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1. Introduction. Let ¢ = {r;,0 < ¢ < 1} be a standard d-dimensional Brownian
motion and L a smooth functional on the space C = C9[0, 1] of continuous functions
from [0, 1] to R4, such that E(L(g))? < co. Denote F, = o{x,,0 < s < t}. Then

9. = E[L(x)|F;]
is a square integrable martingale which can be represented as a stochastic integral;
consequently the random variable L(g) has the representation

L) = ELQ) + f 01 e, d,. (1-1)

For Fréchet differentiable functions L, Clark(1) gave the following formula for the
integrand e: e = Bliy()~ 5 ()| .
Here g, . ) is the function of bounded variation corresponding to the Fréchet derivative
of LatzeC.
In (3) (4), Haussmann extended these results to cover the case where ¢ is an Ito
process, i.e. the solution of a stochastic differential equation
dge = f(t,x)dt+o(t,g)dw, gy =0, (1-2)

where v is a vector Brownian motion and f(¢, z), o(¢, ) are smooth non-anticipative
functions of € C. Then L(g) has the representation

1
L) = BL@)+ | ecdm, (1:3)
and the formula for e is

¢, =B [ | L 1l 0, t)m] o(t,0), (1:4)

where @ is the fundamental matrix solution of equation (1-2) linearizedmpa about les
path ¢ (see (2-7)). The proof in (3) involved applying Clark’s original result to a dis-
cretized version of (1-2) and then taking limits, whereas, in (4), a very neat perturba-
tion argument involving the Girsanov transformation was used. In this paper we give,
for the case where ¢ is a diffusion process, a completely different proof based on
potential-theoretic ideas. While this is certainly no neater than the argument in (1),
it is rather transparent in that one sees exactly why the integrand has to be what it is.

+ Work supported by the U.S. Air Force Office of Sponsored Research under Grant AFOSR
77-3281 and by the National Science Foundation, Grant ENG 76-10440.

0305-0041/80/0000-6850 $03.50 © 1980 Cambridge Philosophical Society

https://doi.org/10.1017/50305004100056590 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100056590

158 M. H. A. Davis

The method is based on the following very simple idea. Consider the scalar case

where g is the solution of
dx, = f(5;) dt + o'(z) diog, (1-5)

To=0.

Here f, o are C! functions with bounded derivatives and o) > & > 0 for all {€ R.
Suppose L(z) = l(z,) for some C* function I. Let V(¢, £) be the solution of the parabolic

equation
Vi+ 302 ) Ve +f(E)V, =0, (5,£)€[0,1]x R, (1-6)

V(1,€) = UE)-
(Here V; = 9V /0E, etc.) Expanding V(t,t,) by the Ito rule shows that
V(. §) = By glixy)]

and gives a stochastic integral representation for L(x) in the form

1
L) = lzy) = BL@) + f 5 7(g) o

We can show that this is equivalent to (1-3), (1-4) as follows. Differentiating (1-6)
with respect to £ shows that W = ¥, satisfies

W(1,8) = L(£).
Now let y, be the solution of equation (1-5) linearized about g, i.e.
dY, = fe(te) Do dt + og(x) . divg. (1-8)

Apply the Ito rule to compute the product y), W(¢, t,); this gives
dy, W(t, ty) = 9(o; W + o W) div,.
Thus, taking the initial conditiony), = 1, we get
Vit,8) = W(t,8) = Eg 9, 4(x))].

Now ®(s,t) =1, is precisely the fundamental solution of the linearized equation, and
the Fréchet derivative of L(z) = I(z,) is

:u’::(ds) = lé(xl) 61(d'3)a

where &, is the Dirac measure at ¢. Thus the integrand ¥; ¢ coincides with e of (1-4).
The argument is even more direct if ¢ is constant, for it is a standard result (2,
Theorem 1-2-3) that the solution of (1-7) with o, = O is

W5 = Beg[Lin) exe (|| e as)|

and the exponential term is, of course, the fundamental solution of (1-8) in this case.
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The purpose of this paper is to show that this method can be used to obtain the
formula (1-4) for general functionals L (precise conditions are given below in Section
2). In Section 3, the argument is extended to functionals of the form

Lz) = Uz, 2y, .- 24 )-

We then consider, in Section 4, the approximation of a general functional L(x) by
functionals L, (x) = L[f,(x)], where §,(x) is the linear interpolation of z with grid 1/2".
These results are then combined with those of Section 3 to complete the proof.

2. Formulation and assumptions. [Notation: Throughout the paper z, y denote
generic elements of C = C9[0, 1] with coordinates z,, y,, t €[0, 1]. The norm of zeC is
|lz]| = sup, |;|. Generic points of R? are £, 7 with components &, 7%, 1= 1,2,...d. £
denotes the transpose of a vector £. Gradients of functions are denoted by subscripts:
for example, [l (8, &, ..., €,) ] = (9L/8E}) (o, ---,£,). The convention of implied sum-
mation from 1 to d over repeated indices is used. Finally, processes are denoted by
gothic script: g, 1), ete.]

A d-dimensional process ¢ = {r;, 0 < ¢ < 1} is fixed throughout the paper and is the
unique solution of the Ito equation

dzt = f(t’ zt) dt + O-(ts ‘Et) dmt’ (2'1)
To=0.
Here tv is a standard d-dimensional Brownian motion and the functions f, o have the
following properties (¥ denotes any of the components f, o%)

(i) F:1{0,1]x R?-> R is bounded and measurable.

(i1) F(t,£) is Cin § with bounded derivative (K will denote a common bound for
(i) and (ii)).

(iii) a(t,£) > ¢, I forall (t,£), forsome ¢, >0 (2-2)
(here @ = oo’ and I is the d x d identity matrix).

(iv) The functions a¥ are Hélder continuous in £, uniformly in (¢, £) €[0, 1] x R4.
These conditions are rather restrictive. They are imposed to enable us to use results
from Friedman (2, § 6-5) on solutions of partial differential equations and their prob-
abilistic interpretations. Haussmann(3), (4) imposes somewhat weaker conditions.

Conditions (2-2) imply the standard Ito conditions (see Theorem 5-1-1 of (2)) so
there is a unique process ¢ satisfying (2-1) and according to (2, Theorem 5-2-3),

sup E|g,|™ < oo (23)
tef0,1)
for any positive integer m.

Let L:C— R be a fixed Fréchet differentiable functional. Then there exists a map
¥ :C - C* such that, forz, y € C,

L(z+y) = L(x)+ ¥ () (y) +o(llyll)-

According to the Riesz representation theorem there is, for each x € C, an Ré-valued
Radon measure x, such that

(@) ) = f ey
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and |[(x)|les = TV (u,) (the total variation of u.). We shall denote by p,(t) the right-
continuous bounded-variation function p,([0, t]). We make the following assumptions
on the functional L.
(i) L is a Fréchet differentiable functional, with Fréchet derivative u, at x€C.
(ii) There exist positive integers K, ¢ such that

| ()| + TV (1) < K(1+ |le]))e. (24)
(iii) g, is continuous in z in the weak topology. Note that under conditions (2-4)
E(L(x))? < .
so that L(x) certainly has a representation of the form (1-3).

THEOREM 2-5. Suppose conditions (2-2), (2-4) are satisfied. Then
1
L) = BLg) + [ e,dio, as (2:6)
0

1
where the integrand e, satisfies f |es|2dt < 0o and is given by
0

LA ) 27)

Here ®(t, s) is the matriz-valued process defined for 0 < s <t < 1 by
d; ®(t, s) = A(t, z,) D¢, ) de + B¢, ;) D(¢, s) dio} (2-8)
D(s, s) = I; (= identity matrizx) (2-9)

(A, 6))7 = fis(t, £)
[Bi(t, )1 = ofit, £).

Note that (2:8) is equation (2-1) linearized about the random trajectory .

The proof proceeds in the stages outlined in the introduction. In the next section,
the result is established for the ‘finite-dimensional’ case. In Section 4, we consider
approximation of Fréchet-differentiable functions and use these approximations in
Section 5 to complete the proof.

3. The finite dimensional case.

Suppose L is of the form
L(x) = l(xtg’ xtl’ L) xtn):

where 0 =1t, < ¢,... <t, =1. We assume that {: R#*+t1) > R is continuously differ-
entiable and that

nd
UON+ 3 (0] < K(1+16])s, 0eRwsa (3-1)

Then (2-3) is satisfied. We can obtain a stochastic integral representation for L(y) in
this case using the method outlined in Section 1.
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Let £y, & ... 8,1, 7eR4and telt,_,,¢,] and let V71 (§,... £, ,,7,t) be the solution
of the parabolic equation

2/ n-1 n-1
A A LI A S L)
Vn—l(go’ e gn—li 7, tn) = l(go» cery gn—lﬁ 1) (3-3)

(V71 and its derivatives are evaluated at (£, ... £,_;, 7, ¢) in (3-2), and

: alt,n) = o(t,m) ' (¢, 7))-
Under conditions (2-2), the equation (3-2), (3-3) has a unique solution V»-1 satisfying

I Vn_l(goi recy gﬂ.—l! 77) t)l < K(gm R ] gn—l) (1 + Iﬂl)q (34)
(see (2, pp. 147-148)).

LEMMA 3:5
(i) For each (&, ...,En 1, 7) ER® Ve and te(t, ,,t,)

V"_l(go, rer gn—l! 7, t) = Et, q[l(gm s gn—l: Etn)]’
(ii) Vn-11s continuously differentiable in £; forj = 0,1...n—1 and
Vgnj—l(go o gn—l: 7, t) = Et,q[lgj(go e gn’ Etn)]’
(i) V2 (ge, s Te,_pr Eeof) = BlUEe, .- 2 ) F] as.

Proof. (i) Applying the Ito rule to calculate V™-1(&,... £, ,, t;t) for te[t,_y,t,],
we find that

dy V£ - Enrs Tno ) = (V37Y) odw. (3-6)

It follows as in (2, Theorem 6-5-3) that the stochastic integral is a martingale, and

this gives (i) in view of the terminal condition (3-3). Part (ii) follows from the dominated

convergence theorem, using (2-3) and (3-1). Part (iii) is & consequence of the Markov

property of g, given that V»-1(g,,... 1, ¢) is, from part (ii), a measurable function

of (s, v Lp o b)-
From (3:5) (iii) we have, in particular, that

VoAt - Bt Bty bama) = ELUE, - ?:'t,,)| F, 1
Now proceed by induction. Supposing that V*: R&+0d x [¢,, ¢, . ]1— R has been defined,
define VE~-1(£,... &, 1, 7,t) for te[t,_,,t,] as the solution of (3-2) (with V*-! and
derivatives evaluated at (&, ... £,_;,7,¢) replacing V*-1) with terminal condition
VEYEy o s o t) = VE(Eo - Epmrs 1,7, 8)-

This defines V* for k=n—1, n—2...,0, and an argument similar to the above
using the iteration property of conditional expectations shows that for ¢ € [¢,_;, ¢,.]

V(gta’ s Cp_p Lo t) = E[l(gto’ [ Et,,)lFt]

V(0,0) = E[l(xs, --- e,))-

6 psp 87

In particular
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This gives a stochastic integral representation for L(x); indeed, as in (3-6) we have,
for each £,

e
Vk_l(zto’ gtk_li Tty tk) - Vk_l(gto e xtg_p gtk_l: tk—l) = f (Vilc_l)'o'dm

k-1

and hence, in view of the boundary condition (3-7), summing over k gives
1
L) = BL(s) + | #udm,

where 8 = (Vi (tsy Tty pEe?)) 0t Te), tE[fi_r,til.

We now show that this integrand coincides with the one given by (2-8). Now, the
Fréchet derivative of Lat xeC is

L(ds) = Z b=y, - xtn) d¢,(ds)
and hence the integrand given by (2-7) is
e, = X Bll(x, - 5,) O, )| Bl o2, 1)

ti>t

ProrosrTION 3-8. 8, = ¢, a.s. for each t€[0, 1].
Take first t €[t,_,,¢,], regard &,...§,_, temporarily as fixed constants and denote
Vin,t)y= VY&, ..., Epn1, 7, t), 5O that

Vin,t) = E,,[U&-.. £n1s 2e,)]
Define W'(,t) = (Wi(,1), ..., Wi(n,t)), where

0

Differentiating (3-2) by 7*, we see that W* satisfies the equation
W= %a:{c Wi+ 3o Whj+ Wi fi+ Wife =0, (¢,m)€lt,,t,Jx R (3:9)
Wk(ﬂ’ tn) = lg;(go one gn—la 7). (3-10)

According to the remarks on pp. 147-148 of (2) this equation has a unique solution
satisfying the same growth condition as V*. An extremely laborious application of
the Ito rule, using (2-1), (2-8) and (3-9) shows that

L0 (t,5) W(x,, 1)] = OH(W, 0+ Wigh) do,

i.e. the process ®@'(¢,s) W(x,,t) is a martingale. In view of the boundary conditions
(2-9) (3-10) this shows that

W("]’ t) = Eq,t[d),(ls t) ! ,,(go o gn—l’ gl)]
and hence that

(V3 (o Bty Beo ) = Bl (T, - Tp,) P(L )| B
Thus e, and 3, agree for te[?,,_,,¢,].
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Now suppose that e, = 8, a.s. for each ¢ €[¢t;,t,], so that in particular, denoting

. 0
(V"r;)l (§0 o gk, 7, t) = 37' Vk(go ves gk’ 7, t):
we have
(V’;)' (Legr o> Ltpo Lty te) = B[ '>§+ l(lé,-(Eto . Tt,) @ty tk)lFt,,]- (3-11)

Now consider the function V*-1, An exactly similar argument to the above shows that
for te[t,_y, 4]

Vf;‘_l(Zto Ty o Lt) = E[O'(t, 1) V%‘_I(Eto coo g te)| Bt (3-12)
In view of the terminal condition (3-7) we have

Vlf_l(go o Epmn Mo by) = V’rfl(go cor Em1s M5 Mo tk)l'rh=72=q+ Vf.(go vor Gk M5 M2 tk)|7h=7;,=1,-

The second term on the right is given by (3-9) from the induction hypothesis. For the
first, we apply part (ii) of Lemma (3-5), which gives:

V%"}(So v &1 M Mas ) = Ef;,, t,,[lgk(go o 1 M Bty - Et,,)]
and hence Vi, - Bt Lo ) = Bl (xeys - e )| B ) (3.14)
Using (3-11), (3-13), (3-14) in (3-12) gives
V’;‘I(Eto» vty pInt) = E[D’(¢y, ) {lgk'*' _>Zk+ I(D,(ti’ t) l§z}|Ftk]
= E[ 3 O'(t, 1)1 |F).
>k

Thuse, = §,fort e[t,_,,t,], and hence, by induction, for all ¢ € [0, 1]. This completes the
proof and establishes Theorem (2-5) for the special case of L(z) = l(, ... z, ) satisfying
(3-1).

4. Approximation of Fréchet differentiable functions.

Suppose L is a Fréchet-differentiable function satisfying condition (2-4). We wish
to approximate L(x) by functions L,(z) depending on only a finite number of co-
ordinates of 2. For this purpose, introduce the linear interpolation £, : C - C defined
as follows: with A = 2~ and z e C,

B.(@)(t) = %[x(k+ 1) b) — a(kh)]t — ka((k + 1) k) + (k+ 1) x(kh), ¢ elkh, (k+ 1)),

Note in particular that ||, (z)| < |lz|| and ||8,(x) — z|| > 0 as n 0. Now define
L, (x) = L(B,(x)).

Then clearly L (x) =1, (%4, Zp, Tops ---» 1) (4-1)
for some function /, : R®"+Vd > R. The properties of L, are summarized in the following
theorem.

THEOREM 4-2.

(i) 1, 18 continuously differentiable for each n.
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(i1) Let v% denote the measure corresponding to the Fréchet derivative of L,,. Then v
18 continuous in the weak topology and
| Ln(@)| + TV (V2) < k(1 + Jlefi)
(¢.e. L, satisfies (2-3)).
(iii) vg — p, weakly as n—~ oo, for each x €C.

Proof. We give the proof for the case d = 1. For d > 1 the argument is the same but
notationally rather cumbersome.

We first show that the derivatives of I, are given by the following formula, from
which statement (i) in the Theorem is immediate.
E fhv(t) dt, k=0.
kJo

P) 1/ (kn (k+1b . .
72 o 1 Eun) = —z(f(k_l)hv(t)dt—fkh v(t)dt), k=1,2, .. 2%1. (43)

11 k
L_ﬁ 1on V(t)dt, = 27,

Here v(t) = ps,([0,¢]) and £, = 24, k = 0,1, ..., 2", Indeed, for z, y € C we have
L,(z+y) = L(B,(z+y))

= L)+ f Pl )+ o) (4-4)

Fix a e R and an integer k€[1,2"—1] and choose y to be any continuous function
such that y(¢) = 0 for t [0, (k— 1) AU [(k+ 1)k, 1] and y(kh) = a. Then

L,(x+y) = 1y(%o - Tge—1ns T + % Tgerns - -+ £1)-
On the other hand

ZE—(—1)k)  te[(k—1)h,kh]

Buly) = —Z(t-(b+1)h) te[kh, (b+1)h]

0 elsewhere

and an integration by parts shows that

Junrrrenr ==3( [, poas [ 7o),

The central formula in (4-3) follows from this and (4-4) and a similar argument gives
the other two cases.
In view of the representation (4-1) the Fréchet derivative of L, at x €C is

an

0
vzlds) = X % Z'n(xO’ Ty, oo s Tonp) 8ih(ds) .
i=0 0%y
Using (4-3) shows that
1 [k+DA
20 =000 = 3 [ naole)ds,t b, e+ )AL (5)
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By splitting up p () into its positive and negative parts, it is easy to see from (4-5)
that
V(2 < TV (up)-

Thus [ La(@)| + TD(Z) < [L(Bu@))] + TV (1g,0)

< K(1+ 18 (2)l)e?
< K(1+ [lz]])e.
This gives (4-2)(ii). For part (iii), note that v%(¢) is a right-continuous function of ¢ and
according to the Helly-Bray Lemma (5, § 11-3a), weak convergence of v7 to u, is
equivalent to convergence of v3(¢) to x.(t) at all continuity points of u,(.). If ¢t is a

continuity point of x, then g, )(s)— p,(s) as n—>co for all s in a neighbourhood of ¢
and it follows from (4-5) that v3(¢) - p,(¢). This completes the proof.

5. Proof of Theorem (2-5).
Let L be a functional satisfying (2-4) and define L, (z) = L(f,(z)) as in the previous
section. In view of Proposition (3-8) and Theorem (4:2), L, () has the representation

Lo(t) = BL,(t) + f '

0 E [f]t, 1] V;L(ds) (D(S, t)lﬁ;] O'(t, Et) dmt. (5_1)

Now f£,(x) >z as n—> oo for any x € C, so that L, (r) - L(t) a.s. It remains to show that
the two terms on the right of (5-1) converge to the corresponding quantities in (2-6),
(2-7) as n—>oc0.

Consider (1-2) and (2-8) as a joint system of stochastic differential equations, defining
processes r, for s€{0,1] and ®(s,?) for se[t, 1]. In view of (2-2) the standard Ito
conditions are satisfied, and we conclude from Theorem 5-2-3 of (2) that, for any
positive integer m, there is a constant C(m) such that for any ¢ €[0, 1]

E{ t:ggl[lzsl"w |®(s, )™} < C(m). (5-2)

In particular, E|g|™ < C(m). Now from (2-4)(i),

[ Ln(@)] = | L(B,(=))]
< K(1+1Ba(e)l)?
< K(1+ =]

and hence applying the ‘c, inequality’ (5, §9-3a)
B|L,(@)|* < BE*(1 +|J=f))®
< Eley,(1+0(29)).
This shows that {L,(r), = = 1,2, ...} is uniformly integrable and hence that
EL,(x)>EL(xt) as nmn->co.

Since almost all sample functions of @(.,¢) are continuous and vy —» u, weakly for
each xeC,

1 1
f vy (ds) (I)(s,t)—>fl ly(ds) D(s,t) a.s. (5:3)
¢
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Now in view of conditions (2-2) and part (ii) of Theorem 4-2

| [Hran ootz

< sup |D(s,t)| |o(t, z)| TV(vy)
<8<

< sup |D(s,t)| K2(1+ [igll)e.
t<s<1

Hence from (5-2) and the Schwarz inequality

\ f T (ds) O(s, t)o(t, gt)

for some constant K,. This shows that the set { tn=1,2 } is

fl vy(ds) O(s,t) o(t, x,)
t

a uniformly integrable subset of L,(Qx [0, 1], dP*dt), and therefore in view of (5-3)
and Jensen’s inequality we have

Efol ‘ E [Jj vy (ds) @(s,t) —Ll,u;(ds) D(s,t)

2
E:I U(t’ zt)

dt—->0 as n—>o0.

< Efoll (f: vy (ds) O(s, ) —J;l,u;(ds)d)(s, t)) a(t, 1) ’

This shows that the stochastic integral in (5-1) converges in L, to the corresponding
integral in (2:6), (2-7). Therefore a subsequence converges almost surely and the
representation (2-6), (2-7) is established.

6. Concluding remarks
In (3), (4), Haussmann proves Thoerem (2-5) for a process g satisfying

dy, = f(t,r)dt+ o(t, t) di,

where f*, 0%:[0, 1] x C — R are non-anticipative Fréchet-differentiable functionals. It
seems likely that our approach could be extended to cover this case by introducing
some form of finite-dimensional approximation for f, o (though this would have to
be done with some care — for example f, (¢, x): = f(¢, f,(2)) is no longer non-anti-
cipative). However, it also seems likely that the detalls would be very complex.
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