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ON THE FUNCTIONAL ESTIMATION
OF MULTIVARIATE DIFFUSION

PROCESSES
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We propose a nonparametric estimation theory for the occupation density, the drift
vector, and the diffusion matrix of multivariate diffusion processes. The estima-
tors are sample analogues to infinitesimal conditional expectations constructed as
Nadaraya-Watson kernel averages. Mild assumptions are imposed on the statistical
properties of the multivariate system to obtain limiting results. Harris recurrence is
all that we require to show consistency and asymptotic (mixed) normality of the pro-
posed functional estimators. The identification method and asymptotic theory apply
to both stationary and nonstationary multivariate diffusion processes of the recurrent
type.

1. INTRODUCTION

The estimation of stochastic differential equations, often conducted in conjunction
with the study of valuation models for derivative securities, has drawn substantial
attention in recent years. Parametric, semiparametric, and nonparametric estima-
tion methods for scalar diffusion processes are now well established under a vari-
ety of assumptions on the statistical properties of the underlying continuous-time
series (see, e.g., the review papers by Aı̈t-Sahalia, Hansen, and Scheinkman, 2010,
Bandi and Phillips, 2010, Cai and Hong, 2003, Fan, 2005, Gallant and Tauchen,
2010, and Johannes and Polson, 2010, for discussions).

Increasing the dimensionality of the system poses substantial complications to
the econometrics of continuous-time models. While existing methods allow us
to deal rather efficiently with involved parametric specifications for multivari-
ate diffusions (see, e.g., Gallant and Tauchen, 2010, and the references therein),
less progress has been made in the nonparametric estimation of multidimen-
sional specifications for continuous-time models of the diffusion type. Such a
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development appears to be important in view of the robustness to potential mis-
specifications offered by fully functional estimation methods as well as their de-
scriptive power and usefulness in building more accurate parametric models.

As is well known, the dynamic evolution of a multivariate diffusion process
depends on the form of its drift vector and diffusion matrix. Importantly, the
drift vector and the diffusion matrix have infinitesimal (first and second) condi-
tional moment definitions which lend themselves to nonparametric kernel estima-
tion. Sample analogues to the infinitesimal first and second moment can therefore
be constructed by employing, among other methods, classical Nadaraya-Watson
kernel estimators. To this extent, this article derives the limiting properties of
Nadaraya-Watson kernel estimators of the drift vector and diffusion matrix of
a multivariate diffusion process under Harris recurrence. Harris recurrence is
known to be a milder assumption than stationarity and mixing (see, e.g., Meyn
and Tweedie, 1993). Intuitively, it solely requires the continuous trajectory of the
process to visit sets of nonzero Lebesgue measure in its admissible range an infi-
nite number of times over time. Thus, it represents a mild condition for local iden-
tification, as we show formally below. Harris recurrent processes may be strictly
stationary, stationary in the limit (ergodic or positive recurrent) or nonstationary
(null recurrent).

The asymptotic behavior of the drift and diffusion estimators is examined as the
observation frequency increases (infill asymptotics) and as the time span length-
ens (long span asymptotics) jointly. We prove consistency of the functional es-
timates and convergence to mixtures of normal laws, where the mixing variates
depend on a random object which drives the convergence rates of the functional
estimates and whose divergence properties depend on the specific process being
considered. Such a random object is, in general, not a chronological local time
as in the scalar diffusion case examined elsewhere (Bandi and Phillips, 2003, BP
henceforth, and Aı̈t-Sahalia and Park, 2016). Nevertheless, it can be interpreted
as an estimate of the density of the occupation time measure of the underlying
process, where the latter represents the amount of time spent by the process in a
certain spatial set of nonzero Lebesgue measure. Unlike the concept of local time,
the notion of occupation density extends to multivariate frameworks (see, e.g.,
Geman and Horowitz, 1980). Of course, when the dimensionality of the prob-
lem collapses to one, the random object driving the rates of convergence of the
nonparametric estimates is, indeed, a chronological local time.

From a technical standpoint, the nonexistence of a notion of local time for
multivariate continuous semimartingales represents a considerable theoretical
difficulty to overcome when studying nonparametric kernel estimation for mul-
tidimensional diffusion processes under potential nonstationarities. This article
provides a solution to this problem while offering additional insights about the
scalar diffusion case which, as discussed, may be viewed as a subcase of our
more general theory of inference.

Relaxing stationarity for identification is theoretically and empirically impor-
tant. We show that the dimensionality of the problem has a two-fold effect on the
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rate of convergence of the functional estimates when the system is nonstationary.
The first effect is coherent with the conventional “curse of dimensionality” result-
ing from the estimation of conditional expectations in multivariate discrete-time
frameworks under stationarity. The second effect operates through the random
quantity which drives the rates of convergence of the functional estimates and,
as emphasized earlier, may be interpreted as an estimate of the density of the
occupation measure of the process. This quantity inherits the divergence rate of
the process’ occupation measure. The occupation measure is known to diverge
linearly with the time span when examining positive Harris recurrent Markov
processes of any dimension. However, the dimensionality of the system affects
negatively its divergence rate in the null recurrent (nonstationary) case, thereby
delivering an additional curse of dimensionality which is a genuine by-product
of the mildness of our assumptions. We call this double effect “double curse of
dimensionality.” We emphasize that the double curse of dimensionality is not spe-
cific to the use of functional methods for multivariate, potentially nonstationary,
diffusion processes. We expect the same effect to arise from the functional estima-
tion of multivariate, nonstationary processes in discrete time should the adopted
asymptotic theory allow for general recurrent dynamics.

Research on the use of recurrence as an identifying assumption appears war-
ranted in discrete time as well. It is, as in the continuous-time case, still in its
infancy. Fundamental progress in discrete time, both in the context of autoregres-
sive processes—as in this article—and in the context of cointegrating models—
has been made by, e.g., Guerre (2004), Karlsen and Tjøstheim (2001), Karlsen,
Myklebust, and Tjøstheim (2007), Moloche (2004b), and Schienle (2008). We re-
fer the reader to Wang and Phillips (2009a, 2009b), and the references therein, for
a promising alternative approach based on Skorohod embedding and nonlinear
transformations of the embedded process. Wang (2015) provides a rich account
of existing results and new perspectives.

Previous work on the functional estimation of multivariate diffusion processes
has largely focused on the diffusion matrix. Brugiére (1991) extends the non-
parametric estimator of the second infinitesimal moment suggested by Florens-
Zmirou (1993) in the scalar case to a system of diffusions and provides a proof
of consistency in probability (see, also, Genon-Catalot and Jacod, 1993). In
follow-up work, Brugiére (1993) derives the limiting distribution of his estima-
tor and shows asymptotic normality. Importantly, the methodology in Brugiére
(1991,1993) does not rest on stationarity. However, his limiting results are
derived using increasing frequencies over a fixed span of data. Hence, the methods
cannot be extended to drift estimation since identification of the drift necessitates
an asymptotically enlarging data span. Boudoukh, Downing, Richardson, Stanton,
and Whitelaw (2007) generalize the univariate procedure in Stanton (1997) to pro-
pose nonparametric kernel analogues to drift and diffusion matrices for multidi-
mensional diffusions. The asymptotic properties of their Nadaraya-Watson-style
estimators are not discussed, thereby rendering statistical inference difficult to
implement and interpret in their framework.
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In sum, when dealing with multidimensional diffusion processes, a complete
theory of inference for traditional Nadaraya-Watson kernel estimates of drift and
diffusion function under discreteness of the observation sampling has yet to be
established, to the best of our knowledge, even in the stationary case. We con-
tribute to the literature by studying nonparametric identification of the occupation
density, drift, and diffusion of stationary and nonstationary multidimensional dif-
fusion processes in the recurrent class.

The article is organized as follows. Section 2 introduces the model and the
nonparametric estimates. Section 3 discusses Harris recurrence for multidimen-
sional diffusion processes. Section 4 reports important preliminaries about Harris
recurrent processes. These results are used in the development and interpretation
of our limit theory. In Section 5 we discuss our asymptotic findings. Section 6
concludes. Proofs and technical details are in the Appendix. In what follows, the

symbols ⇒,
a.s.→,

p→ and
d
= stand for weak convergence, convergence with prob-

ability one, convergence in probability, and distributional equivalence, respec-
tively. For two real-valued positive sequences aT and bT , the notation aT ∼ bT

means that aT = O(bT). When applied to a generic matrix A the operator vec
stacks the columns of A. With a squared matrix A, we use the notation A1/2 to
signify EΛ1/2E−1, where E contains columns of eigenvectors and Λ is a diagonal
matrix of eigenvalues. The symbols ⊗ and 1B denote the Kronecker product and
the indicator function of the set B, respectively.

2. DESCRIPTION OF THE MODEL AND ESTIMATORS

Consider the probability space (Ω,F ,P), the filtration of sub-σ -fields Ft, and the
continuous adapted process {Xt,Ft;0 ≤ t < ∞} with

Xt = X0 +

∫ t

0
μ(Xs)ds+

∫ t

0
σ (Xs)dBs, (1)

where X0 is a given initial condition, B= {Bt,Ft;0 ≤ t < ∞} is an m-dimensional
standard Brownian motion, μ(.) =

{
μj(.)

}
1≤j≤d is a d×1 Borel measurable drift

vector and σ(.) =
{

σjk(.)
}

1≤j≤d
1≤k≤m

is a d ×m Borel measurable matrix. Assume

X0 is independent of B and Xt takes values in I ⊆Rd . Each coordinate X j
t of the

process can be written as

X j
t = X j

0 +

∫ t

0
μj (Xs)ds+

m

∑
k=1

∫ t

0
σ jk (Xs)dBk

s , 0 ≤ t < ∞,1 ≤ j ≤ d. (2)

Define the d×d symmetric and nonnegative (diffusion) matrix a(x) =σ (x)σ (x)ᵀ

with generic element ajp(x) = ∑m
k=1 σjk (x)σpk (x) 1 ≤ j ≤ d,1 ≤ p ≤ d,∀x ∈

I ⊆ Rd. Write the expectation (probability) conditional on X0 = x, where x =
(x1,x2, . . . ,xd) is a d-dimensional initial condition, as Ex (Px). The drift vec-
tor μ(.) and the diffusion matrix a(.) have classical representations in terms of
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infinitesimal conditional moments, i.e.,

Ex[X j
t − xj]= tμj (x)+ o(t) ,

Ex[(X j
t − xj)(Xp

t − xp)]= tajp (x)+ o(t) ,

as t ↓ 0 (see, e.g., Karatzas and Shreve, 1991, page 282).
Now, assume the process {Xt : t ≥ 0} is sampled at equispaced times

{t = t1, t2, . . . , tn} in the interval [0,T]. It readily follows that {Xt = XΔn,T , X2Δn,T ,
X3Δn,T , . . . , XnΔn,T} are n observations on the process Xt at {t1 =Δn,T , t2 = 2Δn,T ,
t3 = 3Δn,T , . . . , tn = nΔn,T}, where Δn,T = T/n.

We estimate the drift vector μ(x) and the diffusion matrix a(x) ∀x ∈ I ⊆Rd by
employing

μ̂n,T(x) =
1

Δn,T

∑n−1
i=1 Khn,T

(
XiΔn,T − x

)(
X(i+1)Δn,T −XiΔn,T

)
∑n

i=1 Khn,T

(
XiΔn,T − x

) (3)

and

ân,T(x) =
1

Δn,T

∑n−1
i=1 Khn,T

(
XiΔn,T − x

)(
X(i+1)Δn,T

−XiΔn,T

)(
X(i+1)Δn,T

−XiΔn,T

)ᵀ
∑n

i=1 Khn,T

(
XiΔn,T − x

) ,

(4)

where Kh(XiΔn,T − x) = 1
hd ∏d

j=1 K
(X j

iΔn,T
−x j

h

)
is a product kernel function and

hn,T is a bandwidth sequence. The properties of the kernel K (.) are spelled out in
Assumption 2 below.

The estimators in equations (3) and (4) belong to the general class of Nadaraya-
Watson kernel estimators (see, e.g., Pagan and Ullah, 1999). They are multidimen-
sional counterparts of those discussed in BP (2003). In light of the absence of a
notion of local time and corresponding theory, our analysis of the more com-
pelling, from an empirical and theoretical standpoint, multivariate case poses tech-
nical complications which, as said, were absent in the scalar case.

Our limiting results will yield consistency and asymptotic mixed normality of
the estimates in an asymptotic design which lets the time span increase without
bound (T → ∞) with a distance between observations going to zero (Δn,T =
T/n → 0). The former assumption (long span asymptotics) is necessary for drift
estimation. The latter (infill asymptotics) is key to approximate the continuous
trajectory of the process with a sample of discretely sampled observations while
replicating the infinitesimal properties of the relevant moments. This assumption
is important for nonparametric identification in the absence of a time-invariant
stationary density. All limits are joint limits over T,n →∞ with Δn,T = T/n→ 0.

We view our asymptotic design as a realistic approximation in fields, such as
finance, in which data sets comprise observations sampled at relatively high fre-
quencies over sufficiently long spans of time. To this extent, several simulation
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studies (see, e.g., Jiang and Knight, 1999) have shown that daily data, for in-
stance, are sensible approximations to frequent observations for nonparametric
estimators relying on frequent observations. Higher than daily frequencies are
also now available (in finance, for instance), albeit over generally shorter time
spans. The use of intradaily data, however, poses microstructure-related issues
which are beyond the scope of the present article.

3. HARRIS RECURRENCE

This section introduces conditions on the underlying continuous-time process. In
particular, we emphasize recurrence, a property such that the path of the process
of interest returns to open sets in its range an infinite number of times over time,
regardless of the initial condition. Specifically, let A be a measurable set of I ⊆Rd

and define τA = inf
{

t ≥ 0 : Xt ∈ A
}
, i.e., the first hitting time of the closure A

of the set A. The process Xt is null Harris recurrent if Px [τA < ∞] = 1 for every
x∈ I\A. The process Xt is positive Harris recurrent if Ex [τA]<∞ for every x∈ I\A.

We now turn to formal assumptions. Under Assumption 1(b), the process is
Harris (null or positive) recurrent. Assumption 1(c) implies positive recurrence
(ergodicity) and simply strengthens Assumption 1(b). While Assumption 1(c) is
not necessary, it will be interesting to specialize our results to the more familiar
case of positive recurrent or strictly stationary processes.

Assumption 1.

(a) μ(.) and σ(.) are time-homogeneous, B-measurable functions on I ⊆Rd ,
where B is the σ -field generated by Borel sets on I. They are such that
a strong solution to the d-dimensional process {Xt : t ≥ 0} in equation (1)
exists and is unique up to null sets.

(b) (Recurrence). Assume that, for every open and bounded set A ⊂ I,

min
x∈A

ajj(x)> 0

for some 1 ≤ j ≤ d. Define the second-order elliptic operator

Lϕ(.) =
d

∑
j=1

μj(.)
∂ϕ(.)
∂xj +

1
2

d

∑
j=1

d

∑
p=1

ajp (.)
∂ 2ϕ(.)
∂xj∂xp .

There is a function ϕ(.) :Rd\{0}→R of class C2 (i.e., twice continuously
differentiable) in the domain of the operator that satisfies

Lϕ(.)≤ 0 on Rd\{0}
and is such that Ψ(r) := min‖x‖=r ϕ(x) is strictly increasing with limr→∞
Ψ(r) = ∞ (c.f. Karatzas and Shreve, 1991, Exercise 7.13, part (i),
page 371).

(c) (Positive recurrence). There is a function ϕ(.) :Rd\{0} → R of class C2

in the domain of the operator that satisfies

https://doi.org/10.1017/S0266466617000305 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466617000305


902 FEDERICO M. BANDI AND GUILLERMOMOLOCHE

Lϕ(.)≤−1 on Rd\{0}
and is such that Ψ(r) := min‖x‖=r ϕ(x) is strictly increasing with limr→∞
Ψ(r) = ∞ (c.f. Karatzas and Shreve, 1991, Exercise 7.13, part (ii),
page 371).

Assume X(x) is the unique strong solution of equation (1) with initial condition
X(x)

0 = x ∈ I ⊆Rd , then the measure φ is invariant for equation (1) if, and only if,

φ(A) =
∫

I
P
(

X(x)
t ∈ A

)
φ(dx) ∀A ∈ B (I)

for every 0 ≤ t < ∞ (see, e.g., Karatzas and Shreve, 1991, Exercise 6.18, page
362). Harris recurrence is a sufficient condition for the existence of a σ -finite
invariant measure. This measure is unique up to multiplication by a constant. If
the invariant measure can be normalized to a probability measure (see equation
(6) below), then we say that the process is positive Harris recurrent as implied
by Assumption 1(c) above. Otherwise, the process is null Harris recurrent (and
nonstationary).

For illustration, consider the scalar case (d = 1) with range I = (l,u) such that
−∞ ≤ l < u ≤ ∞. The “speed measure,” i.e.,

m(dx) =
2dx

ν ′
(x)σ2(x)

, ∀x ∈ I ⊆R, (5)

where ν ′
(x) is the first derivative of the “scale function”

ν(x) =
∫ x

c
exp

{
−2

∫ ξ

c

μ(ε)
σ2(ε)

dε
}

dξ , ∀x ∈ I ⊆R

is the unique invariant measure for some c ∈ I. Under positive recurrence, the
process admits a time-invariant probability measure, to which it converges, and
the normalized speed measure, i.e., m(dx)/m(I) = p(dx), is the time-invariant
probability measure of X, namely

lim
t→∞ Px(Xt < y) =

m((l,y))
m(I)

∀x,y ∈ I ⊆R, (6)

c.f., Karatzas and Shreve (1991, Exercise 5.40, page 353).
Scalar Brownian motion and Brownian motion on the plane are classical ex-

amples of univariate and bivariate null Harris recurrent diffusion processes. In
higher dimensions Brownian motion is not recurrent. Hence, while Harris recur-
rence might not apply to certain highly dimensional nonstationary systems, it does
of course apply to all strictly stationary or ergodic systems regardless of their lin-
earity properties and dimensionality. The well-known class of multivariate affine
diffusions

(
linear drift vector μ(x) and linear diffusion matrix a(x)

)
is, trivially,

positive recurrent under standard assumptions.
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With the exception of Brownian motion in one and two dimensions, examples
of null recurrent scalar and multivariate diffusion processes are, admittedly, con-
spicuously absent from the econometric literature. Similarly, the existing discrete-
time literature has a tendency to solely present examples based on unit-root
processes. An interesting exception for our purposes is Chen and Hansen (2002).
They provide an example of a multidimensional diffusion displaying various
recurrence properties depending on the relation between the dimensionality of the
system and the parameters of the invariant measure and diffusion function. Specif-
ically, assume φ(dx) = c1(1+‖x‖2)−ϑ dx and a(x) = c2(1+‖x‖2)θ Id . Then, the
d-dimensional diffusion is null Harris recurrent if d

2 ≥ϑ ≥ θ −1+ d
2 ≥−1+ d

2 . It
is positive Harris recurrent if ϑ > d

2 and ϑ ≥ θ −1+ d
2 . This is a case of volatility-

induced stationarity (Conley, Hansen, Luttmer, and Scheinkman, 1997).
As discussed, Harris recurrence is a weaker assumption than stationarity and

mixing (see, e.g., Meyn and Tweedie, 1993). Intuitively, point-wise identification
requires return of the sample path of the process to local neighborhoods. This is
precisely what Harris recurrence yields.

4. PRELIMINARIES ABOUT HARRIS RECURRENT PROCESSES

We now present two theorems which are central—in their various forms—to the
analysis of Harris recurrent processes. Both theorems apply to Harris recurrent
continuous-time Markov processes potentially more general than multivariate dif-
fusion processes.

THEOREM 1 (The ratio-limit theorem). Consider the continuous-time Markov
process Xt defined on the filtered probability space (Ω,F ,(Ft)t≥0,P). Assume Xt

is Harris recurrent with invariant measure φ . Then, for any Borel measurable
pair of functions f (.) and g(.) which are integrable with respect to φ , the ratio of
the functionals

∫ T
0 f (Xs)ds and

∫ T
0 g(Xs)ds is so that

Px

(
lim

T→∞

∫ T
0 f (Xs)ds∫ T
0 g(Xs)ds

=
< φ , f >
< φ ,g >

)
= 1, (7)

provided < φ ,g > =
∫

g(x)φ(dx)> 0.

THEOREM 2 (The Darling-Kac theorem). Consider the continuous-time
Markov process Xt defined on the filtered probability space (Ω,F ,(Ft)t≥0,P).
Assume Xt is Harris recurrent with a stationary transition density and invariant
measure φ . For a given nonnegative function f (.) such that 0 <

∫
f (x)φ(dx)<∞,

we have

v(T) = U(T)Tα ∼ Ex
[∫ ∞

0
exp

{
− t

T

}
f (Xt)dt

]
0 ≤ α ≤ 1 (8)

so that U(T) is slowly varying as T → ∞.1 It follows that
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lim
T→∞

Px
(

1
CXv(T)

∫ T

0
f (Xs)ds < u

)
= Gα(u), (9)

where CX is a process-specific constant, and Gα(u) is the cumulative distribution
function of a Mittag-Leffler random variable gα , i.e., a random variable with
moments

E(gr
α) =

r!
Γ(1+ rα)

, r ≥ 0,

where Γ(.) is the gamma function.

Remark 1. Theorem 1 can be interpreted as an ergodic theorem for potentially
nonstationary continuous-time Markov processes. Integrals with respect to the
invariant measure replace standard integrals with respect to the process’ time-
invariant probability density. The interested reader is referred to Azéma, Kaplan-
Duflo, and Revuz (1966) for additional details.

Remark 2. Theorem 2 provides a weak convergence result for additive
functionals of potentially nonstationary continuous-time Markov processes. For
α = 0, the Mittag-Leffler density becomes the exponential density with param-
eter 1 and G0(u) = 1− e−u with u ≥ 0. In fact, E

(
gr

0

)
= r!

Γ(1) = r! defines its

moments. For α = 1
2 , the Mittag-Leffler density corresponds to the truncated (to

positive draws) normal density with sigma
√

2 and G 1
2
(u) = 1√

π
∫ u

0 e−y2/4dy with

u ≥ 0. In this case, E
(
gr

1/2

)
= r!

Γ(1+ 1
2 r)

. Given the properties of the gamma func-

tion, the first two moments, for instance, are E
(
g1

1/2

)
= 1!

Γ( 3
2 )

= 2√
π and E

(
g2

1/2

)
=

2!
Γ(2) = 2, thereby yielding a variance equal to 2

(
1− 2

π
)
.

Remark 3. If f (.) is the indicator function applied to the generic set A, then the
additive functional

∫ T
0 f (Xs)ds defines the occupation time of the set A, i.e.,

LX(T,A) =
∫ T

0
1{Xs∈A}ds.

The Darling-Kac theorem provides the asymptotic distribution of the normalized
occupation times of (possibly multivariate) Harris recurrent Markov processes
over measurable sets. Under Harris (positive or null) recurrence, LX(T,A)

p→ ∞
∀A⊂ I since the number of visits made to each set A by these processes diverges to
infinity as the time span enlarges. The probability rate of divergence of the occu-
pation time LX(T, .) is given by the features of the underlying process through the
function v(.). This rate, and the corresponding limiting distribution, are known in
closed-form only for a few processes. In the scalar Brownian motion case, α = 1

2
and U(.) = 1 (i.e., v(T) =

√
T) yielding

lim
T→∞Px

(
1

CX
√

T

∫ T

0
1{Xs∈A}ds < u

)
= G 1

2
(u) =

1√
π

∫ u

0
e−y2/4dy, u ≥ 0.2 (10)
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In the planar Brownian motion case, α = 0 and U(.) = log(.) (i.e., v(T) = logT)
yielding,

lim
T→∞

Px
(

1
CX logT

∫ T

0
1{Xs∈A}ds < u

)
= G0(u) = 1− e−u, u ≥ 0. (11)

The weak convergence results in equations (10) and (11) are versions of the
Kallianpur-Robbins Theorem (Kallianpur and Robbins, 1953).

Remark 4. If the process Xt is positive Harris recurrent or strictly stationary,
then we obtain the degenerate case α = 1 and U(.) = 1 (i.e., v(T) = T) yielding a
weak ergodic theorem:

1
T

∫ T

0
f (Xs)ds

p→
∫ ∞

−∞
f (x)p(dx), (12)

where m(dx)/m(I) = p(dx) is the time-invariant probability measure of Xt. This
result can be strengthened to almost-sure convergence using methods analogous to
those leading to Theorem 1. Equation (12) shows that additive functionals of pos-
itive Harris recurrent (and, of course, strictly stationary) processes increase like
T (see, e.g., Revuz and Yor, 1998, page 409). While positive recurrent processes
have occupation times that increase linearly with T regardless of their dimension,
the dimensionality of the system affects, in general, the divergence rates of the
occupation times of a null recurrent process, as shown in the previous remark.
This observation will be important to understand the convergence properties of
the proposed functional estimates.

Remark 5. The limit theory for nonstationary continuous-time Harris recur-
rent processes depends on occupation times which, when appropriately rescaled
by the unknown function v(T), tend to a Mittag-Leffler random variable, in gen-
eral. In agreement with this result, we will show that the martingale terms of the
estimation error decompositions of the estimators in equations (3) and (4) con-
verge (stably) to a mixture Gaussian distribution with a random Mittag-Leffler
variance. In practice, the scaling, which depends on the Mittag-Leffler parame-
ter α—and, hence, on the recurrence properties of the process—is unknown. The
form of the estimators is, however, such that one can, instead, use a data-driven
scaling. Since this data-driven scaling converges to the same Mittag-Leffler den-
sity, the martingale terms of the estimation error decompositions, and the lim-
iting distributions of the estimators, will be shown to follow a classical normal
distribution.

5. ASYMPTOTICS

Before discussing our limiting results, we impose more structure on the model.
We begin, however, with assumptions on the kernel function K(.) appearing in
the definition of the estimators in equations (3) and (4).
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Assumption 2. The function K(x) is a product kernel functionΠd
j=1K(xj). K(.)

is a bounded, continuous, and symmetric density defined on a compact set S. The
derivatives of the density K(.) are bounded.

Assumption 3.

1. Let limT→∞ 1
v(T)

∫ T
0

∫ T
0 ‖g̃s,t(a,b)‖rdsdt < ∞, with g̃s,t(a,b) = p̃s,t(a,b)−

p̃s(a)p̃t(b), where p̃s,t(., .) is the joint density for values of the process at
times s and t and p̃s(.) is the marginal density for values of the process at
time s, with some r ∈ [1,∞], ∀a,b.3

2. v(T)h2d/r
n,T → ∞.

3. hd−2
n,T v(T)→ ∞.

Assumption 3.1 is a regularity condition controlling dependence in the pro-
cess sample path. It amounts, effectively, to condition A

′
(r) in Bosq (1998,

page 105). If r = ∞, the bandwidth requirement in Assumption 3.2 is trivially
met since v(T) → ∞. This is the case if, for example, the process is ergodic
(g̃s,t = g̃|t−s| = g̃u) and Castellana and Leadbetter’s condition (Castellana and
Leadbetter, 1986) is satisfied: |g̃u(a,b)| ≤ M(u) ∈ L1(0,∞) for all a and b.
In fact, if r = ∞ and the process is ergodic,

lim
T→∞

1
T

∫ T

0

∫ T

0
‖g̃s,t(a,b)‖rdsdt = lim

T→∞

∫ T

0

(
1− u

T

)
‖g̃u(a,b)‖∞du

=

∫ ∞

0
‖g̃u(a,b)‖∞du < ∞.

It is known that the Castellana and Leadbetter’s condition is satisfied by a very
large class of ergodic diffusions (Leblanc, 1995, Kutoyants, 1995, and Vereten-
nikov, 1999, among others). In general, the requirement in Assumption 3.2 (i.e.,

v(T)h2d/r
n,T → ∞) links bandwidth choice to the “regularity” of the process’ sam-

ple path. The more regular the path (r → ∞), i.e., the more locally informa-
tive the path, the less binding the bandwidth condition (since, when r → ∞,

v(T)h2d/r
n,T → v(T)). For r = 2, we obtain the “optimal” rate v(T)hd

n,T → ∞ (see,

e.g., Bosq, 1998, Theorem 4.2, page 94). For r = 1, we have v(T)h2d
n,T → ∞ (see,

e.g., Bosq, 1998, Theorem 4.1, page 91). The “dimensionality” condition in As-
sumption 3.3 (i.e., hd−2

n,T v(T)→ ∞) is never binding when d = 1 or d = 2.

Assumption 4.

1. μ(.) and σ(.) are bounded, with bounded derivatives of any order, and such
that a strong Harris recurrent solution to the system exists. The uniform
Hörmander condition is met (see, e.g., Kusuoka and Strook, 1985).

2. Regular variation at 0 of resolvents of the diffusion—as in equation (8)—is
satisfied.

3. The invariant measure φ(dx) admits a continuous Lebesgue density φ̃ (x)
that is stricly positive everywhere (φ̃ (x) = φ(dx)

dx ).4
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Since the inferential problem is nonparametric, the boundedness assumption
on the coefficients (Assumption 4.1) is not restrictive. The available data are,
of course, clearly bounded.5 Assumption 4.2 allows us to express the determin-
istic equivalent(s) of the process as being proportional to v(T) = U(T)Tα and
employ limiting results for additive functionals of Harris recurrent processes as in
Darling and Kac (1957). Assumptions 4.1, 4.2, and 4.3 imply Assumption 3.1 in
Löcherbach and Loukianova (LL, henceforth) (2008). As in LL (2008), we will
find it convenient in the proof of Lemma A.1 (see Appendix) to use Nummelin
splitting for multidimensional continuous-time processes, a technique which LL
(2008) introduced.

As pointed out earlier, all limiting results are joint over T,n → ∞ with
Δn,T = T/n → 0. We start with the convergence properties of the averaged kernel
function.

THEOREM 3. Let Assumptions 1, 2, 3, and 4 be satisfied. Define

L̂n,T(x) = Δn,T

n

∑
i=1

Khn,T (XiΔn,T − x). (13)

Let n,T → ∞ with Δn,T → 0. Assume hn,T is a deterministic, vanishing sequence

so that
Δn,T

h2
n,T

→ 0 jointly with n,T → ∞. Then,

L̂n,T(x)
v(T)

⇒ CX φ̃ (x)gα , ∀x ∈ I ⊆Rd. (14)

Remark 6 (d = 1). In the univariate case, for which a notion of local time is
available, a version of Theorem 3 was derived to link the divergence properties
of the averaged kernel function to those of the local time of the process for an
increasing time span and vanishing distances between observations (BP, 2003).
This result was particularly important since, in the case of scalar recurrent diffu-
sions, the growth rate of L̂n,T(x) was shown to affect the rate of convergence of
the drift and diffusion function estimators (BP, 2003). A couple of examples are in
order. If X is Brownian motion (i.e., in the 1

2 -null recurrent situation), then α = 1
2

(c.f., Remark 3 above) and

L̂n,T(x) = Op(
√

T). (15)

If X is positive recurrent (or strictly stationary) as in Remark 4, then α = 1 and

L̂n,T(x) = Op(T). (16)

Analogous findings were previously discussed by BP (2003) using different
arguments. Phillips (2001), Moloche (2004a), and Park (2006) provide interest-
ing discussions of the asymptotic properties of the expected local time and its
estimates.
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Remark 7 (d > 1). In the more general multivariate case, local time is not
defined but L̂n,T(x) is shown, in Theorem 3, to converge to a random process
whose rate of divergence to infinity is driven by a deterministic function of time
which is regularly varying at infinity. In particular, under suitable bandwidth con-
ditions, the averaged kernel function L̂n,T(x) has divergence properties which
mimic those of the additive functionals of the underlying process (from Theorem
2 above). Similarly to the scalar case presented elsewhere (BP, 2003), this result
will prove important when discussing the convergence properties of the functional
estimates of the drift vector and diffusion matrix since their rates of convergence
will depend on the rate of divergence of L̂n,T(x).

Remark 8 (The strictly stationary or ergodic case). Theorem 3 readily implies
that, if the process is positive Harris recurrent or strictly stationary, then

1
T

L̂n,T(x) =
1
n

n

∑
i=1

Khn,T

(
XiΔn,T − x

) p→ p̃(x) (17)

with p̃(x) = p(dx)
dx , provided

Δn,T

h2
n,T

→ 0 as hn,T → 0 with n,T → ∞ so that

Δn,T → 0. As expected, if the underlying process is endowed with a time-invariant
probability measure, then the standardized (by T) averaged kernel function rep-
resents a well-defined density estimator for every dimension. We refer the reader
to Castellana and Leadbetter (1986, Theorems 5.1 and 5.2) for a discussion of
the strictly stationary (r = ∞) case in the presence of a continuous record of
observations. Our emphasis is on discretely sampled (with time distance Δn,T )
observations on the process’ continuous sample path.

Remark 9. Theorem 3 uses a condition on the vanishing rate of the bandwidth

as a function of the divergence rate of the occupation density
(
v(T)h2d/r

n,T → ∞)
which has not been made completely explicit by the existing literature (see, e.g.,
the review by Bandi and Phillips, 2010). This condition may often not be binding.
It is, in fact, not binding in the ergodic case when r = ∞ (c.f., the discussion
below Assumption 3).

Remark 10. The discretization condition (namely,
Δn,T

h2
n,T

→ 0) is milder than

the corresponding condition imposed by, e.g., BP (2003) and Xu (2009), among

others, for local time estimation (effectively,
Δn,T log(1/Δn,T)L̂

2
n,T(x)

h2
n,T

a.s.→ 0).

5.1. Estimating the Drift Vector

Theorem 4 discusses the consistency and limiting distribution of the drift vector
estimator in equation (3).

THEOREM 4 (The asymptotic distribution of the drift vector estimator). Let
Assumptions 1, 2, 3, and 4 be satisfied. Assume the deterministic sequence hn,T is

such that hn,T → 0 with n,T → ∞ and Δn,T → 0 jointly. If hd
n,TL̂n,T(x)

p→ ∞,
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hd+4
n,T L̂n,T(x)

p→ C, and
Δn,T

√
hd

n,T L̂n,T(x)

h2
n,T

p→ 0, where C is a constant,

then√
hd

n,TL̂n,T(x)
(
μ̂n,T(x)−μ(x)−Γμ(x)

)
⇒ (a(x))1/2 N

(
0,
(∫

S
K2 (u)du

)d

Id

)
, ∀x ∈ I ⊆Rd, (18)

with

Γμ(x) = (bias1,bias2, . . . ,biasd)
ᵀ(x),

biasg(x)= h2
n,T

(∫
S

s2K(s)ds

)⎛⎝ d

∑
j=1

∂ μg (x)

∂xj

∂ φ̃(x)
∂ x j

φ̃(x)
+

1
2

d

∑
j=1

∂ 2μg (x)

∂xj∂xj

⎞⎠ , ∀g= 1, . . . ,d.

Remark 11 (Occupation density and consistency). The quantity L̂n,T(x) plays
the same role here that is played by the number of data points in the more standard
estimation of conditional expectations in the stationary, discrete time, context.
What matters, in general, is not the speed at which T diverges to infinity but
rather the speed at which the occupation time of a set diverges to infinity. The
proof of the theorem in the Appendix makes clear that an important assumption
for consistency is hd

n,TL̂n,T(x)
p→ ∞ (along with the requirement

Δn,T

h2
n,T

→ 0 for a

vanishing discretization error.)

Remark 12 (Bandwidth choice). Theorem 3 implies that L̂n,T(x) = Op(v(T))
under suitable bandwidth conditions. Under these conditions, the bandwidth
requirements in Theorem 4 can be restated as follows: hd

n,Tv(T) → ∞,

hd+4
n,T v(T) → C and

Δn,T

√
hd

n,T v(T)

h2
n,T

→ 0. The asymptotic mean squared

error (AMSE) of the drift vector estimator is, therefore, of order O(h4
n,T) +

Op

(
1

v(T)hd
n,T

)
. Thus, the optimal drift bandwidth in the mean-squared-error sense

should be proportional to v(T)−
1

d+4 , where d is—again—the number of equations
in the system. The smoothing sequence may be set equal to

hdr
n,T := cdr

(
1

logv(T)

)
v(T)−

1
d+4 , (19)

where cdr is a constant. In principle, this choice would allow one to eliminate the
influence of the bias term from the limiting distribution of the drift estimates and
obtain centering at zero, while achieving a close-to-optimal speed of convergence.

Four related issues, however, arise. First, choosing cdr is, as in more typi-
cal nonparametric problems, cumbersome. Second, v(T) is process specific and
unknown, in general. Third, one could replace v(T) with L̂n,T(x) in equation (19).
However, L̂n,T(x) depends on a bandwidth sequence as well. In fact, in principle,
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it depends on the same bandwidth sequence. Thus, the choice variable hdr
n,T would

appear on both sides of the equation leading to a circularity which may be
bypassed in the classical stationary framework (in which the optimal bandwidth

is proportional to T− 1
d+4 ) but is hard to avoid in nonstationary environments (in

which v(T) is generally unknown). Bandi, Corradi, and Wilhelm (2016) discuss
this issue in discrete time. Fourth, the selected bandwidth also has to satisfy the

condition for a vanishing discretization, namely
Δn,T

√
hd

n,T L̂n,T (x)

h2
n,T

p→ 0. Any effec-

tive bandwidth selection criterion for general continuous-time models ought to
account for these observations.

The issue of bandwidth selection for recurrent processes is, therefore, particu-
larly delicate. Guerre (2004) provides an enlightening discussion in discrete time.

Remark 13 (The strictly stationary or ergodic case). In the positive Harris
recurrent case, under suitable bandwidth conditions laid out earlier, 1

T L̂n,T(x)
p→

p̃(x) and

∂ φ̃(x)
∂x j

φ̃ (x)
=

∂ φ̃(x)
∂x j

/
φ̃(I)

φ̃(x)
/

φ̃ (I)
=

∂ p̃(x)
∂x j

p̃(x)

since the invariant measure is integrable, i.e., φ̃ (I) < ∞ (see the comments in

Section 3). In consequence, if
Δn,T

√
hd

n,T T

h2
n,T

→ 0 and hn,T = O
(
T− 1

d+4
)

as hn,T → 0

with n,T → ∞ and Δn,T → 0, then√
Thd

n,T

(
μ̂g(x)− μg(x)− biasg(x)

)
⇒ N

(
0,

(∫
S

K2 (u)du

)d ∑m
k=1 σ2

gk (x)

p̃(x)

)
, ∀x ∈ I ⊆Rd,∀g = 1, . . . ,d,

(20)

and

biasg(x) = h2
n,T

(∫
S

s2K(s)ds

)( d

∑
j=1

∂ μg (x)

∂xj

∂ p̃(x)
∂x j

p̃(x)
+

1
2

d

∑
j=1

∂ 2μg (x)

∂xj∂xj

)
.

An analogous corollary can, of course, be obtained for hn,T = o
(
T− 1

d+4
)
. In this

case, the asymptotic expression would be identical with the sole exception of the
absence of the bias term.

Remark 14 (The two curses of dimensionality). Consistent with more conven-
tional models in discrete time, an increase in the dimensionality of the system
leads to a decrease in the rate of convergence of the nonparametric estimates.
Contrary to standard problems, though, this effect operates through two channels,
i.e., a deterministic effect which depends on d and a “stochastic” effect which
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depends on the speed of divergence to infinity of the quantity L̂n,T(x), i.e., v(T).
The first effect is standard. As d increases, the optimal hn,T should converge to
zero at a slower rate. In the positive Harris recurrent case, the rate at which the
bandwidth has to be adjusted as the dimension increases for a given sample size
n and time span T depends on powers of d. We recall, in fact, that the AMSE-

optimal bandwidth is hn,T = O
(
T− 1

d+4
)
. In other words, when increasing the

dimensionality of the problem, the kernel window width must be made wider
to offset the sparser density of the data points. The second effect is novel. Null
Harris recurrent processes induce divergence rates for the quantity L̂n,T(x) which
are inversely related to the dimensionality of the system (see Theorem 3). Im-
portantly, while these rates cannot be quantified in general, practical implemen-
tation of our procedures does not require their evaluation a-priori, as we dis-
cuss further in Remark 15. The scalar and planar Brownian motion cases are
notable exceptions for which the rates can be computed in closed form (c.f.,
Remark 3).

To summarize, under positive Harris recurrence (or strict stationarity), the curse
of dimensionality operates through only one channel, i.e., the dimension d, since
L̂n,T(x) diverges at the constant rate T independently of the number of equations
in the system (c.f. Remark 8). In the general (possibly nonstationary) case, the
optimal bandwidth should account for the conventional curse of dimensionality
given by d as well as for a second curse of dimensionality caused by the expected,
smaller values of L̂n,T(x). The optimal (in an AMSE sense) bandwidth in Remark

12, i.e., hn,T ∼ v(T)−
1

d+4 , accounts for both effects.
We expect this novel notion of “double curse of dimensionality” to carry

over to functional estimation procedures for multivariate (possibly nonstation-
ary) discrete-time processes. In other words, such an effect is truly a by-product
of our minimal assumptions and does not appear to be specific to the study of
continuous-time processes.

Remark 15. The asymptotic distribution in equation (18) depends on quanti-
ties which may, in principle, be estimated from the data, i.e., L̂n,T(x) and a(.) (c.f.
Theorem 3 and, below, Theorem 5). Statistical inference on the drift vector does
not require any conjectures about the dynamic features of the underlying process,
such as stationarity, aside from recurrence. While traditional asymptotic theory
is derived based on explicit assumptions of either stationarity or nonstationarity
(often of the unit-root or 1

2 -null recurrent type), which are imposed before infer-
ence begins, our weak convergence results reflect the mildness of recurrence as
an identifying assumption. Inference hinges on random norming in the context of
asymptotic normal distributions and can be implemented in the simple framework
of mixed normal models with estimable random variances. As discussed earlier,
from a theoretical standpoint, the rates of convergence are, indeed, affected by
both the stationarity features of the underlying process and the dimensionality of
the system through the constant α which drives the rate of divergence of L̂n,T(x)
(c.f. Theorems 4 and 5, below). Importantly, however, such a constant does not
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have—in principle—to be identified empirically for meaningful statistical infer-
ence to be conducted.

Remark 16. Again, the condition on vanishing discretization for weak conver-
gence is a bit milder than in the existing literature. For the case d = 1, the subject

of previous work, it is
Δn,T

√
L̂n,T(x)

h3/2
n,T

p→ 0, rather than
Δn,T log(1/Δn,T)L̂

2
n,T (x)

h2
n,T

a.s.→ 0.

It will be apparent that similar arguments to those in the previous remarks apply
to the estimation of the diffusion matrix to which we now turn. Below, for con-
ciseness, we only place emphasis on those aspects that are specific to diffusion
matrix evaluation.

5.2. Estimating the Diffusion Matrix

Theorem 5 discusses the consistency and limiting distribution of the diffusion
matrix estimator in equation (4).

THEOREM 5 (The limiting distribution of the diffusion matrix estimator). Let
Assumptions 1, 2, 3, and 4 be satisfied. Assume the deterministic sequence hn,T

is such that hn,T → 0 with n,T → ∞ and Δn,T → 0. Define PD = (DᵀD)−1Dᵀ,
where D is the standard duplication matrix, i.e., the unique d2 × (d(d + 1))/2
matrix which, given a positive definite d× d matrix u, yields

vechu = PDvecu =

⎡⎢⎢⎣
u1,1

u2,1

...
ud,d

⎤⎥⎥⎦ .

Let
hd

n,T L̂n,T(x)

Δn,T

p→ ∞,
hd+4

n,T L̂n,T (x)

Δn,T

p→ C, where C is a constant, and

hd−4
n,T L̂n,T(x)Δn,T

p→ 0. Then,√
hd

n,T L̂n,T(x)

Δn,T

(
vechân,T(x)− vecha(x)−Γσ 2

(x)
)

⇒ (Ξ(x))1/2 N

(
0,
(∫

S
K2(s)ds

)d

I d(d+1)
2

)
, ∀x ∈ I ⊆Rd, (21)

where

Ξ(x) =PD (2a(x)⊗ a(x))Pᵀ
D,

Γσ 2
(x) = (bias1,1,bias2,1, . . . ,biasd,d)

ᵀ(x),

and
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biasg,q(x) = h2
n,T

(∫
S

s2K(s)ds

)

×
⎛⎝ d

∑
j=1

∂ag,q (x)

∂xj

∂ φ̃(x)
∂ x j

φ̃(x)
+

1
2

d

∑
j=1

∂ 2ag,q (x)

∂xj∂xj

⎞⎠ , for g,q = (1,1), . . . ,(d,d).

Remark 17 (The fixed T case). Contrary to drift estimation, Theorem 5 clar-
ifies that the diffusion matrix can be consistently estimated over a fixed span of
data T = T (c.f., Florens-Zmirou, 1993, in the scalar case and Brugiére, 1991 and
1993, in the multivariate case). Hence, if interest is placed on volatility estima-
tion, the process can be transient for identification. Should the focus be on both
the diffusion matrix and the drift vector (namely, on the full system’s dynamics,
as in this article), then recurrence represents, as discussed, a rather mild condition
for the identification of the full system.

Remark 18 (The bivariate case). It is now worth being explicit about the form
of the limiting variance in equation (21). For clarity, we consider the bivariate
case, i.e., d = 2. Write

Ξ(x) = PD (2a(x)⊗ a(x))Pᵀ
D

= 2

⎡⎣ 1 0 0 0
0 1

2
1
2 0

0 0 0 1

⎤⎦

×

⎡⎢⎢⎢⎣
(
∑σ2

1k

)2 (
∑σ2

1k

)
(∑σ1kσ2k)

(
∑σ2

1k

)
(∑σ1kσ2k) (∑σ1kσ2k)

2(
∑σ2

1k

)
(∑σ1kσ2k)

(
∑σ2

1k

)(
∑σ2

2k

)
(∑σ1kσ2k)

2 (
∑σ2

2k

)
(∑σ1kσ2k)(

∑σ2
1k

)
(∑σ1kσ2k) (∑σ1kσ2k)

2 (
∑σ2

1k

)(
∑σ2

2k

) (
∑σ2

2k

)
(∑σ1kσ2k)

(∑σ1kσ2k)
2 (

∑σ2
2k

)
(∑σ1kσ2k)

(
∑σ2

2k

)
(∑σ1kσ2k)

(
∑σ2

2k

)2

⎤⎥⎥⎥⎦

×

⎡⎢⎢⎢⎣
1 0 0
0 1

2 0

0 1
2 0

0 0 1

⎤⎥⎥⎥⎦
=

⎡⎢⎣ 2
(
∑σ2

1k

)2
2
(
∑σ2

1k

)
(∑σ1kσ2k) 2(∑σ1kσ2k)

2

2
(
∑σ2

1k

)
(∑σ1kσ2k) (∑σ1kσ2k)

2 +
(
∑σ2

2k

)(
∑σ2

1k

)
2
(
∑σ2

2k

)
(∑σ1kσ2k)

2(∑σ1kσ2k)
2 2

(
∑σ2

2k

)
(∑σ1kσ2k) 2

(
∑σ2

2k

)2

⎤⎥⎦ ,
where ∑ = ∑m

k=1. We now compute the asymptotic variance of

vecân,T(x)− veca(x).

Notice that

Dvecha(x) = veca(x).

Then, the limiting variance of vecân,T(x) can be written as

DΞ(x)Dᵀ = DPD (2a(x)⊗ a(x))Pᵀ
DDᵀ

= 2D(DᵀD)−1Dᵀ (a(x)⊗ a(x))D(DᵀD)−1Dᵀ
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= 2PD (a(x)⊗ a(x))PD

= 2PD (a(x)⊗ a(x))

since PD (a(x)⊗ a(x))D = (a(x)⊗ a(x))D, where PD is the d2 × d2 matrix that

projects Rd2
orthogonally onto R(D), i.e., the range space of D. In particular,

PD =
1
2
(Id2 +Gd2) ,

where Id2 is a d2 × d2 identity matrix and Gd2 is such that

Gd2 = ∑
i

∑
j

Uji ⊗Uij,

where the d×d matrix Uji has 1 in the (j, i) position and 0 elsewhere. In the d = 2
case, for example, we obtain

Gd2 =

⎡⎢⎢⎣
1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⎤⎥⎥⎦
and

PD =

⎡⎢⎢⎢⎣
1 0 0 0
0 1

2
1
2 0

0 1
2

1
2 0

0 0 0 1

⎤⎥⎥⎥⎦ ,
which implies

2PD (a(x)⊗a(x))

=

⎡⎢⎢⎢⎢⎣
2(∑σ2

1k)
2 2(∑σ2

1k)(∑σ1kσ2k) 2(∑σ2
1k)(∑σ1k σ2k) 2(∑σ1kσ2k)

2

2(∑σ2
1k)(∑σ1kσ2k) (∑σ2

1k)(∑σ2
2k)+(∑σ1kσ2k)

2 (∑σ2
1k)(∑σ2

2k)+(∑σ1kσ2k)
2 2(∑σ2

2k)(∑σ1kσ2k)

2(∑σ2
1k)(∑σ1kσ2k) (∑σ2

1k)(∑σ2
2k)+(∑σ1kσ2k)

2 (∑σ2
1k)(∑σ2

2k)+(∑σ1kσ2k)
2 2(∑σ2

2k)(∑σ1kσ2k)

2(∑σ1kσ2k)
2 2(∑σ2

2k)(∑σ1kσ2k) 2(∑σ2
2k)(∑σ1k σ2k) 2(∑σ2

2k)
2

⎤⎥⎥⎥⎥⎦.

Remark 19 (Bandwidth choice). A “nearly” optimal selection rule for the
bandwidth in the diffusion case is given by

hdif
n,T := cdif

(
1

log (v(T)/Δn,T )

)
(v(T)/Δn,T )

− 1
d+4 , (22)

where cdif is a constant. Coherently with our previous discussion in the drift case
(c.f., Remark 12), this choice would allow us to eliminate the influence of the
bias term from the limiting distribution of the diffusion estimates and obtain
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centering about zero, while achieving a close-to-optimal speed of convergence.
Barring issues with the selection of cdif , this choice is—as earlier in the drift
case—infeasible since v(T) is generally unknown. Replacing v(T) with L̂n,T(x)
would make the problem circular (in light of the dependence of L̂n,T(x) on the

same bandwidth hdif
n,T). It would also not account for the bandwidth condition

induced by discretization. As discussed in Remark 12, both issues need to be
accommodated.

Being the diffusion function estimable over a fixed span of observations (c.f.,
Remark 17), there is, however, relatively less scope for local adaptation of the
bandwidth sequence than in the drift case examined earlier. An approximate (op-
timal) rule to select the bandwidth for a slowly diverging T would, in fact, be

hdif
n,T := cdif

(
1

logn

)
n−

1
d+4 ,

which is standard in nonparametric statistics and does not require evaluation of
the process’ occupation density.

6. CONCLUSION

This article studies kernel methods for multivariate diffusion processes. We pro-
vide an estimation theory which is easily interpretable based on traditional results
in nonparametric analysis for multidimensional discrete-time series but has the
additional advantage of robustness to deviations from strong distributional as-
sumptions, such as stationarity. Harris recurrence is the identifying assumption
used in the present work to show consistency and asymptotic (mixed) normality
of the functional estimates of drift vector and diffusion matrix. First, this assump-
tion is known to be milder than stationarity and mixing and might prove useful to
study multivariate (discrete-time or continuous-time) processes whose stationar-
ity can neither be guaranteed nor ruled out a priori. Second, even in the stationary
case, functional methods which do not rely on the information contained in the
process’ stationary density may be useful when the stationary density can hardly
be identified reliably, as is the case for persistent time series. In both cases, our
asymptotic theory appears to provide an intuitive assessment of statistical uncer-
tainty by (inversely) relating the size of the confidence intervals to the occupation
time of the underlying empirical process. Similarly, the “double curse of dimen-
sionality” may be viewed as a theoretical representation of the risks of empirical
work conducted in the context of multidimensional, as well as highly persistent,
processes.

We introduce the methods in the context of classical Nadaraya-Watson kernel
estimators. While these estimators are arguably the most widely used in applied
work, they can be improved upon. Coherently with the more classical analysis of
stationary discrete-time series, the methods may be extended to a variety of mul-
tidimensional nonparametric procedures like local linear and polynomial fitting,
among others (see, e.g., Fan, 1992, and Masry, 1996a, 1996b, and, for interesting
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work in the scalar diffusion case, Fan and Zhang, 2003, Moloche, 2004a, and
Aı̈t-Sahalia and Park, 2016).

Even though the focus of this article is on nonparametric estimation, the
procedures we discuss might be used to evaluate parametric models. For in-
stance, parametric specifications for multivariate diffusions may be tested by
utilizing criteria which compare functional estimates of drift and diffusion ma-
trix to their parametric counterparts. The integrated squared error employed by
Bickel and Rosenblatt (1975), Fan (1994), and Aı̈t-Sahalia (1996), among oth-
ers, is a possible criterion. Such a comparison might be conducted indepen-
dently for drift and diffusion since these moments may, as shown, be identified
separately.

NOTES

1. A function f : [a,∞)→ (0,∞), a > 0, is said to be slowly varying at infinity in the sense of
Karamata if limx→∞ f (λx)/f (x)→ 1 for λ > 0. The constant function and the logarithmic function
are trivially slowly varying.

2. It is easy to show that the limiting distribution of standardized Brownian local time is closely
related to this result. Write

lim
T→∞

1√
T

LB(T,x) = lim
T→∞ lim

ε→0

1

2ε
√

T

∫ T

0
1{|B(s)−x|<ε}ds

d
= lim

T→∞ lim
ε→0

√
T

2ε

∫ T

0
1{|√TB(s/T)−x|<ε}

ds
T

d
= lim

T→∞ lim
ξ→0

1
2ξ

∫ 1

0
1{|B(u)−x/

√
T |<ξ}du

d
= lim

T→∞ lim
ξ→0

1
2ξ

∫ ∞
−∞ 1{|a−x/

√
T|<ξ}LB(1,a)da

d
= lim

T→∞ lim
ξ→0

1
2

∫ ∞
−∞ 1{−1<u<1}LB(1,ξu+ x/

√
T)du

d
= LB(1,0).

However, LB(1,0)
d
= |B(1)| (Lévy, 1939). See Pitman (1998), equation (12), for a more recent

discussion.
3. Given the measure η , we recall that ‖g‖r = (

∫ |f |rdη)1/r and ‖g‖∞ = inf{x : η{g > x}= 0}.
4. In the scalar case, equation (5) provides the invariant density.
5. Interestingly, one could work with any desired functional representation—within the range of

the data—and assume that the driving functions are suitably modified outside of the range of the data
so as to achieve boundedness. This is observationally equivalent to working with an unrestricted model
over the entire domain. Bandi and Renò (2017) discuss this issue further and provide an illustrative
example.
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APPENDIX

Proof of Theorem 1. See Revuz and Yor (1998, Theorem 3.12, page 408) and Azéma,
Kaplan-Duflo, and Revuz (1966, Remark 1, page 170). �

Proof of Theorem 2. See Darling and Kac (1956). �
We begin with two lemmas. In what follows, we use the notation h = hd when convenient.

LEMMA A.1. The function S(x) is a product function Πd
j=1Sj(xj). Each Sj is a non-

negative, bounded, and continuous function defined on a compact set S. The function H is
also a nonnegative, bounded, and continuous function. Let Assumptions 1, 3.1, and 4 be
satisfied. Let v(T)h2/r → ∞. Then,

1
v(T)h

∫ T

0
S
(

Xs −x
h

)
H(Xs)ds ⇒ CX φ̃ (x)H(x)

[
Πd

j=1

(∫
S
Sj(u

j)duj
)]

gα ,

as h → 0 and T → ∞ jointly, where CX is a process-specific constant.

Proof of Lemma A.1. Write LT,h(x) := 1
h
∫ T

0 S
(

Xs−x
h

)
H(Xs)ds. It would

be helpful to break the integral into i.i.d. or stationary components Un,h(x) :=
1
h
∫ Rn+1

Rn
S
(

Xs−x
h

)
H(Xs)ds. (The index n is used here and elsewhere without confusion

with the number of discretely-sampled observations n.) By doing so, we would be able
to appeal to limiting results for additive functionals of Markov processes. To this extent,
if the process had a recurrent atom, x0, then one could introduce a sequence of increas-
ing stopping times Rn so that, among other properties, the following conditions would be
satisfied:

(i) For all n, XRn = x0;

(ii) For all n, the process (XRn+s)s>0 is independent of FRn .

Being Rn a “regeneration time,” not only would the components Un,h(x) be independent
(by property (ii)), they would also be identically distributed. Hence, our original problem
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of subdividing the integral into i.i.d or stationary components Un,h(x) would be readily
solved.

For general multidimensional diffusion processes of the kind we are interested in, how-
ever, a recurrent atom x0 cannot be defined. In the absence of a recurrent atom for the
process X, LL (2008) have shown how to “construct” a recurrent atom on a larger prob-
ability space by extending the (discrete-time) approach in Nummelin (1978) and Athreya
and Ney (1978). They advocate “embedding” the original process X into a larger process
Z with a definition of recurrent atom (LL, 2008, Proposition 2.8(a)). In their construction,
the resulting process Z = (Z1,Z2,Z3) has three coordinates (with values in I × [0,1]× I,
where I is the state space of the original process X) and a sequence of exponential-1 jump
times Tn independent of X. The first coordinate is the same in law as the process X (LL,
2008, Proposition 2.8(b) and (c)). In other words, it is a “copy” of the original process.
Over the interval [Tn,Tn+1), the second coordinate is an independent, uniformly (U) dis-
tributed, random variable on [0,1]. Over the same interval [Tn,Tn+1), the third coordinate
is the original process X sampled at the (independent) exponential time Tn+1, i.e., XTn+1 .
Hence, both Z2 and Z3 are piece-wise constant. We refer the reader to Section 2.2 in LL
(2008) for additional details.

Define by Pλ the probability measure of X for a generic, initial measure λ (dx). The
corresponding expectation is denoted by Eλ . Define by F the filtration generated by the
larger process Z. We call Pλ the probability measure of Z for an initial measure λ (dx)⊗
U(du)⊗Q((x,u),dy), where Q((x,u),dy) is a suitable transition kernel from I× [0,1] to I.
Again, the corresponding expectation is denoted by Eλ .

Because the multidimensional diffusion process X is a Harris recurrent (càdlàg) strong
Markov process satisfying Assumption 4 in the main text, the construction in LL (2008)
can be applied to our problem. By this, we mean that the process X, which does not have
a recurrent atom x0 in general, can be embedded into a larger Harris recurrent process Z
with a definition of recurrent atom. By LL (Example 2.11, 2008), the larger process Z is
also (càdlàg) strong Markov with respect to F when introduced for our problem. As said, a
recurrent atom can be defined for Z. In fact, write

A = C× [0,β ]× I,

where C is a compact set (with φ(C)> 0) and β ∈ (0,1].
1. We can define stopping times (Sn, Rn) satisfying S0 = R0 := 0, Sn+1 := inf{Tm >

Rn : ZTm ∈ A} and Rn+1 := inf{Tm : Tm > Sn+1} for all n. Thus, Sn < Rn <∞.

2. For all n, XRn is independent of σ {Xs, s ≤ Sn}.

The construction implies that we can now “split” the integral LT,h(x) into compo-

nents Un,h(x) =
1
h
∫ Rn+1

Rn
S
(

Xs−x
h

)
H(Xs)ds for which the F-stopping times {Rn : n ≥ 1}

serve the same role as classical “regeneration times.” In particular, the Un,h(x)s con-
stitute a stationary and strong mixing sequence with σ

{
Uj,h(x), j ≤ n

}
independent of

σ
{

Un+l,h(x), l ≥ 2
}

(by property 2). In other words, Un,h(x) is not independent of
Un+1,h(x) but is independent of Un+2,h(x). In sum, the i.i.d. property does not apply to
all components (as in the case in which a recurrent atom exists for the original process
X) but the strings U1,h(x),U3,h(x), . . . and U0,h(x),U2,h(x), . . . are, indeed, strings of i.i.d.
random variables.

To conclude, we appeal to the construction in LL (2008) and apply it to X for which
a “larger” process Z is defined. In what follows, by exploiting the construction, we will

divide LT,h(x)
v(T) into three terms, which will be studied in turn.
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Denote by NT = ∑n≥1 1{Sn≤T} the number of regenerations of the process Z between 0
and T and write

1
v(T)

LT ,h(x) =
NT

v(T)
Eλ

(
1
h

∫ Rn+1

Rn

S
(

Xs − x
h

)
H(Xs)ds

)
︸ ︷︷ ︸

αT,h(x)

+
1

v(T)h

∫ T

0
S
(

Xs − x
h

)
H(Xs)ds−Eλ

(
1

v(T)h

∫ T

0
S
(

Xs − x
h

)
H(Xs)ds

)
︸ ︷︷ ︸

βT,h(x)

+Eλ

(
1

v(T)h

∫ T

0
S
(

Xs − x
h

)
H(Xs)ds

)
− NT

v(T)
Eλ

(
1
h

∫ Rn+1

Rn

S
(

Xs − x
h

)
H(Xs)ds

)
︸ ︷︷ ︸

γT,h(x)

.

(A.1)

Under conditions on the bandwidth(s) listed in the statement of the lemma, we will show
that αT,h(x) has a well-defined limiting distribution. The term βT,h(x) and the term γT,h(x)
will, instead, be shown to be asymptotically negligible.

We begin with αT,h(x). The quantity NT is an integrable additive functional of the pro-
cess Z. By Höpfner and Löcherbach (2003), Theorem 3.15 a) ii), we have

NzT

v(T)
=

NzT

U(T)Tα ⇒ gα (z), (A.2)

where gα (z) is the Mittag-Leffler process with parameter α (Kasahara, 1984), i.e., the
inverse process of a stable increasing process Sα(z). (For analogous results in discrete
time, see Chen (1999, Theorem 2.3(ii)) and Karlsen and Tjøstheim (2001, Theorem 3.2).)

We note, as an important subtlety of the construction, that v(T) = U(T)Tα is the prob-
ability order of additive functionals of the “larger” process Z, not only that of additive
functionals of the original process X. Hence, the standardization in equation (A.2) is ap-
propriate. This can be seen as follows. Any “special” function f (.) of Z with positive mea-
sure (see LL, Definition 2.3, 2008, for a definition of special functions) can be used to

define a “version” of the deterministic equivalent of Z, namely Eλ

(∫ T
0 f (Zs)ds

)
. In fact,

deterministic equivalents are unique (i.e., asymptotically of the same order) up to a positive
constant. To this extent, use as the special function f (.) of choice one which only depends
on the first coordinate of the process, i.e., Z1. Given the construction used for the splitting,
write

Eλ

(∫ T
0 f (Zs)ds

)
Eλ

(∫ T
0 g(Xs)ds

) =
Eλ

(∫ T
0 f (Z1

s )ds
)

Eλ

(∫ T
0 g(Xs)ds

) =
Eλ

(∫ T
0 f (Xs)ds

)
Eλ

(∫ T
0 g(Xs)ds

) →
T→∞

〈φ , f 〉
〈φ ,g〉 ,

where the first equality is due to the fact that f (.) only depends on Z1, the second equality
depends on the fact that Z1 is a “copy” of X, and convergence is due to the strong Chacon-
Ornstein limit theorem (LL, Definition 2.3, 2008). The symbol 〈φ , f 〉, for any φ -integrable

function f (.), was defined in Theorem 1. Now, it is clear that, if Eλ

(∫ T
0 g(Xs)ds

)
∼ v(T),

then Eλ

(∫ T
0 f (Zs)ds

)
∼ v(T) as well.

We turn to Eλ

(
1
h
∫ Rn+1

Rn
S
(

Xs−x
h

)
H(Xs)ds

)
. Given the assumed construction, by

Proposition 4.3 in LL (2009), we have
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Eλ

(
1
h

∫ Rn+1

Rn

S
(

Xs −x
h

)
H(Xs)ds

)
= Eλ

(
1
h

∫ Rn+1

Rn

S
(

Xs −x
h

)
H(Xs)ds

)
= CX

〈
φ ,

1
h
S
(
.−x

h

)
H(.)

〉
, (A.3)

where CX is a process-specific constant. But, since〈
φ ,

1
h
S
(
.−x

h

)
H(.)

〉
=
∫

1
h
S
(

a−x
h

)
H(a) φ̃(a)da

=

∫
S (u)H(uh+ x)φ̃ (uh+ x)du

→
h→0

φ̃(x)H(x)Πd
j=1

(∫
S
Sj(u

j)duj
)
,

combining equations (A.2) and (A.3), we obtain

αT,h(x)⇒ CX φ̃(x)H(x)Πd
j=1

(∫
S
Sj(u

j)duj
)

gα ,

as h → 0 and T → ∞ jointly.
As an aside, Proposition 4.3 in LL (2009) also implies that the constant CX is

CX =
Eλ

(∫ Rn+1
Rn

g(Xs)ds
)

< φ ,g >
, (A.4)

for any measurable φ -integrable function g(.). This is easily obtained when replacing
1
hS

(
.−x
h

)H(.) with g(.) in equation (A.3). (An alternative way to see this is as follows.
For a fixed bandwidth h, the ratio-limit theorem (c.f., Theorem 1) gives

lim
T→∞

∑NT−1
n=1

1
h
∫ Rn+1

Rn
S
(

Xs−x
h

)
H(Xs)ds

∑NT−1
n=1

∫ Rn+1
Rn

g(Xs)ds
=

〈
φ , 1

hS
(
.−x
h

)H(.)
〉

< φ ,g >
a.s.,

given a generic φ -integrable function g(.). By the strong law of large numbers, because
of the stationarity and strong mixing properties of the increments between Rn and Rn+1,
again for a fixed bandwidth h, we also have

lim
T→∞

∑NT−1
n=1

1
h
∫ Rn+1

Rn
S
(

Xs−x
h

)
H(Xs)ds

∑NT−1
n=1

∫ Rn+1
Rn

g(Xs)ds
=

Eλ

(
1
h
∫ Rn+1

Rn
S
(

Xs−x
h

)
H(Xs)ds

)
Eλ

(∫ Rn+1
Rn

g(Xs)ds
) a.s.

Because the left-hand sides of the two equations are the same, by equating the right-hand
sides, we obtain

Eλ

(
1
h

∫ Rn+1

Rn

S
(

Xs −x
h

)
H(Xs)ds

)
= CX︸︷︷︸

Eλ

(∫Rn+1
Rn

g(Xs)ds

)
<φ ,g>

〈
φ ,

1
h
S
(
.−x

h

)
H(.)

〉
,

which leads, once more, to equation (A.3) and an explicit characterization of the process-
specific constant CX as in equation (A.4).)
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We now turn to βT,h(x). Since

Eλ

(
1

v(T)h

∫ T

0
S
(

Xs −x
h

)
H(Xs)ds

)
= Eλ

(
1

v(T)h

∫ T

0
S
(

Xs −x
h

)
H(Xs)ds

)
,

we have

Pλ (|βT ,h(x)| ≥ ε)

≤ 1
ε2 Eλ

[
1

v(T)h

∫ T

0
S
(

Xs − x
h

)
H(Xs)ds−Eλ

(
1

v(T)h

∫ T

0
S
(

Xs − x
h

)
H(Xs)ds

)]2

=
1
ε2

1
v2(T)

∫ T

0

∫ T

0
Cov

(
1
h
S
(

Xs − x
h

)
H(Xs),

1
h
S
(

Xt − x
h

)
H(Xt)

)
dsdt

=
1
ε2

1
v2(T)

∫ T

0

∫ T

0

[∫ ∫
1
h
S
(

a− x
h

)
H(a)

1
h
S
(

b− x
h

)
H(b)(p̃s,t(a,b)− p̃s(a)p̃t(b))dadb

]
dsdt

≤ 1
ε2

1

v(T)h2d(1−1/q)

(∫ ∫
1
hd

Sq
(

a− x
h

)
Hq(a)

1
hd

Sq
(

b− x
h

)
Hq(b)dadb

)1/q

× 1
v(T)

∫ T

0

∫ T

0
‖g̃s,t(a,b)‖rdsdt,

where the first inequality is Chebyshev’s and the second is Hölder’s for r = 1
1−1/q . Now,

since

limT→∞
1

v(T)

∫ T

0

∫ T

0
‖g̃s,t(a,b)‖rdsdt <∞,

by Assumption 3.1, we have

Pλ
(∣∣βT,h(x)

∣∣≥ ε
)→ 0,

as v(T)h2d(1−1/q) = v(T)h2d/r → ∞.
Finally, we consider γT,h(x). After defining RT = inf{Rn :Rn > SNT+1}, given that RT >

T , we obtain

Eλ

(
1

v(T)h

∫ T

0
S
(

Xs −x
h

)
H(Xs)ds

)
− NT

v(T)
Eλ

(
1
h

∫ Rn+1

Rn

S
(

Xs −x
h

)
H(Xs)ds

)
= Eλ

(
1

v(T)h

∫ R1

0
S
(

Xs −x
h

)
H(Xs)ds

)
+

[
Eλ

(
1

v(T)h

∫ RT

R1

S
(

Xs −x
h

)
H(Xs)ds

)
− NT

v(T)
Eλ

(
1
h

∫ Rn+1

Rn

S
(

Xs −x
h

)
H(Xs)ds

)]
−Eλ

(
1

v(T)h

∫ RT

T
S
(

Xs −x
h

)
H(Xs)ds

)
= Eλ

(
1

v(T)h

∫ R1

0
S
(

Xs −x
h

)
H(Xs)ds

)

+

[
Eλ

(
1

v(T)h ∑
n≥1

1{Sn≤T}
∫ Rn+1

Rn

S
(

Xs −x
h

)
H(Xs)ds

)
− NT

v(T)
Eλ

(
1
h

∫ Rn+1

Rn

S
(

Xs −x
h

)
H(Xs)ds

)]

−Eλ

(
1

v(T)h

∫ RT

T
S
(

Xs −x
h

)
H(Xs)ds

)
= γ1

T,h(x)+ γ2
T,h(x)+ γ3

T,h(x). (A.5)
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The driving term is clearly γ2
T,h(x) and we turn to it. Notice that

Eλ

(
1

v(T)h ∑
n≥1

1{Sn≤T}
∫ Rn+1

Rn

S
(

Xs − x
h

)
H(Xs)ds

)
− NT

v(T)
Eλ

(
1
h

∫ Rn+1

Rn

S
(

Xs − x
h

)
H(Xs)ds

)

=
Eλ

(
∑n≥1 1{Sn≤T}

)
v(T)

Eλ

(
1
h

∫ Rn+1

Rn

S
(

Xs − x
h

)
H(Xs)ds

)
− NT

v(T)
Eλ

(
1
h

∫ Rn+1

Rn

S
(

Xs − x
h

)
H(Xs)ds

)

=
Eλ

(
1
h

∫ Rn+1
Rn

S ( Xs−x
h

)H(Xs)ds
)

v(T)
[Eλ [NT ]−NT ] ,

where the first equality derives from the fact that (i) XRn+s is independent of {Sn ≤ T} for
all n and s > 0 by the construction leading to Nummelin splitting (Proposition 2.13 in LL,

2008) and (ii) Eλ

(
1
h
∫ Rn+1

Rn
S
(

Xs−x
h

)
H(Xs)ds

)
is independent of n by the stationarity of

the increments Un,h(x), as discussed above.
Now, since NT −Eλ [NT ] is a “compensated” additive functional of the process Z, we

have [NT −Eλ [NT ]] = Op
(√

v(T)
)

by the second order law in Theorem 3.16 of Höpfner
and Löcherbach (2003). (For an analogous result in discrete time, see Chen (2000, Theorem
1.3).) This, in turn, implies that

γ2
T,h(x) = Op

(
1√
v(T)

)
.

As for the end terms, we note that, given the nonnegativity of the S and H functions, by
the same argument as for equation (A.3),

γ3
T,h(x)≤

1
v(T)

Eλ

(
1
h

∫ RT

RT−1

S
(

Xs −x
h

)
H(Xs)ds

)
= O

(
1

v(T)

)
,

where RT−1 is expressed as RT−1 = sup{Rn : Rn < T}. The other end term γ1
T,h(x) is

similarly of order O(1/v(T)). One way to see this, using the properties of the construction
explicitly, is the following. The measure λ is generic. Set λ = ζ with ζ ∼ φ(·∩ C), where
the set C was defined earlier. Then,

Eλ

(
1
h

∫ R1

0
S
(

Xs −x
h

)
H(Xs)ds

)
= Eζ

(
1
h

∫ R1

0
S
(

Xs −x
h

)
H(Xs)ds

)
= CX

〈
φ ,

1
h
S
(
.−x

h

)
H(.)

〉
→

h→0
φ̃ (x)H(x)Πd

j=1

(∫
S
Sj(u

j)duj
)
,

as in the case of equation (A.3), where the second equality derives from Proposition 4.3 in

LL (2009). Thus, γ1
T,h(x) =O

(
1

v(T)

)
and γ3

T,h(x) =O
(

1
v(T)

)
. Putting everything together,

we have
1

v(T)
LT,h(x) = αT,h(x)︸ ︷︷ ︸

⇒ CX φ̃(x)H(x)Πd
j=1(

∫
S S j(u j)du j)gα

+ βT,h(x)︸ ︷︷ ︸
= Op

(
1

v1/2(T)hd(1−1/q)

)+ γT,h(x)︸ ︷︷ ︸
= Op

(
1

v1/2(T)

)

⇒ CX φ̃(x)H(x)Πd
j=1

(∫
S
Sj(u

j)duj
)

gα , (A.6)

as h → 0 and T → ∞ jointly with v(T)h2d/r → ∞. This concludes the proof. �

https://doi.org/10.1017/S0266466617000305 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466617000305


ESTIMATION OF MULTIVARIATE DIFFUSIONS 925

Remark A.1. Set H(x) = 1. The theorem extends the Darling-Kac theorem (Theorem
2 in the article) to the case of a bounded function fh(.) =

1
hS

(
.−x
h

)
changing with the

bandwidth. For this case, we provide conditions for joint limits over h and T . Just like
for the Darling-Kac theorem, our results specialize to the ergodic case. For the ergodic
case, the resulting bandwidth conditions are the same as those in the literature (see, e.g.,
Castellana and Leadbetter, 1986, or Bosq, 1995).

COROLLARY TO LEMMA A.1. Let H(x) = 1. Assume the function S(x) is the kernel
function K(x) in Assumption 2. If v(T)h2/r → ∞, then

1
hv(T)

∫ T

0
K
(

Xs −x
h

)
ds ⇒ CX φ̃ (x)gα ,

as h → 0 and T → ∞ jointly.

This result, which is a weak convergence theorem for multivariate occupation densities,
readily follows from observing that Πd

j=1

(∫
S K(uj)duj

)
= 1.

Remark A.2 (The rate of divergence of the occupation densities). As emphasized in,
e.g., Remarks 3 and 4, the rate v(T) is T for positive recurrent or strictly stationary pro-
cesses irrespective of their dimension. In the null recurrent case, however, the rate is known
only for a handful of processes. In addition, such a rate is expected to become slower,
thereby generating the “curse of dimensionality” discussed in Remark 14, as the dimen-
sionality of the system increases. In general, dimensionality increases slow down recur-
rence in null recurrent systems. To this extent, we recall that v(T) =

√
T in the case of

scalar Brownian motion but v(T)= logT only in the planar Brownian case. For dimensions
equal to 3 or higher than 3, Brownian motion is known not to be recurrent. For a discussion
regarding multivariate kernels in the presence of unit-root processes which reaches iden-
tical conclusions in discrete time, we refer the reader to Wang (2015), Example 5.1, page
208.

Remark A.3. The case with a generic product function S and a generic function H
satisfying the properties of Lemma A.1 will be helpful in the remaining of this treatment.

LEMMA A.2. The function G(x) is a product function Πd
j=1Gj(xj). Each Gj is a non-

negative, bounded, and continuous function defined on a compact set S. Each Gj is twice-
continuously differentiable with bounded derivatives over S. The function N is also a
bounded, twice-continuously differentiable function with bounded derivatives over S. Let
Assumptions 1, 3, and 4 be satisfied. Then,

Δn,T

hn,T v(T)

n

∑
i=1

G
(

XiΔn,T − x

hn,T

)
N (XiΔn,T )−

1
hn,T v(T)

∫ T

0
G
(

Xs − x
hn,T

)
N (Xs)ds = Op

(
Δn,T

h2
n,T

)
.

Proof of Lemma A.2. Write

1
hn,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

[
G
(X(i−1)Δn,T

− x

hn,T

)
N (X(i−1)Δn,T

)−G
(

Xs − x

hn,T

)
N (Xs)

]
ds

=
1

hn,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

⎡⎣∏d
j=1G j

⎛⎝X j
(i−1)Δn,T

− x

hn,T

⎞⎠N (X(i−1)Δn,T
)−∏d

j=1G j

(
X j

s − x
hn,T

)
N (Xs)

⎤⎦ds.
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Given a multivariate Itô’s expansion (see, e.g., Karatzas and Shreve, 1991, Theorem 3.6,
page 153), the last expression becomes

1
hn,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

⎡⎣∏d
j=1Gj

⎛⎝X j
(i−1)Δn,T

− x

hn,T

⎞⎠N (X(i−1)Δn,T
)−∏d

j=1Gj

(
X j

s − x
hn,T

)
N (Xs)

⎤⎦ds

= (Φ1 +Φ2 +Φ3 +Φ4)+
(
Φ1 +Φ2 +Φ3 +Φ4

)
+Φ5,

where

Φ1 +Φ2 +Φ3 +Φ4

=− 1

hd+1
n,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

[∫ s

(i−1)Δn,T

N (Xv)
d

∑
j=1

G′
j

(
X j

v − x
hn,T

)
∏d

u �=jGu

(
Xu

v − x
hn,T

)
μ j (Xv)dv

]
ds

− 1

2hd+2
n,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

[∫ s

(i−1)Δn,T

N (Xv)
d

∑
j=1

G′′
jj

(
X j

v − x
hn,T

)
∏d

u �=jGu

(
Xu

v − x
hn,T

)( m

∑
k=1

σ2
jk (Xv)dv

)]
ds

− 1

2hd+2
n,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

[∫ s

(i−1)Δn,T

N (Xv)
d

∑
j=1

d

∑
q �=j

G′
j

(
X j

v − x
hn,T

)
G′

q

(
Xq

v − x
hn,T

)
∏d

u �=j,qGu

(
Xu

v − x
hn,T

)

×
(

m

∑
k=1

σjk (Xv)σqk (Xv)dv

)]
ds

− 1

hd+1
n,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

[∫ s

(i−1)Δn,T

N (Xv)
d

∑
j=1

G′
j

(
X j

v − x
hn,T

)
∏d

u �=jGu

(
Xu

v − x
hn,T

) m

∑
k=1

σjk (Xv)dBk
v

]
ds,

Φ1 +Φ2 +Φ3 +Φ4

=− 1

hd
n,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

[∫ s

(i−1)Δn,T
∏d

j=1Gj

(
X j

v − x
hn,T

)
d

∑
j=1

N ′
j (Xv)μj (Xv)dv

]
ds

− 1

2hd
n,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

[∫ s

(i−1)Δn,T
∏d

j=1Gj

(
X j

v − x
hn,T

)
d

∑
j=1

N ′′
jj (Xv)

(
m

∑
k=1

σ 2
jk (Xv)dv

)]
ds

− 1

2hd
n,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

[∫ s

(i−1)Δn,T
∏d

j=1Gj

(
X j

v − x
hn,T

)
d

∑
j=1

d

∑
q�=j

N ′′
jq(Xv)

×
(

m

∑
k=1

σ jk (Xv)σqk (Xv)dv

)]
ds

− 1

hd
n,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

[∫ s

(i−1)Δn,T
∏d

j=1Gj

(
X j

v − x
hn,T

)
d

∑
j=1

N ′
j (Xv)

m

∑
k=1

σ jk (Xv)dBk
v

]
ds,

and

Φ5 = − 2

2hd+1
n,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

[∫ s

(i−1)Δn,T

d

∑
j=1

G′
j

(
X j

v − x
hn,T

)
N ′

j (Xv)∏d
u �=jGu

(
Xu

v − x
hn,T

)( m

∑
k=1

σ2
jk (Xv)dv

)]
ds

− 2

2hd+1
n,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

[∫ s

(i−1)Δn,T

d

∑
j=1

d

∑
q �=j

G′
j

(
X j

v − x
hn,T

)
N ′

q (Xv)∏d
u �=jGu

(
Xu

v − x
hn,T

)

×
(

m

∑
k=1

σjk (Xv)σqk (Xv)dv

)]
ds.
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Now, write

|Φ1| ≤
Δn,T

hd+1
n,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

[
|N (Xs)|

d

∑
j=1

∣∣∣∣∣G′
j

(
X j

s −x
hn,T

)∣∣∣∣∣∏d
u�=jGu

(
Xu

s −x
hn,T

)∣∣μj (Xs)
∣∣]ds

=
Δn,T

hd+1
n,T

∫ T

0

[
|N (Xs)|

d

∑
j=1

∣∣∣∣∣G′
j

(
X j

s −x
hn,T

)∣∣∣∣∣∏d
u�=jGu

(
Xu

s −x
hn,T

)∣∣μj (Xs)
∣∣]ds.

Similarly,

|Φ2| ≤ Δn,T

2hd+2
n,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

[
|N (Xs)|

d

∑
j=1

∣∣∣∣∣G ′′
jj

(
X j

s − x
hn,T

)∣∣∣∣∣∏d
u�=jGu

(
Xu

s − x
hn,T

) m

∑
k=1

σ 2
jk (Xs)

]
ds

=
Δn,T

2hd+2
n,T

∫ T

0

[
|N (Xs)|

d

∑
j=1

∣∣∣∣∣G ′′
jj

(
X j

s − x
hn,T

)∣∣∣∣∣∏d
u�=jGu

(
Xu

s − x
hn,T

) m

∑
k=1

σ 2
jk (Xs)

]
ds

and

|Φ3| ≤ Δn,T

2hd+2
n,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

[
|N (Xs)|

d

∑
j=1

d

∑
q �=j

∣∣∣∣∣G′
j

(
X j

s − x
hn,T

)∣∣∣∣∣
∣∣∣∣G′

q

(
Xq

s − x
hn,T

)∣∣∣∣∏d
u �=j,qGu

(
Xu

s − x
hn,T

)

×
m

∑
k=1

σjk (Xs)σqk (Xs)

]
ds

=
Δn,T

2hd+2
n,T

∫ T

0

[
|N (Xs)|

d

∑
j=1

d

∑
q �=j

∣∣∣∣∣G′
j

(
X j

s − x
hn,T

)∣∣∣∣∣
∣∣∣∣G′

q

(
Xq

s − x
hn,T

)∣∣∣∣∏d
u �=j,qGu

(
Xu

s − x
hn,T

)

×
m

∑
k=1

σjk (Xs)σqk (Xs)

]
ds.

Before turning to Φ4, we show that Φ1 = Op

(
Δn,T
hn,T

v(T)
)

as hn,T → 0 with h2/r
n,T v(T)→∞.

Given the boundedness of the first derivative of the functions Gj, for all 1 ≤ j ≤ d, writing

S
(

Xs−x
h

)
=
∣∣∣G′

j

(
X j

s−x
hn,T

)∣∣∣∏d
u�=j

[
Gu

(
Xu

s −x
hn,T

)]
and H(Xs) =

∣∣μj (Xs)
∣∣ |N (Xs)|, Lemma A.1

implies that, for all 1 ≤ j ≤ d,

1
hn,T v(T)

∫ T

0
|N (Xs)|

∣∣∣∣∣G′
j

(
X j

s −x
hn,T

)∣∣∣∣∣∏d
u�=jGu

(
Xu

s −x
hn,T

)∣∣μj (Xs)
∣∣ds

⇒ gα (1)φ̃(x)
∣∣μj (x)

∣∣ |N (x)|
(∫

S

∣∣∣G′
j

(
vj
)∣∣∣dvj

)(
∏d

u�=j

∫
S
Gu (v

u)dvu
)
,

provided hn,T → 0 and T → ∞ jointly, with h2/r
n,T v(T)→ ∞. Hence,

1
hn,T v(T)

∫ T

0
|N (Xs)|

∣∣∣∣∣G′
j

(
X j

s −x
hn,T

)∣∣∣∣∣∏d
u�=jGu

(
Xu

s −x
hn,T

)∣∣μj (Xs)
∣∣ds = Op(1),

which gives the probability order of Φ1, namely Δn,T
hn,T

v(T).
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In the exact same way, we have Φ2 = Op

(
Δn,T

h2
n,T

v(T)

)
and Φ3 = Op

(
Δn,T

h2
n,T

v(T)

)
. The

first probability order is an implication of Lemma A.1 with

S
(

Xs −x
h

)
=

∣∣∣∣∣G′′
jj

(
X j

s −x
hn,T

)∣∣∣∣∣∏d
u�=jGu

(
Xu

s −x
hn,T

)
,

H(Xs) = |N (Xs)|
m

∑
k=1

σ2
jk (Xs) ,

for all 1 ≤ j ≤ d. The second is, again, an implication of Lemma A.1 with

S
(

Xs −x
h

)
=

∣∣∣∣∣G′
j

(
X j

s −x
hn,T

)∣∣∣∣∣
∣∣∣∣G′

q

(
Xq

s −x
hn,T

)∣∣∣∣∏d
u�=j,qGu

(
Xu

s −x
hn,T

)
,

H(Xs) = |N (Xs)|
m

∑
k=1

σjk (Xs)σqk (Xs) ,

for all 1≤ j≤ d and all 1≤ q≤ d with q �= j. Next, integrating by parts, and for all 1≤ j≤ d,

Φ
j
4 =− 1

hd+1
n,T

n

∑
i=1

∫ iΔn,T

(i−1)Δn,T

(
iΔn,T − s

)N (Xs)G′
j

(
X j

s − x
hn,T

)
∏d

u �=jGu

(
Xu

s − x
hn,T

) m

∑
k=1

σjk (Xs)dBk
s .

Now, define Φ j
4n as a partial sum of the first n− 1 terms of Φ j

4 plus a stochastic integral
between (n−1)Δn,T and nΔn,T :

Φ j
4n = Φ j

4(n−1)+
1

hd+1
n,T

∫ nΔn,T

(n−1)Δn,T

(nΔn,T − s)N (Xs)G ′
j

(
X j

s − x
hn,T

)
∏d

u �=jGu

(
Xu

s − x
hn,T

) m

∑
k=1

σ jk (Xs)dBk
s .

Equivalently, define Φ j
4t as a partial sum of the first b−1 terms of Φ j

4, with b= 1, . . . ,n−1,
plus a stochastic integral between (b−1)Δn,T and t, where (b−1)Δn,T ≤ t ≤ bΔn,T :

Φ j
4t =Φ j

4(b−1)+
1

hd+1
n,T

∫ t

(b−1)Δn,T

(bΔn,T − s)N (Xs)G ′
j

(
X j

s − x
hn,T

)
∏d

u�=j
Gu

(
Xu

s − x
hn,T

) m

∑
k=1

σjk (Xs)dBk
s .

(A.7)

The quadratic variation of the continuous martingale Φ
j
4t can be expressed as follows:

[Φ j
4]t = [Φ j

4](b−1)+
1

h2d+2
n,T

∫ t

(b−1)Δn,T

(
bΔn,T − s

)2N 2(Xs)

(
G′

j

(
X j

s −x
hn,T

))2

×∏d
u�=jG2

u

(
Xu

s −x
hn,T

) m

∑
k=1

σ2
jk (Xs)ds

≤ Δ2
n,T

h2d+2
n,T

∫ t

0
N 2(Xs)

(
G′

j

(
X j

s −x
hn,T

))2

∏d
u�=jG2

u

(
Xu

s −x
hn,T

) m

∑
k=1

σ2
jk (Xs)ds.

By Lemma A.1, with

S
(

Xs −x
h

)
=

(
G′

j

(
X j

s −x
hn,T

))2

∏d
u�=jG2

u

(
Xu

s −x
hn,T

)
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and

H(Xs) =N 2(Xs)
m

∑
k=1

σ2
jk (Xs) ,

we have that [Φ j
4]T = Op

(
hd

n,TΔ
2
n,T

h2d+2
n,T

v(T)

)
for all 1 ≤ j ≤ d and, equivalently, Φ4 =

Op

(
Δn,T

h(d+2)/2
n,T

v1/2(T)

)
provided h2/r

n,T v(T)→ ∞.

Using the same method of proof as for the terms Φ1, Φ2, and Φ3, it is now immediate
to show that Φ1 = Op(hn,TΦ1), Φ2 = Op(h2

n,TΦ2), Φ3 = Op(h2
n,TΦ3), and Φ5 = Op(Φ1).

Using the same method of proof as for term Φ4, it is also immediate to prove that Φ4 =
Op(hn,TΦ4).

In sum,

Δn,T

hn,T v(T)

n

∑
i=1

G
(

X(i−1)Δn,T
−x

hn,T

)
N (X(i−1)Δn,T

)− 1
hn,Tv(T)

∫ T

0
G
(

Xs −x
hn,T

)
N (Xs)ds

= Op

(
Δn,T

h2
n,T

)
+Op

⎛⎝ Δn,T

h(d+2)/2
n,T v1/2(T)

⎞⎠ . (A.8)

The result also applies to Δn,T

hn,T v(T) ∑n
i=1G

(XiΔn,T−x
hn,T

)
N (XiΔn,T

) (which does not include

X0 but includes XT ) since the difference between

Δn,T

hn,T v(T)

n

∑
i=1

G
(

XiΔn,T
−x

hn,T

)
N (XiΔn,T

)

and

Δn,T

hn,T v(T)

n

∑
i=1

G
(

X(i−1)Δn,T
−x

hn,T

)
N
(

X(i−1)Δn,T

)

is, given the boundedness of the functions G and N , of order O
(

Δn,T

hn,T v(T)

)
and, hence,

negligible asymptotically. It is negligible asymptotically since Δn,T

hn,T v(T) =
Δn,T

h2
n,T hd−2

n,T v(T)
goes

to zero faster than Δn,T

h2
n,T

if hd−2
n,T v(T) → ∞, which we assume. Similarly, it should be

noted that the assumption hd−2
n,T v(T) → ∞ implies that Δn,T

h2
n,T

→ 0 is, also, more strin-

gent than Δn,T

h(d+2)/2
n,T v1/2(T)

=
Δn,T

h2
n,T hd/2−1

n,T v1/2(T)
→ 0. Hence, one only requires Δn,T

h2
n,T

→ 0.

Therefore,

Δn,T

hn,T v(T)

n

∑
i=1

G
(

XiΔn,T − x

hn,T

)
N (XiΔn,T )−

1
hn,T v(T)

∫ T

0
G
(

Xs − x
hn,T

)
N (Xs)ds = Op

(
Δn,T

h2
n,T

)
,

which proves the stated result. �
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Proof of Theorem 3. By the Corollary to Lemma A.1, 1
hn,T v(T)

∫ T
0 K

(
Xs−x
hn,T

)
ds ⇒

CX φ̃ (x)gα if h2/r
n,T v(T)→ ∞. By Lemma A.2, assuming G = K and N = 1, we have

Δn,T

hn,T v(T)

n

∑
i=1

K
(

XiΔn,T
−x

hn,T

)
=

1
hn,Tv(T)

∫ T

0
K
(

Xs −x
hn,T

)
ds︸ ︷︷ ︸

⇒CX φ̃(x)gα

+Op

(
Δn,T

h2
n,T

)
︸ ︷︷ ︸

→0

,

provided h2/r
n,Tv(T)→ ∞ and Δn,T

h2
n,T

→ 0. �

Proof of Theorem 4. Write

μ̂n,T(x) =
1

Δn,T

∑n−1
i=1 K

(XiΔn,T−x
hn,T

)∫ (i+1)Δn,T

iΔn,T
μ(Xs)ds

∑n
i=1 K

(XiΔn,T −x
hn,T

) (A.9)

+
1

Δn,T

∑n−1
i=1 K

(XiΔn,T−x
hn,T

)∫ (i+1)Δn,T

iΔn,T
σ (Xs)dBs

∑n
i=1 K

(XiΔn,T−x
hn,T

) . (A.10)

Express the estimation error decomposition as

(A.9)−μ(x)︸ ︷︷ ︸
bias term

+ (A.10)︸ ︷︷ ︸
variance term

.

First, we concentrate on equation (A.10). The process

Θn,T(u) =
1√
hn,T

l−2

∑
i=1

∫ (i+1)Δn,T

iΔn,T

K
(

XiΔn,T
−x

hn,T

)
σ (Xs)dBs

+
1√
hn,T

∫ u

(l−1)Δn,T

K
(X(l−1)Δn,T

−x

hn,T

)
σ (Xs)dBs,

with u ∈ [(l−1)Δn,T , lΔn,T ] and l = 2, . . . ,n is a continuous martingale so that Θn,T(T) is
equal to the numerator of equation (A.10) rescaled by

√
hn,T . Consider, now, the generic

element g of the d-vector Θn,T(u), i.e., Θg
n,T(u), and its quadratic variation:

[Θ
g
n,T ]u =

1
hn,T

l−2

∑
i=1

∫ (i+1)Δn,T

iΔn,T

K2
(

XiΔn,T
−x

hn,T

) m

∑
k=1

σ2
gk (Xs)ds

+
1

hn,T

∫ u

(l−1)Δn,T

K2
(X(l−1)Δn,T

−x

hn,T

) m

∑
k=1

σ2
gk (Xs)ds.

Thus,

[Θ
g
n,T ]T =

1
hn,T

n−1

∑
i=1

K2
(

XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T

iΔn,T

m

∑
k=1

σ2
gk (Xs)ds

or, equivalently,
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[Θ
g
n,T ]T =

Δn,T

hn,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

) m

∑
k=1

σ 2
gk

(
XiΔn,T

)
+

1
hn,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

)∫ (i+1)Δn,T

iΔn,T

[(
m

∑
k=1

σ 2
gk (Xs)

)
−
(

m

∑
k=1

σ 2
gk

(
XiΔn,T

))]
ds

=
[
Θ

g,I
n,T

]
T +

[
Θ

g,II
n,T

]
T . (A.11)

Next, after writing ∑m
k=1 σ2

gk (Xs) = Pg(Xs), by Itô’s lemma, we have

[Θg,II
n,T ]T =

1
hn,T

n−1

∑
i=1

K2
(

XiΔn,T
− x

hn,T

)∫ (i+1)Δn,T

iΔn,T

[
Pg(Xs)−Pg(XiΔn,T

)
]

ds

=
1

hn,T

n−1

∑
i=1

K2
(

XiΔn,T
− x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

d

∑
j=1

P ′
g,j(Xv)μ j (Xv)dv

)
ds

+
1

2hn,T

n−1

∑
i=1

K2
(

XiΔn,T
− x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

d

∑
j=1

P ′′
g,jj(Xv)

m

∑
k=1

σ 2
jk (Xv)dv

)
ds

+
1

2hn,T

n−1

∑
i=1

K2
(

XiΔn,T
− x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

d

∑
j=1

d

∑
q�=j

P ′′
g,jq(Xv)

m

∑
k=1

σ jk (Xv)σqk (Xv)dv

)
ds

+
1

hn,T

n−1

∑
i=1

K2
(

XiΔn,T
− x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

d

∑
j=1

P ′
g,j(Xv)

m

∑
k=1

σ jk (Xv)dBk
v

)
ds.

And, integrating by parts,

[
Θg,II

n,T

]
T =

1
hn,T

n−1

∑
i=1

K2
(

XiΔn,T −x

hn,T

)∫ (i+1)Δn,T

iΔn,T

((i+1)Δn,T − s)
d

∑
j=1

P ′
g,j(Xs)μ j (Xs)ds

+
1

2hn,T

n−1

∑
i=1

K2
(

XiΔn,T −x

hn,T

)∫ (i+1)Δn,T

iΔn,T

((i+1)Δn,T − s)
d

∑
j=1

P ′′
g,jj (Xs)

m

∑
k=1

σ 2
jk (Xs)ds

+
1

2hn,T

n−1

∑
i=1

K2
(

XiΔn,T −x

hn,T

)∫ (i+1)Δn,T

iΔn,T

((i+1)Δn,T − s)
d

∑
j=1

d

∑
q �=j

P ′′
g,jq (Xs)

×
m

∑
k=1

σ jk (Xs)σqk (Xs)ds

+
1

hn,T

n−1

∑
i=1

K2
(

XiΔn,T −x

hn,T

)∫ (i+1)Δn,T

iΔn,T

((i+1)Δn,T − s)
d

∑
j=1

P ′
g,j (Xs)

m

∑
k=1

σ jk (Xs)dBk
s .

Now, notice that, for all 1 ≤ j ≤ d, since

P ′
g,j(Xs)μj (Xs)≤ |P ′

g,j(Xs)‖μj (Xs) | ≤ C|P ′
g,j‖μ j|,

where C|P ′
g,j‖μ j| is a suitable constant by Assumption 4.1, the first term in [Θ

g,II
n,T ]T can be

bounded by

1
hn,T

n−1

∑
i=1

K2
(

XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(
(i+1)Δn,T − s

)P ′
j(Xs)μj (Xs)ds

≤ C|P ′
g,j‖μ j|

Δ2
n,T

hn,T

n−1

∑
i=1

K2
(

XiΔn,T
−x

hn,T

)
.
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However, by Lemmas A.1 and A.2, C|P ′
g,j‖μ j|

Δ2
n,T

hn,T
∑n−1

i=1 K2
(XiΔn,T −x

hn,T

)
is of order

Op(Δn,T v(T)). The second and the third term in [Θ
g,II
n,T ]T can be treated in just the same

way.
As for the fourth term in [Θ

g,II
n,T ]T , after expressing each component (indexed by j with

1 ≤ j ≤ d) as a continuous martingale like in the case of equation (A.7) above, the j-th
component’s quadratic variation can be represented as follows:

1

h2
n,T

n−1

∑
i=1

K4
(

XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(
(i+1)Δn,T − s

)2
(P ′

g,j (Xs))
2

m

∑
k=1

σ2
jk (Xs)ds

≤ C
(P ′

g,j)
2

∑m
k=1 σ2

jk

Δ3
n,T

h2
n,T

n

∑
i=1

K4
(

XiΔn,T
−x

hn,T

)
.

Given Lemmas A.1 and A.2, the probability order of this term is Op

(
Δ2

n,Tv(T)
hn,T

)
. Hence, the

probability order of the fourth term in [Θ
g,II
n,T ]T is Op

(
Δn,Tv1/2(T)

hd/2
n,T

)
. Therefore,

[Θg,II
n,T ]T = Op(Δn,Tv(T))+Op

⎛⎝Δn,Tv1/2(T)

hd/2
n,T

⎞⎠ . (A.12)

In sum,

[Θg
n,T ]T

Δn,T
hn,T

∑n
i=1 K

(XiΔn,T−x
hn,T

)
=

[Θ
g,I
n,T ]T +[Θ

g,II
n,T ]T

Δn,T
hn,T

∑n
i=1 K

(XiΔn,T −x
hn,T

)

=

Δn,T
hn,T

∑n−1
i=1 K2

(XiΔn,T−x
hn,T

)
∑m

k=1 σ2
gk

(
XiΔn,T

)
+Op(Δn,T v(T))+Op

(
Δn,Tv1/2(T)

hd/2
n,T

)
Δn,T
hn,T

∑n
i=1 K

(XiΔn,T−x
hn,T

)

=

1
hn,T

∫ T
0 K2

(
Xs−x
hn,T

)
∑m

k=1 σ2
gk (Xs)ds+Op

(
Δn,Tv(T)

h2
n,T

)
1

hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds+Op

(
Δn,Tv(T)

h2
n,T

) , (A.13)

where equation (A.13) follows from Lemma A.2. One simply has to apply Lemma A.2 to
the numerator (with G (.) = K2 (.) and N (.) = ∑m

k=1 σ2
gk (.)) and to the denominator (with

G (.) = K(.) and N (.) = 1).
We can now invoke the same decomposition as in equation (A.1) with S (.) = K2 (.)

and H(.) = ∑m
k=1 σ2

gk (.) in the numerator and with S (.) = K(.) and H(.) = 1 in the
denominator, to obtain
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1
hn,T

∫ T
0 K2

(
Xs−x
hn,T

)
∑m

k=1 σ2
gk (Xs)ds

1
hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds

=
NT Eλ

(
1
h

∫ Rn+1
Rn

K2
( Xs−x

h

)
∑m

k=1 σ2
gk (Xs)ds

)
+Op

(
v1/2(T)

hd(1−1/q)

)
+Op

(
v1/2(T)

)
NT Eλ

(
1
h

∫ Rn+1
Rn

K
( Xs−x

h

)
ds
)
+Op

(
v1/2(T)

hd(1−1/q)

)
+Op

(
v1/2(T)

)
=

Eλ

(
1
h

∫ Rn+1
Rn

K2
( Xs−x

h

)
∑m

k=1 σ2
gk (Xs)ds

)
+ v(T)

NT
Op

(
1

v1/2(T)hd(1−1/q)

)
+ v(T)

NT
Op

(
1

v1/2(T)

)
Eλ

(
1
h

∫ Rn+1
Rn

K
( Xs−x

h

)
ds
)
+ v(T)

NT
Op

(
1

v1/2(T)hd(1−1/q)

)
+ v(T)

NT
Op

(
1

v1/2(T)

) (A.14)

p→
(∫

S
K2 (u)du

)( m

∑
k=1

σ2
gk (x)

)
= V, (A.15)

if h2/r
n,Tv(T)→∞. To further justify equation (A.14), we recall that NzT

v(T) converges weakly
to a strictly positive Mittag-Leffler process (c.f., equation (A.2)) and the order terms derive
from the analogues of γT,h(x) and βT,h(x) in equation (A.6).

Under Assumption 4.1, using Theorem 3.16 of Höpfner and Löcherbach (2003) or
Proposition 1 of Feigin (1985), we now have stable convergence of pairs, (See, also, Touati
(1992), Theorem 1.) so that(
[Θg

n,T ]T

v(T)
,
Θg

n,T(T)√
v(T)

)
⇒
(

CXbg(x)φ̃ (x)gα ,

√
CXbg(x)φ̃ (x)(N◦gα)

)
,

where bg(x) =
(∫

S K2 (u)du
)(

∑m
k=1 σ2

gk (x)
)

and N◦gα is a Gaussian mixture with vari-

ance gα . Clearly,
[Θg

n,T ]T
v(T) ⇒ CXbg(x)φ̃ (x)gα is, also, an implication of Lemma A.1 with

S (.) = K2 (.) and H(.) = ∑m
k=1 σ2

gk (.). Similarly, using equation (A.15),⎛⎜⎜⎝ [Θ
g
n,T ]T

Δn,T
hn,T

∑n
i=1 K

(XiΔn,T −x
hn,T

) , Θ
g
n,T(T)√

Δn,T
hn,T

∑n
i=1 K

(XiΔn,T −x
hn,T

)
⎞⎟⎟⎠⇒

(
V ,V1/2N

)
, (A.16)

where N is a standard Gaussian distribution. This proves the result for a generic element g.
We now turn to the multivariate case. Write

Θn,T (u)√
Δn,T
hn,T

∑n
i=1 K

(
XiΔn,T −x

hn,T

) =
1√

Δn,T
hn,T

∑n
i=1 K

(
XiΔn,T −x

hn,T

) (Θg=1
n,T (u),Θg=2

n,T (u), . . . ,Θg=d
n,T (u)

)ᵀ

,

where the generic Θ
g
n,T(u) was defined earlier. Again, by Lemmas A.1 and A.2, we have[

Θf
n,T ,Θ

s
n,T

]
T

Δn,T
hn,T

∑n
i=1 K

(XiΔn,T −x

hn,T

) p→
(∫

S
K2 (u)du

)( m

∑
k=1

σfk (x)σsk (x)

)
= Vf ,s, ∀f ,s = 1, . . . ,d.

(A.17)

Next, we orthogonalize the continuous martingales in Θn,T(u) by writing

C
ᵀ
(x)

(
Θ

g=1
n,T (u),Θg=2

n,T (u), . . . ,Θg=d
n,T (u)

)ᵀ

=
(
Θ

g=1
n,T (u),Θ

g=2
n,T (u), . . . ,Θ

g=d
n,T (u)

)ᵀ

,

where C(x) is a d×d matrix so that
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C
ᵀ
(x)

((∫
S

K2 (u)du

)
a(x)

)
︸ ︷︷ ︸

b(x)

C(x) = Λ(x)

with Λ(x) diagonal. C(x) and Λ(x) are the matrices containing the eigenvectors and the
eigenvalues of b(x), respectively. Since[

Θ
f
n,T ,Θ

s
n,T

]
T

Δn,T
hn,T

∑n
i=1 K

(XiΔn,T−x
hn,T

) p→ 0, ∀f ,s = 1, . . . ,d,

we use equation (A.17) and apply, again, Theorem 3.16 of Höpfner and Löcherbach (2003)
or Proposition 1 of Feigin (1985) to obtain⎛⎜⎜⎜⎜⎝ 1

Δn,T
hn,T

∑n
i=1 K

(
XiΔn,T

−x

hn,T

) [Θn,T ]T ,
1√

Δn,T
hn,T

∑n
i=1 K

(
XiΔn,T

−x

hn,T

) (
Θ

g=1
n,T (T),Θ

g=2
n,T (T), . . .,Θ

g=d
n,T (T)

)ᵀ

⎞⎟⎟⎟⎟⎠
⇒
(
Λ,Λ1/2N

)
,

where [Θn,T ]T is naturally used here to denote the quadratic covariation matrix with generic

element
[
Θ

f
n,T ,Θ

s
n,T

]
T

and N is a vector standard normal. This implies

1√
Δn,T
hn,T

∑n
i=1 K

(XiΔn,T −x
hn,T

)C(x)
(
Θ

g=1
n,T (T),Θ

g=2
n,T (T), . . . ,Θ

g=d
n,T (T)

)ᵀ

⇒ N
(

0,C(x)Λ(x)C
ᵀ
(x)
)

d
= N(0,b(x)) .

Finally,

(√
hd

n,T L̂n,T(x)

) ∑n−1
i=1 K

(XiΔn,T −x

hn,T

)∫ (i+1)Δn,T
iΔn,T

σ (Xs)dBs

Δn,T ∑n
i=1 K

(XiΔn,T −x

hn,T

) ⇒ N

(
0,

(∫
S

K2 (u)ds

)d

a(x)

)
,

as hn,T → 0 so that Δn,T

h2
n,T

→ 0 and hd−2
n,T v(T)→ ∞ with h2/r

n,Tv(T)→ ∞.

Next, we discuss the bias term. Note that

(A.9)−μ(x)︸ ︷︷ ︸
bias term

=
1

Δn,T

∑n−1
i=1 K

(
XiΔn,T

−x

hn,T

)∫ (i+1)Δn,T
iΔn,T

μ(Xs)ds

∑n
i=1 K

(
XiΔn,T

−x

hn,T

) −μ(x)

=

Δn,T
hn,T

∑n−1
i=1 K

(
XiΔn,T

−x

hn,T

)
μ
(
XiΔn,T

)
+ 1

hn,T
∑n−1

i=1 K
(

XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T
iΔn,T

(
μ(Xs)−μ

(
XiΔn,T

))
ds

Δn,T
hn,T

∑n−1
i=1 K

(
XiΔn,T

−x

hn,T

)
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−μ(x)

=

Δn,T
hn,T

∑n−1
i=1 K

(
XiΔn,T

−x

hn,T

)
μ
(
XiΔn,T

)
+Op(Δn,T v(T))+Op

(
Δn,T v1/2(T)

h
d/2
n,T

)
Δn,T
hn,T

∑n−1
i=1 K

(
XiΔn,T

−x

hn,T

) (A.18)

−μ(x)

=

1
hn,T

∫ T
0 K

(
Xs−x
hn,T

)
μ(Xs)ds+Op

(
Δn,T v(T)

h2
n,T

)
1

hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds+Op

(
Δn,T v(T)

h2
n,T

) (A.19)

−μ(x),

where equation (A.18) derives from the same method of proof leading to equation (A.12)
(and leading to the probability order of [Θg,II

n,T ]T ) and equation (A.19) derives from

Lemma A.2 applied to both the numerator
(
with G (.) = K(.) and N (.) = μ(.)

)
and

the denominator (with G (.) = K(.) and N (.) = 1). Thus,

bias term =

1
hn,T

∫ T
0 K

(
Xs−x
hn,T

)
(μ(Xs)−μ(x))ds+(1−μ(x))Op

(
Δn,Tv(T)

h2
n,T

)
1

hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds+Op

(
Δn,Tv(T)

h2
n,T

) .

Focusing now, as earlier, on the generic component g of the bias term, we obtain

1
hn,T

∫ T
0 K

(
Xs−x
hn,T

)(
μg (Xs)−μg (x)

)
ds

1
hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds

=

1
hn,T

∫ T
0 K

(
Xs−x
hn,T

)(
μg (Xs)−μg (x)

)
ds−NT Eλ

(∫ Rn+1
Rn

1
hn,T

K
(

Xs−x
hn,T

)(
μg (Xs)−μg (x)

)
ds
)

1
hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds

+
NT Eλ

(∫ Rn+1
Rn

1
hn,T

K
(

Xs−x
hn,T

)(
μg (Xs)−μg (x)

)
ds
)

1
hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds

=

1
hn,T

∫ T
0 K

(
Xs−x
hn,T

)(
μg (Xs)−μg (x)

)
ds−NT Eλ

(∫ Rn+1
Rn

1
hn,T

K
(

Xs−x
hn,T

)(
μg (Xs)−μg (x)

)
ds
)

1
hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds︸ ︷︷ ︸

C2(x)

+
NT CX

(∫
Sd

1
hn,T

K
(

a−x
hn,T

)(
μg (a)−μg (x)

)
φ̃(a)da

)
1

hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds︸ ︷︷ ︸

C1(x)

,

where NT was defined in the proof of Lemma A.1 and the second equality follows from
equation (A.3). Using the symmetry of the kernel function, write

C1(x)

=

1
hn,T

CX
∫

Sd K
(

a−x
hn,T

)
(μg (a)−μg (x)) φ̃(a)da(

1
hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds
)
/(NT )
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=
CX

∫
Sd K(u)(μg (x+uhn,T )−μg (x)) φ̃(x+uhn,T )du(

1
hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds
)
/(NT )

=
CX

∫
Sd ∏d

j=1 K(u j)
[
hn,T ∑d

j=1
∂ μg(x)

∂x j u j + 1
2 h2

n,T ∑d
p,j=1

∂2 μg(x)
∂xp∂x j upu j +o

][
φ̃(x)+hn,T ∑d

j=1
∂φ̃(x)

∂x j u j +o
]

du(
1

hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds
)
/(NT)

=
CX

∫
Sd ∏d

j=1 K(u j)
[
h2

n,T ∑d
j=1

∂ μg(x)
∂x j

∂φ̃(x)
∂x j

(
u j
)2

+h2
n,T

1
2 ∑d

j=1
∂2 μg(x)
∂x j ∂x j φ̃(x)

(
u j
)2
]

du(
1

hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds
)
/(NT)

+op(h2
n,T)

= h2
n,T

(∫
S

s2K(s)ds

)⎛⎝ d

∑
j=1

∂ μg (x)
∂x j

∂φ̃(x)
∂x j

φ̃(x)
+

1
2

d

∑
j=1

∂ 2μg (x)
∂x j∂x j

⎞⎠+op(h2
n,T ), (A.20)

since, from equation (A.1), we have

1
NT

(
1

hn,T

∫ T

0
K
(

Xs −x
hn,T

)
ds

)
=

NT

NT
Eλ

(
1
h

∫ Rn+1

Rn

K
(

Xs −x
h

)
ds

)
+

v(T)
NT

β ∗
T ,h(x)+

v(T)
NT

γ∗T ,h(x)

= Eλ

(
1
h

∫ Rn+1

Rn

K
(

Xs −x
h

)
ds

)
+

v(T)
NT

Op

(
1

v1/2(T)hd(1−1/q)

)
+

v(T)
NT

Op

(
1

v1/2(T)

)
p→ CX φ̃(x),

given h2/r
n,Tv(T)→ ∞, where β ∗

T,h(x) and γ∗T,h(x) are the analogues of βT,h(x) and γT,h(x)
in equation (A.6) of Lemma A.1 with S (.) = K(.) and H(.) = 1. Finally, we note that

C2(x)

=

1
v(T)hn,T

∫ T
0 K

(
Xs−x
hn,T

)(
μg (Xs)−μg (x)

)
ds− NT

v(T) Eλ

(∫ Rn+1
Rn

1
hn,T

K
(

Xs−x
hn,T

)(
μg (Xs)−μg (x)

)
ds
)

1
v(T)hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds

=
Eλ

(
1

v(T)hn,T

∫ T
0 K

(
Xs−x
hn,T

)(
μg (Xs)−μg (x)

)
ds
)
− NT

v(T) Eλ

(∫ Rn+1
Rn

1
hn,T

K
(

Xs−x
hn,T

)(
μg (Xs)−μg (x)

)
ds
)

1
v(T)hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds

+

1
v(T)hn,T

∫ T
0 K

(
Xs−x
hn,T

)(
μg (Xs)−μg (x)

)
ds−Eλ

(
1

v(T)hn,T

∫ T
0 K

(
Xs−x
hn,T

)(
μg (Xs)−μg (x)

)
ds
)

1
v(T)hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds

=
numC1

2(x)+numC2
2(x)

1
v(T)hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds

.

Now, 1
hn,T v(T)

∫ T
0 K

(
Xs−x
hn,T

)
ds=Op(1) given the Corollary to Lemma A.1. Also, numC1

2(x)

and numC2
2(x) are, again, the analogues of γT,h(x) and βT,h(x) in equation (A.6), respec-

tively, with the term μg (Xs)−μg (x) adding, just like in the case of equation (A.20) above,
h2

n,T to their convergence rate in light of the symmetry of the kernel function. We have,

in fact, numC1
2(x) = Op

(
h2

n,T

v1/2(T)

)
= op(h2

n,T ) and numC2
2(x) = Op

(
h2

n,T

v1/2(T)hd(1−1/q)

)
=

op(h2
n,T). In sum,
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1
hn,T

∫ T
0 K

(
Xs−x
hn,T

)(
μg (Xs)−μg (x)

)
ds

1
hn,T

∫ T
0 K

(
Xs−x
hn,T

)
ds

= h2
n,T

(∫
S

s2K(s)ds

)⎛⎝ d

∑
j=1

∂ μg (x)

∂xj

∂ φ̃(x)
∂ x j

φ̃ (x)
+

1
2

d

∑
j=1

∂ 2μg (x)

∂xj∂xj

⎞⎠+op(h2
n,T ),

which yields the stated result. �

Proof of Theorem 5. Using Itô’s lemma, write(
X(i+1)Δn,T

−XiΔn,T

)(
X(i+1)Δn,T

−XiΔn,T

)ᵀ
=

∫ (i+1)Δn,T

iΔn,T

DX(Xs −XiΔn,T
)⊗μ(Xs)ds+

∫ (i+1)Δn,T

iΔn,T

DX(Xs −XiΔn,T
)⊗σ(Xs)dBs

+
∫ (i+1)Δn,T

iΔn,T

a(Xs)ds,

where DX(Xs −XiΔn,T
) is a d × d matrix of 1× d vectors. The i-th element of the ab-th

vector is given by the derivative
∂
(
(Xs−XiΔn,T )(Xs−XiΔn,T )

ᵀ
)

ab
∂ Xi

s
. Now, write

vechân,T(x) = vech

⎛⎜⎝ 1
Δn,T

∑n−1
i=1 K

( XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T
iΔn,T

DX(Xs −XiΔn,T )⊗μ(Xs)ds

∑n
i=1 K

( XiΔn,T
−x

hn,T

)
⎞⎟⎠

+vech

⎛⎜⎝ 1
Δn,T

∑n−1
i=1 K

( XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T
iΔn,T

DX(Xs −XiΔn,T )⊗σ(Xs)dBs

∑n
i=1 K

( XiΔn,T
−x

hn,T

)
⎞⎟⎠

+vech

⎛⎜⎝ 1
Δn,T

∑n−1
i=1 K

( XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T
iΔn,T

a(Xs)ds

∑n
i=1 K

( XiΔn,T
−x

hn,T

)
⎞⎟⎠

= vechΨ1 + vechΨ2 + vechΨ3.

We focus on the generic element a,b of the matrices Ψ1 +Ψ2, namely

(Ψ1 +Ψ2)ab

=

1
hn,T

∑n−1
i=1 K

(
XiΔn,T

−x

hn,T

)∫ (i+1)Δn,T
iΔn,T

(Xa
s −Xa

iΔn,T
)μb(Xs)ds+

∫ (i+1)Δn,T
iΔn,T

(Xb
s −Xb

iΔn,T
)μa(Xs)ds

Δn,T
hn,T

∑n
i=1 K

(
XiΔn,T

−x

hn,T

)

+

1
hn,T

∑n−1
i=1 K

(
XiΔn,T

−x

hn,T

)∫ (i+1)Δn,T
iΔn,T

(Xa
s −Xa

iΔn,T
)σb(Xs)dBs +

∫ (i+1)Δn,T
iΔn,T

(Xb
s −Xb

iΔn,T
)σa(Xs)dBs

Δn,T
hn,T

∑n
i=1 K

(
XiΔn,T

−x

hn,T

)
=Ψ

μb
1 +Ψ

μa
1 +Ψ

σb
2 +Ψσa

2 ,

where the notation should not create confusion. We will find the stochastic orders of Ψμb
1

and Ψσ b
2 . These will give us the stochastic order of vechΨ1 + vechΨ2. We begin with the

numerator of Ψμb
1 , i.e., numΨ

μb
1 ,
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numΨ
μb
1 =

1
hn,T

n−1

∑
i=1

K
(

XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

μa(Xv)dv

)
μb(Xs)ds

+
1

hn,T

n−1

∑
i=1

K
(

XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

σa(Xv)dBv

)
μb(Xs)ds

= numΨ
μb
1,1 +numΨ

μb
1,2.

We have

numΨ
μb
1,1 ≤ 1

hn,T

n−1

∑
i=1

K
(

XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ (i+1)Δn,T

iΔn,T

|μa(Xs)|ds

)
|μb(Xs)|ds

≤ C|μa |C|μb |
Δ2

n,T

hn,T

n−1

∑
i=1

K
(

XiΔn,T
−x

hn,T

)

= C|μa |C|μb |
Δn,T

hn,T

∫ T

0
K
(

XiΔn,T
−x

hn,T

)
ds+Δn,T Op

(
Δn,T v(T)

h2
n,T

)

= Op(Δn,T v(T))+Op

(
Δ2

n,T v(T)

h2
n,T

)
,

where the first inequality derives from Assumption 4, the discretization order in the first
equality derives from Lemma A.2 and the first order term in the second equality derives
from Lemma A.1.

We now turn to numΨ
μb
1,2. Integrating by parts,

numΨμb
1,2 =− 1

hn,T

n−1

∑
i=1

K
(

XiΔn,T
− x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

μb(Xv)dv

)
σa(Xs)dBs

+
1

hn,T

n−1

∑
i=1

K
(

XiΔn,T
− x

hn,T

)(∫ (i+1)Δn,T

iΔn,T

μb(Xs)ds

)(∫ (i+1)Δn,T

iΔn,T

σa(Xs)dBs

)
=Ψμb,A

1,2 +Ψμb ,B
1,2 .

Next, the quadratic variation of Ψμb ,A
1,2 can be written as

[Ψ
μb ,A
1,2 ]

=
1

h2
n,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

μb(Xv)dv

)2

(σa(Xs)
ᵀσ a(Xs))ds

≤ 1

h2
n,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ (i+1)Δn,T

iΔn,T

|μb(Xs)|ds

)2

(σa(Xs)
ᵀσa(Xs))ds

≤ 1

h2
n,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

)∫ (i+1)Δn,T

iΔn,T

Δn,T

(∫ (i+1)Δn,T

iΔn,T

μ2
b (Xs)ds

)
(σa(Xs)

ᵀσa(Xs))ds

≤
Cμ2

b
Δ2

n,T

hn,T

1
hn,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(σa(Xs)
ᵀσa(Xs))ds

=
Cμ2

b
Δ2

n,T

hn,T

(
Δn,T

hn,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

)
σa(XiΔn,T )

ᵀσa(XiΔn,T )

)
+

Cμ2
b
Δ2

n,T

hn,T
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×
(

1
hn,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

)∫ (i+1)Δn,T

iΔn,T

[
σa(Xs)

ᵀσa(Xs)−σa(XiΔn,T )
ᵀσa(XiΔn,T )

]
ds

)

= Op

(
Δ2

n,T v(T)

hn,T

)
+Op

(
Δ2

n,T

hn,T

Δn,T

h2
n,T

v(T)

)
, (A.21)

where the second inequality is Jensen’s and the order terms derive from the same method

of proof used for equation (A.11). Hence, Ψμb ,A
1,2 = Op

(
Δn,Tv1/2(T)

h1/2
n,T

)
since Δn,T

h2
n,T

→ 0.

Next,

Ψ
μb ,B
1,2 =

Δn,T

hn,T

n−1

∑
i=1

K
(

XiΔn,T
−x

hn,T

)
μb(XiΔn,T

)

(∫ (i+1)Δn,T

iΔn,T

σa(Xs)dBs

)

+
1

hn,T

n−1

∑
i=1

K
(

XiΔn,T
−x

hn,T

)(∫ (i+1)Δn,T

iΔn,T

(
μb(Xs)−μb(XiΔn,T

)
)

ds

)
×
(∫ (i+1)Δn,T

iΔn,T

σa(Xs)dBs

)
=Ψ

μb ,B,1
1,2 +Ψ

μb ,B,2
1,2 .

Again, like with equation (A.21), the quadratic variation of Ψμb ,B,1
1,2 can be written as

[Ψ
μb ,B,1
1,2 ] =

Δ2
n,T

h2
n,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

)
μ2

b (XiΔn,T )

∫ (i+1)Δn,T

iΔn,T

σa(Xs)
ᵀσa(Xs)ds

=
Δ2

n,T

hn,T

(
Δn,T

hn,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

)
μ2

b (XiΔn,T )σa(XiΔn,T )
ᵀσa(XiΔn,T )ds

)

+
Δ2

n,T

hn,T

(
1

hn,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

)
μ2

b (XiΔn,T )

×
∫ (i+1)Δn,T

iΔn,T

[
σa(Xs)

ᵀσa(Xs)−σa(XiΔn,T )
ᵀσa(XiΔn,T )

]
ds

)

= Op

(
Δ2

n,Tv(T)

hn,T

)
,

if Δn,T

h2
n,T

→ 0. Thus, Ψμb ,B,1
1,2 = Op

(
Δn,Tv1/2(T)

h1/2
n,T

)
. Now,

Eλ

(∣∣∣Ψμb ,B,2
1,2

∣∣∣)
≤ Eλ

(
1

hn,T

n−1

∑
i=1

K
(

XiΔn,T − x

hn,T

)

× Eλ

(∣∣∣∣∫ (i+1)Δn,T

iΔn,T

(
μb(Xs)− μb(XiΔn,T )

)
ds

∣∣∣∣ ∣∣∣∣∫ (i+1)Δn,T

iΔn,T

σa(Xv)dBv

∣∣∣∣ |Fi

))
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≤ Eλ

⎛⎜⎝ 1
hn,T

n−1

∑
i=1

K
(

XiΔn,T − x

hn,T

)(
Eλ

(∣∣∣∣∫ (i+1)Δn,T

iΔn,T

(
μb(Xs)− μb(XiΔn,T )

)
ds

∣∣∣∣2 |Fi

))1/2

×
⎛⎝Eλ

⎛⎝( sup
iΔn,T≤s≤(i+1)Δn,T

∣∣∣∣∫ s

iΔn,T

σa(Xv)dBv

∣∣∣∣
)2

|Fi

⎞⎠⎞⎠1/2
⎞⎟⎠ ,

where the second inequality is Hölder’s. Burkholder, Davis, Gundy (BDG) inequality (see,
e.g., Karatzas and Shreve, 1991, Theorem 3.28, page 166) now gives

Eλ

⎛⎝( sup
iΔn,T≤s≤(i+1)Δn,T

∣∣∣∣∫ s

iΔn,T

σa(Xv)dBv

∣∣∣∣
)2

|Fi

⎞⎠
≤ C1Eλ

(∫ (i+1)Δn,T

iΔn,T

σa(Xs)
ᵀσa(Xs)ds|Fi

)
≤ C2Δn,T ,

for some constant C2. Similarly, expressing the infinitesimal generator L of X applied to
the function μb(.) as

Lμb(Xs) = Q(Xs)

=
d

∑
j=1

μ ′
b,j(Xs)μ j (Xs)+

1
2

d

∑
j=1

μ ′′
b,jj (Xs)

m

∑
k=1

σ2
jk (Xs)+

1
2

d

∑
j=1

d

∑
q�=j

μ ′′
b,jq (Xs)

m

∑
k=1

σjk (Xs)σqk (Xs) ,

we have

Eλ

(∣∣∣∣∫ (i+1)Δn,T

iΔn,T

(
μb(Xs)−μb(XiΔn,T )

)
ds

∣∣∣∣2 |Fi

)

≤ Eλ

(
Δn,T

∫ (i+1)Δn,T

iΔn,T

[
μb(Xs)−μb(XiΔn,T )

]2
ds|Fi

)

≤ Eλ

(
Δn,T

∫ (i+1)Δn,T

iΔn,T

[∫ s

iΔn,T

Q(Xv)dv

]2

ds|Fi

)

+Eλ

⎛⎝Δn,T

∫ (i+1)Δn,T

iΔn,T

[∫ s

iΔn,T

d

∑
j=1

μ ′
b,j(Xv)

m

∑
k=1

σjk (Xv)dBk
v

]2

ds|Fi

⎞⎠
+2Eλ

(
Δn,T

∫ (i+1)Δn,T

iΔn,T

[∫ s

iΔn,T

Q(Xv)dv

][∫ s

iΔn,T

d

∑
j=1

μ ′
b,j(Xv)

m

∑
k=1

σjk (Xv)dBk
v

]
ds|Fi

)
.

Now, by Jensen’s inequality again, the first term can be expressed as follows:

Eλ

(
Δn,T

∫ (i+1)Δn,T

iΔn,T

[∫ s

iΔn,T

Q(Xv)dv

]2

ds|Fi

)

≤ Eλ

(
Δn,T

∫ (i+1)Δn,T

iΔn,T

[∫ (i+1)Δn,T

iΔn,T

|Q(Xs)|ds

]2

ds|Fi

)

≤ Eλ

(
Δ2

n,T

∫ (i+1)Δn,T

iΔn,T

[∫ (i+1)Δn,T

iΔn,T

|Q(Xs)|2 ds

]
ds|Fi

)
≤ CQ2Δ4

n,T .
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By BDG inequality, applied after the second inequality, the second term becomes

Eλ

⎛⎝Δn,T

∫ (i+1)Δn,T

iΔn,T

[∫ s

iΔn,T

d

∑
j=1

μ ′
b,j(Xv)

m

∑
k=1

σ jk (Xv)dBk
v

]2

ds|Fi

⎞⎠
≤ Eλ

⎛⎝Δn,T

∫ (i+1)Δn,T

iΔn,T

[
sup

iΔn,T≤s≤(i+1)Δn,T

∣∣∣∣∣
∫ s

iΔn,T

d

∑
j=1

μ ′
b,j(Xv)

m

∑
k=1

σ jk (Xv)dBk
v

∣∣∣∣∣
]2

ds|Fi

⎞⎠
≤ C3Eλ

(
Δn,T

∫ (i+1)Δn,T

iΔn,T

∣∣∣∣∣
(∫ (i+1)Δn,T

iΔn,T

d

∑
j=1

(
μ ′

b,j(Xs)
)2

m

∑
k=1

σ 2
jk (Xs)ds

)∣∣∣∣∣ds|Fi

)

+C3Eλ

(
Δn,T

∫ (i+1)Δn,T

iΔn,T

∣∣∣∣∣
(∫ (i+1)Δn,T

iΔn,T

d

∑
j=1

d

∑
q�=1

μ ′
b,j(Xs)μ ′

b,q(Xs)
m

∑
k=1

σ jk (Xs)σqk (Xs)ds

)∣∣∣∣∣ds|Fi

)
≤ C4Δ

3
n,T ,

for some constant C4. Finally,

Eλ

((
Δn,T

∫ (i+1)Δn,T

iΔn,T

[∫ s

iΔn,T

Q(Xv)dv

][∫ s

iΔn,T

d

∑
j=1

μ ′
b,j(Xv)

m

∑
k=1

σ jk (Xv)dBk
v

]
ds

)
|Fi

)

≤Δn,T

∫ (i+1)Δn,T

iΔn,T

(
Eλ

[∫ s

iΔn,T

Q(Xv)dv

]2

|Fi

)1/2
⎛⎝Eλ

[∫ s

iΔn,T

d

∑
j=1

μ ′
b,j(Xv)

m

∑
k=1

σ jk (Xv)dBk
v

]2

|Fi

⎞⎠1/2

ds

≤Δn,T

∫ (i+1)Δn,T

iΔn,T

(
Δn,T Eλ

[∫ (i+1)Δn,T

iΔn,T

|Q(Xs)|2 ds

]
|Fi

)1/2

×
⎛⎝Eλ

[
sup

iΔn,T≤s≤(i+1)Δn,T

∣∣∣∣∣
∫ s

iΔn,T

d

∑
j=1

μ ′
b,j(Xv)

m

∑
k=1

σ jk (Xv)dBk
v

∣∣∣∣∣
]2

|Fi

⎞⎠1/2

ds

≤ C5Δn,T

∫ (i+1)Δn,T

iΔn,T

(
Δn,T Eλ

[∫ (i+1)Δn,T

iΔn,T

|Q(Xs)|2 ds

]
|Fi

)1/2

×
(

Eλ

[∫ (i+1)Δn,T

iΔn,T

(
d

∑
j=1

(
μ ′

b,j(Xs)
)2

m

∑
k=1

σ2
jk (Xs)+

d

∑
j=1

d

∑
q�=1

μ ′
b,j(Xs)μ ′

b,q(Xs)
m

∑
k=1

σ jkσqk

)
ds

]
|Fi

)1/2

ds

≤ C6Δ
7/2
n,T ,

for some constant C6. Thus,

Eλ

(
Ψμb,B,2

1,2

)
≤ Eλ

⎛⎜⎝ 1
hn,T

n−1

∑
i=1

K
(

XiΔn,T − x

hn,T

)(
Eλ

(∣∣∣∣∫ (i+1)Δn,T

iΔn,T

(
μb(Xs)−μb(XiΔn,T )

)
ds

∣∣∣∣2 |Fi

))1/2

×
⎛⎝Eλ

⎛⎝( sup
iΔn,T≤s≤(i+1)Δn,T

∣∣∣∣∫ s

iΔn,T

σa(Xv)dBv

∣∣∣∣
)2

|Fi

⎞⎠⎞⎠1/2
⎞⎟⎠

≤ C7Eλ

⎛⎝Δ
3/2+1/2
n,T

hn,T

n−1

∑
i=1

K
(

XiΔn,T − x

hn,T

)⎞⎠
= O(Δn,Tv(T)).
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Therefore, Ψμb ,B,2
1,2 = Op(Δn,T v(T)). In the end,

Ψ
μb
1 =

numΨ
μb
1,1 +numΨ

μb
1,2

Δn,T
hn,T

∑n
i=1 K

(XiΔn,T −x
hn,T

) = Op(Δn,T)+Op

(
Δ2

n,T

h2
n,T

)
+Op

⎛⎝ Δn,T

h1/2
n,T v1/2(T)

⎞⎠
= Op(Δn,T)+Op

⎛⎝ Δn,T

h1/2
n,T v1/2(T)

⎞⎠ ,

since Δn,T

h2
n,T

→ 0, which we assume. We now turn to Ψσb
2 . Write

√
hn,T√
Δn,T

numΨσb
2

=
1√

hn,TΔn,T

n−1

∑
i=1

K
(

XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(Xa
s −Xa

iΔn,T
)σb(Xs)dBs

=
1√

hn,TΔn,T

n−1

∑
i=1

K
(

XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

μa(Xv)dv

)
σb(Xs)dBs

+
1√

hn,TΔn,T

n−1

∑
i=1

K
(

XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

σa(Xv)dBv

)
σb(Xs)dBs

=

√
hn,T√
Δn,T

(numΨσb
2,1 +numΨσb

2,2).

Since[ √
hn,T√
Δn,T

numΨσb
2,1

]
=

1
hn,TΔn,T

n−1

∑
i=1

K2
(

XiΔn,T
−x

hn,T

)

×
∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

μa(Xs)ds

)2

(σb(Xs)
ᵀσb(Xs))ds

= Op
(
Δn,T v(T)

)
,

then√
hn,T√
Δn,T

(numΨσb
2,1) = Op

(√
Δn,T v(T)

)
,

which implies√
hn,T L̂n,T(x)√

Δn,T

⎛⎜⎝ numΨσb
2,1

Δn,T
hn,T

∑n
i=1 K

(XiΔn,T −x
hn,T

)
⎞⎟⎠= Op

(√
Δn,T

)
.

We now turn to√
hn,T√
Δn,T

(numΨ
σb
2,2 ) =

1√
hn,TΔn,T

n−1

∑
i=1

K
(

XiΔn,T − x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

σa(Xv)dBv

)
σb(Xs)dBs.
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Writing σa(Xv) = σa,v for conciseness, the quadratic variation

[ √
hn,T√
Δn,T

(numΨσb
2,2)

]
is

1
hn,TΔn,T

n−1

∑
i=1

K2
(

XiΔn,T
− x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

σa(Xv)dBv

)2

(σb(Xs)
ᵀσb(Xs))ds

=
1

hn,TΔn,T

n−1

∑
i=1

K2
(

XiΔn,T
− x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

σᵀ
a,vσa,vdv

)
σᵀ

b,sσb,sds

+
1

hn,TΔn,T

n−1

∑
i=1

K2
(

XiΔn,T
− x

hn,T

)∫ (i+1)Δn,T

iΔn,T

[
2

(∫ s

iΔn,T

(∫ u

iΔn,T

σa,vdBv

)
σa,udBu

)]
σᵀ

b,sσb,sds,

where the equality derives from Doob-Meyer’s decomposition (Karatzas and Shreve, 1991,
Theorem 4.10, page 24).

We begin with the second term. Denoting the continuous local martingale
∫ t

iΔn,T
σa,vdBv

by M̃a,t and integrating by parts, we obtain

1
hn,TΔn,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

)∫ (i+1)Δn,T

iΔn,T

2

[(∫ s

iΔn,T

M̃a,uσa,udBu

)]
σ
ᵀ
b,sσb,sds

=− 1
hn,TΔn,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

)∫ (i+1)Δn,T

iΔn,T

2

(∫ s

iΔn,T

σ
ᵀ
b,vσb,vdv

)
M̃a,sσa,sdBs

+
1

hn,TΔn,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

)
2

(∫ (i+1)Δn,T

iΔn,T

σ
ᵀ
b,vσb,vdv

)(∫ (i+1)Δn,T

iΔn,T

M̃a,vσa,vdBv

)
.

The quadratic variation of
1

hn,TΔn,T
∑n−1

i=1 K2
(XiΔn,T−x

hn,T

)∫ (i+1)Δn,T

iΔn,T
2
(∫ s

iΔn,T
σᵀ

b,vσb,vdv
)

M̃a,sσa,sdBs is

1

h2
n,TΔ

2
n,T

n−1

∑
i=1

K4
(

XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T

iΔn,T

4

(∫ s

iΔn,T

σᵀ
b,vσb,vdv

)2

M̃2
a,sσ

ᵀ
a,sσa,sds.

Now,

Eλ

(
1

h2
n,TΔ

2
n,T

n−1

∑
i=1

K4
(

XiΔn,T −x

hn,T

)∫ (i+1)Δn,T

iΔn,T

4

(∫ s

iΔn,T

σᵀ
b,vσb,vdv

)2

M̃2
a,sσ

ᵀ
a,sσa,sds

)

≤ Cσ
ᵀ
bσb

(
Δ2

n,T

Δ2
n,T

)
Eλ

(
1

h2
n,T

n−1

∑
i=1

K4
(

XiΔn,T −x

hn,T

)∫ (i+1)Δn,T

iΔn,T

4M̃2
a,sσ

ᵀ
a,sσa,sds

)

≤ Cσ
ᵀ
bσb

Eλ

⎛⎝ 1

h2
n,T

n−1

∑
i=1

K4
(

XiΔn,T −x

hn,T

)
Eλ

⎛⎝( sup
iΔn,T≤s≤(i+1)Δn,T

∣∣∣M̃a,s

∣∣∣)2(∫ (i+1)Δn,T

iΔn,T

4σᵀ
a,sσa,sds

)
|Fi

⎞⎠⎞⎠
≤ C8

Δn,T

hn,T
Eλ

⎛⎝ 1
hn,T

n−1

∑
i=1

K4
(

XiΔn,T −x

hn,T

)
Eλ

⎛⎝( sup
iΔn,T≤s≤(i+1)Δn,T

∣∣∣M̃a,s

∣∣∣)2

|Fi

⎞⎠⎞⎠
≤ C9

Δn,T

hn,T
Eλ

(
1

hn,T

n−1

∑
i=1

K4
(

XiΔn,T −x

hn,T

)∫ (i+1)Δn,T

iΔn,T

σᵀ
a,sσa,sds

)

= O

(
Δn,T

hn,T
v(T)

)
. (A.22)

Therefore,

1
hn,TΔn,T

n−1

∑
i=1

K2
(

XiΔn,T − x

hn,T

)∫ (i+1)Δn,T

iΔn,T

2

(∫ s

iΔn,T

σᵀ
b,vσb,vdv

)
M̃a,sσa,sdBs = Op

⎛⎝Δ
1/2
n,T

h1/2
n,T

v1/2(T)

⎞⎠.
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The additional term is

1
hn,TΔn,T

n−1

∑
i=1

K2
(

XiΔn,T
−x

hn,T

)
2

(∫ (i+1)Δn,T

iΔn,T

σᵀ
b,sσb,sds

)(∫ (i+1)Δn,T

iΔn,T

M̃a,sσa,sdBs

)

≤ Δn,T

hn,TΔn,T

n−1

∑
i=1

K2
(

XiΔn,T
−x

hn,T

)
2σᵀ

b,iΔn,T
σb,iΔn,T

(∫ (i+1)Δn,T

iΔn,T

M̃a,sσa,sdBs

)

+
1

hn,TΔn,T

n−1

∑
i=1

K2
(

XiΔn,T
−x

hn,T

)
2

(∫ (i+1)Δn,T

iΔn,T

(
σᵀ

b,sσb,s −σᵀ
b,iΔn,T

σb,iΔn,T

)
ds

)
×
(∫ (i+1)Δn,T

iΔn,T

M̃a,sσa,sdBs

)
.

Using the same method of proof leading to equation (A.22), the first term has a quadratic
variation given by

Δ2
n,T

h2
n,TΔ

2
n,T

n−1

∑
i=1

K4
(

XiΔn,T
− x

hn,T

)
4
(
σᵀ

b,iΔn,T
σ b,iΔn,T

)2
(∫ (i+1)Δn,T

iΔn,T

M̃2
s

(
σᵀ

b,sσb,s

)
ds

)
= Op

(
Δn,T

hn,T
v(T)

)
.

Hence, the order of the first term is Op

(
Δ

1/2
n,T

h1/2
n,T

v1/2(T)

)
. As for the second term, we can

treat it in just the same way as Ψ
μb ,B,2
1,2 above and obtain an asymptotic order equal to

Op(Δ
1/2
n,T v(T)).

Thus,

1
hn,TΔn,T

n−1

∑
i=1

K2
(

XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

σa(Xv)dBv

)2

(σb(Xs)
ᵀσb(Xs))ds

=
1

hn,TΔn,T

n−1

∑
i=1

K2
(

XiΔn,T
−x

hn,T

)∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

σᵀ
a,vσa,vdv

)
σᵀ

b,sσb,sds

+Op

⎛⎝Δ
1/2
n,T

h1/2
n,T

v1/2(T)

⎞⎠+Op(Δ
1/2
n,T v(T))

=
Δn,T

2hn,T

n−1

∑
i=1

K2
(

XiΔn,T
−x

hn,T

)
σa(XiΔn,T

)ᵀσa(XiΔn,T
)σb(XiΔn,T

)ᵀσb(XiΔn,T
)

+Op

⎛⎝Δ
1/2
n,T

h1/2
n,T

v1/2(T)

⎞⎠+Op(Δ
1/2
n,T v(T)), (A.23)

where the second identity derives from the fact that∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

σᵀ
a,vσa,vdv

)
σ
ᵀ
b,sσb,sds

=

∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

(
σᵀ

a,vσa,v −σa(XiΔn,T )
ᵀσa(XiΔn,T )

)
dv

)
σ
ᵀ
b,sσb,sds

+

∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

σa(XiΔn,T )
ᵀσa(XiΔn,T )dv

)(
σ
ᵀ
b,sσb,s −σb(XiΔn,T )

ᵀσb(XiΔn,T )
)

ds

+

∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

σa(XiΔn,T )
ᵀσa(XiΔn,T )dv

)
σb(XiΔn,T )

ᵀσb(XiΔn,T )ds. (A.24)
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Notice that∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

σa(XiΔn,T
)ᵀσa(XiΔn,T

)dv

)
σb(XiΔn,T

)ᵀσb(XiΔn,T
)ds

= σa(XiΔn,T
)ᵀσa(XiΔn,T

)σb(XiΔn,T
)ᵀσb(XiΔn,T

)

(∫ (i+1)Δn,T

iΔn,T

(∫ s

iΔn,T

dv

)
ds

)
=

Δ2
n,T

2
σa(XiΔn,T

)ᵀσa(XiΔn,T
)σb(XiΔn,T

)ᵀσb(XiΔn,T
),

which is the dominant term in equation (A.24). Using the usual arguments based on Itô’s
lemma (see, e.g., equation (A.11)), the remaining two terms in equation (A.24) lead to

probability orders dominated by Op

(
Δ

1/2
n,T

h1/2
n,T

v1/2(T)

)
+ Op(Δ

1/2
n,T v(T)). Equation (A.23),

therefore, gives√
hn,T L̂n,T(x)√

Δn,T

⎛⎜⎝ numΨσb
2,2

Δn,T
hn,T

∑n
i=1 K

(XiΔn,T −x
hn,T

)
⎞⎟⎠= Op (1)

since

Op

⎛⎝ Δ
1/2
n,T

v1/2(T)h1/2
n,T

⎞⎠+Op(Δ
1/2
n,T ) = op(1).

We now write the estimation error decomposition as

vechân,T (x)−vecha(x) = vechΨ3 −vecha(x)+ vechΨ1 + vechΨ2. (A.25)

We use the same procedure as in Theorem 4, i.e., we orthogonalize the vector of martin-
gales vechΨ2, and apply Theorem 3.16 in Höpfner and Löcherbach (2003) or Proposition 1
of Feigin (1985) to find that√

hn,T L̂n,T(x)

Δn,T
vechΨ2 ⇒ N

(
0,K2PD (2a(x)⊗a(x))Pᵀ

D

)
(A.26)

since√
hn,T L̂n,T(x)√

Δn,T

⎛⎜⎝ numΨσb
2,1

Δn,T
hn,T

∑n
i=1 K

(XiΔn,T −x
hn,T

)
⎞⎟⎠= Op

(√
Δn,T

)
= op(1)

and√
hn,T L̂n,T(x)√

Δn,T

⎛⎜⎝ numΨσb
2,2

Δn,T
hn,T

∑n
i=1 K

(XiΔn,T −x
hn,T

)
⎞⎟⎠= Op(1),
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if Δn,T

hn,T L̂n,T(x)

p→ 0 and Δn,T

h2
n,T

→ 0, where PD =(DᵀD)−1 Dᵀ is the Moore-Penrose generalized

inverse of D (see, e.g., Magnus and Neudecker, 1988). Also, we note that√
hn,T L̂n,T(x)√

Δn,T
(vechΨ1) =

√
hn,TL̂n,T(x)√

Δn,T
Op(Δn,T) (A.27)

+

√
hn,T L̂n,T(x)√

Δn,T
Op

⎛⎝ Δn,T

h1/2
n,T v1/2(T)

⎞⎠ (A.28)

= op(1). (A.29)

Using the derivations leading to equation (A.20) above, and the twice differentiability prop-
erties of the diffusion elements and the invariant density, we have

vechΨ3 −vecha(x) = vechs(x)+Op

(
Δn,T

h2
n,T

)
+op(h

2
n,T),

where s(x) is the d×d matrix with elements

sgq(x) = h2
n,T

(∫
S

s2K(s)ds

)⎛⎝ d

∑
j=1

∂agq (x)

∂x j

∂ φ̃(x)
∂ x j

φ̃(x)
+

1
2

d

∑
j=1

∂ 2agq (x)

∂x j∂x j

⎞⎠, g,q = (1,1), . . . ,(d,d).

(A.30)

We obtain the stated result by combining the estimation error decomposition in equa-

tion (A.25) with equations (A.26), (A.27), and (A.30), provided
hd

n,T L̂n,T(x)
Δn,T

p→ ∞,

hd+4
n,T L̂n,T(x)
Δn,T

p→ C, and hd−4
n,T L̂n,T(x)Δn,T

p→ 0. Notice, in fact, that√
hd

n,T L̂n,T(x)

Δn,T
{vechân,T(x)− vecha(x)} =

√
hd

n,T L̂n,T(x)

Δn,T
vechΨ2

+

√
hd

n,T L̂n,T(x)

Δn,T

⎧⎨⎩Op

⎛⎝Δn,T +
Δn,T

h1/2
n,T v1/2(T)

⎞⎠⎫⎬⎭
+

√
hd

n,T L̂n,T(x)

Δn,T

{
O(h2)+Op

(
Δn,T

h2
n,T

)}
⇒ N(0,K2PD (2a(x)⊗a(x))Pᵀ

D) ,

if
hd

n,T L̂n,T(x)
Δn,T

p→ ∞,
hd+4

n,T L̂n,T(x)
Δn,T

p→ 0 and

√
hd

n,T L̂n,T(x)
Δn,T

Δn,T

h2
n,T

p→ 0. �
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