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Abstract. The dynamics of a system of two diffusively coupled identical unimodal maps
is investigated. The unimodal maps have simple kneading sequences which imply that
their orbits are asymptotically periodic with period a power of two. Analogous results
are obtained for the coupled system for all coupling parameters. We prove the eventual
periodicity of the position of orbits with respect to the diagonal of the square phase
space and the asymptotic periodicity for orbits whose coordinates have the same sign.
Finally, we give a global condition for the existence of symmetric orbits that are examples
of orbits with this asymptotic property.

1. Introduction and definitions

Mathematical studies of coupled map lattices (CMLs) have mainly considered either
weakly coupled or strongly coupled systems. In the weakly coupled case, small
perturbations of uncoupled (infinite) lattices of hyperbolic maps are analyzed using
techniques from ergodic theory and statistical mechanics [2, 6, 7, 11]. In strongly coupled
finite lattices, various regimes of synchronization take place depending on the normal
Lyapunov spectrum [1, 12].

In this paper, we consider a CML consisting of two sites with unimodal local maps.
We describe its global asymptotic dynamics, for all coupling parameters, independent of
the explicit algebraic expression of the local map.

A (C'-) unimodal map f is a C' map on [—1, 1] satisfying f'(x) # O except
at x = 0; f(0) = 1; f is increasing on [—1,0] and decreasing on [0, 1]; and
FAFMD, 1) € [f(D,1]. An S-unimodal map is a C3-unimodal map with negative
Schwartzian derivative [3].
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Given a unimodal map f, the CML with two sites is the dynamical system (M, F¢)
where the phase space is the square M = [ f(1), 1]> and

Fe,y)= (1= f0) +ef(), 1= f()+ef(x), (x,y)eM,

and € € [0, %] is the coupling parameter. The map F, can be viewed as a composition of
two maps F = L o Fy, where the coupling operator

Le(x,y) = (1 —e)x+ey, (1 —€)y +e€x)

is a linear convex combination of coordinates. It follows from the properties of f that F
maps M into itself. The orbit with an initial point (x, y) is denoted by the sequence
{(x', y)heny with (x9,y9) = (x,y) and (x't, yt) = F.(x',y") for all t € N.
For convenience, our index set N starts from zero.

The map F. commutes with the symmetry map 0 : (x, y) — (y, x). An orbit with x” #
y', t € N, is said to be symmetric if there exists 1o € N such that (x’0, y"0) = 6(x°, y0).
We take tp to be the smallest of such integers. Every symmetric orbit is periodic with a
period 2¢yg. This symmetry implies that the diagonal of M, {(x,x) : x € [f(1), 1]},
is invariant under F.. Any orbit of F; lying in the diagonal is said to be homogeneous.
Any orbit satisfying the condition lim, o (x! — y’) = 0 is said to be asymptotically
homogeneous.

With respect to the coupling parameter €, the map F. has another symmetry
Fi_e(x,y) = 0(Fe(x,y)), as observed in [5]. Therefore, when € € [%, 1], the orbit of
F, starting from (x, y) is the sequence {0’ (x?, y')} where {(x’, y*)} is the orbit of F_,
with 1 — € € [0, %] starting from the same initial point. Hence, all our conclusions extend
to the dynamics of F, when € € [%, 1].

Both analytic and numerical studies of systems of two coupled quadratic maps or
systems of two coupled logistic maps can be found in the literature. These studies
determined the parameter regions for the existence of some periodic orbits, investigated
their bifurcations [4, 9, 10], and described the structure of attractors [S]. Even though the
local map f has relatively simple dynamics, these studies have demonstrated that such
systems possess rich and interesting dynamics such as multistability, i.e. the co-existence
of a large number (as large as one wants) of distinct stable periodic orbits. Moreover, the
symmetric periodic orbits were shown to undergo a Hopf bifurcation, creating an invariant
closed curve [4, 10].

Independent of the explicit algebraic expression of f, two simple properties can be
easily observed for F¢. Firstly, every pair of hyperbolic periodic orbits of f is a hyperbolic
periodic orbit of Fy. Thus, this orbit can be continued to obtain a periodic orbit for F
when € is sufficiently small. Secondly, letting K = max,e[s(1),1|f"(x)I, the condition
K(1 — 2¢) < 1 implies that every orbit is asymptotically homogeneous, a property also
known as synchronization. This is an immediate consequence of the relation

Tyt = (1= 20)(F () — FON),

which follows directly from the definition of F.
To learn more about the asymptotic behavior of orbits of F¢, especially for intermediate
values of €, we consider unimodal maps f with kneading sequences which imply that every
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orbit of f is asymptotically periodic with period a power of two (see Proposition 2.1).
Using the properties of kneading sequences, we obtain analogous results for the CML,
namely, eventual periodicity of the position of orbits with respect to the diagonal
(Theorem 2.2) and asymptotic periodicity for orbits with coordinates having the same
sign (Theorem 2.3). Moreover, we give a global condition for the existence of symmetric
orbits. These orbits are examples with the properties described in Theorems 2.2 and 2.3
and are believed to be the first non-homogeneous orbits to emerge when € is relaxed
from the synchronization region. To prove these results, we first review the dynamical
properties of unimodal maps (with prescribed kneading sequences) in §3.1. Then a precise
description of the iterates of any point under the CML is given. This description is the two-
dimensional analogy of interval dynamics for unimodal maps. An immediate consequence
is Theorem 2.2. Theorem 2.3 is proved in §2.3 using the additional consequences of the
piecewise monotonicity of f and the positivity of the coupling operator. Finally, the proof
of Proposition 2.1 and the existence of symmetric orbits are given in §3.4.

2.  Main results

We start by recalling the definitions and results on unimodal maps with simple kneading
sequences. The itinerary I(x) = {I;(x)};en of a point x is either an infinite sequence of
L’s and R’s, or a finite sequence of L’s and R’s, followed by C. The ith element of 7 (x)
is defined by

L if fi(x) <0,
L(x)=1C if fi(x)=0,
R if fi(x) > 0.

The kneading sequence of a unimodal map is the itinerary of the point 1, which largely
determines the dynamics of the map. The simplest kneading sequences are I" :=
R*" % R (A® denotes the infinite concatenation AAA - - -) which is 2"-periodic and
J* := R* x RC, which is finite (see for instance [3] for their definitions using the
x-product). They can also be directly defined by induction (see the inductive definition
and simple properties in §3.1). When the kneading sequence is /" or J”, the asymptotic
dynamics of f is simple, as claimed in Theorem C in [8]. We summarize the asymptotic
behavior and provide additional properties in the following proposition.

In the rest of this paper, we assume that the kneading sequence of f is either I” or J”"
for some n € N.

PROPOSITION 2.1.
(1) Foreveryx € [f(1), 1], there exists k € {0, ...,n + 1} such that

Tim (/00 = £+ () = 0.

(2) Forevery k € {0, ...,n}, there exists a unique 2k-peri0dic point, xi, between zero
and 2 (0).

() If f is S-unimodal and n > 1, then for each k € {0, ..., n — 1} (and, possibly, for
k = n when n € N), this 2X-periodic orbit is unstable with (fzk)’(xk) < —1.
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For instance, for every p smaller than the accumulation point of the period-doubling
cascade, the kneading sequence of the quadratic map f,(x) =1 — ux? is either I or J"
for some n € N (which depends on w).

We now present analogous results for the CML. As we mentioned in the introduction,
analytic and numerical studies of two coupled quadratic maps have revealed the
presence of Hopf bifurcations and, thus, the possible existence of quasi-periodic
orbits. Therefore, we cannot expect every orbit of F. to be asymptotically periodic.
Nevertheless, for every orbit, we can prove the eventual periodicity of the position of the
point (x’, y") with respect to the diagonal, i.e. of the sign of x! — y’.

THEOREM 2.2. For every (x,y) € M such that x' # y' forall t € N, there exist t) € N
andk € {0, ...,n} so that for allt > ty, we have

(xl‘+2k _ yl‘+2k)(xl‘ _ yf) < 0. (21)

For such an orbit, the integer k is clearly unique. However, for the coupled map all cases
k € {0, ..., n} can occur. As a consequence, after a transient, every orbit satisfies

(xt+2”+] _ yt+2n+l)(xt _ yt) 2 0’

which may be useful for a stroboscopic plotting of the dynamics.
Not only is the position with respect to the diagonal eventually periodic, but the orbit
itself can also be asymptotically periodic.

THEOREM 2.3. Let {(x", y")};en be an orbit such that x'y' > 0 forall t € N. There exists
T €{0,...,n+ 1} such that

lim (&' —x*2") = lim (y' — y*?") = 0.
t—00 t—00

Moreover, if the orbit is not asymptotically homogeneous, then T = k + 1, where k is the
integer in Theorem 2.2 for which the relation (2.1) holds.

The condition x’y’ > 0 for all # is not just a technical condition for our proof but also
a natural one. Indeed, the Hopf bifurcations mentioned before, from which quasi-periodic
orbits may be created, occur for orbits with coordinates of different signs, i.e. for which
x'y" < 0 for some ¢ [4].

In the introduction, we mentioned that every orbit is asymptotically homogeneous
when the coupling parameter € is sufficiently close to % (As a consequence, the Hopf
bifurcations must occur when € is far from %.) If n > 1, the CML has non-homogeneous
periodic orbits when € is sufficiently small. Furthermore, a bifurcation analysis of the
homogeneous 2¥-periodic orbit passing through the point (xt, xi) (see Proposition 2.1)
shows that when its normal multiplier (i.e. the eigenvalue of the derivative DF, ezk (XK, x1)
in the direction perpendicular to the diagonal), (1 — 26)2k (f 2k)/ (xr), crosses —1, we have
a period doubling bifurcation creating a symmetric 2€+!-periodic orbit [4].

On the other hand, if n > 1, symmetric orbits also exist when € = 0. By the symmetry
of F., when these symmetric orbits are hyperbolic, they persist for small €. The next
statement tells us that such symmetric orbits exist for every coupling parameter between
the period doubling bifurcation point and zero.
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THEOREM 2.4. Let x; where k € {0, ..., n}, be the 2X-periodic point of f between zero
and f2(0). If .
(1=20% (f ) (w) < —1, 2.2)

then F, has a symmetric 2¥t'-periodic orbit.

In particular, if f is S-unimodal, then by Proposition 2.1(3), foreach k € {0, ..., n—1}
(and possibly k = n), condition (2.2) holds if € is chosen suitably close to zero.

3.  Proofs

3.1.  Dynamical properties of unimodal maps. In the analysis of the coupled system,
we need certain properties of the iterates of some special triangles of the phase space.
Givena,b e [—1,1],a < b, let

Tap={(x,y)e[-1,11* : a<x <bandx <y < b}

denote a triangle above the diagonal and let T,p= O(Ta,b). Let Sqp = Ta,bU_Ta,b = I(ib’
where 1, 5, = [a, b]. For convenience, let Uiy p) = Unmin{a,b},max{a,5}» Where U is any of
the symbols T, T,S,orl.

Given a unimodal map f, assume that, for some a € [—1,1] and some t € N,
the iterates f!(a) and f(0), where i € {1,...,t}, lie on the same side of zero.
Then '™ (I0.4)) = I r+1(0). f+1(ay) and the relative positions of f'*!(a) and f'*1(0)
depend on the number of times when f*(a) is positive. In the next proposition, we present
an alternative formulation of this property which will be used several times in later proofs.
Recall that a finite sequence of L’s and R’s is said to be odd if it has an odd number of R’s
and even otherwise.

PROPOSITION 3.1. Let a € [—1,1]\ {0} and t € N be such that {I;i(a)}i<i<r =
{Lici(Whgige ift = 1. If neither of these two sequences contains the symbol C, then
we have:

(1) F(§+l (T{()’a}) = GS(T{fwrl(o)’fwrl(a)}),' and

(i)  Da(f* @) - 10 >0,

where s = 0 (respectively s = 1) if the sequence {I;(a)}o<i < is even (respectively odd).

Proof. We use induction on t. For t = 0, the results follow from the fact that f is a
bijection from o 4} t0 I{ r(4),1) Which preserves (respectively reverses) orientationif a < 0
(respectively a > 0).

Now, given ¢t € N, assume that (i) and (ii) hold and suppose that

{li(@h<i<r+1 = Hi-1(Wh<ige+ts

where all symbols are different from C. We first consider the case when the sequence
{Ii (@)}o<i<i+1 1s even. Then, either {/; (a)}og; < isevenand I;11(a) = L, or {I;(a)}o<i<:
is odd and I, 1(a) = R. In the first situation, both ft1(0) = f*(1) and f'*!(a) are
negative. Since f is continuous and strictly increasing on [—1, 0], we have (f +lg) —
FIFHO)N (f112(a) — f172(0)) > 0. Using the induction hypothesis, it then follows that

F(;Jrz(T{(),a}) = F()(T{ft-H (O),fH'] (a)}) == T{ft+2(0),ft+2(a)}’
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and a(f'2(a) — f172(0)) > 0 because a(f'T'(a) — f'*1(0)) > 0. Similarly, in the
second situation when I, (a) = R, since both f* +1(0) and f! Tl(a) are positive, we have

Fi (T 0.01) = FoT (g1 0), et = T (12000, 2 @)

and again a(f'T2(a) — f'1%(0)) > 0 because now a(f'+1(a) — f'+1(0)) < 0. Thus, both
statements (i) and (ii) hold for ¢ + 1 in the case when the sequence {/; (a) }o<i<s+1 1S even.
For the case when the sequence {/; (a)}ogi<:+1 1s odd, the proof follows analogously. O

The next proposition collects the properties of iterates f 2 (0) when the kneading
sequence of f is either I" or J". These properties are needed in proving the first two
main results. Some of these properties can be found in [3].

PROPOSITION 3.2. The following statements hold for every k € {0, ..., n}.

(1) £2(0) > 0 (respectively 2 (0) < 0) if k is even (respectively odd).

) Ifk > 1, then {I,'(fzk O <icor—1 = {li-1(D}<i<or—y and neither of these two
sequences contains the symbol C.

(3)  The sequence {I; (f2 (0)}o<i<ot_1 is odd.

@ 8 2r ), 241 0y © St0.57 )y

The definition of the #-product implies that the infinite sequences I" = {I['};cny =
R*" % R satisfy the following inductive relations. We have /® = R* and for everyn € N

andalli e N
BH'=R and L\ =1 (3.1)
where R = L and L = R. (For instance, I' = (RL)®, I? = (RLRR)™® and
I3 = (RLRRRLRL)®))
Similarly, the finite sequences J" = {J"}o<;<ont1_1 = R™ * RC satisfy the induction

J9 = RC and for everyn € N,

v

B =R and ST =" 0<i<2mt -,

where C = C.

These inductive relations allow us to prove the following properties which are also used
to prove Lemma 3.9.

LEMMA 3.3. Foreveryn € N, we have:

(A) I},_, = R (respectively I, | = L) if n is even (respectively odd);
B) (" ocicom g = UM ogicom o7

© {(Jogicor—2 = Uogicomri o and 3, | =C;

(D) the sequence I" is 2" -periodic;

(E) the sequence {I"}ogi<on—1 is odd [3].

Proof. (A) We have [ 1 — R and then the statement holds for n = 0. Let n > 0 be even
and assume that 1}, , = R. By relation (3.1), we have Iz”nﬂ_l = Ivg’,,fl = L and then the
statement holds for n 4+ 1, which is odd. The proof is similar when » is odd.

(B) Forn = 0, we have I! = R = I(()) and the statement holds. Assume the statement

holds for some n > 0. Then, by relation (3.1), we have

n+2 _ yn+l _ fn _ gn+l . n+1
Lhig=L" ==L, 0<i<2™ =2,
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and IZH = I;l. foreveryi € {0, ..., ontl 1}, which implies that the statement holds for
n—+1.
The proofs of (C) and (D) are similar and are left to the reader. O

Proof of Proposition 3.2. (1) Suppose first that the kneading sequence of f is I* for some
k € N. Then Ip(f 2 ) = Ié‘,_l and the result follows from Lemma 3.3(A).

Now if the kneading sequence is I for some n > k, since we have 28 —1 < 2"*t! —2 by
Lemma 3.3(B), it follows that Io(£2*(0)) = . =1,
argument and Lemma 3.3(C) show that the result is also true when the kneading sequence
is J" with n > k. Statement (1) is thus proved.

(2) The argument is similar to that above. First, suppose that the kneading sequence of

f is I* for some k € N. We have

so the result holds. The same

{Ii(fzk ONh<icor—1 = Higor 1 (Dhgicor—1 = Hici(D gkt

where the second equality follows from the periodicity of I* (Lemma 3.3(D)). As before,
this property extends to the case where the kneading sequence is either " or J" with
n > k.

(3) The argument is once again similar to that above. When the kneading sequence
is I¥, the result is given by Lemma 3.3(E). The other cases follow from Lemmas 3.3(B)
and 3.3(C).

(4) If the kneading sequence of f is J”, then by Lemma 3.3(C), we have f 2t O =0
and the statement holds (we have equality of sets in this case).

Assume now that the kneading sequence of f is I” for some n > 1. (The result in the
case where n = 0 is obvious.) By statements (2) and (3), one can apply Proposition 3.1(ii)
witha = £2"(0) and r = 2" — 1 to obtain the inequality £2"(0)(f2"" (0) — £2'(0)) < 0.
However, the periodicity of I implies the inequality 2" (0) f 2! (0) > 0 and then the
inclusion follows. O

3.2.  Proof of Theorem 2.2. Using the results of the previous section together with the
convexity of the coupling operator L., we obtain a precise description of iterates of any
point in M under the CML (Proposition 3.4 below). In particular, Theorem 2.2 follows
immediately from this statement when we consider those (x, y) € M for which x! # y?
forallt € N.

PROPOSITION 3.4. For every (x,y) € M, there exist k € {0,...,n} and tp € N
such that for all t € N and p € {0,...,2K — 1}, there exists o(t, p) € N with
o(t+1,p)=o0(t, p)—+1, so that

ok 2k T
(xtoJr +p y10+ t+p) € 9"(”17)(T{fzk+p(o),f2"'+'+1’(0)})’

ifkel{0,...,n—1}and

to+2"t+p | to+2"
sy

(x t+p) c 9”(”7)(T{fp(o),f2”+1’(0)})’

ifk =n.
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In the proof, we use the following properties of the dynamics of certain triangles T{a, b}-

LEMMA 3.5.
(1) Foreveryt €{l,...,2"}, there exists s(t,n) € {0, 1} such that

F{T o, 2 o)) C O (T o), 240 0y)-

(2) Ifn > 1, then foreveryk € {0,...,n — 1} and every (x, y) € T{
least one of the following relations holds:
(i) Forallt € {1,...,2%), there exists s(t,k) € {0, 1} such that Fl(x,y) €
st (7 , .
O 110y, 2401 00

(i) Forallt € {1,...,2%F ), there exists s(t, k + 1) € {0, 1} such that F!(x,y) €
9.&'(1,/(4»1)(7

0., o U

O, 2440
(3)  s% k) =1foreveryk € {0,...,n}in all relations.

Proof. (1) We will actually prove the following stronger statement. For every k €

{0,...,n}andeveryt € {1, ..., 2"}, there exists s(z, k) € {0, 1} such that
tir s(t,k) T
Fe g gk o) €O T gy, ok o) 3.2)
Letk € {0, ..., n}. By Proposition 3.2(2), we can apply Proposition 3.1(i) witha = fzk 0)
to obtain the existence, for every t € {1, ..., 2"}, of s(t, k) € {0, 1} such that
{7 _ stk
Fo(T g gk o) = 077 (T gy ko) 3.3)

(In the case where k = 0, this relation is obvious.)
On the other hand, since € € [0, %], forany a,b € [—1, 1] and any s € {0, 1}, we have

Le(0*(Tap)) C0°(Tap))- (34)

‘We now use induction on ¢. Using the decomposition Fe = L o Fj and the relations
(3.3) and (3.4), we obtain F,(T ) c s ). That is to say, the
relation (3.2) holds for ¢ = 1.

Assume now that this relation holds for some ¢ € {1, ...,2%¥ — 1}. Then by applying
relations (3.3) and (3.4), we obtain

{0, £ (0)) (£ (0), f2+1(0)}

t+1 7 s@t.k)
Fe (T{O’ka (0)}) C LG ° FO(Q (T{ft (0))f2k+t(0)}))

— L€(9S(1+1’k)(7 95(1‘4’1,]{)(7{

{ft+l (0),f2k+t+l(0)})) C ft+1(0)’f2k+t+l(0)})v

showing that the relation (3.2) holds for # 4+ 1 and hence holds for all t € {1, ..., 2k,
(2) We note that by the definition of f, forany a, b € [—1, 1] such thata < 0 < b, we
have

Fo(Tap) C{x,y) eM : fla)<x<land f(b) <y <1}
C Fo(Ta,0) U Fo(Top) =T fay,1 UT rpy,1-

Using relations (3.3) and (3.4), we obtain the following inclusion for any £ € {0, ...,
n—1}:

sl 1.k) 7 1,k+1) 7
FG(T{fzk(O)!fzkH(o)})c95< >(Tf2k+l(0)7l)u9“ +>(Tf2k+1“(0)71).
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Consider the case when

Fe(x,y) € 800 (T Fo(T

FAe)) = 0.0y

Using the same argument as that used in proving relation (3.2), we obtain by (3.3) that for
every t € {1, ...,2"},

Fétfl(es(l,k)(T )) C Fé—l(es(l,k)(T )) — 9.&'(1,]{)(7

£k (0), 1 72410).1 (1), 244 0"

Therefore, relation (i) follows. In the case when

) =
Fe(x.y) € 0T ey ),

since k < n the proof is exactly the same, replacing k by k + 1 to obtain relation (ii).
(3) Finally, the fact that sk k) =1isa consequence of Propositions 3.1 and 3.2(3). O

Proof of Proposition 3.4. We consider two cases, namely (x, y) € S10, 72 (0} and (x, y) &
Sio..2" 01 _

(a) Assume that (x, y) € Sy 27 )} ie. (x,y) € GS(T{O’fzﬂ o) for some s € {0, 1}.
Applying Lemma 3.5(1) with = 2" and using Proposition 3.2(4), it follows that

@, y*) e 0T o).
Repeating this argument inductively, we obtain
2)1 2)1 s 2n —_—
(X m’ y m) c 95+ms( )n)(T{O,fZ" (O)})’

for all m € N. For any given p € {1,...,2" — 1}, again applying Lemma 3.5(1) with
t = p to the point (xzn’", yzn’"), we have

(2 mAe Y2 mEry g grEms@ImEs @I (T o o)
for all m € N. The result follows with k = n,t9 =0and o (¢, p) = s +1ts(2",n) +s(p, n)
(letting s(p,n) = 01if p = 0).

(b) Assume that (x,y) & S{o,f2”(0)}' Since M = sz(o),f(o), there exists k' €
{0,...,n — 1} such that (x,y) € S{fzk/(o)!fzk/ﬂ(o)}. Let j be the largest such k.

Then (x, y) € 6* (T{fz_, O ) for some s € {0, 1}.
Applying Lemma 3.5(2) withk = Jj to (x, y) and, repeatedly, to the subsequent iterates,

either we have _ _ _
27/ 27/ s, ) T
x?m, y my e gs+ms( )])(T{fzf (0),f21+| (0)})’

for all m € N, or there exists m’ € N such that

2m' 20w s+m's(2j) 7 .
()C sy ) ¢9 (T{le (O)’fZJJrl(())})‘

21('"/_1), yz'/('"/_l)) does not satisfy property (i) of

The latter situation occurs when (x
Lemma 3.5(2) for k = j.
In the first case, using the same argument as that in case (a), we conclude that

2im+p 2im+p s+ms (27, ))+s(p,j) T )
(x , Y ) € 9 (T{fp(o)’leﬁ»p(o)})’
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forallm € Nand p € {1,..., 2J — 1}. Thus, the result holds with k = j, tp = 0 and
olt, p) =s+1sQ2/, j) +s5(p. j).

In the second case, property (ii) of Lemma 3.5(2) with k = j must apply to the point
(x2 m'=1) 27 m'=1)) Hence

27 (m'+1 27 (m'+1
(x (m'+ ), y (m'+ )) IS S{f2/'+|(0))f2j+2(0)}.

If j = n — 1, then by Proposition 3.2(4), we have (x2' "' +D 2 m'+D) ¢ 810, 72" (0y) and

we are back in case (a) with (x2' "'+ 2/ '+ ingtead of (x, y). We conclude that the
result holds with k = n and 1o = 2"~ (m’ + 1).

Now, jf J < n — 2, we apply Lemma 3.5(2) with k = j 4+ 1 to the
point (x?’ (m'+1), y2 ' +1)) and, repeatedly, to the subsequent iterates. We conclude
that either the result holds with k = j + 1 and ¢ = 2/(m’ + 1) or there

. j 41 j j+1
exists m” € N such that (x ' +D+27"Im" (27’ +D+2m"y qoeg not belong to

/ Jj i " Jj+1 —
R AT
Again, we see that if j = n — 2, then the point

(2f(m/+1)+2f+1(m”+1) 27 (m' +1)+2/ T (m” +1)
x Y )

belongs to S, 20} and the result holds. If j < n — 3, we need to repeatedly apply
Lemma 3.5(2) with £ = j + 2 to this point, and so on. This process is finite and it ends
within at most n steps. We conclude that the result holds for some k € {j,...,n} and
fo € N. |

3.3.  Proof of Theorem 2.3. Let {(x', y")};ecn be an orbit such that x’y* > 0 for all
t € N. If x" = y" for some ¢’ € N, then x'T! = y'*! = f(x') forall > ¢’ and the result
is given by Proposition 2.1(1). Therefore, in all of the proof, we also assume that x’ # y’
for all ¢.

Letk € {0, ...,n} and let tp € N be integers for which Proposition 3.4 holds. We claim
that for all r € N, we have

@y es (3.5)

0.1 0y
This is immediate if k = n. If k < n, by assumption on the orbit, we have

t0+2%t 1942k ¢
oH Yyt e §

(x S

0, £24(0)) Y 0.2 o

(By Proposition 3.2(1), these squares only intersect at (0,0).) Suppose instead that

(x’0+2k’/, y’0+2k’/) € S{O £ ) \ S{() 20y for some ¢ € N. Then by the relation (3.2)

with ¢ = 2+ we would have

k(4! kst kot kot
(xt0+2 t'+2) _ yto+2 (t +2))(x10+2 t y10+2 t ) < 0.
However, we have assumed that Proposition 3.4 holds with k. So

to+2K(t'+2) ro+2’<(r/+2))(xro+2"r/ _ yro+2’<r/) -0
9

(x y

and we have a contradiction.
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We now show that every orbit satisfying relation (3.5) is asymptotically periodic with
period a factor of 2K*t!.  Without loss of generality, we may assume that fo = O.
We may also assume that (xzk+ , 2k+]) # (x,y), otherwise there is nothing to prove.
For each point (a, b) € M, we introduce the notation (a, b) < 0 which means that both
max{a, b} < 0 and min{a, b} < 0 and we divide all possible situations of (szl, 2HI) #+
(x, y) into two cases:

(a) (—1)’(x2k+l - X, yzk+1 —y) < 0 forsome r € {0, 1};

) (=D —x,y — ¥ < 0for some r € {0, 1}.

In the first case, we use the following lemma, the proof of which is postponed to the end
of this section.

LEMMA 3.6. Leta € [—1, 1]\ {0} and t € N be such that {I; (a)hh<i<r = {Li-1(Dhi<i<e
ift > 1. If neither of these sequences contains the symbol C, then for every pair of points
(x1, 1), (x2, ¥2) € S10,a) With (x1 — x2, y1 — y2) < 0, we have

where s = 0 (respectively s = 1) if {I; (a)}og,'g, is even (respectively odd).

By relation (3.5) and Propositions 3.2(2) and 3.2(3), we apply Lemma 3.6 first to
zkﬂ 2k“) and (x, y) witha = f2 (0) and 7 = 2F — 1 to obtain

k+1 k k k+1 k k
(_1)r+l(x2 +2 _xz y2 +2 _ 2 ) < 0

(x

ok

Applylng the lemma to the points (x y2k+|+2 ) and (x . y? ) again with a =

f2 (0)andt = 2k — 1, we obtain

(—l)r(x2k+l'2 _ x2k+l, y2k+1'2 _ y2k+l) < 0
Repeating this process, we have forall t € N
(_l)r(x2k+1(r+1) _ xzkﬂr’ yzk+1(r+1) _ yzk“r) <0

i.e. both sequences {x2k+]’ } and { yZHI’ } are monotonic. Since they are also bounded, they
converge. By the continuity of f, the limit is a periodic point of F, whose period must be
a factor of 2F*1.

In case (b), the proof uses another lemma whose proof is also given at the end of this
section. Note that if € = %, then x! = y! for every (x, y) € M and, thus, case (b) cannot
occur.

LEMMA 3.7. Leta € [—1, 1]\ {0} and t € N be such that {I; (a)hh<i<r = {1i—- 1(1)}1<,<,
ift > 1. If neither of these sequences contains the symbol C, then for every € € [0, 2) and
every pair of points (x1, y1), (x2, ¥2) € S{0,a) With (x1 — x2, y2 — y1) < 0, at least one of
the following statements hold:

(i)  there exists s € {0, 1} (which depends on (x, y) and on a) such that

(_1)5(x1+1 I+1,yq+1 £+1) ~ O,

(i) there exists s € {0, 1} depending only on a such that

(_1)S(xi+l l-‘rl’y;-‘rl t-‘rl) ~ O
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In case (b), again using relation (3.5) and Propositions 3.2(2) and 3.2(3), we apply
Lemma 3.7 witha = f 2 0)andt = 2k — 1. If statement (1) holds, then we are in the
same situation as in case (a) with (xzk, yzk) instead of (x, y) and the orbit is asymptotically
periodic with period a factor 21,

If statement (i) does not hold, then we once again apply Lemma 3.7 with a = f 2 )
and ¢+ = 2% — 1 to conclude that either we are in case (a) with (xzkﬂ, yzkﬂ) instead of
(x, y), or

(—1)r(x2k+1'2 _ x2k+l ’ y2k+l _ y2k+l'2) < 0’
since s only depends on k and (—1)%° = 1.

By induction on ¢, we are either in case (a) after a finite number of iterations and,
therefore, the orbit is asymptotically periodic with period a factor 251, or else we have for
allt e N

(—1)r(x2k+l(t+l) _ xzkﬂt, y2k+1, _ y2k+1(,+1)) <.

In the latter case, it also follows that both sequences {x2k+]’ } and { yZHI’ } converge and

the orbit is asymptotically periodic with period a factor of 25! which is the desired
conclusion.
To finish the proof of Theorem 2.3, it remains to show that the period of every non-

homogeneous periodic orbit passing S is also a multiple of 2K+,

0.2 ©))
To see this, recall that relation (3.2) imposes that every orbit such that x* # y’ and

2k 2k
x“hy e S{O’fzk o) for all # € N has the property

(2D 2Dy (M 2k g (3.6)

For a contradiction, assume now that there exists a non-homogeneous periodic orbit

passing S{0 2 0)) with period 2/ j, where i € {0, ..., k} and j is odd. By relation (3.6) and

because j is odd, we obtain that (xzkj — yzkj )(x —y) < 0. However, on the other hand, 2% j
is a multiple of 2 j and then by periodicity we have (xzkj - yzkj Yx—y)=(x—y)2>0,
which leads to a contradiction. O

Proof of Lemma 3.6. We use induction on ¢. First, note that if (x; — x3, y;1 — y2) < 0, then

Le(x1 — x2, y1 — ¥2) < 0. Now, if (x1, y1), (x2, ¥2) € S{0,) and (x| — x2, y1 — y2) < 0,
then by the piecewise monotonicity of f and the monotonicity of L., we have

(=D° (¥ —x3, 1 = y2) <0,
where s = 0 (respectively s = 1) if Ip(a) = L (respectively Ip(a) = R). The statement
holds for r = 0.
Now, given t € N, assume that {/; (a)}1<i<i+1 = {li—1(1)}1<i<e+1 (Where all symbols
are different from C) and suppose that {/; (a)}ogi<s+1 is even.
If {I;(a)}ogi<s is even and I;11(a) = I,(1) = L, then by induction we have the

hypothesis (xi‘|r1 — x§+l, yi“ — y§+l) < 0. Using the fact that f is strictly increasing
on [—1, 0] and the monotonicity of L., we conclude that (xi"’2 — xé"’z, yi+2 — y§+2) < 0.

If {1;(@)}o<i</ is odd and I;11(a) = I;(1) = R, we have (x4 — xIT1 yiH — yi+hy <o
and then (xi"’2 - xé"’z, yi+2 - y£+2) < 0, because now both f/*1(0) and f'*!(a) are
positive. The statement then follows for ¢ 4 1 in the case where {I;(a)}o<i<s+1 1s even.
The odd case follows analogously. O
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Proof of Lemma 3.7. We again use induction. If Ip(a) = L, then by the piecewise
monotonicity of f, the assumption on (x1, y1) and (x2, y2) implies (f (x1)— f (x2), f(y2)—
(1)) < 0 and then by the definition of F¢,

=yl = =20)(Fx1) = FO1) < (1 =26)(f(x2) — f(32)) = x3 — y3.

This implies that either (—1)“'(x11 — x;, yl1 — y;) < 0 for some s € {0, 1} or (xl1 —
x},yd =y < 0. Similarly, in the case where Io(a) = R, we obtain that either
(—1)“'(x11 —x;, )’11 — yzl) < Oforsomes € {0, 1} or (x; —xll, yl1 — yzl) < 0. The statement
follows for ¢t = 0.

Assume now that the statement holds for some ¢ € N. If property (i) holds, then, as in
the proof of Lemma 3.6, we prove that the same property holds for # 4 1. In the case where
property (ii) holds for ¢, then, as for t = 0, we prove that either (i) or (ii) holds (or both
hold) for ¢t + 1. O

3.4. Existence of symmetric orbits. In this section, we need the following additional
property of the sequence { f 2 (0)} when the kneading sequence of f is either /" and J”.

PROPOSITION 3.8. Foreveryke{l,...,n}, we have I{fzk—] ), 12142 (0 G I{ngzk—u o)

To prove this inclusion, we use the following lemma.

LEMMA 3.9. Assume thatn > 1 andletk € {1,...,n}.
(1) We have £27'+2°(0) > 0 (respectively 2 +2(0) < 0) if k is odd (respectively k
is even).

(2) The sequence {I,'(fzk (0))}0<i<2k*1—1 is even.

Proof. (1) We have Io(f2'#2(0)) = L1 pc_; (1) and 26=1 4 2k — 1 < 21 — 2 for
alln > k > 1. Therefore, by Lemmas 3.3(B) and 3.3(C), we only need to show that

I;,_] s = R when n is odd and I;,_] s = L when n is even. Since the sequence /"
is 2"-periodic, we need to prove that I;,_] _, = R whenn is odd and / n = L when

n=1_q
n is even. As in the proof of Lemma 3.3(A), these can easily be done by induction on n

because we have I& = R and I;’ntll = Ivgn,lil.

(2) Assume that the kneading sequence of f is I¥; the other cases follow from the
fact that the proof only uses the first 2~ symbols of the kneading sequence and Lemmas
3.3(B) and 3.3(C).

By a change of the index, we have {I,-(fzk ODhgicor-121 = {Iik}ogigzk—l_z.
Because f 2 (0) > 0 when k is even and f 2t (0) < O otherwise, to prove that
{L;(f 2t (0)}o<ior-1-1 is even for every k, we only need to prove that the sequence
{Iik}0<i<2k472 is odd when £ is even and even when k is odd.

We use induction on k. The sequence {Iiz}()g,'go = R is odd and the statement holds
for k = 2. Now we assume that the statement holds for some k£ > 2, k even. We have

k+1 ke k+1
{I7 Yoci<ok—2 = D" Yogico—1-1 YL hogicor-1-2-

By the first equality in (3.1), the sequence {I§+1}O<i<2k—|71 is even. Moreover

{Ifiill Yogicok-1-0 = {Iik}ogigzk_uﬁ, which is also an even sequence by the induction
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assumption. Therefore the statement holds for & + 1, which is an odd number. A similar
argument holds in the case where k is odd. This completes the proof. a

Proof of Proposition 3.8. By Lemma 3.9(1) and Proposition 3.2(1), for every k €
{1, ..., n}, the points f 2+t (0) and f 2kl (0) lie on the same side of zero. Therefore, we
only need to prove the inequality

2o 0 - o) <o. 3.7)

By the same argument as in the proof of Lemma 3.9(2), we only have to prove this
inequality when the kneading sequence is 7. This sequence is 2€-periodic. So we have

k
(i O} cico11 = U haicoioy = Tici (D} cico 1y

We now apply Lemma 3.1(ii) witha = fzk (0) and t = 2¥~1 — 1 and we use Lemma 3.9(2)
to obtain the inequality £ (0)(f2 ' *2(0) — f27'(0)) > 0. Thus, the fact that
£2710) £ (0) < 0 implies (3.7). O

3.4.1. Proof of Proposition 2.1. (1) This follows from [8]. We can also give a proof
based on the same argument as that used in the proof of Theorem 2.3.

(2) Let us first prove the uniqueness of 2X-periodic points in / 0.2 ) by contradiction.
Assume that there exist two such points, say x and x*. This would mean that (—1)" (x —x*,
x — x*) < 0 for some r € {0,1}. Then, applying Lemma 3.6 with a = fzk (0) and
t = 2K — 1, we obtain (—1)" ! (x — x*, x — x*) < 0 by Proposition 3.2(3). However, this
contradicts the definition of <.

To prove the existence, we observe that Propositions 3.2(1) and 3.2(4) imply that, for
every k € {0, ..., n}, the product (2 (0) — £2(0))(£2"(0) — 0) < 0. By continuity, it
follows that fzk has a fixed point in I{0 2oy The proof is complete when k = 0.

If kK > 1, then Propositions 3.2 (statéments (1) and (2)) and 3.8 show that

21{71 _ _
f= Uy patgy) Mg gk oy = L2kt 0), 2142k o)y N o, 2 0y = - (3-8)

Therefore, every fixed point of f 2ing 10,72 0)) is actually a 2*-periodic point of f.

(3) If f is S-unimodal, then it has at most one stable periodic orbit in [ (1), 1] and this
orbit attracts zero [3]. Let us prove that, when the kneading sequence is /" or J", this orbit
has period 2" or 21,

We first use induction on ¢ to show that f 0y el 10, 72" (0} and

fZ;,(H-Z)(O) c I{f2”(f+'>(()),f2"‘(0)}’ (39)

for all t € N. For t = 0, the result is given by Proposition 3.2(4). Assume now that
the result holds for some ¢t € N. Then, since both f 2" (0) and f2n(t+2)(0) belong to
Ig, 2 (oy)> We can apply Lemma 3.6 to (2" +2(0), f2'(*+2(0)) and (2" (0), £2"'(0))
witha = f 2 (0) and t = 2" — 1 using Proposition 3.2(2) to obtain

(D) = OO - £770) < 0.
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Similarly, Lemma 3.6 applied to the points
(fF20), f2D©0) and (D), 20D0))

gives
(fzn(t_,’__o,)(o) _ f2'1(t+2) (0))(f2”(t+2) 0) — f2"(t+l)(0)) < 0.

These two inequalities, together with the assumption
f2n(t+2)(0) S I{f2"(r+l)(())’f2"r(0)}’

imply
f2 (t+3)(0) [S I{fZ"(HQ)(())’fZ"(t+l)(())}'

In particular, we have f 2'a+3)0) e I 10, 72" (0)} and the induction follows.

Clearly, the property (3.9) implies that the sequence { f 2t (0)};en is monotonic and
then converges to a limit in ;. 20} The limit is a periodic point with a period factor
of 2"*1. However, fznfl(l{o,fzn o) N 1o 2y = 9 by (3.8). We conclude that the
period of the stable periodic orbit is either 2" or 2"+ when the kneading sequence of a
S-unimodal map is /" or J".

Moreover, for every k € {0, ..., n}, the itinerary {/; (xx)}o<;<2t—1 is an odd sequence,
by Proposition 3.2(3). This implies that the multiplier (f 2k)'(xk) is negative. Since, for
eachk € {0,...,n — 1}, the 2k-peri0dic orbit is unstable, we conclude that (fzk)’(xk) <
—1 and the statement follows. (The same inequality may hold with k = n if the stable
periodic orbit has period 2"*!, which is the case when the kneading sequence is J".)

3.4.2. Proof of Theorem 2.4. Given (x,y) € M, let Pi(x,y) = x and Po(x,y) = y
denote the projections on each coordinate. Given k € N, we define the functions

k k
he(x,y) = PIF? (x,y)—y and gk(x,y) = P2F? (x,y) — x.

The point (x, y) € M with x # y belongs to a symmetric 25 !-periodic orbit of F, if and
only if
hi(x,y) = gi(x,y) =0. (3.10)

By Proposition 3.4, every symmetric 25*!-periodic orbit must pass the square
S{fzk(o)ﬁfzkﬂ o) (S(0, f2 )y if K = n). Indeed, let {(x", y")},en be a symmetric 2K+1-
periodic orbit and let j € {0,...,n} and #p € N be integers for which Proposition 3.4
holds. By contradiction, we prove that j = k.

If kK < j < n, then by Proposition 3.4, the points

(xzjto’ yz'/tO) and (x2-/(10+1)’ y2f(t0+1))
lie on different sides of the diagonal. However, the assumption j > k implies that 2/ is a
multiple of 2+ and, by periodicity, these points are the same. We have a contradiction.

If0 < j < k, then _2]‘ is a multiple of 27+, ~ Consequently, Proposition 3.4
implies that the points (x2'0, y2'0) and (x210+2" y2'1’0+2k) lie on the same side of
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the diagonal. However, the orbit is supposed to be symmetric and 2K+ 1_periodic.
Therefore, (xz'/’0+2k, y? ’0+2k) =0 (x¥%, y2'0) and we also have a contradiction.
Hence, we look for a solution of (3.10) in S{fzk ©). 72 0)) (in S{O’fzn o)} if k = n).

The idea of the proof is that the equations in (3.10) define C'-curves with special relations
that guarantee the existence of a common solution to both equations. Since gi(x, y) =
hi(y, x), we concentrate on the analysis of the function Ay.

Recall from Proposition 2.1 that x; denotes the unique 2*-periodic point of f between
zero and f 2 0).

PROPOSITION 3.10. For every k € {0, ...,n}, there exists a connected C! curve Hy in
S{fzk ). 12 o)) (Si0, 12" (0} when k = n), going through (xi, xr) and joining the line

segments x = fzk ) and x = f2k+l(()) (x =0and x = f2n (0) when k = n), on which

hie(x,y) =0.

The proof consists of three steps. We start by proving the existence of solutions of
hi(x, y) = O1in the desired squares. Then we show that these solutions form smooth curves
and finally that connected components of these curves join the desired line segments.

Proof. For the sake of clarity, we only provide a proof in the case k < n. The proof in the
case k = n is the same by replacing fzk (0) by fzn (0) and f2k+] (0) by zero.

Existence of solutions. Lemma 3.5(2) with 1 = 2k implies that for every (x,y) €
. Zk
S{fzk ©). 2 o)) the 1teraten F:(x,y) € S{fzk ). 2 0))°
use Lemma 3.5(1) to get Fe2 (x,y) € S{O’fzn )} forevery (x, y) € SO){fzn (0)}.) Indeed, this
is immediate in case (i) and it follows from Proposition 3.8 in case (ii). In other words for
2k
every (x,y) € S{fzk(o) 72+ gy W have P FZ (x,y) € I

(2o, 2 oy
we conclude that for every x € [ 1 11240, 12+ 0))
that hx(x, y) = 0.

(In the case where k = n, we

By continuity,

there exists y € such

(20, 2 o

Existence of the C'-curves. We prove that the partial derivatives of hj are not
simultaneously zero when A (x, y) = 0 in S{ 720y, /2 )"

When k = 0, we have (3ho/3x)(x, y) = (1 — €) f'(x). When k > 1, by the chain rule,

we have
O, y) = (1= /62D, ef ( 2/{71))21,{__[2])“[ i)((l_e)f/(x)) 3.11)
ox T S § It WAl CO B

where DF¢(x,y) denotes the Jacobian matrix computed at (x,y). By Lemma 3.5(2)
and Proposition 3.2(2), the coordinates x' and yi ,i e {l,..., 2k _ 1}, are either both

positive or both negative for every (x, y) € S 11240, 12 oy Therefore, all products

2k_1

£ ] Feh. (3.12)
i=l1

where z' can be either x’ or y’, have the same sign. Since the expression of (34 /dx)(x, y)
is a linear combination of terms in the form of (3.12) with non-negative coefficients, we
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conclude that (dh;/0x)(x, y) = 0 in S{
the properties of f.

240,24 0)) only if f/(x) = 0,i.e.if x = 0, by

Now we consider (dhy/0y)(x,y) whenx = O and y € I{fzk(o) 2 oy We have
(0ho/dy)(x,y) = €f'(y) — 1 <0 and, when k > 1, '
dhk 2 v T ef' ()
) =1 =) &Y, ef (¥ 1 DFx[,i( )—1
8y( ) =« )f( )€ (") ll] c(x',yh) (1= e f'(y)
(3.13)

Ifx =0and y € 1{0,. 2 0)) then the relation (3.2), the piecewise monotonicity of f,
and Proposition 3.2(3) imply that all products in the linear combination in (3.13) are non-
positive. Consequently, we have (34 /dy)(0, y) < —1 and the two partial derivatives of
hy are not simultaneously zero.

Assume now that x = Oand y € [ (Note that this case does not occur

0.2 oy
(0./241 gy the relation (3.2) implies that F¥(x.y)
120y, £+ o)) However, Propositions 3.8 and 3.2(1) imply that S{fzk ), 1254241 (0 N
0. /24 0y = (). Consequently, there is no solution for ix(x,y) = 0 in S{O’f2k+|(0)}.
Thus, we conclude that the partial derivatives of A; are not simultaneously zero when
hie(x,y)=0.

By the previous existence of solutions and the implicit function theorem, we conclude
that for any point (xg, yo) not on the boundary of Sis2 (), 2! () and satisfying
hi(x0, yo) = 0, there is an open neighborhood of (xg, yo) such that its intersection with
the set {(x,y) : hx(x,y) = 0} is diffeomorphic to an open interval. If (xq, yp) is on
the boundary of this square, the intersection is diffeomorphic to a semi-closed interval.
This proves the existence of a Cl-curve of solutions A (x, y) =0in §
Let Hy be the connected component of this curve going through (xi, xx).

when k = n.) Since (x,y) € S
S

(2, 2 oy

Existence of curves with desired properties. We may assume that € > 0, the case when
€ = 0 being trivial. If € € (0, %], then for any a,b € [—1,1] and any (x,y) € I{4p),
PiLe(x,y), PoLe(x,y) are interior points of the interval I{, ) unless x = y = a or
x=y=hb.

By the implicit function theorem, the curve H; extends to the boundary of the

square S Since Fezk S ) C S{ 2% 0y 2+ o)y WE have that

| for every (x,y) €

0. oy RN ONEaRO)
ok . . . . .
Py F7 (x,y) is an interior point of the interval I{fzk ©). /2 0)

S{fzk(o) 2540 unless x = y = fzk O orx =y = f2k+] (0). This implies that the

curve Hj can only meet the boundary on the line segments x = f 2 O andx = f 2t 0).
By Proposition 2.1(2), the curve crosses the diagonal of S{ 7240y, 21 (0y) OnCe at the point
(xk, xx). Therefore, Hy joins the two line segments. h O

By symmetry, we have Gy, the connected smooth curve on which gx(x, y) = 0. Gg
passes the point (xx, x;) and joins the line segments y = f 2 ®andy = f 2! 0) if
k €{0,...,n — 1} and the line segments y = O and y = 2" (0) if k = n.

To complete the proof, we now show that, under condition (2.2), the curves Hy and G
intersect at the point (xx, xx) in a way that guarantees an off-diagonal intersection (see the
example shown in Figure 1).
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£2(0) 0 £(0)

FIGURE 1. The curves H( and G when n > 1 and the condition (2.2) is satisfied.

LEMMA 3.11. If (1 — 26)2k(f2k)’(xk) < —1, then, at the point (xi, xi), the slope of the
tangent line to Hy, is less than —1 and the slope of the tangent line to Gy, is greater than —1.

Proof. Formulas (3.11) and (3.13) evaluated at (xi, xx) give us

2k_2
oh _ _
—ak(xk,xk)=(f2k)’(xk)(1—ae)(l € 6) (1 €>,
X €

1 —e€ €
and
2k—2
T =uHeoa-ao (0 ) ((9,) -1
We have
(e Z)=a-0ly )+l o)
and then

1 = 10
—€ € 2i 2i 2k —2i

= (1 —
< ¢ l—e) 2 Chl—ae (o 1)

i=0
Zk_]

2i—1,p _ ~2i—1 2%—2i41 (0 1
+;c2k (1—e) e <1 0).
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The slopes of the tangent lines follow directly from this expression. The slope for Hy is

ohy

ohy
Sk i = ——(xk,xk)/—(Xk,Xk)
ax ay

21{71
[ — (Y Y ca - e)”ez"—”}

i=0

21 -1
« [(fzk)’(xk) Z C;i;l(l _ 6)2i7162k72i+1 _ 1} ]

i=1

The slope for G is the inverse 1/Sx. With the denominator of S; being negative, the
condition Sy < —1, which leads to the desired conclusion, is equivalent to (1 — 26)2k
(fzk)’(xk) < —1 and the proof is complete. O
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