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In this article, we study the effect of the Hardy potential on existence, uniqueness,
and optimal summability of solutions of the mixed local–nonlocal elliptic problem

−∆u+ (−∆)su− γ
u

|x|2
= f in Ω, u = 0 in Rn \ Ω,

where Ω is a bounded domain in Rn containing the origin and γ > 0. In particular,
we will discuss the existence, non-existence, and uniqueness of solutions in terms of
the summability of f and of the value of the parameter γ.
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1. Introduction

Elliptic and parabolic Partial Differential Equations (PDEs) with the Hardy poten-
tial |x|−2, where x ∈ Rn with n ≥ 3, are nowadays a classical topic of investigation.
We refer to the monograph [23] for a detailed description of the mathematical and
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physical reasons that led to the study of such PDEs as well as most of the known
result both in the model local and nonlocal case, namely when the leading operator
is either −∆ or (−∆)s with s ∈ (0, 1). In the latter case, the interesting Hardy
potential is given by |x|−2s. Our aim here is to start the study of problems of the
form  Lu− γ

u

|x|2
= f(x) in Ω,

u = 0 in Rn \ Ω,

where Ω ⊂ Rn is an open and bounded set with smooth enough boundary ∂Ω,
0 ∈ Ω, f belongs to some suitable Lm(Ω) and γ > 0. It will be soon clarified that
the choice of the local Hardy potential is the most proper in this case, and this
will immediately provide a natural upper bound for γ. Finally, we introduce the
operator

L := −∆+ (−∆)s,

where (−∆)s denotes the fractional Laplacian of order s ∈ (0, 1), i.e.,

(−∆)su = Cn,s lim
ε→0

∫
{|x−y|≥ε}

u(x)− u(y)

|x− y|n+2s
dy,

and Cn,s > 0 is a suitable normalization constant (see, precisely, remark 2.1).
The above mixed local–nonlocal operator is a particular instance of a general

class of operators firstly studied in the 60s [11, 12] in connection with the valid-
ity of maximum principle and more recently from a probabilistic point of view,
see, e.g., [13] and the references therein. Recently, there has been a renewed
interest in problems presenting both a local and nonlocal nature, mainly due
to their interest in the applications see, e.g., [16]. The most common thread of
the more recent contributions concerns the development of a regularity theory
making mainly use of purely analytical techniques, see, e.g., [6, 14, 19, 20, 26,
27] and the references therein, so to be able to treat PDEs where the leading
operator is L.

As already announced, our interest in this article is to start the study of mixed
local–nonlocal PDEs with a singular potential. We just mention that other singular
PDEs driven by L have been considered so far, see, e.g., [5, 9, 18] as well as purely
nonlocal PDEs, see, e.g., [4] and the references therein. Coming back to our issues
and in order to clarify the choice of the purely local Hardy potential, the starting
point is the Hardy inequality, originally proved in [21] in the one-dimensional case
and subsequently extended in various directions:

C

∫
Rn

u2

|x|2
dx ≤

∫
Rn

|∇u|2 dx, u ∈ C∞
0 (Rn), (1.1)

where C > 0. As it is customary when dealing with functional inequalities, it is
interesting to detect whether there is an optimal constant for which (1.1) holds
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and whether this is ever achieved. These questions are nowadays classical for the
inequality (1.1): the best constant is purely dimensional, it is given by

Λn :=
(n− 2)2

4
,

and it is never achieved. Similarly, there exists an optimal positive constant Λn,s,
depending only on n and s and never achieved, such that

Λn,s

∫
Rn

u2

|x|2s
dx ≤ Cn,s

2
[u]2s, u ∈ C∞

0 (Rn), (1.2)

where

[u]2s :=

∫∫
R2n

|u(x)− u(y)|2

|x− y|n+2s
dx dy,

denotes the Gagliardo seminorm of u (of order s ∈ (0, 1)).
The inequalities (1.1) with C = Λn and (1.2) are the starting point of our mixed

local–nonlocal analysis. Clearly, the following trivially hold

Λn

∫
Rn

u2

|x|2
dx ≤

∫
Rn

|∇u|2 dx+
Cn,s

2
[u]2s, u ∈ C∞

0 (Rn),

and

Λn,s

∫
Rn

u2

|x|2s
dx ≤

∫
Rn

|∇u|2 dx+
Cn,s

2
[u]2s, u ∈ C∞

0 (Rn).

As probably expected, the best Hardy potential (in a sense to be specified later on,
see after proposition 2.6) to be considered is the one coming from the local Hardy
inequality. This leads to the following natural question: does the minimization
problem

Λs,n := inf
u∈C∞

0 (Rn)\{0}

ρ(u)2

H(u)
(1.3)

admit a minimizer? Here, we have introduced the shorthand notation

ρ(u)2 := ‖∇u‖2
L2(Rn)

+
Cn,s

2
[u]2s and H(u) :=

∫
Rn

u2

|x|2
dx.

Our first result answers to the above question.

Theorem 1.1. The number defined by the minimization problem (1.3) coincides
with the optimal local Hardy constant Λn and it is never achieved.

Having in mind applications to mixed local–nonlocal PDEs, we are also interested
in studying Hardy-type inequalities in open and bounded sets Ω ⊂ Rn. The second
main result of the present article is the following.

Theorem 1.2. Let Ω ⊂ Rn be an open and bounded set such that 0 ∈ Ω. Then

Λs,n(Ω) := inf
{
ρ(u)2 : u ∈ C∞

0 (Ω) s.t. H(u) = 1
}
,

is independent of Ω, coincides with Λn and it is never achieved.
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In light of similar results proved for mixed local–nonlocal Sobolev inequalities
(see [24]), the above fact is not so surprising and it is motivated by the lack of
scaling invariance of the functional ρ(u).

The aforementioned results open the way to the study of mixed local–nonlocal
PDEs in presence of the classical Hardy potential, namely −∆u+ (−∆)su− γ

u

|x|2
= f inΩ,

u = 0 inRn \ Ω,
(DΓ ,f )

where n ≥ 3, Ω ⊂ Rn is an open and bounded set with smooth enough boundary
and such that 0 ∈ Ω, f ∈ Lm(Ω) for some m ≥ 1 and γ ∈ (0,Λn).

The boundary condition is the purely nonlocal one and it is quite natural if one
is interested in Dirichlet-type boundary conditions, see, e.g., [6] for examples in the
case γ=0.

Our aim is to study the regularity of the solutions of (DΓ ,f ) in terms of the
summability of the source term f : this forces to consider different notions of solu-
tions and it is nowadays quite classical. This line of research is quite old in the case
of variational local elliptic operators as well as purely nonlocal ones. We refer to
§2.2 for a detailed review of the known results in the case of −∆, of (−∆)s, and L.

Having this background in mind, we state our first result which provides exis-
tence, optimal solvability, and gain of integrability of solutions which can be
considered of energy-type since f ∈ Lm(Ω) with m ≥ 2n

n+2 .

Remark 1.3. Here, and in all the articles, when we write f ≥ 0, we mean that
f 
 0 in Ω, i.e. f is not identically zero. Moreover, we point out that the positivity
assumption on f is not a restriction, since our problem is linear.

Theorem 1.4. Let f ∈ Lm(Ω) with m ≥ (2∗)′ = 2n
n+2 . Then, problem (DΓ ,f)

admits a unique weak solution uf ∈ X 1,2(Ω) (see §2 for the relevant definition), in
the following sense:

∫
Rn

∇uf · ∇v dx +
Cn,s

2

∫∫
R2n

(uf (x)− uf (y))(v(x)− v(y))

|x− y|n+2s
dx dy − γ

∫
Rn

ufv

|x|2
dx

=

∫
Ω

fv dx, for every v ∈ X 1,2(Ω).

(1.4)
Moreover, if f ≥ 0 then u> 0 in Ω. In addition, if f also belongs to Lm(Ω) with
2n
n+2 ≤ m < n

2 and

0 < γ < γ(m) :=
n(m− 1)(n− 2m)

m2
,

then the unique weak solution uf ∈ X 1,2(Ω) of problem (DΓ ,f) is such that

uf ∈ Lm∗∗
(Ω), where m∗∗ := nm

n−2m .
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The next result deals with a source term f ∈ Lm(Ω) with 1 < m < 2n
n+2 . In this

case, variational arguments are forbidden but one can rely on the technique leading
to approximated solutions by means of suitable truncation arguments.

Theorem 1.5. Let f ∈ Lm(Ω) with 1 < m < 2n
n+2 be a positive function. If

0 < γ < γ(m) :=
n(m− 1)(n− 2m)

m2
,

then there exists a positive distributional solution uf ∈W 1,m∗
0 (Ω) of (DΓ ,f), where

m∗ := nm
n−m : namely uf/|x|2 ∈ L1(Ω) and it holds∫

Rn
∇uf · ∇v dx +

Cn,s

2

∫∫
R2n

(uf (x)− uf (y))(v(x)− v(y))

|x− y|n+2s
dx dy − γ

∫
Rn

ufv

|x|2
dx

=

∫
Ω

fv dx, for every v ∈ C∞
0 (Ω).

(1.5)

Remark 1.6. As we will see in the proof of theorem 1.5, the solution uf is obtained
as the limit of solutions of the regularized problems (3.12). We also prove that such
a type of solution (usually referred to as SOLA solution) is unique. Moreover using

the fact that uf ∈ W 1,m∗
0 (Ω), by a density argument it can be shown that (1.5)

holds in a stronger sense, that is uf ∈W 1,m∗
0 (Ω) and it holds∫

Rn
∇uf · ∇v dx +

Cn,s

2

∫∫
R2n

(uf (x)− uf (y))(v(x)− v(y))

|x− y|n+2s
dx dy − γ

∫
Rn

ufv

|x|2
dx

=

∫
Ω

fv dx, for every v ∈W
1,(m∗)′
0 (Ω),

where (m∗)′ = m∗/(m∗ − 1).

The last result concerns the case of f ∈ L1(Ω), where we cannot ensure (in

general) that f ∈ X =
(
X 1,2(Ω)

)′
, and thus variational arguments are once again

forbidden. As for the local case [2, 23], we are able to provide an optimal solvability
criteria. Nevertheless, due to the nature of L, which makes the task of finding
explicit solutions quite hard, our condition is somehow implicit. In order to give
the existence result, we need to consider solutions of an auxiliary problem. Let
g ∈ L∞(Ω) and let w ∈ X 1,2(Ω) be the unique weak solution of{

−∆w + (−∆)sw = g inΩ,

w = 0 inRn \ Ω,
(1.6)

in the sense of (1.4), with γ=0. We note that the unique solution w belongs to
L∞(Ω). Now, we introduce the notion of solution in this setting, adapting the
classical concept of duality.

Definition 1.7. Let f ∈ L1(Ω), and let u ∈ L1(Ω). We say that u is a duality
solution of (DΓ ,f), if the following conditions hold:
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(1) u ≡ 0 a.e. in Rn \ Ω and u/|x|2 ∈ L1(Ω);
(2) for every g ∈ L∞(Ω) and w solution to (1.6), we have∫

Ω

gu dx = γ

∫
Ω

u

|x|2
w dx+

∫
Ω

fw dx.

Remark 1.8. We notice that any function u which solves (DΓ ,f ) in the sense of
theorems 1.4 and 1.5 is also duality solutions (in the sense of definition 1.7).

With definition 1.7 at hand, we can now state the optimal-solvability result for
problem (DΓ ,f ). Before doing this, we first fix a notation: we denote by ΦΩ the
unique weak solution in X 1,2(Ω) of the following problemLu = γ

u

|x|2
+ 1 in Ω,

u = 0 in Rn \ Ω,

We explicitly observe that, since the constant function f ≡ 1 is positive and
bounded on Ω, the existence and uniqueness of ΦΩ follow from theorem 1.4;
moreover, we also have

ΦΩ > 0 a.e. in Ω.

Theorem 1.9. Let f ∈ L1(Ω), f ≥ 0 a.e. in Ω. Then, there exists a positive duality
solution u ∈ L1(Ω) of problem (DΓ ,f) in the sense of definition 1.7 if and only if∫

Ω

fΦΩ dx <∞. (1.7)

In this case, one can also prove that u satisfies the following properties:

(1) for every k ∈ N, one has Tk(u) ∈ X 1,2(Ω) (see (2.11) for the definition of
Tk);

(2) u|Ω is uniformly bounded in W 1,p
0 (Ω) for every p < n

n−1 .

The article is organized as follows: in §2 we firstly describe the natural functional
setting associated with L (see §2.1), we then review all the regularity results con-
nected with our problem (see §2.2), and then we prove both theorems 1.1 and 1.2
(see §2.3). In §3, we move to the study of (DΓ ,f ) proving theorems 1.4, 1.5, and
1.9.

2. The functional setting and preliminary results

The aim of this section is to introduce the adequate functional setting for the
study of the mixed operator L = −∆ + (−∆)s and to collect some known results
concerning the L-Dirichlet problem
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On mixed local–nonlocal problems with Hardy potential 7Lu = f in Ω,

u ≡ 0 in Rn \ Ω
(Df )

where Ω ⊆ Rn is a bounded domain and f ∈ Lm(Ω) for some m ≥ 1. We also
study mixed Hardy-type inequality, by proving theorems 1.1 and 1.2.

2.1. The functional setting

Let s ∈ (0, 1) be fixed, and let ∅ 6= Ω ⊆ Rn (with n ≥ 3) be an arbitrary open set,
not necessarily bounded. We define the function space X 1,2(Ω) as the completion
of C∞

0 (Ω), that is the set of smooth functions with compact support in Ω, with
respect to the mixed global norm

ρ(u) :=

(
‖∇u‖2

L2(Rn)
+
Cn,s

2
[u]2s

)1/2

, u ∈ C∞
0 (Ω),

where [u]s denotes the so-called Gagliardo seminorm of u (of order s), that is,

[u]s :=

(∫∫
R2n

|u(x)− u(y)|2

|x− y|n+2s
dx dy

)1/2

.

Remark 2.1. A couple of observations concerning the space X 1,2(Ω) are in order.

(1) The norm ρ(·) is induced by the scalar product (or bilinear form)

B(u, v) :=
∫
Rn

∇u · ∇v dx+
Cn,s

2

∫∫
R2n

(u(x)− u(y))(v(x)− v(y))

|x− y|n+2s
dx dy,

where · denotes the usual scalar product in the Euclidean space Rn, while

Cn,s := 22sπ−n
2 Γ((n+ 2s)/2)/|Γ(−s)|;

thus, X 1,2(Ω) is endowed with a structure of a (real) Hilbert space.
(2) Even if a function u ∈ C∞

0 (Ω) identically vanishes outside Ω, it is often still
convenient to consider in the definition of ρ(·) the L2-norm of ∇u on the
whole of Rn, rather than restricted to Ω (though of course the result would
be the same): this is to stress that the elements in X 1,2(Ω) are functions
defined on the entire space Rn and not only on Ω (and this is consistent
with the nonlocal nature of the operator L). The benefit of having this global
functional setting is that these functions can be globally approximated on Rn

(with respect to the norm ρ(·)) by smooth functions with compact support
in Ω.

In particular, when Ω 6= Rn, we will see that this global definition of ρ(·)
implies that the functions in X 1,2(Ω) naturally satisfy the nonlocal Dirichlet
condition

u ≡ 0 a.e. in Rn \ Ω for every u ∈ X 1,2(Ω). (2.1)
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In order to better understand the nature of the space X 1,2(Ω) (and to recognize
the validity of (2.1)), we distinguish two cases.

(i) If Ω is bounded. In this case, we first recall the following inequality, which
expresses the continuous embedding of H1(Rn) into Hs(Rn) (see, e.g., [15, propo-
sition 2.2]): there exists a constant c = c(n, s) > 0 such that, for every u ∈ C∞

0 (Ω),
one has

[u]2s ≤ c(n, s)‖u‖2
H1(Rn)

= c(n, s)
(
‖u‖2

L2(Rn)
+ ‖∇u‖2

L2(Rn)

)
. (2.2)

This, together with the classical Poincaré inequality, implies that ρ(·) and the full
H 1-norm in Rn are actually equivalent on the space C∞

0 (Ω), and hence

X 1,2(Ω) = C∞
0 (Ω)

‖·‖
H1(Rn)

= {u ∈ H1(Rn) : u|Ω ∈ H1
0 (Ω) andu ≡ 0 a.e. in Rn \ Ω}.

(ii) If Ω is unbounded. In this case, even if the embedding inequality (2.2) is still
satisfied, the Poincaré inequality does not hold ; hence, the norm ρ(·) is no more
equivalent to the full H 1-norm in Rn, and X 1,2(Ω) is not a subspace of H1(Rn).

On the other hand, by the classical Sobolev inequality, there exists a constant
S = Sn > 0, independent of the open set Ω, such that

Sn‖u‖2L2∗ (Rn)
≤ ‖∇u‖2

L2(Rn)
≤ ρ(u)2 for every u ∈ C∞

0 (Ω). (2.3)

As a consequence, we deduce that X 1,2(Ω) ↪→ L2∗(Rn).

Remark 2.2. We explicitly notice that, since the mixed Sobolev-type inequality
(2.3) holds for every open set Ω ⊆ Rn (bounded or not), we always have

X 1,2(Ω) ↪→ L2∗(Rn). (2.4)

Furthermore, by exploiting the density of C∞
0 (Ω) in X 1,2(Ω), we can extend

inequality (2.3) to every function u ∈ X 1,2(Ω), thereby obtaining

Sn‖u‖2L2∗ (Rn)
≤ ρ(u)2 = ‖∇u‖2

L2(Rn)
+
Cn,s

2
[u]2s for every u ∈ X 1,2(Ω).

Due to its relevance in the sequel, we also introduce a distinguished notation for
the cone of the non-negative functions in X 1,2(Ω): we set

X 1,2
+ (Ω) =

{
u ∈ X 1,2(Ω) : u ≥ 0 a.e. in Ω

}
.

2.2. The L-Dirichlet problem

Now we have introduced the space X 1,2(Ω), we present some known results con-
cerning existence and optimal regularity of solutions for the L-Dirichlet problem
(Df ). To this end, we distinguish two different cases.
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(i) f ∈ Lm(Ω) for some m ≥ (2∗)′ =
2n

n+ 2
;

(ii) f ∈ Lm(Ω) for some 1 < m < (2∗)′.

Case (i) - The variational case. In this case, we observe that, by combining the
continuous embedding (2.4) of X 1,2(Ω) with the Hölder inequality, we have∫

Ω

|fv| dx < +∞ ∀ v ∈ X 1,2(Ω),

and thus f ∈ X = (X 1,2(Ω))′; in view of this fact, existence and uniqueness of
solutions for problem (Df ) easily follow from the Lax–Milgram theorem. More
precisely, we present the following theorem, which collects most of the published
results regarding the existence, uniqueness, and regularity of solutions to problem
(Df ).

Theorem 2.3. Let Ω ⊆ Rn be a bounded open set with smooth boundary, and
let f ∈ Lm(Ω) for some m ≥ (2∗)′. Then, there exists a unique weak solution
uf ∈ X 1,2(Ω) of problem (Df ), in the following sense:

B(uf , v) =
∫
Ω

fv dx ∀ v ∈ X 1,2(Ω). (2.5)

Furthermore, the following properties hold.

(i) (see [6, theorem 4.7]) If f ∈ Lm(Ω) with m > n/2, then uf ∈ L∞(Rn).

(ii) (see [5, theorem 2.3]) If (2∗)′ ≤ m ≤ n/2, then uf ∈ Lm∗∗
(Ω), where

m∗∗ =
nm

n− 2m
.

(iii) (see [3, theorem 1.1]) If f ∈ Lm(Ω) with m> n, then

uf ∈ C1,θ(Ω) for some θ ∈ (0, 1).

(iv) (see [7, theorem B.1]) If f ∈ Cα(Ω) for some α ∈ (0, 1), and if 2s+ α < 1
(hence, in particular, 0 < s < 1/2), then uf ∈ C2,α(Ω).

(v) (see, e.g., [6, theorem 1.2] and [8, corollary 3.3 and remark 3.4] ) If f ≥ 0
a.e. in Ω, then we have uf ≥ 0 a.e. in Ω; moreover, either uf ≡ 0 or uf > 0
in Ω.

Case (ii) - The non-variational case. In this case, the inclusion Lm(Ω) ⊆ X =
(X 1,2(Ω))′ does not hold, and we cannot directly apply the Lax–Milgram theorem
to study the existence of solutions for problem (Df ). As in the purely local setting,
existence and improved regularity are proved at the same time by an approximation
argument.

Theorem 2.4 See [5, theorem 2.1] Let Ω ⊆ Rn be a bounded open set with smooth
boundary, and let f ∈ Lm(Ω) for some 1 < m < (2∗)′, f ≥ 0 a.e. in Ω. Then, there
exists a positive solution uf of problem (Df ), in the following sense
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10 S. Biagi, F. Esposito, L. Montoro and E. Vecchi

(a) uf ∈W 1,m∗
0 (Ω), with m∗ = nm/(n−m);

(b) for every v ∈W
1,(m∗)′
0 (Ω) ∩ Lm′

(Ω) with compact support, we have

B(uf , v) =
∫
Ω

fv dx.

Remark 2.5. A comparison with the local/nonlocal case It is interesting to notice
that, on account of theorems 2.3–2.4, the improved integrability for the solutions
of (Df ) is generated only by −∆, thus reflecting the merely perturbative role of
(−∆)s, at least when working on bounded sets. More precisely, let uf be the solution
(to be specified, depending on the summability of f ) of−∆u = f ∈ Lm(Ω) in Ω

u = 0 in ∂Ω.
.

Then, in [25] where more general operators are considered, Stampacchia showed
that

(i) if 1 < m < (2∗)′ then uf ∈W 1,m∗
0 (Ω);

(ii) if (2∗)′ ≤ m ≤ n/2 then uf ∈ H1
0 (Ω) ∩ Lm∗∗

(Ω);
(iii) if m > n/2 then uf ∈ H1

0 (Ω) ∩ L∞(Ω).

A similar results holds true in the purely nonlocal framework, that is, for the
solution uf of the following nonlocal Dirichlet problem(−∆)su = f ∈ Lm(Ω) in Ω

u = 0 in Rn \ Ω
.

In this case, setting

m∗
s :=

nm

n−ms
and m∗∗

s :=
nm

n− 2ms
,

we have that (see [22, theorems 13, 16, 17, 24])

(a) if 1 < m < 2n/(n+ 2s) then the weak-duality solution uf ∈ Lm∗∗
s (Ω);

(b) if 2n/(n+ 2s) ≤ m ≤ n/(2s) then uf ∈ Hs
0(Ω) ∩ Lm∗∗

s (Ω);
(c) if m > n/(2s) then u ∈ Hs

0(Ω) ∩ L∞(Ω).

2.3. Mixed Hardy-type inequalities

Now, we focus our attention on the mixed Hardy inequalities. In order to do this,
we need to introduce some notations and recall some well-known results. Let n ≥ 3.
The classical Hardy inequality states that
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(n− 2)2

4

∫
Rn

u2

|x|2
dx ≤

∫
Rn

|∇u|2 dx, u ∈ C∞
0 (Rn),

and it is known that this constant Λn = (n−2)2/4 is never achieved, see, e.g., [23].
Clearly,

Λn

∫
Rn

u2

|x|2
dx ≤

∫
Rn

|∇u|2 dx ≤ ρ(u)2, u ∈ C∞
0 (Rn). (2.6)

In particular, due to the mixed nature of the norm ρ(u), it holds

Λn,s

∫
Rn

u2

|x|2s
dx ≤ ρ(u)2, u ∈ C∞

0 (Rn), (2.7)

as well, where Λn,s denotes the optimal constant for the fractional Hardy inequality,
see, e.g., [23, Chapter 9]. Combining (2.6) and (2.7), we get the following.

Proposition 2.6. For every p ∈ [2s, 2], there exists a positive constant C> 0,
depending only on n and s, such that

C

∫
Rn

u2

|x|p
dx ≤ ρ(u)2, u ∈ C∞

0 (Rn), (2.8)

Proof. Let p ∈ [2s, 2] be arbitrarily fixed. Owing to (2.6) and (2.7), we have∫
Rn

u2

|x|p
dx =

∫
{|x|≤1}

u2

|x|p
dx+

∫
{|x|>1}

u2

|x|p
dx

≤
∫
{|x|≤1}

u2

|x|2
dx+

∫
{|x|>1}

u2

|x|2s
dx

≤
( 1

Λn
+

1

Λn,s

)
ρ(u)2 ∀ u ∈ C∞

0 (Rn),

and this is precisely the desired (2.8). �

We notice that for p=2 we can take C = Λn, while for p = 2s we can take
C = Λn,s; however, due to the monotonicity of |x|−p, it seems that the most
interesting case is the one for p=2. Let us focus for a moment to the case p=2,
and let us introduce the shorthand notation

H(u) :=

∫
Rn

u2

|x|2
dx.

It is natural to wonder whether the minimization problem

Λs,n := inf
u∈C∞

0 (Rn)\{0}

ρ(u)2

H(u)

admits a minimizer, that is whether Λs,n is achieved or not. The answer is given
by theorem 1.1 which we will prove right below:
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12 S. Biagi, F. Esposito, L. Montoro and E. Vecchi

Proof of theorem 1.1. Let u ∈ C∞
0 (Rn). By the very definition of ρ(u), we have

that

Λn ≤
‖∇u‖2

L2(Rn)

H(u)
≤ ρ(u)2

H(u)
,

and therefore, taking the infimum,

Λn ≤ Λs,n. (2.9)

On the other hand, if u ∈ C∞
0 (Rn), we have that (for λ> 0),

uλ(x) := λ
n−2
2 u(λx) ∈ C∞

0 (Rn),

and therefore it can be used as a test function, finding

Λs,n ≤ ρ(uλ)
2

H(uλ)
=

‖∇u‖2
L2(Rn)

+ λ2s−2Cn,s
2 [u]2s

H(u)

=
‖∇u‖2

L2(Rn)

H(u)
+ λ2s−2Cn,s

2

[u]2s
H(u)

→
‖∇u‖2

L2(Rn)

H(u)
, as λ→ +∞.

We can then conclude that

Λs,n ≤ Λn,

which combined with (2.9) proves Λs,n = Λn. The fact that the constant is never
achieved follows from the upcoming proposition 2.8. �

Let us now move to the case of bounded sets. Firstly, let us define the set

M(Ω) := {u ∈ C∞
0 (Ω) : H(u) = 1} ,

and the constants

Λs,n(Ω) := inf
u∈C∞

0 (Ω)\{0}

ρ(u)2

H(u)
= inf

{
ρ(u)2 : u ∈ C∞

0 (Ω) ∩M(Ω)
}
.

We now prove the following proposition leading to the demonstration of theorem
1.2.

Proposition 2.7. Let Ω ⊆ Rn be an open and bounded set such that 0 ∈ Ω. Then

Λs,n(Ω) = Λn. (2.10)

Proof. Since ρ(u) ≥ ‖∇u‖L2(Ω) for every u ∈ C∞
0 (Ω), it holds that

Λs,n(Ω) ≥ Λn.

To prove the reverse inequality, we consider r> 0 be such that Br(0) ⊆ Ω. We now
observe that, given any u ∈ C∞

0 (Rn) ∩ M(Rn), there exists k0 = k0(u) ∈ N such
that
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supp(u) ⊆ Bkr(0) for every k ≥ k0;

as a consequence, setting uk(x) := k
n−2
2 u(kx) (for k ≥ k0), we readily see that

supp(uk) ⊆ Br(0) ⊆ Ω and H(uk) = 1.

Taking into account the definition of Λs,n(Ω), we find that, for every k ≥ k0,

Λs,n(Ω) ≤ ρ(uk)
2 = ‖∇uk‖2L2(Rn)

+
Cn,s

2
[uk]

2
s = ‖∇u‖2

L2(Rn)
+ k2s−2Cn,s

2
[u]2s.

From this, letting k → ∞ (and recalling that s< 1), we obtain

Λs,n(Ω) ≤ ‖∇u‖2
L2(Rn)

.

By the arbitrariness of u ∈ C∞
0 (Rn) ∩M(Rn) and the fact that Λn is independent

of the open set Ω, we finally infer that

Λs,n(Ω) ≤ inf
{
‖∇u‖2

L2(Rn)
: u ∈ C∞

0 (Rn) ∩M(Rn)
}
= Λn,

and hence Λs,n(Ω) = Λn. �

Proposition 2.8. Let Ω ⊆ Rn be an open set (not necessarily bounded). Then,
Λs,n(Ω) is never achieved.

Proof. Arguing by contradiction, let us suppose that there exists a function u0 ∈
X 1,2(Ω) such that H(u0) = 1 (hence, u0 6≡ 0) and

ρ(u0)
2 = ‖∇u0‖2L2(Rn)

+
Cn,s

2
[u0]

2
s = Λn.

Since X 1,2(Ω) ⊆ D1,2(Ω), we can then infer that

Λn ≤ ‖∇u0‖2L2(Ω)
≤ ‖∇u0‖2L2(Rn)

+
Cn,s

2
[u0]

2
s = ρ(u0)

2 = Λn,

from which we derive that [u0]s = 0. As a consequence, the function u0 must be
constant in Rn, but this is contradiction with the fact that H(u0) = 1. �

We are, therefore, ready to prove theorem 1.2.

Proof of theorem 1.2. It is enough to combine proposition 2.7 with proposition 2.8.
�
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14 S. Biagi, F. Esposito, L. Montoro and E. Vecchi

We end this section with the following lemma, showing a connection between
the Hardy-type inequality (2.8) and the existence of solutions for the variational
inequality

Lu ≥ γ
u

|x|2
in Ω.

In order to state and prove such a result, we first fix a notation: given any k ∈ N,
we set

Tk(t) := max{min{k, t},−k} =

 t, |t| ≤ k,

k
t

|t|
, |t| > k.

(2.11)

Lemma 2.9. Let Ω ⊆ Rn be a bounded open set with smooth boundary, let γ > 0 be
fixed, and let u ∈ X 1,2(Ω), u> 0, be such that

B(u, v) ≥ γ

∫
Ω

uv

|x|2
dx for all v ∈ X 1,2

+ (Ω).

Then, we have

ρ(v)2 ≥ γ

∫
Ω

v2

|x|2
dx for all v ∈ X 1,2(Ω).

This proof is inspired by [17, lemma B.1]. First of all, let us consider the following
truncated problem given byLw = T1

(
u

|x|2

)
in Ω

w = 0 in Rn \ Ω.
(2.12)

We know that problem (2.12) admits a unique positive weak solution w ∈ X 1,2(Ω).
Hence, noticing that

Lu ≥ γ
u

|x|2
≥ γT1

(
u

|x|2

)
= Lw in Ω,

and since the operator L is linear, we easily deduce thatL(w − u) ≤ 0 in Ω

w − u = 0 in Rn \ Ω.

As a consequence, since v = w − u ∈ X 1,2(Ω) ⊆ H1(Rn), we are entitled to apply
the weak maximum principle in [6, theorem 1.2], obtaining

u ≥ w in Rn.

In particular, since w ∈ C1,α(Ω) (see theorem 2.3), we deduce that for every
compact set K ⊂ Ω there exists a constant ϑ> 0 such that

u ≥ w ≥ ϑ > 0 in K, (2.13)

and this ensures that u−1 ∈ L∞
loc(Ω).
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On mixed local–nonlocal problems with Hardy potential 15

Now we have established (2.13), we can easily complete the proof of the lemma.
Indeed, let ϕ ∈ C∞

0 (Ω) be arbitrarily fixed, and let

ψ = u−1ϕ2.

By (2.13) (and since supp(ϕ) ⊂ Ω), we have ψ ∈ L∞(Ω); moreover,

(u(x)− u(y))(ψ(x)− ψ(y)) ≤ |ϕ(x)− ϕ(y)|2.

Indeed, by the very definition of ψ, we have

(u(x)− u(y))(ψ(x)− ψ(y)) = ϕ(x)2 + ϕ(y)2 − u(x)
ϕ2(y)

u(y)
− u(y)

ϕ2(x)

u(x)

= (ϕ(x)− ϕ(y))2 + 2ϕ(x)ϕ(y)− u(x)
ϕ2(y)

u(y)
− u(y)

ϕ2(x)

u(x)

= (ϕ(x)− ϕ(y))2 + 2ϕ(x)ϕ(y)− u(x)u(y)
ϕ2(y)

u2(y)
− u(x)u(y)

ϕ2(x)

u2(x)

= (ϕ(x)− ϕ(y))2 − u(x)u(y)
{ϕ2(x)

u2(x)
+
ϕ2(y)

u2(y)
− 2

ϕ(x)

u(x)

ϕ(y)

u(y)

}
= (ϕ(x)− ϕ(y))2 − u(x)u(y)

(ϕ(x)
u(x)

− ϕ(y)

u(y)

)2
≤ (ϕ(x)− ϕ(y))2,

(2.14)
where we have also used the fact that u > 0 a.e. in Ω.

From now on we argue as in [17]. In order to prove the result, we take ψ as test
function in∫

Rn
∇u · ∇ψ dx+

Cn,s

2

∫∫
R2n

(u(x)− u(y))(ψ(x)− ψ(y))

|x− y|n+2s
dxdy ≥ γ

∫
Ω

uψ

|x|2
dx.

Noticing that ∇u · ∇ψ = |∇ϕ|2 − u2|∇(u−1ϕ)|2 ≤ |∇ϕ|2, and using (2.14), we
deduce ∫

Rn
|∇ϕ|2 dx+

Cn,s

2

∫∫
R2n

(ϕ(x)− ϕ(y))2

|x− y|n+2s
dxdy ≥ γ

∫
Ω

ϕ2

|x|2
dx.

�

3. The L-Dirichlet problem involving the Hardy potential

Taking into account all the results recalled and/or established so far, we now aim
to study existence and improved-integrability of the solutions for the L-Dirichlet
problem (DΓ ,f ) defined in §1, that is
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16 S. Biagi, F. Esposito, L. Montoro and E. Vecchi

 Lu− γ
u

|x|2
= f in Ω,

u = 0 in Rn \ Ω,
(DΓ ,f )

where Ω ⊂ Rn, n ≥ 3, is an open, regular, and bounded set with 0 ∈ Ω, and

f ∈ Lm(Ω) for some m ≥ 1 and γ ∈ (0,Λn) .

To this end, motivated by the discussion in §2, we distinguish the following three
cases, according to the values of m.

(i) f ∈ Lm(Ω) for some m ≥ (2∗)′ =
2n

n+ 2
;

(ii) f ∈ Lm(Ω) for some 1 < m < (2∗)′;

(iii) f ∈ L1(Ω).

Remark 3.1. We explicitly stress that the restriction 0 < γ < Λn, generally, is
motivated by the results in the previous section. Indeed, if we assume that there
exists a positive weak solution of problem (DΓ ,f ) for some λ> 0 and some f ≥ 0,

say uf ∈ X 1,2
+ (Ω), then

B(uf , v) = γ

∫
Ω

ufv

|x|2
dx+

∫
Ω

fv dx ≥ γ

∫
Ω

ufv

|x|2
dx for all v ∈ X 1,2

+ (Ω);

this, together with lemma 2.9 and theorem 1.1, implies that

Λn = inf
u∈C∞

0 (Ω)\{0}

ρ(u)2

H(u)
≥ γ.

Hence, the last fact motivates non-existence of positive energy solution of problem
(DΓ ,f ) in the case γ > Λn and f sufficiently regular.

On the other hand, if we consider the case γ = Λn in (DΓ ,f ), there is a different
approach that can be borrowed, as pointed out in [23]. Thanks to a more general
version of the Hardy inequality, the improved Hardy inequality (see, e.g., [28]), one
can define an Hilbert space H(Ω) larger than X 1,2(Ω) where it is possible to find a
unique positive solution uf ∈ H(Ω) to (DΓ ,f ) if f belongs to the dual space H′(Ω)
(e.g., when f ∈ Lm(Ω) with m > 2n/(n+ 2)).

3.1. Case (i) - f ∈ Lm(Ω) with m ≥ (2∗)′.

As already pointed out in §2, in this case, we have f ∈ X = (X 1,2(Ω))′; as a
consequence, we can investigate existence and uniqueness of solutions for (Df )
using the Lax–Milgram theorem, obtaining the following result.

Theorem 3.2. Let f ∈ Lm(Ω) with m ≥ (2∗)′. Then, problem (DΓ ,f ) admits a
unique weak solution uf ∈ X 1,2(Ω), in the following sense:
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B(u, v)− γ

∫
Rn

uv

|x|2
dx =

∫
Ω

fv dx, for every v ∈ X 1,2(Ω). (3.1)

In particular, if f ≡ 0, the unique weak solution is the trivial one; while, if f ≥ 0
a.e. in Ω, then uf ≥ 0 a.e. in Ω. Indeed, uf > 0 a.e. in Ω.

Proof. The first assertion follows from Lax–Milgram theorem: in fact, it suffices to
notice that the bilinear form defined as

B(u, v)− γ

∫
Rn

uv

|x|2
dx

is coercive and continuous on the Hilbert space X 1,2(Ω). The second assertion easily
follows noticing that u ≡ 0 is a weak solution to (DΓ ,f ) when f ≡ 0.

Finally, we turn to prove uf ≥ 0 a.e. in Ω when f ≥ 0. To this end, we first
observe that, since uf ∈ X 1,2(Ω), we have

v := (uf )
− = max{−uf , 0} ∈ X 1,2(Ω).

We are then entitled to use this function v as a test function in (3.1), obtaining

0 ≤
∫
Ω

fv dx = B(uf , v)− γ

∫
Rn

ufv

|x|2
dx

=

∫
Rn

∇uf · ∇v dx+
Cn,s

2

∫∫
R2n

(uf (x)− uf (y))(v(x)− v(y))

|x− y|n+2s
dx dy − γ

∫
Rn

ufv

|x|2
dx

=−
(∫

Ω

|∇v|2 dx− γ

∫
Ω

v2

|x|2
dx
)
+
Cn,s

2

∫∫
R2n

(uf (x)− uf (y))(v(x)− v(y))

|x− y|n+2s
dx dy

(since (uf (x)− uf (y))(v(x)− v(y)) ≤ −|v(x)− v(y)|2)

≤ −
(
ρ(v)2 − γ

∫
Ω

v2

|x|2
dx
)

(using theorem 1.1)

≤ −
(
1− γ

Λn

)
ρ(v)2

From this, since 0 < γ < Λn, we conclude that v = (uf )
− = 0 a.e. in Ω, and thus

uf ≥ 0 a.e. in Ω. (3.2)

To show that uf > 0 a.e. in Ω we now observe that, since uf is a weak solution of
(DΓ ,f ), we can write

B(uf , v) =
∫
Ω

g(x, uf )v dx ∀ v ∈ X 1,2(Ω),

where g(x, t) = f(x) + λ t/|x|2; thus, since f > 0 a.e. Ω, we have

g(x, t) ≥ 0 for a.e.x ∈ Ω and t ≥ 0.
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Recalling (3.2), we can apply the strong maximum principle arguing as in the proof
of [8, corollary 3.3], showing that uf > 0 a.e. in Ω (as f 6≡ 0). �

Similarly to the case γ=0 discussed in §2, see theorem 2.3-(ii), also for the unique
solution uf of problem (DΓ ,f ) we have an improved-integrability result.

Theorem 3.3. Let f ∈ Lm(Ω) with 2n
n+2 ≤ m < n

2 , be a positive function. If

0 < γ < γ(m) :=
n(m− 1)(n− 2m)

m2
,

then the unique weak solution uf ∈ X 1,2(Ω) of problem (DΓ ,f ) (whose existence is
guaranteed by theorem 3.2) is such that

uf ∈ Lm∗∗
(Ω), where m∗∗ := nm

n−2m .

Proof. As it is customary for such kind of problems, for every k ∈ N, we consider
the unique weak solution ϕk ∈ X 1,2(Ω) ∩ L∞(Rn) of the regularized problem Lu = γ

ϕk−1

|x|2 + 1/k
+ fk(x) in Ω,

u = 0 in Rn \ Ω,
(3.3)

where ϕ0 := 0 and fk(x) := Tk(f(x)). Owing to lemma A.1, we know that

(i) ϕk is well defined for every k ≥ 1, and {ϕk}k is non-decreasing;
(ii) ϕk → uf as k → +∞ strongly in Lp(Ω) for every p ∈ [1, 2∗), where uf ∈

X 1,2(Ω) is the unique weak solution of problem (DΓ ,f ) (in the sense of
theorem 3.2).

Let now

α :=
m(n− 2)

n− 2m
, (3.4)

and notice the following:

(a) m ≥ 2n
n+2 is equivalent to α ≥ 2;

(b) denoting by m′ = m
m−1 the usual Hölder conjugate exponent of m, one has

2∗α

2
=

nm

n− 2m
= m∗∗ = (α− 1)m′.

Since ϕk ∈ X 1,2
+ (Ω) for every k ∈ N, we can use vk := ϕα−1

k (= |ϕk|α−2ϕk), as
test function in the variational formulation of (3.3), finding

B
(
ϕk, ϕ

α−1
k

)
= γ

∫
Ω

ϕk−1ϕ
α−1
k

(|x|2 + 1/k)
dx+

∫
Ω

fkϕ
α−1
k dx

≤ γ

∫
Ω

ϕα
k

|x|2
dx+

∫
Ω

fkϕ
α−1
k dx,

(3.5)

where we used the increasing monotonicity of {ϕk}k.
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Let us now consider the left hand side of (3.5). We have

B
(
ϕk, ϕ

α−1
k

)
=

∫
Ω

∇ϕk ·∇(ϕα−1
k ) dx+

Cn,s

2

∫∫
R2n

(ϕk(x)− ϕk(y))(ϕ
α−1
k (x)− ϕα−1

k (y))

|x− y|n+2s
dx dy

=: (L) + (NL).

The nonlocal part can be treated as in the proof of [1, theorem 4.2]. Let us give
the details for sake of completeness: first, exploiting the algebraic inequality [1,
Equation (17)], i.e., for s1, s2 ≥ 0 and a > 0 it holds

(s1 − s2)(s
a
1 − sa2) ≥

4a

(a+ 1)2

(
s
a+1
2

1 − s
a+1
2

2

)2

,

we deduce that

(ϕk(x)− ϕk(y))(ϕ
α−1
k (x)− ϕα−1

k (y)) ≥ 4(α− 1)

α2

(
ϕ
α/2
k (x)− ϕ

α/2
k (y)

)2
,

and therefore

(NL) ≥ 4(α− 1)

α2

[
ϕ
α/2
k

]2
s
. (3.6)

In the local part, we have

∇ϕk · ∇(ϕα−1
k ) =

4(α− 1)

α2

∣∣∣∇ϕα/2
k

∣∣∣2 ,
and therefore

(L) =
4(α− 1)

α2

∫
Ω

∣∣∣∇ϕα/2
k

∣∣∣2 dx. (3.7)

Hence, combining (3.7) and (3.6), we get

B
(
ϕk, ϕ

α−1
k

)
≥ 4(α− 1)

α2
B
(
ϕ
α/2
k , ϕ

α/2
k

)
=

4(α− 1)

α2
ρ
(
ϕ
α/2
k

)2
. (3.8)

We now move to the right hand side of (3.5). By Hölder inequality, we find that

∫
Ω

fkϕ
α−1
k dx ≤ ‖fk‖Lm(Ω)

(∫
Ω

ϕ
(α−1)m′
k dx

)1/m′

, (3.9)

where m
′
is the Hölder conjugate exponent of m defined in (b). It remains to

deal with the last term: by the mixed Hardy inequality with best constant, see
theorem 1.1, we get
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γ

∫
Ω

ϕα
k

|x|2
dx = γ

∫
Ω

(
ϕ
α/2
k

)2
|x|2

dx ≤ γ

Λn
ρ
(
ϕ
α/2
k

)2
. (3.10)

Combining (3.5) with (3.8), (3.9), and (3.10), we get

(
4(α− 1)

α2
− γ

Λn

)
ρ
(
ϕ
α/2
k

)2
≤ ‖fk‖Lm(Ω)

(∫
Ω

ϕ
(α−1)m′
k dx

)1/m′

. (3.11)

As in the purely local case, in order to have a meaningful a priori estimate, we need
to have

γ <
4(α− 1)Λn

α2
=
n(m− 1)(n− 2m)

m2
= γ(m),

as assumed. In order to conclude the proof, we can follow the argument in [10]. By
(2.3), and recalling (b), we get

ρ
(
ϕ
α/2
k

)2
≥ Sn‖ϕα/2

k ‖2
L2∗ (Ω)

=Sn

(∫
Ω

ϕ
(2∗α)/2
k dx

)2/2∗
b)
= Sn

(∫
Ω

ϕ
(α−1)m′
k dx

)2/2∗

,

which, combined with (3.11), gives

Sn

(
4(α− 1)

α2
− γ

Λn

)(∫
Ω

ϕ
(α−1)m′
k dx

)2/2∗−1/m′

= Sn

(
4(α− 1)

α2
− γ

Λn

)
‖ϕk‖Lm∗∗

(Ω)
≤ ‖fk‖Lm(Ω),

and thus

Sn

Λn
(γ(m)− γ) ‖ϕk‖Lm∗∗

(Ω)
≤ ‖fk‖Lm(Ω).

Now, by using the Fatou lemma, it is sufficient to pass to the limit for k → +∞ and
note that ϕk converges to the solution uf of problem (DΓ ,f ). From this, we deduce
the thesis. �

We are now ready to prove theorem 1.4.

Proof of theorem 1.4. It is enough to combine theorem 3.2 with theorem 3.3. �

3.2. Case (ii) - f ∈ Lm(Ω) with 1 < m < (2∗)′

As already observed in §2, in this case, we cannot ensure that f ∈ X = (X 1,2(Ω))′,
and thus we cannot apply the Lax–Milgram theorem to study existence and unique-
ness of solutions of problem (DΓ ,f ). Hence, we prove existence and improved
integrability at the same time with a truncation argument.
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Proof of theorem 1.5. Similarly to the proof of theorem 3.3, for every k ∈ N,
we consider the unique weak solution ϕk ∈ X 1,2

+ (Ω) ∩ L∞(Rn) of the regularized
problem  Lu = γ

ϕk−1

|x|2 + 1/k
+ fk(x) in Ω,

u = 0 in Rn \ Ω,
(3.12)

where ϕ0 ≡ 0 and fk(x) := min{f(x), k}. By arguing exactly as in the incipit of
the proof of lemma A.1, we easily see that ϕk is well defined for every k ≥ 1, and
the sequence {ϕk}k is non-decreasing. We then define the number α ∈ (1, 2) as in
(3.4), and we use

vk := (ϕk + ε)α−1 − εα−1, ε > 0,

as test function in the variational formulation of (3.12). Recalling that

(ϕk + ε)(x)− (ϕk + ε)(y) = ϕk(x)− ϕk(y),

and making the same computations performed in the proof of theorem 3.3, we get

B (ϕk, vk) = B
(
ϕk, (ϕk + ε)α−1 − εα−1

)
≥ 4(α− 1)

α2
ρ
(
(ϕk + ε)α/2 − εα/2

)2
,

(3.13)
and, using the monotonicity of {ϕk}k and the mixed Hardy inequality, we also find

γ

∫
Ω

ϕk[(ϕk + ε)α−1 − εα−1]

|x|2
dx+

∫
Ω

fk[(ϕk + ε)α−1 − εα−1] dx

= γ

∫
Ω

(
(ϕk + ε)α/2 − εα/2

)2
|x|2

dx

+ γ

∫
Ω

ϕk[(ϕk + ε)α−1 − εα−1]− [(ϕk + ε)α/2 − εα/2]2

|x|2
dx

+

∫
Ω

fk[(ϕk + ε)α−1 − εα−1] dx

≤ γ

Λn
ρ
(
(ϕk + ε)α/2 − εα/2

)2
+ γ

∫
Ω

ϕk[(ϕk + ε)α−1 − εα−1]− [(ϕk + ε)α/2 − εα/2]2

|x|2
dx

+

∫
Ω

fk[(ϕk + ε)α−1 − εα−1] dx.

(3.14)

Combining (3.13) and (3.14), we finally get(
4(α− 1)

α2
− γ

Λn

)
ρ
(
(ϕk + ε)α/2 − εα/2

)2
≤
∫
Ω

fk[(ϕk + ε)α−1 − εα−1] dx

+ γ

∫
Ω

ϕk[(ϕk + ε)α−1 − εα−1]− [(ϕk + ε)α/2 − εα/2]2

|x|2
dx.

(3.15)
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Hence, using (2.3), we get

ρ
(
(ϕk + ε)α/2 − εα/2

)2
≥ Sn‖(ϕk + ε)α/2 − εα/2‖2

L2∗ (Ω)

= Sn

(∫
Ω

[(ϕk + ε)α/2 − εα/2]2
∗
dx

)2/2∗

.

Now, for k ∈ N fixed, thanks to the Lebesgue’s dominated convergence theorem we
can pass to the limit for ε that goes to 0, and thus we obtain

Sn

(
4(α− 1)

α2
− γ

Λn

)(∫
Ω

ϕ
(2∗α)/2
k dx

)2/2∗

≤
∫
Ω

fkϕ
α−1
k dx. (3.16)

Hence, applying Hölder inequality in the right hand side of (3.16), we deduce

Sn

(
4(α− 1)

α2
− γ

Λn

)(∫
Ω

ϕ
(2∗α)/2
k dx

)2/2∗

≤ ‖fk‖Lm(Ω)

(∫
Ω

ϕ
(α−1)m′
k dx

) 1
m′

.

Using the definition of α in (3.4) and recalling that α
2 2∗ = nm

n−2m = m∗∗ = (α−1)m′,
we deduce

Sn

(
4(α− 1)

α2
− γ

Λn

)
‖ϕk‖Lm∗∗

(Ω)
≤ ‖fk‖Lm(Ω) ≤ ‖f‖Lm(Ω). (3.17)

Hence, by (3.17), we deduce

‖ϕk‖Lm∗∗
(Ω)

≤ K(n, α, γ, f) =: K. (3.18)

Exploiting the mixed Hardy inequality (see theorem 1.2) to the term

ρ
(
(ϕk + ε)α/2 − εα/2

)2
, we have

ρ
(
(ϕk + ε)α/2 − εα/2

)2
≥ Λn

∫
Ω

[(ϕk + ε)α/2 − εα/2]2

|x|2
dx. (3.19)

Going back to (3.15), and using (3.19), we get

Λn

(
4(α− 1)

α2
− γ

Λn

)∫
Ω

[(ϕk + ε)α/2 − εα/2]2

|x|2
dx

≤
(
4(α− 1)

α2
− γ

Λn

)
ρ
(
(ϕk + ε)α/2 − εα/2

)2
≤
∫
Ω

fk[(ϕk + ε)α−1 − εα−1] dx

+ γ

∫
Ω

ϕk[(ϕk + ε)α−1 − εα−1]− [(ϕk + ε)α/2 − εα/2]2

|x|2
dx.

(3.20)

Let k be fixed, by letting ε→ 0, we obtain

Λn

(
4(α− 1)

α2
− γ

Λn

)∫
Ω

ϕα
k

|x|2
dx ≤

∫
Ω

fk · ϕα−1
k dx. (3.21)
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Making use of Hölder inequality in the right hand side of (3.21), we deduce that

Λn

(
4(α− 1)

α2
− γ

Λn

)∫
Ω

ϕα
k

|x|2
dx ≤

∫
Ω

fk · ϕα−1
k dx

≤
(∫

Ω

fmk dx

)1/m(∫
Ω

ϕ
(α−1)m′
k dx

)1/m′

≤ ‖f‖Lm(Ω) · ‖ϕk‖m
∗∗/m′

Lm∗∗(Ω) .

(3.22)

As a consequence of (3.22), taking into account (3.18), we are able to conclude that∫
Ω

ϕα
k

|x|2
dx ≤ E‖f‖Lm(Ω), (3.23)

where E := Km∗∗/m′
Λ−1
n (4(α− 1)/α2 − γ/Λn)

−1 is a positive constant which does
not depend on k.

Our aim is to show that the sequence {ϕk}k is bounded in W 1,m∗
0 (Ω). In order

to prove this fact, from (3.15), we have(
4(α− 1)

α2
− γ

Λn

)(α
2

)2 ∫
Ω

|∇ϕk|2

(ϕk + ε)2−α
dx

≤
(
4(α− 1)

α2
− γ

Λn

)
ρ
(
(ϕk + ε)α/2 − εα/2

)2
≤ γ

∫
Ω

ϕk[(ϕk + ε)α−1 − εα−1]− [(ϕk + ε)α/2 − εα/2]2

|x|2
dx

+

∫
Ω

fk[(ϕk + ε)α−1 − εα−1] dx

(since 0 < α− 1 < 1)

≤ γ

∫
Ω

ϕk[ϕ
α−1
k + εα−1 − εα−1]

|x|2
dx+

∫
Ω

fk[ϕ
α−1
k + εα−1 − εα−1] dx

= γ

∫
Ω

ϕα
k

|x|2
dx+

∫
Ω

fk · ϕα−1
k dx.

(3.24)

If we fix ε = R in (3.24), using (3.17) and (3.23), we get∫
Ω

|∇ϕk|2

(ϕk +R)2−α
dx ≤ C(m,n, γ,Sn) =: C.

Thanks to Hölder inequality with exponents (2/m∗, 2/(2−m∗)), we get∫
Ω

|∇ϕk|m
∗
dx ≤

∫
Ω

|∇ϕk|m
∗

(ϕk +R)
(2−α)m∗

2

(ϕk +R)
(2−α)m∗

2 dx

≤ C
m∗
2

(∫
Ω

(ϕk +R)
(2−α)m∗
2−m∗ dx

)2−m∗
2

.
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Finally, we have

∫
Ω

|∇ϕk|m
∗
dx ≤ C

m∗
2

(∫
Ω

(ϕk +R)m
∗∗
dx

) 2−m∗
2

,

which implies the boundedness of {ϕk}k inW 1,m∗
0 (Ω). Since m > 1, we deduce that

there exists u such that (up to subsequences)

ϕk ⇀ uin W 1,m∗
0 (Ω) and a.e. in Ω,

ϕk

|x|2
→ u

|x|2
strongly in L1(Ω).

We recall that ϕk weakly solves (3.12), namely∫
Rn

∇ϕk · ∇v dx+
Cn,s

2

∫∫
R2n

(ϕk(x)− ϕk(y))(v(x)− v(y))

|x− y|n+2s
dxdy

= γ

∫
Ω

ϕk−1

|x|2 + 1/k
v dx+

∫
Ω

fk(x)v dx,

for every v ∈ C∞
0 (Ω).

We note that, for any v ∈ C∞
0 (Ω), the following

W 1,m∗
0 (Ω) 3 g 7→

∫
Rn

∇g · ∇v dx+
Cn,s

2

∫∫
R2n

(g(x)− g(y))(v(x)− v(y))

|x− y|n+2s
dxdy

is a bounded linear functional in W 1,m∗
0 (Ω). Then for every v ∈ C∞

0 (Ω), we obtain∫
Rn

∇ϕk · ∇v dx+
Cn,s

2

∫∫
R2n

(ϕk(x)− ϕk(y))(v(x)− v(y))

|x− y|n+2s
dxdy

−→
∫
Rn

∇u · ∇v dx+
Cn,s

2

∫∫
R2n

(u(x)− u(y))(v(x)− v(y))

|x− y|n+2s
dxdy as k → +∞.

Collecting the last information on the operator, the convergence of ϕk discussed
before, and using the Lebesgue’s dominated convergence theorem in the right hand
side of the regularized problem (3.12), we can pass to the limit in it, showing that u

is a solution (as defined in (1.4)) belonging to W 1,m∗
0 (Ω). The solution u is positive

in Ω being {ϕk}k non-decreasing.

Now we want to prove that this solution u ∈ W 1,m∗
0 (Ω), obtained as limit of

solutions of the regularized problems (3.12), is unique. Consider another sequence
of functions {gk}k converging to f in Lm(Ω). Then let us consider the following
regularized problem Lwk = γ

wk−1

|x|2 + 1/k
+ gk(x) in Ω,

wk = 0 in Rn \ Ω.

Hence, as before we can prove that, up to subsequences, wk converges to a solution

w belonging to W 1,m∗
0 (Ω). Hence, arguing on the function ϕk−wk, we deduce that

it solves
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On mixed local–nonlocal problems with Hardy potential 25 L(ϕk − wk) = γ
(ϕk−1 − wk−1)

|x|2 + 1/k
+ fk(x)− gk(x) in Ω,

ϕk − wk = 0 in Rn \ Ω.

Arguing as above, we can derive an analogous estimate to (3.17) for the difference
function

Sn

(
4(α− 1)

α2
− γ

Λn

)
‖ϕk − wk‖Lm∗∗

(Ω)
≤ ‖fk − gk‖Lm(Ω).

Passing to the limit for k that goes to +∞, we easily deduce that

‖u− w‖
Lm∗∗

(Ω)
= 0,

which immediately implies the uniqueness. �

3.3. Case (iii) - f ∈ L1(Ω)

Taking into account all the results established so far, we end this section by proving
an optimal condition for the existence of a positive duality solution of problem (3)
when β ∈ (0,Λn) and f is just a positive L1 function in the sense of definition 1.7.

Proof of theorem 1.9. (Necessity of (1.6)). We first assume that there exists a
positive duality solution u of problem (3), and we show that the ‘integrability
condition’ (1.6) is fulfilled by datum f.

To this end (and similarly to the proof of theorems 3.3–1.5), for every k ≥ 1, we
consider the unique weak solution φk ∈ X 1,2

+ (Ω) ∩ L∞(Rn) of the problem

Lu = gk in Ω,

u = 0 in Rn \ Ω,
(3.25)

where φ0 ≡ 0 and, to simplify the notation, we have set

gk(x) = γ
φk−1

|x|2 + 1/k
+ 1.

Notice that, owing to lemma A.1 (with f ≡ 1), we have

(a) φk is well defined for every k ≥ 1, and the sequence {φk}k is non-decreasing;
(b) φk → ΦΩ as k → +∞ in Lp(Ω), for every 1 ≤ p < 2∗.
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Now, choosing w := φk and g := gk in definition 1.7 (notice that this is legitimate,
since we have gk ∈ L∞(Ω) and φk ∈ X 1,2

+ (Ω) ∩ L∞(Rn) solves (3.25)), we get∫
Ω

fφk dx =

∫
Ω

u

(
gk − γ

φk
|x|2

)
dx

(by definition of gk)

=

∫
Ω

u

(
1 + γ

φk−1

|x|2 + 1/k
− γ

φk
|x|2

)
dx

(by monotonicity of φk)

≤
∫
Ω

u

[
1 + γφk

(
1

|x|2 + 1/k
− 1

|x|2

)]
dx

(since φk is positive)

≤
∫
Ω

u dx = ‖u‖L1(Ω) <∞.

(3.26)

From this, by passing to the limit as k → ∞ in (3.26) with the aid of the monotone
convergence theorem (and recalling (b)), we immediately obtain the desired (1.6).

Sufficiency of (1.6). We now assume that f satisfies condition (1.6), and we prove
that there exists a solution u of problem (3), further satisfying properties (1)–(2).

To this end, for every fixed k ≥ 1, we consider once again the unique variational
solution ϕk ∈ X 1,2

+ (Ω) ∩ L∞(Rn) of the approximated problemLu = γ
ϕk−1

|x|2+1/k
+ fk in Ω,

u = 0 in Rn \ Ω,
(3.27)

where ϕ0 ≡ 0 and fk = Tk(f) (here, Tk(·) is the truncation operator defined in
(2.11)). By arguing as in the incipit of the proof of lemma A.1, we see that ϕk is
well defined for every k ≥ 1, and the sequence {ϕk}k is non-decreasing; hence, we
can define

u(x) = lim
n→∞

ϕk(x) = sup{ϕk(x) : n ∈ N} ≥ 0.

We then prove that this u is a duality solution of (3), further satisfying (1)–(2).
(a) u is a duality solution of (3). First of all, we show that u ∈ L1(Ω). To this

end, it suffices to observe that, using ϕk as a test function for the (variational)
equation solved by ΦΩ and vice versa, see (3.1), from the assumed condition (1.6)
we have ∫

Ω

ϕk dx = −γ
∫
Ω

ΦΩϕk

|x|2
dx+ B(ΦΩ, ϕk)

(since ϕk solves (3.27))

= γ

∫
Ω

ΦΩ

( ϕk−1

|x|2 + 1/k
− ϕk

|x|2
)
dx+

∫
Ω

fkΦΩ dx

≤
∫
Ω

fkΦΩ dx ≤
∫
Ω

fΦΩ dx = c <∞;

(3.28)
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this, together with the monotone convergence theorem, proves at once that u ∈
L1(Ω) (in particular, u <∞ a.e. in Ω), and ϕk → u in L1(Ω).

Taking into account definition 1.7, we now turn to prove that u/|x|2 ∈ L1(Ω).
To this end, let φ1 ∈ X 1,2

+ (Ω) ∩ L∞(Ω) be the unique solution ofLu = 1 in Ω

u = 0 in Rn \ Ω.

Moreover, let r > 0 be such that Br(0) b Ω. Owing to the weak Harnack inequality
in [19, theorem 8.1], we can find a constant C > 0, depending on φ1 and on r, such
that

φ1 ≥ C a.e. in Br(0);

as a consequence, using ϕk as a test function for the equation solved by φ1 and vice
versa, from the above (3.28) we obtain the following estimate∫

Ω

ϕk−1

|x|2 + 1/k
dx ≤ 1

C

∫
Br(0)

φ1ϕk−1

|x|2 + 1/k
dx+

1

r2

∫
Ω\Br(0)

ϕk−1 dx

(since φ1, ϕk−1 ≥ 0 a.e. in Ω)

≤ 1

C

∫
Ω

φ1ϕk−1

|x|2 + 1/k
dx+

1

r2

∫
Ω

ϕk−1 dx

(using φ1 as a test function for the equation solved by ϕk)

≤ 1

C

(
B(ϕk, φ1)−

∫
Ω

fkφ1 dx

)
+

1

r2

∫
Ω

ϕk−1 dx

(using ϕk as a test function for the equation solved by φ1)

≤ 1

C

∫
Ω

ϕk dx+
1

r2

∫
Ω

ϕk−1 dx ≤ c <∞,

(3.29)
where c > 0 is a constant independent of k. From this, again by the monotone
convergence theorem, we infer that

u

|x|2
∈ L1(Ω) and

ϕk−1

|x|2 + 1/k
→ u

|x|2
in L1(Ω).

Gathering all these facts, we can easily prove that u is a duality solution of problem
(3) in the sense of definition 1.7: in fact, we already know that u, u/|x|2 ∈ L1(Ω);
moreover, since ϕk solves (3.27), we get∫

Ω

B(ϕk, ψ) dx =

∫
Ω

γ
ϕk−1ψ

|x|2 + 1/k
dx+

∫
Ω

fkψ dx ∀ ψ ∈ X 1,2(Ω) ∩ L∞(Ω).

If, in particular, ψ is a solution of (1.5), we have∫
Ω

gϕk =

∫
Ω

γ
ϕk−1ψ

|x|2 + 1/k
dx+

∫
Ω

fkψ dx.
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Then, letting k → ∞ (and observing that fk → f in L1(Ω)), by the above
considerations, we conclude that u is a solution of (3).

(b) u satisfies (1)–(2). We first prove that validity of property (1). To this end,
we arbitrarily fix j, k ∈ N and we use Tk(ϕj) as a test function for the equation
solved by ϕj: taking into account the computation in (3.29), we get∫

Ω

|∇Tk(ϕj)|2 dx ≤ B(ϕj , Tk(ϕj)) = γ

∫
Ω

ϕj−1 Tk(ϕj)

|x|2 + 1/j
dx+

∫
Ω

fj Tk(ϕj) dx

(since ϕj−1, fj ≥ 0 and 0 ≤ Tk(ϕk) ≤ k)

≤ k
(
γ

∫
Ω

ϕj−1

|x|2 + 1/j
dx+

∫
Ω

f dx
)

(using (3.29), and since f ∈ L1(Ω))

≤ ck <∞,

and this shows that the sequence {Tk(ϕj)}j is bounded in X 1,2(Ω). Then, by the
Sobolev embedding theorem, there exists a function g ∈ X 1,2(Ω) such that (up to
a subsequence)

(i) Tk(ϕj)⇀ g in X 1,2(Ω) as j → ∞;
(ii) Tk(ϕj) → g strongly in L2(Ω) and pointwise a.e. in Ω.
On the other hand, since we also have Tk(ϕj) → Tk(u) pointwise a.e. in Ω as

j → ∞ (recall that, by definition, u is the pointwise limit of ϕj), we conclude that

g = Tk(u),

and this proves that Tk(u) ∈ X 1,2(Ω) for every k ∈ N, as desired. �

We then turn to prove the validity of property (2). To this end, we fix β < 1/2
(to be conveniently chosen later on), and we use the function wk = 1−(1+ϕk)

2β−1

as a test function for the equation solved by ϕk (see, precisely, (3.27)): this gives

B(ϕk, wk) = γ

∫
Ω

ϕk−1wk

|x|2 + 1/k
dx+

∫
Ω

fkwk dx. (3.30)

We now observe that, since β < 1/2, we have wk ≤ 1; as a consequence, for the
second term of the right hand side of the above (3.30), we have∫

Ω

fkwk dx ≤
∫
Ω

fk dx ≤ ‖f‖L1(Ω).

For the second term, thanks to (3.29), we have

γ

∫
Ω

ϕk−1wk

|x|2 + 1/k
dx ≤ γ

∫
Ω

ϕk−1

|x|2 + 1/k
dx ≤ c.

Combining this last two information, we deduce

‖f‖L1(Ω) + c ≥ B(ϕk, wk).
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Now, let us compute the bilinear form B(ϕk, wk):

B(ϕk, wk) =|2β − 1|
∫
Ω

|∇ϕk|2

(1 + ϕk)2(1−β)
dx

+
Cn,s

2

∫∫
R2n

(ϕk(x)− ϕk(y))((1 + ϕk(y))
2β−1 − (1 + ϕk(x))

2β−1)

|x− y|n+2s
.

We note that the nonlocal part of the bilinear form, i.e. the second term on the right
hand side of the previous equation, is non-negative. This assertion follows from the
following couple of factsϕk(x)− ϕk(y) ≥ 0 ⇒ (1 + ϕk(y))

2β−1 − (1 + ϕk(x))
2β−1 ≥ 0,

ϕk(x)− ϕk(y) < 0 ⇒ (1 + ϕk(y))
2β−1 − (1 + ϕk(x))

2β−1 < 0.

Hence, we are able to deduce that

‖f‖L1(Ω) + c ≥ B(ϕk, wk) ≥
|2β − 1|
β2

∫
Ω

|∇(1 + ϕk)
β |2 dx.

Thus from the previous estimate, we get∫
Ω

|∇ϕk|2

(1 + ϕk)2(1−β)
dx ≤

‖f‖L1(Ω) + c

|2β − 1|
. (3.31)

On the other hand, for any given p< 2, we can write∫
Ω

|∇ϕk|p dx =

∫
Ω

|∇ϕk|p

(1 + ϕk)
2(1−β)

p
2

(1 + ϕk)
2(1−β)

p
2 dx.

Applying the Hölder inequality with exponents (2/p, 2/(2 − p)) on the right hand
side, and the Sobolev inequality on the left hand side, we obtain

Sp
n

(∫
Ω

ϕp∗
k dx

) p
p∗

≤
∫
Ω

|∇ϕk|p dx

≤
(∫

Ω

|∇ϕk|2

(1 + ϕk)2(1−β)
dx

)p
2
(∫

Ω

(1 + ϕk)
2p(1−β)

2−p dx

)1−p
2

.

Thanks to (3.31), we get

Sp
n

(∫
Ω

ϕp∗
k dx

) p
p∗

≤
∫
Ω

|∇ϕk|p dx ≤ C|Ω|1−
p
2 +C

(∫
Ω

ϕ
2p(1−β)

2−p
k dx

)1−p
2

, (3.32)

where C =
[
(‖f‖L1(Ω) + c)/|2β − 1|

]p/2
, and it is independent on k.
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Now, we can choose β such that

2p(1− β)

2− p
= p∗,

and since β < 1/2, we have p < n
n−1 . Thanks to this choice of β, we have

Sp
n

(∫
Ω

ϕp∗
k dx

) p
p∗

≤ C|Ω|1−
p
2 + C

(∫
Ω

ϕp∗
k dx

)1−p
2

,

thus we can deduce that ϕk is uniformly bounded in Lp∗(Ω). From (3.32), we
also deduce that ∇ϕk is uniformly bounded in Lp(Ω). Combining the last two
information, we get that ϕk is uniformly bounded in W 1,p

0 (Ω). Arguing as before,

it is possible to show that up to subsequences ϕk ⇀ u in W 1,p
0 (Ω), for p < n

n−1 .
This closes the proof. �

Acknowledgements
The authors are members of INdAM. S. Biagi and E. Vecchi are partially
supported by the PRIN 2022 project 2022R537CS NO3 - Nodal Optimization,
Nonlinear elliptic equations, Nonlocal geometric problems, with a focus on regu-
larity, founded by the European Union—Next Generation EU. F. Esposito and
L. Montoro are partially supported by the PRIN 2022 project P2022YFAJH
Linear and Nonlinear PDE’s: New directions and Applications. F. Esposito and
E. Vecchi are partially supported by the INdAM-GNAMPA Project Esistenza,
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Appendix A. A convergence lemma

The aim of this appendix is to give an auxiliary result which clarify the convergence
of the sequence {uk} in in the proof of theorem 1.5.

Lemma A.1. Approximated Dirichlet problems Let Ω ⊆ Rn be a bounded open

set with smooth enough boundary ∂Ω, and let f ∈ L
2n
n+2 (Ω), f ≥ 0 a.e. in Ω. For

a fixed γ ∈ (0,Λn), we let u ∈ X 1,2
+ (Ω) be the unique weak solution of
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32 S. Biagi, F. Esposito, L. Montoro and E. VecchiLu = γ u
|x|2 + f in Ω,

u = 0 in Rn \ Ω.
(A.1)

Setting ϕ0 = 0, for every k ≥ 1, we then consider the unique weak solution ϕk ∈
X 1,2

+ (Ω) ∩ L∞(Rn) of the following approximated L-Dirichlet problem

Lu = γ
ϕk−1

|x|2+1/k
+ fk in Ω,

u = 0 in Rn \ Ω,
(A.2)

where fk = Tk(f) = min{k, f}. Then,

ϕk → u weakly in X 1,2(Ω) and strongly in Lp(Ω) for every 1 ≤ p < 2∗.

Proof. We begin with a couple of preliminary observations. First of all, the
existence and the uniqueness of the solution ϕk ∈ X 1,2

+ (Ω) ∩ L∞(Rn) follow from
theorem 2.3 (and from the recursive struc-
ture of problem (A.2)), since the right-hand
side

gk(x) = γ
ϕk−1

|x|2 + 1/k
+ fk

is non-negative and bounded on Ω (as, by induction, the same is true of ϕk−1).
Furthermore, by using a classical induction argument based on the weak maxi-
mum principle for L (and since the sequence {fk}k is non-decreasing), we have
that

{ϕk(x)}k is non-negative and non-decreasing for every x ∈ Ω.

As a consequence, we can define

ψ(x) = lim
k→∞

ϕk(x) ∈ (0,+∞] for all x ∈ Ω.

Now, using ϕk as a test function for the equation solved by u and vice versa, we
have ∫

Ω

fkϕk dx ≤
∫
Ω

fϕk dx = B(u, ϕk)− γ

∫
Ω

uϕk

|x|2
dx

(since ϕk ≥ ϕk−1 and |x|2 ≤ |x|2 + 1/k)

≤ B(ϕk, u)− γ

∫
Ω

ϕk−1u

|x|2 + 1/k
dx

=

∫
Ω

fku dx ≤
∫
Ω

fu dx;
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hence, by the monotone convergence theorem, we derive that

fψ ∈ L1(Ω).

On account of this fact, and using ϕk as a test function for the equation solved by
ϕk itself, we obtain the following estimate

ρ(ϕk)
2 = B(ϕk, ϕk) = γ

∫
Ω

ϕkϕk−1

|x|2 + 1/k
dx+

∫
Ω

fkϕk dx

(since ϕk−1 ≤ ϕk ≤ ψ a.e. in Ω)

≤ γ

∫
Ω

ϕ2
k

|x|2
dx+

∫
Ω

fψ dx

(by Hardy’s inequality)

≤ γ

Λn
ρ(ϕk)

2 + ‖fψ‖L1(Ω).

This, together with the fact that γ ∈ (0,Λn), shows that the sequence {ϕk}k is
bounded in the Hilbert space X 1,2(Ω); hence, recalling that ϕk → ψ pointwise in Ω
and using the Sobolev embedding theorem, we deduce that ψ ∈ X 1,2(Ω) and

ϕk → ψ weakly in X 1,2(Ω) and strongly in Lp(Ω) for every 1 ≤ p < 2∗.

To complete the proof, it now suffices to show that ψ ∈ X 1,2(Ω) solves the same
equation solved by u; by uniqueness, this will prove that ψ = u, as desired. Let
then ϕ ∈ X 1,2(Ω) be arbitrarily fixed. Since ϕk is a weak solution of (A.2), we can
write

B(ϕk, ϕ) = γ

∫
Ω

ϕk−1ϕ

|x|2 + 1/k
dx+

∫
Ω

fkϕdx. (A.3)

Since ϕk ⇀ ψ in X 1,2(Ω), we have

B(ϕk, ϕ) → B(ψ,ϕ) as k → ∞.

Moreover, since 0 ≤ ϕk ≤ ψ, we have∣∣∣ ϕk−1ϕ

|x|2 + 1/k

∣∣∣ ≤ ψ|ϕ|
|x|2

= g(x) ∀ k ≥ 1,

and g ∈ L1(Ω) by Hölder’s and Hardy’s inequality (recall that ψ,ϕ ∈ X 1,2(Ω)). We
are then entitled to apply the Lebesgue dominated convergence theorem, showing
that ∫

Ω

ϕk−1ϕ

|x|2 + 1/k
dx→

∫
Ω

ψϕ

|x|2
dx.

Finally, since 0 ≤ fk ≤ f , we also have

|fkϕ| ≤ fϕ = h(x) ∀ k ≥ 1,
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and h ∈ L1(Ω) by Hölder’s inequality (recall that f ∈ L
2n
n+2 (Ω) and ϕ ∈ X 1,2(Ω) ⊂

L2∗(Ω)). Again by the Lebesgue dominated convergence theorem, we then get∫
Ω

fkϕdx→
∫
Ω

fϕ dx.

Gathering all these facts, we can finally pass to the limit as k → ∞ in the above
(A.3), thus deducing that ψ is a weak solution of the same equation solved by u. �
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