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Abstract
This paper extends the traditional group self-annuitisation framework by explicitly incorporating mortality het-
erogeneity among participants. Heterogeneity stems from multiple factors that lead individuals to age at different
paces, despite being born in the same year. Ageing is modelled as a finite-state continuous-time Markov process
where each state represents a distinct phase of physiological deterioration, and transitions capture the stochastic
progression towards death. Benefits are differentiated by ageing state and, after issue, they are dynamically adjusted
in response to the realised evolution of both ageing and mortality. Our design is novel in its use of the Markov ageing
framework within a risk-sharing scheme and in how benefits are updated. Indeed, both benefits and their respective
adjustment coefficients are state-specific. Through the explicit modelling of cross-subsidies across states, the design
ensures that actuarial equivalence between benefits and available resources is preserved both at the pool level and
within each ageing state. However, we find that benefit adjustments based on actuarial equivalence may display
undesirable patterns in some ageing classes, when their size shrinks substantially; this happens, in particular, in the
younger ageing states, which are likely to empty out. To contrast such effects, we introduce a design preserving a
target level of differentiation across states that mitigates the unfavourable impact of a declining size for younger
ages. In our analysis, we point out that such a design (which is desirable in many respects) implies solidarity effects
across states. Such effects can be identified by comparing benefit amounts under the two assumptions (i.e., benefits
adjusted according to actuarial equivalence or so to preserve a predefined level of differentiation). The proposed
framework is tested using Australian mortality data.

1. Introduction
Many populations worldwide have experienced significant mortality improvements throughout the last
decades, and human mortality has shifted to later ages (see Vaupel et al. 2021). The advancement of the
longevity frontier implies compelling financial challenges for individuals aiming to manage their post-
retirement income, as well as for annuity providers. Individuals living longer face the risk of outliving
their wealth, and at least theoretically, they should look at the standard life annuity as an optimal vehicle
for insuring against the individual longevity risk (Yaari 1965). But in reality, the voluntary annuity mar-
ket remains thin because of rational and behavioural individual reasons driving the life annuities demand
(see, e.g., Brown 2001; 2009). The downward trend in mortality rates, jointly with the uncertainty of
financial markets and the evolving demographic structure of many populations, has led social security
schemes and pension funds to revise pension benefits downwards. The shift from Defined Benefit to
Defined Contribution plans has also taken hold. Consequently, individuals remain exposed to both indi-
vidual investment and longevity risks; transferring such risks to a private annuity provider should be
perceived as a beneficial strategy for building a suitable and stable retirement income. However, on their
side, life insurers suffer the cost of financial and longevity guarantees traditionally embedded in life
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annuities, and they have become averse to offering non-adjustable longevity guarantees. The aggregate
longevity risk cannot be diversified through risk pooling strategies and could require considerable equity
capital backing due to risk-based solvency regulations. Then, academics and practitioners have examined
alternative longevity risk management solutions. For instance, Blake et al. (2006) discuss how annuity
providers can use mortality/longevity-linked securities to handle the risk of uncertain aggregate mortal-
ity. Even with great potential, the demand for the capital market securities proposed over the last decade
has been very low, and annuity providers mainly relied on insurance-based solutions, such as buy-outs,
buy-ins and insurance-based longevity swaps (Blake et al. 2019). Non-financial longevity reinsurance
may also be considered, but it is usually costly and ultimately has to be funded by higher insurance pre-
miums. As a workable alternative, longevity-linked arrangements have been proposed in the literature
(see, e.g, Olivieri and Pitacco 2020). Beyond the specific design of these products, the underlying idea
is that the insurer shares the risk with the policyholder by linking the life annuity benefits, directly or
indirectly, to the mortality experience of a reference population. If unexpected mortality improvements
occur, the insurer can mitigate its longevity risk exposure, but in the meantime, the benefits amount
would decrease, likely hurting the demand for such insurance products.

Each longevity risk management solution has drawbacks, and insurers are motivated to modify their
products by partially shifting risks to the policyholder. In the recent actuarial literature, notable attention
has been given to pooling designs as innovative risk-sharing mechanisms to support the post-retirement
income of individuals. Their common feature consists of grouping individuals to create a fund, from
which each participant will receive periodical benefits adjusted according to the investment returns and
mortality experienced by the pool, with no guarantee embedded. As a result, pool participants share
among themselves the financial and longevity risk, and the insurer could play the role of administrator,
not a guarantor (Dhaene and Milevsky 2024). Different pooling structures have been proposed in the
literature, such as the pooled annuity funds (see, e.g., Donnelly et al., 2014; Donnelly, 2015), and tontine
annuities (see, e.g., Milevsky and Salisbury, 2015; Chen et al., 2019; Weinert and Grüundl, 2021; Chen
et al., 2022; Hieber and Lucas, 2022) among others.

In the present work, we refer to one of the earlier pooling structures, namely the group self-
annuitisation (GSA). Introduced by Piggott et al. (2005), a GSA scheme is a mutual insurance plan
wherein individuals are brought together to pool both their investment and longevity risks. Individuals
joining the GSA scheme pay an initial contribution determined according to an annuity payout rate.
Therefore, the benefits that GSA members receive periodically account for both the expected mortality
dynamics and the expected return on investments. Considering that the pool is required to fully cover its
liabilities with its own assets at all times, future benefits have to be adjusted if the actual mortality and/or
the realised investments return diverge from their respective expectations. Qiao and Sherris (2013) fur-
ther study the GSA plan by assessing its effectiveness when systematic longevity risk is also considered.
Shedding light on the investment activity of GSA plans, Olivieri et al. (2022) propose a dynamic tar-
get volatility strategy to enhance the survival benefits of the pool participants. Kabuche et al. (2024)
expand the GSA structure, allowing group participants to share both longevity and health risks. To this
end, a multi-state GSA plan is proposed to pool heterogeneous individuals and provide annuity ben-
efits updated according to both realised health transitions and mortality experienced. Aragona et al.
(2025) introduce a redistributive GSA fund aiming to optimally share benefits among heterogeneous
participants belonging to different socio-economic classes.

There is a growing attention, both in the market and literature, towards annuity and pooling designs
providing differentiated benefits by health status, as a lever to foster annuitisation. The background
assumption is that individuals who feel to have a shorter life expectancy, due to illnesses or lifestyle
habits, may be reluctant to opt into a standard plan, while they might find it convenient to join
arrangements that pay higher benefits should a shorter life expectancy be ascertained. Special rate (or
underwritten or substandard) annuities are designed to respond to such a preference (see, for exam-
ple, Pitacco and Tabakova 2022; Ramsay et al. 2025; de Andrés-Sánchez and González-Vila Puchades
2025); in the context of self-insured plans, the pooling arrangement proposed by Kabuche et al. (2024)
is also suitable in this respect.
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Against this background, we propose a multi-state framework that explicitly incorporates the mor-
tality heterogeneity characterising GSA members, with the objective of defining a design admitting
a benefit differentiation. Our focus, in particular, is on whether the GSA scheme should differentiate
benefits so that frailer individuals (with shorter life expectancy and presumably greater current finan-
cial needs, due to higher healthcare or care-related expenses) receive higher payments than healthier
individuals (who are expected to cash benefits for a longer time).

Individual mortality is influenced by various elements, such as current health status, lifestyles, socio-
economic conditions and climate characteristics. Each of these elements could significantly reshape the
lifespan of individuals, and in particular, the timing of their ageing. In this paper, we refer to ageing as
a continuous-time deterioration process of the human physiological functions necessary for survival.
Individuals could bear a series of ageing phases before dying, and the speed at which ageing progresses
varies from person to person, generating heterogeneity in the mortality of a population. While in a tradi-
tional GSA scheme benefits are adjusted based on aggregate realised mortality, we aim to design a GSA
in which benefit adjustments account for both realised ageing transitions and mortality. Accordingly, a
mortality model that explicitly accounts for the ageing process must be considered.

Individual’s ageing does not necessarily move in lockstep with calendar time. The so-called biolog-
ical age is an example of this, that is, the age indicating how old the human mechanism is at both the
cellular and molecular levels (see, e.g., Jackson et al. 2003). Biological age is usually determined with
a microscopic approach, that is, by collecting data concerning physiological and molecular variables
for a large sample of people, and, through regression techniques, an increment or a reduction of the
corresponding chronological age is inferred. We refer the interested reader to Li et al. (2023) for a dis-
cussion on the methods proposed in the literature for calculating biological age; we also refer the reader
to Milevsky (2020) for an actuarial view on using biological age in mortality analysis. The biological
age measurement requires high data granularity, and it is subject to both data collection and process-
ing times. In contrast, annuity providers, as well as the administrators of a pooling fund, usually have
access to mortality data only at an aggregate level, without having the possibility to observe biologi-
cal factors. When there are no detectable biological factors other than age, the ageing process can still
be represented, with the so-called Markov ageing model (see Lin and Liu 2007; Liu and Lin 2012; Su
and Sherris 2012; Cheng et al. 2020). It is a finite-state continuous-time Markov process suitable for
modelling the human ageing evolution. Each state of the Markov process identifies an ageing phase, and
the overall ageing process is described through consecutive transitions from one ageing state to a higher
one. An absorbing (death) state is also included, and the transition from any ageing state to the absorbing
state represents the ageing process termination due to death. The Markov ageing model allows for link-
ing directly the age-specific mortality pattern to the ageing process, and the intrinsic heterogeneity of a
cohort can be expressed explicitly. In addition, the stochastic process has desirable analytical properties
suitable for mortality analysis.

We define a pooling design, which we refer to as a Markov ageing GSA, in which individuals joining
the pool are classified according to their initial ageing state, and their ageing trajectory is reassessed
annually. Benefits are differentiated by state; upon transitioning to a higher ageing state, the individual’s
benefit is topped up to the level associated with the new state. Each individual contributes an initial
capital assessed accounting for the initial state, the expected transition to higher ageing states and to
the death state, as well as for the expected investment return. For the sake of simplicity, we assume
a deterministic financial setting and a constant return on investments. This enables us to isolate and
examine the effects on the benefit profile of the uncertain mortality dynamics in a context of a hetero-
geneous population. Similarly to a plain GSA, to preserve the actuarial equivalence between benefits
and available resources, benefits are adjusted annually if experience deviates from expectation. In our
setting, we account for both the realised ageing process pattern and actual mortality. Benefit adjust-
ments are state-specific; any deficit or surplus arising from deviations between expected and realised
experience is allocated across states in a way that reflects both the relative value of obligations in each
state and the potential severity of deviations within each state. In a first phase of the analysis, benefit

https://doi.org/10.1017/asb.2026.10095 Published online by Cambridge University Press

https://doi.org/10.1017/asb.2026.10095


ASTIN Bulletin 879

differentiation and adjustments are defined so to ensure actuarial equivalence for each state. To this
end, making cross-subsidy mechanisms between states explicit is crucial. However, as noted above, the
ageing process is not directly observable at the individual level but must be inferred from proxy fac-
tors, such as the onset of disabling illnesses or the worsening of lifestyle behaviours. This is a critical
issue, in respect of both suitability of the proxy risk factors and potential self-interested behaviours by
individuals. Participants, in particular, may have specific targets regarding the degree of benefit differ-
entiation, which are not necessarily ensured by an actuarially equivalent adjustment mechanism. In a
second phase of the analysis, we explore the adoption of benefits that are differentiated by the states iden-
tified by proxy risk factors (rather than the ageing states) and that keep a predetermined scaling factor
between them, chosen according to the desired level of differentiation. Both choices introduce solidar-
ity mechanisms, which we can highlight by comparing the resulting benefits with the ones grounded on
actuarial equivalence by ageing state. Our work differs from previous contributions on this topic, such as
Kabuche et al. (2024), in two regards. First, the use of a Markov ageing model allows us to incorporate
latent heterogeneity that cannot be directly measured. Second, we address explicitly possible solidarity
mechanisms, identifying their magnitude. Understanding the degree of solidarity built into the system
is fundamental to ensure transparency and to make any redistribution a deliberate and justifiable design
choice. We develop our proposal referring to a GSA closed to the entry of new cohorts. This allows us
to understand the extent to which accounting for mortality heterogeneity leads to efficient mortality risk
pooling within a single cohort. We test our theoretical framework through a numerical application using
a 5-state Markov ageing model and referring to Australian mortality data for both genders. Our findings
support that individual longevity risk can be effectively pooled under population heterogeneity, allow-
ing for differentiated benefits reflecting differences in participants’ life expectancies. Our results also
indicate that actuarial equivalence requires a sufficiently large population size, whereas implementing
solidarity mechanisms may be justified. Indeed, the estimated benefits profile appears generally stable,
apart from state-specific fluctuations when the cohort shrinks to a low size. The severity of ageing sig-
nificantly drives the dynamics of benefits. The last ageing state’s benefit profile is increasing on average;
conversely, the intermediate ageing states’ benefit profile, as well as the first, tends to decrease as the
maximum duration of the scheme is approached. Such evidence bolsters the introduction of explicit sol-
idarity mechanisms to avoid disincentivising the participation of individuals with better physiological
statuses. Then, we numerically investigate the effect of solidarity rules on rearranging benefit levels and
preserving the actuarial equivalence between benefits and available resources. Depending on the num-
ber of benefit levels the scheme would provide, the benefit profile may increase more or less marked
over time and in a consistent way across states, while remaining reasonably differentiated among frailer
and healthier individuals.

The paper is organised as follows. In Section 2, we describe in detail the Markov ageing model. In
Section 3, we present the actuarial design of the multi-state GSA, in particular addressing cross-subsidies
across states and the introduction of solidarity. In Section 4, a numerical application of the proposed the-
oretical framework is provided, as well as a discussion of the main findings. Finally, Section 5 concludes
with some final remarks.

2. The Markov ageing model
Let (At, t ≥ 0) be a finite-state continuous-time homogeneous Markov process describing the age-
ing evolution of a population, and let E = {1, 2, . . . , m}, with m ∈N>1, be the set of transient states.
Each of them identifies an ageing state or phase. The process takes values on the finite state-space
S = E ∪ {m + 1}, where m + 1 represents the death (absorbing) state. The infinitesimal generator of
(At, t ≥ 0) is

� =
(

� q
0 0

)
∈R

(m+1)×(m+1), (2.1)
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Figure 1. Generalised Coxian distribution’s phase diagram.

where � is the m × m intensity matrix and q = −�e is a m-dimensional column vector of transition
intensities to the death state, with e a column vector of ones.

Let π = (π1, π2, . . . , πm) be a probability vector stating the initial distribution of the process, with
πi := P (A0 = i) ≥ 0, i ∈ E, and P (A0 = m + 1) = 0. Since the Markov process has only one absorbing
state, the time until death is defined as

τ := inf {t > 0 : At = m + 1} , (2.2)

and follows a phase-type (PH) distribution with representation (π , �), that is, τ ∼ PH (π , �). In par-
ticular, we deal with a generalised Coxian PH distribution so that the intensity matrix is written in the
following form:

� =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

− (λ1 + q1) λ1 0 · · · 0

0 − (λ2 + q2) λ2 · · · 0

0 0 − (λ3 + q3) · · · 0
...

...
...

. . .
...

0 0 0 · · · −qm

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (2.3)

being λi ≥ 0 the transition intensity from the ageing state i to the next ageing state, while qi > 0 is the
transition rate into the absorbing state. The generalised Coxian PH distribution is particularly attractive
due to its mathematical tractability and explainability. As shown by the phase diagram in Figure 1, the
ageing process is described through a sequence of ageing phases, following a lexicographical order,
and the death event may occur with a certain probability in the meantime. The sojourn time in the
ageing phase i is exponentially distributed with rate λi + qi, and, for i = 1, . . . , m − 1, the process moves
to the ageing phase i + 1 with probability λi

λi+qi
; otherwise, the ageing process terminates due to the

death occurrence with probability qi

λi+qi
. As ageing progresses, the physiological status of the population

deteriorates, implying a greater probability of approaching the absorbing state. In particular, when i = m,
the probability of jumping to the death state is 1.

A key issue in adopting a PH distribution concerns the dimension of �. The PH representation (π , �)

is highly parameterised and non-uniqueness problems in parameter specifications could emerge (see,
e.g., Asmussen et al. 1996). As m increases, numerical issues may also arise in estimating parameters λi

and qi. Focusing on modelling the human mortality schedule, the PH distribution could require a high
dimension of the intensity matrix. For instance, Lin and Liu (2007) adopt the Coxian distribution to fit
the mortality schedule from age 0 to age 100, suggesting that 200–250 ageing phases are needed. Cheng
et al. (2020) impose specific structures on λi and qi, finding that 100 phases are pretty reasonable in
fitting mortality data. Conversely, Liu and Lin (2012) argue that if only part of the mortality schedule is
relevant, for example, from age 65 onwards, a lower-dimensional PH distribution is enough to achieve an
accurate fit. Such an approach could be suitable for our purposes, since we deal with ages falling within
the post-retirement life of individuals. Further details concerning the Markov ageing model fitting will
be provided in Section 4.
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Table 1. Notation, and related meaning, adopted for describing the Markov ageing model.

Notation Meaning
(At, t ≥ 0) Markov jump process describing ageing
E = {1, 2, . . . , m} Set of transient ageing states
m + 1 Absorbing (death) state
S = E ∪ {m + 1} State space of the process
� Infinitesimal generator of of the process
� m × m transition intensity matrix
λi Transition intensity from state i to i + 1, i ∈ E
q m × 1 column vector of transition intensities to the death state
qi Transition rate from ageing state i to the death state
π Initial distribution of the process
πi Probability that the ageing process starts in the state i, with i ∈ E
τ Time until death (absorption time)
P(t) = (pi,j

t )i, j∈E Transition probability matrix at time t
pi,j

t Transition probability from the state i to the state j

Denoting with pi,j
t = P (At = j|A0 = i) the time-homogeneous transition probability from the age-

ing state i to the ageing state j, the transition probability matrix, namely P(t) = (
pi,j

t

)
i, j∈E

, satisfies the
following Kolmogorov forward equation:

d

dt
P(t) = P(t)�, (2.4)

with the initial condition P(0) = I, where I is the identity matrix. Equation (2.4) admits a unique solution
given by

P(t) = exp (�t), (2.5)

where the exponential matrix is defined by series expansion, that is, exp (�t) =∑∞
h=0

(t�)h

h! .
Under the PH distributions, many quantities of interest concerning the future lifetime are available

in closed form. For instance, the survival function for a newborn can be written as:

S0(t) = π� exp (�t) e, t > 0. (2.6)

Moreover, the conditional survival function given the survival at age x > 0 is

Sx(t) = S0(x + t)

S0(x)
= π� exp (�(x + t)) e

π� exp (�x) e
= π�

x exp (�t) e, t > 0, (2.7)

where π�
x = π� exp(�x)

π� exp(�x)e represents the distribution of the ageing phases, given the survival at age x.

Remark 2.1. In the Markov ageing model, once the process leaves an ageing state, it is impossible to
return to it. In other words, the Markov ageing model keeps track of the ageing progression in the for-
ward sense, and possible rejuvenations are not considered. Rejuvenation may be biologically possible
only following various lifestyle interventions concerning nutrition, physical exercise and the social envi-
ronment (see, e.g., Félix et al. 2024). Detailed information at the individual level is crucial to assessing
the significance of possible rejuvenation transitions. As explained in Section 1, such data granularity is
often unavailable to annuity providers, and rejuvenation transitions cannot be estimated.

To assist the reader, notation adopted in the current section is resumed in Table 1.
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3. The Markov ageing GSA arrangement
3.1 Pool structure
We consider a GSA scheme that provides post-retirement benefits to its members. Individuals pay an
initial capital when joining the scheme; upon death, any residual amount is retained by the pool (i.e.,
no death benefit is included). In return for their initial contribution, members receive an annual lifetime
income, whose amount is differentiated depending on the specific mortality profile of the individual.
In fact, the GSA is structured with multiple levels of benefits, with higher benefit amounts provided to
those with a shorter life expectancy. The individual’s mortality profile is first assessed at entry and then
reviewed annually. Upon a change of the mortality profile, for example, following the onset of a disease,
the individual will be assigned the level of benefit consistent with his(her) new status. However, similarly
to a traditional GSA, annual amounts for the various benefit levels are not guaranteed but are subject to
annual adjustment based on the investment and longevity experience of the pool. In the following, we
focus on longevity only, and we propose an approach to define such adjustments, which is motivated by
actuarial arguments.

Mortality is modelled adopting the Markov ageing setting described in Section 2. We first assume
that it is possible to classify individuals according to the ageing states and to differentiate benefits based
on such states. However, as already pointed out in Section 1, biological age (which is at the root of age-
ing states) is not directly measurable. In the second step of the discussion (in particular, in Section 3.5),
we assume that individuals are classified according to proxy risk factors. It is unlikely that risk classes
identified this way correspond exactly to the ageing states of the Markov model. The implications are
discussed in Section 3.5; for the moment, we assume that both at entry and at any time, a risk classifi-
cation based on the ageing states of the Markov model can be performed. In particular, we assume that
it is possible to describe the dynamics of each individual’s mortality profile in terms of the transition to
higher ageing states.

We consider a single cohort consisting of Lx individuals who join the scheme at time t = 0, at chrono-
logical age x, with Li

x individuals placed in state i, i ∈ E (clearly,
∑m

i=1 Li
x = Lx). The maximum attainable

age is ω for each individual; however, we assume that, to avoid the impact of major random fluctuations
at later ages (when the cohort will shrink to low size), the scheme is committed to pay benefits up to time
tmax (i.e., up to chronological age xmax = x + tmax < ω). At time tmax, the available funds will be transferred
to an insurer willing to take charge of the surviving participants and their funds and guarantee them a
lifetime annuity. The price and optimal time of such a transfer (which undoubtedly constitute interesting
research questions) are not addressed in this paper, as our aim for now is to define acceptable benefit
adjustment rules when multiple levels of benefits are involved; addressing also the transfer at time tmax

would excessively broaden the scope of the present study. Thus, in this paper, we simply assume that the
scheme will pay an income to survivors at times t = 0, 1, . . . , tmax, for a chosen (reasonable) tmax, and the
scheme’s payout rate will not account for annuity costs concerning times t > tmax.

Let Bi
0 be the benefit set at time t = 0 for state i ∈ E. An individual entering the scheme in state i will

initially get the benefit Bi
0; however, upon transition to a state j > i, j ∈ E, (s)he is entitled to cash the

benefit Bj
0. Based on the usual actuarial arguments, the initial capital to be paid by an individual in state

i at time t = 0 is then assessed as follows:

Vi
0 =

m∑
j≥i

Bj
0 äi,j

x , (3.1)

where äi,j
x =∑tmax

h=0 (1 + r)−h
hpi,j

x is the actuarial value of the annuity paid when in state j, computed using
the transition probabilities hpi,j

x = exp (�h)i,j predicted by the mortality model and a given (deterministic)
discount rate r. We point out that no loading is embedded in the choice of parameters of (3.1), as it is
natural for a GSA scheme. We note also that the differentiation by state concerns not only the benefits
but, consistently, the initial capital too.
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3.2 Pool funds
A GSA is grounded on the principle of funded liabilities. In other words, it is required that a balance
be maintained at all times between available resources and the value of obligations. This is achieved
by updating the benefit amount, upwards or downwards, depending on the experience with longevity
and investments. We assume that the adjustment is applied annually, right before the benefit is paid at
time t, t ≥ 1. Let Bi

0 be the benefit set at time t = 0 for state i ∈ E; reasonably, B1
0 < B2

0 < . . . < Bm
0 , since

higher-indexed states correspond to lower life expectancy. Taking B1
0 as the baseline benefit amount, it

may be convenient to express the initial benefit amount for each state i, i > 1, as a proportion of B1
0,

as follows: Bi
0 = ciB1

0, where the ci’s (1 < c2 < c3 < . . . < cm) are chosen according to some target. We
let Bi

t denote the updated benefit amount at time t for state i, according to an adjustment rule which is
described in Section 3.4. In the following, we understand i ∈ E and t = 0, 1, . . . , tmax, unless otherwise
stated (the adjustment of the benefit at time t = 0 is, of course, not under consideration; Bi

0 is simply the
starting chosen amount).

Following the adjustment of the benefit, the value of the obligation to an individual in state i at time
t can be assessed as follows:

Vi
t =

m∑
j≥i

Bj
t äi,j

x+t, (3.2)

with an obvious meaning of äi,j
x+t for t > 0. The total value of the obligations of the pool at time t is then

FR
t =

m∑
i=1

Li
x+tV

i
t , (3.3)

where Li
x+t is the (observed) number of individuals in state i at time t. We refer to FR

t as the required pool
fund at time t (in line with this, we will refer to Vi

t as the individual fund required in state i at time t).
The resources available to a GSA, which we call the available pool fund and denote as FA

t at time
t, are the money contributed by members, net of the payments made so far, plus interest. We focus on
longevity risk only and assume a deterministic financial setting; we take r as the annual deterministic
return on investments. Starting from FA

0 =∑m
i=1 Li

xV
i
0, the dynamics of the available pool fund can be

described recursively for t > 0 as follows:

FA
t =

(
FA

t−1 −
m∑

i=1

Li
x+t−1Bi

t−1

)
(1 + r). (3.4)

The basic requirement for running the GSA can now be written as:

FR
t = FA

t , t ≥ 0. (3.5)

If benefits are undifferentiated (i.e., the same benefit amount is provided in all states), Equation (3.5)
univocally defines the amount admitted for the benefit at time t (since, in such a case, there is only
one unknown). When benefits are differentiated by state, Equation (3.5) admits an infinite number of
solutions, as the number of unknowns is now m. The introduction of additional requirements is necessary
to identify workable solutions. We point out that the benefit adjustment not necessarily will preserve the
initial ratio between benefits, that is, not necessarily we find Bi

t = ciB1
t . If preserving such a ratio is

a priority, then we need to impose Bi
t = ciB1

t at all times t; in this case, Equation (3.5) has only one
unknown, namely B1

t . It would follow that, at any time t > 0, benefits would be differentiated by state,
but they would all be adjusted in the same proportion.

At this point, it is convenient to examine the causes that may result in a mismatch between available
and required pool funds. Disregarding financial risks, we may consider the following circumstances:
mortality rates in the various states higher or lower than expected; ageing process (i.e., transition rates)
higher or lower than expected. It should be taken into account that deviations between expected and
observed rates may differ across states. Instead of adopting a common adjustment proportion, we may
find it more appropriate to differentiate by state not only the benefits but also the adjustment coefficients.

https://doi.org/10.1017/asb.2026.10095 Published online by Cambridge University Press

https://doi.org/10.1017/asb.2026.10095


884 R. Maggistro, M. Marino, and A. Olivieri

In the following, we investigate this solution. To this end, we split the available and required pool funds
by state.

3.3 Splitting the pool funds by state
It is rather natural to identify

Fi,R
t = Li

x+t Vi
t (3.6)

as the pool fund required at time t for state i. Clearly,
∑m

i=1 Fi,R
t = FR

t .
Let Fi,A

t denote the pool fund made available to state i at time t, such that
∑m

i=1 Fi,A
t = FA

t .
We now require that the principle of funded liabilities is applied by state, that is, we impose

Fi,R
t = Fi,A

t , t ≥ 0, i ∈ E. (3.7)

Such a requirement clearly also satisfies (3.5). To proceed further with (3.7), it is useful to note that the
amount of resources available per state is affected by cross-subsidy effects between states. Part of these
cross-subsidies are embedded in the individual fund required (and available) in state i at time t − 1. To
check this, we start by considering that

äi,i
x+t−1 = 1 + (1 + r)−1 pi,i

x+t−1 äi,i
x+t,

and

äi,j
x+t−1 = (1 + r)−1

∑
i≤k≤j

pi,k
x+t−1 äk,j

x+t, j > i.

Then, we can write the following recursion for the individual fund in state i:

Vi
t−1 = Bi

t−1 +
∑

j≥i

pi,j
x+t−1 Vj

t− (1 + r)−1, (3.8)

where

Vj
t− =

m∑
k≥j

Bk
t−1 äj,k

x+t

represents the amount of individual fund required in state j at time t, before the adjustment of the benefits
at that time.

Let

Fi,A
t− = (

Fi,A
t−1 − Li

x+t−1Bi
t−1

)
(1 + r) (3.9)

denote the pool fund dragged to state i at time t, t > 0, by the pool fund available in such a state at time
t − 1, net of the benefits paid at time t − 1 and credited with interest. Comparing Equation (3.9) with
(3.4) it can be easily seen that

∑m
i=1 Fi,A

t− = FA
t .

Since because of (3.7) we have Fi,A
t−1 = Fi,R

t−1, using (3.8) we can rearrange (3.9) as:

Fi,A
t− = Li

x+t−1 pi,i
x+t−1 Vi

t− + Li
x+t−1

∑
j>i

pi,j
x+t−1 Vj

t− , (3.10)

that we can interpret as follows. Given Li
x+t−1, the quantity Li

x+t−1 pi,i
x+t−1 represents the number of individ-

uals expected to stay in state i during the year, while Li
x+t−1 pi,j

x+t−1 represents the number of individuals
expected to be in state j at the end of the year. Equation (3.10) then shows that Fi,A

t− , that is, Fi,A
t−1 net of the

benefits paid at the beginning of the year in state i and credited with interest, consists of the resources
required for those expected to remain alive, either in state i or in a higher state j, j > i (we point out that
for j = m + 1, that is, for the dead state, Vj

t− = 0).
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Since pi,i
x+t−1 = 1 −∑m+1

j>i pi,j
x+t−1, Equation (3.10) can be further rearranged as follows:

Fi,A
t− = Li

x+t−1

(
1 − pi,m+1

x+t−1

)
Vi

t− + Li
x+t−1

m∑
j>i

pi,j
x+t−1

(
Vj

t− − Vi
t−
)

. (3.11)

Equation (3.11) allows us to give a further useful interpretation to Fi,A
t− . Since Li

x+t−1 pi,m+1
x+t−1 is the expected

number of deaths reported by those in state i at time t − 1, the amount Li
x+t−1 pi,m+1

x+t−1 Vi
t− can be related to

the expected mortality credits in such a state. Conversely, Li
x+t−1

∑m
j>i pi,j

x+t−1 is the number of individuals
expected to move from state i to a living state j, j > i, and Li

x+t−1

∑
j>i pi,j

x+t−1

(
Vi

t− − Vj
t−
)

is a measure of
the (total) net cross-subsidy ‘cost’ charged to state i for those expected to be alive, but in higher ageing
states.

The annual dynamics of the population of state i can be described for t > 0 as follows:

Li
x+t = Li

x+t−1 +
∑

j<i

Lj,i
x+t−1 −

m+1∑
j>i

Li,j
x+t−1, (3.12)

where we use the notation Lj,i
x+t−1 (or Li,j

x+t−1) to denote the observed number of individuals in state i (j)
at time t being in state j (i) at time t − 1. Equation (3.12) makes it clear that the number of individuals
in state i at time t is the result of those who left state i (moving to a living state j, i < j ≤ m, or due to
death, j = m + 1) and those who have entered it from a state j < i. Clearly, Lj,i

x+t−1 = 0 for i = 1. Note that
situations such as Li

x+t−1 = 0 and Li
x+t > 0 or Li

x+t−1 > 0 and Li
x+t = 0 are possible, as a result of transitions

into and out of state i. In the following, we use the notation p̃ to denote the realised (observed) transition
or permanence rates; for instance, p̃ i,j

x+t−1 = Li,j
x+t−1

Li
x+t−1

. Such rates are obviously defined for states that are
non-empty at time t − 1, that is, for states i such that Li

x+t−1 > 0. Using this notation, Equation (3.12) can
be rewritten as:

Li
x+t = Li

x+t−1

(
1 − p̃ i,m+1

x+t−1

)+
∑

j<i

Lj
x+t−1 p̃ j,i

x+t−1 −
m∑

j>i

Li
x+t−1 p̃ i,j

x+t−1. (3.13)

Let us now compare Fi,A
t− to the pool fund required at time t for state i. As stated by (3.6), such a fund

is proportional to Li
x+t. Its amount before the adjustment of the benefits is represented by:

Fi,R
t− = Li

x+t Vi
t− . (3.14)

If we plug (3.13) into (3.14), we obtain the expression:

Fi,R
t− = Li

x+t−1

(
1 − p̃ i,m+1

x+t−1

)
Vi

t− +
∑

j<i

Lj
x+t−1 p̃ j,i

x+t−1 Vi
t− −

m∑
j>i

Li
x+t−1 p̃ i,j

x+t−1 Vi
t− , (3.15)

that we can compare with (3.11) for an interpretation. It is unlikely that Fi,A
t− = Fi,R

t− , for a number of
reasons:

• The realised number of deaths, Li
x+t−1 p̃ i,m+1

x+t−1 , can be other than what expected, Li
x+t−1 pi,m+1

x+t−1,
and then the realised mortality credits in state i can be higher or lower than expected. We may
consider it appropriate for any discrepancy to be absorbed by state i, given that this mismatch
arises exclusively from mortality in state i.

• In face of individuals entering state i during the year, it is required to hold in this state an
additional amount

∑
j<i Lj

x+t−1 p̃ j,i
x+t−1 Vi

t− , which is not already included in Fi,A
t− . This is an amount

that should be cross-subsidised by the previous states j, j < i.
• Individual funds Vj

t− for those moving to a living state j, j > i are no longer required in state i
and should be taken out from Fi,A

t− , to cross-subsidise the next states. This is in line with what
was discussed with regard to those entering state i (previous point).
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• Finally, we note that when Li
x+t = 0, then Fi,R

t− = 0; it can happen, instead, that Fi,A
t− > 0, given that

this latter fund is assessed based on expected number of transitions, in contrast to Fi,R
t− which

considers realised transitions. In such a circumstance, Fi,A
t− should be released to non-empty

states.

Based on the above considerations, we define the pool fund available for state i at time t as follows:

Fi,A
t =

⎧⎪⎨⎪⎩Fi,A
t− +

∑
j<i

Lj
x+t−1 p̃ j,i

x+t−1 Vi
t− −

m∑
j>i

Li
x+t−1 p̃ i,j

x+t−1 Vj
t− + Xi

t if Li
x+t > 0;

0 if Li
x+t = 0.

(3.16)

With Xi
t we denote the amount of resources left at time t by empty states, released to state i, so to ensure

that
∑

i Fi,A
t = FA

t . We assume a redistribution proportional to the required funds before the adjustment
of the benefits; more precisely, we assume (for non-empty states i):

Xi
t =

⎛⎝FA
t −

∑
i: Li

x+t >0

Fi,A
t−

⎞⎠ Fi,R
t−

FR
t−

.

As already noted, definition (3.16) ensures
∑

i Fi,A
t = FA

t . The amounts
∑

j<i Lj
x+t−1 p̃ j,i

x+t−1 Vi
t− and∑m

j>i Li
x+t−1 p̃ i,j

x+t−1 Vj
t− measure the cross-subsidy, respectively, in favour of and released by state i. These

amounts are also present in FA
t because, when we deal with multiple states, necessarily cross-subsidy

effects between states are involved; however, such cross-subsidies are not explicit in (3.4) because they
sum up to zero at the pool level.

3.4 Adjustment of the benefits by state
Once the pool fund available for state i at time t, that is Fi,A

t , is defined, we proceed to the adjustment of
benefits imposing (3.7). We point out that this is a set of equations that must be solved backwards, from
state m down to state 1. In particular, for i = m, we have

Lm
x+tB

m
t äm,m

x+t = Fm,A
t ,

and the unknown Bm
t straightforwardly follows:

Bm
t = Fm,A

t

Lm
x+t

1

äm,m
x+t

.

For i = m − 1, by imposing

Lm
x+t

(
Bm−1

t äm−1,m−1
x+t + Bm

t äm−1,m
x+t

)= Fm−1,A
t

the unknown is Bm−1
t , being Bm

t previously determined, and it holds that:

Bm−1
t =

(
Fm−1,A

t

Lm−1
x+t

− Bm
t äm−1,m

x+t

)
1

äm−1,m−1
x+t

.

Proceeding iteratively, for the non-empty states, we find

Bi
t =

(
Fi,A

t

Li
x+t

−
∑

j>i

Bj
t äi,j

x+t

)
1

äi,j
x+t

, (3.17)

while we assume that if Li
x+t = 0, then Bi

t = Bi
t−1 (i.e., no adjustment is applied to benefits relating to

empty states).
An interesting interpretation of the adjustment can be found in terms of individual fund Vi

t . For
brevity, we develop it under the assumption Li

x+t−1 > 0 and Xi
t = 0 for all states i.
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If we equate (3.6)–(3.16), and rearrange, we get

Vi
t

(
Li

x+t −
∑

j<i

Lj
x+t−1 p̃ j,i

x+t−1

)
= Li

x+t−1 pi,i
x+t−1 Vi

t− +
∑

j<i

Lj
x+t−1 p̃ j,i

x+t−1 (Vi
t− − Vi

t )

− Li
x+t−1

m∑
j>i

(̃
p i,j

x+t−1 − pi,j
x+t−1

)
Vj

t− .

(3.18)

Since (3.13) can also be written as

Li
x+t = Li

x+t−1 p̃ i,i
x+t−1 +

∑
j<i

Lj
x+t−1 p̃ j,i

x+t−1,

from (3.18) we obtain

Vi
t = pi,i

x+t−1

p̃ i,i
x+t−1

Vi
t− −

∑
j<i

Lj
x+t−1 p̃ j,i

x+t−1

Li
x+t−1 p̃ i,i

x+t−1

(Vi
t − Vi

t− ) −

m∑
j>i

(̃
p i,j

x+t−1 − pi,j
x+t−1

)
p̃ i,i

x+t−1

Vj
t− . (3.19)

When adjusting the benefits, clearly, we also need to adjust the individual required funds. Equation
(3.19) suggests the following interpretation. The individual fund required at time t for state i must be
adjusted because:

• The proportion of individuals remaining in state i differs from what was expected (see the first
term of Equation (3.19));

• The cross-subsidy received for individuals entering state i from lower states j, j < i is based on
Vi

t− , but it must be updated to Vi
t after the adjustment (see the second term of Equation (3.19));

• The cross-subsidy transferred to higher states j, j > i is based on the realised transition rates,
whereas the amount set aside in Fi,A

t− is based on the expected transition rates (see the third term
of Equation (3.19)).

We would like to emphasise that the first term recalls the mortality experience adjustment (MEA)
factor introduced in Piggott et al. (2005). It expresses the benefit update implied by the discrepancy
between expected and realised mortality. In our multi-state framework, such an adjustment applies state-
specific, accounting for ageing and mortality deviations. The second and third terms in Equation (3.19)
correct the state-specific adjustment by accounting for, respectively, cross-subsidy inflows and outflows.
Naturally, cross-subsidy cash flows can be defined in alternative ways; for instance, their amounts may
be shaped based on the expected transition rates rather than realised values. Beyond the possible choices
and consequent algebraic expressions, individual funds and benefits must be updated when experience
differs from expectations, that is, realised cross-subsidies differ from those expected.

3.5 Smoothing benefits across states
The reasons that may lead an individual to prefer participation in a GSA scheme over the purchase of a
life annuity are extensively discussed in the literature (see also Section 1); above all, cost savings, albeit
at the expense of guarantees. When dealing with a multi-state GSA, one should additionally wonder
why an individual should choose it, rather than one offering identical benefits across all states.

Similarly to a standard annuity, an individual who is aware of being in substandard health or main-
taining unhealthy lifestyle patterns might feel disadvantaged by the use of undifferentiated annuity rates
(see, e.g., Olivieri and Tabakova 2024 for the case of annuities and Kabuche et al. 2024 for the case of a
GSA). On the other hand, an individual currently in good health may feel better protected by a scheme
that guarantees an upgrade in the benefit in the event of a deterioration in their health status. In this
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preference, one may recognise an interest akin to that observed for long-term care insurance products
or disability income annuities.

Although GSA members are expected to accept benefit fluctuations across states depending on
experience, they may reasonably expect a consistent and coherent ordering of those benefits, that is,
B1

t < B2
t < . . . < Bm

t at all times t ≥ 0. At time t = 0, this is ensured by the initial choice of the benefit
amounts; however, Equation (3.17) does not necessarily maintain such an ordering at later times (t > 0),
as it does not explicitly consider the relative differences among benefit levels. We also note that, even
when the ordering of benefits is preserved, the distance between them may fall below desirable thresh-
olds. These considerations suggest the introduction of corrective mechanisms to the adjustment rule
described in Section 3.4.

There is a further circumstance that may require modifications to the adjustment rule. As we have
discussed earlier (see Sections 1, 2 and 3.1), ageing states are usually not observable. The current mor-
tality profile of an individual can reasonably be detected based on proxy risk factors, which may lead to a
classification of individuals that does not precisely replicate the intended ageing states. Moreover, either
by design or in connection with the available proxy risk factors, it could be considered more appropri-
ate to structure benefits across m∗ classes, not necessarily matching the number of ageing states, that is,
m∗ ≤ m. In settings where m is large, adopting fewer benefit classes, m∗ < m, may offer a more practicable
implementation. Illustrative proxy risk factors include medical events like the development of diabetes
or a heart attack, as well as milder but indicative conditions such as hypertension, elevated glucose or
cholesterol levels, or macular disease. They may also encompass functional or cognitive impairments,
such as difficulties in performing activities of daily living or the onset of dementia. It should be noted
that, given the absence of guarantees, the scheme may allow for a classification based on medical con-
ditions or diseases that are typically excluded from standard insurance coverage. However, since more
severe conditions result in access to a higher benefit class, safeguards must be anyhow in place to avoid
potential misuse or fraud.

In the following, we still refer to E as the set of ageing states and to E∗ = {1, 2, . . . , m∗} as the set
of benefit classes. Benefits Bi

t assessed as in Equation (3.17) ensure the actuarial equivalence between
benefits and available resources by ageing state and for the whole pool, as discussed in Section 3.3. In
the following, we refer to them as the notional benefits (or benefits by ageing state). We note that

BTOT
t =

∑
i∈E

Li
x+t Bi

t (3.20)

measures the total payout admitted by the actuarial equivalence condition (3.7) at time t, t ≥ 0. We denote
with B

k

t the benefit for class k ∈ E∗, and to keep the actuarial equivalence at the pool level, we require∑
k∈E∗

lk
x+t B

k

t = BTOT
t , (3.21)

where lk
x+t is the number of survivors placed in benefit class k at time t (note that

∑
i∈E Li

x+t =
∑

k∈E∗ lk
x+t).

We refer to B
k

t also as the actual benefits. Based on the motivations mentioned above, we introduce the
further requirement:

B
k

t = uk B
1

t , (3.22)

where B
1

t is the benefit amount for the lowest benefit class, and uk, k = 2, 3, . . . , m∗, is a coefficient
chosen to achieve the desired differential between the benefit in class k and class 1. Reasonably, 1 < u2 <

u3 < . . . < um∗ . To avoid potential misunderstandings when comparing the coefficients ci’s introduced
in Section 3.2 and the coefficients uk’s, we stress that, by design, uk measures the ratio at any time t
between the actual benefit in class k in respect of class 1. The coefficient ci, instead, describes the initial
level of differentiation across ageing-state benefits at time 0; at the following times t, t = 1, 2, . . ., it may
turn out Bi

t � ciB1
t , as a result of the different benefit dynamics by ageing state. Based on (3.22), Equation

(3.21) admits only one solution. After noting that requirement (3.22) introduces a kind of smoothing

https://doi.org/10.1017/asb.2026.10095 Published online by Cambridge University Press

https://doi.org/10.1017/asb.2026.10095


ASTIN Bulletin 889

of benefits, we point out that benefits subjected to (3.22) bring us back to the solution discussed in
Section 3.2 after Equation (3.5). Indeed, they may differ from that solution because of the number m∗

of benefit classes (and the specific choice of the proportion among benefits), but basically, they follow
the same idea. Yet, the analysis conducted in Sections 3.3 and 3.4 is not redundant, as it enables us to
assess the extent of solidarity entailed by this choice.

As already noted, while actual benefits ensure actuarial equivalence at the pool level, the actuarial
equivalence at the ageing state level will clearly be lost. This means that by adopting benefits B

k

t ’s instead
of Bi

t’s, solidarity mechanisms are introduced in the benefit design. With reference to an individual in
ageing state i, placed in benefit class k, the size and direction of solidarity can be understood by com-
paring the actual benefit B

k

t with the notional benefit Bi
t. Clearly, for some individuals B

k

t < Bi
t, meaning

that they are contributing solidarity, whereas for others B
k

t > Bi
t, that is, they are receiving solidarity.

We underline that this constitutes a design choice, albeit one that, in specific contexts, is imposed by
the limited information available on individual mortality patterns. As pointed out in Section 1, under-
standing the solidarity effects introduced enables a rational justification and communication of design
decisions, which is particularly important in arrangements where participants are exposed to the full
range of shared risks. A numerical assessment is discussed in Section 4.2, which also clarifies why the
introduction of solidarity effects may prove to be recommended.

4. Numerical application
In the following, we delve into the proposed theoretical framework through a numerical application.

Mortality rates provided by the Human Mortality Database are used to fit the Markov ageing
model, and different mortality experiences are selected to test the robustness of the fitting proce-
dure. In particular, we refer to mortality rates of the 1920, 1930 and 1940 Australian cohorts, for
both genders, considering ages 65 and above. We denote by mx,c the observed mortality rate at age x
for the cohort c, with c = 1920, 1930, 1940. The age sets we deal with are X1920 = {65, 66, . . . , 100},
X1930 = {65, 66, . . . , 90} and X1940 = {65, 66, . . . , 80} for the 1920, 1930 and 1940 cohorts, respectively.

In Section 4.1, the procedure adopted for fitting the Markov ageing model will be discussed, as well
as the strategy employed to simulate transitions between the process’s states. The numerical implemen-
tation of the Markov ageing GSA will be exposed in Section 4.2. For the sake of conciseness, some
numerical results are collected in the Supplementary Material accompanying the present manuscript.

4.1 Model fitting and simulation
To fit the Markov ageing model, both the initial distribution π and the intensity matrix � of the ageing
process must be estimated, and the choice of fitting method may be affected by the data availability.
At first glance, the maximum-likelihood estimation (MLE) approach represents a natural candidate for
fitting the Markov ageing model. To perform the MLE procedure, independent trajectories of the ageing
process must be completely observed up to the time of death. Each path should consist of the sequence
{(ik, sk) , k = 1, 2, . . . , n}, where i1, i2, . . . , in are the ageing states visited before death, and s1, s2, . . . , sn

are the corresponding sojourn times. However, due to the latent nature of the ageing states, trajectories
of the ageing process are not detectable, and the likelihood function maximisation cannot be directly
executed. Nonetheless, if realisations of i.i.d. times until death are accessible, the MLE can be car-
ried out via the expectation-maximisation (EM) algorithm. Assuming that an underlying ageing process
generates such absorption times, the conditional expected value of the log-likelihood function can be
computed and then maximised w.r.t. model parameters. In case no information on the times until death is
available, they could be randomly drawn from a valid PH distribution. The simulation exercise requires
that several combinations of the initial probability vector and the intensity matrix must be tried, as well
as different numbers of EM iterations should be considered. It could be computationally expensive, and
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there is no guarantee that the maximum of the likelihood function is achieved. Indeed, while the EM
algorithm always converges, it does not necessarily converge to the ML estimator as it can be trapped
in a local maximum. The EM algorithm can be exploited to its full effectiveness, for instance, when
survival data are observable; however, this is not the case for the present analysis because only cohort
mortality rates are available to us.

Given the above considerations, we opt for an alternative fitting method to MLE. For the sake of
completeness, we refer the reader to the Section 1 of the Supplementary Material, where technical details
on the EM-based fitting of the Markov ageing model are provided.

We proceed to fit the Markov ageing model by adopting a target approach, that is, a general procedure
allowing for dealing directly with the observed mortality or survival curve. Let θ c = (π c, �c) be the
parameter characterising the Markov ageing model for the cohort c. For each cohort, the deviations
between the observed mortality data (the target) and the corresponding value provided by the ageing
model are measured through a proper loss function L. We choose the mean squared error as the loss
function, while our target is the t-year survival probability at age 65. Then, we have

L(θ c) = 1

|Xc|
|Xc|∑
t=1

(
tp65,c − S65 (t; θ c)

)2
, (4.1)

where tp65,c is the t-year survival probability at age 65 for the cohort c and computed as tp65,c =∏t−1
h=0

(
1 − m65+h,c

1+0.5 m65+h,c

)
, while S65 (t; θ c) is the survival function for the same cohort and its expression

is given in Equation (2.7). We find the estimate θ̂ c as the solution of the following constrained mean
squared error minimisation problem:

min
θc

L(θ c), s.t. πi,c ∈ [0, 1] ∀ i ∈ E,
∑
i∈E

πi,c = 1, (4.2)

which we solve numerically for each cohort and gender.
As mentioned in Section 2, two other aspects deserve consideration in fitting the Markov ageing

model: the number of ageing phases, m, and possible non-uniqueness problems in parameter spec-
ifications. Concerning the latter, along the lines of Su and Sherris (2012), we impose the following
specification for intensity matrix elements in (2.3):

λi = λ and qi = γ + α eβ i, ∀ i ∈ E, γ , α, β > 0. (4.3)

A constant transition intensity between states means that, on average, a linear decline of various phys-
iological functions is acknowledged. The transition towards the death state accounts for a background
rate, namely γ , and an ageing-dependent component, α eβ i. The former allows for the representation of
ageing termination due to accidental death, while the latter describes an exponential increase in mortal-
ity as ageing proceeds. Regarding the number of ageing phases, an accurate fit of the entire mortality
schedule could be attained for high values of m (see, e.g., Lin and Liu 2007; Cheng et al. 2020); however,
if only part of the mortality schedule is of interest, a low-dimensional PH distribution furnishes a satis-
factory fit (see, e.g., Liu and Lin 2012). Therefore, we select the number of phases empirically, starting
with low m values and increasing them until the loss function reduces. In Table 2, mean squared error
values are reported for different numbers of ageing phases, distinguishing by cohorts and genders. For
the 1920 and 1930 Australian cohorts, we find that m = 15 ageing phases grant the best model fitting,
for both genders; the same occurs for the 1940 cohorts with m = 7 ageing phases. Figure 2 furnishes a
graphical visualisation for the comparison between the observed t-years survival probabilities and the
corresponding fitted values of the PH’s survival function. The latter are determined according to the m
value providing the lowest mean squared error for each cohort and gender. We observe a satisfactory
fit across all cohorts and both genders. The greater fitting accuracy is achieved for the younger cohorts,
since their survival curve consists of a few observations outlining a non-complex trend over time.
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Table 2. Mean squared error values by increasing the number of ageing phases, m, and distinguishing
by cohorts and genders. The lowest mean squared error values are in bold.

Cohort 1920 1930 1940

m Female Male Female Male Female Male
3 1.882084 × 10−2 1.32322 × 10−3 7.5310 × 10−4 5.5678 × 10−4 4.68 × 10−6 1.505 × 10−5

5 1.47505 × 10−3 4.9801 × 10−4 2.3156 × 10−4 1.5141 × 10−4 2.8 × 10−7 7.1 × 10−7

7 7.9133 × 10−4 2.5435 × 10−4 1.0336 × 10−4 5.016 × 10−5 1.1 × 10−7 1.5 × 10−7

10 4.0559 × 10−4 1.0251 × 10−4 2.149 × 10−5 2.285 × 10−5 7.9 × 10−7 1.8 × 10−7

15 2.8797 × 10−4 3.364 × 10−5 1.421 × 10−5 3.13 × 10−6 4.0 × 10−7 5.0 × 10−7

20 4.8811 × 10−4 4.1846 × 10−4 7.665 × 10−5 2.1845 × 10−4 1.9 × 10−7 2.0 × 10−7

Figure 2. Comparison between the observed t-years survival probabilities (red dots) and the corre-
sponding fitted values of the PH’s survival function (blue triangles). The latter are determined according
to the m value providing the lowest mean squared error for each cohort and gender (see Table 2).

For the sake of simplicity, from now on, we focus on the 5-state Markov ageing model for the
1920 Australian cohort, considering both genders. Using a low-dimensional Markov ageing model
facilitates the readability of both the estimated parameters and the results of the Markov ageing GSA
presented in Section 4.2. Comments we draw in the following discussions can be easily extended to high-
dimensional Markov ageing models, as well as to the other cohorts. We refer the reader to Section 2 of
the Supplementary Material for the parameters estimate concerning the befitting Markov ageing models.

Table 3 collects the 5-state Markov ageing mode’s parameters estimate concerning the 1920
Australian cohort. We note that, for both genders, the initial distribution of the process is mainly con-
centrated in the first ageing state, and it is residually located in the other states, in particular the last
one. Then, 65-year-old individuals cannot be attributed to a unique ageing status; individuals differ
in physiological state, even though they have the same chronological age. For the male gender, the
probability of being in the first ageing state is lower than for the female gender; the opposite occurs
if we consider the fifth state. Therefore, the physiological status of females chronologically aged 65
should be better than that of males. Such evidence is accompanied by the gender-based estimates of
λ. Females present a λ value lower than that for males, indicating a slower decline in their physiolog-
ical functions. Considering the parameters embedded in the transition intensity to the death state, the
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Table 3. Estimate of the 5-state Markov ageing model’s parameters
for the 1920 Australian cohort, both genders. We recall that: α is an
ageing-related scale parameter, β denotes the rate of change of qi as
ageing progresses, γ is the rate measuring the ageing termination due
to accidental deaths, λ is the transition intensity among states, and πi

is the probability that the process starts in the state i, for i = 1, . . . , 5.

Parameter Females Males
α 7.0115 × 10−6 3.9205 × 10−4

β 2.076213 1.298222
γ 1.0581 × 10−11 2.3084 × 10−21

λ 0.2117737 0.2260998
π1 0.9438316 0.8677341
π2 3.3452 × 10−8 1.7088 × 10−7

π3 5.2938 × 10−8 1.762 × 10−7

π4 1.9091 × 10−7 1.7961 × 10−6

π5 0.05616817 0.1322637

background rate estimate appears negligible for both genders. Indeed, the background rate γ measures
the effects of accidental deaths, which mainly occur at adult ages, while we are referring to older ages.
The β parameter represents the rate at which the transition intensity to the death state varies as the age-
ing phases progress. The larger the value of β, the more likely the transition to the death state will be.
As shown in Table 3, the female gender has a higher β than that for the male gender, but at the same
time, there is a compensation with the respective α parameter values. On the whole, we find that the
female gender tends to experience a slower ageing process and a longer lifespan, compared to the male
gender.

Following the model fitting, the evolution over time and by state of the initial population can
be simulated. Similarly to Kabuche et al. (2024), the realised number of individuals transitioning
from state i to state j in the interval (t − 1, t] is randomly drawn from a multinomial distribution,
that is,

Li,j
x+t−1 ∼ Multinom

(
Li

x+t−1, pi,j
x+t−1

)
, i ∈ E, j ∈ S . (4.4)

In (4.4), Li
x+t−1 refers to the actual number of individuals belonging to the ageing state i at time t − 1,

while pi,j
x+t−1 is the expected 1-year transition probability, from state i to state j, stemming from the

calibrated Markov ageing model. At each time step, we run 10,000 simulations to generate population
transitions among states. The total number of individuals attaining state j at time t is used for generating
population transitions at time t + 1. In addition, for each random draw, the simulated number Li,j

x+t−1 is
used to compute the realised 1-year transition probabilities as p̃ i,j

x+t−1 = Li,j
x+t−1

Li
x+t−1

.

4.2 Implementation of the Markov ageing GSA
4.2.1 Pool composition and population dynamics
We assume that at time t = 0 the GSA scheme is joined by a cohort of Lx = 10, 000 individuals (either
females or males), chronological age x = 65; we further assume that the scheme closes upon reaching
time tmax = 30. Consistent with the Markov ageing model calibrated as described in Section 4.1, individ-
uals are distributed in five ageing states, with initial composition as in Table 4. We point out that such
a composition (for both genders) naturally follows from the estimated initial distribution of the Markov
process; see Table 3.
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Table 4. Initial pool composition, by gender.

L1
65 L2

65 L3
65 L4

65 L5
65

Females 9438 0 0 0 562
Males 8677 0 0 0 1323

Figure 3. Population dynamics (average value) by time (annual basis) and state for both genders. We
refer the reader to the Section 3 of the Supplementary Material for the graphical representation of the
population transitions among states, for both genders.

Figure 3 plots the average number of survivors in the five ageing states across time, separately for
females and males; this way, we have a representation of the population dynamics. The average paths
of the five ageing states are similar for both genders: the decreasing pattern of state 1 is explained by
the fact that individuals can only exit this state (either by jumping to a higher living state or because of
death). The non-monotonic trajectories of the other states are driven by the net balance of transitions
in and out of each state. States representing higher ageing levels reach their maximum size later than
the others, and the peak population tends to decrease with increasing state severity. Nevertheless, at
older chronological ages, and especially at the final time tmax, the higher ageing states are larger than the
lower ones. In particular, state 1 exhibits a population size that almost disappears at later times, although
for both genders, it does not die out by time tmax. When comparing these patterns between females and
males, the greater average longevity of the former results in higher average sizes of the lower-index
ageing states for females, at any given time.

4.2.2 Available pool fund by state
The GSA scheme pays annual benefits to survivors at the beginning of the year, from time t = 0 until
time tmax = 30. We set B1

0 = 1.00 account unit and Bi
0 = 1.2i−1 B1

0; Table 5 lists the initial benefit amounts
by ageing state and the corresponding initial capital, assessed according to Equation (3.1). The dis-
count rate is set to r = 0.02. For each gender, the higher initial capital required from members in ageing
state 1 reflects their longer life expectancy, notwithstanding their lower initial benefit. Similarly, for
a given state, higher initial capitals are charged to females as a consequence of their higher expected
lifetime.

Figure 4 shows the time profile of the average values of the pool fund available by state for females.
The time profiles for males are similar and, for brevity, are not shown here, but they can be found in the
Section 3 of the Supplementary Material.
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Table 5. Initial notional benefit amount and capital, by gender.

Notional initial
capital Vi

0

Ageing state i Notional benefit amount Bi
0 Females Males

1 1.00 23.5532 20.3720
2 1.20 21.9534 18.3469
3 1.44 18.8619 15.2994
4 1.728 14.3547 11.6479
5 2.0736 9.5081 8.5352

Figure 4. Available fund (average value), and its components, by time (annual basis) and state for the
female gender. y-axis values are on 10−4 scale. Since the fund value ranges differ significantly across
the various states, we adopted separate y-axis scales to enhance the readability of the fund patterns for
states i > 1. For the male gender, refer to the Section 3 of the Supplementary Material.
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The time profiles can be interpreted, in particular, considering the several components of the avail-
able pool fund by state, as defined in Equation (3.16). For each state, these components are included
in the picture. In this regard, we point out that all quantities are plotted in absolute value; however,
cross-subsidies may be either incoming or outgoing, depending on the states j considered in relation to
state i.

In general, the time profile of each Fi,A
t resembles that of survivors in the ageing state, that is, Li

65+t,
apart from scaling factors due to the benefit amounts. As the population ages, resources are shifted
towards the more severe ageing states. In particular, cross-subsidy is prevalent between consecutive
states. For instance, ageing state 2 receives people from state 1 increasing its heap of individual funds,
that is, L1,2

65+tV
2
t− , and transfers part of its individuals (and the relative funds) primarily to state 3, that

is, L2,3
65+tV

3
t− . In turn, ageing state 3 acquires people and funds from state 2, and part of its population

is mainly relocated to ageing state 4, and so on. Both cross-subsidy inflows and outflows by state are
reported in Table 6. It is worth noting that the cross-subsidy obtained by state 1 is null for every t > 0, as
is the cross-subsidy offered by state 5. Since only forward ageing transitions are allowed in the Markov
ageing model, the lowest ageing state subsidises all the next ones; conversely, the highest ageing state
solely receives from the others. Given the initial population composition (see Table 4), the ageing state 1
brings individuals and related funds to subsequent states during the first year. Its cross-subsidy outflow
at t = 1 is fully allocated among states j > 1, corresponding to their respective inflows. As individuals
age (or die), state 1 tends to empty, and fewer funds will be transferred. Meanwhile, ageing states j > 1
experience an initial increase in incoming cross-subsidies, which then gives way to greater outflows as
ageing progresses.

Finally, we notice that Xi
t is null over time and for all states. Such a result arises from state pop-

ulations never becoming extinct; therefore, no state leaves resources to other states due to population
depletion.

4.2.3 Notional benefits
Figure 5 plots the time profile of the average value of the notional benefits by gender. For all states,
benefits on average are quite stable; however, at higher chronological ages, they show either an increasing
or decreasing path. Such a behaviour can be interpreted in view of cross-subsidy flows, arising from
deaths, entries into the state and transitions to higher living states. We note, in particular, an increasing
trend in state 5 (which can be exited only upon death) and a decreasing trend for the other states (which
are likely to become thinnier, as a result of deaths and ageing). The effect of cross-subsidies for the
various states can also be understood in light of the dynamics of the available pool funds by state (see
Figure 4). We note that the male population in state 1 is the one that shrinks the most (due to deaths
and ageing), see Figure 3; then, the average time profile of benefits in state 1 for males may suggest that
cross-subsidies rooted in actuarial equivalence lead to undesirable benefit patterns when the number of
participants becomes very low.

Indeed, the benefit dynamics in ageing state 1 deserves careful consideration. While it is true that
individuals in this state are exposed to the risk of jumping to a higher state (where they would receive
a higher benefit amount), it is also the case that those who remain in state 1 often do so as a result of
healthier lifestyles and well-being-oriented behaviours (that may also prove to be more expensive than
more passive, sedentary or unhealthy lifestyles). A reduction in benefits for state 1 (especially when, at
the same time, benefits in the other states are increasing) may be perceived as a form of penalisation and a
disincentive for behaviours that should instead be encouraged due to their social value. This is one of the
reasons why it may be appropriate to introduce an adjustment to actuarially equivalent cross-subsidies,
by admitting some kind of solidarity among states (see Section 3.5). Numerical results, in particular,
suggest that the introduction of solidarity should be considered in favour of those in ageing state 1, that
is, individuals with longer life expectancy, who spend their lives in better ageing conditions. This con-
clusion may appear counterintuitive, as we are naturally inclined to believe that financial support should
be directed from healthier individuals to those in poorer health. Thanks to our modelling framework,
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Table 6. Ingoing and outgoing cross-subsidies (average value) by state. Values refer to the female gender and, for conciseness, are reported for
selected years. Note that, by means of Equation (3.16), the ingoing cross-subsidy for the state i at time t > 0 is given by

∑
j<i Lj

x+t−1 p̃ j,i
x+t−1 Vi

t− +
Xi

t , while the outgoing cross-subsidy is quantified as
∑m

j>i Li
x+t−1 p̃ i,j

x+t−1 Vj
t− . For the male gender, we refer the reader to the Section 3 of the

Supplementary Material.

Cross-subsidy

State 1 State 2 State 3 State 4 State 5

t Ingoing Outgoing Ingoing Outgoing Ingoing Outgoing Ingoing Outgoing Ingoing Outgoing
1 0 38,756.487 35,339.848 0 3238.628 0 171.594 0 6.417 0
5 0 16,201.842 14,765.114 11,819.459 12,261.149 3728.129 4434.500 635.132 923.799 0
10 0 5266.055 4783.225 8930.154 8682.250 6429.195 6699.831 2406.938 2867.037 0
15 0 1593.822 1440.639 4451.658 4228.595 5181.581 5188.092 2999.401 3369.136 0
20 0 419.850 375.970 1725.111 1611.437 2954.640 2889.787 2401.432 2623.837 0
25 0 81.187 72.163 472.588 432.710 1164.596 1112.655 1344.759 1445.602 0
30 0 4.387 3.876 33.406 29.944 117.582 107.272 226.012 240.295 0
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Figure 5. Individual notional benefits (average value) by time (annual basis) and ageing state, for both
genders. For each ageing state, the black dashed line represents the initial benefit level, that is, Bi

0 for
i = 1, . . . , 5, outlined in Table 5.

we are able to gain deeper insight into this issue, so as to enable more informed decision-making with
respect to the GSA design.

4.2.4 Actual benefits
Notional benefits can be repackaged into actual benefits in a number of ways, each of which implies some
degree of solidarity that individuals may perceive as either acceptable or not. For instance, if we consider
a plain GSA, that is, a scheme with undifferentiated benefits, it is not difficult to conclude from Figure 5
that the common benefit amount falls between the lowest and the highest notional benefit amounts.
Individuals in lower ageing states would implicitly receive solidarity from those in higher ageing states.
The difference between notional and actual benefits in this case can be significant enough to lead certain
categories of people to opt out of the scheme (provided that participation is not mandatory).

We examine numerically some benefit smoothing solutions that may be seen as suitable by various
population groups. We consider four cases:

• m∗ = 1, meaning that a unique benefit class is acknowledged. In other words, we look at a
plain GSA wherein all the ageing states are grouped since the scheme provides undifferentiated
benefits;

• m∗ = 2, that is, two classes of benefit, assuming that u2 = 1.5, l1
x+t = L1

x+t + L2
x+t and l2

x+t = L3
x+t +

L4
x+t + L5

x+t. This way, ageing states 1 and 2, on the one side, and ageing states 3, 4, and 5,
on the other, are grouped. These groupings are based on the assumption that individuals in
adjacent ageing states are unlikely to clearly distinguish between their respective mortality
characteristics;

• m∗ = 3, that is, three classes of benefit, assuming that u2 = 1.5, u3 = 2, l1
x+t = L1

x+t + L2
x+t, l2

x+t =
L3

x+t + L4
x+t and l3

x+t = L5
x+t. In this case, ageing class 5 is kept by itself;

• m∗ = 5, that is, five classes of benefit, assuming that u2 = 1.25, u3 = 1.5, u4 = 1.75, u5 = 2 and
lk
x+t = Li

x+t for every k, i = 1, . . . , 5, with k = i. We point out that this case corresponds to the
solution described in Section 3.2, after Equation (3.5).

The numerical results are plotted in Figure 6, for females (for males, see Section 3 of the
Supplementary Material). The smoothing effect is apparent in all cases (as it can be easily seen when
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Figure 6. Actual benefits (average value) by time (annual basis) for the female gender, by considering
different numbers m	 of benefit classes. For the male gender, refer to Section 3 of the Supplementary
Material.

comparing Figure 5 with Figure 6); in particular, as a consequence of the imposed linking among the
various benefit classes, the benefit trajectory is identical across all classes, apart from the chosen scaling
factor. It should be noted that, in any case, the total payout of the pool remains the same (i.e., BTOT

t ) at all
times and is determined by requiring funded liabilities by ageing state (i.e., imposing (3.7)). Solidarity
contributions can be understood by comparing the notional with the actual benefit for each ageing state.
In Table 7, both notional and actual benefits are presented by considering different numbers of bene-
fit classes. In general, higher ageing states offer solidarity to lower ones. The size of such contributions
depends on the specific choice of the benefit classes and the chosen proportions among benefit amounts.
For instance, if a unique benefit class is acknowledged (i.e., m	 = 1), then lower ageing states receive
solidarity from higher ageing states along the entire scheme duration. In particular, it holds that Bi

t < B
1

t ,
for i = 1, 2 and for every t > 0, while ageing states 3 and 4 offer solidarity, respectively, until the end
of the 10th and 25th year. State 5, instead, only contributes to solidarity each year. Now, let us consider
m	 = 2 benefit classes. We recall that individuals belonging to the first and second ageing states, that
is, L1

x+t and L2
x+t, are relocated into the first benefit class since l1

x+t = L1
x+t + L2

x+t. As emerges in Table 7,
individuals in the first ageing state will earn solidarity, being Bi

t < B
1

t for every t > 0; conversely, indi-
viduals in the ageing state 2 obtain an actual benefit lower than the corresponding notional ones until the
twentieth year. The second benefit class pays the actual benefits B

2

t to individuals residing in the states 3,
4 and 5. Comparing the actual benefits with the notional benefits B3

t , B4
t and B5

t , it is easy to see that states
4 and 5 give solidarity to state 3. By also inspecting m	 = 3 and m	 = 5 cases, we observe that as the
number of benefit classes increases, the magnitude of the solidarity from higher ageing states to lower
ones shrinks. Then, if the scheme aims to provide many benefit classes, a constraint to the solidarity
mechanism between ageing states is implicitly introduced.

Once again, we note that the analysis of notional benefits allows us to assess both the magnitude
and direction of solidarity effects, which would otherwise remain unspecified. Comparing actual with
notional benefits can help identify the most workable smoothing rules, especially in light of the implied
solidarity mechanisms.

Finally, we emphasise that in the case of a traditional GSA (i.e., m	 = 1), the actual benefits are
increasing over time, but they are undifferentiated. Then, individuals belonging to greater ageing phases
perceive the same benefit as individuals in better health statuses, and in the meantime, they offer sol-
idarity. However, if differentiated benefits are provided, more aged individuals continue to contribute
solidarity, but they can access greater benefit levels.
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Table 7. Notional benefits (average value), Bi
t, i = 1, . . . , 5, and their related actual benefits, B

k

t , k = 1, . . . , m	, under different numbers m	 of benefit
classes. For conciseness, values are reported for every 5 years up to scheme maturity, and they refer to the female gender. For males, refer to Section 3
of the Supplementary Material.

Actual benefits

Notional benefits m	 = 1 m	 = 2 m	 = 3 m	 = 5

t B1
t B2

t B3
t B4

t B5
t B

1

t B
1

t B
2

t B
1

t B
2

t B
3

t B
1

t B
2

t B
3

t B
4

t B
5

t

0 1.000 1.200 1.440 1.728 2.074 1.060 1.031 1.547 1.004 1.506 2.008 1.004 1.255 1.506 1.757 2.008
5 0.997 1.198 1.446 1.721 2.079 1.242 1.083 1.625 1.067 1.600 2.133 0.977 1.221 1.465 1.709 1.953
10 0.996 1.188 1.444 1.719 2.089 1.436 1.109 1.663 1.065 1.597 2.130 0.979 1.224 1.469 1.714 1.959
15 1.004 1.178 1.438 1.715 2.101 1.583 1.145 1.718 1.063 1.595 2.127 0.989 1.236 1.483 1.730 1.978
20 1.010 1.182 1.425 1.705 2.117 1.685 1.180 1.771 1.064 1.596 2.128 0.998 1.248 1.497 1.747 1.997
25 1.016 1.180 1.413 1.693 2.132 1.745 1.204 1.807 1.065 1.598 2.130 1.005 1.256 1.507 1.759 2.010
30 0.988 1.179 1.407 1.658 2.159 1.814 1.236 1.853 1.068 1.601 2.135 1.014 1.268 1.521 1.775 2.028
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5. Conclusions
Individuals face increasing exposure to financial and longevity risks in their post-retirement life, and
compelling transfer solutions must be developed to support their post-retirement income. In this regard,
longevity risk-sharing arrangements have been well accepted in some markets and have raised growing
attention in the literature. Such mutual insurance plans can be preferable to traditional insurance designs,
mainly because of cost savings and enhanced flexibility, although at the expense of guarantees (as all
risks are borne by the group of the plan’s participants).

In this paper, we consider one of the earlier pooling structures described in the literature, that is, the
GSA arrangement, and we focus on longevity risk. We are particularly concerned with the heterogeneity
in mortality among individuals and the diverse financial needs this may generate regarding a suitable
post-retirement income. This issue has been only partially explored in the literature.

Mortality heterogeneity stems from multiple risk factors leading individuals to age at different paces,
although they are equally aged chronologically. If such risk factors are not measurable, human ageing
must be managed as a latent process with a material impact on individuals’ observable time to death.
To this end, we represent the ageing process through the Markov ageing model. Each process state
represents a distinct ageing phase; transitions capture the random progression towards death. The multi-
state structure of the ageing model is well-suited for allowing the design of differentiated benefits, and
consequently for meeting the greater financial needs of frailer individuals; to our knowledge, the Markov
ageing implementation in a risk-sharing context with multiple levels of benefit is new in the literature.

The Markov ageing GSA scheme, which we propose, provides differentiated benefits to participants
based on their ageing profiles. Individuals in more vulnerable conditions (presumably with a lower life
expectancy) are entitled to higher benefits than those with better physiological statuses (and likely a
longer lifespan). In a multi-state model, each ageing state is associated with a specific benefit level.
For each individual, benefits are updated dynamically in two respects. First, as an individual’s ageing
trajectory evolves, (s)he moves to a new state; a different benefit level is provided accordingly. This is
anticipated at entry, since the initial capital contributed by the individual is assessed to match the value
of the sequence of benefits (s)he is expected to cash back. Second, state-specific benefits are adjusted
depending on the possible discrepancy between the state experience and the related initial expectation.
Such an adjustment is not anticipated when calculating the initial capital. It becomes necessary when the
realised ageing and mortality trajectories deviate from those assumed in the calculation of the expected
payout rate.

Similar to a plain GSA scheme, the management of a multi-state GSA relies on cross-subsidies.
While in a plain scheme the cross-subsidy occurs between deceased and surviving members, in a multi-
state framework it also applies to transitions between ageing states. Identifying these cross-subsidies is
crucial for the formulation of appropriate benefit adjustment rules, an aspect that has so far received
limited attention in the literature about GSAs. In this paper, we focus in-depth on the definition of cross-
subsidies in a multi-state setting and discuss how this allows us to design benefit adjustment rules that
are free from solidarity effects. We also address the introduction of solidarity mechanisms, which may
be required in various contexts. For instance, risk classification must be based on proxy risk factors,
and the resulting risk classes do not fully coincide with the real ones. Likewise, due to regulation or
market expectations, it could be necessary to stick to a target level of benefit differentiation. We believe
that, even when their inclusion is inevitable, the availability of a framework to quantify their magnitude
can improve the transparency of the pooling arrangement and support a constructive communication of
design choices to participants.

We test our theoretical framework on Australian data and find some interesting results. In particular,
we identify circumstances that may require the introduction of solidarity mechanisms in the design of
multi-state benefits. The analysis we develop allows us to characterise both the extent and the direction
of these effects.

We stress that in the Markov ageing model, transitions are only admitted to higher states, that is,
backwards transitions to lower states are excluded. Accordingly, the actuarial design of the GSA we
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propose only considers forward transitions; however, it can be extended to also account for backwards
transitions. The algebraic expressions of the updated benefits and cross-subsidies would be different,
but the same logic can be preserved. Similarly, the actuarial structure can be adapted to a multi-state
mortality model accounting for observable risk factors only.

We believe that our paper offers stimulating insights for future research. A first step forward is gen-
eralising the actuarial design of the proposed Markov ageing GSA. For example, one could consider a
pool open to multiple cohorts. Consequently, cross-subsidy and solidarity mechanisms must be stud-
ied even among different generations of participants. Furthermore, it would be interesting to test the
impact of different risk-sharing rules on the benefits profile and possible alternative criteria for apply-
ing solidarity. From the perspective of mortality uncertainty modelling, the Markov ageing model can
be boosted by considering a non-homogeneous Markov process (see, e.g., Albrecher et al. 2022) or a
subordinated Markov process (see, e.g., Liu and Lin 2012). In the latter case, the Markov ageing GSA
could be assessed in the presence of systematic longevity risk.

Supplementary material. The supplementary material for this article can be found at https://doi.org/10.1017/asb.2026.10095
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