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ON THE FUNCTIONAL ESTIMATION
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We propose a nonparametric estimation theory for the occupation density, the drift
vector, and the diffusion matrix of multivariate diffusion processes. The estima-
tors are sample analogues to infinitesimal conditional expectations constructed as
Nadaraya-Watson kernel averages. Mild assumptions are imposed on the statistical
properties of the multivariate system to obtain limiting results. Harris recurrence is
all that we require to show consistency and asymptotic (mixed) normality of the pro-
posed functional estimators. The identification method and asymptotic theory apply
to both stationary and nonstationary multivariate diffusion processes of the recurrent

type.

1. INTRODUCTION

The estimation of stochastic differential equations, often conducted in conjunction
with the study of valuation models for derivative securities, has drawn substantial
attention in recent years. Parametric, semiparametric, and nonparametric estima-
tion methods for scalar diffusion processes are now well established under a vari-
ety of assumptions on the statistical properties of the underlying continuous-time
series (see, e.g., the review papers by Ait-Sahalia, Hansen, and Scheinkman, 2010,
Bandi and Phillips, 2010, Cai and Hong, 2003, Fan, 2005, Gallant and Tauchen,
2010, and Johannes and Polson, 2010, for discussions).

Increasing the dimensionality of the system poses substantial complications to
the econometrics of continuous-time models. While existing methods allow us
to deal rather efficiently with involved parametric specifications for multivari-
ate diffusions (see, e.g., Gallant and Tauchen, 2010, and the references therein),
less progress has been made in the nonparametric estimation of multidimen-
sional specifications for continuous-time models of the diffusion type. Such a
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development appears to be important in view of the robustness to potential mis-
specifications offered by fully functional estimation methods as well as their de-
scriptive power and usefulness in building more accurate parametric models.

As is well known, the dynamic evolution of a multivariate diffusion process
depends on the form of its drift vector and diffusion matrix. Importantly, the
drift vector and the diffusion matrix have infinitesimal (first and second) condi-
tional moment definitions which lend themselves to nonparametric kernel estima-
tion. Sample analogues to the infinitesimal first and second moment can therefore
be constructed by employing, among other methods, classical Nadaraya-Watson
kernel estimators. To this extent, this article derives the limiting properties of
Nadaraya-Watson kernel estimators of the drift vector and diffusion matrix of
a multivariate diffusion process under Harris recurrence. Harris recurrence is
known to be a milder assumption than stationarity and mixing (see, e.g., Meyn
and Tweedie, 1993). Intuitively, it solely requires the continuous trajectory of the
process to visit sets of nonzero Lebesgue measure in its admissible range an infi-
nite number of times over time. Thus, it represents a mild condition for local iden-
tification, as we show formally below. Harris recurrent processes may be strictly
stationary, stationary in the limit (ergodic or positive recurrent) or nonstationary
(null recurrent).

The asymptotic behavior of the drift and diffusion estimators is examined as the
observation frequency increases (infill asymptotics) and as the time span length-
ens (long span asymptotics) jointly. We prove consistency of the functional es-
timates and convergence to mixtures of normal laws, where the mixing variates
depend on a random object which drives the convergence rates of the functional
estimates and whose divergence properties depend on the specific process being
considered. Such a random object is, in general, not a chronological local time
as in the scalar diffusion case examined elsewhere (Bandi and Phillips, 2003, BP
henceforth, and Ait-Sahalia and Park, 2016). Nevertheless, it can be interpreted
as an estimate of the density of the occupation time measure of the underlying
process, where the latter represents the amount of time spent by the process in a
certain spatial set of nonzero Lebesgue measure. Unlike the concept of local time,
the notion of occupation density extends to multivariate frameworks (see, e.g.,
Geman and Horowitz, 1980). Of course, when the dimensionality of the prob-
lem collapses to one, the random object driving the rates of convergence of the
nonparametric estimates is, indeed, a chronological local time.

From a technical standpoint, the nonexistence of a notion of local time for
multivariate continuous semimartingales represents a considerable theoretical
difficulty to overcome when studying nonparametric kernel estimation for mul-
tidimensional diffusion processes under potential nonstationarities. This article
provides a solution to this problem while offering additional insights about the
scalar diffusion case which, as discussed, may be viewed as a subcase of our
more general theory of inference.

Relaxing stationarity for identification is theoretically and empirically impor-
tant. We show that the dimensionality of the problem has a two-fold effect on the
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rate of convergence of the functional estimates when the system is nonstationary.
The first effect is coherent with the conventional “curse of dimensionality” result-
ing from the estimation of conditional expectations in multivariate discrete-time
frameworks under stationarity. The second effect operates through the random
quantity which drives the rates of convergence of the functional estimates and,
as emphasized earlier, may be interpreted as an estimate of the density of the
occupation measure of the process. This quantity inherits the divergence rate of
the process’ occupation measure. The occupation measure is known to diverge
linearly with the time span when examining positive Harris recurrent Markov
processes of any dimension. However, the dimensionality of the system affects
negatively its divergence rate in the null recurrent (nonstationary) case, thereby
delivering an additional curse of dimensionality which is a genuine by-product
of the mildness of our assumptions. We call this double effect “double curse of
dimensionality.” We emphasize that the double curse of dimensionality is not spe-
cific to the use of functional methods for multivariate, potentially nonstationary,
diffusion processes. We expect the same effect to arise from the functional estima-
tion of multivariate, nonstationary processes in discrete time should the adopted
asymptotic theory allow for general recurrent dynamics.

Research on the use of recurrence as an identifying assumption appears war-
ranted in discrete time as well. It is, as in the continuous-time case, still in its
infancy. Fundamental progress in discrete time, both in the context of autoregres-
sive processes—as in this article—and in the context of cointegrating models—
has been made by, e.g., Guerre (2004), Karlsen and Tjgstheim (2001), Karlsen,
Myklebust, and Tjgstheim (2007), Moloche (2004b), and Schienle (2008). We re-
fer the reader to Wang and Phillips (2009a, 2009b), and the references therein, for
a promising alternative approach based on Skorohod embedding and nonlinear
transformations of the embedded process. Wang (2015) provides a rich account
of existing results and new perspectives.

Previous work on the functional estimation of multivariate diffusion processes
has largely focused on the diffusion matrix. Brugiére (1991) extends the non-
parametric estimator of the second infinitesimal moment suggested by Florens-
Zmirou (1993) in the scalar case to a system of diffusions and provides a proof
of consistency in probability (see, also, Genon-Catalot and Jacod, 1993). In
follow-up work, Brugiére (1993) derives the limiting distribution of his estima-
tor and shows asymptotic normality. Importantly, the methodology in Brugiére
(1991,1993) does not rest on stationarity. However, his limiting results are
derived using increasing frequencies over a fixed span of data. Hence, the methods
cannot be extended to drift estimation since identification of the drift necessitates
an asymptotically enlarging data span. Boudoukh, Downing, Richardson, Stanton,
and Whitelaw (2007) generalize the univariate procedure in Stanton (1997) to pro-
pose nonparametric kernel analogues to drift and diffusion matrices for multidi-
mensional diffusions. The asymptotic properties of their Nadaraya-Watson-style
estimators are not discussed, thereby rendering statistical inference difficult to
implement and interpret in their framework.
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In sum, when dealing with multidimensional diffusion processes, a complete
theory of inference for traditional Nadaraya-Watson kernel estimates of drift and
diffusion function under discreteness of the observation sampling has yet to be
established, to the best of our knowledge, even in the stationary case. We con-
tribute to the literature by studying nonparametric identification of the occupation
density, drift, and diffusion of stationary and nonstationary multidimensional dif-
fusion processes in the recurrent class.

The article is organized as follows. Section 2 introduces the model and the
nonparametric estimates. Section 3 discusses Harris recurrence for multidimen-
sional diffusion processes. Section 4 reports important preliminaries about Harris
recurrent processes. These results are used in the development and interpretation
of our limit theory. In Section 5 we discuss our asymptotic findings. Section 6
concludes. Proofs and technical details are in the Appendix. In what follows, the

symbols =, 43, 2 and £ stand for weak convergence, convergence with prob-
ability one, convergence in probability, and distributional equivalence, respec-
tively. For two real-valued positive sequences ar and br, the notation ar ~ by
means that ar = O(br). When applied to a generic matrix A the operator vec
stacks the columns of A. With a squared matrix A, we use the notation A2 1o
signify EA'/2E~!, where E contains columns of eigenvectors and A is a diagonal
matrix of eigenvalues. The symbols ® and 1p denote the Kronecker product and
the indicator function of the set B, respectively.

2. DESCRIPTION OF THE MODEL AND ESTIMATORS

Consider the probability space (€2, F, P), the filtration of sub-o-fields F;, and the
continuous adapted process {X;, F;;0 <7 < oo} with

X,:Xo—f—/olu(Xs)ds—k/ola'(Xs)st, (1)

where X is a given initial condition, B = {B;, ;;0 < t < 0o} is an m-dimensional
standard Brownian motion, p1(.) = {i;(.) }, <j<q 18 @d x 1 Borel measurable drift

vector and o(.) = {ij(')}llﬁid is a d x m Borel measurable matrix. Assume
SKsm

X is independent of B and X; takes values in I C R¢. Each coordinate th of the
process can be written as

. . t m t
X{:X(J)—l—/uj(Xs)ds—i—Z/ o (X,)dBt, 0<t<oo,1<j<d. )
0 =170

Define the d x d symmetric and nonnegative (diffusion) matrix a (x) = o (x) o (x)7
with generic element aj,(x) = X' Oj (x) o (x) 1 <j<d,1 <p <dVxe
I C RY. Write the expectation (probability) conditional on Xy = x, where x =
(x!,x%,...,x4) is a d-dimensional initial condition, as E¥ (P¥). The drift vec-

tor p(.) and the diffusion matrix a(.) have classical representations in terms of
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infinitesimal conditional moments, i.e.,

E*[X] — ] = 11 (x) + 0 (1),
Ex[(X,j—xj) (XV —xP)] =taj, (x)+o(1),

as 1] 0 (see, e.g., Karatzas and Shreve, 1991, page 282).

Now, assume the process {X;:7>0} is sampled at equispaced times
{t=11,12,...,1,} in the interval [0, T]. It readily follows that {X; = XA, , XoA,,
X3A, 75+ Xna, ¢} are n observations on the process X; at {trj = A, 7,1 = 2An:r,
t3=30n71,... .ty =nl, 1}, where A, 7 =T/n.

We estimate the drift vector p(x) and the diffusion matrix a(x) Vx € I € R? by

employing
ﬁ ( ) 1 z::lz_ll Khn,T (XiA)L.T - .X) (X(l+ 1 )An,T B XiA’l-T) (3)
x =
T An,T 2;’:1 Khn,T (XiAn,T —)C)
and

1 X K (Xia,r = %) (X a,, —Xia,r) Xirna,, —Xin,: )|
A"sT 2:1:1 Khn,T (XiAn.T _x) 7
4)

a,7(x) =

Xi\

where Kj(Xia, ; —x) = hidn;lzl K (%Tx) is a product kernel function and
hy 7 is a bandwidth sequence. The properties of the kernel K (.) are spelled out in
Assumption 2 below.

The estimators in equations (3) and (4) belong to the general class of Nadaraya-
Watson kernel estimators (see, e.g., Pagan and Ullah, 1999). They are multidimen-
sional counterparts of those discussed in BP (2003). In light of the absence of a
notion of local time and corresponding theory, our analysis of the more com-
pelling, from an empirical and theoretical standpoint, multivariate case poses tech-
nical complications which, as said, were absent in the scalar case.

Our limiting results will yield consistency and asymptotic mixed normality of
the estimates in an asymptotic design which lets the time span increase without
bound (7 — oo) with a distance between observations going to zero (A, 7 =
T/n — 0). The former assumption (long span asymptotics) is necessary for drift
estimation. The latter (infill asymptotics) is key to approximate the continuous
trajectory of the process with a sample of discretely sampled observations while
replicating the infinitesimal properties of the relevant moments. This assumption
is important for nonparametric identification in the absence of a time-invariant
stationary density. All limits are joint limits over T,n — co with A, 7 = T/n — 0.

We view our asymptotic design as a realistic approximation in fields, such as
finance, in which data sets comprise observations sampled at relatively high fre-
quencies over sufficiently long spans of time. To this extent, several simulation
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studies (see, e.g., Jiang and Knight, 1999) have shown that daily data, for in-
stance, are sensible approximations to frequent observations for nonparametric
estimators relying on frequent observations. Higher than daily frequencies are
also now available (in finance, for instance), albeit over generally shorter time
spans. The use of intradaily data, however, poses microstructure-related issues
which are beyond the scope of the present article.

3. HARRIS RECURRENCE

This section introduces conditions on the underlying continuous-time process. In
particular, we emphasize recurrence, a property such that the path of the process
of interest returns to open sets in its range an infinite number of times over time,
regardless of the initial condition. Specifically, let A be a measurable set of I C R?
and define 77 = inf {t >0:X; € Z}, i.e., the first hitting time of the closure A
of the set A. The process X; is null Harris recurrent if P* [ty < oo] = 1 for every
x € I\A. The process X, is positive Harris recurrent if E* [;] < oo forevery x € I\A.

We now turn to formal assumptions. Under Assumption 1(b), the process is
Harris (null or positive) recurrent. Assumption 1(c) implies positive recurrence
(ergodicity) and simply strengthens Assumption 1(b). While Assumption 1(c) is
not necessary, it will be interesting to specialize our results to the more familiar
case of positive recurrent or strictly stationary processes.

Assumption 1.

(a) p(.) and o (.) are time-homogeneous, B-measurable functions on I C RY,
where B is the o-field generated by Borel sets on /. They are such that
a strong solution to the d-dimensional process {X; : t > 0} in equation (1)
exists and is unique up to null sets.

(b) (Recurrence). Assume that, for every open and bounded set A C 1,
minaj(x) >0
XEA
for some 1 < j <d. Define the second-order elliptic operator

1 d d ()
8x/(9x1’

d a¢
=2 H

Jj=1 le

There is a function ¢(.) : R4\ {0} — R of class C? (i.e., twice continuously
differentiable) in the domain of the operator that satisfies

Lo()<0  onRN{0}

and is such that W(r) := min—, ¢ (x) is strictly increasing with lim,
U(r) = oo (c.f. Karatzas and Shreve, 1991, Exercise 7.13, part (i),
page 371).

(c) (Positive recurrence). There is a function ¢(.) : R\ {0} — R of class C?
in the domain of the operator that satisfies
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Lo()<—-1  onRN{0}

and is such that W(r) := min—, ¢ (x) is strictly increasing with lim,
U(r) = oo (c.f. Karatzas and Shreve, 1991, Exercise 7.13, part (ii),
page 371).

Assume X is the unique strong solution of equation (1) with initial condition
X(()x) =x e 1 C R4, then the measure ¢ is invariant for equation (1) if, and only if,

O(A) = /[P (X,‘” eA) 0(dx) VA€ B(I)

for every 0 <t < 0o (see, e.g., Karatzas and Shreve, 1991, Exercise 6.18, page
362). Harris recurrence is a sufficient condition for the existence of a o-finite
invariant measure. This measure is unique up to multiplication by a constant. If
the invariant measure can be normalized to a probability measure (see equation
(6) below), then we say that the process is positive Harris recurrent as implied
by Assumption 1(c) above. Otherwise, the process is null Harris recurrent (and
nonstationary).

For illustration, consider the scalar case (d = 1) with range I = (/,u) such that
—00 <[ <u < 0. The “speed measure,” i.e.,

2dx

m(dx) = m7

Vxe I CR, )

where V' (x) is the first derivative of the “scale function”

X g £
v(x) :/ exp{—Z/ 'uz( )

c c 0%(g)
is the unique invariant measure for some c¢ € I. Under positive recurrence, the
process admits a time-invariant probability measure, to which it converges, and

the normalized speed measure, i.e., m(dx)/m(I) = p(dx), is the time-invariant
probability measure of X, namely

m((L,y))
m(I)

c.f., Karatzas and Shreve (1991, Exercise 5.40, page 353).

Scalar Brownian motion and Brownian motion on the plane are classical ex-
amples of univariate and bivariate null Harris recurrent diffusion processes. In
higher dimensions Brownian motion is not recurrent. Hence, while Harris recur-
rence might not apply to certain highly dimensional nonstationary systems, it does
of course apply to all strictly stationary or ergodic systems regardless of their lin-
earity properties and dimensionality. The well-known class of multivariate affine
diffusions (linear drift vector p(x) and linear diffusion matrix a(x)) is, trivially,
positive recurrent under standard assumptions.

de}dé, VxelICR

lim PY(X; < y) = Vx,y eI CR, (6)
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With the exception of Brownian motion in one and two dimensions, examples
of null recurrent scalar and multivariate diffusion processes are, admittedly, con-
spicuously absent from the econometric literature. Similarly, the existing discrete-
time literature has a tendency to solely present examples based on unit-root
processes. An interesting exception for our purposes is Chen and Hansen (2002).
They provide an example of a multidimensional diffusion displaying various
recurrence properties depending on the relation between the dimensionality of the
system and the parameters of the invariant measure and diffusion function. Specif-
ically, assume ¢ (dx) = ¢y (14 ||x]|>)~?dx and a(x) = c5(1 + ||x||*)®1y . Then, the
d-dimensional diffusion is null Harris recurrent if% >9>0-1 —l—% >—1+ %. It
is positive Harris recurrent if ¢ > ‘71 and >0 -1+ %1. This is a case of volatility-
induced stationarity (Conley, Hansen, Luttmer, and Scheinkman, 1997).

As discussed, Harris recurrence is a weaker assumption than stationarity and
mixing (see, e.g., Meyn and Tweedie, 1993). Intuitively, point-wise identification
requires return of the sample path of the process to local neighborhoods. This is
precisely what Harris recurrence yields.

4. PRELIMINARIES ABOUT HARRIS RECURRENT PROCESSES

We now present two theorems which are central—in their various forms—to the
analysis of Harris recurrent processes. Both theorems apply to Harris recurrent
continuous-time Markov processes potentially more general than multivariate dif-
fusion processes.

THEOREM 1 (The ratio-limit theorem). Consider the continuous-time Markov
process X; defined on the filtered probability space (0, F,(F;)i>0, P). Assume X;
is Harris recurrent with invariant measure ¢. Then, for any Borel measurable
pair of functions f(.) and g(.) which are integrable with respect to ¢, the ratio of
the functionals fOTf(XS)ds and fOTg(Xs)ds is so that

T
P g 0SS <0/ > )
T—oo [ g(Xs)ds < ¢,8>

provided < ¢,g > = [ g(x)¢(dx) > 0.

THEOREM 2 (The Darling-Kac theorem). Consider the continuous-time
Markov process X, defined on the filtered probability space (Q, F,(F;)r>0,P).
Assume X, is Harris recurrent with a stationary transition density and invariant
measure ¢. For a given nonnegative function f(.) such that 0 < [ f(x)$(dx) < oo,
we have

W(T) = U(T)T® ~E* UOOO exp {—%}f(X,)dt} 0<a<l @)

so that U(T) is slowly varying as T — 0o." It follows that
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. 1T
lim P (m/o F(Xs)ds < u> — Go(u), ©)

where Cx is a process-specific constant, and Gy (u) is the cumulative distribution
function of a Mittag-Leffler random variable g, i.e., a random variable with
moments

r!

E(g)=—— >0
(ga) F(l—f—roc)’ r= )

where T'(.) is the gamma function.

Remark 1. Theorem 1 can be interpreted as an ergodic theorem for potentially
nonstationary continuous-time Markov processes. Integrals with respect to the
invariant measure replace standard integrals with respect to the process’ time-
invariant probability density. The interested reader is referred to Azéma, Kaplan-
Duflo, and Revuz (1966) for additional details.

Remark 2. Theorem 2 provides a weak convergence result for additive
functionals of potentially nonstationary continuous-time Markov processes. For
o = 0, the Mittag-Leffler density becomes the exponential density with param-
eter 1 and Go(u) = 1 — e with u > 0. In fact, E (gf)) = %’1) = r! defines its

moments. For o = %, the Mittag-Leffler density corresponds to the truncated (to
positive draws) normal density with sigma v/2 and G (1) = ﬁ I e /4dy with
2

u > 0. In this case, E(g{ /2) o Ty Given the properties of the gamma func-

~ T+
tion, the first two moments, for instance, are E(g| /2) = ﬁ = % and E(g? /2) =

2
% = 2, thereby yielding a variance equal to 2 (l — %)

Remark 3. If f(.) is the indicator function applied to the generic set A, then the
additive functional fOT f(X;)ds defines the occupation time of the set A, i.e.,

T
Lx(T,A) :/o Lix,eayds.

The Darling-Kac theorem provides the asymptotic distribution of the normalized
occupation times of (possibly multivariate) Harris recurrent Markov processes

over measurable sets. Under Harris (positive or null) recurrence, Lx(7,A) 20
VA C I since the number of visits made to each set A by these processes diverges to
infinity as the time span enlarges. The probability rate of divergence of the occu-
pation time Ly (7, .) is given by the features of the underlying process through the
function v(.). This rate, and the corresponding limiting distribution, are known in
closed-form only for a few processes. In the scalar Brownian motion case, ot = %

and U(.) = 1 (i.e., v(T) = v/T) yielding

1 T 1 u 2
. o _ _ —y /4 > 2
lim P! (CX\/T./O 1ix,ends < u> Gy = /O ey, w>02 (10)
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In the planar Brownian motion case, o = 0 and U(.) = log(.) (i.e., v(T) = logT)
yielding,

. 1 r _
]11—I){)10PX (W/O I{XSeA}dS < u) = G()(I/t) =1l-—e u, u Z 0. (11)
The weak convergence results in equations (10) and (11) are versions of the
Kallianpur-Robbins Theorem (Kallianpur and Robbins, 1953).

Remark 4. If the process X; is positive Harris recurrent or strictly stationary,
then we obtain the degenerate case o = 1 and U(.) = 1 (i.e., v(T) = T) yielding a
weak ergodic theorem:

: / " )ds & / Zf(x)p(dx% (12)

where m(dx)/m(I) = p(dx) is the time-invariant probability measure of X;. This
result can be strengthened to almost-sure convergence using methods analogous to
those leading to Theorem 1. Equation (12) shows that additive functionals of pos-
itive Harris recurrent (and, of course, strictly stationary) processes increase like
T (see, e.g., Revuz and Yor, 1998, page 409). While positive recurrent processes
have occupation times that increase linearly with 7 regardless of their dimension,
the dimensionality of the system affects, in general, the divergence rates of the
occupation times of a null recurrent process, as shown in the previous remark.
This observation will be important to understand the convergence properties of
the proposed functional estimates.

Remark 5. The limit theory for nonstationary continuous-time Harris recur-
rent processes depends on occupation times which, when appropriately rescaled
by the unknown function v(T'), tend to a Mittag-Leffler random variable, in gen-
eral. In agreement with this result, we will show that the martingale terms of the
estimation error decompositions of the estimators in equations (3) and (4) con-
verge (stably) to a mixture Gaussian distribution with a random Mittag-Leffler
variance. In practice, the scaling, which depends on the Mittag-Leffler parame-
ter a—and, hence, on the recurrence properties of the process—is unknown. The
form of the estimators is, however, such that one can, instead, use a data-driven
scaling. Since this data-driven scaling converges to the same Mittag-Leffler den-
sity, the martingale terms of the estimation error decompositions, and the lim-
iting distributions of the estimators, will be shown to follow a classical normal
distribution.

5. ASYMPTOTICS

Before discussing our limiting results, we impose more structure on the model.
We begin, however, with assumptions on the kernel function K(.) appearing in
the definition of the estimators in equations (3) and (4).

https://doi.org/10.1017/50266466617000305 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466617000305

906 FEDERICO M. BANDI AND GUILLERMO MOLOCHE

Assumption 2. The function K(x) is a product kernel function de-= (K(x7).K(.)
is a bounded, continuous, and symmetric density defined on a compact set S. The
derivatives of the density K(.) are bounded.

Assumption 3.

1. Let imrosoo i Jo Jo 185.4(a,0) ] dsdt < oo, with gy(a,b) = pys(a,b) -
Ds(a)pi(b), where py,(.,.) is the joint density for values of the process at
times s and ¢ and p;(.) is the marginal density for values of the process at
time s, with some r € [1,00], Va,b.3

2. (DY = oo

3. h‘r’f}zv(T) — 0.

Assumption 3.1 is a regularity condition controlling dependence in the pro-
cess sample path. It amounts, effectively, to condition A/(r) in Bosq (1998,
page 105). If r = oo, the bandwidth requirement in Assumption 3.2 is trivially
met since v(T) — oco. This is the case if, for example, the process is ergodic
(85 = 81—s) = &u) and Castellana and Leadbetter’s condition (Castellana and
Leadbetter, 1986) is satisfied: |g,(a,b)] < M(u) € L(0,00) for all a and b.
In fact, if r = oo and the process is ergodic,

1
lim

T T . , .
T*)oo?,/() /0 |‘g.y,t(a,b)|‘rdef:T1;I£10/0 (1_?)ng(a,b)”oodu
00
:/O H:g;u(aab)”oodu<oo_

It is known that the Castellana and Leadbetter’s condition is satisfied by a very
large class of ergodic diffusions (Leblanc, 1995, Kutoyants, 1995, and Vereten-
nikov, 1999, among others). In general, the requirement in Assumption 3.2 (i.e.,
v(T)hifIT/ " — 00) links bandwidth choice to the “regularity” of the process’ sam-
ple path. The more regular the path (r — o0), i.e., the more locally informa-
tive the path, the less binding the bandwidth condition (since, when r — oo,
v(T)hifiT/r — v(T)). For r = 2, we obtain the “optimal” rate v(T)h{ ; — oo (see,
e.g., Bosq, 1998, Theorem 4.2, page 94). For r = 1, we have v(T)h%fiT — 00 (see,
e.g., Bosq, 1998, Theorem 4.1, page 91). The “dimensionality” condition in As-

sumption 3.3 (i.e., hg}zv(T) — 00) is never binding when d = 1 or d = 2.

Assumption 4.

1. p(.) and o (.) are bounded, with bounded derivatives of any order, and such
that a strong Harris recurrent solution to the system exists. The uniform
Hormander condition is met (see, e.g., Kusuoka and Strook, 1985).

2. Regular variation at 0 of resolvents of the diffusion—as in equation (8)—is
satisfied.

3. The invariant measure ¢(dx) admits a continuous Lebesgue density 5(x)
that is stricly positive everywhere (¢ (x) = %).4
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Since the inferential problem is nonparametric, the boundedness assumption
on the coefficients (Assumption 4.1) is not restrictive. The available data are,
of course, clearly bounded.” Assumption 4.2 allows us to express the determin-
istic equivalent(s) of the process as being proportional to v(7) = U(T)T“ and
employ limiting results for additive functionals of Harris recurrent processes as in
Darling and Kac (1957). Assumptions 4.1, 4.2, and 4.3 imply Assumption 3.1 in
Locherbach and Loukianova (LL, henceforth) (2008). As in LL (2008), we will
find it convenient in the proof of Lemma A.1 (see Appendix) to use Nummelin
splitting for multidimensional continuous-time processes, a technique which LL
(2008) introduced.

As pointed out earlier, all limiting results are joint over T,n — oo with
Apr=T/n— 0. We start with the convergence properties of the averaged kernel
function.

THEOREM 3. Let Assumptions 1, 2, 3, and 4 be satisfied. Define

n
Lur(x) =Anr Y K, (Xin,  — x). 13)
i=1
Let n,T — oo with A, 7 — 0. Assume hy, 7 is a deterministic, vanishing sequence
so that j{"T — 0 jointly with n, T — oco. Then,
n,T

Lor(x ~

”’(TT()) = Cx$ (x) g, VxelC R (14)

V

Remark 6 (d = 1). In the univariate case, for which a notion of local time is
available, a version of Theorem 3 was derived to link the divergence properties
of the averaged kernel function to those of the local time of the process for an
increasing time span and vanishing distances between observations (BP, 2003).
This result was particularb/ important since, in the case of scalar recurrent diffu-
sions, the growth rate of L, r(x) was shown to affect the rate of convergence of
the drift and diffusion function estimators (BP, 2003). A couple of examples are in
order. If X is Brownian motion (i.e., in the %-null recurrent situation), then o = %
(c.f., Remark 3 above) and

L.r(x) = 0,(VT). (15)

If X is positive recurrent (or strictly stationary) as in Remark 4, then o = 1 and

L, 7(x) = 0,(T). (16)

Analogous findings were previously discussed by BP (2003) using different
arguments. Phillips (2001), Moloche (2004a), and Park (2006) provide interest-
ing discussions of the asymptotic properties of the expected local time and its
estimates.
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Remark 7 (d > 1). In the more general multivariate case, local time is not
defined but ZnﬁT(x) is shown, in Theorem 3, to converge to a random process
whose rate of divergence to infinity is driven by a deterministic function of time
which is regularly varying at infinity. In particular, under suitable bandwidth con-
ditions, the averaged kernel function L, 7(x) has divergence properties which
mimic those of the additive functionals of the underlying process (from Theorem
2 above). Similarly to the scalar case presented elsewhere (BP, 2003), this result
will prove important when discussing the convergence properties of the functional
estimates of the drift vector and diffusion matrix since their rates of convergence
will depend on the rate of divergence of L, 7(x).

Remark 8 (The strictly stationary or ergodic case). Theorem 3 readily implies
that, if the process is positive Harris recurrent or strictly stationary, then

I~ 1<

ZLnr() =~ 2 Ky, ; (Xia,; —x) 5 p(x) a7

i=1

)lT

with p(x) = pldx ), prov1ded — 0 as h,7 — 0 with n,T7 — oo so that

n T
A, 1 — 0. As expected, if the underlying process is endowed with a time-invariant

probability measure, then the standardized (by T) averaged kernel function rep-
resents a well-defined density estimator for every dimension. We refer the reader
to Castellana and Leadbetter (1986, Theorems 5.1 and 5.2) for a discussion of
the strictly stationary (r = oo) case in the presence of a continuous record of
observations. Our emphasis is on discretely sampled (with time distance A, 7)
observations on the process’ continuous sample path.

Remark 9. Theorem 3 uses a condition on the vanishing rate of the bandwidth
as a function of the divergence rate of the occupation density (v(T)hidT/r — 00)
which has not been made completely explicit by the existing literature (see, e.g.,
the review by Bandi and Phillips, 2010). This condition may often not be binding.
It is, in fact, not binding in the ergodic case when r = oo (c.f., the discussion

below Assumption 3).

Remark 10. The discretization condition (namely, ”T

— 0) is milder than

the corresponding condition imposed by, e.g., BP (2003) and Xu (2009), among
An,TIC’g( I}ZZAILT)L%,T(X) !Q) 0)
n,T

others, for local time estimation (effectively,

5.1. Estimating the Drift Vector

Theorem 4 discusses the consistency and limiting distribution of the drift vector
estimator in equation (3).

THEOREM 4 (The asymptotic distribution of the drift vector estimator). Let
Assumptions 1, 2, 3, and 4 be satisfied. Assume the deterministic sequence h, r is

such that hy,r — 0 with n,T — oo and N, 7 — 0 jointly. Ifhgjznyr(x) EN 0,
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~ A7y /h L,
hi";‘Ln,T(x) Loc and Sty Prlar() L0, where C

2 s a constant,
n,T

h L1 (x) (B (x) — pa(x) = T (x))

= (a(x))'°N ( (/K2 )Id>, Vxel CRY, (18)

with
T*(x) = (biasy,biass, . .. ,biasy)7T (x),

4 ou, (x 85,
biasg(x) = hnT</Ss2K(s)ds) (Z ’:;ig )% = Z 8xJ8xJ ), Vg=1,...,d.
j=

1

Remark 11 (Occupation density and consistency). The quantity Z,,yr(x) plays
the same role here that is played by the number of data points in the more standard
estimation of conditional expectations in the stationary, discrete time, context.
What matters, in general, is not the speed at which T diverges to infinity but
rather the speed at which the occupation time of a set diverges to infinity. The
proof of the theorem in the Appendix makes clear that an important assumption

”T — 0 fora

for consistency is hZ TZ,LT( ) NS (along with the requirement
’ n,T
vanishing discretization error.)
Remark 12 (Bandwidth choice). Theorem 3 implies that Z,I,T(x) = 0,(v(T))
under suitable bandwidth conditions. Under these conditions, the bandwidth
requirements in Theorem 4 can be restated as follows: hg.Tv(T) — 00,

Ay /hd o(T
hZJ;‘v(T) — C and VT (D)

error (AMSE) of the drift vector estimator is, therefore, of order O(hiT) +

— 0. The asymptotic mean squared

0O, ( il > . Thus, the optimal drift bandwidth in the mean-squared-error sense
n,T

1
should be proportional to v(7T)~ @, where d is—again—the number of equations
in the system. The smoothing sequence may be set equal to

1 1
W= e ——— | v(T) @4 19
e <1ogv<T>> v 4
where ¢ is a constant. In principle, this choice would allow one to eliminate the

influence of the bias term from the limiting distribution of the drift estimates and
obtain centering at zero, while achieving a close-to-optimal speed of convergence.

Four related issues, however, arise. First, choosing ¢? is, as in more typi-
cal nonparametric problems, cumbersome. Second, v(T)Ais process specific and
unknown, in general. Third, one could replace v(T') with L, 7(x) in equation (19).
However, ZnﬁT(x) depends on a bandwidth sequence as well. In fact, in principle,
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it depends on the same bandwidth sequence. Thus, the choice variable hi’T would
appear on both sides of the equation leading to a circularity which may be
bypassed in the classical stationary framework (in which the optimal bandwidth

1
is proportional to 7~ @+#) but is hard to avoid in nonstationary environments (in
which v(T) is generally unknown). Bandi, Corradi, and Wilhelm (2016) discuss
this issue in discrete time. Fourth, the selected bandwidth also has to satisfy the

At \ hi‘TZ)l.T (X) P

condition for a vanishing discretization, namely — 0. Any effec-
n,T
tive bandwidth selection criterion for general continuous-time models ought to

account for these observations.
The issue of bandwidth selection for recurrent processes is, therefore, particu-
larly delicate. Guerre (2004) provides an enlightening discussion in discrete time.

Remark 13 (The strictly stationary or ergodic case). In the positive Harris
recurrent case, under suitable bandwidth conditions laid out earlier, %Lnj(x) LN

p(x) and
20(x) 99 /6(1) Ip(x)

dx/  ___oxJ ox/

o()  6(0/6(1) P

since the invariant measure is integrable, i.e., 5(1 ) < oo (see the comments in

Ay hd T e
Section 3). In consequence, if i i —0and h, 7 = O(T d+4) as hy,r —0

har
with n,T — oo and A, 7 — 0, then

\/The 7 (L, (x) — pg(x) — biasg(x))

d m (72 X
=N 0,(/K2(u)du) zk*ligk() , YxelCRIVg=1,....d,
s p(x)

(20)
and

4 o (x aﬁ(),-c) 4 0%, (x
biasg(x) = hg’T (/SSZK(s)ds) <Z ,IS;E ) a&) + % D %)

j=1

_ 1 .
An analogous corollary can, of course, be obtained for 4, 7 = o(T a+a ) In this
case, the asymptotic expression would be identical with the sole exception of the
absence of the bias term.

Remark 14 (The two curses of dimensionality). Consistent with more conven-
tional models in discrete time, an increase in the dimensionality of the system
leads to a decrease in the rate of convergence of the nonparametric estimates.
Contrary to standard problems, though, this effect operates through two channels,
i.e., a deterministic effect which depends on d and a “stochastic” effect which
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depends on the speed of divergence to infinity of the quantity anr(x), ie., v(T).
The first effect is standard. As d increases, the optimal £, 7 should converge to
zero at a slower rate. In the positive Harris recurrent case, the rate at which the
bandwidth has to be adjusted as the dimension increases for a given sample size
n and time span T depends on powers of d. We recall, in fact, that the AMSE-

optimal bandwidth is A, 7 = O(T_ﬁ). In other words, when increasing the
dimensionality of the problem, the kernel window width must be made wider
to offset the sparser density of the data points. The second effect is novel. Null
Harris recurrent processes induce divergence rates for the quantity L, r(x) which
are inversely related to the dimensionality of the system (see Theorem 3). Im-
portantly, while these rates cannot be quantified in general, practical implemen-
tation of our procedures does not require their evaluation a-priori, as we dis-
cuss further in Remark 15. The scalar and planar Brownian motion cases are
notable exceptions for which the rates can be computed in closed form (c.f.,
Remark 3).

To summarize, under positive Harris recurrence (or strict stationarity), the curse
of dimensionality operates through only one channel, i.e., the dimension d, since
zn,T(x) diverges at the constant rate 7 independently of the number of equations
in the system (c.f. Remark 8). In the general (possibly nonstationary) case, the
optimal bandwidth should account for the conventional curse of dimensionality
given by d as well as for a second curse of dimensionality caused by the expected,
smaller values of Z,,yr(x). The optimal (in an AMSE sense) bandwidth in Remark

12,1e., hyr ~ v(T)fﬁ, accounts for both effects.

We expect this novel notion of “double curse of dimensionality” to carry
over to functional estimation procedures for multivariate (possibly nonstation-
ary) discrete-time processes. In other words, such an effect is truly a by-product
of our minimal assumptions and does not appear to be specific to the study of
continuous-time processes.

Remark 15. The asymptotic distribution in equation (18) depends on quanti-
ties which may, in principle, be estimated from the data, i.e., L, 7(x) and a(.) (c.f.
Theorem 3 and, below, Theorem 5). Statistical inference on the drift vector does
not require any conjectures about the dynamic features of the underlying process,
such as stationarity, aside from recurrence. While traditional asymptotic theory
is derived based on explicit assumptions of either stationarity or nonstationarity
(often of the unit-root or %—null recurrent type), which are imposed before infer-
ence begins, our weak convergence results reflect the mildness of recurrence as
an identifying assumption. Inference hinges on random norming in the context of
asymptotic normal distributions and can be implemented in the simple framework
of mixed normal models with estimable random variances. As discussed earlier,
from a theoretical standpoint, the rates of convergence are, indeed, affected by
both the stationarity features of the underlying process and the dimensionality of
the system through the constant o¢ which drives the rate of divergence of ZnﬁT(x)
(c.f. Theorems 4 and 5, below). Importantly, however, such a constant does not
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have—in principle—to be identified empirically for meaningful statistical infer-
ence to be conducted.

Remark 16. Again, the condition on vanishing discretization for weak conver-
gence is a bit milder than in the existing literature. For the case d = 1, the subject

. . Aury/Lur() Anrlog(1/An )2 1(x) as.
of previous work, it is "}1\477 LN 0, rather than T 108( 22 n0) Ly 7 () 420,
n,T

n,T

It will be apparent that similar arguments to those in the previous remarks apply
to the estimation of the diffusion matrix to which we now turn. Below, for con-
ciseness, we only place emphasis on those aspects that are specific to diffusion
matrix evaluation.

5.2. Estimating the Diffusion Matrix

Theorem 5 discusses the consistency and limiting distribution of the diffusion
matrix estimator in equation (4).

THEOREM 5 (The limiting distribution of the diffusion matrix estimator). Let
Assumptions 1, 2, 3, and 4 be satisfied. Assume the deterministic sequence hy 1
is such that h,t — 0 with n,T — oo and A, — 0. Define Pp = (DTD)’IDT,
where D is the standard duplication matrix, i.e., the unique d* x (d(d +1))/2
matrix which, given a positive definite d x d matrix u, yields

ui
u
vechu = Ppvecu = 2.1
Ud.d
0 7Ly 7 (x) o) .
Let % Ly o, ”‘TT"'T Ly ¢, where C is a constant, and
n. n,

hi}4iil,T(x)An,T L0. Then,

hg’TZn,T(x)
An,T

~ (2(x)/°N < (/KZ ) W), Yxel CRY, (21)

(vechﬁn,r(x) — vecha(x) — ro’ (x))

where

E(x) =Pp (2a(x) @ a(x)) P},

o’ (x) = (biasy 1,biasy 1, ..., biasaq)"(x),

and
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biase 0 =1 ( [ 2K (51

&, day, ()‘7 S 1 P
8 (Z Sil Py Z axﬁé]xl ’ forgaq:(l,l),-..,(d,d),

j=1 9(x)

Remark 17 (The fixed T case). Contrary to drift estimation, Theorem 5 clar-
ifies that the diffusion matrix can be consistently estimated over a fixed span of
data T =T (c.f., Florens-Zmirou, 1993, in the scalar case and Brugiére, 1991 and
1993, in the multivariate case). Hence, if interest is placed on volatility estima-
tion, the process can be transient for identification. Should the focus be on both
the diffusion matrix and the drift vector (namely, on the full system’s dynamics,
as in this article), then recurrence represents, as discussed, a rather mild condition
for the identification of the full system.

Remark 18 (The bivariate case). It is now worth being explicit about the form
of the limiting variance in equation (21). For clarity, we consider the bivariate
case, i.e., d = 2. Write

E(x) = Pp(2a(x) ®a(x)) P},

1 0 0 O
=2/0 5 1 0
00 0 1
[(z02)’ (o) (Touou) (Xok) (Zouou) (Louon)’
« (Zo%) (Souwou) (Xof) (Zok) (T onon) (X0%) (Zowowu)
(Xof) (Souou) (Lowou)’ (Xo}) (Xo3) (26§k)2(261k62k)
| (Zonon)’ (Xo%) Couwou) (Xo) (Zowou) (Xoz)
(10 0
0 1o
“lo 1o
00 1
2 (Zo'lzk)z 2(X0}) (X owowu) 2(Souon)’
= [2(X0l) (Touon) (Touwow) +(Xo3) (o) 2(X03) (Zowoxn)
2(Youon)’ 2(X03) (X owowu) 2 (Zo'zzk)z

where ¥, = >/ . We now compute the asymptotic variance of
veca, r(x) — veca(x).

Notice that

Dvecha(x) = veca(x).

Then, the limiting variance of veca, 7(x) can be written as

DZE(x)D" = DPp (2a(x) @ a(x)) PL,DT
=2D(D™D)"'DT (a(x) ®a(x))D(DTD) "' DT
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=2Pp(a(x) ®a(x))Pp
=2Pp(a(x) ®a(x))

since Pp (a(x) ®a(x))D = (a(x) ®a(x)) D, where Pp is the d*> x d*> matrix that
projects R orthogonally onto R(D), i.e., the range space of D. In particular,

— 1
Pp = E(IdH‘GdZ)a

where I > is a d” x d* identity matrix and G is such that

Gp =22 Ui®Uj,
j

i

where the d x d matrix Uj; has 1 in the (j, ) position and 0 elsewhere. In the d = 2
case, for example, we obtain

1 0 0 O

0O 0 1 O
Ga=10 1 0 o0

0 0 0 1
and

1 0 0 O

11

Po=| o 11 .|

0 5 5 0

0O 0 0 1
which implies
2Pp (a(x) ®a(x))

2 26,\)2 2(26&)(2%620 Z(Zﬁlzk)(ﬁﬁuo'zk) 2(S61.0)

2(2o})(Zouon) ($of)(Lon)+(Eonow)® (Lo)(Lon)+(Souou)® 2(203)(Zouou)

(

_ | 2(zed)Eouon)  (307) (263 )+Eououn)? (o) (So3)+(Zoon)’ 2(T0%)(Xouon)

(20
2(S o)’ 2(3063, ) (Zowon) 2(2 03, ) (Zo1kox) 2(262202

Remark 19 (Bandwidth choice). A “nearly” optimal selection rule for the
bandwidth in the diffusion case is given by

A dif _ v T
4= g ) /A, e

where ¢4/ is a constant. Coherently with our previous discussion in the drift case
(c.f., Remark 12), this choice would allow us to eliminate the influence of the
bias term from the limiting distribution of the diffusion estimates and obtain
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centering about zero, while achieving a close-to-optimal speed of convergence.
Barring issues with the selection of ¢ this choice is—as earlier in the drift
case—infeasible since v(T) is generally unknown. Replacing v(T) with L, r(x)
would make the problem circular (in light of the dependence of Zn,T(x) on the
same bandwidth h‘j”}). It would also not account for the bandwidth condition
induced by discretization. As discussed in Remark 12, both issues need to be
accommodated.

Being the diffusion function estimable over a fixed span of observations (c.f.,
Remark 17), there is, however, relatively less scope for local adaptation of the
bandwidth sequence than in the drift case examined earlier. An approximate (op-
timal) rule to select the bandwidth for a slowly diverging T would, in fact, be

. . 1 1
thfT = it (—logn)n CAEN

which is standard in nonparametric statistics and does not require evaluation of
the process’ occupation density.

6. CONCLUSION

This article studies kernel methods for multivariate diffusion processes. We pro-
vide an estimation theory which is easily interpretable based on traditional results
in nonparametric analysis for multidimensional discrete-time series but has the
additional advantage of robustness to deviations from strong distributional as-
sumptions, such as stationarity. Harris recurrence is the identifying assumption
used in the present work to show consistency and asymptotic (mixed) normality
of the functional estimates of drift vector and diffusion matrix. First, this assump-
tion is known to be milder than stationarity and mixing and might prove useful to
study multivariate (discrete-time or continuous-time) processes whose stationar-
ity can neither be guaranteed nor ruled out a priori. Second, even in the stationary
case, functional methods which do not rely on the information contained in the
process’ stationary density may be useful when the stationary density can hardly
be identified reliably, as is the case for persistent time series. In both cases, our
asymptotic theory appears to provide an intuitive assessment of statistical uncer-
tainty by (inversely) relating the size of the confidence intervals to the occupation
time of the underlying empirical process. Similarly, the “double curse of dimen-
sionality” may be viewed as a theoretical representation of the risks of empirical
work conducted in the context of multidimensional, as well as highly persistent,
processes.

We introduce the methods in the context of classical Nadaraya-Watson kernel
estimators. While these estimators are arguably the most widely used in applied
work, they can be improved upon. Coherently with the more classical analysis of
stationary discrete-time series, the methods may be extended to a variety of mul-
tidimensional nonparametric procedures like local linear and polynomial fitting,
among others (see, e.g., Fan, 1992, and Masry, 1996a, 1996b, and, for interesting
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work in the scalar diffusion case, Fan and Zhang, 2003, Moloche, 2004a, and
Ait-Sahalia and Park, 2016).

Even though the focus of this article is on nonparametric estimation, the
procedures we discuss might be used to evaluate parametric models. For in-
stance, parametric specifications for multivariate diffusions may be tested by
utilizing criteria which compare functional estimates of drift and diffusion ma-
trix to their parametric counterparts. The integrated squared error employed by
Bickel and Rosenblatt (1975), Fan (1994), and Ait-Sahalia (1996), among oth-
ers, is a possible criterion. Such a comparison might be conducted indepen-
dently for drift and diffusion since these moments may, as shown, be identified
separately.

NOTES

1. A function f : [a,00) — (0,00), a > 0, is said to be slowly varying at infinity in the sense of
Karamata if lim,_,o0 f (Ax) /f(x) — 1 for 2 > 0. The constant function and the logarithmic function
are trivially slowly varying.

2. It is easy to show that the limiting distribution of standardized Brownian local time is closely
related to this result. Write

T
T—»oosaOZg\f/ 1{‘B(S)7X‘<S}ds

2 im 1 ds
*TL“;ogfé 25 Y\ Tn(s)—si<e} T

1
hm —Lp(T,x) = lim lim
0 —=La(T.) =

4 lim lim — / du
7T—>oo§ﬁ0 25 {‘B(M X/\F\<§}

Tl;n;oé%g[ 1 |a_x/ﬁ‘<§}LB(l,a)da

lim hml/ 1 cuenyLa(l, Eu4x/VT)du

T—}OO§~>0
< 15(1,0).

However, Lg(1,0) 4 [B(1)] (Lévy, 1939). See Pitman (1998), equation (12), for a more recent
discussion.

3. Given the measure 1, we recall that ||g||, = ([ [f|"dn)"/" and ||g|lco = inf{x: n{g >x} = 0}.

4. In the scalar case, equation (5) provides the invariant density.

5. Interestingly, one could work with any desired functional representation—within the range of
the data—and assume that the driving functions are suitably modified outside of the range of the data
s0 as to achieve boundedness. This is observationally equivalent to working with an unrestricted model
over the entire domain. Bandi and Reno (2017) discuss this issue further and provide an illustrative
example.
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APPENDIX

Proof of Theorem 1. See Revuz and Yor (1998, Theorem 3.12, page 408) and Azéma,
Kaplan-Duflo, and Revuz (1966, Remark 1, page 170). ]

Proof of Theorem 2. See Darling and Kac (1956). |

We begin with two lemmas. In what follows, we use the notation h = 4 when convenient.

LEMMA A.1. The function S(x) is a product function H;leSj(xj). Each S; is a non-
negative, bounded, and continuous function defined on a compact set S. The function H. is
also a nonnegative, bounded, and continuous function. Let Assumptions 1, 3.1, and 4 be
satisfied. Let v(T)h%" — 0. Then,

S (B o= cxb o [y (50 e

as h — 0 and T — o0 jointly, where Cx is a process-specific constant.

Proof of Lemma A.l. Write Lrp(x) i= L7 5(&;}‘) (X;)ds. It would
be helpful to break the integral into ii.d. or stationary components U,p(x) :=
% J, 15 l"+] S <¥> H (Xy)ds. (The index n is used here and elsewhere without confusion

with the number of discretely-sampled observations n.) By doing so, we would be able
to appeal to limiting results for additive functionals of Markov processes. To this extent,
if the process had a recurrent atom, x(, then one could introduce a sequence of increas-
ing stopping times R, so that, among other properties, the following conditions would be
satisfied:

(i) Forall n, Xg, = xo;
(ii) For all n, the process (Xg, 1), is independent of Fg, .

Being R, a “regeneration time,” not only would the components Uy, h(x) be independent
(by property (ii)), they would also be identically distributed. Hence, our original problem
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of subdividing the integral into i.i.d or stationary components U, y(x) would be readily
solved.

For general multidimensional diffusion processes of the kind we are interested in, how-
ever, a recurrent atom x cannot be defined. In the absence of a recurrent atom for the
process X, LL (2008) have shown how to “construct” a recurrent atom on a larger prob-
ability space by extending the (discrete-time) approach in Nummelin (1978) and Athreya
and Ney (1978). They advocate “embedding” the original process X into a larger process
Z with a definition of recurrent atom (LL, 2008, Proposition 2.8(a)). In their construction,
the resulting process Z = (ZI,ZZ,Z3) has three coordinates (with values in I x [0,1] X I,
where [ is the state space of the original process X) and a sequence of exponential-1 jump
times 7, independent of X. The first coordinate is the same in law as the process X (LL,
2008, Proposition 2.8(b) and (c)). In other words, it is a “copy” of the original process.
Over the interval [Ty, ;41 ), the second coordinate is an independent, uniformly (U) dis-
tributed, random variable on [0, 1]. Over the same interval [T}, T, 1), the third coordinate
is the original process X sampled at the (independent) exponential time 7,41, i.e., X7, _,.
Hence, both Z? and Z> are piece-wise constant. We refer the reader to Section 2.2 in LL
(2008) for additional details.

Define by P; the probability measure of X for a generic, initial measure A (dx). The
corresponding expectation is denoted by E;. Define by [ the filtration generated by the
larger process Z. We call P the probability measure of Z for an initial measure A (dx) ®
U(du) @ Q((x,u),dy), where Q((x,u),dy) is a suitable transition kernel from 7 x [0, 1] to I.
Again, the corresponding expectation is denoted by E; .

Because the multidimensional diffusion process X is a Harris recurrent (cadlag) strong
Markov process satisfying Assumption 4 in the main text, the construction in LL (2008)
can be applied to our problem. By this, we mean that the process X, which does not have
a recurrent atom x( in general, can be embedded into a larger Harris recurrent process Z
with a definition of recurrent atom. By LL (Example 2.11, 2008), the larger process Z is
also (cadlag) strong Markov with respect to I when introduced for our problem. As said, a
recurrent atom can be defined for Z. In fact, write

A=Cx|0,B] xI,

where C is a compact set (with ¢(C) > 0) and 8 € (0,1].
1. We can define stopping times (Sy, R,) satisfying Sy = Ry := 0, S, := inf{T}, >
Ry :Zr, € A} and R, :=inf{T}, : T, > S, } for all n. Thus, S, < R, < 00.
2. Forall n, Xg, is independent of ¢ {X;, s < S, }.

The construction implies that we can now “split” the integral Ly (x) into compo-
nents U,y (x) = %f;ﬂ”“ S <%) H (X;)ds for which the F-stopping times {R, : n > 1}
serve the same role as classical “regeneration times.” In particular, the U, p(x)s con-
stitute a stationary and strong mixing sequence with ¢ {U in(x), j < n} independent of
0 {Upqin(x), 1>2} (by property 2). In other words, U,p(x) is not independent of
Uy+1,n(x) but is independent of U, (x). In sum, the i.i.d. property does not apply to
all components (as in the case in which a recurrent atom exists for the original process
X) but the strings Uy p(x), U3 p(x), ... and Ug p(x), Up p(x),. .. are, indeed, strings of i.i.d.
random variables.

To conclude, we appeal to the construction in LL (2008) and apply it to X for which
a “larger” process Z is defined. In what follows, by exploiting the construction, we will

divide LL("—T()X) into three terms, which will be studied in turn.
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Denote by N7 = X,,>1 15, <7} the number of regenerations of the process Z between 0
and 7 and write

ﬁLT.h(X) - %El (% /Rl:"*" s <thix> ,H(Xj)ds>
o7 (x)

+ v(;)h /OTs (X‘h‘") H(X,)ds — E, (ﬁ ./OTS <X“h‘x> H(Xv)ds>

Brn(x)
o2 (s S () mowa) s s (55 e

Yrn (%)

(A1)

Under conditions on the bandwidth(s) listed in the statement of the lemma, we will show
that o7 (x) has a well-defined limiting distribution. The term f7 p(x) and the term Y7 p (x)
will, instead, be shown to be asymptotically negligible.
We begin with o7y (x). The quantity N7 is an integrable additive functional of the pro-
cess Z. By Hopfner and Locherbach (2003), Theorem 3.15 a) ii), we have
N.
where g4 (z) is the Mittag-Leffler process with parameter ¢ (Kasahara, 1984), i.e., the
inverse process of a stable increasing process Sy (z). (For analogous results in discrete
time, see Chen (1999, Theorem 2.3(ii)) and Karlsen and Tj@stheim (2001, Theorem 3.2).)
We note, as an important subtlety of the construction, that v(7') = U(T)T? is the prob-
ability order of additive functionals of the “larger” process Z, not only that of additive
functionals of the original process X. Hence, the standardization in equation (A.2) is ap-
propriate. This can be seen as follows. Any “special” function f(.) of Z with positive mea-
sure (see LL, Definition 2.3, 2008, for a definition of special functions) can be used to

define a “version” of the deterministic equivalent of Z, namely E ( fOT f (Zs)ds>. In fact,

deterministic equivalents are unique (i.e., asymptotically of the same order) up to a positive
constant. To this extent, use as the special function f(.) of choice one which only depends
on the first coordinate of the process, i.e., Z!. Given the construction used for the splitting,
write

E, (foT f (Zs)ds) E, (foT f (Zsl)ds) E, ( T f(XS)ds) 1)
- _ N ’
Ej <fng(Xs)ds> E; ( Jr g(Xs)ds) E, < Jr g(Xs)ds> =0 (9,8)

where the first equality is due to the fact that f(.) only depends on Z', the second equality
depends on the fact that Z! is a “copy” of X, and convergence is due to the strong Chacon-
Ornstein limit theorem (LL, Definition 2.3, 2008). The symbol (¢,f), for any ¢-integrable

function f(.), was defined in Theorem 1. Now, it is clear that, if E; (fOTg(XS)ds) ~v(T),

then £, (fOTf(Zs)ds) ~v(T) as well.

We turn to E <% flfn"“ S <¥) H (Xy) ds). Given the assumed construction, by
Proposition 4.3 in LL (2009), we have
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1 (Rt (Xs—x B 1 [Revr | (Xs—x
E)L(H/Rn S< h )H(Xs)ds>—E7L(B/R“ S( h >H(Xs)ds)

:Cx<¢,%8 (%)’H(.)>, (A3)

where Cy is a process-specific constant. But, since

<¢, %5 (%) ’H(.)> :/%s (“;") H (@) (a)da

= /S(M)H(thrx)(i)(thrx)du

L BT, ( /S Sj(uj)duj)7

h—0

combining equations (A.2) and (A.3), we obtain

orn (X) = CX’(\Pi(X)H(X)H;{{:] (/S Sj(uj)du]> gos

as h — 0 and T — 00 jointly.
As an aside, Proposition 4.3 in LL (2009) also implies that the constant Cy is

R,
o B s )
- <¢.8>

for any measurable ¢-integrable function g(.). This is easily obtained when replacing
%S (%) H(.) with g(.) in equation (A.3). (An alternative way to see this is as follows.
For a fixed bandwidth h, the ratio-limit theorem (c.f., Theorem 1) gives

, (A4)

i T RIS () ue (oS (wIM0)

T e e(Xs)ds <¢.8>

given a generic ¢-integrable function g(.). By the strong law of large numbers, because
of the stationarity and strong mixing properties of the increments between R, and R, 1,
again for a fixed bandwidth h, we also have

— R, - R, =
S s () Hends By (B s (55) M)
m —1 (R, = a.s.
oo I e 8(Xs)ds E; (f£f+]g(xs)ds>

Because the left-hand sides of the two equations are the same, by equating the right-hand
sides, we obtain

, <%/RR+1 S <X31:X) H(Xs)ds> = & <¢, %s (%) H(.)>,

R,
B (! sxoa)
<¢.g>

which leads, once more, to equation (A.3) and an explicit characterization of the process-
specific constant Cy as in equation (A.4).)
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We now turn to Brp(x). Since

N L R O )

we have

Py (|Bra(x)] > €)

Lz [V(Th/ < )’Hxs)dst,L< h/ < ) Xs)dS)]z
_izvz(lr / / Cov< < )H(Xs),%S<X'T)H(X,)>de1
=sum |55 (5 g (55 10 o) =5 (a) o) daa s
. f()— (] st (45 e s (7 ) pewaas)

<oy [ TEtalasar

where the first inequality is Chebyshev’s and the second is Holder’s for r = 1 7

[}

since

11mT_>OO / / |Igs.:(a,b)||rdsdr < oo,

by Assumption 3.1, we have

Py (|Bra(x)| =€) =0,
as v(T)h24(=1/9) — y(T)p2/" = 0.

Finally, we consider y7 p (x). After defining R = inf{R,, : R, > S, 41}, given that Ry >
T, we obtain

o (s (55 ) enass) e (5 f, s (B ) ovows)
e o o)
[ 5 ) 5 5 )
<v<T>h/ <X¥ x)”(x“)‘“)
ﬂ“(ﬂ/ms( o)
el L)

5 (s ), s (55 nowss)

=Yn() + 70 () +p (6). (AS5)
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The driving term is clearly ¥7,, (x) and we turn to it. Notice that

1 Rut1 X, —x Nr 1 [Rutr X, —x
E*(Fam%‘“ﬁ}/m s(*5 )”““Y)‘“)‘ e (i, s (5 enos)

By (St Ys,<ry) o (1 R (X x Ny L R (X, x
— TEA (E /R,, S <—h )H(X.c)ds> - WJE;L (E /R,, S( = )H(X‘Y)ds>

Ey (Lt s (B2) HxX,)ds
_m (b - )[EA[NT]—NT],

v(T)
where the first equality derives from the fact that (i) Xg, + is independent of {S, < T} for
all n and s > 0 by the construction leading to Nummelin splitting (Proposition 2.13 in LL,
2008) and (ii) E, (% f 15"“ S (%) H(Xs)ds) is independent of n by the stationarity of
the increments U, y(x), as discussed above.

Now, since Ny —E; [Nr] is a “compensated” additive functional of the process Z, we
have [Ny —E; [N7]] = O,(y/v(T)) by the second order law in Theorem 3.16 of Hépfner
and Locherbach (2003). (For an analogous result in discrete time, see Chen (2000, Theorem
1.3).) This, in turn, implies that

ﬁ,h(x) =0y (ﬁ) .

As for the end terms, we note that, given the nonnegativity of the S and ‘H functions, by
the same argument as for equation (A.3),

s (L 5550 dy).

where Ry_j is expressed as Ry_; = sup{Ry, : R, < T}. The other end term ¥}, (x) is
similarly of order O(1/v(T)). One way to see this, using the properties of the construction
explicitly, is the following. The measure A is generic. Set A = § with { ~ ¢(-N C), where
the set C was defined earlier. Then,

E, (%/ORI S (th_x) H(Xs)ds)
— By <%/0R1 S (Xsl:x> H(Xs)ds)

—Cy <¢, %s (%) H(.)> = P(HIL, (/S sj(ui)duj) ’

as in the case of equation (A.3), where the second equality derives from Proposition 4.3 in
LL (2009). Thus, 7} ,,(x) = O (#> and 3, (x) =0 (ﬁ) . Putting everything together,

v(T)
we have
1
——Lrn(x) = o7 n () + Brn(x) +  yra®x)
v(T) N —_—— ——
= Cx@ YU, (s &g 0p<\,r/‘2(r>hl1‘(4171/q> ) - 0’<‘.1‘/‘z](r>)

= Cx¢(x)H(x)IL_ ( /S sj(uj)duf) 20, (A.6)

as h — 0 and T — 00 jointly with v(T)h24/" — co. This concludes the proof. |
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Remark A.1. Set #(x) = 1. The theorem extends the Darling-Kac theorem (Theorem
2 in the article) to the case of a bounded function f;(.) = %S (-3*) changing with the
bandwidth. For this case, we provide conditions for joint limits over & and 7. Just like
for the Darling-Kac theorem, our results specialize to the ergodic case. For the ergodic
case, the resulting bandwidth conditions are the same as those in the literature (see, e.g.,
Castellana and Leadbetter, 1986, or Bosq, 1995).

COROLLARY TO LEMMA A.1. Let H(x) = 1. Assume the function S(x) is the kernel
function K(x) in Assumption 2. If v(T)h*/" — 00, then

1 T X, —x ~
m/o K( n )ds:>CX¢(x)ga,

ash— 0and T — o0 jointly.

This result, which is a weak convergence theorem for multivariate occupation densities,
readily follows from observing that H;f;l (JsK(u)dw) =1.

Remark A.2 (The rate of divergence of the occupation densities). As emphasized in,
e.g., Remarks 3 and 4, the rate v(T') is T for positive recurrent or strictly stationary pro-
cesses irrespective of their dimension. In the null recurrent case, however, the rate is known
only for a handful of processes. In addition, such a rate is expected to become slower,
thereby generating the “curse of dimensionality” discussed in Remark 14, as the dimen-
sionality of the system increases. In general, dimensionality increases slow down recur-
rence in null recurrent systems. To this extent, we recall that v(T) = +/T in the case of
scalar Brownian motion but v(7') = log T only in the planar Brownian case. For dimensions
equal to 3 or higher than 3, Brownian motion is known not to be recurrent. For a discussion
regarding multivariate kernels in the presence of unit-root processes which reaches iden-
tical conclusions in discrete time, we refer the reader to Wang (2015), Example 5.1, page
208.

Remark A.3. The case with a generic product function S and a generic function H
satisfying the properties of Lemma A.1 will be helpful in the remaining of this treatment.

LEMMA A.2. The function G(x) is a product function Hd ' ,Gi(x)). Each Gj is a non-
negative, bounded, and continuous function defined on a compact set S. Each G is twice-
continuously differentiable with bounded derivatives over S. The function N is also a
bounded, twice-continuously differentiable function with bounded derivatives over S. Let
Assumptions 1, 3, and 4 be satisfied. Then,

n iAnr — . B 1 /T X, —x . JARS
h" TV g ( n T ) N(XIA”‘T) hn‘TV(T) 0 g < hn‘T >N(X\)ds N OP <h2 '
Proof of Lemma A.2. Write
1 & ildar X(i—l)An r—X X, —x
. X, — X,)|d
o o (P2 N a6 () v s

1 & [iBar (i-1)Anr ¥ x
oz 2 oo {Hf i (7)N Kenan) Tl lgf<h T>N<XS>

ds.
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Given a multivariate Itd’s expansion (see, e.g., Karatzas and Shreve, 1991, Theorem 3.6,
page 153), the last expression becomes

1 & [iBar (-2~ *
m;/(i—l)A . |:H, 9 (7}17' NXi-tya,,) H/ G Ty N(Xy) | ds

= (@1 + P+ P34+ Ps) + (B) + Py + 3+ Dy) + D5,
where

D+ Py + P34+ Dy
1 o i, s d X/ _x ; S
= X, oA G, (%
th le /(H)An.r {/(ifl)A,,,N( ) z‘l 9j < T >Hu7t/g ( 7
1 LINPAVES s i

X u
“57 Zhoova [/<, o, N 20 ( )Hu#,g (2

;+2 i /.XA” /x N(X,) 2 2 g

hn’[‘ i=17(-1D)A (i-1)A, 1 =z
X ( i Ojk (Xv) Ogr (Xv)dV>:| ds
k=1

iA, 7 d X‘—X
hd+‘ Z/[ e {/(' o, N Z}g}( )Hu#jgu< ) Za,k(x‘)ds}ds,
n, n,. j= n

?) Hi <Xv>dv} ds
> <2 i () )} ds

X! —x d X! —x
) gq < hn‘T ) Hu#j,qg“ < hn‘T

D)+ Dy + D3+ Dy

1 1 iApT S X£ - /
__ Ly /( { /( .9 ( hﬂ;‘) 3N ()ky (X)) dv

d . .
hn’Ti:I i-D)A, 7 i—DA, 7

1 i /iAu.r / M. X/ —x
Zhﬁ,T i—1/0=DA,r | J(i-1)A,r =17 hu,r

1 n iN, T s Xﬁ.f d d ,
e ()

Zhﬁ,r i=17/(—DAnr i—-DAuT

<i Ojk (X Ok (X)

1 2 iAgT [ s y X{;fx d m
- G Ni(x ¥ (X,) dBY| ds,
2 /(, DA _/(il)An_THJ=IQJ< hn,1 /Z:l i) chk( 4B | &

hZAT i=17 (i~ . k=1
and
_ 2 L iy [ s d , (;_
B5 = . Ni(X,) ” X,)d
’ Zhﬁ_l zztl/(ifl)An.r _/(i—l)A,,.T;‘; G .t H“#’g ( ) ZGM( Ja) | &

2 noopil\,r [ s - —Xx
Ny (X w | ——
s z/(ifl)An.l /( I)An,,z]qé‘,g ( ) 0 [T ( I )

nT =1
X ( 2 Gk (Xy) ok (Xv) dv>:| ds
k=1
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Now, write
iA, T d
hz—;'l iz / Aur )IJZ" hnT H”?ﬁjgu n,T ) |'u] (XS)| ds
— Aan T d ! X{_x d XS —X
- M,—#/0 N 3 0 5 1400 (5 ) s o) s
Similarly,
it d 1" s - 2
[®a] < hz?z IZ /1 DA, 7 N X)) 2 gjj H“#jgu ) k 1ij (%) ds
_ A":T X d 1" X{— Xy — < d
= Zhd';z/o )‘ng gii Hu#;g“ I;GJ S

and

2530 N CED

|®3] <

«

2hj+T2 Fan
X 2 Ok (Xs) O (Xs)
k=1
AnT / d g Xs ’
- i g
21347 Jo %)l ,; ,IZ#J T

ﬁ o (X2) O (X,)

o

Anr
1

Before turning to 4, we show that ;| =

(52
4 hnAT

d X¢—x
Hu#j,qg”< hur )

)

ds

u

d Xy
) (5

X —x
hnT

ds.

—X

)

n,T

v(T ))ash T%Ownhh/ v(T) — oo.

Given the boundedness of the first derivative of the functions G;, for all 1 < j < d, writing

S (%) =9} (%)

implies that, forall 1 <j <d,

1 T
ety /0 IN(X,)

s W (|

= ga(1)¢(x

(s
6 ()|’ ) (T2, 0t

d Xl —
ki [gu <};n—7x>] and H(X;) = |li/ (X5) ||N (Xy)|, Lemma A.1

>yu] ))ds

v”) ,

provided A, 7 — 0 and T — 00 jointly, with hi_/;v(T) — 00. Hence,

i [

which gives the probability order of &,

s

7> | (X,)|ds = Op(1),

Ly(T).
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In the exact same way, we have &, = 0, (A“‘TV(T) and &3 = 0, <f2”-7'V(T)). The

2
hILT n,T

first probability order is an implication of Lemma A.1 with

Xy —x . gfx d X4 —x
()= (e (57

m

H(X;) = INXsIZ i (Xs),

for all 1 <j <d. The second is, again, an implication of Lemma A.1 with

(o) g/( . ;‘)\ oy (5 (52,

H(X Z ij qu )

forall 1 <j<dandall 1 <gq<dwith q#j. Next, integrating by parts, and for all 1 <;j <d,

. | & pidr X/ —
Dy =- ey Z/( (iln7 =) N(X)G; ( I )Hu#Jg“<

W T =1 i—D)A, 7

) Z o (Xs)d

n.

Now, define @ﬁ , as a partial sum of the first n — 1 terms of ‘1>£ plus a stochastic integral

between (n—1)A, 7 and nA, r:

. . 1 nA, 1 A\_‘
@ﬁn = (I)zjt(n—l) + W/( (nAn,T *S) N( ( ) HM#JQM <7> Z o-jk
n,T n

n—1) Az

Equivalently, define @it as a partial sum of the first b — 1 terms of <I>£, withb=1,...,n—1,
plus a stochastic integral between (b — 1)A, 7 and 1, where (b — 1)A, 7 <1 < DA, 7

. . 1 ¢ , S'
Py = (Dzjl(hfl) + el / (bA, 1 =) N (X,) g ( > Hu#jgu <—> z ok (X, dB"
n,T k=1

(b=1) Ay hn,r
(A7)

The quadratic variation of the continuous martingale ‘Iﬁ” can be expressed as follows:

2
A A 1 2 -
[(I)ﬂt _ [(I)ﬂ(b—l) + W/(b—l)An_T (bAn,T*S) ./\/’2(XS) (g/ < it ))

Hl,#,gz( )3 et

” k=1
XL! m
) e () o
’ k=1
By Lemma A.1, with

h2d+2 / NA(X ( (
s(%) - (g;- (X,jr) ) T4 (=)

n,T
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and

m

H(Xs) =N2(X;) Y, 0 (Xs),

k=1

2
nTAnT

we have that [‘11{]7 = Op( P v(T)) for all 1 <j < d and, equivalently, &4 =

Op( (d+2)/2 V2T )) prov1dedh/ v(T) — 00.

Usmg the same method of proof as for the terms @, ®,, and P3, it is now immediate
to show that @ = O, (b, 7®1), 5 = Op(y 1 2), B3 = Op(hy 7P3), and D5 = Oy (1)

Using the same method of proof as for term ®y, it is also immediate to prove that &4 =

Op(hnﬁT‘I)4)-
In sum,
An.T n X(i—l)An_T —X 1 T Xsfx
by, 7v(T) ,;g ( h, o )N X(i-1ya,.) — b v (7) /0 G ( ™ >/\f (X,)ds
A An T
- ol Tn | (A.8)
2 p
( P ) WG R

v(T)

X but includes X7) since the difference between

: Xia, ;- . .
The result also applies to h,,AiH .G ( Ahf,; x) N (X;a, ;) (which does not include

Ay z (XiA T 7X)
s g n, N X: ]
hmTV(T) i; hn,T ( lAnJ)
and

AnA,T L X(,;l)A” —X
et 319 (F ) ¥ (xeon)

1

is, given the boundedness of the functions G and N, of order O <%> and, hence,

n,T n,T

negligible asymptotically. It is negligible asymptotically since By rv(T) — W12 o(T

y 8oes

to zero faster than hz”" if hZ T2 (T) — 0o, which we assume. Similarly, it should be
Aur

noted that the assumption hnT v(T) — oo implies that e 0 is, also, more strin-

A Aur .
ent than = — 0. Hence, one only requires
s WGPIR(T) T I A v e

Therefore,

L iNgy —X 1 r Xs —X o An]'
hn TV g ( nﬁT )N(XiA”‘T) - hn,TV(T) /0 g < hn,T >N(X\)ds - OP </’12 > ’

n,T

Anr

— 0.
Iy r

which proves the stated result. u
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Proof of Theorem 3. By the Corollary to Lemma A.1, m f()TK (){;—TX) ds =

Cx0 (x) go if hn/Tv( T) — 00. By Lemma A.2, assuming G = K and N = 1, we have

AnT L (XiA,, T 7X) 1 /T (Xs ) An T
: K : = K ds+0 ,
h, 7v(T) Z; h, 7 h, rv(T) Jo h, 7 P han

v %/_/
:>CX¢(x)got —0
prov1dedh/ w(T) [ |
Proof of Theorem 4. Write
- Xin, 7 =%\ ((+1)A,,
) DS R (PR DA x) as
I"'nﬁT(x) = A T B Xin, ;—% (A9)
" Zi:1K<7h,,ﬂr )
i - i+1)A, 7
S KR 8 o (%) as o
+ - - .
A Xin, r—x
a K (=R )

Express the estimation error decomposition as
(A9)—p(x)+ (A.10)
—_— ~——

bias term variance term

First, we concentrate on equation (A.10). The process

Onr(u) = /l+1 ( ’A”_x) (X,)dB
u — |
mr AV nTl 1 hnﬁT ' ’
X —X
(I=1)A,r
+ / K(i) o (X;)dBs,
\/hnﬁr-(t—lm,.f h, 7 (Xs) dBs

withu € [(I—1)A,7,IA, ] and [ =2,...,nis a continuous martingale so that ©,, 7(7T) is
equal to the numerator of equation (A. 10) rescaled by /h,, 7. Consider, now, the generic
element g of the d-vector ©,,7(u), i.e., ©% (1), and its quadratic variation:

1 =2 c(i+1)A,r XAn m
o= X [ e (B )Z@

iy T

=171 nT k=
u Xu-na, m
+ KZ( (=DA,r — ) 2 G;k

T J(I-1)A,r k=1

Thus,
1 nzl Xin, . —X >+ A 1

8 lr= K2<7“ ) / 62 (X;)
[ n.T]T hnﬁT i; hnﬁT [7ANA ; gk g

or, equivalently,
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0 Apr el lAuT
Ol =y B (F5) o ()
T =
A, ()27 [ [ m
ZKZ( r— )/ Y G;k(xs) - X 03,( (Xia,r) || ds
h,r 5 hy, 7 iAnT k=1 k=1
I g Il
= 657l + [657] - (A11)
Next, after writing 37", gk( 5) = Pg(Xy), by Itd’s lemma, we have
1 nl Xin . —X (i+1) A7
edly 2 [ AiAnr
[G’LT}T o hn‘T ,;K < hn.T ) /iAn.T [PH(X ) P (X!A”T ] &
1 on=l L Xa s —x\ DA [
= ol e ) / / (X, dv ] ds
h, 7 ,Z‘l ( h, 7 iN 1 iA,ITJZI JHj (Xy)dv | ds
1 =l ) <XiA T*X) (i+1) A, r s d 2,
=+ K| ——— / / 24 o (X,)dv | d
2h, i; h,r N N jzl LJ/( )kgl _7L( ) v K
1l /XA (+1)Aur d d
+ K’ <7T) / / ProX) Y o (X)) o (X)) dv | ds
2h, 1 l_; h, ’A”szlqéj g/q( 2 ﬂ»( ) 1k( )
1 oncl iA (i+1) Ay d
o ) / / X X,)dB | ds.
+ hn‘T ,-;1 < hn T FAVEA lAnszl ) 2 O—Ik

And, integrating by parts,

1 nzl Xin,r —X (+D)Awr d
[eilel]T = h,r 2 K <#> / ((i+ l)An,T —5) z 'P;‘,‘(Xs).u_i (Xy)ds

i=1 Jidy 1 j=1
1 nl Xin, fx> (i+1) Ay d m
+ K* (2l / i+1)A Py o7 (X;)ds
Zhn.T ,-;l < hn.T N (( nT — ] ‘ g.jj S) z _/k( )

1o Xin,, —x\ EHDAr
+2hn7T§'K <?>/ ((i4+1) nr—s)ZZPM

Jilnr J=la#j

X chk qu(X)

h.r & Jilnr

5 (Xia,r — (+D)Awr d , m
LS () [ a0 B 0 B owoas
. j= =

Now, notice that, for all 1 <j <d, since

Paj (X85 (%5) < [Py (X3) 1 (X6) | < Cp
where C G is a suitable constant by Assumption 4.1, the first term in [@n T]T can be
bounded by

1 n—1 XiA —X (i+1)A,r
K? 7’)/ i+ 1) A7 —8) PHX)u (Xs)ds
o2 ( ) [ (0 A=) P ()

A2 n-] Xin, , —X
< CP’ . n,T Z K2 i, )
| ;:JHI“L!| hn,]' i—1 hn,]'
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However, by Lemmas A.l and A.2, CIP, ™ ﬁ” )Y 11 K> <’A”—7T) is of order
Op (A, 7v(T)). The second and the third term in [G)n T]T can be treated in just the same
way.

As for the fourth term in [G)n T]T, after expressing each component (indexed by j with
1 <j < d) as a continuous martingale like in the case of equation (A.7) above, the j-th
component’s quadratic variation can be represented as follows:

1 n-l XiA,, r—X (i+1) Ay . m
e, 2K (*) / ((+ D7 =35)" (Pey (X)) 3, 0 (X,) ds

W T i= by Jilng k=1

A3 n Xin . —X
<C n,T K4 12a1 )
= (P S o 2, Zi h, 7

Given Lemmas A.1 and A.2, the probability order of this term is O, (L(T)) Hence, the

pl/2
probability order of the fourth term in [@n:T]T is Op (%2(”) Therefore,

n.T

A, V(T
O = 0y(Bnrv(7) + 0, | 2212 (D) (A12)
hn,T
In sum,
[GiﬁT]T
AuJ

- X,‘AIL,—X
ot ?:1K< By )

1 ¥
[O77)r + 0771

Aur <n Xin, =
Ty Zim1 K =57

n —X A, AT
T zn 1K2 (T) ;("Zl O-gk (XiAn.T) + Op(An,TV(T)) +0p (Th‘jT())

n,T
Aur on K Xin, g =X
h,r ~i=1 h, r

— A
) S 02, (X)) ds+ 0, (—",f:‘” )

n.T

W I K2 (
n,T
K () a0y (2520)

where equation (A.13) follows from Lemma A.2. One simp]y has to apply Lemma A.2 to
the numerator (with G (.) = K?(.) and N (.) = 37, 0' « (-)) and to the denominator (with
G()=K()and N (.)=1).

We can now invoke the same decomposition as in equation (A.1) with S(.) = K?(.)
and H(.) =YL, O';k (.) in the numerator and with S(.) = K(.) and H(.) =1 in the
denominator, to obtain

(A.13)
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/xlr 0TK2<X37X)ZL 1 k(x.r)ds

anO ( )ds

7NTEA( Jr n+1K2(xs Dy (Xf)ds)JFOp(h‘;'(’f(ﬂf))+0p (WI2(T))
T R G K] 10 () < )

Bx (a Ja K2 (52) i 0 (%) ds) + 520, () + 5200 (i )

= : - (A14)
E; ( Iz, ek K (32 )dS) + 1(1:) 0y (W) + % (T) ( ,uzl(T))
» K2 (1)d ) < 2
= </s (u) du k§1 Gy (x)
—v, (A.15)

if h27v(T)
toa Strictly positive Mittag-Leffler process (C.f., equatlon (A.2)) and the order terms derive
from the analogues of y7 p(x) and Br p(x) in equation (A.6).

Under Assumption 4.1, using Theorem 3.16 of Hopfner and Locherbach (2003) or
Proposition 1 of Feigin (1985), we now have stable convergence of pairs, (See, also, Touati
(1992), Theorem 1.) so that

CH CH ~ =
([v’g)“, "’VT((TT))>=»(cxbg(x>¢<x>ga, O ()5 (1) (Noy) ).

where b (x) = (s K? () du) <ZZ’ 1 Ok 2 (x )) and Nog, is a Gaussian mixture with vari-

ance gq. Clearly, [C;)(T)] = Cxb8(x)9 (x) go is, also, an implication of Lemma A.1 with

S()=K*()and H()=3, G . (). Similarly, using equation (A.15),

(05 7lr 0, r(T)
z : nt = (v.v'N), (A.16)
At n Xin, =% . Xin .—X
T K[ —2— Anr <n iAp T
h,r «i=l1 h,r b, i=1 K “h,
where N is a standard Gaussian distribution. This proves the result for a generic element g.
‘We now turn to the multivariate case. Write

S} ,T(M) 1 =1 =2 =d T
. = <@§.T (),05 7 (”)w-:@ﬁ,r (”)) )
AnT n K Xin, p—x Anl sn K Xin, r =%
h, 7 ~i=1 h, 1 b, ~i=1 b, 7
where the generic @fl (1) was defined earlier. Again, by Lemmas A.1 and A.2, we have

{GZT @nT

2 — o —
St v K(,A”x (/K )(2% x) oy (x )-VM, Vf,s=1,....d.

h, 7 ~i=1

(A.17)

Next, we orthogonalize the continuous martingales in ©,, 7(u) by writing

C'(x) (657 (). 8577 (w), . .,@ﬁjd(u))T = (87 .87 W, ... 87" (u))T :

where C(x) is a d X d matrix so that
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C (v (< /S K2 (u) du) a(x)) C(x) = Ax)
b

()
with A(x) diagonal. C(x) and A(x) are the matrices containing the eigenvectors and the

eigenvalues of b(x), respectively. Since

0, 1.0,
n,T>~n,T T p
% =0, Vf,s=1,....,d,
Aut vn K( "An.fo) ’
h,r ~i=1 h, 7

we use equation (A.17) and apply, again, Theorem 3.16 of Hopfner and Locherbach (2003)

or Proposition 1 of Feigin (1985) to obtain

1 — 1 =1 == se=d, )

o Ol (7 .87 (). 8 ()
Ant yn g B AnT n Xitr g =¥
h, o ~i=l1 hy, 1 o 2im1 K| ——

N (A, AV 2N) ,
where [©,, 7] is naturally used here to denote the quadratic covariation matrix with generic

element [@{,_T,@Z_T} and N is a vector standard normal. This implies

1 cw (657 (1. 857 (... 887 ()

Anr n Xin, =
\/ K (T

h, r
=N (0,C(x)A(x)CT (x))

L N(0,b(x)).

Finally,
- Xin, 7=\ ((+1)A,
R (FR) S, o o a, )’
- =N |o, / K2 (u)ds) a(x)),
AnrEi K (=50) s
At d—2 . 2/r
— 0 and A, 77v(T) — 00 with h}/zv(T) — oo.

as hy 7 — 0 so that h{"
n,T
Next, we discuss the bias term. Note that

( hgiTZn,r(x)) >

(A9) — ()
———
bias term
_ Xin, p—* i+1) A,
I 2?=}K< b > g ) ds
= —p(x
An,'l' " K (X,A"‘T—x> ”’( )
i=1 h,

Anr -1 g [ Xidpr—* Lol [ Xidur =¥ D ALr
h"‘TT 211:1 K ( hn; ) M (XiAu.r) + hr 2:7:1 K < hn; jiA”_T (Il- X5) (XiA,,,T)) ds
B Ant n—1 Xin, g =~
h, 1 ZILI K( h, 1 >
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—p(x)

n! Dy —* n
”TT Z <#> 122 (XiA,,,T) + Op(AmTV(T)) + Op < Th‘(//z (l)>

_ - T (A.18)
nT n-1 A
e ()
—p(x)
A v(T
s UK (5 ) X)ds+0< h?:”)
= A.19
1 (T Anrv(T) ( )
i K (32 s+ o, (222
—p(x),

where equation (A.18) derives from the same method of proof leading to equation (A.12)
(and leading to the probability order of [@g T]T) and equation (A.19) derives from

Lemma A.2 applied to both the numerator (w1th G(.)=K(.) and N'(.) = p(.)) and
the denominator (with G (.) = K(.) and N'(.) = 1). Thus,

wrv(T
o K () ()~ ) s+ (1= )0y (20 )
TK (&= A, v(T :
K (i) oo (S0
Focusing now, as earlier, on the generic component g of the bias term, we obtain

o () (b (%) — g () s

o K (35 )
ol R (5 (g 060) — g () ds = Nr By (et 1 (2 (atg (%) — g () )
h,,_’T fo K <)1(1v,,_rx> ds

B U™ e () (e ) s )

bias term =

e f() <X“_X)ds
i R () (ks 06) st () s Vs (T R () (s (X0) — 1o (9) )
ano < >d§‘

Ca(x)
Ner(fsdﬁK(h,,T)(ug(a) e () §(@)da)
+ 7
Ry Jo K <Xv_x)d5

Ci(x)

where N7 was defined in the proof of Lemma A.1 and the second equality follows from
equation (A.3). Using the symmetry of the kernel function, write

Cl(x)
i O Joo K (82 (e (@) =t (1) 9 (a)da
(55 I K (552 ds) /)
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_ Cx foa K(u) (tg (x4 uhy, 1) — i (%)) ¢ (x4 by, r)du
(55 K (%) as) /)
Co e Ty K0 [ Sy 25807+ 412 3 SRl 4] [66) 4 Ty 255000 + 0] du
(v 17 () as) /)

. i g 90 2 9
Cx g T K ) [ 3 2200 2600 (i) g2 35 20600 () Jau
— +0ﬁ(hn,7')

(5L o K (%) ds) /vr)
& ou, (x) 2BG R TG
=hi7 (/S SZK(S')dS) (]z‘l ang 69( ) 5 Z xi?x/ +0p(hi_7~)7 (A.20)

since, from equation (A.1), we have

1 /T Xsfx> >
— K ds
NT <hnT/0 < hn,T

e (5 TR () as) R B+ D o)

Nr
7 1 (Retr (X, — v(T) 1 v(T) 1
=E <H/ K< h ds>+ Nr O v1/2(T)pd(1=1/q) N Or v1/2(T)
5 Cxo(x),

given hi_/;v(T) — 00, where 7, (x) and ¥7 j, (x) are the analogues of Bz n(x) and yrh(x)

in equation (A.6) of Lemma A.1 with S (.) =K (.) and H (.) = 1. Finally, we note that

Ca(x)

1 T
v(Dh, 1 j() K(

=) (e (%) = e () ds = N Ex (i R K (355 (ke (40 — e () d)
s Jo K () as
=) (e (%) — e <x>)ds) ~ 258 (! 7K () (e (%) — b () ds)
v(T)h,,T Jo K (X‘ - )ds
| o WK (32 (e (O60) = b () s — s (s Jo K (3
s I K () as

Ez (»(T)h,.r fOTK(

) (kg (%)~ e () s

numC} (x) + numc3 (x)

1 T X, :
i Jo K( h;x.rx> ds

Now, p—r7 W fOT K ( R ) ds = 0,(1) given the Corollary to Lemma A.1. Also, num021 (x)

and numC%( ) are, again, the analogues of ¥y (x) and Brp(x) in equation (A.6), respec-
tively, with the term pig (X;) — U (x) adding, just like in the case of equation (A.20) above,

hﬁ_T to their convergence rate in light of the symmetry of the kernel function. We have,
I

. : i
in fact, numCl(x) = O, (m> = op(hiT) and numC3(x) = O, (m) =

0p (hiT) In sum,

https://doi.org/10.1017/50266466617000305 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466617000305

ESTIMATION OF MULTIVARIATE DIFFUSIONS 937

o K (’H) (1t (X5) — g (x)) di

T
0 K( b )ds
d 9 (x) 99 (x) d
— 127 ( [ Pk Le - 3"’ - [
"'T< s’ (o) J;l ox §(x) z 8x18xl +op(hnr),
which yields the stated result. |

Proof of Theorem 5. Using It6’s lemma, write

.
(X<i+1>An_T - iAn.T) (X(i+1>An_T —XiA”)

i+1) A7 (+1) A7
= [ Dxx X, Jen(ds+ [ DX —Xia, ) 9 o (X)dB,
nT Ji

(i+1)A,r
+ / a(XS)ds>
Jilyr

where Dy (Xs — X;a, ) is a d x d matrix of 1 x d vectors. The i-th element of the ab-th

9((XXia, ) (XX, 1))

vector is given by the derivative X < Now, write
s

- Xin, 7 =X\ (1A,
SR (TR ) ) Da(X — Xia, ) @ (X, )ds

vecha, r(x) = vech

A in, X
wT 27:1K< hn;- )
_ Xin, 7= +1)A,.
SRR ) A Da(X — Xia, ) 9.0 (X,)dB,
+vech A . -
n,T zl ]K< :11 )
—x i+1)A,
SR (FRE) LA a ) ds
+vech A N
n,T 21 IK( ]:J )

= vechW | +vechW, + vechWs5.
We focus on the generic element a,b of the matrices ¥ + W¥,, namely

(1 +22)

_ Xin, g i+1) A, +1)A,
z:K(—> Ay ST = X, e (X s + )T (X =Xy b (X)ds

Ant n Xin, g =¥
h, i1 K hy,

- Dy X\ DA, +1 Ay
‘z;-;}K(ﬁ)./&"_,? (X Xdy )op(X)dBy+ QTP (X - XD, Yo (X,)dB,
By, i =
R 7=1K< e )

where the notation should not create confusion. We will find the stochastic orders of \Il’{L b
and ‘Ilg b, These will give us the stochastic order of vechW + vech®,. We begin with the
numerator of \I"fl’, ie., num\Il‘ll”,

— \Il’il” + \I,qiu + \II;" + ‘P;u
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1 n—1 XiA —x >(i+1)A,r X
numPtt = K<#>/ (/ X, dv> X,)ds
! h, r i; h, r [FAVRE iAnr Ha(Xy) Hy (Xs)

1 n=l XiA fo> (i+1)An.T( s
’ KU / / oa(X, dB) X, )ds
hy, 7 i; < h, i, T iy 6’( V) v ,Ub( 5)

= num'Illi}’l + num'llli}’z.

We have

1 nzl Xin ,fx) (i+1)A,r (i+1)A,r
numTH < K(|—2— / (/ X, ds) X5)|ds
L=y, l_; ( h, 7 Jin, Jin., | ta(Xs)] | (Xs)|

AzTnl XiAT_x
= Clul Clhul ZK( - )

An T r XiAn.T -X An,TV(T)
= Clual Clol / K(Thy )&t | = =

= OP(AnﬁTV(T)) + Op (M) 7

2
hnﬁT

where the first inequality derives from Assumption 4, the discretization order in the first
equality derives from Lemma A.2 and the first order term in the second equality derives
from Lemma A.1.

We now turn to num\I”f 1’2 Integrating by parts,

1 (XiA ,x> (D Aur [ s
oy = - K, / </ X dV>a X,)dB
- hu 7 i; h, 7 Dt ,-A”_TM’( v) a(Xs)dBy

1 n—l XlA T —X) < (i"l’l)An,T > < (i+1)An.T
¥ K (2w 2 / X,)ds / o (X, dBS>
h,r ,2‘1 < h,r iNyT ‘ub( ) iy ( )

#bA Up.B
'IJ +'I’1,2 .

Next, the quadratic variation of \Il‘ll f’z’A can be written as

[wﬁ"zf‘]
— iy —X (i+1D)A,r s 2
— 2 ! ) “b(Xv)dV (Ua(Xs)TGa(Xs))ds
h T A
— n Anr 12nT

(e
L < Ay p — x> /(:+1)Anr (/I(H—I)A”“ib(xsﬂds)z(o’a(Xs)TO'a(Xs))dS
(e

l‘l n T Anr TAVRY

iApr — (l+1)AnT (i+1) A
o ) A(/ (X, )(m( Do (X)) ds

h iNgT

nT

CzAﬁ L=l XA —x\ DAL
< T K2<A77>/ (0a(Xs)Toa(X,))ds

h,r h,r i=1 h, r i
C ZAZ A, =l X; —x C ZAZ
wy —nT n,T 2 iAnr My T
= K| —— Xi T Xi
hn‘T < hn‘T 2 ( hn‘T ) o.a( ’A'LT) Ua( ZA""T) + hn‘T

i=1
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1 n—1 XiAn —Xx (i+1)Apr
X < 2 K2 <7T> / [aa(XV)TUa(Xs) 70-(1(Xl‘An,T)To.a(X’.AnAT)] dS)

hn‘T i=1 hn‘T

AL pv(T) A% Aug
— 0 n, 0 n, n, T
(4 < h, 7 +0p hor hiT v(T) |,

Apr

(A.21)

where the second inequality is Jensen’s and the order terms derive from the same method

H Up A
of proof used for equation (A.11). Hence, 'I’lfz = OP(
Next,

A, vV2(T)
W72

n,T

. A,
) since hz—T — 0.
T

n,

A, 7=l Xin,p —X (i+1D)Aur
‘11‘1133 _ Bar Z K( iA, 7 ),uh(XiA,,_T) (/ a'a(XS)dBS)

hnﬁT i—=1 hnﬁT A7

1 "2 Xin,,—X (i+DAr
+r YK (ﬁ) (/ (Hp (Xs) — 1 (Xin, 1)) ds)

n,T j—1 iAyr

(i+1)A,r
X </ a'a(XS)st>
iA,r

_ gl Bl | g HeB2
—\IIL2 +‘I’1’2 .

Again, like with equation (A.21), the quadratic variation of \Il‘ll f’z’B’l can be written as

Az n—1 XA —X
B.1 T 2
= Y K <h7T> Hy (Xia, ;) /

nT i—1 n, iAnr

hnT

)

hn,T hn,T i=1

hnA,T hnA,T i=1 hnﬁT

(i+])An‘,T
Ogq (XS)TUU (Xs)ds

Anr (1 g (Xing =X
+ ( > K <17T> 1 (Xia, ;)

A2 AN X'A” —X
_ St (—T T K <—> 12 (Xia, )0u(Xin, 1) a(Xin, ,)ds

([+1)An.T
< [ (00X T0u(X,) ~ 0u(Xin, ) Tou(Xin, )] ds

An.T

0 A%,TV(T)
7 hn,T ’

. L2
if 227 0, Thus, ¥4 = 0, <7A"-’Vl ) > Now,

Iy h 'z

B ([ t™))
1 (X,-AT—x)
<E K(————
= (hn,T ,-g‘l hn.T

(i+D)Aur
x Ey, < / (up(Xs) — 1p(Xin, 7)) ds

iN, T
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1 Xin,y =X
<E; b7 ;K (ﬁ) (EA ( s (Xy) — Up(Xia, ;) ds

) 1/2
S
X (E;L << sup / o,(X,)dB, ) ]—',)) ,
iN,r<s<(i+1)A, 7 |/iDyT

where the second inequality is Holder’s. Burkholder, Davis, Gundy (BDG) inequality (see,
e.g., Karatzas and Shreve, 1991, Theorem 3.28, page 166) now gives

2
0}
E; ( sup / o'a(Xv)dBv> |-7:l
i, 7<s<(i+1) A7 |/iBr

(i+1)Aur
< C1E}L (/ a'a(XS)TO'a(Xs)dSL;’:,')

iy

(+DAur

o)

iN, T

< CZAtL,T>

for some constant C,. Similarly, expressing the infinitesimal generator £ of X applied to
the function g (.) as

Lup(Xy) = Q(X)
d m m
- zubd(x (%) 53 3y 060 X 03 (060 + 3 23 St (00 3 0n (10 ().

k=1 J La#j k=1
we have

(‘/l+l Xs) — My ,An_,))dszgri>

(i+D)Anr 5
S / (%)~ (X, )51

iNp 1

(i+D)A, 7 [ s 2
<E; | Aur / { / Q(Xv)dv} &\ F
Jin, r Jin,r

(i+1) Ay m ‘
tE | Aur [ [ zubj )Y, o (X%,) 4B
k=1

"Tj

2
w |

(i“rl)An,T 5 m
+ 2E7L AVLT-/ |:/ :| / 2 ub,/ ) 2 Ojk (X‘)dB
iAgr iAy, AT j= k=1

Now, by Jensen’s inequality again, the first term can be expressed as follows:

(i+1)A,r s 2
E; AnA,T/ {/ Q(Xv)dv} ds| Fi
JiA, 1 Jily T

(+1)Anr [ r(i+1)Anr 2
<E, (A,,AT/ / IQ(Xs)ldS} ds|fi>

{‘, ds|]:,->.

Jilyr Jilyr
5 (i+1) Ay (i+1) Ay )
e (83 [0 [T IemoP e wl)
iN,T iN,T
S CQZ AivT'
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By BDG inequality, applied after the second inequality, the second term becomes
2
GRS m

E; (An. / ' [ / 2 uh; (%) Y. o (&)dBﬁ} ds|fi>

Ay j= k=1

2
K } ds]-—i)

[ S 000 8 oot

ds|f,->

(i+1)
S EA, An‘T /
Jilyr xA,,T<s<(x+I)A,,T
m

i+1)A, i+D)A,r @
S C3El (A,,‘T /L ) ! (/( ) ! 2 2 X )dS)
JilnT E

iN, T =1
(i+1) A,
+ G3E, An,r/
Jidy

<G,

d

Jiln g j=1g%1

for some constant Cy. Finally,

E, <<An.r / ITTI)A” [ / o } {/ Zub,(xt) 2 o (X,)dBY| d

)ir)

< An,T/
Jingr iAnT j
(D A7 (GROLNES 5 12
<A [ <AMEA / (x| ds} \f,»)
iNgr iNgr

1/2
} .7-') ds

(D A7 5 12
/ o e 17)
iNpr

IN Zub,(x ) 3 on () ast

rsz

x | Ex sup
LiAnr<s<(i+D) A7

(i+D)Aur
<CsAr / <A,1.TE1
iApgT

[ DA m d
(o L (S wr a5
iNpT j=1 k=1 j=1
<C A7/2
for some constant Cg. Thus,
E; (‘I’lllAbzﬁB’z)
1 nl Xin T*)C) (i+1) A
<E K(——— E Xs) — up(X;
= A hnﬁT ig{ ( hnﬁT ~ iN,T ('ub( S) ‘ub( IA”'T))

1/2

2
)

S
/ oa(X,)dB,
iA, T

A3/2+1/2 n—1 K (XiAn_T ,x>

n,T
= C7EA hn,T i; hn,T

x | Ey sup
iApr<s<(i+1) A,

=O0(A,rv(T)).
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(i) AT s 12 /2
(E/I[/IA Q(X)dv] ) (El[ Zub,(x)Z()'jk(X)dBk} |]-‘) ds

a4 m 1/2
>y (X, (X)) Y ajkaqk> ds} \f,-) ds
g#=1 k=1

) 1/2
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Therefore, \Il‘llf’z’B’z = 0p(Ay,rv(T)). In the end,

Hp Hp
num\I'L1 +num®’,

v = ' = Op(Bar) +0p (A%’T> O o
N Xia, : 2 1/2
V_TT = K( hn_TT ) x) hn.Tvl/z(T)
Ai T
= Op(An,T)+0p ﬁ 5
hn,TV /2(T)

. A
since -5~ I — 0, which we assume. We now turn to 'Ila” Write
n,T

(1+1)A,,7

1 il—l An —X
< 1onr — X\ )op(X,)dBg

AV hnﬁTAn,T izi >
1 n—1 < Ay — x>

- vV hnﬁTAn,T izi

u7

( (X)) (X B,

u7

fs
/<I+1>A“
)

1 ol iNyr —X (l+l)AnT( s >
T hA - X,)dB, ) oy (X;)dB
v Pl s, o008, ) (X B,
Vhur o, o
= (n num®¥, | +num¥, ’)
vV An T
Since
\/m 1 n—1 <XiA —x
= aumP | = —— ¥ K? L)
|: nT 2’1:| h, 7An 7 =1 h, 7
(i+1)A,r S 2
* / </ /,ta(Xx)ds> (op(Xs)Top (X)) ds
iAyr [7AN'S
= 0p (An7v(T)),
then
h
\/F (num‘llz l) Oy ( AnﬁTV(T)) ,
VAT
which implies
h"-TZn-T(X) num\Ilg’f
; =0, (/A .
An T Anr <n K <M> P ( n,T)
’ b, ~i=1 b,

‘We now turn to

N (i+1)Anr g
numy ! >/ / o.(X,)dB, | o, (X,)dB;.
( 2 2) \/ n, TAn T ,2 ( hn T i, iy a( ) b( ’ ) ’

h,,
An

,\]\]
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L. . . . L. hy, .
Writing o (Xy) = o4, for conciseness, the quadratic variation { ~ = (num® S %)} is

n,T

1 nile <X,A,,_fo> /(i+|)An.T </v a',,(Xv)dBv>2(o-b(XS)Ta-b(XS))ds

b, A & by N i

L onl XA —x\ DA [ s
=— VYK=L - / / ol o.,dv) o] opd
h"’TA"’T i; < hn,T ) i, iy ayTavly b Tba

1 n—1 ) (X,A T7x> (i+1) Ay [ < s < u
K = / 2 / / 0.,dB, ) o,,dB, || o] o) ds,
nTAnT z h’L,T i, iy \Jilpr e e b bs

i=1
where the equality derives from Doob-Meyer’s decomposition (Karatzas and Shreve, 1991,

Theorem 4.10, page 24).
We begin with the second term. Denoting the continuous local martingale fl-tA” o4,dB,

by 11715,,, and integrating by parts, we obtain

1 n—1 XiA —x i+ A, s -
K2 ( ZAnr / 2 / MouoaudBy )| o7 op.d
h,rAnr ,-;1 ( h, 7 ) N N auTauCBu | | Ty TbsC
1 ol Xia 7x> (+1) A1 s
=— K? ol / 2 / ol op,dv ) M, 0, dB;
hmTAn,T z; ( hn,T JidN, T JidN, T by by o

1 n—1 ) N (i+1)A, 1 (i+1)Apr
K2 (K =X, / T opd / MyyoqydB, ).
T g Z‘l ( h, 7 ) ( NP AV N ey

The quadratic variation of
1 -1 By N (1) A,
TR (S5 ) L2 (i L) s,y

h, A, r ~i=1
1 n—1 Xin,;, —X (i+D)A,r s
—— 2 K4 (= — / 4 / O'Z LT bydv M2 508 T asds.
h An T i=l1 hmT JiA, 1 JidNgr 7
Now,
I Xin, r —x\ [G+DALr s 2
7K477/ 4/T,dM2T d
<h2 Alzzr,z ( h,r )w‘A”.r Jitryg TorTP ) MasTasTasts

A2 in o —x\ DA
<c n.T E, K* Xin,r / P ol d
G (Ai»r> (hﬁr ,21 b ) iy asTas0ass
2
1l Xia,r 7)() _ (i+1)Apr
<C E, | — K (=2l g su M, | </ 4o o \ds) Fi
e (hi.r Z'l ( by, P\ anre i a, iBur bsoasds | |7

Aur Uy (Xin, —x ~
< Cg—=E, E K| —— |E; sup
h,, 7 (hn.r b h, 7 i, <s<(i41) Ay

A n—1 N (D Ay
K4 nT / - w
- hn' < h,r 1211 ( h,, 7 > Jiar 0459 asds

a\

-0 <ﬁTT v(T)). (A22)
Therefore,
1o Xia,, =X\ (DA s _ AT
K / P / ol o ,dv>M_\-0',,dB,:0 Sl 12 p
b7 Anz Z‘] < b7 ) i <mn.y b TR I 2 ")
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The additional term is

1 n—1 5 <XiA T*X) < (+1D)Ar > ( (i+1D)Anr
- K=+~ )2 / ol o} . ds / M, 04 dB.)
hn,TAn,T i; h, 7 N bs9bs N a,50 a,sdDg

A, "l Xin, —X (+DAr
< BT N <7) 20] A Thinng ( / MaﬁsaaﬂgdBS)

h,rlnr 5 h, r AVE
1ol X, —x (+DAnr .
+ h, A7 Zl K ( h, 7 2 ~/iA , (Ub.so-bss - ab,iAn_1‘o-bsiAn.7') ds
3 = 5 n,
(i+1)Anr
X (/ Ma_sa'a_SdBS).
Jil, T : :

Using the same method of proof leading to equation (A.22), the first term has a quadratic
variation given by

AﬁT n—1 Xin . —x 2 (GRIZAVENS A
N 4 121 T . 2 T _ n,T
(R ) ([ ) (25)

nT i=1 n,T

. N
Hence, the order of the first term is O, ( hl”/‘zT v/ 2(T) ). As for the second term, we can

n,T
treat it in just the same way as \Il‘ll_”z’B’2 above and obtain an asymptotic order equal to
1/2

Op (A, 7v(T)).
Thus,
S Xia - —x\ DA [/ ps 2
— Kzir)/ (/onB)oxTUde
a2 () L (L et ) (o)
LG o (Xia T—x) (i“”l)AILT( s
= K* [ ——— / / ol o dV)O'TO' ds
by 7 An 7 Z’l ( hy, Jitky g Jin,g S bys oS
A2
T 1/2
+0p | VA1) | + 0,8, 0(T)
hnﬁT
Ay Xin,, —X
= h, K? (=) 0u(Xia, )T 0a(Xin, ) op(Xin, ) Tob(Xin, ;)
Zhn.T i=1 hn_T
A2
+0p —hln/gvl/z(T) +0p(A)/FV(T)), (A.23)
n,T

where the second identity derives from the fact that

i+ A7 s T
/ / ol ,oavdv | o) opds
i [FAVEN

(+D)Anr s
= /A (/A (0] oay—alXin, ;) oaXia, 1)) dv) o} o sds
[N 2T '

(i+1)Aur s
+ / ( / oa(Xin, ;) o (XiA”.T)dV) (U 3595 —ob(Xin, ;) o (XiAu.T)> ds
Ji 1

Anr Anr
(+D)Aur [ s
[T outia, (s, ) ) onis, e, s (a2
JiBnT 1AnT
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Notice that

(i+1) A7 s
/ ( [ ultia,)To (x,An,»dv) o5(Xia,)T05(Xia, )ds
Jl JI

JAVRA JAVRY
(i+1)A,r S
=o.(Xin,)Toa(Xin, . )op(Xin, ) Top(Xin, ;) ( / A ( / R dv> ds>
ZAVNA ZAVNA
A2
= 2L (Xia )T oaXin, b (X, )T OH(Xi, ),

which is the dominant term in equation (A.24). Using the usual arguments based on Itd’s
lemma (see, e.g., equation (A.11)), the remaining two terms in equation (A.24) lead to

12
probability orders dominated by O, <ﬁ]”/;'vl/ 2 (T)> + OI,(A,IL/Tzv(T)). Equation (A.23),
n,T ’
therefore, gives
hnﬁTZnﬁT(x) num\Il;% 0 (1)
A A, Xia, =\ | 7P
VA \ Rk (SR
since
1/2

n,T 1/2y
gt | oA =00
n,T

We now write the estimation error decomposition as
vechay, (x) — vecha(x) = vech®3 — vecha(x) + vech® | 4 vech® . (A.25)
We use the same procedure as in Theorem 4, i.e., we orthogonalize the vector of martin-

gales vechW, and apply Theorem 3.16 in Hopfner and Locherbach (2003) or Proposition 1
of Feigin (1985) to find that

hnﬁTZnﬁT(x)

A vech®, = N (0,KyPp (2a(x) ®a(x)) Pp) (A.26)
n,T

sin

o)
num\Ill1

ce
hn.TZn.T(X)
/A Aur Xin, =¥
mT B i1 K <7h,,77~ )
n.TZn.T(X)
\ An,T

= Op (\/ An,T) :Op(l)

and

\/h num‘Ilgfé

Anr <n Xin, 7=
e i:1K< by r

= Op(l)a
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. A, 1
if —=—— —> 0 and
h,, L1 (x) hlzl T

inverse of D (see, e.g., Magnus and Neudecker, 1988). Also, we note that

n TLn T hnﬁTZn,T(x)
vl vech\Il1 =V 0, (Anr) (A.27)
AV n T AV An,T

L 0, where Pp = (DTD) ™! DT is the Moore-Penrose generalized

hn,TLn,T(x) An T (A.28)
VAnr h)201/2(T) '
_ op(l). (A.29)

Using the derivations leading to equation (A.20) above, and the twice differentiability prop-
erties of the diffusion elements and the invariant density, we have

A
vech® 3 —vecha(x) = vechs(x) + O, ( hzn’T
n,T

) +ol7(h3l,T)a

where s(x) is the d x d matrix with elements

B dag(x) 29| 4 92, (x) -
Sgq(x) = h2 7 (/Sszk(s)ds) (};5; d)a( ) +5_,§1 ax_fng ) g.q=(1,1),....(d.d).

(A.30)

We obtain the stated result by combining the estimation error decomposition in equa-
. . . . W Ly
tion (A.25) with equations (A.26), (A.27), and (A.30), provided %;(x) L 0,
WALy 475 Lo
%;()C) L ¢, and hZ,T“Ln_T(x)An,T 2, 0. Notice, in fact, that
hg‘rzn‘T(x)
AnT

hg‘rzn‘T(x)
ArL,T

hg‘rzn‘T(x) At
ANyt Op | Bnr+ l/2 V1/2(T)

hnT nT( ) AmT
+ 7A” {0(h2) +0, ( hﬁﬁr ) }

= N(0,KxPp (2a(x) ®a(x)) PL),

d+47
hy. 7 Ly, T(x) P B Lnr(x) p u rLur(x) Ay P,
if = —— Ay 00 R 0 and -V —0. |

{vecha, r(x) —vecha(x)} = vechW,
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