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Abstract. In this paper we introduce foundational techniques and prove the following: if X
is a Z¢ subshift without periodic points, if ¥ is a Z¢ square mixing subshift of finite type
containing a finite orbit and if there exists a homomorphism X — Y, then X embeds into
Y if and only if #(X) < h(Y). For the proof, clopen markers are used to generate Voronoi
tiles whose thickened boundaries are coded using the homomorphism. The entropy gap
and the square mixing permit the construction of an injective code on the tile interiors.
A second paper will show that Z? square filling mixing shifts of finite type are square
mixing and that homomorphisms exist, resulting in an extension of Krieger’s Embedding
Theorem to Z? subshifts.

1. Introduction

The theory of Z subshifts of finite type (SFTs) is a rich, well-understood theory with
many applications [Bow, DGS, LM]. It has developed in parallel with ergodic theory and
there have been frequent connections, such as, for example, the Jewett—Krieger Theorem.
A key to such ergodic theory applications is the diverse collection of subsystems found in a
mixing SFT of positive entropy. This diversity is demonstrated in the Krieger Embedding
Theorem [Kr] which states that given the necessary conditions on entropy and periodic
points, any subshift can be embedded in a mixing SFT. Because it so effectively captures
the subshifts embeddable in a mixing SFT, Krieger’s Embedding Theorem is a cornerstone
in the coding theory of Z SFTs where it finds application in the construction of factor
maps [Boy] and automorphisms [BF, KRW] and even has applications in the theory of
non-negative matrices [BH].

Because all Z mixing SFTs (containing more than one point) have roughly the same
structure of subsystems, equilibrium states and lower entropy factors, the mixing SFTs
have proven to be a very effective point from which to view Z subshifts. However, such
a viewpoint has not been located for Z¢ SFTs for d > 2, though there are certainly
positions offering stunning vistas such as the class of algebraic actions on compact abelian
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groups (see e.g., [S]) or the work on two-dimensional tiling systems (see e.g., [Ra]).
Unfortunately, despite the rich and intricate landscapes displayed in these views, they do
not offer the sort of panoramic perspective provided by Z mixing SFTs.

This is the first in a series of papers which develops a theory of coding for a class of Z?
SFTs that is similar to the theory available for Z mixing SFTs. While it may be some time
before the appropriate class of target subshifts is precisely determined, a recent example
of Sahin and Quas [QS] indicates that it is not the mixing SFTs; they exhibit a Z> mixing
SFT X and € > 0 which contains no proper square mixing SFTs whose entropy exceeds
h(X) —e.

We begin by addressing the case where the domain is a non-periodic subshift. The first
two papers will address the construction of homomorphisms and embeddings from non-
periodic subshifts, and will prove an extension of Krieger’s Embedding Theorem which
takes non-periodic subshifts as the domain (later papers will extend this to arbitrary
subshifts). We stress that the non-periodic subshifts are not an isolated class of subshifts.
By generalizing the Jewett—Krieger Theorem, A. Rosenthal [Ro] has shown that every free
ergodic measure-preserving Z2 action on a Lebesgue space is measurably isomorphic to
a strictly ergodic Z? subshift providing us with an immense supply of non-periodic Z>
subshifts. Moreover, this restriction of the domain to non-periodic subshifts is not merely
an academic exercise but, in fact, will develop foundational techniques necessary for the
general situation.

To state the results of the first paper let A, = {(x1,...,xq) € Z¢ : |xi| < n}. AZ¢
subshift Z is said to be square-mixing (SM) if there exists a k > 0 such that for n > 0 and
any pair x, y € Z there exists z € Z such that z|, = yla, and zlza\a,,, = XIzd\a,,-

We prove the following result: if X is a non-periodic Z¢ subshift, Z is a Z¢ square-mixing
SFT which contains a finite orbit and there exists a homomorphism X — Z, then there exists
an embedding X — Z if and only if h(X) < h(Z), where h denotes the 74 entropy.

In a second paper [L], the construction of homomorphisms X — Z will be discussed.
This is a more delicate and difficult construction; it will be necessary to suppose Z is a
7?* square-filling-mixing SFT. Roughly speaking, a SFT is square-filling if a word which
is locally allowed on a square annulus may be filled in. (See [L] for a precise definition.)
It will be shown that a square-filling-mixing SFT is SM (and contains a finite orbit) and
it will be shown if X is non-periodic and Z is a square-filling-mixing SFT then there
exists a homomorphism X—Z. Combining the results of the two papers we arrive at
the following extension of Krieger’s Embedding Theorem: if X is non-periodic and Z
is a square-filling-mixing SFT then there exists an embedding X < Z if and only if
h(X) < h(Z). We should also stress that this class of square-filling SFTs is no mere
replica of Z mixing SFTs. Indeed, the Z? strongly irreducible SFT example of Burton and
Steif [BS] which has two measures of maximal entropy is a square-filling-mixing SFT.

The paper will proceed as follows. In §2 we present definitions and statements of the
results and an overview of the proof of the primary result (Theorem 2.5). Sections 3-7
contain preliminary results (described more thoroughly in §2) which are brought together
to construct the desired embedding in §8. In §9 we show Z2 SM SFTs have finite orbits
(this is also addressed in [W]) and we show (for d > 2) Z? SM SFTs are entropy minimal
(Z is entropy minimal if X C Z = h(X) < h(Z)).
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2. Definitions and results

For an integerd > O and x = (x1,...,Xxq) € R let ||x|| refer to the Euclidean norm of x,
and for two points x, y € R? let p(x, y) = |lx — y]. Let lxllsup = max{|x;| : 1 <i <d}
andfork e Nandv e R, let Ay +v={r e R : ||r — V|lsup < k} (writing Ay = Ar +0
and Ax\0 = Ax\{0}). Forr > Oandv € R? let B(v,r) = {r € R? : p(v, 1) < r} and for
A C R? let A denote the closure of A with respect to the topology induced by the metric p.
SoB(w,r)={teR?: p(v,1) <r}. We will regard 74 as naturally embedded in R? thus
inheriting the previous distance functions and sets by restriction.

Let S be a finite set of symbols and let SZ* be the set of maps from Z¢ to S with the
product topology. The group Z¢ acts naturally on SZ* and this action is referred to as the
shift on SZd. Specifically, an element v € 74 takes x € SZd to the element o%x € SZd,
where (0Vx), = Xy1y, for all u € Z¢. The map o¥ acts homeomorphically on the set 52
with respect to the product topology. A closed shift invariant subset X C § Z* is called a
7@ subshift. For X and Y subshifts, a continuous map ¢ : X — ¥ which commutes with
the shifts on X and Y is called a homomorphism. An injective (bijective) homomorphism
is called an embedding (topological conjugacy). We say an embedding ¢ : X — Y is
proper if ¢(X) # Y. A Z4 subshift X is mixing if for any pair of non-empty open sets U
and V, we have U N o’V # ¢ for all but finitely many v € Z¢.

For A ¢ Z¢ and x € S%° let x| 4 be the element of SA formed by the restriction of x
to A. Fora € Z% we use the simpler notation x, = x|(4). For a Z¢ subshift X C SZ Jet
Wx(A) = {w € SA : 3x € X such that x| 4 = w} which we call the set of X allowed
words on A. If B ¢ R? we let x|g = X|gnze and Wx(B) = Wx(B N 7). If the
cardinality of A C Z is finite (written |A| < 00) then we say w € Wx(A) is a finite
word, otherwise we say w is an infinite word. The property of mixing may be expressed
with finite words: for A C Z¢ finite, for «, B € Wx(A), and for all but finitely many
v € Z¢ there exists x € X such that x| 4 =« and (6%x)| 4 = B (we say x exhibits o« and
B separated by v).

It will be useful to have a notion of a shift on words. For A C Z4 and v € Z4, define
o' A ={a—v:ae A= A—v. Forw e SAand v € Z4, let us define o'w € S7" 4 as
(c¥w), = wy4y, for all u € 0¥ A. This definition is consistent with the shift on SZ* and
there is the following convenient relation 0¥ (x| 4) = o”x|,v4. As a matter of practical
application, if A # oV A, then SA and S9°A are distinct, which means that Wy (A) and
Wx (oVA) are distinct, nonetheless when A is finite we will not hesitate to identify their
elements.

We will use the following standard definition for the Z¢ entropy of a Z¢ subshift X
(where |A| = card{A} and A)f ={(r1,...,rq):0<r <nforl <i<d}).

Definition 2.1.

log [Wx (A

h(X) = lim sup v
n

n—oo

By subadditivity the lim sup in this definition is a limit and equals the infimum of all
such values.
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FIGURE 1. Square mixing.

Definition 2.2. A Z% subshift Y % isa shift of finite type (SFT) if there existsann > 0
such that

Y ={xeS% x|, ., € Wy(A,) Vv e Z%.

We say such an SFT is A, scaled. In an analogous fashion SFTs may be A scaled for
other subsets A C Z4. If Y C SZd is an A scaled SFT and C C Z¢, then a word u € SC s
said to be A locally Y allowed if A+ v C C implies u| 44, € Wy (A + v).

Wesay ¥ C SZ" is a matrix SFT if there exists a set {A,-}l‘.l=1 of |S| x |S|, 0—1 matrices
suchthat Y = {y € SZd DAY, Yute) = 1LVI <0 <d Vv e Zd} where for1 <i <d
the ¢; are the standard unit vectors generating Z<.

Definition 2.3. A subshift X such that x # o”x for every x € X and p € Z4\0 is called
non-periodic since it has no periodic points.

Definition 2.4. A 7@ subshift Y is square-mixing (SM) if there exists k such that for each
n > 0andx,y €Y there exists z € Y such that z| 5, = x|, and led\An+k = ylzd\AHk.

The parameter k is referred to as the square-mixing gap parameter. If a square-mixing
SFT contains a finite orbit, we call it a finite-orbit square-mixing SFT (FOSM SFT).
The effect of square-mixing upon the presence of finite orbits is not completely understood.
It is not hard to see that, for d = 2, a Z¢ square-mixing SFT has finite orbits, as we show
in §9 (see also [W]). Whether this must be the case for d > 2 is not known.

The following is our principal result.

THEOREM 2.5. Ford > 2, let X be a non-periodic 74 subshift, let Z be a 78 FOSM SFT
and suppose there is a homomorphism X — Z. Then, there exists an embedding X — Z if
and only if h(X) < h(Z).

‘We have two immediate corollaries. For Z to contain a finite orbit means that there is a
subgroup G C Z? of finite index and a point in Z which is fixed by G. That is, for some
z€Z,08z=zforallg € G.
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COROLLARY 2.5.1. Let X be a non-periodic 74 subshift, let Z be an SM SFT, and let
G C 74 have finite index. If there exists a set of disjoint closed subsets X u+G indexed by
the elements onz/G such that for v € Z4, 0" Xy+c = Xyvtu+g and if some 7 € Z is
fixed by G, then there exists an embedding X — Z if and only if h(X) < h(Z).

Proof. One can check that letting ¢(x) = oVz if and only if x € X,;g defines a
homomorphism X— Z. a

COROLLARY 2.5.2. Ford > 2, let X be a non-periodic 74 subshift and let Z be a 74
SM SFT which contains a fixed point. Then, there exists an embedding X — Z if and only
ifh(X) < h(2).

In the following paper [L] we will prove the following theorem.

THEOREM 2.6. If X is a non-periodic 72 subshift and if Z is a Z* square-filling-mixing
SFT, then there exists a homomorphism X — Z.

Together, Theorems 2.6 and 2.5 imply the following extension of Krieger’s Embedding
Theorem.

THEOREM 2.7. Let X be a non-periodic 7* subshift and let Z be a 7* square-filling-
mixing SFT. There exists an embedding X — Z if and only if h(X) < h(Z).

Interestingly, the question of whether SM SFTs must have finite orbits is highlighted
here since Theorem 2.5 assumes the SM SFTs have finite orbits and we make use of these
finite orbits in the proof. Whether one could prove Theorem 2.5 without making reference
to finite orbits is not clear.

We now briefly address the proof of Theorem 2.5 beginning with the necessity of the
entropy condition. Because any SM SFT necessarily contains a periodic point (c'x = x
for some v € Z?\0) any embedding of a non-periodic subshift into an SM SFT will
necessarily be proper. Following A. Quas and P. Trow [QT] we say a subshift X is
entropy minimal if for any subshift X’ ¢ X we have h(X’) < h(X). In §9 we prove
that any SM SFT is entropy minimal. Thus any embedding of a non-periodic subshift into
an SM SFT must have strictly less entropy.

We turn to the sufficiency of the entropy condition. In the sections that follow we
proceed to construct an embedding ¥ : X <> Z. The assumption that we have a
homomorphism ¢ : X— Z in Theorem 2.5 permits a construction of an embedding which
is very similar in spirit and shares analogous structures with the embedding constructed
for Z subshifts (Krieger’s Embedding Theorem). The principal difference is the geometry
of R, “Voronoi’ tilings of R¢ are much more complex for d > 2 than for d = 1.
This construction takes some time, so we give an overview of it.

In §3 we introduce 9M,,, the class of m regular subsets of 74 (M c Z%ism regular
if no two elements of M are within m of each other and no element of Z¢ is more than
m from the set M). Then we define and derive Voronoi tilings from m regular subsets
of Z¢. Such tilings consist of a collection of convex polyhedrons such that (1) for each
polyhedron V, B(p,m/2) C V C B(q,2m) for some p,q € R?; and (2) they cover R4
regularly (i.e. distinct polyhedrons have disjoint interiors).
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In §4 we associate the non-periodic subshift X to a set of Voronoi tilings. Namely, we
construct a clopen set F C X such that foreach x € X, the set M, = {v € 7% : oVx € F})
is m regular. Thus, using the techniques of §3 we can derive Voronoi tilings from the sets
M, e My,.

In §§5 and 6 we locate a Z allowed word Wi which can act as a ‘marker’ in the image.
Specifically, in §5 we show there exist My and a word Wy € Wz(Ap,) such that the
subshift Y = {z € Z : z|AM0+U #+ Wo Yv € Z% is an SM SFT which contains a finite
orbit, h(X) < h(Y) and there exists a homomorphism X— Y. In §6 we show that there
exist M’, M and a word Wi € Wz(Ap,)\Wy (Ap,) such that for m suitably large, any
y € Y and M € 9M,,, there exists z € Z such that z, = W) if and only if v € M and
z=yonZ\ Uyep Ay

In §7 we construct an injection of words. Roughly speaking, for m suitably large and
any convex polyhedron V such that B(p, m/2) C V C B(q, 2m), p,q € R?, we construct
an injection ¥ from Wx (V) to Y allowed words which have been ‘marked’ by W and
which have a fixed pattern of symbols on their boundary. Finally, in §8 (for each x € X)
we use the homomorphism to determine a pattern of symbols on the boundary of each
Voronoi tile in the Voronoi tiling constructed from M, and we use the injection W to
paint ‘marked’ Y allowed words on the interiors of each Voronoi tile producing an element
Y (x) € Z. The results from the previous sections are then applied to show ¢ : X— Z is
an embedding and that completes the proof of Theorem 2.5.

3. Voronoi tilings

In this section we introduce a couple of fairly standard Voronoi tiling definitions
(see [A, OBS]) and prove a simple lemma (3.3). We then define regular coverings and
prove a result (Lemma 3.5) summarizing what we need to know about such coverings.

Definition 3.1. A set M C R? is m separated if for every v € M, B(v,m) N M = {v}.
A set M C R? is m syndetic with respect to Z¢ if v € Z¢ = B(u,m) "M # . Am
separated set M C R? which is m syndetic with respect to Z¢ will be called m regular.
We define M, = {M C Z? : M is m regular}.

If M c Z% is m syndetic with respect to Z¢, then M N B(v, m + +/d/2) # @, for all
veRY

Definition 3.2. Forv e M C R? the Voronoi tile corresponding to v with respect to M is
the set V, = {r € R? : p(r, v) < p(r, M)} (where p is the Euclidean metric).

The following is well known but we prove it anyway.

LEMMA 3.3. If M C R is m regular, then for each v € M the Voronoi prototile V, is a
closed convex polyhedron and B(v, m/2) CV, C B(v,m + «/3/2).

Proof. Let x € V, and suppose p(x,v) > m + +/d/2. Since V, is the Voronoi tile
corresponding to v with respect to M, and x € V), it follows that x is as close to
v as to any other element of M, that is p(x, M) > m + \/3/2. But this means
M N B(x, m + +/d/2) = @ contradicting M’s m syndeticity with respect to Z¢. Thus the
Voronoi tile V, C B(v, m + /d/2).
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However, if there exists a point x ¢ V, and d(v, x) < m/2 then there exists another
point u € M such that d(u,x) < m/2. But then d(v,u) < d(v,x) +d(x,u) <
m/2 + m/2 = m, a contradiction since d(v,u) > m for each distinct pair in M.
Thus B(v, m/2) C V.

Each Voronoi tile V, = mueMU H,(u) where M, = M\{v} and H,(u) = {x € R? :
lx —v|| < |lx — ull} is the closed halfspace containing v. Thus the Voronoi tile V), is the
intersection of a collection of closed convex objects and, therefore, is closed and convex.
Since V, C B(v, m + «/3/2) and since V, = NH,(u) it suffices to take the intersection
over the finite set of points u € B(v, 2m + +/d) N M,. Therefore, the Voronoi tile V, is a
closed convex polyhedron. a

COROLLARY 3.3.1. The set Ty = {Vy — v : v € M for some M € IM,,} is finite.
Proof. For M € M,, and v € M each V, C B(v, m + +/d/2) and this means that each
Vo—v={reR?:p(r,0) < p(r, M'N B(0,2m + Vd))}

where M’ = M — v C Z¢ is m regular and contains the origin. Because the collection of
all possible m separated subsets of E(O, 2m + \/c_i) N Z¢ is finite so is the set of all such
Vy — v. O

The set {Vy}per of Voronoi tiles is a cover of R? and for u # v the sets V, and
V, have disjoint interiors; however, the collection of sets {V,},eA¢ is not necessarily
uniquely associated to a subset M € 9M,,. There exist distinct M, M’ € M, for
which the collections {V,},er and {V;,}U/E A are the same, where Vl’), is the Voronoi
tile corresponding to v’ with respect to M’. In fact, given M, the collection of such M’
(with identical Voronoi tilings) may be uncountable. For this reason, we take the following
approach to tiling.

Let § be a finite collection of convex polyhedral sets and suppose there exists a set
U C § x Z4 such that RY = U(V’Z)em V + z and distinct (V, z), (V', z’) € ¥ are such that
(V +2) N (V' + Z') has an empty interior. Then U is referred to as a regular § covering
of R? and § is referred to as the set of prototiles. Regular § coverings of R? embody our
notion of a tiling of R by polyhedral sets.

Let us define a shift o on the elements of § x Z¢. For B = (V,u) € § x Z¢ and
v e Z4, define 6¥(8) = (V,u — v). For U C § x Z% let us write o () for the set
{c?(B) : B € V). Clearly, U is a regular § covering of R? if and only if ¥ (D) is.

We would like to define a topology on collections of regular § coverings in which
whenever two regular § coverings U1 and 0, agree on some finite set § X A,, then they lie
in a common basis set. Such collections of regular § coverings are subsets of P(F x 74y,
where P(A) denotes the collection of all subsets of A. Also, since § is finite, § x 74 is a
discrete metric space.

Definition 3.4. For a discrete metric space A define the Bounded Neighborhood (BN)
topology on P(A) as that topology generated by the basis of sets consisting of all
U, B) ={B € P(A) :anN B = BN B} where B C Ais finite and « € P(A).

A collection V of regular § coverings of RY may be given the (BN) topology since
V C P(FxZ4). With respect to this topology, the shift map o defined earlier is continuous.
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FIGURE 2. M and the corresponding Voronoi tiling U, (M).

The following lemma summarizes what we need to know about Voronoi tilings generated
by sets M € M.

LEMMA 3.5. For m > 1 fixed, the collection §p, = {Vy —v : v € M for some
M e My} is a finite set of convex polyhedral prototiles such that for each prototile
V€ Fm B(O,m/2) CV C B, m + ~/d/2). Forany M € M, the set V(M) =
{(Vy —v,v) 1 v € M) is a well-defined regular §,, covering of R? with the following
properties.

(1) Foreveryv € M there exists a unique (V, u) € U, (M) such thatu = v andV + u
is the Voronoi prototile corresponding to v with respect to M.

2) The map M + 3,,,(M) is (BN)-continuous.

3) Bp(@' M) =0"D,(M).

We refer to the set §,, as the set of Voronoi prototiles and to U, (M) as the Voronoi
tiling of RY generated by M. See Figure 2 for a picture of an example for d = 2.
Note (V, v) € U,,,(M) if and only if v € M.

Proof of Lemma 3.5. The first sentence follows from Lemma 3.3 and Corollary 3.3.1.
Since U, (M) is the collection of pairs (V, v) € Fn x Z? such that (i) v € M and (ii)
V € §n is the unique element such that V + v = V), it follows that for v € M there exists
only one element (V, u) € U,,(M) such that u = v (and V, =V + u).

The continuity of the map M +— U, (M) may be demonstrated as follows. For k > 0
let K = k 4 2m + +/d. For M, M’ € M, let {(Vu}vem and {V,} e Ap denote the Voronoi
tiles corresponding to the elements of M and M/, respectively. For each v € M the
Voronoi tile V, is determined by M N B(v, 2m + v/d) (likewise for M’). If M and M’
agree on A, then for every v € M|), = M/IAk (since B (v, 2m + \/6_1) C Ak) we have
Vy = V. Thus U, (M) and T, (M) agree on Fn, x Ag.

Part (3) is just a matter of observing that shifting a set M, shifts its Voronoi tiling and
therefore shifts the corresponding U, (M). o
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4. Markers in the domain
We now associate Voronoi tilings to a non-periodic subshift X. We do this by constructing
a continuous shift commuting map X—90,, for suitable m (x — M) . For each x, the
image M, of ‘markers’ is derived from a clopen ‘marking set’ and is viewed as presenting
local periodicity information about the symbols that occur in x. This is done much as is
done in the proof of Krieger’s Embedding Theorem for Z subshifts. We proceed as follows.
For A ¢ R? and j € Z4\{0}, a word w € Wx(A) is said to be j periodic if for every
pair v, v 4 j € ANZ? we have w, = wyyj. Fora Z4 subshift X and positive integers m
and M with0 < m < M, let {w; },'K: | be an enumeration of the following set of words.

{wi}X, = {w e Wx(Ay) : wis not j periodic for any j € B0, m)\{0}}. (1)

Let (w;) = {x € X : x|a,, = w;i}; so (w;) is a clopen subset of X. We have the following
algorithm.

ALGORITHM 4.1. For integers m < M and an enumeration of words {wi},'K:p we
construct the set F(m, M) C X as follows. Let F1 = (wy), for 1 < n < K let

Fp = Fm1 U ((wa)\ Ujezom 0/ Fy_1), and let F(m, M) = F.

Re-indexing the words {wi}iK: | may produce a different set F'(m, M); however, any
such F(m, M) will be adequate for us.

LEMMA 4.2. For positive integers m and M with 0 < m < M and {w,'}iK:1 as in
equation (1), the set F = F(m, M) is a clopen subset of X with the following properties:
(1) FNnolF =4, forall j € B(O,m)\{0}.

@ Uiw) € Ujegom o’ F-

Proof. The (w;) have the property that (w;) N o/ (w;) = @, for all j € B(0, m)\{0}.
The definition of F, preserves clopenness, and property 1; that is, if F,_; and
(wy) are clopen so is F,, and if F,_; and (w,) satisfy property 1 so does Fj,.
Lastly UjeE(o,m)Uan—l U (wy) C Ujel?(o,m)Uan which when applied repeatedly
beginning with F' = Fg gives us property 2. a

COROLLARY 4.2.1. Form, M, and F asin Lemma4.2andx € X, ifx & UjeE(O,m) o/F,
then x|p,, is a j periodic word for some j € B(0, m)\{0}.

We fix F = F(m, M) and use it to construct for each x € X a set of markers

My={veZl: o'x € F). 2)

COROLLARY 4.2.2. M, has the following properties (for v € Z2):
(1) ifve My, then B(v,m) N M, = {v} (M is m separated); and
(2) if Blv,m) N My =@ then X|Ay+v is J periodic for some j € B(0, m)\{0}.

Remark 4.3. The map x — M for x € X is shift commuting and continuous in the sense
that, given k > 0, there exists K such that whenever x|x, = y|a then My|a, = My|a,
and 6’ M, = Mgv,, where 0" M, = M, — v.

https://doi.org/10.1017/5014338570200130X Published online by Cambridge University Press


https://doi.org/10.1017/S014338570200130X

596 S. J. Lightwood

LEMMA 4.4. Given a non-periodic subshift X and an integer m > 0 there exists an integer
M > m such that for any F = F(m, M) and each x € X, the set M, € M,,.

Proof. That M is m separated follows from Corollary 4.2.2(1). That M, is m syndetic
with respect to Z? follows because X is compact. Specifically, we claim that there exists
M such that for every x € X, the word x|,,, is not p periodic for any p € B(0, m)\{0}.
Suppose not, then there exists a sequence My — oo and a sequence {xi}ien With xg|a "
p periodic for some p € B(0, m)\{0}. It follows that there is a subsequence x; which
converges to some point x € X and such that xp|a w, Aare all p periodic for some
p € B(0,m)\{0}. One can check that x is p periodic, contradicting the non-periodicity
of X.

As demonstrated in Corollary 4.2.2(2), it is the nature of ' = F(m, M) and hence the
derived set M, that if (B(0, m) + v) N M, = @ for some v € Z9, then X|Ay+v 1S p
periodic for some p € B(0, m)\{0}, thus (B(0, m) + v) N M, # . O

5. The Abundance of FOSM SFTs

In this section we develop an aspect of finite-orbit square-mixing (FOSM) SFTs which is
needed to prove Theorem 2.5. Specifically, we show that any FOSM SFT Z contains an
abundance of subshifts which are themselves FOSM SFTs and which may have entropy
arbitrarily close to #(Z). In what follows we refer to an SFT which contains more than a
single point as a non-trivial SFT.

THEOREM 5.1. If Z is a non-trivial Z¢ FOSM SFT, then for any € > 0 there exist My > 0
and a word Wo € Wz(Apy,) suchthatY = {z € Z : Z|v+AM0 #* Wo, Vv € Zd} is an
FOSM SFT with Y C Z and h(Y) > h(Z) — €. Moreover, if Y' is a subshift with Y' C Z,
then Wy may be chosen such thatY' C Y.

Remark 5.2. That Z has a point with a finite orbit is crucial for us since Wy = x|x Mo for
some x € Z with a finite orbit. Whether this is necessary is not clear.

Remark 5.3. For d = 2, Theorem 5.1 also holds if we replace the FOSM SFT with a
square-filling-mixing SFT.

LEMMA 5.4. In an FOSM SFT the set of points whose orbits are finite is a dense set.

The proof of this lemma follows naturally from the arguments used to prove the entropy
relation in Theorem 5.1 so we will not present a separate proof. Rather, we will address
the proof by merely making a remark at the appropriate point in the proof of Theorem 5.1.

The rest of the section will be directed toward the proof of Theorem 5.1. We begin by
setting down some notation and a couple of facts. Forn > 1 and m > 3, let

Wi = Afy o+ (1,on) and Ay = A\ W .

Then A;’n'n is the disjoint union of the annulus A,, , and the shifted hypercube W, ,.
Forvy,...,vq € 74 let (v1, ..., vg) denote the subgroup they generate. For 1 < j <d
let e denote the jth canonical basis element (0, ..., 1,...,0) € 74 whose Jjth component
is 1 and whose other components are zero. Forn € Z and t = (t1,...,13) € 74 let
nt = (nty, ..., nty). G Cc Z9isa subgroup with |Z?/G| < oo, thenforeach 1 < j < d
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there exists annj; € N, n; > Osuch thatnje; € G (hence, there existsann € N, n > 0
such thatne; € G for 1 < j < d).

For w € Z¢ and K,m,n,ny,...,ng € Nsuchthat m > 3, n;, > 0, n >
max{ni,...,nq} and K > mn, if W, , N (Aj; + w) # ¢ then for any a € 74 there
exist k; € Z such that a + Z?:l kivie App N (Aj; + w) where v; = nje;.

Before we begin the proof of Theorem 5.1 we present a preliminary ‘replacement’
result. Let Z be a non-trivial matrix SFT and suppose x € Z has a finite orbit. As such there
exist v, ..., vg € Z% suchthat |Z¢/(vy, ..., vg)| < coandoVix = x foralli =1,...,d.
Since we may, let us assume each v; = n;e; for some n; > 0. Let m,n be such that
m > 3,n > max{ny,...,ng}andlet V € WZ(A,J,QH) be any Z allowed word such that
VIAwn = XlAn, but V. # x|,+ . (We will not concern ourselves with V’s existence at
this point since that will be guaranteed in due time.) If y € Z is such that y| Ap = Xlax
then because Z is a matrix SFT we may ‘construct’ or define a new pointy € Z such that
Yztag, = Ylznag, a0d¥lay, = V.

Let R C Z¢ be any sufficiently large square, that is R = A} + v for some v’ € Z? and
K € N, where K > mn. For y € Z define

B(y)={we 72 o"ylg = x|r}.

LEMMA 5.5. For y € Z such that Yiag, = Xlat, and for y as defined earlier,
B®) € B(y).

If we think of the construction of y from y as a replacement procedure or algorithm that
replaces the word x| Ab (which looks like x) with the word V (which does not look like
x), then Lemma 5.5 tells us that this replacement procedure does not create any new words
in y which look like x.

Proof of Lemma 5.5. Writing z =y, we suppose w € B(z), thatis 0% z|g = x|g. This is
equivalent to saying that z, = x,—y foralla € R + w. If ¥, , N (R 4+ w) = @, then for
alla € R+ w, y; = 74 = Xq—y Which implies 0% y|g = x|g. Thatis, w € B(y).

So suppose w is such that ¥, , N (R + w) # ¥ and suppose a € R + w (hence
Zq = Xq—w). There exist ky, ..., kg € Z such that

d
a-+ Zk,-vi € Amn N (R + w).
i=1
The periodicity of x implies x,_, = Xt vy Since a + Zle kivi € R + w this

implies 2oy ki = xa+Z§1=] ki —w and thus (since a € R + w)

Za = Xa—w = xa+z,¢:l kivi—w = Za+z;1:1 kiv;®
Now, either a € W, , or not. If so, then since a,a + Z?:l k;v,- IS A,J;m, and
YIar = Xlp+ we know y, = Yary kv’ And since a + Y i_ kivi € Apn,
ya+2§-1:1 kivi ZG+Z§-1:1 kiv;* Thus
Za = Za+2;1=1 kivi — ya+2§-”=1 kiv; = Yar
However, if a is not in ¥, , then y, = z,. In either case, y, = z, foranya € R + w.
Thus o y|g = 6% z|gr = x|R, so again w € B(y). In sum B(z) C B(y). m]
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Proof of Theorem 5.1. We may assume Z is an SM matrix SFT with SM gap parameter k.
By assumption there exists an x € Z and vy, ...,v4 € Z4 such that |Zd/(v1, v
< ooand oV%ix = x foreachi = 1,...,d. We assume each v; = ne; where n > k.
We let o = x[,+. The periodicity of x implies & = x[,+,,, forall 7 € 7@ where
nt = (nty,...,ntg). That is, x may be regarded as formed by the concatenation of the
word «. Similarly (for m > 3) the word 3V = x|4,,, is the concatenation of the word «
around the annulus A, ;.

Because we have assumed Z is non-trivial, we know for m suitably large that there

exists a word B € Wy (Aa’n_4)n) such that B # x|A(+m74)n. Since Z is SM and n > k, there
exists aword V € Wy (A,‘l,'n) such that V|4,,, = dV and V|A(+ " #* x|A(+ ) where

e=(1,...,1). To see this, let y € Z be such that ylA(+ = B. By SM, there exists

M +2ne

z € Z such that ZlAEtn—4)n+2ne = y|A+ +2ne and ZlZZ\‘I’m,n = lez\\Pm,n' So, V = Z|Ajr;n'

(m—4)n
Remark 5.6. The existence of x and V allows us to prove Lemma 5.4. As described earlier,
for any m suitably large and any B € WZ(AE:n—4)n) there exists a Vg € WZ(A;Q,,)

such that VBIA(+ o+ 2ne B, and Vp|4 = 0V. Thus, the point z defined by

m,n

Z| o+ mnt = Vg for all 1 € Z9 is an element of Z and o'z = z whenever v = mnt,
mn

d .
t € Z*. Since +
< | A(m—4)n+2ne

whose orbits are finite is dense, proving Lemma 5.4.

= B and z has a finite orbit, we see the set of points in Z

We now show the following claim.

CLAIM 1. Form suitably large if we let My = mn and Wo = x|p,,,, then h(Y) > h(Z)—e.

mn?

Proof. From the definition of entropy, given € there exists m such that

\dd

Wz (AT, gyl = 1 > BE7m, 3)
As described earlier, for each word A € Wy (A(tn_ 4)n) there exists (by SM) at least one
word Upn € Wz(A,L,) such that UAlA(+ ot2ne = A and Uala,, = 0V. Let N =

|WZ(A:EH174),1))| — landlet {A}Y | = Wz(Aa%)n)\{xlATm_m}. Since Z is a matrix

SFT, foreachn € N Z% there exists z = z(n) such that z| Ab

an Hmnt

= U, fort € 74.

For points z so constructed, the number of words z| AL would equal N (kd). (Also, a
countable number of such points z will have a finite orbit.)

Note, if ¥ were defined using x| AL instead of Wy, then there could exist elements z
(as constructed earlier) which need not be in Y. Since Y is defined using Wy, let us
check that the points z are elements of Y. We will do this by contradiction; suppose
0"Z|Apy = XA, OF equivalently, z|a,,+w = x|a,,. The periodicity of x implies for

every t € Z¢ such that a, a + nt € A, + w that
Za = Za+nt- 4

For ¢ € 74, let k = mnt’ be such that A, + w D AL, + k. By the construction of z,

there exists A € WZ(AE:n—4)n) such that for any a € Az:n%)n + k + 2ne,

Za = Ag—k—2ne- 5)
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Since a € Z4, there exist # € Z9 such that a + nt € Apn + k. However,a' € Ay + &
implies z,» = x,/_,. Together with Equations (4) and (5) this means (with a’ = a + nt)
that

Ag—x—2ne = Za = Za+nt = Xa+nt—«

forall a € Azfn%)n + Kk + 2ne. That is, for all a” € Azfn%)n, Agr = Xg'42neqn: and
thus A,» = x,» because of the periodicity of x. This implies A = x|,+ , contradicting

(m—4)n
our choice of A. In conclusion z|a,,,+w 7 X|a,., forany w € Z¢ and z so constructed.

SozeY.
We can underestimate the number of words in Wy (A
words Z"‘f . So, for any k € N, k > 1 we have
xmn

+

wmn) Dy counting only those

Wy (AT )= N®D = ((Wz(AF )] — DX

kmn (m—4)n
Hence, by Equation (3), h(Y) > h(Z) — €. O

Remark 5.7. A slight variation of this argument shows non-trivial FOSM SFTs have
positive entropy. Thoughin §9 it is evident that the positive entropy can be deduced without
reference to finite orbits; that is, non-trivial SM SFTs have positive entropy.

We will now show that Y is an FOSM SFT. Y definitely contains finite orbits, so we
need only show Y is SM. To do this we pick a value k’ for the SM gap parameter for Y and
show that the SM property holds.

Since Y is Ay, scaled, let k" be large enough that for any n’ > 0 there exists n with
n' <n < n' + k' such that for any w € Z4¢, w + A, is a subset of either A, ZI\A ik
or Ay \Ay (e.g. letk’ =4Mo+6+kandn =n'+2My+2). Fory,y’ € Y, SM tells
us that there exists z € Z such that z|za\ A, ., = Ylzd\a,,, and z|a, = YA,

Since y € Y we know no copies of Wy occur in z on Zd\A,H_k (i.e. for Ay, +w C
Zd\An+k, y|AM0+w # Wo). Similarly no copies of Wy occur in z on A,. It is possible
that copies of Wy still occur in the annulus A,/ \A,7. However, they may be removed.
Suppose Af +w C Ayyp\ A,y and Z|A,ﬁ,,+w = xlA;n. Using the replacement procedure
outlined before Lemma 5.5 we construct 7 € Z. @Zd\ Aftw = Zlzai\az, 4+, and
aA,ﬁ,ﬁw = V.) By Lemma 5.5, B(Z) C B(z), and since B(z) is finite, |B(Z)| < |B(2)|.
Moreover, 'Z]Zd\ Aoy = Ylzay Ayip and 7| Ay = v A, - Letting Z be renamed z and
repeating this process a sufficient and finite number of times, we will have that |B(z)| =0
(and hence z € Y) and zlzd\An,+k, = ylzd\An/+k/ and z|p, = ¥'|a,,. Thatis to say, ¥
is SM.

To complete the proof of Theorem 5.1, it remains to address the last sentence of
Theorem 5.1. Since Y’ C Z and the finite orbits are dense in Z there exists a point
x € Z with a finite orbit such that x ¢ Y’. So for N sufficiently large x|, & Wy (An).
Let W = x|py anddefine Y ={z € Z : y|ay+v # W, Vv € Z4}. Since W & Wy (An),
ify e Y/, then y|pay+v # W forall v € Z%. Thatis y € Y. So, we let x be the periodic
point used at the beginning of the proof of 5.1 and we choose m and n large enough that
Mo =mn > N. O
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6. Constructing a marker for the image

The primary purpose of this section is to prove Lemma 6.3. To make an injective map
from X to Z we need a ‘marker’ symbol in Z that we can use to ‘mark’ the lattice elements
v € My in the target space Z. For Y and Z as in Theorem 5.1, the word Wy itself may
not be a marker for Y in Z, since it may fail to satisfy the only if portion of Part (i) in the
following definition.

Definition 6.1. Let Y and Z be subshifts such that Wy (Ay) C Wz(Ay) forall M > My
for some My > 0. For M > My, aword W € Wz(Ay)\Wy(Ay) is called a marker for
Y in Z if there exists M’ > M such that for every y € Y there exists z € Z such that

(1) zlay+v = Wifand only if v = 0; and

(1) zlza\a,, = Ylza\a,,-

If M = 1 then we refer to W as a marker symbol for Y in Z. We refer to M’ as the marker
shadow size.

LEMMA 6.2. Let Y and Z be subshifts such that Wy (Apy) C Wz(Ay) for all M = M)
for some My > 0. For M > My, if W € Wz(Auy)\Wy (Ay) is a marker for Y in Z, then
there are higher block recodings, Y and Z, and a symbol w € W5 (A1)\Wy (A1) which is
a marker symbol for YinZ.

Proof of Lemma 6.2. It suffices to recode using Wz (A 7). We let the symbol w correspond
to the word W and one can check that (i) and (ii) (in Definition 6.1) hold with the recoded
marker shadow size M’ = M + M’ — 1. |

LEMMA 6.3. Let Z be a non-trivial SM SFT and for My > 0 and Wo € Wz (A m,) suppose
Y={zeZ: Z|AM0+U #* Wo Vv € Zd} %+ (. Then, there exist My > My and a word
Wi € Wz(Am)\Wy (Aup,) which is a marker for Y in Z.

We will see that it suffices to let the marker shadow size M’ > k + M, where k is
the SM gap parameter for Z. Before we begin the proof of the lemma let us verify the
following easy claim.

CLAIM. Suppose there exists m > 0 such that for every x € X, oPx = x for some
p € Au\O. Then h(X) = 0.

Proof. Let X C SZ' and let X, ={x € X :0Px = x}. Then X = UpEAm\OXI"
It should be clear that 2(X) < max h(X,) so we need only show that 1(X ) = 0O for each
p € Ay\0. Fix p € Z9\0. Regarding p € R?, let H be the d — 1 dimensional hyperplane
perpendicular to p and suppose {q,-}f.l:_ll spans H. Let d = {(Zrigi : 0 <1, < 1}
For A C RY let A x p=1{rp+sq:0<rs <landg € A} and forn > O let
nA ={na :a € A}. Then

log |[Wx,(n(® x p))| _ log|Wx,(n® x p)|
= lim
nd n—o00 nd

h(X,) - Vol(® x p) = lim

d—1 F
log(|S|" Vol(®x p)
< lim g(1S1 ) =0. |

T n—>o0 nd

Proof of Lemma 6.3. Assume Z has the SM parameter k. If there exists m > 0 such
that for every M > 0 and w € Wz(Apy), w is p periodic for some p € A,\O,
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FIGURE 3. Constructing Wj.

then by compactness every x € Z has cP’x = x for some p € A,\0 and hence
h(Z) = 0. Since Z is a non-trivial SM SFT, h(Z) > 0 (see §9) and so there exists an
m > 2(Mp + k + 1) and a Z allowed word A € Wz(A,) which is not p periodic for
any non-zero p € Aayy+i+1). Since A € Wz(A,,) there exists a point Z € Z such that
Zla, = A. Let M| = m + 2My + k + 1. Because Z is an SM SFT there is a word
Wi € Wz(Apm,) such that Wi|a,, = A and such that W, |AMO+U = Wy for v equal to each
(p1,..., pd) € 74 where each pi = £(M; — My). Figure 3 depicts W ford = 2.

Since Y C Z, for each point y € Y there exists a point z € Z such that z = y is outside
Apy+k and z|a w, = Wi. No other copy of Wj exists in z since this would contradict
y € Y (by the presence of Wy in the region Z¢\ A M, +k) or would contradict A not being p
periodic for any p € Aj(py+k+1)- O

7. Constructing an injection into marked words using entropy
In this section our principal result is Theorem 7.2, though we will actually use the closely
related Corollary 7.2.1. For two subshifts X and Z, Corollary 7.2.1 gives sufficient
conditions for the existence of an injection from the set of X allowed words into a
set of Z allowed words on a suitable collection of polyhedrons. This will provide us
with the means of guaranteeing the injective nature of the embedding which we seek in
Theorem 2.5. Since the corollary follows almost directly from Theorem 7.2, most of this
section will be spent proving the latter. In order to state Theorem 7.2 we need to define
some terms.

For a convex polyhedron V C R? let V,Jg = {r € R : p(r,V) < K} and let
Ve = {r e V: o, R4\V) > K}. Let 39V denote the boundary of V and let
AVE ={reR: p(r,daV) < K).

Definition 7.1. Let Z be a subshift and let W € Wz(A). For a convex polyhedron V and
apoint p € VN 74, define Wz (V;"; p, W) to be the set of words w € Wz (V1+) such that
(fori € V1+ )

w; = Wifandonlyifi = p.

Foru € Wz(8V1+) define
Wz (V1) = (w e Wz()) : wlyyr = u).

We think of Wz(V;'; p, W) as the collection of words in Wy (V1+) which have been
‘marked’ at p with the symbol W and we think of W7 (VI”) as the collection of words in
Wz (V1+ ) which look like # on the neighborhood 3V1+ of the boundary of V.
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For ip > 0 we say a family ( ;. io 8 (D) is a 2 uniform family of convex polyhedrons if
each §(7) is a set of convex polyhedrons which, for V € §(i), we have B(p,i/2) C V C
B(q, 2i) for some p, q € R4,

THEOREM 7.2. Let Y and Z be non-trivial SM subshifts such that Wy (Ay,) C Wz (Ay)
forallm > 0 andlet W € Wz(A1)\Wy (A1) be a marker symbol for Y in Z. For any €
such that 0 < € < h(Y), there exists my > 0 such that for every 2 uniform family of convex
polyhedrons | ... §(), i = ma, V € §(i) with B(0,i/2) C V and, u € Wy(3V1+) we
have

i>ig

M=V i (yy 0wz (V)5 0, W)

COROLLARY 7.2.1. Let Y and Z be non-trivial SM subshifts such that Wy (A,,) <
Wz (Ap) forallm > 0 and let W € Wz(A)\Wy (A1) be a marker symbol for Y in Z.
For any subshift X with h(X) < h(Y), there exists my > 0 such that for every 2 uniform
family of convex polyhedrons Uizio $@), i = my, V € F@G) with B(0,i/2) C V and
ue Wy (3V1+) there is an injection

W) : Wx (V) — WE(VH N Wz} 0, W). (6)

Corollary 7.2.1 follows directly from Theorem 7.2 and Lemma 7.4.

Since we identify W 4(B) with W 4(B —v) = o¥(W 4(B)) we will extend the definition
of W allowing it to take values from oWy (8V1+) = Wy (UUBV{") and c"Wx (V) =
Wx(a¥V) to a®(WE(V) N Wz (V] 0, W) = WS “(0"V) N Wz(a? V] —v, W).
That is, for o¥u € Wy (c*dV;}")

W(oVu): Wx(@"V) = WS “(0" V) N Wz (@ Vs —v, W)

where
Yo u)(oc’w) = o’ W¥(u)(w).

Remark 7.3. Given € > 0 and K > 0, there exists i1 > 0 such that for any 2 uniform
family of convex polyhedrons Uizio §@@),i =i1,and V € §(i) we have

(I —e)Vol(V) < Vol(Vg) and  Vol(VF) < (1 + €)Vol(V).

LEMMA 7.4. Let X be a Z¢ subshift and let € > 0. There exists iy > 0 such that for
any 2 uniform family of convex polyhedrons Uizio $G), i = i1, andV € F(i) we have
IWX(V)| < e(h(X)+€)V01(V).

Proof of Lemma 7.4. From the definition of entropy, there exists an N such that
+
|WX(A$)| < (MXOFOVOIAY) By Remark 7.3, for K = +/d - N there exists i; such
that fori > iy and V € §(i) we have Vol(V;g) < (1 4+ €)Vol(V). We cover V with disjoint
d-cubes A; + v. Suppose the minimal number of d-cubes necessary for this is L. Then we
know
+ +
L -Vol(Ay)  Vol(Vg)
< <

Volv) = Voly) S T€
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Putting this together we get
log [Wx(W)| _ L -log|Wx(A{)| Vol(A})
Vol(V) — Vol(V) Vol(A})
_ logWx(AR)|
Vol(A7)
<(h(X)+e)(1+e) <h(X)+¢€. O

(I+e)

The following lemma is a simpler version of Theorem 7.2. We present it so that we may
preview our approach to the proof before proving Theorem 7.2.

LEMMA 7.5. Let Y be anon-trivial Z¢ SM subshift and § = Uizio $ (@) a2 uniform family
of convex polyhedrons. Given € > 0 there exists i1 such that fori > i1 andV € §(i), we
have |Wy (V)| > eh)—e)VolV),

Proof of Lemma 7.5. Let k > k, where k, is the SM parameter for Y. By the definition
of entropy, for N > k suitably large, |Wy(Ay_¢)| > e(MV)=Vol(AN)  For N/ = 2N
ande = (1,...,1) € Z9, Ay C A}, — Ne and Vol(Ay) = Vol(A},). By Remark
7.3, for K = /d - N, there exists i such that for i > i; and V € §(@@), we have
(I —€e)Vol(V) < Vol(Vy).

Since the collection {A;, — Ne 4 N'v},cza is a cover of R? by disjoint sets, for a
convex polyhedron V and K = +/d - N’ there exists a finite set A C Z? such that the set
{A;, — Ne + N'v}yeq is a cover of Vi (by disjoint sets) and each AT, —Ne+NvcCV
forv € A. So {AN + N'v}yea is a collection of disjoint sets and each Ay + N'v C V.

SM guarantees that for each n € Wy (An_i)4, there exists a word w € Wy(V)

such that w|s, ,+nv = M. Thus [Wy(V)| > [Wy(Ay—k)|t where L = |A].
Since UUEA(A;, — Ne + N'v) C Vis a cover of Vi by disjoint half-open d-cubes we
have

L -Vol(A},) _ Vol(Vy)
> >
Vol(V) = Vol(V) —
Putting these facts together we get

log [Wy(W)| _ L -log|Wy(An-i)| Vol(An) Vol(A})

Vol(V) Vol (V) Vol(Ay) ~ Vol(A})
. log Wy (An-p)l (1—e
Vol(Ay)
> (h(Y)—e)(1—€)=h(Y)—€. 0

Proof of Theorem 7.2. Since W is a marker for Y in Z it has a marker shadow size M’.
Let k > k, and suppose N > M’ is large enough that |Wy (Ay—_y)| > e"P)=Vol(An),
Let N/ = 2N. By Remark 7.3, for K = Jd - N’ + 2, there exists i; such that fori > i;
and V € §(i), we have (1 — €)Vol(V) < Vol(Vy). For iy > 2(W/d-N+3),i > i and
Ve §@),if B(0,i/2) C V,then Ay CV, .

There exists a set A C Z such that (1) the collection {A;, — Ne + N'v}yea is a cover
of Vi (by disjoint sets) and each A;, — Ne+N'v C V, forv € A, and (2) the collection
{AN + N'v}yea is a collection of disjoint sets such that foreachv € A, Ay + N'v C Vs

https://doi.org/10.1017/5014338570200130X Published online by Cambridge University Press


https://doi.org/10.1017/S014338570200130X

604 S. J. Lightwood

We may arrange to have 0 € A. (It is not inconceivable that 0 ¢ A, but we can choose A
such that 0 € A without any impact on the foregoing.) Moreover (letting L = |A|), for i;
large enough, i > ij and V € F(i) we have (L — 1)/L > 1 — €.
By (1) we have
L - [Vol(A}) _ Vol(Vy)
Vol(V) - Vol(V) —

Fori > i; and V € §(i) with B(0,i/2) C V, by SM, and (2), for every u € Wy(8V1+)
and n € Wy (An—i)\Y there exists a word w € Wy(VlJr) such that w|avl+ = u, and

1 —e.

WlAy +Nv = 1y forall v € A\O. Thatis, w € W)‘f(Vf') and there is an injection
from Wy (Ay—;)\0 into Wy (V1+)- Since W is a marker symbol for ¥ in Z, N > M’
and Ay C V5 \ Upearo (Ay + N'v), there exists w’ € WZ(V1+) such that w’ = w on
V1+\AM/ and wl/. = Wifandonlyifi = 0. Thatis, w’ € Wz(V;F; 0, W). Because w’ = w
on V1+\AM/, w e Wz(V7; 0, wnwy (VI”) and we have an injection from Wy (A y_j)4\0
into Wz (W50, W) N Wa(VH. So [Wz(V[]50, W) N WEWD)] = [Wy(Ax—)|EL
Thus we have

log W& (V) N Wz (V5 0, W) _ (L —1) - log|Wy(Ay-i)| L-Vol(Ay) Vol(A})

Vol (V) = Vol (V) "L Vol(Ay) Vol(Af)
. log [Wy(An-p)l (1— ey
Vol(Ay)
> h(y) —¢". D

8. Constructing a 7% embedding: the proof

We are now ready to complete the proof of Theorem 2.5, demonstrating the sufficiency of
the entropy gap (outlined at the end of §2). We assume the conditions of Theorem 2.5.
Namely, let X be a non-periodic 74 subshift, Z a Z¢ FOSM SFT and ¢ X—>Z a
homomorphism. Suppose #(X) < h(Z) and € > 0 is such that 1(X) + € < h(Z) — €; we
will produce an embedding ¥ : X — Z.

Since Z is a non-trivial FOSM SFT, by Theorem 5.1 there exist Mo and Wy € Wz (A p,)
suchthatY = {z € Z : z|AM v # Wy for all v € Z4} is a non-empty FOSM SFT with
Y C Z and h(Y) > h(Z) — €. Moreover, since ¢ (X) C Z is a subshift we may assume
qb(X )CY.

By Lemma 6.3 there exist M and a word Wi € Wz(Aum,)\Wy(Ap,) such that Wy
is a marker for Y m Z. By Lemma 6.2 we may recode using Wz(Ay,) to form the
conjugate subshifts Y and Z and the marker symbol W] € W (AD\Wy(Ay) for Y in Z
Moreover, picking M7 large enough we may assume ? and Z are matrix SFTs. Since ¥
is conjugate to Y there is a homomorphism qb : X—7Y and h(Y) = h(Y), and likewise
h(Z) = h(f). Dropping the ‘hat’ we have that Y and Z are matrix FOSM SFTs with
Y CZ h(X) <h(Y), ¢ : X—Y is a homomorphism and W; € Wz(A1)\Wy (A1) is a
marker symbol for ¥ in Z with marker shadow M’.

By Corollary 7.2.1, there exists m> such that for every 2 uniform family of convex
polyhedrons | J; (i), m > ms, V € §F(m) with B(0,m/2) C V and u € Wy(8V1+) there
is an injection W(u) : Wx (V) <= W4(V;H) N Wz(V{"; 0, Wy). For m > max{ma, v/d/2}
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fixed, according to Lemma 4.4, there exist M and a clopen set F'(m, M) C X (which we
now fix) such that for each x € X the set M, € 9,,. By Remark 4.3 the map x — M,
is continuous and shift commuting.

By Lemma 3.5 we may conclude that x +— ‘B,,(M,) is a continuous shift commuting
map, B,, (M) is a regular §,, covering of R4 and for each (V, v) € B, (My), v € M,
and V is a convex polyhedron with B(0,m/2) C V C B(0,2m). For each (V,v) €
0, (My), the word ¢ (x)lavr_w e Wy (8V1+ +v) and x|y, € Wx(V+v). Thus, the word

W (P @)y )@ lvn) € Wz + 5w, W) 0 WEOV + v) where u = ¢ (1) |5+ 4,
Because of this we may make the following definition.

Definition 8.1. For each x € X and (V, v) € U, (M,) define

YOyt iy = YOOyt ) E v

Y will prove to be the embedding desired in Theorem 2.5 which we shall show by means
of three lemmas.

LEMMA 8.2. Foreach x € X, ¥ (x) is a well-defined point in Z.

Proof of Lemma 8.2. To show ¥ (x) is well defined suppose (V, v), V', V) € B, (M)
are distinct; thus (V1+ +v) N (V{+ +) = (8V1+ + v) N (8V{+ + v'). Because
YOy 1y = ¢y, for (V. v) € By (M,), we have

YOl oy = @Oy snnevi+y = YOy lyr

Thus 1 (x) is well defined.

Because Z is presented by matrices and because each adjacent pair of vertices (e.g. v
and v + ¢; for 1 <i < d) is contained in V1+ + v for some (V, v) € U, (M), it follows
that ¥ (x) € Z since each 'ﬁ(x)lvfﬂ is Z allowed. O

LEMMA 8.3. The map ¥ : X — Z is shift commuting and continuous.

Proof of Lemma 8.3. We begin with the commutativity; ¥ (c’x) = o"¢¥(x). Observe
V. u) € V(M) if and only if (V,u —v) € By (Movy). Recall 0%zl50 4 = 07 (2] 4)
and oV A = A —v. Sofor (V, u) € B,,(My)
(Uﬁvlﬂ(UUX))IyHu = va(l/f(GUX)lvluu,v)

= O_v(\p(¢(0vx)|3V|++u_v)(o—vxlv+u—v))

=0 (W (e (@ @) yp+ 1)) (0" X lvi))

= Y@My ) Xlvu)

= VWl

or ¥ (o’x) = oV (x).

Next we show continuity. Given k there exists ko > k such that if x| Ay, = y| A,
then ¢(x) and ¢(y) agree on Agyam+1. By the continuity of the map x — B, (M)
we know there exists k3 > k such that if X|Ak3 = ylAk3 then U, (M) and U, (M)
agree on §m, X Agtom. Hence for k4 > max{kp, k3, k + 4m + 1}, x and y with
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Xlag, = Ylay, and V,v) € Ty (M5, xa0m = Bmn(My)I5, <A, We have that
¢(x)|vl++v = ¢(y)|vl++v. Since x| Ay upi1 = Y| Ariamsr»> then x[yiy = yly4, and hence

Y Oly+yy = YOOy ) X lvin) = YOy ) Olvan) = Uy,
Thus ¥ (x) and ¥ (y) agree on Ag. O
Let us address the injectivity with the following lemma.

LEMMA 8.4. Givenu € Z¢ and x,y € X, if x4 # y, then there exists w € B(u, 6m) such
that ¥ (x)y # ¥ (y)w. Hence ¥ is an injection.

Proof of Lemma 8.4. First, suppose My N B(u, 6m) # My N B(u, 6m). Specifically,
suppose v € M, N B(u, 6m), but v & M, N B(u, 6m). From the definition of v (x) we
have w € M if and only if ¥ (x),, = Wi thus ¥ (x), = Wi # ¥ (y)y.

However, suppose My N B(u,6m) = M,y N B(u,6m). Then u € (V + v) for
some (V,v) € U, (My). We claim: (V,v) € U,,(M,), as well. To see this, observe
i V,v) € B, (M,) implies v € M,; and (ii) the Voronoi tile V, associated to v
with respect to M is determined by M, N B(v,4m) and V, = V + v. Now, because
d(u, v) < 2m it follows that M, N B(v, 4m) = MyN B (v, 4m) which implies (i) v € M,;
and (ii) since the Voronoi tile V; associated to v with respect to M, is determined by
My N B(v, 4m) = M, N B(v,4m), thatis V), = V + v. Thus (V, v) € B, (M,).

Either ¢(x)|avl++v = ¢(y)|avl++v or not. If not, then

VOl yy = Y@@y 1) Elvin)lyr o = S@ gyt # $Wlavi g,
= VY Wlagvi o
If so, then since x|y, # y|y4, we may now check
YOy, = YOy, Ky
7 V(@ Mlyr ) Olvo)
= W@y 1)1V
=V Wlys iy

Thus for some w € V1+ + v C B(u,6m) we have Y(x)w # ¥ (y)w as we wanted to
show. O

In conclusion v is a continuous shift commuting injection from X into Z which
completes the proof of the sufficiency of the conditions in Theorem 2.5. We recall, when
addressing the necessity of the entropy gap, that periodic point considerations guarantee
that any embedded image ¢ (X) C Z of a non-periodic subshift X into an SM SFT Z will
always be a proper embedding. The entropy minimality of SM SFTs will then allow us to
conclude h(X) < h(Z), thus finishing the proof of Theorem 2.5.

9. SM SFTs and their properties
LEMMA 9.1. An SM SFT is entropy minimal.
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Proof. Let X be an SM matrix SFT. Let B, = A:+ N 7% be the d-cube in Z¢ with sides
of length n. We can rephrase the definition of SM with a new value k such that for n > k
and x, y € X there exists z € X such that ylzd\Bn = Z|Zd\Bn and x|, ,4ke = Z|B,_sp+ke
wheree = (1, ..., 1).
If we have a subshift X" ¢ X there exists a word @ € Wy (By)\Wx/(By,) for some
m > 0. Let K = 2(k + 1) + m be an integer and let ¢ < 1/|Wx(Bg)|. Let 0Bx =
Bg\(Bg_2 + ¢) and let vt = v + e. For any A C Z? such that Bx + v C A for some
veZlletC= A\(Bx_2+v"). Thatis CU(Bg +v) = Aand CN(Bg +v) = dBg +v.
For each du € Wx (dBkg) let Wg“(C) ={w € Wx(C) : w|ypx+v = du}. Similarly, let
W (Bk) = {w € Wx(Bk) : wlyp, = du}. Then
Wx(Dl= > W' Brl- Wy (©)]
ducWy (dBk)
and, similarly,
Wx (Dl < Y IWEBK)|- W Q).
dueWy/ (3 Bg)
For any du € Wy (0 Bk) there exists u € Wf(“(BK) such that u|p, 1 (k+1)e = & due to SM.
Thus we have

(W (Bx)| < IWg"(Bx)| — 1 < [WR"(Bg)|(1 —€).

Since Wx/ (0 Bx) C Wx (3 Bg) these inequalities yield |Wx/(A)| < |[Wx (A)|(1 — €).

Let M = Kn, let F and G be a partition of A* NZ¢ (ie. FUG = A} NZ4 and
F NG = {). Observe {Bx + Kv},p+nza 18 a cover of By where the intersection
of distinct elements contains, at most, elements of the boundaries of the sets Bx + Kv.
SM implies that for any word w' € Wx(J,cg Bk + Kv) and any function f : F —
Wx (Bp,), there exists a word w € Wy (By) such that w|g, +k+1)e+kv = f(v) for all
v e Fandw|p,+kv = Wpc+kv forallv € G.

Index the elements of A;f N Z? as v; fori = 1 to n? and define Gy = ¥ and G; =
U/_ (i} for j =1ton?. S0 G;_1 ¢ G;and G,a = A} NZ4. Let Fj = (A} NZ\G;.
Define

Wy[Gjl= {w € Wx(By) : wis X allowed on | J B +1<u}.

veG;
Now G;j = Gj_1 U{vj}, so
Wx[Gjl={w e Wx/[G;_1]: wis X" allowed on Bg + Kv;}.
And so as in the calculation for A we have

[Wx [Gll = (1 —e)|Wx/[Gj_1]l.

Thus .
Wy (By)| < (1 —€)" [Wx(By)l.
Hence
log |[Wx'(Bm)| _ nlog(1 —€)  log|Wx(B)l
M - ndKd M
and thus 2 (X") < log(1 —e)/K4+ h(X) < h(X). O

https://doi.org/10.1017/5014338570200130X Published online by Cambridge University Press


https://doi.org/10.1017/S014338570200130X

608 S. J. Lightwood

The proof of the following lemma does not extend to d > 2. Whether the lemma holds
for d > 2 is an open question.

LEMMA 9.2. A Z* SM SFT contains a finite orbit.

Proof. Let H- = {(k,]) € Z* : k <0}, HT = Z*\H~ and V = {(0,k) € Z? : k € Z}.
Let X be an SM matrix SFT with SM gap parameter k.

CLAIM. Forany x,y € X there exists z € X such that z|y- = x|g- and zZ|g+ 1,0y =
Y+ 4,0y

To prove this we observe that by SM for n > k there exists a point z;, € X
such that Zn|Zz\(A”+l+(n’0)) = xIZZ\(An+1+(">O)) and anA,,+]_k+(n,0) = yIA,,+1_k+(n,0)o
By compactness, the set {z,},>ny has an accumulation point z and one can check that
such a point z satisfies the claim.

Now given y and x = o ®*1.0y the point z (given by the claim) has the property that
zlv—1,0) = zlv4+wk0)- Let L(j) = {(i, j) € Z* : 0 < i < k}. The set

HAW\HY + (k+1,00) = J L)
JEZ
is an infinite vertical strip. So z|p(j) = z|p(» for some pair of distinct integers j and
J' (suppose j < j'). Let L(j, j) = Ul’/:_]l L(j). The word A = z|z(;, j»y may be used
to construct a periodic word. For K = k+ 1 and J = j' — j, the set L(j, j) is a
K x J rectangle of lattice points, so Z> = U(m,n)eZZ L(j,j) + (mK,nJ). If we define
x|, j)+mK ngy = A it should be clear that x has a finite orbit and that our choice of A
guarantees that x is locally X allowed. O
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