0.084 —0.146 —0.438 0.689 0.138
R 0.711 0.477 0.344 0.707 0.437 0.659
R 0.035 0.025 —0.413 —0.263 0.219 —0.255
iR, —0.259 0.063 —-0.316 0.174 —-0.317 —0.547
L 0.488 0.795 0.800 0.799 0.800 0.791
L, —0.552 —0.612 0.068 —-0.222 0.166 0.137
st —0.156 —0.473 —-0.259 —0.461 —0.128 0.068
MR 0.613 0.775 0.752 0.799 0.796 0.800
iR, —0.215 —0.285 0.399 0.176 —0.293 0.089
iR, —0.115 —0.434 —0.681 —0.700 —0.613 —0.700
b —0.000 —0.004 0.000 0.001 0.003 0.006
R —0.002 —0.000 —0.000 —0.002 —0.002 —0.000
foed 0.000 0.005 0.007 0.005 —-0.010 0.002
b 0.001 0.004 0.001 0.002 —0.005 —0.003
I 0.035 0.053 0.045 0.024 0.076 0.070
R 0.058 0.072 0.064 0.051 0.027 0.039
fHE 0.058 0.014 0.030 0.038 0.027 0.040
fHR 0.054 0.031 0.063 0.013 0.100 0.075
Table AVII. The optimal pose (P{‘)) variables.
Minimum torque Maximum speed
Parameter 0.10 m/s 0.50 m/s 1.00 m/s 1.50 m/s 1.97 m/s 1.97 m/s
o \ep —1.562 —1.567 —1.569 —1.565 —1.559 —1.549
05"\ ep 0.892 0.883 0.903 0.910 0.937 0.898
0% op —0.212 —0.239 —0.407 —0.37 —0.431 —0.461
O\ ep —1.562 —1.645 —~1.573 —1.547 —1.557 —1.572
O3 ep 0.894 0.890 0.902 0.892 0.892 0.912
OfR  ep —0.214 —0.162 —0.384 —0.349 —0.229 —0.403
o —1.172 —1.124 —1.045 —0.802 —0.940 —1.031
o5 p —1.267 —1.037 —1.114 —1.207 —1.257 —1.186
03"\ ep 1.277 1.338 1.322 1.003 1.297 1.312
OfR o —1.157 —~1.118 —0.974 —0.923 —0.826 —0.950
O3 \ep —1.261 —1.147 —-1.129 —1.225 —1.026 —1.167
OR o 1.274 1.288 1.192 1.199 0.999 1.172
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Table AVIII. The optimal pose (P.) variables and stride time (7') for speed optimization.

Minimum torque

Maximum speed

Parameter 0.10 m/s 0.50 m/s 1.00 m/s 1.50 m/s 1.97 m/s 1.97 m/s
X 0.183 0.295 0.400 0.503 0.564 0.436
VB —0.005 —-0.019 —0.007 —0.017 —0.047 —-0.016
Vi 0.002 0.038 0.043 0.048 0.043 0.046
T — — — — — 0.227
Table AIX. The optimal gait variables.
Minimum torque Maximum speed
Parameter 0.10 m/s  0.50 m/s 1.00 m/s 1.50 m/s 1.97 m/s 1.97 m/s
R 0.491 0.469 0.453 0.454 0.549 0.540
HL 0.633 0.666 0.734 0.733 0.599 0.720
@R 0.239 0.242 0.218 0.217 0.220 0.220
B 0.818 0.651 0.503 0.410 0.433 0.465
BR 0.805 0.679 0.500 0.416 0.330 0.484
pHL 0.889 0.662 0.514 0.499 0.402 0.535
BHR 0.855 0.585 0.501 0.426 0.413 0.529
Table AX. The optimal control variables for the front legs.
Minimum torque Maximum speed
Parameter 0.10m/s 0.50m/s 1.00m/s 1.50m/s 1.97 m/s 1.97 m/s
K5 o 787.0 169.5 102.5 100.0 102.1 134.7
Kb 19.80 5.136 3.278 1.933 1.409 1.694
KfS 609.9 778.3 827.1 883.4 835.6 899.2
K 14.96 6.953 16.10 13.66 8.004 14.82
KiS; 227.4 101.4 100.0 249.3 315.8 183.2
K 13.37 19.15 17.38 18.37 19.48 19.31
Ko 914.8 574.8 151.2 100.0 100.0 100.0
KB gw 9.234 5.88 6.665 3.126 1.702 3.001
K5 ow 649.0 762.5 501.3 551.9 646.1 546.7
Ko 10.41 8.201 15.44 13.08 17.73 18.49
K ow 371.6 297.4 315.6 617.1 475.4 275.2
K gw 3.403 7.382 12.04 13.79 2.597 6.572
Ko 141.3 237.0 225.9 100.0 100.0 285.6
Ko 13.95 4.440 3.407 3271 1.005 6.363
K8 ot 518.1 470.0 686.4 797.8 438.0 639.2
Ko 7.231 13.10 17.70 14.92 16.36 16.60
Kilor 182.2 214.4 118.1 346.5 326.8 208.0
KRR 13.89 17.21 5.175 10.41 10.43 1.115
K ow 461.7 277.0 211.4 100.0 100.1 413.7
KRS gw 7.099 3.047 6.264 1317 1.221 8.715
K55 w 453.1 683.6 568.7 576.7 489.7 348.6
KBS ow 13.24 18.19 11.70 12.11 16.85 13.89
KR w 363.7 539.7 2879 483.7 487.6 288.2
KR ow 3.940 11.62 8.710 7.939 9.694 7.867
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Table AXI. The optimal control variables for the hind legs.

Minimum torque Maximum speed
Parameter 0.10 m/s 0.50 m/s 1.00 m/s 1.50 m/s 1.97 m/s 1.97 m/s
Ko 128.8 100.2 100.0 100.1 100.2 122.3
Kb o 12.34 2.959 1.000 1.000 1.037 2.364
K5 821.0 524.1 479.3 814.5 668.0 578.1
Kp5er 14.82 11.27 13.12 11.42 16.01 14.04
Ko 323.1 520.9 248.2 239.7 3452 314.9
KHL 12.03 11.56 15.39 14.77 19.34 17.72
,3ST
K% o 722.0 279.6 100.4 103.6 100.0 127.6
Ko 3.174 6.041 1.659 1.000 1.639 1.175
Ko 491.3 431.2 902.1 720.3 573.6 769.6
Kggsw 1.285 6.331 1.000 1.827 1.98 1.844
Ko 464.9 546.6 799.8 744.9 652.3 736.1
KBS ow 12.60 12.26 16.87 12.26 19.49 18.08
K;{I}ST 101.3 100.0 100.0 100.0 133.5 114.7
KBS 9.792 1.000 1.000 1.000 1.068 2.947
K5 518.9 861.2 536.0 225.1 428.5 582.3
KBS o 16.63 12.96 17.05 16.62 18.37 19.46
KR, 3474 280.5 608.5 603.0 430.4 293.5
K{}%ST 11.30 18.39 15.67 13.69 17.80 19.49
KSR o 788.7 248.8 102.3 132.2 141.7 163.6
Kb ow 1.000 3.650 2.153 2.587 1.251 1.000
KEI;SW 556.3 800.0 499.1 524.5 403.1 535.5
KBS ow 6.304 5.925 8.914 8.450 10.26 7.779
KpSow 508.3 764.9 149.0 250.4 104.2 264.1
KBS sw 9.772 13.77 8.694 8.144 14.03 10.79
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