Econometric Theoryl7, 2001 1051-1081Printed in the United States of America

ONE-SIDED TESTING FOR ARCH
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There has been increasing interest recently in hypothesis testing with inequality
restrictions An important example in time series econometrics is hypotheses on
autoregressive conditional heteroskedasti€RRCH). We propose a one-sided
test for ARCH effects using a wavelet spectral density estimator at frequency zero
of a squared regression residual serigse square of an ARCH process is posi-
tively correlated at all lagsresulting in a spectral mode at frequency zdro
particulay it has a spectral peak at frequency zero when ARCH effects are persis-
tent or when ARCH effects are small at each individual lag but carry over a long
distributional lagAs a joint time-frequency decomposition methadavelets can
effectively capture spectral peakd/e expect that wavelets are more powerful
than kernels in small samples when ARCH effects are persistent or when ARCH
effects have a long distributional laghis is confirmed in a simulation study

1. INTRODUCTION

Hypothesis testing with inequality restrictions is important in econometrics and
statistics(e.g., Andrews 19982001, Bera Ra and Sakar1998 Gourieroux
Holly, and Monfort 1982 King and Wy 1997 SenGupta and Vermeiré986
Silvapulle and Silvapulle1995 Wolak, 1989. An important example in time
series econometrics is hypotheses on autoregressive conditional heteroskedas-
ticity (ARCH). Here parameters of interest are zero if there is no ARCH effect
and are nonnegative if ARCH effects exist

Detecting ARCH effects is important from both theoretical and practical points
of view. Neglecting ARCH effects may lead to loss in asymptotic efficiency of
parameter estimatio(Engle 1982; cause overrejection of conventional tests
for serial correlation Diebold 1987 Milhgj, 1985; and result in overparam-
eterization of ARMA modelgWeiss 1984). Although the one-sided nature of
ARCH has been long knowmost ARCH tests are two-sideflmong them are
Bera and Higging1992, Engle (1982, Gregory(1989, Hong and Shehadeh
(1999, McLeod and Li(1983, Robinson(1991), and Weisq1984).
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1052 YONGMIAO HONG AND JIN LEE

Exploiting the one-sided nature of ARCH is expected to increase power in
small samplesEngle Hendry and Trumble(1985 suggest using the square
root of a Lagrangian multiplie(LM ) test statistic to test ARCH). This ap-
proach howevey could not be generalized to test ARCdjl for g > 1. Lee and
King (1993 1994 are the first to develop one-sided tests for AR@H They
propose a locally most mean powerful score-based test for ARCHemos
and Sentan&l998 consider a convenient one-sided LM test for AR@Hin a
spirit similar to Kuhn—Tucker multiplier test§Gourieroux et al 1982. An-
drews(200J), Lee and King(1993, and Demos and Sentaf998 consider
one-sided tests for GARCH,1). Simulation studies show that these tests out-
perform two-sided testé&.g., Engle 1982 in finite samplesindicating non-
trivial gains of exploiting the one-sided nature of ARCH

Hong (1997 recently proposed a one-sided ARCH test by observing that the
spectral density of a squared regression residual series is uniform when there is
no ARCH effect and is larger than the uniform density at frequency zero when-
ever ARCH effects exisHong (1997 uses a kernel methodhe test is shown
to perform reasonably well in comparison with some popular one-sided and
two-sided ARCH tests

It is well known that in finite samples kernels tend to underestimate the spec-
tral density wherever there is a mgdeven if a finite sample optimal band-
width is used(Priestley 1981). Kernels are not an ideal tool in capturing
nonsmooth spectral featurelm the present contexthe one-sided nature of
ARCH implies that the square of a linear ARCH process is positively corre-
lated at all lagsresulting in a spectral mode at frequency zéroparticular
the squared series has a spectral peak at frequency zero when ARCH effects
are persistent or when ARCH effects are small at each individual lag but carry
over a long distributional lagexamples are nearly integrated generalized auto-
regressive conditional heteroskedasti¢®ARCH) and fractionally integrated
GARCH processe$Baillie, Bollersley and Mikkelsen 1996. In these situa-
tions kernels cannot be expected to perform well in small and finite samples

The recent development of wavelet analysis provides a new approach to con-
structing a potentially more powerful one-sided test for ARCH effabksve-
lets are a new mathematical tool developed over the last defada joint
time-frequency decomposition methatdavelets can effectively capture signif-
icantly spatially inhomogeneous featur@sg., Donoho and Johnstoné994
1995a 1995h Donohq JohnstongKerkyacharianand Picard1996 Gaqg 1993
Neumann 1996 Wang 1995. Here we propose a one-sided test for ARCH
effects using a wavelet spectral density estimafdavelets are expected to be
more powerful than kernels in small samples when there exist persistent ARCH
effects Besides ARCH spectral peaks may arise as a result of strong depen-
dence seasonalityand business cycleIherefore our approach might have
potential applications to testing a broad range of other hypotheses in economet-
rics. This paper merely provides an example to illustrate how wavelets can be
used to develop powerful econometric procedures
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In time series analysisGao (1993 uses a Meyer wavelet to estimate the
spectral density of a stationary Gaussian seridsumann(1996 considers
wavelet estimation of the spectral density of a stationary non-Gaussian. series
Priestley (1996 explores potential applications of wavelets to nonstationary
time series(see also Subba Rao and Indukumb996. Jensen(2000 uses
wavelets to estimate a long memory model via maximum likelihodtere
are also some applications of wavelet analysis to economic and financial time
series(e.g., Goffe, 1994 Ramsey and Lampari998a 1998h RamseyUsikoy,
and Zaslavsky1995).

We describe hypotheses of interest in SectioS&ction 3 introduces wave-
let analysis and its application to spectral analy$is Section 4 we pro-
pose our test statistic and derive its asymptotic distributidgymptotic
local power is examined in Section Section 6 presents a Monte Carlo
study on the proposed teshree existing one-sided testnd Engle’s(1982
LM test. Section 7 concludesAll proofs are in the Appendix Unless
indicated all limits are taken as the sample size-> oo; A* denotes the com-
plex conjugate ofA; |A| = [tr(A’A)]Y? the Euclidean norm ofA; C a
bounded constant that may differ from place to plemedZ = {0,%1,...} the
set of integers

2. HYPOTHESES

Throughout we consider the following data generating process
Assumption Al. {Y;} is a stochastic time series process

Y, = g(X,by) + &, g = &hY?, (2.1)

whereg(-,-) is a known functional formbg is an unknown finite-dimensional
parameter vectolX; is a vector consisting of exogenous and lagged dependent
variables and h, is a positive time-varying measurable function%f ,, the
information set available at periad— 1. The innovation sequendg,} is in-
dependent and identically distributéidi.d.) with E(&;) = 0, E(¢2) = 1, and
E(£8) < oo. Moreover & is independent oK, for all s < t.

This framework is often assumed in the ARCH literat(esy., Bollersley
Chou and Kroney1992. We make no distributional assumption on innovation
& except the existence of its eighth momeBecause=(s;|Z;_;) = 0 almost
surely {&,Z;_,} is an adapted martingale difference sequence with respect to
T, ;. Its conditional varianceE(e?|Z,_;) = h, is time-varying Throughout
we consider a generalized linear ARCH process

he = Bo+ |=21,3| ey, (2.2)
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whereB, > 0, X2, 8, < oo, andB, = 0 for all | = 1, which ensure$, > 0 (cf.
Drost and Nijman1993 Nelson and Cadl992. One example is Engleid 982
ARCH(q) process

q
he=Bo+ zﬁl el). (2.3)

Another example is Bollerslevl986 GARCH(p,q) process

q p
he= v+ I}: a e+ l}: Yihe, (2.4)
-1 -1

whose coefficienf,, which is a function of o, y,}, decays to 0 exponentially
as| — oo. The class(2.2) also includes fractionally integrated GARCH pro-
cesseswhose coefficientg, — 0 asl — oo at a slow hyperbolic ratée.g.,
Baillie et al, 1996.

Under(2.2), the null hypothesis of no ARCH effect can be stated as

Hy:B8, =0 foralll=12,....
The alternative hypothesis that ARCH effects exist is
Ha:B, =0 foralll =1,2,..., with at least one strict inequality

The alternativeHl, is thus one sidedTo test this hypothesjswe use a
frequency domain approachet f(w) be the standardized spectral density of
{e2}; i.e,

flw)=2m)t > phe e wE|[—m,7], (2.5)

|=—00

where p(l) is the autocorrelation function dfe?} andi = Vv —1. Note that

(2.2) implies
&l =Bo+t glﬁl ey + vy, (2.6)

whereE (v;|Z;_,) = 0 almost surelyUnderH,, {2} = 8o + v, is a white noise

(in fact{e?} is i.i.d. given Assumption Al), so we have (0) = (27)~ % Under

Ha, we havep(l) = 0 for all| € Z and there exists at least oh& 0 such that

p(l) > 0. Thus f(0) > (277)~* underH,. This forms a basis for constructing a
consistent one-sided test i, vs. H. We can use a consistent estimaft(d)

for £(0) and check iff(0) > (27)~! significantly In Hong (1997), a kernel
method is usedin the subsequent discussjomne use a wavelet methodlve

note that this spectral approach can be extended to check whether a nonstation-
ary time series is a unit root process or a trend-stationary prpsessSec-

tion 7 for more discussian
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3. WAVELET METHOD

Throughout we use multiresolution analysigMRA), introduced in Mallat
(1989. MRA is a mathematical method to decompose a square-integrable func-
tion or signalg(-) at different scalesThe key of MRA is a mother wavelet
function s (-).

Assumption A2. :R — R is an orthonormal mother wavelet such
that [ ¢ (x)dx = 0, [ Jy(X)]dx < oo, [7 ¢*(x)dx = 1, and
Jy(X)¢(x — k)dx =0 for allk € Z,k # 0.

The orthonormality ofy(-) implies that the doubly infinite sequengg(-)}
constitutes an orthonormal basis foj(R), where

Y (x) = 22y (2Ix— k),  jKEZ. (3.1)

This sequence is obtained from a single mother wavg(el by dilations and
translationsThe integerg andk are called the dilation and translation param-
eters Intuitively, j localizes analysis in frequency amkdocalizes analysis in
time (or space This joint time-frequency decomposition of information is the
key feature of wavelet analysiexplaining why wavelets are attractive for ap-
proximating nonsmooth function¥/e note that the dilation factor could differ
from 2, but “2” ensures the_,-invariance that/”_ ¢ (x)dx = [ y?(x)dx.
Often ¢ (-) is well localized(i.e., ¢ (x) — 0 sufficiently fast asx — o), so

Y (+) is effectively nonzero only around an interval of width! Zentered at

k/21.
The mother waveleal (-) can have bounded suppoftn example is the Haar
wavelet
1 ifo<x= !
i X< =
27
P(x) = (3.2)

1 if 1< <0

-1 if—==x ,
2

0 otherwise

Compact support ensures that ) is well localized in time domairDaubechies
(1992 shows that for any nonnegative inteder there exists an orthonormal
compact supported wavelet whose filstmoments vanishThe mother wave-
let /() can also have infinite suppotiut it must decay to 0 sufficiently fast at
co. An example is the Littlewood—Paleypr Shannon wavelety(-), which is
defined via its Fourier transform

J(z) = (277)’1/2f¢(x)e"zxdx= (2m)V21(|z) = 2m), ZER, (3.3)
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wherel(-) is the indicator functionOther examples include the Franklin wave-
let, Lemarie—Meyer waveletsaand spline waveletsSee e.g., Hernandez and

Weiss(1996.
For anyg(-) € L»(R), there exists a wavelet representation
9x) = > X apdp(x),  XER, (3.4)
i€z kez

where the wavelet coefficient

ap= [ gm0 @5

(cf. Mallat, 1989 Daubechies1992. Given the localization property af(-),
aj basically depends on the local propertygdf) on an interval of width 2
centered ak/2!. This differs from the Fourier representatjamhere each Fou-
rier coefficient depends on the global propertygéf). An essential feature of
wavelet analysis is that waveleta an “automatic manngrevaluate high fre-
guency components af(-) on small intervals and low frequency components
of g(-) on large intervalsConsequentlythey can effectively represent non-
smooth functions with a relatively small number of wavelet coefficients

To represent the standardized spectral derfgity of {2}, which is 27-
periodic and thus is not square-integrableRyrwe need to periodize the wave-
let basis{y(-)} via

‘I’Jk(a)) = (277')_1/2 i ll’]k(% + m), w E R, (36)

m=—o0

which is 2r-periodic With these periodic orthonormal bases tof[—, 7],
we can write

o 21

f(w) = Q2m) 1+ EOKZ Yy (w), w€E|[—m, 7], (3.7)
j=0k=1

where the wavelet coefficient

ajKZJ; f(w) ¥y (w)do. (3.8)

See Lee and Hon@001) and Hong(2001) for more discussions
Now, we denote the Fourier transform ¢f-) by

J(z) = (277)’1/2J- y(x)e">dx, zER. (3.9)
Assumption A2 ensures thaf/(~) exists and is continuous almost everywhere

in R, with |i#(2)| = C, /(~2) = §/*(2),§/(0) = 0, and [*, |¢}(2)|?dz= 1. By
Parseval’s identitywe can express the wavelet coefficient(8f8) as
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ay = (2m)"V? 3 P(')‘i’jﬁ(”, (3.10)

|=—00

where¥,(-) is the Fourier transform o#,(-); i.e,

¥ (1) = (2m) V2 f ¥ (w)e 1“dw = e 272 (277/2)) (21 /20).  (3.11)
In (3.11) the second equality follows froif8.6) and a change of variabllote
that the translation parameters converted into a “modulatighi .e., the multi-
plication of an exponentiallhis is a natural consequence of the Fourier trans-
form of convolution

We impose an additional assumption é().

Assumption A3. |¢(z)| = Cmin{|z|~ (1 + |z])""} for somex > 0 and
T> 1

This requires thatj(-) have some regularityi.e., smoothnesgsat 0 and
sufficiently fast decay ato. The condition|(z)| = C|z|~ is effective as
z — 0, where k governs the degree of smoothness f-) at 0. If
T2 (1 + [x]")|¢(x)|dx < oo for somewr > 0, then|ii(z)| = C|z|* for k =
min(»,1) (cf. Priestley 1996. When ¢/(-) has firstD vanishing moments
(i.e, [Z x"y(x)dx =0 forr = 0,...,D — 1), we have|§i(z)| = C|z|° as
z — 0. On the other hanahe condition|¢(z)| = C(1 + |z|)"" is effective as
Z — oo. This holds trivially for the so-called band-limited waveletghose
#(-)'s have compact supports

Most commonly used wavelets satisfy AssumptiotB.AExamples are
Daubechies’s(1992 compactly supported wavelets of positive orddre
Franklin wavelet Lemarie—Meyer waveletd. ittlewood—Paley waveletsand
spline waveletsAssumption A3 rules out the Haar wavelgiowevey because
its ¢/ (z) = —ie'?/2sin?(z/4)/(z/4) — 0 at a rate ofz|~* only.

To obtain a feasible wavelet estimator f@D), we use the estimated regres-
sion residual

& =Y, — 9(Xh), (3.12)

Whe[eﬁ is an estimator oby. We impose the following conditions ogy-,-)
andb.

Assumption Ad4.

(i) For eachb € B, whereB is a finite-dimensional subsej(-,b) is a measurable
function of X; € Z;_,.

(i) g(X¢,-) is twice continuously differentiable with respect toin an open
convex neighborhoodB, of b, almost surely with lim,_ {n "t 3L, E X
SURbes, [(9/0b)g(X, b)[*} < oo and lim,_, . {n~* 3L, Esup,ep, [ (9%7/0bab’) X
9(X;, b)[?} < co.
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Assumption A5. nV2(b — by) = Op(1).

We permit but do not require thdt be the ordinary least squat®LS) or
quasi-maximum likelihood estimator®.g., Lee and Hansenl994 Lums-

daine 1996.

Now, define the sample autocorrelation function of the squared residual se-
ries{&2}
p(1)=R(H/R0O), 1=0+1...,£(n—1), (3.13)

where the sample autocovariance{éf}

n

R =nt S (82/62—1)(82,,/62 - 1), (3.14)

t=[1]+1

with 62 = n"1 X, 82. A wavelet spectral estimator fé0) can be given as

J 2
f0) = @2m) ™+ > &% (0), (3.15)
j=0k=1
where the empirical wavelet coefficient

n—1
&jkzi [(0) ¥y (@)do = 2m) 2 3 p1) (), (3.16)

I=1-n

with [(w) = (2n) 1|2, 82e'“t|? the periodogram of&?}. For compactly
supported waveletsg(-), 1Ir,k( ) in (3.6) is a sum of finite termsso the first
expression ofa in (3. 16) is efficient to computeAlternatively for band-
limited waveletswhosey(-)’s have compact suppobtshe second expression
of ay is efficient to compute

The integerd is called the finest scale parametircorresponds to the high-
est resolution level used in the wavelet approximati®iven eachl, there are
in total 2'*1 — 1 empirical wavelet coefficients usedfif0). To reduce the bias
of f(0), we must let] = J, — oo ash — co. To ensure that the variance 00)
vanisheshowever 2971 — 1 must grow more slowly than. Thus we need to
choosel] properly to balance the bias and varian&hough J is a smoothing
parameterit cannot be viewed as a lag truncation paramediecause even if
J = 0 the empirical wavelet coefficiert,, is still a weighted sum of alh — 1
sample autocorrelationisy(1)}[={ providedd (-) has unbounded suppoit/e
will provide proper conditions od to ensure that the proposed test is well
behaved

The estimatorf (0) is essentially a consistent long-run variance estimator
for {&2}. Long-run variance-covariance estimation is important in time series
econometricsThe existing popular long-run variance-covariance estimators are
kernel-basedcf. Andrews 1991 Newey and West1987). Our approach pro-
vides an alternativelt is expected to perform better in finite samples when
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data exhibit strong autocorrelatiowhich generates a spectral peak at fre-
guency zeroSee Hong(2001) for more discussion

4. TEST STATISTIC AND ITS DISTRIBUTION

To introduce our test statistic fdil,, we define the function

A(z2) = 2w (2) i Jy(z+2mm), zER. (4.1)

m=—00
Assumptions A2 and A3 imply thatA(-) is continuous almost everywhere in
R,A(0) = 0, and|A(z)| = C. Note that the tail behavior of(-) is governed by
J (), becaus€ s ii(z + 2mm) is 27-periodic We impose a condition on
A(H).

Assumption A6. A:R — R is square-integrable

Most commonly used wavelets satisfy this assumptBecause)*(z) =
J(—2z) given Assumption A2, the condition thatA(-) is real-valued implies
AM=2) = A(2).

Our test statistic foitl, vs. Hp is defined as

S,(J) = V., Y2()nY27[ f(0) — 2m) L], JEZ, (4.2)

where the asymptotic variance estimator

n—1 J 2
Vo(J) = > (1- I/n)[E /\(277I/2j)} ) (4.3)
I=1 j=0

The factor 1- I/n is a finite sample correctignt could be replaced by unity
The statisticS,(J) is applicable for both small (i.e., J is fixed) and largel
(i.e, J=J, > oo asn — oo). For (and only foy largeJ, we could also use the

statistic
S.J) = (/2) Y2y V27 £(0) - (2m) 1], (4.4)
where

2
V, = 2d 4.5
0 fo IT(2)[°dz (4.5)
and
I'(z) = f J(z+ 2mm). (4.6)

This statistic has the same null asymptotic distributios#3) whenJis large
because 2'V,(J) = V, asJ — oo (see Lemma A& in the Appendix It is

https://doi.org/10.1017/50266466601176024 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466601176024

1060 YONGMIAO HONG AND JIN LEE

simpler to compute tha§,(J) but may have less desirable sizes in finite sam-
ples especially whenl is small

THEOREM 1 Suppose that Assumptions A.1-A.6 hold af\d — 0. Then
underHy

S\(J) — 9N(0,1).

Both small and largéi.e., fixed and increasingfinest scales] are allowed
here Thus the choice of] has no impact on the null limit distribution & (J),
as long as 2grows more slowly than the sample sizeOf courseit may have
impact on the finite sample distribution &,(J), and it is expected to signifi-
cantly affect the power 08,(J) underH,. We will examine the impact of the
choice ofJ in simulation We note that becaus®,(J) is a one-sided testt is
appropriate to use upper-tail&t(0,1) critical values The critical value at the
5% level e.g., is 1.645

5. ASYMPTOTIC LOCAL POWER

We now consider a class of generalized linear local alternatives
H,(a,):hy = 0'02 1+anZBI(8t2—I -1, (5.1)
I=1

whereB, = 0,27, 8, < o, anda, — 0 governs the rate at which the local
alternatives converge td,. Without loss of generality we assume
a, >~ 8 < 1for allnto ensureh, > 0. The classH,,(a,) describes all linear
local ARCH alternativesincluding ARCH GARCH, and fractionally inte-
grated GARCH processes of known or unknown orders

THEOREM 2 Suppose that Assumptions A.1-A.6 hold.

() Let J € Z be fixed. Defineu(J) = Vo(J) Y237 ,d,(1)B,, where \(J) =
Sr2.d3(1) and &h(1) = =g A(271/21). Then undetHa(n~¥2),

Si(3) > N[r(2),1].

(i) LetJ— 0,2%/n — 0. Defineu = Vy Y222, 8,, where { is as in (4.5). Then
underH,(2"3¥n?),

$i(3) =>4 N(u, ).

Theorem 2i) implies that with fixed finest scal S,(J) has nontrivial power
againstH,(a,) with parametric rate, = n~v2, provided>”, d;(1)8, > 0. It
has no power wheX,Z, d;(1)8, = 0, which may occur for a fixed, because
d;(I) is a local averagedepending ord and wavelet/(-). On the other hand
Theorem Zii) implies that with] = J, — o0, S,(J) has nontrivial power against
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all linear local ARCH processes iH,,(2”2/nY2). This follows because the
noncentrality parameter > 0 whenever linear local ARCH effects existe.,
there exists at least one parameggr> 0 for somel > 0 in (5.1) with a, =
2Y2/nY2), Hong's (1997 one-sided kernel test also has nontrivial power against
H,(a,) with an analogous ratélhe one-sided tests of Lee and Ki$993
and Demos and Sentad998 may not have nontrivial power againgt(a,)
for any rate because they are interested in testing a parametric ARLCfor
fixed g or GARCH(1,1). The one-sided tests for GARCGH1) of Lee and
King (1993 and Demos and Sentarid998 numerically coincide with their
tests for ARCH1), respectively The extension to testing GARGH,q) for
p,q > 1 is more difficult because some parameters do not lie on the bound-
ary of the parameter spacef. Lee and King 1993 Demos and Sentan&998.
In addition to the nontrivial power againgt,(2¥2/nY/?), the S,(J) test is also
convenient to use because it does not requires formulating an alternative model
For examplethere is no need to specify the order of an ARGHSARCH or
a fractionally integrated GARCH model

The ability of S,(J) to detectH,,(2¥2/n¥/?) is desirable when no prior infor-
mation about the alternative is knownhhis is howevey achieved at the price
thatS,(J) can detectl,(a,) with a rate ofa, = 2%2/n%2, which is slower than
the parametric rata” Y2 becausel — co. Neverthelessthis may not be taken
too literally in practice For exampleif 27 o« (In n)% we havea, o« n~¥2In(n),
which is only slightly slower tham~%2 We note that in other contextsome
consistent nonparametric tests allow using a fixed smoothing parameter and
are thus able to detect local alternatives with parametricmat&. An exam-
ple is the class of consistent kernel-based specification tests considered by Fan
and Li (2000, who show that Bierens-type consistent integrated conditional
moment tests for model specification can be viewed as a kernel-based test with
a fixed bandwidth or vice vers&ee Fan and L{2000 for more discussian

It should be emphasized that the ability §f(J) to detect all linear local
ARCH processes ifil,(2¥2/n*/?) does not mean that rejectiiif, will accept a
linear ARCH alternativeln fact, with J — co asn — oo, S,(J) will have power
against all linear and nonlinear ARCH processes whenig@r> (27)~ L. Thus
it may be better to interpre$,(J) as a test for conditional homoskedasticity
(E(&2|Z,_,) = o& for somec@ almost surely versus general conditional het-
eroskedasticity P[E(e?|Z,_;) = o2] < 1 for all #2). Of course it may be
noted thatS,(J) has no power against nonlinear ARCH processes wh@e=
(2)"V2 This may occure.g., if h; follows a tent map process

Although the choice ofl has no impact on the null limit distribution of
S,(J), it may significantly affect the power d,(J) in finite sampleslt is not
easy however to choose an optimal that maximizes the powgespecially in
light of the facts thatl is not a lag order and that usually no prior information
on the alternative is availabl@herefore it is desirable to choosé via data-
driven methodswhich are more objective than any arbitrary choiceJabr
any simple “rule of thumlj To allow for this possibility we consider using a
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data-dependent finest scalgsay). It can be showr(the proofs are available
from the authorsthat under the conditions that AssumptionslAA.6 hold
andJ — J = 0p(27%2), whereJ is nonstochastic and’h — 0, we haveS,(J) —
$,(J) »P 0 andS,(J) =9 N(0,1) underH,. Thus the randomness of data-
driven J has no impact on the null limit distribution &,(J), as long as) —
J =P 0 at a rate faster than 2% Note that whenJ is fixed (J = 0, say), as
may occur undef, for sensible data-driven methad— J = 0p(277?) be-
comesJ — J —P 0; no rate condition ol is required

So far very few data-driven methods to chodsare available in the litera-
ture. To our knowledgeonly Walter(1994 proposes a data-drivel using an
integrated mean square erfdMSE) criterion It is based on the fact that the
change in IMSE of (-) from J — 1 to J is proportional to}‘,ﬁil&fk, wherea;,
is the empirical wavelet coefficient at a scaleOne starts fromJ = 0 and
checks how IMSE changes frodn= 0 toJ = 1. The grid search is iterated until
one gets the scaléat that IMSE increases most rapidlshen one obtains the
finest scaleJ. This J gives an IMSE that we cannot improve practically by
further increasingl. Such an increase would increase the variance without a
corresponding reduction in biaEhis method is more suitable for estimation of
f(-) on[—, 7] rather than at Obut it has a great appeal—simplicityarticu-
larly, there is no need to use any preliminary estimatord €0y and its deriv-
ative We will use it in our simulation that followdt should be notechowever
that although we conjecture that Walter’s algorithm might satisfy the condition
J — J = 0p(277?) underH, where the optimal finest scale Js= 0, there is no
formal result on the rate of Walteri@994 J in the literature

6. MONTE CARLO EVIDENCE

We now study the finite sample performance $fJ). We use the Franklin
wavelet and the second-order spline wavel&tse Franklin wavelet is defined
via its Fourier transform

sin*(z/4) { 1— (2/3)co(z/4) }” 2
[1-

Py —1/2piz/2
V@) = Cm) et e (2/3)sir(2/2)][1 — (2/3)sir?(2/4)]

(6.1)
For the second-order spline waveliés Fourier transform

B (2) = —(2m) V2iei?/2 sin®(z/4) [ P(z/4 + 77/2)}1/2

6.2

@a® | PPy ©2)

whereP(z) = 35 c08(22) + 32 cos2z) + . The tests are denoted &
ands,.

To examine the impact of the choice of finest scilee consided = 0,1,2,3

for each sample size which corresponds to using’*zl —1=1,3,7,15 empir-
ical wavelet coefficientsWe also use a data-drivehvia Walter’s(1994) algo-

https://doi.org/10.1017/50266466601176024 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466601176024

ONE-SIDED TESTING FOR ARCH EFFECTS 1063

rithm. We choose the finest scalkfor which the change in IMSE frond to
J + 1 exceeds 100%

We compares, andS, with three one-sided ARCH tests—Hongk997) ker-
nel test(denotedK ), Lee and King's(1993 1994 locally most mean powerful
test(denotedLK ), and Demos and Sentan&a5998 one-sided LM tesfdenot-
edDS). We also include Engle’61982 two-sided LM test(LM). For the ker-
nel testK, we use the quadratic-spectral kernel and a data-driven bandwidth
via Andrews’s(1991) plug-in method with an ARCKL) approximating model
For theLK test we use a statistic robust to nonnormalitee and King(13),
1993. The test statistics,, S, K, and LK are all asymptotically one-sided
N(0,1) underHy,. The DS statistic is the sum of the squaréegtatistics of pos-
itive estimated coefficients in the regressionsgfon a constant and the firgt
lags of&2. It has a nonstandard limit mixeg? distribution critical values are
in Demos and Sentand998 Table 1. TheLM test statistic has a null Iimbt/g
distribution and is computed &8 — ) R2 whereR? is the squared correlation
coefficient in the regression @f on a constant and the firgtlags of&2. For
LK, DS and LM, the lag orderg has to be chosen a priofThese tests will
attain their maximal powers when using the optimal lag grdeich depends
on the true alternativdf the alternative is unknowras often occurs in prac-
tice, these tests may suffer from power losses when using a suboptimal lag
order To examine the effect of the choice gffor these testsve useq = 1,12
The corresponding tests are denoted_K$1), DS(1), LM (1),LK(12), DS(12),
andLM(12).

We consider the data generating process

Y, = X{bg + &, g = & hi'?, t=1,...,n, (6.3)

whereX; = (L m,)’, m; = 0.8m,_;1 + v, v; ~ i.i.d. N(0,4), & ~ i.i.d. N(O,1),
andby = (1,1). Both{&,} and{v,} are mutually independentVe estimated,
by OLS As in Engle et al (1985, the exogenous variabl®, is generated for
each experiment and held fixed from iteration to iteratide considem =
100, 200 500, 1,000 for the size of the tests amd= 100 200 for the power
The initial values fore;, t = 0, are set to be ,Gandh;, t = 0, is set to be 1To
reduce the effects of the initial valuese generata + 1,000 observations and
then discard the first,000 onesFor each experimentve generate ,000 iter-
ations using GAUSS Window#T version random number generator

We study the size by settinfly = 1. Table 1 reports the size at the 10% and
5% levels using asymptotic critical valuédfe first look at the wavelet tests
WhenJ = 0,1, both S; and S, perform reasonably well for all sample sizes
with S; slightly better thars, in most casesWhenJ = 2,3 (particularlyJ = 3),
S, andS; are undersized whem= 100, 200, but they become reasonable when
n = 500 1,000 Walter’s algorithm gives reasonable sizes for b8thand S,.
(In the notes to Tables 15 4vhich follow, we report the mean and standard
deviation of Walter’sJ.) For the other tesfghe sizes of the test§, LK (1), and
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TABLE 1. Size at 10% and 5% levels

n =100 n =200 n = 500 n = 1,000

10% 5% 10% 5% 10% 5% 10% 5%

S;(Walter) 7.3 4.5 8.2 4.8 104 6.0 84 4.4
S,(0) 9.6 5.0 8.6 4.2 9.1 51 9.4 51
Si(1) 1.7 52 6.7 41 9.2 6.1 8.3 3.7
Si(2) 6.3 3.9 8.1 4.6 8.7 44 7.4 4.0
Si(3) 4.2 26 6.5 4.2 8.9 4.6 8.7 3.9

S;(Walter) 9.0 54 8.2 4.2 113 6.2 9.1 51
$(0) 9.9 51 8.2 4.0 9.0 51 9.3 4.7
S (1) 9.0 53 81 42 103 48 8.3 47
S(2) 7.2 4.2 8.6 4.8 9.9 5.0 7.2 33
S(3) 55 29 7.7 4.2 9.1 51 8.2 4.7

K 8.4 4.0 7.5 35 8.0 42 85 4.2

LK(1) 9.8 5.0 85 4.0 8.9 5.0 9.3 4.8

DS(1) 9.9 5.3 8.3 41 9.0 51 9.4 4.7

LM(1) 7.8 4.0 8.0 43 9.5 4.3 9.1 4.6

LK(12) 6.3 28 6.8 3.0 8.0 4.2 7.3 3.7

DS(12) 116 7.3 115 6.7 126 7.5 108 6.0

LM(12) 6.1 19 7.1 32 101 51 8.8 47

Notes Model: Y; =1+ m, + &, m, = 0.8m,_; + v, v, ~ NID(0,4), & ~ NID(0,1). Number of iterations= 1,000
The mean and standard deviatiGn parenthesgsof Walter's (1994 J are shownThe S, test 1.87(1.01),
2.12(1.07), 2.57(1.20), 2.72(1.28) for n = 100 200 500 1,000 respectivelyThe S, test 1.89(1.02), 2.15(1.06),
2.56(1.19), 2.77(1.26) for n = 100, 200, 500 1,00Q respectively

DS(1) are reasonable for all sample siz&be testd K(12) andLM(12) show
some underrejectionsvhereasDS(12) tends to overreject slightly except for
n = 1,000

Next, we investigate the power under the following ARCH alternatives

ARCH(1): he= 1+ Bs? 4,
12
ARCH(12a): hy=1+8> &2,
=1
12
ARCH(12b): he=1+p8> (1-1/13)&?,,
I=1
GARCH(1,1): hy=1+ ae? .+ Bh_;.

For ARCH(1), we setB = 0.3, 0.95. ARCH(1) has no sharp peak fdi(-) at
any frequencyln contrastARCH(128 and ARCH12h) have a relatively long
distributional lagwhich generates a peak fof-) at Q. Linearly decaying weights
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in ARCH(12b) are often considered in the literatueg., Engle 1982. We set

B = 0.95/12 for ARCH(123 andB = 0.95/32,(1 — 1/13) for ARCH(12b).
GARCH(1,1) is a workhorse in modeling economic and financial time series
Whena + 8 < 1, GARCH(1,1) can be expressed as ARCH) with exponen-
tially decaying coefficientsWe set(«, 8) = (0.3, 0.3), (0.3, 0.65). The latter
displays relatively persistent ARCH effectgelding a peak forf(-) at 0 We
consider the size-corrected power under these alternatigesy the empirical
critical values obtained from,Q00 replications undeH.

Table 2 reports the power against ARCH) We first look at the wavelet
tests Both S, and S; have similar powerThe choice ofJ = 0 and in some
cases the choice of = 1 give the best powemwhereas the choice of = 3
gives the smallest poweWalter’s algorithm yields power similar td = 2 in
most casedNext, we compares, andS, using Walter’s algorithm with the other
tests As expectedLK (1) andDS(1) have similar powers and are most power-

TABLE 2. Size-adjusted power against ARCH at 10% and 5% levels

B =03 B =0.95

n =100 n =200 n =100 n =200

10% 5% 10% 5% 10% 5% 10% 5%

Si(Walter) 511 395 580 473 823 753 908 877

S1(0) 714 609 908 84.9 97.2 949 100 100
Si(1) 64.8 493 825 748 951 898 997 993
Si(2) 475 340 57.6 467 855 758 962 936
Si(3) 327 227 405 316 67.5 572 840 761
S;(Walter) 55.8 435 693 612 879 822 956 937
S(0) 731 614 908 856 97.3 952 100 999
S (1) 70.2 586 940 930 975 933 100 100
S (2) 544 427 703 603 910 848 989 974
SAE) 40.7 295 529 394 792 702 929 87.6
K 70.8 604 888 827 975 948 100 997
LK(1) 72.8 627 908 860 97.3 954 100 100
DS(1) 731 617 909 857 97.4 957 100 999
LM(2) 64.7 560 858 812 959 934 100 992
LK(12) 241 160 368 276 464 336 733 631
DS(12) 40.2 304 627 541 775 700 945 921
LM(12) 354 238 607 508 725 60.0 923 894

Notes Modet Y, =1+ m + &, m = 0.8m_; + vy, v ~ NID(0,4), & = £ h/?, & ~ NID(0,1), hy =1 + B&f ;.
Number of iterations= 1,000 The mean and standard deviatign parenthesgf Walter’s (1994 J are shown
() B=0.3: The S, test 1.80(0.97), 2.10(1.08) for n = 100, 200, respectivelyThe S, test 1.81(0.97), 2.08(1.08)
for n = 100, 20Q, respectively(b) 8 = 0.95: The S, test 1.82(1.03), 2.28(1.10) for n = 100, 200Q respectively
The S, test 1.90(1.06), 2.37(1.23) for n = 100, 200, respectively
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ful. The kernel tesK has power very close to that 6K (1) andDS(1). These
three tests have better power thaM (1), which has better power the® and

S,. Both S, and S; suffer from nontrivial power loss when there is no sharp
spectral peakThe fact thal.K (1) andDS(1) are most powerful against ARGH)

is hardly surprisingbecause they use the optimal lgg= 1. The powers of
LK(12), DS(12), andLM(12) are substantially smalleFhese tests are less pow-
erful thanS; andsS,.

Table 3 reports the power under ARCE2a and ARCH12b). Again, S;
andsS, have similar powerNow, in contrast to ARCH1), the choice of] = 3
gives the best power fof, and S,, whereas] = 0 gives the smallest power
Walter’s algorithm gives power comparable to the choiceJof 2 in most
casesNext, we compareS, and S, using Walter’s algorithm to the other tests
Under ARCH123, LK(12) has the best powgand it dominate®S(12). (These

TaBLE 3. Size-adjusted power against ARCE2) at 10% and 5% levels

ARCH 12(a) ARCH 12(b)

n =100 n= 200 n =100 n= 200

10% 5% 10% 5% 10% 5% 10% 5%

Si(Walter) 64.0 537 849 805 787 692 866 836

S(0) 40.5 318 703 622 597 494 86.6 80.2
Si(1) 523 403 839 776 723 588 938 908
Si(2) 65.5 551 906 864 816 727 97.0 954
Si(3) 784 686 960 935 876 832 981 97.6
S;(Walter) 60.3 514 87.2 844 77.3 667 911 889
S(0) 36.8 277 650 535 541 430 807 726
$(1) 47.1 351 864 844 659 537 955 945
S(2) 58.6 499 869 818 767 689 959 928
S 738 633 94.0 911 874 817 982 97.1
K 39.6 329 651 593 573 497 814 768
LK (1) 36.8 292 646 539 535 446 80.7 724
DS(1) 36.9 283 651 537 539 434 8038 724
LM(1) 313 254 541 467 467 390 722 658
LK(12) 65.8 593 930 898 728 657 941 920
DS(12) 571 465 898 841 67.1 556 932 890
LM(12) 49.7 412 870 811 60.0 506 916 881

Notes Model: Y, =1 + m; + &, m; = 0.8m,_1 + v, v; ~ NID(0,4), & = & h¥2, & ~ NID(0,1). ARCH(123):
h =1+ 83262, B = 09512 ARCH(12b: h, = 1 + 3% (1 — 1/19e2, B = 0.95/31%,(1 — 1/13).
Number of iterations= 1,000. The mean and standard deviati6n parenthesgsof Walter’s (1994 J are
shown (a) ARCH(12a: The S, test 2.43(1.16), 3.88(1.36) for n = 10Q 200, respectivelyThe S, test 2.50(1.16),
3.93(1.37) for n = 100, 200, respectively(b) ARCH(12b): The S test 2.62(1.16), 3.95(1.28) for n = 100 200,
respectivelyThe S, test 2.70(1.18), 4.07(1.29) for n = 100, 20Q respectively
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two tests have used the optimal lag order of) Ithe wavelet test§, and S,
have power close to that &fK(12). These three tests have better power than
the kernel tesK. The testsS, and S, are slightly better tha®S(12) and are
substantially better thabhM(12) for n = 10Q although the latter uses the op-
timal lag of 12 This indicates that wavelets work well when ARCH effects
have a relatively long distributional lagyjnder ARCH12b), S|, S,, andLK(12)
have comparable poweand they are more powerful thadS(12), LM (12), K,

LK (1), andDS(1).

Table 4 reports the power against GAR@). When («, 8) = (0,3, 0.3),
ARCH effects are relatively wealFor S, andS,, the choice of] = 1 gives the
best power whereas= 3 gives the smallest powerhis is similar to the case
of ARCH(1). When (a,B) = (0.3, 0.65), ARCH effects are relatively persis-
tent The choice of] = 2 gives the best power fd, and S,, whereasl = 0
gives the smallest powefhis is analogous to the case with ARCI2a and

TaBLE 4. Size-adjusted power against GARCELL) at 10% and 5% levels

(e, 8) = (0.3,0.3) (a, B) = (0.3,0.65)

n =100 n =200 n =100 n =200

10% 5% 10% 5% 10% 5% 10% 5%

Si(Walter) 66.6 559 766 682 857 779 881 862

S1(0) 736 650 916 871 796 710 97.0 94.0
Si(1) 764 636 930 886 883 789 985 974
Si(2) 67.1 543 818 742 909 854 986 982
SiI(3) 482 382 615 531 886 817 969 961
S;(Walter) 68.1 583 832 766 852 773 936 923
S(0) 733 634 916 86.2 758 661 953 902
S (1) 774 665 97.2 961 860 773 990 987
S(2) 713 628 889 821 900 850 990 97.9
SAE) 581 475 763 649 914 861 982 97.2
K 752 665 916 886 788 728 954 939
LK(1) 737 644 910 866 761 667 951 904
DS(1) 733 638 916 862 762 663 952 904
LM(2) 66.3 578 862 826 683 625 906 863
LK(12) 358 243 543 435 700 631 920 889
DS(12) 46.2 340 705 615 704 586 94.2 893
LM(12) 411 306 67.8 595 653 563 930 887

Notes Model Y, = 1+ m; + &, m; = 0.8m_; + v, v, ~ NID(0,4), & = £ hY2, &~ NID(0,1), hy =1 + awe? , +
Bhe_1. Number of iterations= 1,000. The mean and standard deviatién parenthesgsof Walter’s (1994 J are
shown (a) (a,B) = (0.3,0.3): The S; test 1.88(0.99), 2.29(1.08) for n = 100, 20Q respectively The S, test
1.94(1.01), 2.33(1.11) for n = 10Q 20Q respectively(b) (e, 8) = (0.3,0.65): The S, test 2.42(1.11), 3.45(1.27)
for n =10Q 200 respectivelyThe S, test 2.52(1.14), 3.58(1.25) for n = 100, 200, respectively
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ARCH(12b). Walter’s algorithm gives power similar to the choicelof 1. We
now compareS, and S, using Walter’s algorithm with the other test/hen
(a, B) = (0.3, 0.3), the kernel tesK has the best powgfollowed closely by
LK(1) andDS(1), then byS, andS,, and finally by LM (1). Neverthelessthe
power difference among these tests is margifhe testdDS(12), LM (12), and
LK (12) suffer from severe power lossé&’hen(a, 8) = (0.3, 0.65), S, andS,
perform the best among all the testéey outperfornK, which is more pow-
erful thanLK (1), DS(1), and LM(1). The powers ofLK(12), DS(12), and
LM (12) are smaller than those &K (1), DS(1), and LM(1), respectively but
the differences are rather smadtl appears that using a long lag order may not
suffer from severe power loss when ARCH effects are persistent

In summary we make to following observation$l) The wavelet testsS;
andS,, have similar size and power in almost all the ca3é® choice of mother
wavelety (-) is not important for both the size and the powEne choice of
finest scalel is not important for the siz&unless] is large anch is smal), but
it significantly affects the powekValter’s algorithm yields an objective finest
scaleJ that yields reasonable powé®) The powers of the one-sided kernel
and wavelet tests depend on the alternativen ARCH effects are less per-
sistent the kernel test is more powerful than the wavelet tédtken ARCH
effects are relatively persisterthe wavelet tests outperform the kernel test
(3) The tests ofLK,DS LM attain their own maximal powers when using the
optimal lag orderbut they may suffer from severe power loss when using a
suboptimal lagUnder each alternativéhe two-sided_M test is always domi-
nated by some one-sided tests using the same lag. ¢4ledone of the one-
sided tests dominates all the others in power for all the alternatives under study
When ARCH effects are less persistetite kernel test has power comparable
to that of LK (1) andDS(1), which use the correct lag order and are most pow-
erful. When ARCH effects are relatively persistetiie wavelet tests using
Walter’s algorithm have power close to or even better than thaKodndDS
using the optimal lag order§5) The kernel and wavelet tests using data-driven
methods do not require the knowledge of the alternative

The fact that the kernel tegt has good power against less persistent ARCH
effects whereas the wavelet te§sand S, have good power against relatively
persistent ARCH effects suggests that a suitable Bonferroni procedure that com-
bines the wavelet and kernel tests may have good power against both persistent
and less persistent ARCH effect#/e consider two simple Bonferroni proce-
dures BF;, which combinesS, and K, and BF,, which combinesS, and K,
where bothS, andS; use Walter’s algorithmThe simpleBF; procedure works
as follows Let P; andP, be the smaller and larger asymptopicvalues of test
statistics{S;, K}. Then one rejectsl, at levela if P, < «a/2. The same proce-
dure applies t@BF,. Table 5 reports the size and powerB¥#, andBF, at the
10% and 5% levelsBoth BF, and BF, are undersizeds is expectedn spite
of this, howevey they do have all-round good power against all the four alter-
natives In particular they have better power than the wavelet t&tand S,

https://doi.org/10.1017/50266466601176024 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466601176024

ONE-SIDED TESTING FOR ARCH EFFECTS 1069

TABLE 5. Size and power of Bonferroni procedures at 10% and 5% levels

n =100 n =200

BF1 BF2 BF1 BF2

10% 5% 10% 5% 10% 5% 10% 5%

Size 66 38 6.8 4.3 6.8 35 56 33
Power

ARCH(1): B = 0.3 504 499 601 509 806 723 814 729

ARCH(1): B = 0.95 934 900 933 903 995 987 997 989

ARCH 12(a) 550 495 545 479 864 832 873 847

ARCH 12(b) 723 658 705 658 940 924 949 934

GARCH(1,1): (0.3,0.3) 696 625 699 632 892 848 895 859
GARCH(1,1): (0.3,0.65 843 791 841 788 980 971 982 977

Size-adjusted power

ARCH(1): 8 =0.3 667 537 672 550 856 763 864 795
ARCH(1): B = 0.95 963 919 964 920 997 992 999 996
ARCH 12(a) 603 515 590 504 891 843 891 867
ARCH 12(b) 774 682 761 677 956 929 958 947

GARCH(1,1): (0.3,0.3) 751 660 758 660 919 870 932 889
GARCH(1,1): (0.3,0.65 870 816 875 808 980 973 990 980

Notes BF,;, Bonferroni procedure combining, andK; BF,, Bonferroni procedure consisting & andK. The
size-adjusted power @&F; andBF,; is based on their empiricatvalues undeH,. Number of iterations= 1,000

when ARCH effects are less persisteand they have better power than the
kernel tesk when ARCH effects are persistetitappears thaBF, andBF, do
capture the advantages of both wavelets and kerédsote that the bootstrap
could be used to obtain an accurate size for the Bonferroni procedtines
method in Horowitz and Spokoing2001) may be useful here

7. CONCLUSION

We have proposed a one-sided test for ARCH effects using a wavelet spectral
density estimator at frequency zero of a squared regression residual series
essential feature of ARCH is that the squared series is positively correlated at
all lags resulting in a spectral mode at frequency zénoparticular a spectral

peak of the squared series arises when ARCH effects are persistemen
ARCH effects are small at each individual lag but carry over a long distribu-
tional lag Because the kernel method tends to underestimate piéakay not

be a powerful tool in small samples when ARCH effects are persidteftis
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case wavelets are expected to perform better because they can effectively cap-
ture spectral peakJhis is confirmed in a simulation studg Bonferroni pro-
cedure captures the advantages of both kernel and wavelet approaches

Our approach can be extended to check adequacy of various conditional vari-
ance modelsThis can be done by using a wavelet spectral density at frequency
zero of the squared residual series standardized by the conditional variance es-
timator. The underlying spectral density is uniform when the conditional vari-
ance model is adequateut it will be generally larger than the uniform density
at frequency zero when the conditional variance model is misspeciiiecon-
jecture that parameter estimation in conditional variance models will have no
impact on the limit distribution of the proposed test for lafye

Our approach can also be extended to test hypotheses in contexts other than
ARCH. In nonstationary time series analysésg., it is important to determine
whether a nonstationary time series is a unit root process or a trend-stationary
processBecause the spectral density at frequency zero of the first differenced
series is zero if the time series is a trend-stationary process and is strictly pos-
itive if it is a unit root processone can distinguish these two processes by
testing whether a wavelet spectral density estimator at frequency zero of the
first differenced series is significantly positivénother potential application is
detection of conditional duration effects and evaluation of autoregressive con-
ditional duration models for irregularly spaced transaction deftaEngle and
Russel] 1998 where the spectral density is also larger than the uniform den-
sity at frequency zero under the alternative hypoth&gigse are left for future
study
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APPENDIX

To prove Theorems 1 and e first state some useful lemmas

LEMMA A .1. Define ¢(l) = EJ-J:O)\(Z#VZJ), I,J € Z, whereA(z) is as in (4.1).
Then

(i) d;(0) =0and d(—I) =d,(l) forall l,J € Z,3 > 0;
(i) |dy(1)| = C < oo uniformly inLJ € Z,J > 0;
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(iii) Forany givenle z,1 # 0, d;(1) > 1as J— oo;
(iv) Forany given r=1, 3"} d;(1)|" = O(2%) as In — co.

Proof of Lemma A.1. See Hong and Le€00Q proof of Lemma Al).

LEMMA A .2. Let V,(J) and 4 be defined as in Theorem 1. Suppose thab Jo,
2/n — 0. Then27V,(J) = V.

Proof of Lemma A.2. Given the definition ofd;(l), we put
_ n—1
V() = 2 dz(l) = 2 2 2 AQ27l/21) A (2IPI271/21),

p=—Jj=|pl I=

where the last equality follows by reindexing/e shall show 2°V,(J) — V,, which
implies 279V,(J) — V, by dominated convergencButl = 1,, — oo, 1/J — 0. We write

\7n(‘]) = \7n(|) + an + Q2n7 (Al)
where
n—1
2 2 > A@wl/2h)A(2/P1271/21),
p=—Ilj=I1+11=1
J J n—-1
Qn= > 2 E A2l 2 A2P12771/21).
Ipl=1+1j=|p| I=

For the second terr@,, in (A.1), we have as1 — oo,

Qup = 2’ Z Z 270 “—[(277/2') D A(27T|/2J))\(2027T|/21)}

p=—Ilj=I+1 =1
= pi+1 f; ifoo/\(z)/\(z‘p‘z)dz[lJro(l)] (A2)
p=—o0 27 0

by dominated convergence(27/21)S[=1A(27l/21)A(2IP1271/21) — [ A(2) X

A(2IPIz)dz for any givenp asj — oo, andE,,,HZ G- 5 2 asl — o0,J/l = co.
Similarly, for the last term inA.1), we have

Q2 = 0(27). (A.3)

Next, for the first termV,(j) in (A.1), by the Cauchy—Schwarz inequalitye have

1/2 n—1 1/2
V. = 2 2-Ipl/2 E 21[2 j E )\2(277|/21)] [2—(1—13) E )\2(277|/2j—p)]
=1

p=—I i=Ipl

=cC? 2 2- 'P‘/ZE 2l =8c?2, (A.4)
p=—o0 j=0
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where we used the fact that for ahy- 0, j > 0,

n—1 2! n—1
2713 N22nl/2h)y =271 S c@al/2i)x + 271 S Cc2nl/2i)
=1 =1 1=2l+1

=C+ c[z—j >+ 27r|/21)—27}
I=1

1 o]
=C|1+ — 1+ x)"?7dx]|,
27 0

where the first inequality follows by Assumption®and the last one follows from the
fact that(1 + x) 2" is decreasing ix > 0. Note thatf;°(1 + x) 27dx < oo givens > 1.
Collecting (A.1)=(A.4) and 1/J — 0, we obtain 2V,(J) — 237 (27)* X
I3 M(2)A(2/P12)dz Thus it remains to showg = 237 (27) 1[3" A(2)A(2/P12)dz,
whereV, is as in(4.5).

From the definitions ofA(-) in (4.1) and I'(z) in (4.6), we have A(z) =
277«/3*(2)1“(2),)\(-) is real-valued and symmetric about &d T’ (-) is 2s-periodic It
follows that

2(277)‘1fOo A(2)A(2/P1z)dz
[0]

= (277)’1fw A2)A*(2IP12)dz

—oo
27

=Q2m)1t> Mz + 2l A [2IPl(z + 217)]dz

lez Y0

2
= 277f {2 G*(z+ 2lm)g[2P (2 + 2I7r)]}1“(z)1“*(2‘p'z)dz
0 ez

2
= 6p,0f ‘F(Z)|2dZ:V06p,Oy
6]

whered, o =1 if p = 0 ands, o = 0 otherwiseand the fourth equality follows from the
orthogonality condition that 2 3, *(z + 2lm)[2/Pl(z + 2l7)] = 8,0 for z€ R
almost everywherécf. Hernandez and Weis$996 (1.4) and(1.5), p. 332 note that the
Fourier transformﬁ(-) there differs from ou:ﬁ(-) by a factor of 2r). Hence we have
235 (2m) My AM(2)A(2'P12)dz = V. This completes the proof ]

LEMMA A .3. LetB(l) be a sequence of autocovariances Wit ;| 3(1)| < oo and
let dy(1) be defined as in Lemma A.1. Th&-:d,(NB(1) = =72, 8(1) as In — oo.

Proof of Lemma A.3. We write

; dy(HB() = I2,30) = ; [dy(1) —1]B(1) - IZ B(). (A.5)
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For the second term inA.5), we have [22,8(1)] = E| 2lB(1)] — 0 given
>L1B(N] < co. For the first term in(A.5), we haveS [ ;[d,(I) — 1]8(1) — 0 as
J,n — oo by dominated convergencd;(l) — 1 — 0 for anyl € Z asJ — oo, and
|d;(1) — 1] = C from Lemma Al. The desired result follows immediately

Proof of Theorem 1. Putu, = £2 — 1 andR(l) = Cov(u,, u,_). Define

J 2
f(0) = ; g @ %, (0), (A.6)

where @ = (2m) Y231 5()%(1),5()) = R()/RO,R() = ntx
St Uy, and () = 27) V2[7 ¥ (w)e "dw as in (3.11). Note that
we ha~ve abused the notatigr{ j) by definingﬁ(j) = R(j)/R(0) rather thans(j) =
R(})/RO). o )

Writing f(0) — (27r)™* = [ f(0) — f(0)] + [ f(0) — (27)~*], we shall prove Theo-
rem 1 by showing Theorems.Aand A2, which follow.

THEOREM Al. V, ¥2(J)n¥2[ f(0) — f(0)] =P 0.

THEOREM A2. V, ¥2()nY27[ £(0) — 27) 1] =9 N(0,1).

Proof of Theorem A.1. Becauseif,—k(~) is the Fourier transform o¥(-), we have

%) [}

% (0) = 2m) V2 X Hy(h)=@2m) 7V 3 e W (2m/20) Y2 (2mhy/2))
h=—c0 h=—o0 (A7)
given (3.11). Moreover by (3.11) and(3.16), we have
n—1

=@Q2m) V2 S p(1)e 22 (272025 (241/21). (A.8)

I=1-n
Collecting(3.15), (A.7) and(A.8), and Lemma Al yields
1 1
[ + [
2T 2T
n—1

J o) 21
2 > > Zeiz’f““Wz”(zqr/zj)tﬁ*(zwl/zjw(zwh/zi)}ﬁ(l)

1-n| j=0h

£(0)

1 1 n—1
==t ; dJ(l)p(l)——Jr—EdJ(l)p(l) (A.9)

2 2 | n

where the second equality follows because by the change of vatiable + m, we
have

21

ei27(1-0k2! (20 /21 i (2771 /21 )i (2ah/21)

oo k=1

J
2277

>

j=0h

I‘\ MS

oo 2)
D (21 > eiZWmWZJ>4,@*(27r|/21)!l7[277(| +my/2']

k=1

[

= E A2m1/21) =d,(1),
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where we used the fact thak2 ,e'2”™¥2' = 2i if m = 2igqq € Z and
2! elzrmk2' — 0 otherwise(e.g., Priestley 1981 (6.19), p. 392). Moreovey the
last equality in(A.9) follows from p(—I) = p(l), d;(0) = 0, andd;(—I) = dj(I) by
Lemma Al
Similarly, we have

f(0) = (Zﬂ)’1+w’1§d3(l)ﬁ(j)- (A.10)

Combining(A.9) and(A.10), we obtain

7[(0) - f(0] = In:illdJ(D[ﬁ(l)—ﬁ(l)]. (A.11)

BecauseR(0) — R(0) = Op(n~Y/2) given Assumptions A and A5, it suffices to show

Vn—l/Z(J)nl/Zni d,(N[R() = R(1)] »P 0. (A.12)
=1

We shall show(A.12) for the casel — oo, where 29V,(J) — V, by Lemma A2. The
proof fgr fixed J is similar, with V,(J) — Vu(J), whereVy(J) is as in Theorem (1).
Put¢, = &/6 and recallu, = £2 — 1. Straightforward algebra yields

R() = R(1) = A1) + Ay(1) + Ag(D), (A.13)

where A(1) = NS u(é2) — €2),A() = n 3L 1(é2 — é)u, and
As() =n7t30 (€2 — €2)(E2, — €2). We first considerA,(1) in (A.13). Noting
& = g/ underHy, whereo? = E(&2), we have

n

n
A)y=6"2n"" > u(82,—e2 )+ (6 2—0s2n* X used,
t=1+1 t=1+1

= 6 2An(1) + 26 A1) + (672 — 05 D) Ag(l),

Wher?A11(|) =n 130U (Ee — eeD?An() = n 3L U (B — ee),
andA;5(1) = n"* 31, u.e2,. By the Cauchy-Schwarz inequalitthe mean value
theorem Assumptions Al, A.4, and A5, and Lemma Al(iv), we have

n—1 R R n—1 n 1/2
2)1 dJ(l)An(l)‘ =|b- bolz[Z ld,(l )Knl Elu3>

I=1
4:| 1/2

= 0p(2/n). (A.14)

ad

ab g(xty b)

X {nl > sup

t=1 bEBy
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Next, by a second-order Taylor expansion and Assumptioris A.4, and A5, we
have

n J
-1 2
n tglutst—l b g(X¢,ho)

u)Au(l)’ =6 boul_il 1dy(1)]

1 . n—1
+ 516 bol? 3 |ay(1)]
=1

n 2
X 1 X
[n gllutst il SUP| oty —g( [,b)m
= 0p(2%n) (A.15)

by Markov’s inequality and Lemma A(iv), where we used
Eln~* 21 uce(9/00)g(X,,bo) | = O(n~t) givenE(u|Z;-1) = 0 as. andX; € Z;
as in Assumption A. Finally, we have

(I )Ale,(l)’ = 0(2Yn"?) (A.16)

by Markov’s inequality and suyp,.,EA2,(1) = O(n~1), which follows from
E(w|Z;_1) = 0 as. and Assumption A. Combining (A.14)—(A.16) and6? — o@ =
Op(N~2), we obtain

n—1
231 dy(1Ay(1) = Op(27/n). (A.17)

Similarly, for the second term,(1) in (A.13), we have

lel d;(1A,(1) = Op(2/n). (A.18)

Finally, we consider the last terrs(1) in (A.13). As shown in Hong1997, p. 272),
SUR<i<n|Ag(l)] = N7t XL (€2 — £7)? = Op(n~1). This and Lemma AL(iv) imply

(l)Aa(l)‘ = sup |A3 |)||:E dJ(|)|:| = Op(2n). (A.19)

0<l<n

Combining (A.17)—(A.19) and 2V,(J) — Vp yields V,¥2n¥2 3" d (D[R(1) —
R(I)] =P 0 given 2/n — 0. This completes the proof fofA.12) and thus for
Theorem Al.

Proof of Theorem A.2. PutWw= 3"1d,(1)R(l)/R(0). By (A.10), we have
[ f(0) — (2m)"1] = W+ [R(0)/R(0) — 1]W = W + 0p(W) (A.20)

given R(0) — R(0) = Op(n~%2) by Assumption Al andH,. Write

n
W=n1>Ww, (A.21)
t=2
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whereW, = R™1(0)u, ,‘;idj(l )u,_,. Observe thafW;, /_1} is an adapted martingale
difference sequencevhere F is the sigma field consisting of alls, s = t. Thus from
(A.21), we obtain

n n t—1 n
Var(n¥2W) = n"* 3 EW2 =¥ > d3(1) = > (1 - I/n)d(1) = V,(J). (A.22)
t=2 t=21=1 =1
By Hall and Heyde's(198Q pp. 10-11) martingale theoremV, ¥2(J)nY2W —d
N(0,1) if
Vo tQ)n Y EMWEL[|W| > gn2VY2(3)]} — 0 for anyn > 0, (A.23)
t=2

n
Vo Hn Tt Y EW? A y) »P L (A.24)
t=2

For spacewe shall show the central limit theorem fov for larged (i.e.,, J — o). The
proof for fixed J is similar and simpler becausi(l) is finite and summable

Given (A.22) and Lemma A2, we shall verify condition(A.23) by showing
27207231  EW* — 0. Putu, = E(ug). By Assumption Al, we have

EW' = 14 R“(O)E[IEldJ(l )Uu]

t—1 t—11-1
= nzR™40) I_Elﬂlj'(l ) +6u,R72(0) l_Ethl d3(1)dF(h)

n—1 2
=3uiR (0 [ > daz(l)] .
=1
It follows from Lemma A2 that 22n=23 L ; EW* = O(n™1), ensuring(A.23).

Next, given Lemma A2, it suffices for(A.24) if 2= 2Var[n 1 XL ,E(W?2| /_,)] = 0.
By the definition ofW;, we have

t-1 2
EW?[ A1) = R0 [l_ZldJU )Uu}

t—1
= EW?+ R *(0) sz(l )[u — R(O)]

t—11-1

+2R7H0) X > dy(1)dy(h)ue_ Uy,

I1=2h=1

= EW2 + R 1(0)A, + 2R 1(0)B,, say

It follows that
n n n
Nt > [EW?| A ) —EW?]=R1ONn > A +2R 10N> B
t=2 t=2 t=2

=R 1(0)A + 2R"1(0)B, say (A.25)
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Whence it suffices to show 22[Var(A) + Var(B)] — 0. First noting thatA; is a
weighted sum of independent zero-mean variablgs — R(0)}, we haveEA? = [y —
RZ(0)[= 1 d%(1). It follows by Minkowski's inequality and Lemma A(iv) that

n—1

n 2
BVs[n12<a%ﬂﬂ s[u4r¥wﬂL§qﬂn]=0@%. (A.26)

t=2
Next we consider VafB). For allt = s, we have
t—1 l2=1 s—1 111
EB Bs = R?(0) E E E E dJ(l1)d2(h1)d3(|2)dJ(h2)6t—h1,s—h26t—ll,s—lz
I,=2hy=11=2hy—1
t—11-1

= R?(0) 2 S dy(t— s+ Ddy(t — s+ h)d,(1)d,(h),

=2h=1

wherg as befored; , = 1 if h =j andéj , = 0 otherwise t follows that

n-1n-11-1

EB*=2n"? E 2 EBB,=2R*O)n"* X > > |dy(7+ 1)dy(r + h)dy(1)d,(h)]
t=3s=2 7=01=2 h=1
n—1 n—1 2
= 2R2(0)n1[2 df(f)} [Z |, (I )] =0(2%/n) (A.27)
=0 =1

by Lemma Al(iv). Combining(A.25)—(A.27) yields 2 2[Var(A) + Var(B)] = O(2 7 +
29/n) = 0 givenJ — oo, 2%/n — 0. Thus condition (A.24) holds By Hall and Heyde
(198Q pp. 1011, V,, ¥2(3)nY2W —9 N(0,1). This completes the proof

Proof of Theorem 2. PutR(l) = 31, ,(e?/0& — 1)(eZ,/0& — 1), whereo =
E(e?) underH,(a,). Becauses, /oo # & underH,(a,), we haveR(l) # R(l), wherg
as beforeR(1) = n"* 3, ;1w Uy and u; = €2 — 1 as before Under Hy(an),
we have

= f?[l +a, 23.(55. - 1)}. (A.28)

We now define

21 2l

f(0) =2 X du¥(0),

j=0k=1
wheredy = (2m)” vzt s f;(l) andp (1) = R(1)/R(0). Write f(0) — (27)1 =

f(0) — f(0) + f(0) — 27) "L The proof of Theorem 2 consists of TheoremS And
A.4, which follow.
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THEOREM A3. V,, ¥2(J)n%2[ f(0) — f(0)] —»P 0.

THEOREM A4. V7 Y2(3)nY27[ £(0) — (2r)™1] =9 N(,1), where = w(J) un-
der Theorem 2(i) ang = w under Theorem 2(ii).

Proof of Theorem A.3. The proof is analogous to that of TheoreniAvith the more
restrictive condition] — co, 22%/n — 0. We omit it here for the sake of space

P_roof of Theorem A.4. We s.hall only show results for the case— co. Because
[ £(0) — 2m) 1] = S td,()R(), it suffices to show

n—1

Vi V22 Y dy (DR(D/R0) - N(p,1). (A.29)
I=1

Recall thatu; = £2 — 1 and putV; = ¢232, B u,._;. By (A.28) and(A.29) andH(ay),
we have

n~t X (&h/og — V(2 h /0§ — 1)

t=I+1

R(I)

n
Nt D (U + a2, Vo) (U + a5V )
t=1+1

n n n n
Nt Y uuta,nt X Viu tanTt Y ouVe tainTt X ViV

t=1+1 t=1+1 t=1+1 t=1+1

=R() +a,A (1) + a,As(1) + a2A4(1), say (A.30)

whereR(l) = n" 3 _ ;41 U Uy, as beforeNow, put Vi(1) = €232, ;. Bj ;. For
the second ternd\4(l) in (A.30), we have

li dy (DAL = li dJa)(n—l S &3 B ut.>
=1 =1 i=1

t=I+1

t=1+1

n—1 n—1 n
= R(0) ; d,(H @A —=1/m)pB + ; dy (DA, {nl > ERlut - R(O)]}

t=1+1

n—1 n
+ 2:1 d;(1B [nl > Vt(')utl]

—RO S + 0p(272nV?), (A31)
=1

whereS" 1 d, (D@ — I/n)B — 37,8 < o asJ — o by Lemma A3 and domi-
nated convergenceand |X/L,d;(1)B{n"* 2, &2[uZ, — R(O)]}| = Op(27%n%?)

by the Cauchy-Schwarz inequalityLemma Al(iv), >/2,82 < oo, and
EIn"13L, 1 €2[uz, — R(0)]|2 = Cn~ ! given Assumption AL In addition we also
used the fact thak, d;(1)8, [Nt X1 Vi(Du_ 1 = Op(2¥?/nY2) given indepen-
dence betweew;(l) andu,_,.
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Similarly, for the third termAs(1) in (A.30), we have

n—1

|Z dy(1)As(l) = Op(27%/n?2) (A.32)
=1

by the Cauchy—Schwarz inequalittemma A1(iv), andEAZ(l) = Cn~! given indepen-
dence between; andV,_, fqr | > 0.
Finally, for the last termAg(l) in (A.30), we putRy(l) = Cov(\;, V). Then

n—-1 n—1 n-1
2}1 dy(1)As(l) = 2:1 d(DRy() + 2:1 d;(N[As() = Ry(1].

BecauseV; = X7,;B;(£2u_;) is a linear process with32,[B,| < o and
E(£2u,;)* < oo, we haveX” S0 317 |k(0,j,m1)| < oo, wherek(0,j,m1)
is the fourth order cumulant di;, Vij, Vism, Vi+1} (€€ €.9., Hannan 1970p. 211). It
follows that sup<nVar[As(1)] = Cn~! by Hannan(197Q (5.1)). Consequentlywe
obtain [ d,(D[A() — Rv(D]| = SE1d, (D[ As(1) — Ru(1)| = 0p(2)/nY/2) by
Markov's inequality and Lemma A(iv). On the other handbecauseRy(l) is abso-
lutely summable (i.e, X2__|Ry(I)] < o0), it follows from Lemma A3 that
rd; (DR (1) = 372, Ry(l) < 0 asJ — . Therefore we have

n—1

> dy(1)Ag = Op(1) (A.33)
1=1

given 2%/n — 0. Combining(A.30)—(A.33), a, = 2¥2/nY2, and Z’/n — 0 yields

n—1 n—1 [e9)

> d(HRI/RO) = X dy(DR()/RO) + (272/nY2) X By + 0p(272/n1/2).
=1 =1 =1

Consequentlywe have(A.29) by Theorem A2. This completes the proof n
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