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Abstract Let Y1, Y2, ... be a sequence of independent random maps, identically
distributed with respect to a probability measwreon SL(2, R). A (deep) theorem of
Furstenberg gives abstract conditions under which for almost every such sequence the orbit
of a non-zero initial point irk? tends to infinity exponentially fast. In the present paper we
translate this statement into the set-up ajldlis transformations on the upper half-plane

and provide a very explicit way to determine whether or not the required conditions are
satisfied.

1. Notation and definitions

C,C,R: the complex plane, the extended complex plane, and the
extended real lin® = R U {oo}, respectively.

P(A): the probability of the evem.

Mobius transformation: f(z) = (az + b)/(cz +d),ad — bc # 0.

H: the upper half-planeH = {z = x +iy : y > 0},

with hyperbolic metric given by the distance functién =
|dz|/Im z, where|dz| denotes Euclidean distance.

H: the closure ofl as a subset df.

Hyperbolic lines inH:  Euclidean semi-circles ifil with centers on the-axis, and
Euclidean half-linegz = x + iy : x = const, y > 0} (see

[St], p. 82).

F=A{f p,-}ll.\’zl: iterated function system (IFS) with probabilitigg > 0,
Zf’zl p; = 1, of M6bius transformationg; mappingH
onto itself.

{Fu}2q: independent identically distributed (iid) random variables
with values in{ f;}_; with distribution P(F, = f}) = pj,
1<j<N.

Zo: an initial point inH.
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{Z,};2 - arandom orbiZ, = Z,(Zo) = F, 0 Fy—10--- 0 F1(Zo),

n>1.
SL(2,R): the setof 2« 2 real matrices with determinant 1.
A the norm of the matrixd = (¢ 5), ||A|| = |a|+|b|+|c|+]d|.
nw: a probability measure ofiL (2, R).
G the smallest closed subgroup 81.(2, R), containing the
support ofy.

v, — v weak star convergence of measurgg,dv, — [ ¢dv for
all continuous functiong in C.

2. Results
The main result of this paper about iterations adlilis transformations is the following
theorem.

THEOREM1. Let u be a probability measure on the set ofoblus transformations
mapping the upper half-plari@ = {Im z > 0} onto itself. Assume that the transformations
in the support oft have no common fixed pointihand no common invariant (hyperbolic)
line in H. Let{F,} be iid random variables with distribution. Then, for any initial point
Zo € H, the orbitZ, = Z,(Zg) = F, 0 Fy_10---0 F1(Zg),n > 1, tends toR almost
surely. (That is, for arbitrarily fixed compact subsk€t ¢ H and for almost all orbits
{Zn}n>1, Only a finite number of points of the orbit belongko)

As application to the theory of finite IFSs we give also the following discrete version of
Theorem 1.

THEOREMY'. LetF = {f1,..., fx: p1..... pn}, pj > 0, 3.1 p; = 1 be an IFS with
probabilities of Mdbius transformationgi, .. ., fx mapping the upper half-plarié onto
itself, and having no common fixed pointlih Assume, in addition, that the dius
transformations have no common invariant (hyperbolic) liné&lin Then, for any initial
point Zo € H, the orbit{Z, }3° tends toR almost surely.

Remark 1.Theorem 1, in particular, implies that a Brownian motion on the hyperbolic
plane is transient (that is a Brownian point goes to the bounddiiwith probability 1).

Theorem 1 gives the most general geometrical conditions which guarantee almost sure
convergence, in the sense that any further generalization of these conditions should contain
some guantitative characterization of the functions (instead of their qualitative description
in Theorem 1).

The assumption in Theorem 1 about a common invariant (hyperbolic) lirfi&, iis
equivalent to the condition that there is no &et= {a, b}, a,b € R, (a # b) which is
invariant for the system, that is such thg{K) = K forall j, 1 < j < N. (Actually, if
such a seK = {a, b} exists then the (hyperbolic) line ending at the poimntsndb, will
also be invariant for the system.) From this, in particular, we get the following.

COROLLARY 1. If the Mdbius transformations in Theorem 1, mapplfigntoH, have no
common fixed point ifill, and in addition, no common 2-periodic point Bpnthen for any
initial point Zo € H, the orbit{Z,}5° tends toR almost surely.
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By a 2-periodic point for a functioff we mean a point for whichz = f(f(z)).
We give one more corollary of Theorem 1, which is less general than Corollary 1, but
instead very easy to check.

COROLLARY 2. If the system in Theorem 1, ofdldius transformations ofl onto H,
having no common fixed point ifi, contains at least one &bius transformatiory (z) =
(az + b)/(cz + d), whose matriX ¢ 4) has an eigenvalue = o + i, withap # 0, then
the random orbi{Z,} converges t@® almost surely.

Any Mobius transformation mappirid onto itself has a unique representatitfy) =
(ax + b)/(cz + d), with a, b, ¢, d real andad — bc = 1. This allows us to establish a
connection between iterations ofddius transformations and iterations of matrices. This
latter topic is very well studied and many interesting papers are devoted to this area (see
for example Kai, HM ]). One of the most important and profound results about iterations
of area-preserving matricédet = 1) is the following theorem due to Furstenberg (we
formulate this result for (% 2) matrices in the version given iBL] (see alsofu])).

THEOREMC. (Furstenberd)etu be a probability measure afiL (2, R), the set 0f2x 2)

real matrices with determinant 1, such that the following hold&,ifis the smallest closed

subgroup ofSL (2, R) which contains the support of:

(i) G, isnotcompact;

(i) there does not exist a subsktof R? which is a finite union of one-dimensional
subspaces, such thaf(L) = L foranyM in G,,..

Then, with probability 1, the normg,, ... Y1x|| grow exponentially ag — oo, for all

x € R2\ {0}, where{Y,} are iid random variables with values ifiL(2, R) and with

distribution x.

The proof of Theorem 1 above is based on the following result, which is a combination
of Furstenberg’s theoremyV, Lemma 1] and Propositions 2 and 3 below.

THEOREM2. Letu be a probability measure ofiL (2, R), the set of2 x 2) real matrices

with determinant 1. Assume that the matricestppu (the support oft) have no common
invariant ellipse, and no common invariant set of tyfaeu ¢», with lines ¢4, ¢2 (not
necessarily different) passing through the origin. Then, with probability 1 the norms
Y, ...Y1x| grow exponentially, as — oo, for all x € R?\ {0}, where{Y,} are iid
random variables with values i$iL (2, R) and distributiong.

COROLLARY 3. If at least one matrix insuppu has an eigenvalu¢ = o + i, with
af # 0, then the assertion of Theorem 2 is true.

The conditions in Theorem 2, although much simpler to check, are equivalent to those
in Furstenberg’s theorem above (for¥22) matrices).

The exceptional cases in Theorem 2 are actually three, when there is a basis in which
all the matrices in supp have one of the following forms simultaneously:

(1) (%=, sina)__simple rotation about the origin (invariant circles);

2) (8 a’il )—invariant real axis;
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(3) (g agl) or <b91 s )—invariant coordinate axes.

Note that in all three cases the eigenvalues of the matrices are real or purely imaginary.

3. Discussion of the results
In the case when suppis a finite set, the following notation is often used:

N
suppu =F = {fj: pj}_y. Y _pi=1 p;>0 (1)
1

wherep; = u(f;). F is said to be an IFS with probabilities.

Our original motivation to study the IFSs comes from its connection to continued
fractions and rational approximation (sé@¥G, KW ]). Suppose for a moment that the
transformations iF have the formf;(z) = a;/(1+2),i = 1,..., N. Then the reversed
iteratesZ, = F1o0 Foo---0 Fy(Zo),n = 1,2, ... are the approximants of a continued
fraction if Zp = 0, and of the so-called modified approximantZif # 0. There is an
interplay between the iteratés, of an IFS and the reversed iteratés, and because of
that a study of IFSs of Mbius transformations may be used to get new insight into the
theory of continued fractions.

Computer experiments described KW, Figure 6], indicated that the probabilistic
attractor is the extended real life= R U {oo} for the IFSF = {a1/(1 + z), a2/(1 + 2);
1,3Vif a1, a2 < —3, a1 # ap. More specifically, computer experiments were made with
real constanta; anday less than—%, ai # az, and initial valuesZg € C \ R. The first
1000 points of the orbitZ,} were hidden and then a large number of them were plotted.
This gave a picture on the real axis for different choiceg10ti2, and Zo.

Inspired by the computer experiments the following theorem was proved and conjecture
stated in BWK].

THEOREMA. [BWK] LetF = {-5/(1+ z), —0.5/(1 + 2); 3, 3}. Then, for any initial
point Zg € C, the orbit{Z,}5° tends to the extended real lifewith probability 1, asn
tends to infinity.

CONJECTUREA. [BWK] Theorem A remains true wherb and—0.5 are replaced by:;
andao, if a1, a2 < —711, a1 # ap.

The proof of BWK, Theorem A] depended on numerical computations for the
functions—5/(1 + z) and —0.5/(1 + z). This means that Conjecture A could not be
proved in the same way for general constantandas.

In [AW] we obtained a general convergence result for the qbjy, but in a weaker
sense than almost sure convergence. In fact, we established the following theorem.

THEOREMB. [AW, Corollary 1]LetF = {f1,..., fv; p1.-... o}, pj > 0, 30 pj =
1 be an IFS with probabilities of Bbius transformationdi, ..., fxy mapping the upper
half-planeH onto itself, and having no common fixed poindinThen, for any initial point
Zp € H, the orbit{Z,}g° tends taR in probability in the sense that for any compact subset
K c Hwe have

P(Z,e K)— 0, as n— oo.
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We might say that the probabilistic attractor Bflies onR in Theorem B. It is easy
to see that it is necessary in Theorem B to assumefthat ., fy have no common fixed
point in H. In fact, otherwise we would get a contradiction to Theorem B by chodging
as this common fixed point. Concerning Theorem B we also note that the deterministic
attractor for this case can be the whille(By the deterministic attractor for a given initial
point Zo we mean the closure of the set of limit points of all orbits startinga}

The last theorem explained the results of the computer experiments described above,
but it did not answer the conjecture. It is Corollary 2 of the present paper (see above),
which easily shows that Conjecture A, formulated above, is true. Actually, for a function
of type f(z) = a/(1+z) we havery 2 = %(1:& 1+ 4a), and the root/1 + 4a is purely
imaginary wher: < —%1. The conjecture is also true if we have more than two functions.

Itis interesting to note that, as it follows from Corollary 1, the conjecture is true even for
the valuesi1 < az < 0. Here we remark that the conditian< 0 is evidently necessary
to guarantee that the functigh(z) = a/(1 + z) mapsH onto itself.

We conclude this section by referring tArf], where the case of IFSs with general
analytic functions is considered.

4. The scheme of the proofs
We start with the proof of Theorem 2. We divide it into the following two propositions,
which have independent interest as well.

PrROPOSITIONL. Letu be a probability measure ofiL(2, R) of (2x 2) real matrices with
determinant 1, and le%,, be the smallest closed subgroupsaf(2, R) which contains the
support ofu. ThenG,, is compact if and only if all the matrices @, (or, equivalently, in
suppu) have a common invariant ellipse.

PrROPOSITIONZ2. Assume that the grou@, in Proposition 1 is non-compact and that
there exists a subsdt = U¢; of R? of a finite union ofn different one-dimensional
subspace$;,i =1,...,n,suchthatA(L) = L forall Ain G,. Thenn < 2.

These two propositions together with Furstenberg’s theorem above give Theorem 2.
In the proof of Proposition 1 we use the following three lemmas.

LEMMA 1. Let {A = (25)}, be a subset oFL(2,R) and let{fa(zx) = (az + b)/
(cz+d)} 4 be the associated &bius transformations. Then, for any fixed H, { f4(z)} 4
is an unbounded set iH (in the hyperbolic sense) if and only if the norfiisi||}4 are
unbounded (iR with the ordinary Euclidean metric).

LEMMA 2. In the notation of Lemma 1, the matricéd}, have a common invariant
ellipse if and only if the associateddWius transformation$f4}4 have a common fixed
point in H.

LEMMA 3. Letu be a probability measure on the set obMus transformations mapping
the upper half-plangl onto itself. Assume that the transformations in the supportiedve

no common fixed pointiH. Then for any initial fixed point € H the sef{ f (z)}, f € G,

is unbounded (in the hyperbolic sense), wh&fedenotes the smallest closed subgroup of
Mobius transformations containing the supporf.of
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Finally, from Theorem 2 we derive Theorem 1.

5. Proofs

Proof of Lemma 1Due to the preservation of hyperbolic distances underbids
transformations, we may consider instead of a general poist H, the pointz = i.

Then
£400) ai+b (bd+ac)+i(ad — bc)
1) = = .
4 ci+d 2 +d?
and since & detA = ad — bc, we get
) bd+ac . 1
fai) = (2

2 +d? +lc2+d2'
Assume thatf f4(i)}4 is an unbounded set i (in the hyperbolic metric). This gives
the following three alternatives: either the gef + 42}, is unbounded (inR), or
{(bd + ac)/(c? + d?)} 4 is unbounded, or the sét? + d2} 4 contains elements arbitrarily
close to zero. All these alternatives together with the conditioddetad — be = 1, give
that{|a| + |b| + |c| + |d|}4 is unbounded (ifR).

Now, conversely, assume th@tA ||} 4 is unbounded, that ifa| + |b| + |c| + |d|}4 is
unbounded. If we, in addition, have tHat| + |d|} 4 is also unbounded, then (2) gives that
{fa()}a has elements arbitrarily close to the real linef|df| + |d|} 4 is bounded, then, by
the assumptior{ja| + |b|}4 is unbounded. In this case

A ()] = ai +b|  ~a?+b?
AN d| T Va2
and{|fa(@)|}a is unbounded ifR. In either case the s¢f4(i)}4 is an unbounded subset
of H. Lemma 1 is proved. |

Proof of Lemma 2Let the set of Mbius transformationisfs } 4 have a common fixed point

w € H. ChooseB € SL(2, R), such that for the associatedoldius transformatiorfz we
havefp (i) = w. (i is the imaginary unit.) Then the conjugate sysi{qiplo fao fela has

i as a common fixed point. Note thﬁ,;1 o fao fp = fz-145 and note also that a dbius
transformationf (z) = (az + b)/(cz + d) hasi as a fixed point f (i) = (ai +b)/(ci +d)
=i)ifand only ifa = d andb = —c. If, in addition, the determinantd — bc = a? + b?
equals one, then the matrﬁg Z) provides a rotation around the origin. This shows that the
matrices{B~1A B}, have a common invariant circle, for example the unit circle (centered
at the origin) inR2. Then, evidently, the sdtd}, has a common invariant ellipse which

is the image of the unit circle und®. The converse assertion can be proved in the same
way. Lemma 2 is proved. |

Proof of Lemma 3This lemma was proved for the more general case of all isometries
of the upper half-plane inAW] (see Lemma 4.1 there). However, for its importance we
include the proof (in the restrictive form of Lemma 3) here as well. This makes the present
paper self-contained.

Before proceeding to the proofs of the lemma we recall that aolitvs transformation
of the upper half-planél is an orientation-preserving isometry Hf (see Bt, p. 89]).
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Geometrically any orientation-preserving isometry is either a rotation (conjugate to a
function of the formf(z) = ¢!z in D7), a limit rotation (conjugate tof (z) = z + «

in H), or a translation (conjugate t6(z) = pz, p > 0, in H, whose axis of translation is

the imaginary half-axis).

We divide the proof of the lemma into two cases: in case 1 below we assume that
among the transformations in the supportofve have at least one dbius transformation
(not the identity) with a fixed point on the boundaryéf(limit rotation or translation
according to the classification above). Consequently, in case 2 we can assume that all the
transformations in the support pf are rotations. Then, by the assumptions of Lemma 3
we have at least two rotations with different rotation centers (fixed points).

Case 1 Suppose that among the functions in the supportcdhere is a Mbius
transformation, say, which has a fixed point on the extended real lné\Ve may assume,
without loss of generality, that this fixed point is infinity. Thgiiz) = az + b, a > 0,

b € R. Ifinfinity is an attractive fixed point of (the case: > 1), Lemma 3 is evidently
true. In fact, applying onlyf each time we getZ,| — oo. The same argument applies
when infinity is a repelling fixed point of (the case < 1). Then there exists an attractive
fixed point of f onR as well. Ifa = 1 andb # 0, Lemma 3 is again evident.df= 1 and

b =0, f is the identity map (which we may ignore).

Case 2 In this case we use the unit disk model for the hyperbolic plane and assume
that the functions in the support afare Mobius transformations mapping the unit didk
onto itself. We can also assume that these transformations contain at least two rotations,
say f1 and f», with fixed pointse; andagy, respectively, inD1, a1 # as.

Let A = A(Zp) be the closure in the Euclidean metric of the set consisting of the orbits
with initial point Zg obtained by iterating withf; and f2 only. Suppose now that Lemma 3
is not true. Then we may choose an initial paifat € Dy such thatA is a compact subset
of Dy.

Consider the following function defined fare Dj : z — h(z, a1) + h(z, a2), where
h(-,-) denotes the hyperbolic distance. Denoteunythe point where this continuous
function has its maximum on the compact get If we start withwg and iterate withfy
only (or with f> only), the pointwg moves on some circl€1 (or some circleCy) with
hyperbolic center at; (or atap). Furthermore, under every iteration the point moves on
C1 (or C7) along an arc of the same hyperbolic length. In fact, this is obviows [br az)
is the origin. Otherwise, we map, (or C2) by a Mébius transformation onto a circle with
center at the origin and use the invariance of hyperbolic distance.

Assume that the hyperbolic length is notless than that @y, i.e. thath (C1) > h(Cy).
Denote byy; the open arc o€ in the exterior ofC2 and byy: the complementary arc,

71 = C1\ y1. Below we shall prove thai(y1) > h(y1). Now, assuming this inequality,
we finish the proof of Lemma 3. Since under the iteration of the funcfiothe point
wo and its images move a fixed hyperbolic distance al6ingthere is at least one point
among these images which belongsgiohere we use that(y1) > h(y1)). Denote this
point byws. Then, evidentlyw1 € A, h(w1, a1) = h(wo, a1) andh(wi, a2) > h(wo, az).
Consequentlyfi(w1, a1) + h(wi, a2) > h(wo, a1) + h(wo, a2), which contradicts the
extremal choice of the pointo.

We now go back and prove thaty1) > h(y1). We may assume that = O since
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otherwise we could consider a conjugate IFS with this property, obtained by means of
a Mdbius transformation and preserving, consequently, hyperbolic distances. Then the
hyperbolic lengthi(-) alongCy is proportional to the ordinary Euclidean lendit), and

So it remains to prove thdt(y;) > £(y1). A simple geometric argument shows that this
latter inequality follows on proving

2(C1) > £(C2). 3

Denote byC3 the circle centered at the origin with(C3) = h(C2). Then by the
assumptiork(C2) < h(C1) we haven(C3) < h(C1). Consequently, since botty; andCy
have centers at the origin, we g&C2) < £(C1).

Now we shall prove that

€(C3) > £(C2) (4)

which, together with the previous inequality, gives (3). The inequality (4) means that
among all circles with equal hyperbolic length the one with center at the origin has largest
Euclidean length. We shall prove this fact by proving the following equivalent statement:
among all circles with equal Euclidean length, the one with center at the origin has smallest
hyperbolic length. To prove this we consider two circSgsindS, with the same Euclidean
radiusr, S1 centered at the origin ang$, without loss of generality, at a poing € R with

xo # 0. Their diameters ar&d; = (—r,r) and Az = (xo — r, xo + r), respectively.

We want to prove thak(S1) < h(S2). This inequality is equivalent to the corresponding
inequality for the diameter&,(A1) < h(A2). However, by the definition of the hyperbolic
metric, h(Aj) = fA]_ dx/(1 —x?),j = 1,2, and by simple calculations we get that
h(A1) < h(A2). Lemma 3 is proved. O

Proof of Proposition 1.In one direction the assertion is evident: if all matricesin have

a common invariant ellipse, then the groGpis compact. Now assume that the matrices
in G, have no common invariant ellipse. Due to Lemma 2 this is equivalent to the fact
that the associated dbius transformationgs, A € G, have no common fixed point in

H. Next we use Lemma 3, which says that in this case th¢/fsgt)} 4 is unbounded (in

the hyperbolic sense) iH, for any fixedz € H. Finally, Lemma 1 shows thdt|A||}4 is
unbounded and, hence, th@jf, is non-compact, which finishes the proof. Proposition 1 is
proved. |

Proof of Proposition 2.Consider the unitdisk in R2. The linest;,i = 1, ..., n intersect
each other at the origin and divide into 2n sectors; denote them 91, Do, ..., D2,.
LetA € G,. ThenA(A) is an ellipse centered at the origin. We also have #{df) = L.
The setL dividesA(A) into 2n parts; denote them b$4, So, ..., S2,. The matrixA € G,
gives a one-to-one area-preserving transformatio®4n This means that for any;,
1 <i < 2n,there exists ;,1 < j < 2n, such that the areas 6f andD; are equal.
Now, Proposition 2 will be proved by showing thatsf > 2, then at least one of the
partsS;, 1 < i < 2n, will have an arbitrarily small area, provided that the norntois
sufficiently large. We first assume that 3, i.e. thatl = ¢,U¢>Ul3, wherely, £2, £3 are
(different) lines passing through the origin. If the normAfs large, themrA(A) is a long
and thin ellipse, with area equal to one and centered at the origin. Denétedand P, the
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points of the ellipse having maximal distance from each other, and denétthbystraight
line passing through these points. Thiepasses through the origin as well. Latform
the minimal angle wittl. among the three lineg, ¢5, £3. Then the parts;, 1 <i < 6,
of A(A) lying between the lineg; and¢3 and not containing the point® and P, will
have arbitrarily small area il (A) is sufficiently long and thin. This follows from simple
geometrical considerations, which we omit. The proof proceeds in the same way3f
Proposition 2 is proved. m|

Now, as we have already remarked, Proposition 1, Proposition 2 and Furstenberg’s
theorem above give Theorem 2.

Proof of Theorem 1Denote byA ¢, f € suppu, the matrices corresponding to theblis
transformations in Theorem 1. We may assume tate SL(2, R). We check now that
these matrices satisfy all the assumptions of Theorem 2, that is that they have no common
invariant ellipse, no common invariant lifepassing through the origin and no common
invariant setf1 U >, wherety, €2, €1 # £ are lines inR2 passing through the origin.
The existence of a common invariant ellipse is excluded by Lemma 2, since otherwise the
functionsf € suppu would have a common invariant pointlih

If now the matricesA  have a common invariant linepassing through the origin, then
we may assume thdtis the x-axis (otherwise we could consider a conjugate system). In

this case (easy to check) any matrixin {A ¢} has the formdA = (g a’il). This means
that the corresponding &bius transformations are linear functions, and consequently they
have a common fixed poiat= oo on H; but the assumptions in Theorem 1 exclude this
possibility. Finally, if we assume that the matricés have a common invariant setU £

(€1 # £2), then we may assume (again due to possibility of conjugationythed¢, are

thex- andy-axis. Then any matrid in {A s} has one of the forms: either = (‘é a91>
0 —b

(when each liné1 and{;, separately is invariant fot), or A = (b’l 0 ) (the case when

¢1 and ¢, change places under the transformation In either case the corresponding
Mbobius transformationgf(z) = a%z or f(z) = —b?/z) have a common invariant
(hyperbolic) line inH. This line is the positive imaginary axi§Rez = 0,Imz > 0}.

This possibility is also excluded by the assumptions in Theorem 1. So we have checked
that the matriced ; satisfy all the conditions of Theorem 2. Then Theorem 2 in particular
asserts thafY, --- Y1|| — oo, asn — oo, almost surely. Then Lemma 1 gives that
Zu(Zo) = F,o0---0 F1(Zo) tends taR, asn — oo, almost surely. Theorem 1 is proved.
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