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We consider a process that starts at heygbtays there for a tim&, ~ exp(y) when
itdrops to aleveZ; ~ U(0,y). Thereafter it stays at levél, for time X, ~ exp(Z,),

then drops to a leved,,,. , ~ U(0,Z,,). We investigate properties of this proceas

well as the Poisson hyperbolic process which is obtained by randomizing the start-
ing pointy of the above proces3his process is associated with a rate 1 Poisson
process in the positive quadrarits path is the minimal RCLL decreasing step
function through Poisson points in the positive quadrahg finite dimensional
distributions are then multivariate exponential in sense of Marshall-Olkin

1. INTRODUCTION

Consider the process,(t), t = 0 which starts at time 0 at level The process stays
at levelzfor a timeX, ~ exp(z), then it drops to a level, ~ U (0, z). Thereafterthe
process remains at the levg) for a time X,, ~ exp(Z,), then it drops to a level
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12 B. Levikson, T. Rolski, and G. Weiss

Z..1~U(0,Z,), for n =1,.... Realizations of this process fordecreasing step
functions which we take as right continuous with left limitRCLL). We denote the
special cas&;(t) = Z(t).

There are two scenarios in which this process may afise first is associated
with an epidemicFor a population of many itemall of which start off as being
susceptible to some infectious diseabe time until an outbreak may be exponen-
tial, with a rate proportional to the fraction of susceptibles in the populafoice an
outbreak occursit spreads through the population within a negligible tiraad
decimates a random uniformly distributed fraction of the susceptitiiesugh death
or immunization.

The second scenario is based on a Poisson process on thewitdneate 1
Consider the process in the strip- 0,0 <y < z, and form an RCLL decreasing step
function through points of the procestarting at time zero fromand choosing at
each step the next lower poiffig. 1.1).

Definez, , (1) as the level of the random decreasing step function at time
to, given that the process started at lexght timety and proceeded as befoi&e
prove thafZ, , (t),t=to} is a Markov processaind moreoveyit has the following
scaling behaviar

Zi %, (1) = XoZ(Xo(t — to)), t=t. (1.1)

In Section 2we study the procedZ,(t)} in detail In view of the scaling be-
havior, it suffices to study{Z(t)}. First we derive the properties of the sequences
Xn, Zn. Next, we show thafZ(t) is distributed as exg) 0 1, that is an exponential
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Ficure L.1. Atypical realization ofZ,(t).
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random variable with parametérruncated at 1Finally, we study the counting
procesd\(t) of the eventgthe downward jumpsup to timet.

The procesg, , (t),t=t,is, of coursetransientand therefore has no station-
ary distribution It does howeverhave a canonical formvhich is the main object of
study in this papeiThus in Section 3we consider the proce&s(t), t > 0 obtained
from the random starting conditios (1) ~ exp(1) and such thafZ*(t), t = 1} =
{Zym(t), t = 1}, where{Z, «(t), t = 0, x = 0} andM are independent and ~
exp(1). The reversed process is described constructively as fallBarsallt > 0, if
the process is at levelat timet, the previous event is uniformly distributed @)t)
and the previous level is + W, whereW ~ exp(t). By considering the original
process fot > 1, and the reversed process for < 1, both withZ*(1) ~ exp(1),
we obtain a canonical proce$&*(t), t > 0} defined for allt > 0. We call this
processThe Poisson Hyperbolic Staircase

We also find that the point proceds’ of jumps ofZ* is a nonhomogeneous
Poisson processvith rate ¥t, soN*(1,t], the number of jumps i1,t], is a Pois-
son(log(t)) random variableNext, we reverse time and show that for0t < 1,
Z*(t) ~ exp(t), andN*(t,1] ~ Poissori—log(t)).

It turns out that the proce&'(t) can be taken as a minimal RCLL decreasing
step function ori0, co) passing through points of the Poisson process on the quadrant
(0, 0) X (0, o0) (Fig. 1.2).

The Poisson hyperbolic staircase has several remarkable properties

1. The process is Markoviawith finite dimensional distributions that are multi-
variate exponential in the sense of Marshall-O[l3;8] (see also Kopoc¢ski
[10]), in particularZ*(t) ~ exp(t) and hencde(Z*(t)) = 1/t.
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FiGuURE 1.2. Atypical realization ofZ*(t).

https://doi.org/10.1017/50269964899131024 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964899131024

14 B. Levikson, T. Rolski, and G. Weiss

2. The counting process of the jumps is a nonhomogeneous Poisson process
with rate Yt.

3. The process fulfills the distributional equation tHat*(-)} 2 {aZ*(a-)},
wherea > 0. Notice that functional equatidi{x) = af (ax) has the solution
f(x) = f(1)/x and hencethe name hyperbolic

4. The proces&*(-) is symmetrical around the line= t: The inverse process
Z*71(.) defined byz**(y) = inf{x: Z(x) = y} is equal in distribution to
Z*(-).

5. The canonical process is the limit of the proc&sg(t) in the sense that
tZy1(t) converges weakly toZ*(t) outside the intervall/L,L) asL — oo.

In Section 4 we relate the proced§t) ~ exp(t) to a planar Poisson process of
rate 1 in the positive quadrariDefine the points of the process ‘closest’ to the
positive axes as those poirits y) such that the rectang(é, x) X (0, y) has no other
points of the Poisson proceskhen these points form a doubly infinite sequence
increasing inkand decreasing iy and ‘hugging’the axe3 he random step function
through these points is exactly our proc&sst). To show this let (Xo,Yy) be the
first points of the Poisson process reached by a square growing(@,0im Condi-
tional onX, = Xo, Yo = Yo We look atZ, , (t), and unconditioningwe obtainZ*(t).
Arecent interest in decreasing step function defined by a planar Poisson process is
also generated by the research on Hammersley profighand 5 Ex. 6.7.2].

We also consider the point processes generated by projecting the hyperbolic stair-
case onto the axe€ontrary to our expectatigthese processes are not independent

We believe that our derivation and detailed study of the Poisson hyperbolic
staircase are nevt the same timgthough the Poisson hyperbolic staircase turns
out to be a special case of an extremal process as originated by D&jaasd
described in ResnicKlL2]. We explain this connection in Section 5

2. THE RANDOM DECREASING STEP FUNCTION WITH FIXED
INITIAL STATE

2.1. Embedded Sequences

In view of the scaling property given in E(L.1), it suffices to study only the process
Z(t). The intervals{X,}i~o, and the leveldZ,}r, can be constructed from two
independent sequences ofd. random variablegV,}r—o, Vi, ~ exp(1), and{U,}7=,,

U, ~ U(0,1). With these we can write

n n
Zn:HUj, Xn:Vn/llUJ, n:O,L.”‘
j=

This also defineZ, = 1.
The probability density function dt, can be calculated recursivefy (u) = 1,
o<u<l,

1
1
fzn(u) = f ; fzn,l(U)dU, O<u<ly,
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but an easier way is to consid&, = —log(Z,). As an independent sum of the
—logVy;, we haveW, ~ y(n,1) (gamma density with shape parameteand rate
parameter L Usefy, (w) = (w"t/(n—1He W to get for n > 1:

1 (=logu"*

fz, (u) = fy, (—logu) " RS O<u<Ll

The expectation oZ, is simply

E(Z,) = E( 11 u,-) =1/2"
j=1

To study the properties of,,, we note

def t(-l "t _
P(X, > x) = E(e %) £ ¢, (x) = f %e g

which, unfortunatelyis not very informative
Asurprise is the fact that far=1,...,E(X,) is infinite:

E(X,) = E(E(X,|Z —Ei—Ei T
(n)_ ((n| n))_ (Zn>_<<U1>> = .

2.2. The Continuous Time Level Process
Let Z(t) denote the level of the process at titree 0. This is the value oZ, for the
last jump at or beforg that is

n—1 n
Z(t) = Z,, for X X =t<> X,
i=o i=o

in particular Z(0) = 1.
The following recursion holdgor eacht > 0

{(Z(t+9)|Z(t) = 2), s= 0} 2 {zZ(z9), s= O}

or, equivalently

Z(t +s) = Z(t) Z(Z(V)s),

where{ Z(t)} is an independent copy ¢Z(t)}. In words the continuation of the
process beyontevolves like the process itself starting from zength time and
space scaled by the value of the process at tifdét). Note that(Z(t + s)|Z(t) =
z)=(Z(t+9)|Z(t) =2z Z(r) 0 <r <), so{Z(t)} is Markov

In particulay we can condition on the first everdand obtain a renewal-like
relation With X, = 7 andZ; = U; = u,
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1 t<m,

uZ(u(t—7) t=r. (2.1)

Z(t) = {
From Eq (2.1) we can calculatgfor example the distribution ofZ(t).

We denote by ex(i) Oxthe distribution of V,/t) [Ix, where we use notationl]
y=min(x,y). In the proof of the following proposition we use Banach’s fixed point
theoremwhich says lett' be a complete metric space with a megiand® : X —

X is a mapping fulfilling the contraction principle that®(x), ®(y)) = Kp(x,y),

whereK < 1; then there exists a unique poksuch that = ®(x). We apply this
theorem withX’ being the space of bounded and continuous function®gam) X

[0,T], with the sup norm

Proposition 2.1:

Z(t) ~exp(t) OL

Proor: A similar application of the renewal argument in.E8.1) can be used for
the Laplace transform d(t), ¢(s,t) = E(e75%1®),

t 1
o(st) =e ™ +f f e " 7p(suru) du dr. (2.2)
0Yo0

It is easy to check that this equation has a unique solulibe mapping

t 1
d:p(st) > f f e "o (syru)dudr + e T
0Yo0

for ¢ abounded function ovés, t) € [0, c0) X [0, T] is a contraction for every fixed
T > 0, and this proves uniqueness@fs,t),0 < s,t < co. Simple manipulation of
Eqg. (2.2) yields the integral—differential equation

1

9 t) + t—f tu) d
at<o(s>) <o(s,)—oso(qu) U

By inspectionwe check that

t+se 0

e(st) = Tirs (2.3)

is the desired solutiart is now immediate to see that(s,t) is the Laplace trans-
form of 1 Oexp(t). [ |

An alternative approach to derive Propositioh & to write a set of differential
equations for the moments @ft), based on the renewal type argument and scaling

property
kme(t) + (t + k+ 1)mi(t) + tm{(t) = 0, m(0)=1Lk=1,...,
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which is solved by
k! St
m,(t) = (1_ = )
=0 J!

From these we obtain the Laplace transforrd @ as in(2.3). In particularwe have
1
m(t) = EZ(t) = T (1—e™). (2.4)

2.3. Scaling and Joint Distributions

The result of Section.2 says thatapart from the unavoidable upper bound of 1
Z(t) has an exponential distributipwith parametet. Consider now the process
Z,(1), with the same structure &5t), but starting at time 0 with the initial valug
Z(0) = z. The process stays at the lewdbdr a time ex§z) then drops to a lower level
~U(0,2), and so onThis process is a scaled version of the original pro@&ss
with level multiplied byz while the time in the new process movesmes faster
Z,(t) 2 zZ(tz). Hence Z,(t) ~ z Oexp(tz/z) = zOexp(t).

Combining the Markov property and the scaling propesy can now write the
joint density ofZ,(t,),...,Z,(t), foranyt; < --- <t

fz;t1 ..... t|(217"'7zl)
= tle_tlzl(tz - tl)e_(tz_tl)zz' N '(t| - t|_1)e_(tl_t|71)zl, Z| < Z|_1 < ... < Zl < Z

Atthe boundary of, <z _, < --- <z, < z the distribution is singulaand outside
the region there is no probability maszareful integration over the relevant regions
yields a better description through the joint survival function

'fz;tl ..... t|(zl""’zl)
= P(Z,(t) > z74,...,Z,(t) > 2))

e umax(zy,....z)g=(e-tymax(z,....,2) . e*(t|*t|—1)2|, 0= 7z <z i=1...,1
0, if z, = zfor somej.

(2.5)

We now explore the connection between the pro@dssand the planar Pois-
son processRecall the definition of a planar Poisson procdssmogeneous with
rate 1 It is a process of random points in the plaRé, such thatfor any Borel
setA C R2?, the number of points i\, denoted\(A), has a Poisson distribution
with paramete¥ (A) where( is Lebesgue measufer areg, and for any family of
nonoverlapping A.}, the random variabled/(A,) are independenBy its defi-
nition, P(NV(A) = 0) = e ““. Similarly, one can define a planar Poisson process
homogeneous with rate, bn a region of the plan® C R? by considering the
points inA N D.

Consider now the planar Poisson process with rate 1 on the planar strig 0
0 <y < 1. Consider the pointxo, Yo) = (0,1) and the sequence of poirits,, y,), N =
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1,... of the planar Poisson process in the strip such(thaty,) is the left-most point

of the process with, > X,_1, Yo < Yn—1. It follows from well-known properties of

the planar Poisson process that; — x, ~ exp(y,) and thaty,, 1 ~ U(0,y,). Itis
therefore immediately obvious that the RCLL decreasing step function through these
points isZ(t).

This leads to an alternative derivation of the distribution of the random variable
Z(t). For anyz = 1, the eveniN(t) > zis equivalent to the event that there are no
points(x, y) of the Poisson process in the rectan@g) X (0, z) and the probability
of this event ise~%, as requiredSimilarly we can derive Eq(2.5).

2.4. The Counting Process of Events

Let N,(t) count the number of eventfumps ofZ,(-)) in the interval(0,t]. For the
special cas&(0) = 1, we letN(t) = N.(t). We note the following scaling property
The proces$N,(t), t = 0} is equal in distributions t¢z N(zt), t = 0}.

If the first event happens &, = 7, and the level falls tdJ; = u, the conditional
renewal argument faXl(t) is:

0 t<r,
NGt = {1+ Nut—-r) t=r7, 26)

whereN is an independent copy &f We denote

t 1_ e—U
Ein(t) = f du, t>0.
o u

Proposition 2.2: The expected value d(t) is given by

t

v(t) = E(N(t)) :f EZ(u) du= Ein(t). (2.7)

0

Proor: Conditioning on the first event we obtain the renewal-like equation

v(t) = f1<1 +le(u(t - 7)) du> e "dr.

Straightforward algebraic steps lead to the differential equation
@+t +ww'(t)=1 vO=Lr0=1
which is solved by Eg(2.7). The last equation follows from E§2.4). u

We can derive a similar differential equation and solve it for the probability
generating function o (t).

Proposition 2.3: The probability generating function ®(t) is given by

1 1 eftu
rsr@a--s) fo us(1—uyt-s

M(s t) = E(sNV) = du, (2.8)
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Proor: Condition on a first event at, with level falling tou:

M(s,t):e*‘+sfj e "M(s,u(t— 7)) dudr
0 Y0

‘<1+sft§e"fo(s,w)dwdx>. (2.9)

We multiply Eqg (2.9) by €!, differentiate wr.t. t, cancele' and multiply byt,
and differentiate again wt. t. We get eventually with the notationM’(s,t) =
(9/0t)M(s, 1), the equation

(1-s)M(s,t) + (1 +t)M’'(st) +tM"(s,t) =0

with the boundary conditionBl(s,0) =
The general solution to this equation follows from Kanjke Sect C2.108
p. 426] in the range 6< s< 1 andt > 0. It is

M(s t) = Cl(s)J cdu+ Cz(s)f S(— du.

) u 1)1 s

Ast — 0, the second integral becomes infinite for ak0s < 1, as is seen from

J‘oo eftu d J‘oo efW d _ foo efW d
——du= ———dw= — dw
. u(u—1ts ¢ wS(w—t)ls . W

=E;(t) > o0 ast — 0,

whereE;(t) is the exponential integrééee Abramowitz and Steg(ih, Sect 5.1.1,
p. 228 and Fig 5.1 thereir). Hence C,(s) = 0,for0=s < 1.
Substitutet = 0 in the first integral to obtairfor 0 < s< 1,

1 1
fo Us(l——W du=T(s)I'(1—s),

and hence by M(s,0) =

€= rorias;

The proposition follows u

This form of the probability generating function does not look very uséfis,
howeverthe basis for further derivations in the next sectiérom Eq (2.9) we can
also find a recursion fa,(t) = P(N(t) = n). Clearly ay(t) = exp(—t). We now plug
> pan(t)s" into Eqg (2.9) to obtain
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o) t 1 X oo
> a,(t)s" = et<1+ sf )—(eX E a,(w)s" dw dx>
0

J—efan 1(w) dw dx

Hence

t 1 X
a,(t) = ef‘f —exf an_1(w) dw dx n=12,....
o X 0
In particular a;(t) = Ein(t).

2.5. The Area Under Z(t)

We consider the lin&,(t) of Section 2and studyf$Z,(r) dr. However by scaling
{Z,(t), t = 0} 2 {zZ(zt), t = 0} so f5Z,(r) dr equals in distribution tg&Z(r) dr.
Hence we consider integrals diZ(t)} for which we derive the Laplace—Stieltjes
transform Conditioning on the time of the first event, and on the levali to which

Z drops atr:

t T>1

t
Z(r)dr = T
Jo ") T+f uZ(ur)dr 0<7<t0<u<Ll
0

The Laplace-Stieltjes transform of the integral satisfies

¢(S,t) _ E<e—sJ;Z(r)dr>

t 1 t—7
4 _ _ - Z(ur)d
=e‘e3‘+fe7f E(eSTesfo e r)dudr
0 [0]

t 1
- e(1+s>t<1 +J e<1+5>ff ¢(s,ur) du dr). (2.10)
0 0

Multiply by e*™9t take derivative with respect tpand cancee* 9! to obtain

(1+S)¢(at)+E¢(st)=f¢(sut)du=}ftqb(&r)dr
dt 0 t 0 ’

Multiplying by t, and taking a second derivative with respect,tae obtain that
¢ (s, t) fulfills the second order differential equation

tgp” +(1+(1+9)t)p +sp=0 (2.11)
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with initial conditions¢(s,0) = 1 and¢ ' (s,0) = —s. In the following proposition
we need the notation
n—1

ka(s) = (=D J] (1 + s)k+s).
k=1

In particular k,(—1) = 1 andk,(1) = (—=1)"(2n — 1)!! . Although Eq (2.11) can be
reduced to equation type A3 from Kamke 9], we derive its solution directly

Proposition 2.4: The solution ta2.11) is

[} kn tn
ssp = 3 ol

n=0 (nl)z ’
Proor: Thate(s,t) is indeed a solution we can check by inspectibinus assum-
ing thateg (s, t) = 37 oa,(s)t", inserting it into Eq(2.11) we deduce that
(1+s)n+s

nrpz &

an1(s) = —

From this we derive,(s) inductively. |

Note thatin particulaywhens= —1, the solution is expressed via the modified
Bessel function of order,04(x):

3. A CANONICAL PROCESS

In the previous section we considered the random decreasing step fud¢tijon
starting fromz(0) = 1, and we saw that it had a marginal distributisrexp(t) 0 1.
Similarly, for Z,(0) = x, the marginal distribution is- exp(t) [0 x. Clearly, for any
initial condition the proces%,(t) is transientHowever it seems that the actual
influence of the initial condition is spurioust has no effect on the future of the
process except as a truncation valGan we get rid of this truncation? The answer
is yes and in so doing we obtain a much simpler and more elegant pr@éss
which we call the Poisson hyperbolic staircasée key step is to assume that
Z*(1) ~ exp(1), or more generallyZ*(t) ~ exp(t), for somet > 0.

3.1. Z(t) with Randomized Initial Conditions

Assume a random initial conditiaf(0) ~ exp(«). Conditional onZ(0) = u, Z(t) is
the value of the processime units laterwhere the level now is multiplied hyand
time is scaled by. As we saw in Section.3, scaling of time and space canceds
Z(1) is a truncated exponential random variable with parantetard the value of
the initial state appears only as the truncation valudence for allt > 0
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e X x=u,

P(Z(t) > x| Z(0) = u) = {o U

and sgif we randomize

P(Z(t) >x) = Jw P(Z(t) > x| Z(0) = u)ae™ " du

= f ae Ve Xdu= e (traX x> 0.
ThusZ(t) ~ exp(t + «), t > 0.

3.2. Definition of the Poisson Hyperbolic Staircase Process

Clearly, in the same waywe can start at ab > 0 from Z(s) ~ exp(s) and condi-
tional on thatobtain thatZ(t) ~ exp(t) for all t > s.

Similarto Eq (2.5), for0 <t; < ... <t,if Z, ~ exp(t,), the joint distribution
at these time points is given by
'ft tI(Zl,...,Z|)=P(Z(t1)>21,...,Z(t|)>Z|)

1reees

— e—tlmax(z1 ,,,,, z )e—(tz—tl)max(z2 ,,,,, 7)., _ef(n *t|71)z|’
0=z,...,z. (3.1
The family of finite dimensional distributions
R (Zes.h2), h<t<---<t,l=12,...} (3.2)

defined in Eq (3.1) is a consistent family in the sense of Kolmogorov's consis-
tency theorem andy the Kolmogorov theorenthere exists a stochastic process
{Z*(t), t > 0} with such finite dimensional distribution®Note that if we let
W, ..., W be independent random variables with~ exp(t; — t,_1)(t, = 0), then

we have

(Wl,WlEJWZv---leDWZD“' |:|V\/|)"’Ft1 ..... e (3-3)

Each member of the family of distributions in £§.2) is a multivariate exponential
distribution in the sense of Marshall-Olkisee Barlow and Prosché8, p. 127] or
Johnson and Kotf8]. By analogy with Gaussian processt® stochastic process
Z*(t) belongs to the class @&xponential processes

Proposition 3.1: The exponential proces&(t) is Markov with transition density
function f,(x,dy) being defined by ex@h) O x. Morever Z*(t) ~ exp(t), for
allt> 0.

Proor: By property(3.3) we easily check the Markovian propertyof(t). H
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3.3. Time Reversal
Considert; < t,, and look at the joint distribution a*(t,), Z*(t,), by Eq (3.1)

e hn(t, —t)e e Wadz, 7z, > 7,

P(Z*(t)) > 74,2, < Z%(t,) = 2z, + dz,) =
( ( 1) 1y £2 ( 2) 2 2) {tzetzzz dzz, Zl = ZZ'

Hence conditioning onZ*(t,) = z,, and recalling thaZ*(t,) ~ exp(t,),

t2 - tl —t1(z21—25)
. . eun 7>z,
P(Z*(t) > 21| Z%(ty) = 2,) = t (3.4)

1, Z, = 2,.

Furthermorefort; <t, < --- <t

P(Z"(t) > 74| Z*(tp) = 2, Z%(t3) > Zs,...,Z27(t) > 7)) = P(Z*(ty) > 74| Z7(tp) = 2,),

as all the terms relating t6*(t3),...,Z*(t;) cancel Of course this last property is
always true for Markov processeésence we have shown the following proposition

Proposition 3.2: The conditional distribution ofZ*(t,)|Z*(s), s> t,) fort; <ty is

equal toZ(t,) with probabilityt, /t,, and with probability - t; /t, is distributed like
a shifted exponentiastarting fromZ(t,), with parametet,; symbolically we write
this asZ(ty) ~ Z(t,) + Bernoulli(1 — t,/t,)exp(ts).

3.4. Construction of the Reversed Process

We now discuss the sample paths of the Markov process in reversed-tim&m-
plicity, we condition on the value c&&*(1).

LetT=sup{t:0<t<1Z*(t)>Z*(1)},thenZ*(t)=2Z*(1) for T<t=1, while
Z*(t) > Z*(1) for 0 < t < T; this follows as the sample paths @f(t) are nonin-
creasing and RCLIHence T is the time of the jump prior to time, And the events
t=TandZ*(t) = Z*(1) are equivalentHence by Proposition 2, the distribution
of Tis

P(T=1t)=P(Z*(t)=2%(1) =t,

and sor is uniform on the interva(0,1).

Furthermoreif at timet < 1, Z*(t) > Z*(1), then by Proposition.2 Z*(t) —
Z*(1) is distributed exponentially with parameterHence Z*(T—) — Z*(1) ~
exp(T).

More generallystarting at any time, and conditioning on the value &(s),
the reversed process keeps at this level for part of the distancesti@f In fact, it
moves back to a poink uniformly distributed or(0, s). It then jumps up to a higher
level, the height of the jump beingexp(T).

3.5. A Constructive Definition

We show here a constructive definition of the stairca4g), showing in particulay
that there is a version of the process with RCLL sample pattig,or). We have two
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Markovian mechanismgor regular time and for reversed timk the process is at
levelz at timet, then it moves forward by remaining at that level for an exponential
time with parametez, then drops to a leve uniform on(0, z). Moving backward

the process remains at levefrom timet back to a time poinT uniform on(0,t),
then jumps up to a higher level where the random jump has siz€lexp

We can now define a complete procgsg specifying all its joint distributions
as follows Start at time 1with Z*(1) ~ exp(1), and define the process for 1 by
the forward Markovian mechanisrand for 0< t < 1 by the reversed Markovian
mechanismBy the calculations of SectionsI3and 33, the marginal distributions of
the process for ati> 0 areZ*(t) ~ exp(t) and in generalthe joint distributions are
asin Eq(3.2).

Alternatively, one can start from any time > 0, with the assumption that
Z*(s) ~ exp(s), and define the process for s, and fort < susing the forward and
the reversed mechanis@ind again for alt > 0, Z(t) ~ exp(t).

We have a family of constructions of Markov processes with the given transi-
tion mechanisms in forward and in reversed tjiwih fully determined joint dis-
tributions Furthermoreno matter at whas we start the constructiome obtain the
same joint distributionsNow the processes are pure jump processsd we take the
versions with RCLL sample pathklence all these definitions construct the same
unigue procesZ*(t), t > 0, which is the canonical process

3.6. A Geometric Approach

Consider now the planar Poisson process with rate®dand defind Z*(t), t > 0}

as the maximal RCLL decreasing step function such that there are no points of the
planar Poisson process belowAiternatively it is the minimal decreasing RCLL
step function with the right limits at the jumps being points of the planar Poisson
processNote thatZ*(t;) > Xq,...,Z"*(t,) > X,, fort; <t, < ... <t,, ifand only if

there are no points of the Poisson process in the recté®g{e X (0, max(Xy, ..., X,),

no points in the rectanglé,, t,),(0,max(x,, ..., X,), etc and hence we immedi-

ately get Eq(3.1). We will say more about this approach in Section 4

3.7. The Canonical Counting Process {N*(t)}

In this part we consider a counting procéhi(t)} on(0,00) counting eventgjump
points of the proces&*(t)}). However we first prove a lemma on a randomized
version of the counting proced§ which counts jumps of the proce&a(t)}.

Lemma 3.3: If Z(0) ~ exp(a), then Nt) ~ Poissorilog{(t + a)/a}).

Proor: Compute firsffor0 <z=1anda>0

1 1
du
fo -t (1 tan
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Substitutingy = (1 — u)/u, and therw = v/(1 + a) we get

fl 1 oo vzfl
du=f —
o UX(1—u)' %1+ au) o 1tato "’

o0 WZ*l
=(a+ 1)2‘1f dw
0

1+w

=T (zrdl-2z(a+1*?

where the last equality follows fronfig (w? /(1 +w))dw = T'(z)T'(1 — z) [1,

p. 256 Eq. 6.1.17]. Conditional onZ(0) = x, N(t) is the number of events during
an interval of lengtht, and time in that interval is scaled by a factornofHence
the probability generating function is

E(zZNV|Z(0) = x) = M(z, xt),
whereM(z,1) is given by Eq(2.8). Taking expectatioyw.r.t. Z(0) ~ exp(a)

E(zZNW) = af e~ *M(z, xt) dx
0

- F(Z)F(l—z)J f Z(liXtt:)“d“dx

= du
r(z)r(l— 2Jo - upeas Lo

<t+ a>21
a

But this is exactly the probability generating function of a Poisson random variable
with parameter lo§(t + a)/a}. [ ]

In the sequelwe denoteN*((s,t]) = N*(t) — N*(s). Clearly applying Lemma
3.3 to the counting procegiN*(t)} we get thatN*((1,t]) ~ Poissoitlog(t)) (use
Lemma 33 with « = 1 andt — 1). Similarly, N*(s,t] ~ Poissorilog(t) — log(s))
(use Lemma 3 with sandt — s).

Proposition 3.4: The counting procegd\N*(t)} is a nonhomogeneous Poisson pro-
cess on0,00) with rate J/t.

Proor: Inview of Daley and Vere-Jonéd, Thm. 7.3.11], it suffices to check that for
SS<ti<s<t<...<s5<t,

PIN*((5,14]) = 0,...,N*((8,,1,]) = 0) = ] eootv-too) - H(?) 35)

i=1 i=1 i
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However using the constructive method of Sectiab,3
P(N*((Sl’ tl:l) = 0”N*((Snatn]) = 0)

= fo P(N*((S.IJ tl]) = 07"" N*((Sm tn]) = O‘Z*(tl) = X)t1e7t1X dX

fo P(N"((s,t.]) = 0]Z"(t,) = X)

X P(N*((SZ’tZ]) = 0’7N*((S1’tn]) = 0|Z*(t1) = X)tleillx dX

tilf PN (85, 1) = 0,....,N*((Sy,ta]) = 0]Z* (1) = X)

X t;e X dx

% PIN*((S2,t5]) = 0,....,N*((Sns ta]) = O).

1

and so inductively we prove E¢B.5). u

3.8. Symmetry

Note that if we change the role of thandzaxes abovewe retain the same structure
of the processThe process whose realizations are the inverse functions of the paths
of the procesZ*(t) is identically distributed to the original process
This enables us to analyze two more quantities associated with the original
processFor the canonical procedst T(z) = sup{t: Z*(t) > z} =inf{t: Z*(t) = z}.
Then by the aboveT (z) ~ exp(z). Also, if we let W*((1, z]) denote the number of
events for the process to drop from level 1 to lex&V*((1, z]) ~ Poissori—log(z)).
Comment on the term staircagestep function consists of horizontal line seg-
ments and vertical gap8y considering both the process and its inverge are
actually thinking about the continuous line consisting of horizontal and vertical line
segmentsVe feel that it is appropriate to name such an object a stairtasdRCLL
choice for both the process and the inverse process includes the lower left corner
points rather than the upper right corner points of the staircase

3.9. Convergence to the Canonical Process

The following comment is perhaps not debpt we feel it is worth makingf one
considers an ergodic Markov proceasd one conditions on an initial distribution at
timety, and then runs the process forward and backward-far < t < oo with the
forward and backward transition kernels of the stationary version of the pr@asess
|t —to] — oo, the process converges weakly to the stationary proEessur process
Z, x,(1), we cannot expect such behavias the process is transieand is only
defined fort > 0. FurthermoreZ,_, (t) andZ*(t) both converge to 0 as— oo and

to oo ast — 0. Neverthelesswe have

Proposition 3.5: The procesZ,_ , (t) which has value, at timet, and which fol-
lows the forward and backward construction of Sectids) 8onverges weakly to
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Z*(t) in the following senseConsider at the two processes fox ty/L,t > tol,
whereL > 1, and look atZ, , (1), tZ*(t). Then ad — oo, tZ, , (t) > tZ*(t).
Proor: Fort > Lt,,

e AW/t 7 <y,

P(tZ, (1) > 2) = {O > ix
0>

and fort < ty/L, by Eqg 3.4,

to —t z
et ™0 72> tx,
P(tZ, () >2)=) b
1 Z = tX,,
both of which converge te % = P(tZ*(t) > z) uniformly asL — oo. n

The scaled proces#/(t) = tZ*(t) may be of interest in its own rightt is a
nonhomogeneous Markov processth all the marginal distributions exp). The
sample paths dV(t) are constructed as followset (t,,z,),n=...,—10,1,..., g =
1 < t; be the embedded sequence of jumps in the RCLL pragéds. Define the
raysl,(t) = z,t,t > 0. Then

W(t) = 1,(t) th=t<thi.

4. A POISSON STAIRCASE

In this sectionwe consider a Poisson process of rate {@m) X (0,00). We are
interested in pointéx, y) belonging to the Poisson process such that they are ‘close’
to the origin in the sense that the rectan@gx) X (0, y) has no other points of the
processPoints of this form can be ordered by increasinign which case theiy will
be decreasingand they will form a doubly infinite sequencEhere will always be
one special pointxo, Yo), which will be the point on the boundary of the smallest
square with corner 40,0).

Let R= max(Xg, Yp); in words this means th& s the side of the largest square
which contains no points of the planar Poisson pracEsen we have?(R>r) =
e "*, and the probability density d®is

fo(r) =2re ", r>0.

Furthermorethe conditional location of the poiiXo, Yy) under the conditioRR = r
is uniform on the intervalér,0), (r,r) and(r,r), (0,r). Thus

P(Xo€dx, Yo€dy|R=r)
1 1 1 1
= El(r edx);l(ysr)derEl(r edy);l(xsr)dx

and hencethe density of Xy, Yp) is

fixg v (X Y) = € 1(y = x) dx dy+ e ' 1(x = y) dy dx
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1 2 * 2
fy,(X) = > <xe"‘ +f e’y dy).

Itis easy to see thatif we start from given, y,), then conditional on thosghe
half of the sequence with> x, will be generated like the forward random decreas-
ing step functionwhile the half withx < xq is generated like the backward process
We will show that if we randomize the above construction conditionabgny,),
with that distribution the result is the canonical process

We wish to calculat®(Z*(t) > z), conditional on the distribution of the point
(Xo, Vo). We shall assume first that> z. The evenZ*(t) > z can happen in one of
three ways

In particular

(i) If R>t,then the staircase will be above the pdifk). The probability for
this ise*’.

(i) If z<R=r <t,andXy < Yy =r, then the rectangl€X,,r) X (0,r) is also
empty of Poisson pointandZ*(r) = r. The eventZ*(t) > z|(Xo,Yo) is
equivalentto the event thaﬁ(r (t—r)) >z whereZis an independent copy
of the process starting witl(0) = 1. The conditional probability is then
e~ ("N2 and this has to be integrated over the density 6f B, <R, Yo =R
andofz< R<t.

(i) f z<R<t,andz< Y=y < Xo=R=r, then the evenZ*(t) > z|(Xo, Yo)
is equivalent to the event th;ai(y(t -r)) >z, whereZ is an independent
copy of the process starting with(0) = 1. The conditional probability is
thene~""Z and this has to be integrated over the density ef Y, < R,
Xo=Randofz< R< .

Hence

. 2 t 2 ' 1 r 1
P(Z*(t)>2)=e v + | 2re™" — e N2dx+ | —e t2dy | dr
z o 2r 2 2r

t
et +f e "’(2r —ze 7 dr
z

t
e "+ e<22/4)*‘2f (2r — 2)e~ (@2 gr
z

t—(z/2)
—t2 2 _ 2
e + e/ ‘Zf 2ue Y“du
z/2

o e*tz + e(22/4)*t2(e*(22/4) — e*(t*(Z/Z))Z)

—etetr_gt? =gt
In other wordsfor t > z, Z*(t) ~ exp(t). Forz > t, one can look at the symmetric

calculation exchanging the rolesxandy. Hence we immediately obtain that the
finite dimensional distributions of the procelsg’(t)} are as in Eq(3.1). Thus we
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have shown that the process that passes through all the Poisson points ‘closest’to the

axes is the canonical process of Section 3
Note The counting process in the rectandlety be a given levelandt a time

We are interested in the counting process that counts the number of Poisson points

(X,Y) of the staircase such th¥t< y, X < t, denoted byN = N((0,0), (0, y), (t,0),
(t,y)). Itis easy to see that the generating functioMa$ simplyM(z, yt), whereM
is given by Eq(2.8).

4.1. Projection onto the Axes

Consider the points of the planar Poisson process in the positive quadrant which

have no other points below and to the lgftuivalently the jumps of the hyperbolic
staircas&*(t)), numbered as in the previous sectiof, ;) whereY, is decreasing

X, increasing inn. We refer to these points as the lower envelope of the planar

Poisson process in the positive quadralie now study the projections of these
points on thex andy axes By Section 37, these form the events of rat¢x]. 1/y
nonhomogeneous Poisson processes on thewReh we denote(t),Y(t). Clearly
the sequenceX,,Y,, n=0,+£1, +2 ... are not independenin fact, X, — X, ~
exp(Y,). Let us nowhowever ‘lose’ the pairing of the pointsRetain the sequence
Xn, but reindex the projection on theaxis asY,,, where the sequence is now in-
creasing imm, and we no longer know whicim corresponds to the previous index

We can no longer reconstruct the points of the planar process from the sequences

Xn, Ym, Unless we are given a single ‘pairinthat is a pair of indices,, my such that
(Xnys Ym,) is one of the original Poisson points

We now pose the question whether these point processes are indepdhdent
that should be the casé would provide an elegant construction of the lower

envelopeequivalently the hyperbolic staircageWe would generate two indepen-
dent Poisson processes of ratgg,1/y on the axesand all we then need do is
generate a single pairingontrary to our expectatigibased on our belief in the
inherent simplicity of the Poisson procesise processes are not independéiat
see this we calculateP(X(t) — X(s) = Y(w) — Y(v) = 0) and find that it is
different fromP(X(t) — X(s) = 0)P(Y(w) — Y(v) = 0). By Section 37, P(X(t) —
X(s) = 0)P(Y(w) — Y(v) = 0) = (sv/tw).

Proposition 4.1:

P(X(t) = X(s) = Y(W) = Y(v) = 0)
we e ()
=—e™+(1--)er+(1-—|e"
tw t w
S v

t w W—v
X e"™{Ei(tw) — Ei((t — s)w) — Ei(t(w — v))
+ Ei((t—s)(w—uv))}

* ¥ (4.2)
tw’ '
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where Eix)=/*, (e'/t) dtis the exponential integrdll, p. 228 Sect 5.1.2, and
Fig. 5.1 therein.

Proor: The eveniX(t) — X(s) = Y(w) — Y(v) = 0 can happen in two waygither
the hyperbolic staircase proce&¥t) is above the rectangls, t) X (v,w), and there
are no jumps of the process(ig t) and no jumps of the reversed processuyw),
which we denote as eveAf or Z*(t) is below the rectang)end there are no jumps
of the reversed process (»,w) and no jumps of the process {g,t), which we
denote as ever.

To obtainP(A) condition onZ*(s) = z > w, multiply by the probability that the
process remains at levelintil timet, and by the probability that from leveht time
t the process reaches a level belowithout staying at any level itv,w). The latter
probability is easily seen to hg'w. Uncondition to get

o v v
P(A) = f se % 279 —dz=— g W
w wW tw

which yields the first summand in E.1).

To obtainP(B) we condition orZz*(s) = z,Z*~1(v) = x. The conditional prob-
ability P(B|Z*(s) = z,Z* *(v) = x) = e XW e 29 "and one can show that the
conditioning joint density is

f(Z*(s) = 22" w) =x) = (1 + (s = X) (v — 2))e =™

from which
v S
P(B) = f f (1+ (s— x)(v — 2))e ST w2 xW-v)a=2(t=s) dx dz
0 Y0
which yields the rest of the formula
To check the inequalityt suffices to calculate
P(X(2) — X(1) = Y(2) — Y(1) = 0) = 0.3029+ 0.25. u
5. CONNECTION TO EXTREMAL PROCESSES

Consider a distribution functiof, let X;, j = 1,2,...be ii.d. from F, let M, =
min(Xy,...,X,), letL(1) =1 L(n) =min{j:J> L(n—1),M; < M;_,}, andR(n) =
My ), we callM the sequence of minim&(n) the record timesandR(n) the record
values Consider the process of minimlais straightforward to see thefor integers
o<t <t,< ... <t,thejoint distribution of minima at these times is given by

_ [ _ | 3
P(M, > z;,My, > 7,,...,M, > 7)) = F‘1<j\:/lzj> F‘Z“l(j\:/zzj> - FUTl-a(z).

(5.1)

The extremal process for minima Bf M(t), t > 0 is defined by the family of
finite dimensional joint distributions of this forymvhere one allows 8 t; <t, <
.-+ <1, to be reallt plays two roles in describing the minima of thed. X;. First,
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the sequence of minima is the embedded procedd at integer timesSecond
asymptoticallyif F belongs to the domain of attraction of an extreme value minima
distributionG, with norming constanta,, by, then(M,;, — by)/a, converges weakly
to M(t) asn — oo, whereM(t) is the extremal process for minima Gf

Extremal processes were first studied by Dwj@sand by Lampertj11], and
are described in great detail in Resn[dR], mainly in the context of maximaDf
course the maxima ofX; are the minima of-X;, so minima and maxima have the
same theoryA special example that is much discussed is the maxima of the distri-
bution A, which is the Gumbel distribution and is one of the limiting maximal ex-
treme value distributions

Our procesZ*(t) is itself another example of an extremal process of minima
where the distribution of th¥; is exp(1). This can be seen immediately by compar-
ing Egs (5.1) and(3.1). The exponential distribution itself is a minimal extreme
value distributionand saZz*(t) plays a dual roleThe embedded process in discrete
times is the process of the minimaXjfi.i.d. exp(1), and if we look at these minima
then asymptotically M;nq/n Wy 7*(t). As far as we knowthis example of an ex-
tremal process has not been discussed previously in the literature
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