Adv. Appl. Prob. 50, 1193-1216 (2018)
doi:10.1017/apr.2018.56
© Applied Probability Trust 2018
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WITH DEPENDENT INTERARRIVAL TIMES
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Abstract

In this paper we develop renewal theorems for point processes with interarrival times
E(Xp41Xn--+), where (X,),cz is a stochastic process with finite state space ¥ and
£: ¥4 — R is a Holder continuous function on a subset 4 C XN. The theorems
developed here unify and generalise the key renewal theorem for discrete measures and
Lalley’s renewal theorem for counting measures in symbolic dynamics. Moreover, they
capture aspects of Markov renewal theory. The new renewal theorems allow for direct
applications to problems in fractal and hyperbolic geometry, for instance to the problem
of Minkowski measurability of self-conformal sets.
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1. Introduction and statement of main results

We develop renewal theorems for renewal functions N: R x ¥4 — R of the form

N@x)y=Y " > X — SE)es (1.1)

n=0{yeXs: o"y=x}

using the following notation and conditions. We denote by 4 = {x € TV | A(xx, xx11) =1
for all k € N} the set of one-sided infinite admissible words over an alphabet ¥ == {1, ..., M},
M > 2, consistent with a primitive M x M-incidence matrix A = (A(, j));, jex of Os and Is.
By primitive we mean that there exists n € N such that all entries of A" are positive. Moreover,
0: X4 — X4 denotes the (left) shift map on X4 defined by o (wjws--+) = wow3--- for
wjwy - -+ € Y. The functions y, &, n: ¥4 — R are assumed to be o-Holder continuous for
some « € (0, 1) in the sense of Definition 2.1, with y nonnegative. We write Sp§ = 0 and
Sp€ = 22;65 o o¥ for the nth Birkhoff sum of & with n € N, and suppose that there exists
n € N for which S,& is strictly positive. Note that this condition is equivalent to & being
cohomologous to a strictly positive function; see Remark 2.1. Some mild regularity conditions
on the family {fy,: R — R | y € X4} are assumed (see Section 3) and y — f is supposed to
be a-Holder continuous.

If, for instance, x = 15, and f, = 1jo,00) for all y € X4, then N(, x) gives the expected
number of renewals in the time interval (0, #] provided that the history of the underlying
stochastic process (X,),ez coincides with x. In this model £(X,,+1 X}, - - - ) are the interarrival
times and n(ix) = logP(X; =i | XoX_1--- = x) is the logarithmic transition probability.
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Note that the current setting extends and unifies the setting of established renewal theorems. In
the context of classical renewal theory for finitely supported measures (in particular, of the key
renewal theorem—see, e.g. [1] and [9]), n and £ depend only on the first coordinate. When 7
and & depend only on the first two coordinates, we are in the setting of Markov renewal theory
(see, e.g. [1] and [2]). If n is the constant zero function and fy = 1[0, «), then we are precisely
in the setting of [19], where renewal theorems for counting measures in symbolic dynamics
were developed. In a forthcoming survey by the author, further details on these connections
will be provided.

Renewal theorems deal with the asymptotic behaviour of renewal functions. It is well known
that the limiting behaviour of a renewal function depends on the values that the interarrival times
assume. Loosely speaking, if the possible values of the interarrival times form a spaced pattern,
we are in the lattice situation, and otherwise in the nonlattice situation; see Definition 2.2. This
lattice—nonlattice dichotomy also occurs in our main theorems; see Theorems 3.1 and 3.2. They
are summarised in the following, where we call a function f: R — R asymptotic to a function
g:R—> R.ogast — oo, written f(¢) ~ g(t) ast — oo, if lim;—~ f(¢)/g(t) = 1.

Theorem 1.1. (Renewal theorem with dependent interarrival times.) Assume that the family
{fx(t) | x € X4} satisfies some regularity conditions as described in Section 3. There exists
8 > 0 given in Section 2.3 such that the following statements hold.

(1) If& is nonlattice then there exists an explicitly determined constant G (x) such that
N(t,x) ~e®G(x) ast — oo,
uniformly for x € X 4.
(i) If& is lattice then there exists an explicitly determined periodic function G such that
N(t,x) ~e®G,(t) ast — oo.
(iii) We always have

t
lim z—‘/ e TN(T, x)dT = G(x).
0

=00

We believe that the extension that we provide with this theorem is useful in a number of
contexts. For example, in Section 4 we will show one application in geometry where the
extension is essential; see Remark 4.1.

Renewal theory has attracted much attention in recent years and there is a variety of related
results. In this paper we focus on the finite-alphabet case, and Holder-continuous potential
functions £ and n. Recent results for infinite alphabets are given in [15], [16], and [25].
Our setting in particular implies existence of a finite invariant measure with finite mean,
i.e. f & duy—se < 00, using notation from Section 2. Situations in which this fails are, for
instance, considered in [23], [28], and the references therein.

The paper is organised as follows. In Section 2 we introduce the relevant notions from
Perron—Frobenius theory, which appear in the statements of the main theorems. Section 3 is
devoted to the presentation of the main results (Theorems 3.1 and 3.2). In Section 4 we present
an application in fractal geometry, which motivated the development of the present renewal
theorem. Finally, in Section 5 we provide the proofs of Theorems 3.1 and 3.2.

2. Ruelle-Perron—Frobenius theory

Here we assemble preliminaries and fix notation. References for the exposition below are
[6] and [29].
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2.1. Subshifts of finite type

We call (4, o) a subshift of finite type. If all entries of A are 1sthen ¥4 = =N and (24, o)
is called the full shift on M symbols. The set of admissible words of length n € N is defined by

X ={we X" | A(wk, wxy1) = 1fork <n—1}.

If w has infinite length or length m > n, we define w|, = wj ---w, to be the subword of
length n. Furthermore, [w] = {ujus--- € X4 | u; = w; fori < n} is the w-cylinder set for
we X,

2.2. Continuous and Holder-continuous functions

Equip =V with the product topology of the discrete topologies on ¥ and equip £4 c =N
with the subspace topology, i.e. the weakest topology with respect to which the canonical
projections onto the coordinates are continuous. The spaces of continuous complex- and
real-valued functions on X4 are respectively denoted by C(X4) and C(X 4, R). Elements
of C(X 4, R) are called potential functions.

Definition 2.1. For & € C(X4), @ € (0, 1), and n € Ny, define
var, (§) = sup{|é(w) —&W)| | w,u € T4 and w; = u; foralli € {1,...,n}},

var, (§)
€] = sup ——,
n>0

Fa(Xa) = 1{§ € C(Za) | [§la < 00},
Fo(Za,R) == Fu(T4) NC(Z4, R).

Elements of %, (X 4) are called a-Hélder continuous functions on X 4.

Definition 2.2. Functions &1, &, € C(X4) are called cohomologous if there exists € C(X4)
suchthaté&)—& = ¥ —Yoo. Afunctioné € C(X4, R)issaidto be lattice if itis cohomologous
to a function whose range is contained in a discrete subgroup of R. Otherwise, we say that &
is nonlattice.

Remark 2.1. The nth Birkhoff sum S, & being strictly positive for somen € Nisequivalentto §
being cohomologous to a strictly positive function ¢. To see this, note that {, £ € C(X 4, R) are
cohomologous if and only if S, ¢ (x) = S, (x) forallm € Nandx € ¥4, witho™x = x. First,
suppose that Sy, £ is strictly positive. Let ¢ := S,&/n. Then S,,,§(x) = S,,¢(x) forall x € X4,
witho™”x = x. Second, suppose thaté = ¢+ —yoo forsomey € C(X 4, R) and ¢ satisfying
¢ >¢e>0forallx € £4. Then Sp&(x) = Sy (X)+9¥ (x) =Yoo 1 (x) > me+varg(y) > 0
for sufficiently large m € N. The author is grateful to the anonymous referee for pointing out
this connection.

2.3. Topological pressure function and Gibbs measures
The topological pressure function P: C(X4, R) — R is given by the well-defined limit
P(&):= lim n! log Z exp sup Sp&(u).
n—o0

uelw]
weXl

If £, n € C(Z4,R) are such that S,& is strictly positive on X4 for some n € N then the
mapping s — P(n + s&) is continuous, strictly monotonically increasing, and convex with
limg— oo P(n + s&) = —o0 and lims—, o P(n + s§) = co. Hence, there is a unique § € R
for which P(n — 8&) = 0.
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A finite Borel measure p on X 4 is said to be a Gibbs measure for & € C(X 4, R) if there
exists a constant ¢ > O such that
“1 u(lwln]) -
~ exp(Sp§(w) —nP(§))

2.1

foreveryw € ¥4 andn € N.

2.4. Ruelle’s Perron-Frobenius theorem

For s € C, define the Ruelle—Perron—Frobenius operator £, 1s¢: C(X4) — C(X4) to the
complex potential function 1 + s& by

Lypsex (x) = Z x (y)elO)+s50),
{yeZq: oy=x}

By [6, Theorem 1.7] and [30, Theorem 2.16, Corollary 2.17], for each £ € F,(¥4, R) and
some a € (0, 1), there exists a unique Borel probability measure ve on X4 satisfying ocg‘v; =
ygve for some y; > 0, where £ denotes the dual operator acting on the space of Borel-
probability measures supported on X 4. This equation uniquely determines y;, which satisfies
ve = exp(P(£)) and which coincides with the spectral radius of «£Lg¢. Furthermore, there
exists a unique strictly positive eigenfunction hg € C(X4, R) satisfying Lghe = yghe and
[ he dve = 1. Define ug by dug/dve = hg. This is the unique o-invariant Gibbs measure
for the potential function £. Additionally, under some normalisation assumptions, we have
convergence of the iterates of the Ruelle-Perron—-Frobenius operator to the projection onto the
one-dimensional subspace generated by its eigenfunction ¢, namely,

mlew ||ys_’” FV - J¥dve -hgllo =0 forall y € C(Z4, R).
Section 2.3 and the relation y: = exp(P(§)) imply the following.

Proposition 2.1. Let £, € C(X 4, R) be such that, for some n € N, the nth Birkhoff sum
Sx& of & is strictly positive on X 5. Then s v+ yyis is continuous, strictly monotonically
increasing, log-convex in s € R with limy_, _ Yy4s¢ = 0, and satisfies limg_, o Y456 = 0.
The unique § € R from Section 2.3 is the unique § € R for which y;_s¢ = 1.

Remark 2.2. In the proof of our renewal theorems we will work with an analytic continuation
of the pressure function to the complex domain and with complex Perron—Frobenius theory.
These complex quantities and their properties will be presented in Section 5.1.

3. Renewal theorems with dependent interarrival times

Here we make our regularity conditions on the functions f), from (1.1) as well as the statement
of the results more precise. Wefixx € X4 andtakea € (0, 1). Recallthaté&, n, x € F,(X4, R)
are such that x is nonnegative but not identically O and such that S, is strictly positive on
¥4 for some n € N; see also Remark 2.1. Henceforth, we let § > 0 denote the unique real
for which y;_sz = 1 (see Proposition 2.1). One of the regularity conditions on fy: R — R
for y € X4 requires equi directly Riemann integrability, a condition which is motivated by an
assumption of the classical key renewal theorem.

Definition 3.1. For a function f: R - R, & > 0, and k € Z, set

my (f,h) =inf{f@) | (k — Dh <t < kh},
mi(f, h) = sup{f (1) | (k —1h <t < kh}.

https://doi.org/10.1017/apr.2018.56 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.56

Renewal theorems for dependent interarrival times 1197

The function f is called directly Riemann integrable (dRi) if, for some sufficiently small 4 > 0,
R(f.h) ==Y hm(f.h) and R(f.h) =Y hmi(f.h)
keZ keZ

are finite and tend to the same limitas 7 — 0. Wecall { f,: R — R | x € I'} with some index
set I equi directly Riemann integrable (equi dRi) if fy is dRi for all x € I and if

Z h sup(mk(fx, h) - mk(f)m h))
keZ xel

tendsto O as h — O.

Direct Riemann integrability excludes wild oscillations of the function at co and is stronger
than Riemann integrability. For further insights into this notion, we refer the reader to [2,
Chapter B.V] and [9, Chapter XI].

The regularity conditions are as follows.

(A) Lebesgue integrability. For any x € X4, the Lebesgue integral
o
f e | ()] dr

—0o0
exists.
(B) Boundedness of N. There exists € > 0 such that e " N®S(z, x) < ¢ forall x € £ 4 and
t € R, where

Ny =Y Y xOIfst — SEG)Ie™ ).

n=0{y: o"y=x}

(C) Exponential decay of N on the negative half-axis. There exist €>0,5s>0andt* R
such that e " N2bs (¢, x) < €e’ for all t < ¢*.

In the nonlattice situation we additionally need the following condition.

(D) Nonoscillatory. The renewal function N does not oscillate wildly at oo, in particular at
least one of the following assertions are satisfied.

(1) The function f — f,(¢) is monotonic for any x € X4.
(ii) The family {r — e™"3| fc(t)| | x € T4} is equi dRi.
(>iii) The oscillation of N is small in the sense that

liminf limsup sup e "N — &, x)
£>0  r—o00 zef0,]

= limsup liminf inf e "IN G — &, x).
e 00 F€[0,e]

Note that conditions (A)—(D) are a weakening of imposed assumptions of known renewal
theorems. In Theorem 3.2 it is, for instance, shown that equi dRi of {r — e ~*3| f. (t)| | x € T4}
and exponential decay of t — e~/ 8 fx(¢) on the negative half-axis imply (A)—(D). Conditions
(A)—(C) and (D)(i) are motivated by [19].

For t € R, we write [¢] for the largest integer k € Z satisfying k < t. Moreover, we set
{t} =1t — [t] € [0,1). Note that, for r € R positive, |¢] is the integer part and {t} is the
fractional part of 7.
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Theorem 3.1. (Renewal theorem.) Assume that x +— f,(t) is a-Holder continuous for any
t € R and that conditions (A)—(C) hold.

(1) If& is nonlattice and (D) is satisfied, then

6 Py—se (x)

N(t, x) ~
(t,x)~e fi:d,un—as

X / e~ T8 f,(T) dT dvy—s (y)

=G (x)
ast — 0o, uniformly for x € X 4.
(i1) Assume that & is lattice, and let {, ¥ € C(Z 4, R) satisfy the relation
§-—¢t=Y—vYoo,

where £ (X 4) C aZ for some a > 0. Suppose that & is not cohomologous to any function
with values in a proper subgroup of aZ. Then

N, x) ~e®G, (1)

ast — oo, uniformly for x € $4. Here Gy is the following periodic function with

period a
_ aedV () —alt+y () /a}
G, (1) = hy_
() T¢din s n—o¢ (X)
> t 4+ (x)
< | x Y e hlat+al———=1 =y () ) dvy_s; ().
Za {=—00 a

(iii) We always have
t
lim f‘/ e " TON(T, x)dT = G(x).
t—>00 0

Moreover, in the lattice situation, the relation foa GX(T) dT = aG(x) holds.

Theorem 3.2. Assume that x +— fy(t) is a-Hdlder continuous for t € R and that the family
{t = e ()] | x € T4} is equi dRi. If there exist €', s > 0 such that e ™| fy (1)| < ¢'e"
fort < 0andx € X4, then (A)—(D) are satisfied and, thus, the statements of Theorem 3.1 hold.

4. An application—Minkowski content of self-conformal sets

A direct application of the renewal theorems with dependent interarrival times in geometry,
namely existence of the Minkowski content of self-conformal sets, is the focus of the current
section. It is this application which led to developing the renewal theorems.

Let B C R? be a bounded subset of d-dimensional Euclidean space (R, || - l2). We wish
to understand the asymptotic behaviour of the (e ~")-parallel volume \j(B.-:) of B ast — o0.

Here A4 denotes the d-dimensional Lebesgue measure and B, = {x € R? | infpep b —
x|l2 < e’} fort € R. More precisely, we study the existence of the Minkowski content
M(B) = lim ¢'“P)) (Ber) 4.1
—00

of B and determine its value when the limit exists. Equation (4.1) implicitly assumes existence
of the Minkowski dimension D = d + lim;_, oo t ! log A4 (B.-1), which coincides with the box-
counting dimension; see [8, Proposition 3.2]. If D € N and Ap(B) > 0, M(B) = Ap(B).
Otherwise, A4(B) = 0 and the Minkowski content, when it exists, can be interpreted as
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(a) (b) (©

FIGURE 1: The self-conformal sets from Example 4.1; (a) shows the Sierpinski gasket (self-similar), and
(b) and (c) show conformal images of the Sierpiniski gasket (self-conformal but not self-similar).

the D-dimensional volume of B, giving a substitute of the notion of volume for noninteger
dimensions. Besides this geometric relevance, the Minkowski content plays a major role in the
Weyl-Berry conjecture, which is concerned with spectral asymptotics of Laplace operators on
domains with irregular boundaries; see [4], [5], and [20]. These are two of the reasons why
the Minkowski content has attracted much attention in recent years; see, e.g. [ 18] for a more in
depth introduction.

For defining self-conformal sets, let X C R? be a nonempty compact set with X = intX.
Define @ = {¢1,...,¢y: X — X} to be an iterated function system (IFS) consisting of
contractive conformal G”"‘—diffeomorphisms ¢; with M > 2 and o € (0, 1). Let F be the
unique compact nonempty set satisfying F = Uf‘i 1 ¢i F. Tt exists due to [11] and is called the
self-conformal set associated with ®. We call F self-similar if all ¢; are similitudes, i.e. if
lpi(x) — pi(Ml2 = cillx —yll2 forallx,y € X andi € {1,..., M} = X with ¢; € (0, 1).
Self-conformal sets provide prominent examples of fractal sets; see Example 4.1 and Figure 1.

Next, we explain how to obtain the asymptotic behaviour of 14 (Fe—r) as t — 0o. Assume
that @ satisfies the open set condition, i.e. there exists a feasible open set O C X, which is
nonempty and which satisfies ; O C O and ¢; O N¢p;0 = D fori # j € X. Assume without
loss of generality that O is bounded. For v = w1 ---w, € X", write ¢, = Pp; 0 - 0 Py,
Set T := 0\ U;L, 90 and @I := U | ¢,T’, and note that

0:6 U q&uFUﬁCD”O, 4.2)
n=0

n=0ueXxm

where the unions are disjoint. For the sets of Figure 1, we depictin Figure 2 the associated sets O,
®0, and I'. We have ()2, ®"0) =2, ®"O0. Thus, (o2, P"O is either empty or
coincides with F' by uniqueness of the self-conformal set. Therefore, kd(ﬂfjio O"0) < Aq(F).
Let D denote the Minkowski dimension of F. If D < d then A4;(F) = 0 and whence
Ad(ﬂff:[? ®"0) = 0. In the following we assume that O can be chosen so that Ly (Fo— NT") =
o(e!P=DY as t — oo with the little Landau symbol o. (For functions f, g: R — R, we write
f =o0(g)ast — ooiflim o f(t)/g(t) =0.) This is a mild condition, which is always
satisfied for self-similar systems with any feasible open set O (see [31]). Equation (4.2) thus
implies for D < d that

A(Fe-t N O) = Z Z Ad(Fe—t N, ) = Z Z Z Ad(Fat N utpyT) + 0(e' D)

n=0uex” weX™ n=0uex”

for any m € N. Furthermore, suppose that Ag(Fe-r N ¢y Pu") = Ag((Pu F)e—t N Py, ).
By [31], for self-similar systems, this assumption always holds for some feasible open set O.
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F o r

FIGURE 2: The self-conformal sets F from Example 4.1 (see Figure 1), together with examples of
associated feasible open sets O, ®O, and I'.

(The open sets O of Figure 2 satisfy the above conditions; see Example 4.1.) If m is large, ¢, "
is small, as each ¢; is strictly contracting. Since conformal maps locally behave like similarities
and )4 is homogeneous of degree d, we can approximate Ay ((¢, F)e— N ¢y ¢, [") by

16y, (10 0X) | Ad (Fomt 1) (o) O BT 4.3)

with an arbitrary x € N, Here 7: £N — F is the code map defined by

(@)} =) $ul, (X).

n=0

In order to bring (4.3) into a form to apply the renewal theorem, we define £: =N — R by
E(w) = — log|¢>(’ul (mow)|. The function & is called the geometric potential function associated
with the IFS ®. It carries important geometric information of ® and F. By definition,
exp(—S,& (uwx)) = |¢), (wowx)|. Thus, Ag(Fe— N O) can be approximated by

oo
Do D0 D e O (Ferssuon Ngul) + 0" PP,

weX™ p=0 uex"

Setting f,(¢) == Ag(Fe— N@,I") for y € =Ny = 1y~ and n = —d§&, and assuming the
regularity conditions of Section 3, we can apply Theorem 3.1 and, if £ is nonlattice, obtain

o0
Z Z e—dSné(uwx))Ld(Fe_[_'_sné(uw) N ¢ul)

n=0uex”
= N(t, wx)
m‘agh—aH%E(wx) *

e T0g(For N ¢,1)dT,
JEdu—w@+oe J-oo
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where § > 0 is the unique value for which P(—(d + §)&) = 0; see Section 2.3. It was proved
in [3] that the Minkowski dimension D of F is the unique solution to P(—D&) = O; thus,
d + 8 = D. Using the bounded distortion property [22, Lemma 2.3.1], we all in all obtain, in
the nonlattice situation,

hi o0
Ad(Fot N O) ~ ' P~ Jim Z h-pe(0x) e TP=Dyy(Fo-r NI dT.

oo L [Edu_pe J oo

weX™

This shows that £ being nonlattice implies the existence of the Minkowski content which can
be determined explicitly. The lattice and the average cases can be treated similarly.

In the special case that F is self-similar, the approximation arguments are not needed and
we can assume that m = 0. Furthermore, h_ps = 1x, and & is constant on cylinder sets
of length 1, taking the values —log(r;) with r; := [|¢] [l and p_pe ([i]) = riD, where || - ||oo
denotes the supremum norm. Therefore, for self-similar sets F', we obtain

1
- Zlﬁil lOg(ri)riD

if £ is nonlattice. If £ is lattice then the respective formula is more involved, but we can deduce
from Theorem 3.1(iii) that

Ag(Fo-t N O) ~ &/ P=D

o0
/ e TP~y )(F,-r NT)dT
—0o0

t ® e TD=d)) (F-r NT)dT
lim t_I/ e TP=Dy (Foi N 0)dT = Jooe = c 5
0 — > iz log(ri)r;

—00
Example 4.1. The following self-conformal sets are depicted in Figures 1 and 2. We will
discuss the Minkowski content for the set depicted in Figure 1(a), and restrict ourselves to the
definitions and verification of the main conditions for the sets depicted in Figure 1(b) and (c).
In all the examples, d = 2.

4.4)

(a) The Sierpinski gasket F is the self-similar set associated with the IFS ® = {¢1, ¢, ¢3:
R? — R?) givenby ¢1(x) = x/2,¢2(x) = x/2 + (5, 0),and ¢3(x) = x/2 + (3, v/3/4).
Its Minkowski dimensionis D = log(3)/log(2). The open triangle O with vertices (0, 0),
1,0, (%, V/3/2) is a feasible open set for . The set I is the equilateral triangle with
vertices (3, 0), (3. v/3/4), (3,+/3/4), and

3 3
Ee_’ —3V3e7H, > —log< —),

12
MFe—NT) =
Z(e ) \/g o N 3
16 =78 \W12)

Thus, A (Fe— NT) = 0(e'P~2). We have r; := ||¢][loc = 5 fori € {1,2,3}. Hence,
the system is lattice and (4.4) yields

ﬁ—(D+1) 1 . b 1
log(2) 2—D D-1 D
~ 1.8126.

t
lim ¢! / e TP=2),(F,-r N 0)dT =
0

—>0o0

(b) The set F depicted in Figure 1(b) is the image of the Sierpifiski gasket under the
complex Mobius transform g1: C — C, z +— —iz/(v/3z — +/3 —1i). An associated
IFSis{gj o ¢ o gl_1 | i €{l,2,3}} with ¢y, ¢, and ¢3 as in (a). The maps gj o ¢; ogl_l
are contractive conformal C!1¢ -diffeomorphisms, but not similitudes. Indeed, F is self-
conformal but not self-similar. It is known that the Minkowski dimension is stable under
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bi-Lipschitz maps; see [8, Chapter 3.2]. Thus, D = log(3)/log(2). Since o' C F
is one-dimensional, we have Ay (F.— NT) = O(e™) as t — oo with the big Landau
symbol O, whence Ay (Fo— NT) = 0(e'P=D) (For f,g: R — R, we write f = O(g)
ast — oo if limsup,_, | f(¢)/g()| < 00.)

(c) In Figure 1(c) the image of the Sierpifiski gasket under the complex Mdobius transform
g2:C = C, z+ (1 —+/31)z/((12 + 104/3i)z — 11 — 114/3i) is depicted. Analo-
gous to part (b), an associated IFS is given by {g2 o ¢; o g2_1 |i € {1,2,3}} and
M(Fe—t NT) = O(™).

Remark 4.1. The setting of self-similar sets has been studied, e.g. in [7], [10], [21], and [31].
Self-conformal subsets of R and limit sets of graph-directed systems in R, including Fuchsian
groups of Schottky type, are treated in [13] and [14], where the results of [19] were applied.
However, the setting of [19] is too restrictive for higher-dimensional Euclidean spaces R?,
making necessary the renewal theorems developed in the present paper. Note that Lalley’s
renewal theorems have already been applied in [19] to problems in hyperbolic geometry.

5. Proofs of the renewal theorems and their corollaries

To prove the renewal theorems (Theorems 3.1 and 3.2), we pursue an analytic approach using
Fourier-Laplace transforms. In the present setting, the Fourier—Laplace transforms naturally
lead to the Ruelle-Perron—Frobenius operator. Thus, in Section 5.1 we present essentials from
complex Ruelle—Perron—Frobenius theory. These are used to prove the renewal theorems in
Section 5.2.

5.1. Analytic properties of the Ruelle-Perron—-Frobenius operator

Here we collect results from [19], [24], and [26] concerning analytic properties of the
operator-valued function z — (I — c,C,Hrzg)_l, where &, € F,(X 4, R) are fixed and z € C.

Let B(Fy(X4)) denote the set of bounded linear operators on Fy(X4) to Fo(X4). As
Fou(Xa) endowed with || - [l == ||¢ + || - [loo is @ Banach space, also (B(F (X)), || - llop) 1S
a Banach space [12, p. 150]. Here || Bllop := SUpge g, (5,). gl =1 | B&ll« denotes the operator
norm of B € B(Fy(X4)). A function f: D — B(F,(X4)) defined on an open domain
D c C is called holomorphic if, for all z € D, there exists [(z) € B(Fy(X4)) such that
limy o |A~ ' (f(z+h) — f(z)) — I(z)|lop = 0. Following convention, we interchangeably
use the terms holomorphic and analytic. For clarity, we write p = n 4 z& and sometimes
p(z) == n + z& if we want to stress dependence on z. The operator £ ,(;) is a bounded linear
operator on the Banach space (F4(Z4), || - lla). We write spec(L,;) = {L € C| Ly —
Alis not invertible} for its spectrum and spr(L,(;)) for its spectral radius, i.e. the radius of the
smallest closed disc centred at the origin which contains spec(L,(;)). By the spectral radius
Sformula, lim,_, o IIDCZ(Z)Héén = spr(L,(z)). For the following statement, let Re(z) and Im(z)
respectively denote the real and imaginary parts of z € C.

Theorem 5.1. ([26].) Let« € (0, 1) and &, n € Fo, (X 4). Suppose that 7 € C\ R.

@) If, for some b € R the function (Im(2)€ —b)/(2m) is cohomologous to an integer-valued
function, then ' Yyireoe IS @ simple eigenvalue of Ly, and the rest of the spectrum

is contained in a disc centred at O of radius strictly less than 'y, . ...

(ii) Otherwise, the entire spectrum of Ly is contained in a disc centred at 0 of radius

strictly less than Yotre0)e
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Below we present useful results that follow from [19] and Theorem 5.1. Note that in [19]
only the special case in which = 0 is covered. However, the proofs work in the same way
when n € F,(X4, R) is arbitrary. Therefore, we omit the proofs and refer the reader to the
respective proofs in [19].

Results in regular perturbation theory [12, Sections 4.3 and 7.1] imply that z > y,(y),
Z > hp(z), and z = v, () extend to holomorphic functions in a neighbourhood of R such that

Vo@ # 0, Lo@hp) = Yoho)» L3:)Vo@ = Yo Vo) ad Vo) () = volhp) =1
(19, p. 271.

Proposition 5.1. ([19, Propositions 7.1 and 7.2].) Fix @ € (0, 1). Let&,n € F4(X4, R), and
let —§ be the unique real zero of t — P(n + t&€). Then

@z~ U - £p(z))_l is holomorphic in the half-plane Re(z) < —§,
) z—> (I — oCp(z))_l has a simple pole at 7z = —§ and, for x € F4(X4),

(I =L)X = Vo0 = Vo) [ X dVp) - hpy + T =Ly )7 X (5.1)

for z in some punctured neighbourhood of z = —38, where
Lo = Lo = Ly With Ly x =Y/ X W@ o)

Moreover, 7 — (I — L”

p(z))_l is a holomorphic operator-valued function in a neigh-
bourhood of z = —$.

The factor y,(;) of the first summand of (5.1) is missing in [19]. However, the relevant
z-value is —6, and y_s = 1.

We are interested in the residue of z — (I — °C,o(z))_l at the simple pole z = —4. For this,
we use the facts that the topological pressure function t — P (n + t£) is real analytic for r € R
and &€, n € F,(Z 4, R), and that it satisfies

d
GPo+e = [Edue rer 5.2)

The analyticity of z = (I — £ p(z))’1 can be proved with methods of analytic perturbation
theory as presented in [12]. This method of proof is due to [27]. Furthermore, since z > ¥, ()
has an analytic continuation to a neighbourhood of R and P(§) = log(yg) for real valued
& € C(X4, R), we can extend P analytically by setting P(p(z)) = log(yy(;)). ‘Formally
this definition can only be made modulo 27i since log is multiple valued, although we shall
ask that P (&) be real-valued when £ is real-valued’ [24, p. 31]. In this way, (5.2) extends to a
neighbourhood of R. Combined with (5.2), Proposition 5.1(ii) yields the following corollary
since z > Yp(5), 2 = [ x dvp(), and z > h(;) are continuous at z = —§.

Corollary 5.1. Let £ € C(X4,R) and x € F4(X4,R). Then, for x € X4, the residue of
- £,,+zg)_l)((x) atz = =48 is
S xdvpse
JEduy—sz

The residue is given in [19, p. 27]; however, with a different sign.

p—st (X).

Proposition 5.2. ([19, Proposition 7.3].) If & is nonlattice then z — (I — £,7+Zg)_1 is holo-
morphic in a neighbourhood of every z on the line Re(z) = —§ except for z = —6.
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Proposition 5.3. ([19, Proposition 7.4].) If & is integer valued but not cohomologous to any
Sfunction valued in a proper subgroup of the integers, then z — (I — °Cn+z§)_1 is 271 periodic,
and holomorphic at every z on the line Re(z) = —3§ such that Im(z) /(27) is not an integer.

5.2. Proofs of the renewal theorems

5.2.1. Proof of the renewal theorem, Theorem 3.1. As the statement of Theorem 3.1 suggests,
we need to distinguish between the cases of £ being lattice and nonlattice. We start with the
nonlattice situation, for which we use a standard smoothing argument to show the desired
asymptotic. For a probability density I[T: R — R, we consider its Fourier—Laplace transform
(characteristic function) given by

~ S .
T(i) = / e TI(1) dt,
—00
and introduce the following class of probability densities:
P = {I1: R — R | I1is a probability density, I1(#) = I[1(—¢) fort € R.
ﬁ(i@) is nonnegative, is C°°, and has compact support}.
Note that the function T1: R — C given by

—p2
fiio) == exp<1 _92)’ ol=1, (5.3)
0, otherwise,

defines an even probability density IT: R — R which lies in 3. That IT is a probability density
is due to Bochner’s theorem; see, e.g. [17, Satz 15.29]. Thus, ¥ # &. For the following, fix
IT as such. As IT is an even probability density, we know that, for all ¢ > 0, there exists T > 0
such that ffr IT(t)dr > 1 — e. For each ¢ > 0, fix such T = t(¢). Thus, I1,, which for ¢ > 0

is defined by
7(¢) 7(e)
Ha(t) = —II{r— s
£ 3
satisfies ffs . (t)dt = ffgg(l) [1(¢)dr > 1 — &. Moreover, it can be verified that T, € 93 for

all ¢ > 0. The smoothing argument is as follows.

Lemma 5.1. [f, for each sufficiently small ¢ > 0,
o

lim M.(r — T)e  I°N(T, x)dT = G(x) (5.4)

r—00 —00
uniformly for x € X 4, then the statement of Theorem 3.1(i) holds.

Proof. In the proof we distinguish between the different cases of (D).
Case (D)(i). This statement follows from the proof of [19, Lemma 8.2].
Case (D)(iii). For r € R and ¢ > 0, condition (B) implies that

[} r+e
/ O.(r — T)e T°N(T, x)dT — / N.(r — T)e  PN(T, x)dT| < €,  (5.5)

—00 r—e

which tends to 0 as ¢ — 0 uniformly for x € ¥ 4. Moreover, we observe that

.
inf e "TNGEF—F x)1—¢) < / O.(r —e —T)e TN(T, x)dT
£€[0,2¢) r—2e

< sup e "TNG—F x). (5.6)
£€[0,2¢)
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These observations imply that

34 . OO ~Ts
G(x) =" lim M,(r —T)e  "°N(T, x)dT
r—>o0 [

o0
= lim inf lim sup f O.(r — T)e T°N(T, x)dT

N0 roso0 Jooo

5.5 ' -Ts
< liminf lim sup [Me(r —e—T)e  "°N(T,x)dT
r—2¢e

N0 roo0
.6 —r=8) A7y _
< liminflimsup sup e N(r —é&,x),
&N r—>00 g€[0,2¢)
and, likewise, that

G(x) > limsupliminf inf e U~ S)SN(r — &, x).
e\0 r—>00 g¢el0,2¢)

Using (D)(iii) and the inequalities

inf e "TNGE -8 x)<e NG, x) < sup e DN — 8, x),
e[0,2¢) £e[0,2¢)

we conclude that G (x) = lim,_ o e " N (r, x) uniformly for x € X 4.
Case (D)(ii). Forx € ¥4 and t € R, set

gx(0) =" fe(0).
Then {|gx| | x € X4} is equi dRi by (D)(ii). Moreover,

oo
e ON@ =) D XSt = SuE())eS Ve
n=0{y: o"y=x}

=Y D x(Eyt — SEW)eS 1O, (5.7)

n=0{y: o"y=x}

For showing that (5.4) implies that lim,_, oo e "N (r, x) = G(x), we consider

o
Ag(r, x) = ‘/ .(r — T)e T N(T, x)dT — e "’ N(r, x)
—00

5.5 " _Ts " —rd
< [Me(r—e—T)e "°N(T,x)dT — Meg(r —e—T)e "°N(r,x)dT
r—2e r—2e
+Ce+ e N(r, x)|e
®),(5.7
=

/ M —¢— T)Z T xS0
r—2e

n=0{y: o"y=x}

X Loy (T — SyE()) — gy (r — SuEG] dT‘ +2es

i Z x (y)eSn (=35 )

n=0{y: o”"y=x}

r

x / TG =6 = Ty (T = $160) = 80 = SiEGDIAT

+ 2¢Ce.

For the last inequality, we have used the monotone convergence theorem.
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Set

d28(t) = sup ( sup gy(t —&)— _inf g,(t— g)).
YEZA E€[0,2¢) £€[0,2¢)

Since {gx | x € X4} is equi dRi, we know that, for sufficiently small ¢ > 0,

D d*(k-2¢) existsand lim » " d*(k-2¢) - 2e =0. (5.8)
keZ =0 keZ
Therefore, we may deduce the following chain of inequalities:

Ag(r,x) —2€e¢

<Y D xR ITOOEE (- 5,E(y))

n=0{y: o"y=x}

o0
<Y d*Fk-20)lxlloo Y, D IO G e g6 — SpE(D))
keZ n=0{y: o"y=x}

<clxloo Y d*k-20)> " > pyose (W DLk—12e. 1261 — S () -

keZ n=0{y: o"y=x}

=g k (r,X)

For the last estimate, we used the Gibbs property (2.1) of 1, —s¢ with constant c¢. For simplicity
of presentation, we first treat the case that & is strictly positive. In this case there exists k > 0
such that £(x) > « for all x € X4 since & is continuous and X 4 is compact. As we will later
be interested in the limiting behaviour when ¢ — 0, we can freely assume that 4¢ < k and set
m = |k/(2¢)]. Note that m > 2. Let o 7" (x) denote the set of pre-images of x under ¢”, that
is,

o "x)={yeZs|o"y=x}

Let y € 07"(x), and assume that r — S,£(y) € ((k — 1)2¢, (k 4+ 1)2¢] = Ix(e). Then

oy € o~ D(x) and
r—=S;—1§(0y) =r — $,6(y) +§(y)
>r—860) +«
> (k — 1)2e + 2me
=(k—=24m)+1)2e,
whence r — S,_1&(0y) ¢ Ixiq(e) for g € {0, ..., m —2}. Now let § € o=+ (x) be such

that oy = y. Then
r—S+15(0) =r — 85:§(y) —§0)
Sr—5&0) —«
< (k+1)2¢ —2me
=((k—m+2)—1)2¢,
whence r — S, 118(3) ¢ Ix—4(e) forg € {0, ..., m — 2}. Therefore,

m—2 0o

m—2
D aekiqr ) =" > st WD hrg—2e. g+ 1261 (7 — SpE(D)) < 1
g=0

q=0n=0{y: o"y=x}
(5.9)
as [i;—s¢ is a probability measure on X4.
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Next, we show the existence of ¢ € {0, ..., m — 2} such that, for all ¢ < /8,
2
D d (k- 28)ac kg (r x) < =26 d*(k - 26). (5.10)
keZ Kk keZ

Assume that this was not the case. Since, for ¢ < «/8, we have 1 < 2(k — 4¢)/k < 2e(m —
1) - 2/k, it follows that

2e _ % 281, .
Zd (k -2¢) < 2e(m D= Zd (k - 2¢)

ke, keZ
m—2 o)
=y 22N ad% k-2
Z sKZ (k- 2¢)
q=0 keZ
-2
~(5.10) ¢
<Y A (k- 28)ac kg (r x)
q=0 keZ
5.9)
<) d¥(k-2e).
keZ

As Y 1oz d% (k - 2¢) exists for sufficiently small e, it follows that (5.10) must hold for some
qe{0,...,m—2}.
Note that a, x (r — 2g¢, X) = ag j14(r, x), and so, for this g,

lim sup Ag(r, x) = limsup A, (r — 2qe, x)

r—00 r—00

< cllxlloolimsup Y~ d* (k - 2€) a x (r — 2qe, x) +2€e
r—00 ke?, —7a y —
= s,k+q(r’x)

(5.10) 2
< cllxlloo=2e Y d* (k- 26) + 2€e. (5.11)
K

keZ

All in all we have, for each sufficiently small ¢ > 0,

G(x) — /OO . (r — T)e—”N(T,x)dT‘

—0o0

lim sup|G (x) — e " N(r, x)| < lim sup
r—00 r—0o00

+ lim sup

r—>00

oo
/ .(r — T)e IN(T, x)dT — e "°N(r, x)
—00

(5£4) lim sup A, (r, x)

r—>0o0

S.1Dh 2
< clxlloo=2e Y d* (k- 26) + 2Ce.
K keZ

This implies that

2
lim sup|G(x) — e "N (r, x)| < lim sup<c||)( loo26= > " d* (k - 2¢) + 2@3) B,
e—0 K

r—oe - keZ
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Now we treat the case that £ is not strictly positive. By assumption, there exists n € N for
which S, £ is strictly positive. Since £ is continuous and X 4 is compact, there exists a k > 0
for which S, > k. For £ e Nand j € {0, ..., n — 1}, this implies that

n+j—1

SentjE) = Y E(0'x)

—1 (m+1n—1 In+j—1
—Z Y &'+ Y &0
i=mn i={n
tn+j—1
= Z SuE(@ (@™ )+ Y E(0'x)
m=0 i=ln
> Uk + inf Si&(x). (5.12)
xeX4, 0<i<n—1
From this we can conclude that there exists m* € N such that S, is strictly positive for all
m > m*. Thus, there exists « > 0 with S,,& > « for all m > m*. In the same way as in
the case that £ is strictly positive, we can show that if y € 07" (x) with r — S,E(y) € Ik (e)
then r — Sn_m*é(am*y) ¢ liyq(e) for g € {0,..., [k/(2¢)] — 2} whenever n > m™ and
Sutm E(F) & Ix—g(e) forall g € {0, ..., [i/(2e)] — 2}, where § € o~ "+"")(x) is such
that ¢ § = y. This implies that

lx/(28)]=2 oo

DT D st WD kg6, (kig 1261 (7 — SuE()) < 2m*.

qg=0  n=0{y: o"y=x}
The rest of the proof follows in the same way as in the case that £ is strictly positive. ]

Proof of Theorem 3.1(i). For x € X4, consider the Fourier-Laplace transform of ¢ +—
e "N, x)atz € C:

o
L(z, x) :=/ eTe TON(T, x)dT.
—0o0
This approach is inspired by Lalley [19, Theorem 1], whose proof we extend by some technical
twists which are necessary in our more general setting. Conditions (B) and (C) imply that
L(-,x): C - C, z — L(z,x) is well defined and analyticon {z € C| —s < Re(z) < 0}.
What is more, for small enough ¢ > 0, conditions (B) and (C) imply that L(-, x) converges

absolutely and uniformly on {z € C | — s 4+ & < Re(z) < —e}. Now, in every such region,
using (B) as well as the monotone and dominated convergence theorems, we obtain

L@z x) = Z S oSG a)smx(y)/ T £ (T)dT

n= 0{y o"y=x}
* T
:Z"CZHZ—S)S (X/ e f'(T)dT>(x)’
n=0 -

where f.(T): 4 — R, x > fi(T). Note that (A)~(C) imply that [%_e@=T f£,(T)dT
exists if —s < Re(z) < 0, since x(x)|fx ()] < N®(t,x). Thus, by Theorem 5.1(i), the
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spectral radius formula (Section 5.1), and the fact that y,_ss = 1 (see Proposition 2.1), the
above series converges for —s < Re(z) < 0, and we obtain

L(z.x) = (1—£n+<za)s)_l<x / e(z‘s’Tf-(T)dT)(x)-

By Proposition 5.2, the operator-valued function z — (I — °C,,+(z_5)g)_1 is holomorphic at
every z on the line Re(z) = 0 except for z = 0, which is a simple pole by Proposition 5.1.
Thus, according to Corollary 5.1, the residue of z — L(z, x) atz = 0is

S, xO) [250 e fu(T) AT dvy—se ()
J & dpy—se
where G is as in Theorem 3.1(i). Hence, L(z, x) has the representation

G(x)
7

hy—st(x) = =G (x),

L(z,x)=¢q(z,x) —

(5.13)

where ¢(-,x): C — C, z — ¢(z, x) is holomorphic in a region containing the strip {z €
C| —s 4+ ¢ < Re(z) < 0} with sufficiently small ¢ > 0. Conditions (B) and (C) and
Lebesgue’s dominated convergence theorem now imply that, for every ¢ € (0, 1],

o o
/ N.(r — T)e " N(T, x)dT = lim / O.r — T)e TOAN(T, x)dT.  (5.14)
—00 BNO S o
Using the inverse Fourier—Laplace transform IT,(¢) = f_oooo e~ it ﬁ;(i@) df/(2r) and the fact
that the integral on the left-hand side of (5.14) exists, we can convert the integral from the
right-hand side of (5.14) for sufficiently small § > 0 as follows:

o0
/ O.(r — T)e PT-TSN(T, x)dT
—0o0
=/ f e =D, (10)—e PT-T N(T, x)dT
00 d—o0 2
o] oo P . de
- / / e<19*ﬂ>Te*T5N(T,x)ng(ie)eﬂ(”ng

. —~ . _ip,rd0
=/ L@G0 — B, x)[1,(10)e™" —
oo 2

GA3) [ G0+ B)\= ... _igr 40
= /w<q(19 ﬂ,x)+—92+ﬂ2 )Hg(le)e oy (5.15)

The measures given by 8 d6 /7 (6% + B2) converge weakly to the Dirac point mass at 0 as § — 0
[19, p. 31]. Moreover, the imaginary part on the right-hand side of (5.15) can be ignored since
the left-hand side is real. Using the facts that . £ (i0) isreal and that . ¢(0) = 1foralle € (0, 1],

we obtain
o

lim O.(r — T)e PT-T8N(T, x)dT
ANO J oo

o0 o0 : 7it9r
:Re</ g0, v e 2 CN L G / . (i6) < de) (5.16)

—o0 2 2 0 2

We separately treat the two integrals on the right-hand side of (5.16) and begin with the first
integral. Recall that [T, (i9) = I1(if¢/7(¢)) is C*> and has compact support, which is contained
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in [—t(e)/¢e, t(e)/e] = [, S]. Also, recall that g (-, x) is analytic in a neighbourhood of
[—iS,1S] and continuous in x. As mentioned in [19, p. 31f.], the Cauchy integral formula
for derivatives implies that dg (z, x)/dz|,=ig is uniformly continuous in 8, whence bounded on
[—S, S] x 4. Thus, dg(z, x)/dz is bounded on [—iS,1S] x ¥ 4. Integration by parts now
implies that

s : = —i0r do
q (10, x)I1.(10)e —
_S 2

P efier
= iq (i, 1)1, (16) 5 —

N S d P efler
+i/ — (q(i0, x)T1,(i0)) de. (5.17)
9=—S -S d9 27‘”‘

As the support of I:I; is contained in [—1iS, 1S] and I:I\g is C, the first term on the right-hand
side of (5.17) equals O for all » > 0. For the second term on the right-hand side of (5.17),
the definition of I given in (5.3) and the fact that m, (10) = I"I(19£ /t(g)) imply that I, £(16)
and dTT, £(10)/d6 are uniformly bounded for ¢ € (0, 1]. This shows that the second term on the
right-hand side of (5.17) converges to O uniformly for e € (0, 1]andx € ¥4 asr — oo. Thus,

i OO : ™ —i0r do
lim Re q (10, x)I1,(10)e — =0 (5.18)
r—00 —oo 27

uniformly for x € ¥ 4. Now, we consider the second integral on the right-hand side of (5.16):

© __ jeTir gp S 51n(9r) do s sm(@r) d9
(1 =
Re(/;wn(e) 5 27r> / £(16) T / £(16) —

Using the sine integral Si(¢) == fé sin(f) d0 /0 and lim,;_, o, Si(¢) = /2, we infer that

S sin(0r) do , /’S sin(@)do 1
lim — = lim —
r—o0 Jq 0 T r—o0 Jq

= — lim Si(rS) ==
0 T T r—>00
and remark that inserting the factor . -(i0) in the above integrand does not change this limit,

since I, is uniformly continuous and M. (0) = 1. Thus, for the third term on the right-hand
side of (5.16), we obtain

. © __ je i dg G (x)
lim Re[ G(x) I1.(16) — | = (5.19)
r—00 o0 0 2m 2
uniformly for x € ¥ 4. Combining (5.14), (5.16), (5.18), and (5.19), it follows that
o
lim .(r — T)e T N(T, x)dT = G(x)
r—o0 J_ o
uniformly for x € X 4. An application of Lemma 5.1 yields the desired result. ]

Proof of Theorem 3.1(ii). In the lattice situation we work with discrete Fourier—Laplace
transforms inspired by [19, Proof of Theorem 2] and again insert a few technical twists to fit
our more general framework. Conditions (B) and (C) imply that, for fixed 8 € [0, a) and
X € X4, the function NB (-, x) given by

NP(zx):= Y e“N(al+ B —y(x).x)

{=—00
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is well defined and analytic on Z := {z € C| — a(s + ) < Re(z) < —ad}. Note that
Spé = S, + Y — ¥ oo™ and recall that S,,¢ € aZ for all n € N. Thus, (B) and (C) allow for
the following conversions for z € Z:

NP(z.x) = Z Do MY N e fy(al 4 B — Y(x) — SE(M)

n=| O{y oty=x} {=—00
> -1
— Z Z X(y)es’ln(y) Z eltta Sn{()’))zfy(ag +B—v())
n=0{y: o"y=x} {=—00
0 B 0
=2 D xRy T et fat + p— Y (v)
n=0{y: o"y=x} {=—00
o
= Zocw_ld( > e fat+p— w)(x)
{=—00

with f.(#): X4 — R, x — fy(¢) as before. For z € Z, we have Re(a~lz) < —§.
Moreover, observe that ,_s; = e 2V h,_s and y,_s; = yy—s¢. Thus, Proposition 2.1 yields
Yn+Re(a—12)¢ < 1. Theorem 5.1 (both parts) and the spectral radius formula (see Section 5.1)
now imply that, for every z € Z,

]

NPz x) = — Ly <x > e flat+ B - w>>(x).

{=—00

Note that || x Z,?i e f.(al + B — V)|l is finite for all z € Z because of conditions (B)
and (C).

Because a~ !¢ is integer valued but not cohomologous to any function valued in a proper
subgroup of the integers, we can apply Proposition 5.3. Thus, z — (I — oCTH_a—lz;-)_l is 2mi
periodic and holomorphic at every z on the line Re(z) = —ad such that Im(z)/(27) is not
an integer. Therefore, z > (I — °Cn+a*1z§)7l has an isolated singularity at z = —aé and is
holomorphic at each z = —ad + 16 for 0 < |0| < w. By Proposition 5.1, the singularity of
ﬁﬂ(z, x)atz = —ad is

—00

Yn+a~lz¢

/;: X(y) Z elzfy(ae_’_ﬂ_w(y))dvr]—q—a*lzg‘(y)hr]—{-a*lz;‘(x)'

{=—00

1 - V77+a—'z§

::E.x,ﬁ(z)

Since the function E, g is continuous at —ad, we deduce from (5.2) that the singularity of
NP (z, x) at z = —aé is a simple pole with residue

Cp(x) = — E. p(—abd).

a
J ¢ duy—s;
It follows that ﬁﬂ(-, x):C—->C,z+—~ NB (z, x) is meromorphic in

Z(e) ={z€C| —ad+s) <Re(z) < —ad+¢, 0 <Im(z) < 7}

for some ¢ > 0, and that the only singularity in this region is a simple pole at —a$ with residue
Cg(x). Additionally, by (C), Zg;l e“N(al + B — ¥ (x), x) is finite for Re(z) > —a(5+s).

—00
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We conclude that there exists ¢ > 0 such that

Cp(x)

£z _ _
Y Nt + B — ¥ (x). x) s

£=0

is holomorphic in Z(e). Also, observe that z — (eZ740 — 1) /(z + ad) is holomorphic in C.
Making the change of variable 7 := e**% it follows that

Cp(x)
z—1

D e N@l+ B —y(x).x) —

=0
and whence

LGz x) =) '™ N(al + B — ¥ (x).x) + Cp(x))
=0

are respectively holomorphic in (€379 | z € Z(e)} and {Z | |Z| < ef} (compare [19, p. 27]).
Since e® > 1, the coefficient sequence of the power series of L(-,x): C — C, z — L(z, x)
converges to 0 exponentially fast; more precisely,

e_ 1\ "
e_“”‘sN(an—i-ﬂ—1//(x),x)+C,g(x)=0<<1—i—e : ) )
asn — 0o (n € N). Thus, for x € X4, we have

N(t, x) = N(a \fﬂLaﬂJ +a{%} —w(x),x)

=n =B
~ e LV OB o0y a) (X)
a
= elde TV N/aBedV @) —p o (x)

J ¢ duy—se
o0
_ 1+ yx)
x / X Y ety (ae + a{— — Y () ) dvy_s ()
Za {=—00 a
= etS Gx (t)
as t — oo. Since in all instances where ¢ occurs only the fractional part is involved, it is clear
that G, is periodic with period a, which completes the proof. ([l

Proof of Theorem 3.1(iii). First, consider the case that £ is nonlattice. As e 1N (s, x) is
bounded in ¢ by (B), the result from Theorem 3.1(i) implies Theorem 3.1(iii).

Second, consider the case that & is lattice. Theorem 3.1(ii) states that e "’ N (¢, x) ~ G.(1)
as t — 00. Since e "*N(z, x) is bounded in ¢ by (B), and G, is periodic with period a, we

have
alt/a)

t
lim t_lf e TON(T, x)dT = lim z—lf e TON(T, x)dT
0 0 0

—>0o0

1—>00

t a4
= lim t—I{—J/ G (T)dT
t—00 a 0

= 1/a G.(T)dT.
a

0

alt/al _
= lim t_lf G (T)dT
0
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The latter integral transforms as follows:

a
f G.(T)dT
0
a 5 ()
:/ e—al(T+y () a)s _4e .
0 fé'd,unféi
o0
_ T+ ¢ (x)
< xm Y e ““fy<az+a{—} —wm) dvy—s¢ () dT
X4 {=—00 a
aedv )
==
deMn—s; ! S{OC)
0 a
< [ ¥ / o~ (@t +al(T-+y())/a))s
/;:A Z;OO 0
T + ¥ (x)
% fy <ae +a{T} - w(y)> dT dv,_s¢ (y)
aedv ™y (x) a S alt+D=y ()
=i [ geror 3 f e 70 £,(T)dT dvy_s ()
Jedun-s;  Js, = Jat—p)
ahy,_se(x) o
= f;d—/jn_% 5, X /_ e "% £ (T) AT dvy—s ()
=aG(x),

where for the second to last equality we used the facts that eV h,_s; = hy_ss, [ ¢ dpy—sc =
f& duy—se, and eV dvy_s; = dvy_se. ([l

5.2.2. Proof of Theorem 3.2. In the setting of Theorem 3.2, (D)(ii) is automatically satisfied.
Thus, Theorem 3.2 is proved by combining the following three lemmas with Theorem 3.1.

Lemma 5.2. If {t — e | f(1)| | x € £ 4} is equi dRi then (A) holds.
Proof. This is clear since dRi implies Lebesgue integrability. (|

Lemma 5.3. If {t — e_"s|fx (®)| | x € L4} is equi dRi and there exist Ci, s > 0 such that
e B fe()] < e fort < O0and x € Xa, then (C) holds, i.e. there exist € > 0 and t* < 0
such that e NS (¢, x) < Ce* fort < 1*.

Proof. In (5.12) we showed that the existence of n € N for which §,& is strictly positive
implies the existence of m* € N such that S,,& is strictly positive for all m > m™*. Set

o= min{O, inf SmE(x)}.

x€Xg,0<m<m

Then t — S, < O forall ¢+ < ¢* and m € N. Additionally, using the fact that there exist
¢, s > O such that e 3| £, (t)| < ¢’e* fort < 0 and x € T4, we have, for t < r*,

o0
eIND ) =) Y SOOIy (y) eI £ (1 — S,E(3))
n=0{y: o"y=x}

oo
< ¢le’t Z Z eSn(ﬂ—(5+S)§)(y)|X(y)|

n=0{y: o"y=x}

https://doi.org/10.1017/apr.2018.56 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2018.56

1214 S. KOMBRINK

o0
=T Y L syl l)

n=0
oo

< €Y Ly lopl X e
n=0

By Proposition 2.1 we know that t > y;,4¢ is strictly monotonically increasing and y;,_s¢ = 1.
Hence, by the spectral radius formula (Section 5.1), the last series converges and the assertion
follows. .

Lemma 5.4. If {t — e | f.(t)| | x € T4} is equi dRi then (B) is satisfied, i.e. there exists
¢ > 0 such that e " N®S(¢, x) < € forall t € R.

Proof. By assumption, there exists n € N for which S,& is strictly positive. Fix this n,
choose k > 0 such that S,& > k and consider the nth iterate of the renewal equation, namely,

n—1
N@x)y= Y NO=SE0). 0"+ 37 37 x()fy = Sig())es.

{y: o"y=x} i=0 {y: oly=x}

The function defined by M (t, x) := e "N, x)/ hy—sg (x) satisfies

M= Y M- SEQ), yeshasom i)

{y:o"y=x) o6 ()
n—1

+ Z Z X(y)e"g(”s"s(y))fy(t _ Sis(y))esi(ﬂfl%)(y) . (5.20)
i=0 {y: oly=x} hy—s¢ (x)

Set g, (1) == e~ £,.(r) and 8ix(t) == gx(t — Si&(x)) for x € 4. Then (5.20) becomes

n—1 oci ;.
Mi,x)= Y M@- Sné(y),y)es"(”"‘gm')—h”*‘ss(y) +> -3¢ (X8i- (D)

{y: o”y:x} hnfag ('x) i=0 hn78§ ('x)
(5.21)
with g; .(#): X4 — R, x = g; x(¢). Define
M) = sup M, x).
t'e(t—k,t],x€Xy
Then (5.21) implies that
n—1 i /
— — L _se(x8i.- @)
M(1) < sup M(t — SyE(y) + sup LH (5.22)
yEXA re(t—i,t1] 2, hn—éé 00

as Z{y: U,,yzx}es"(”_‘sf)(”hn,ag )/ hy—se(x) = 1.' Iterating (5.22) k timgs and using the
abbreviation I (¢, x, ..., x™) = (t — Z;":l SpE(x)) — K, t — 27:1 Sp&(x7)] yields

n—1 k—1

k
M) < sup [M(t — Z S,,E(xj)) + Z Z sup
j=1

x. xkexy, i=0 m:()t’el,((t,xl ..... x™m)

L1 56 (x8i (1) H }
hn—5$ 00

where Z?‘:l Sn&(x7) shall be understood to be 0.
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Fixt € R. As S, > k > 0 we can find a k* € N such that, for all £ > k* and

xl

,xk e =4, we have 1 — Z i1 S,E(x7/) < t* < 0 with t* as in Lemma 5.3. Hence, by

Lernma 5.3, there exists a constant Qﬁ/ ” such that

n—1 oo
M) << +  sup Z Z sup

x1x2,.. €24 =0 me=o '€l (t,x1,..,x™)

oci . I
n—se (X&i.- (1)) H ' (5.23)

hy—se

Ift' — ||£i]75€ (x&i,-(t")/ hy—selloo is dRi then it follows that
m+1
t= ) Sy <t - Z SuE(x) — 1

j=1 j=1
for x!,...,x™*! e ¥, implies that the series in (5.23) converges for any constellation
x, x2, ... € 4 and, thus, is uniformly bounded for xt xz, ... € E'A. This proves the asser-
tion. Hence, all that remains to be shown is that the mapping ¢’ > || QC;_SE (x8&i,- 1))/ hy—selloo
is dRi. For this, note that, using the terminology of Definition 3.1,

my (L e (x8i )@ ) = Y xSy gy b,
{y: ol y=x}

M (LY s (xgi )@, ) < Y xS T m g n(gy, h).
{y: ol y=x}

Since Z (y: o y=x) K ()eSi=0) — £’ _se X X (x) is finite, the hypothesis of {g, | x € X4}
being equi dRi implies that ¢’ ||(,C,7 5t (x&i,-(t")/ hy—sellc is dRi, which completes the
proof. (|
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