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Abstract

Let q = 3m with m odd and let s ≥ 1. We determine exactly the number of roots in Fq of x3s+1 − x2 + 1 = 0.
This equation appears in the study of open problems of Ding and Helleseth [‘Optimal ternary cyclic codes
from monomials’, IEEE Trans. Inform. Theory 59(9) (2013), 5898–5904]. A Cayley transform sends the
equation to the norm-one subgroup of F×q2 , where the question becomes a calculation in a cyclic group. We

prove that #{x ∈ Fq : x3s+1 − x2 + 1 = 0} = gcd (3m + 1, 3s + 2(−1)s) − 1. Consequently, the corresponding
no-root condition is equivalent to gcd (3m + 1, 3s + 2(−1)s) = 1. As an application, we settle in the negative
a conjectural no-root statement from the cyclic-code literature, by giving infinitely many pairs (m, s)
satisfying the proposed hypotheses for which the equation has roots.
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1. Introduction

Let q = 3m with m ≥ 1 odd and let s ≥ 1. We study the equation

x3s+1 − x2 + 1 = 0 (1.1)

over Fq.
The motivation comes from the theory of optimal ternary cyclic codes. Ding and

Helleseth [1] formulated several open problems concerning ternary cyclic codes with
minimum distance four. In this line of work, one often has to check that certain explicit
equations over finite fields have no solutions. This idea has been used in, for example,
[2, 4–7].
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In particular, Zhao et al. [7] reduce one part of their analysis to the solvability of
(1.1) (see [7, Proposition 9 and Theorem 5]). In their conclusion, they formulate the
following conjectural no-root statement:

if m is odd, gcd (m, 3) = 1 and gcd (m, s) = 1, then (1.1) has no solution in F3m .

Thus, (1.1) is a concrete finite-field question arising from the cyclic-code problem.
The purpose of this note is to determine the root count exactly. We prove that the

number of roots of (1.1) in F3m is

gcd (3m + 1, 3s + 2(−1)s) − 1.

This gives a simple greatest-common-divisor test for the no-root condition. In partic-
ular, the hypotheses gcd (m, 3) = 1 and gcd (m, s) = 1 do not decide the question. We
also give an infinite family of pairs (m, s) satisfying these two hypotheses for which
(1.1) has many roots. In this sense, the conjectural statement quoted above is settled in
the negative.

The proof uses a Cayley transform. Since m is odd, −1 is not a square in Fq.
Choosing β ∈ Fq2 with β2 = −1, the map

x �−→ x − β
x + β

identifies Fq with the norm-one subgroup of F×q2 after removing one point. Under this
change of variable, (1.1) becomes a power equation in a cyclic group.

The main result is as follows.

THEOREM 1.1. Let q = 3m with m ≥ 1 odd and let s ≥ 1. Denote by Nm,s the number of
roots of (1.1) in Fq. Then,

Nm,s = gcd (q + 1, 3s + 2(−1)s) − 1.

Equivalently,

Nm,s =

⎧⎪⎪⎨⎪⎪⎩
gcd (q + 1, 3s − 2) − 1 if s is odd,
gcd (q + 1, 3s + 2) − 1 if s is even.

In particular, (1.1) has a root in Fq if and only if gcd (q + 1, 3s + 2(−1)s) > 1.

2. The Cayley transform

Throughout this section, let q = 3m with m ≥ 1 odd. Since q ≡ 3 (mod 4), the
polynomial T2 + 1 is irreducible over Fq. Choose β ∈ Fq2 such that

β2 = −1.

Then, β � Fq and the Frobenius automorphism satisfies

βq = −β.
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Let

μq+1 = {u ∈ F×q2 : uq+1 = 1}

be the norm-one subgroup of F×q2 . This group is cyclic of order q + 1 [3, Ch. 2].

PROPOSITION 2.1. The map

φ : Fq → μq+1 \ {1}, φ(x) =
x − β
x + β

,

is a bijection. Its inverse is

φ−1(u) = β
1 + u
1 − u

.

PROOF. Let x ∈ Fq. Since β � Fq, the denominator x + β is nonzero. Moreover,

φ(x)q =

(x − β
x + β

)q
=

x + β
x − β = φ(x)−1.

Hence, φ(x)q+1 = 1, so φ(x) ∈ μq+1. In addition, φ(x) = 1 would imply β = 0, which is
impossible. Therefore,

φ(x) ∈ μq+1 \ {1}.

Conversely, let u ∈ μq+1 \ {1}. Since uq = u−1 and βq = −β,
(
β

1 + u
1 − u

)q
= −β 1 + u−1

1 − u−1 = β
1 + u
1 − u

.

Thus, φ−1(u) ∈ Fq. A direct computation gives

φ(φ−1(u)) = u and φ−1(φ(x)) = x.

This proves the proposition. �

3. The root count

The next proposition is the key step.

PROPOSITION 3.1. Let q = 3m with m ≥ 1 odd, let s ≥ 1 and let x ∈ F×q . Put

u = φ(x) =
x − β
x + β

.

Then, (1.1) is equivalent to

u 3s+2(−1)s
= 1.

Equivalently, ⎧⎪⎪⎨⎪⎪⎩
u3s
= u2 if s is odd,

u3s
= u−2 if s is even.
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PROOF. Since x � 0, (1.1) is equivalent to

x3s
= x − x−1. (3.1)

By Proposition 2.1,

x = β
1 + u
1 − u

.

Since φ(0) = −1, the condition x � 0 implies u � −1. We also have u � 1. Hence,
1 − u2 � 0.

Now,

x−1 = −β 1 − u
1 + u

and, therefore,

x − x−1 = β
(1 + u
1 − u

+
1 − u
1 + u

)
= β

(1 + u)2 + (1 − u)2

1 − u2 .

In characteristic 3, we have 2 = −1 and so

(1 + u)2 + (1 − u)2 = 2(1 + u2) = −(1 + u2).

Thus,

x − x−1 = −β 1 + u2

1 − u2 . (3.2)

Since β3 = −β, iteration gives

β3s
= (−1)sβ.

Hence,

x3s
= β3s 1 + u3s

1 − u3s = (−1)sβ
1 + u3s

1 − u3s . (3.3)

The denominator in (3.3) is nonzero. Indeed, if u3s
= 1, then the order of u divides both

3s and q + 1. Since gcd (3s, q + 1) = 1, this forces u = 1, contrary to u ∈ μq+1 \ {1}.
Substituting (3.2) and (3.3) into (3.1) yields

(−1)sβ
1 + u3s

1 − u3s = −β
1 + u2

1 − u2 .

All denominators in the preceding identity are nonzero, so the following
cross-multiplications are reversible.

If s is odd, the previous equation becomes

1 + u3s

1 − u3s =
1 + u2

1 − u2 ,

and cross-multiplication yields u3s
= u2.
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If s is even, it becomes

1 + u3s

1 − u3s = −
1 + u2

1 − u2 .

Cross-multiplication gives

(1 + u3s
)(1 − u2) = −(1 + u2)(1 − u3s

).

Equivalently, in characteristic 3,

u3s+2 = 1,

or u3s
= u−2. This gives the asserted equivalence. �

PROOF OF THEOREM 1.1. Since the constant term in (1.1) is 1, every root of (1.1) lies
in F×q . By Propositions 3.1 and 2.1, the roots of (1.1) in Fq are in bijection with the
elements

u ∈ μq+1 \ {1,−1}

such that

u 3s+2(−1)s
= 1.

Put

M = 3s + 2(−1)s.

Since μq+1 is cyclic of order q + 1, the equation uM = 1 has exactly

gcd (q + 1, M)

solutions in μq+1.
The integer M is odd. Hence, u = −1 does not satisfy uM = 1. Thus, among the

solutions in μq+1, the only element excluded by passing to μq+1 \ {1,−1} is u = 1.
It follows that

Nm,s = gcd (q + 1, M) − 1 = gcd (q + 1, 3s + 2(−1)s) − 1.

This proves the theorem. �

4. Application to the conjectural no-root condition

We now give the consequence in the form in which (1.1) is used in the cyclic-code
setting. Whenever the nonexistence of roots of (1.1) over F3m is required, the obstruc-
tion is completely determined by the following greatest common divisor.

COROLLARY 4.1. Let m ≥ 1 be odd and let s ≥ 1. Then, (1.1) has no root in F3m if and
only if

gcd (3m + 1, 3s + 2(−1)s) = 1.
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If this greatest common divisor is greater than 1, then (1.1) has exactly

gcd (3m + 1, 3s + 2(−1)s) − 1

roots in F3m .

PROOF. This follows at once from Theorem 1.1 with q = 3m. �

REMARK 4.2. The precise cyclic code depends on the exponent family under consid-
eration. However, whenever the analysis reduces to the no-root condition for (1.1),
Corollary 4.1 gives the exact answer. The Cayley transform therefore changes the
finite-field solvability question appearing in the coding-theoretic argument into an
elementary calculation in a cyclic group.

The following consequence strengthens the single counterexample obtained by
taking (m, s) = (83, 11).

COROLLARY 4.3. Let s = 11 and put m = 83 + 166t with t ≥ 0. If

t � 1 (mod 3) and t � 5 (mod 11),

then m is odd and

gcd (m, 3) = gcd (m, 11) = 1.

Equation (1.1) has at least 498 roots in F3m . Consequently, the conjectural no-root
statement from the conclusion of [7] fails for infinitely many pairs (m, s) satisfying its
hypotheses.

PROOF. A direct computation gives

311 ≡ 2 (mod 499) and 383 ≡ −1 (mod 499).

Squaring the second congruence gives

3166 ≡ 1 (mod 499).

Hence, for every m of the form m = 83 + 166t,

3m = 383(3166)t ≡ −1 (mod 499).

Therefore,

499 | 311 − 2 and 499 | 3m + 1.

Since s = 11 is odd, Theorem 1.1 gives

Nm,11 = gcd (3m + 1, 311 − 2) − 1 ≥ 499 − 1 = 498.

It remains to check the hypotheses in the conjectural statement. Since 83 is odd and
166 is even, every integer m = 83 + 166t is odd. In addition,

m = 83 + 166t ≡ 2 + t (mod 3),
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so gcd (m, 3) = 1 precisely when t � 1 (mod 3). Similarly,

m = 83 + 166t ≡ 6 + t (mod 11),

so gcd (m, 11) = 1 precisely when t � 5 (mod 11). For example, all integers t = 33r
with r ≥ 0 satisfy both restrictions. This gives infinitely many admissible pairs and the
assertion follows. �

COROLLARY 4.4. Let m ≥ 1 be odd. Then, the equation

x4 − x2 + 1 = 0

has no root in F3m .

PROOF. Take s = 1 in Theorem 1.1. Then,

Nm,1 = gcd (3m + 1, 3 − 2) − 1 = gcd (3m + 1, 1) − 1 = 0.

This gives the claim. �

REMARK 4.5. Theorem 1.1 shows that the root count depends only on

gcd (3m + 1, 3s + 2(−1)s).

Thus, the condition gcd (m, s) = 1 alone does not control the root count. Together with
Corollary 4.3, this gives a negative answer to the conjectural no-root statement in [7].
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