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We describe possible solutions for a stationary flow of two superposed fluids between two
close surfaces in relative motion. Physically, this study is within the lubrication framework,
in which it is of interest to predict the relative positions of the lubricant and the air in the
device. Mathematically, we observe that this problem corresponds to finding the interface
between the two fluids, and we prove that this interface can be viewed as a square root of a
polynomial of degree at most 6. We solve this equation using an original method. First, we
check that our results are consistent with previous work. Next, we use this solution to answer
some physically relevant questions related to the lubrication setting. For instance, we obtain
theoretical and numerical results, which can predict the occurrence of a full film with respect
to physical parameters (fluxes, shear velocity, viscosities). In particular, we present a figure
giving the number of stationary solutions depending on the physical parameters. Moreover,
we give some indications for a better understanding of the multi-fluid case.

Key words: Cavitation; Lubrication; Multi-fluid; Saturation; Steady state; Stokes equations;
Reynolds equation.

1 Introduction

Many works are devoted to the study of free boundary problems for hydrodynamic flows
in the thin film setting and, in particular, to the cavitation phenomenon. This phenomenon
corresponds to the presence of air in a lubricant flow and is of particular interest for
industrial applications, since it is essential to have a full film of lubricant in order to avoid
damage to the lubricated surfaces. The understanding and possible prediction of cavitation
is very challenging. One of the main questions is to foresee the experimental conditions
preventing the cavitation to happen (geometry of the lubricated device, injection velocity,
shear velocity).

Several mathematical models have been developed to take into account the cavita-
tion [6,7]. One approach is to consider the mixture air-lubricant as a two-fluid flow.
Although early studies of multi-fluid problems in the lubrication context assumed that
the boundary between the two immiscible fluids was known [2,12], the real problem is
a free boundary one. More generally, it consists in solving the Navier—Stokes or Stokes
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equations for two fluids of different viscosities. The corresponding model has been studied
from a mathematical point of view in general domains [9]. Further, this model has been
investigated in the thin film setting under the assumption that the two fluids are separated
by the graph of a function. In [10], Paoli justified the asymptotic model in thin domains
and obtained a limit problem coupling a Buckley—Leverett equation and the Reynolds
law. More recently, in [3], Bayada et al. studied this system with a non-zero shear velocity,
which is realistic for most lubrication problems due to the difference of velocities between
the surrounding surfaces. Their numerical results indicated the existence of stationary
solutions; in fact, the time scale of lubrication applications is large enough to neglect the
transient state and consider stationary solutions.

However, the solutions in [3] seem to be in contradiction with the non-miscibility prop-
erty proved in [9, Lemma 2.3]. In fact, these stationary solutions have (vertical) interfaces
between the two fluids along which the flow velocity is not tangent. Note that the non-
miscibility property, satisfied in the general setting, can be proved in the thin film approx-
imation in the case of sufficiently regular interfaces. For less regular interfaces, although
we can not prove rigorously this property, it seems physically relevant to keep this property
as an additional assumption. More generally, this property could be viewed as the result
of the presence of interfacial energy like surface tension, but we do not take into account
such a force in this study. In this paper, we are thus concerned with solutions satisfying
this non-miscibility property. We propose a new formulation for this model, which consists
in a polynomial equation on the function describing the interface separating the two fluids.
On the one hand, we recover the numerical results obtained in [3], which treated the case
of a small viscosity ratio between the two fluids. On the other hand, we obtain theoretical
and numerical results for the existence and uniqueness of solutions for more general data.
Moreover, these results allow us to predict the saturation phenomenon, namely to predict
for which parameters a full film of lubricant is formed, which avoids cavitation.

This paper is organised as follows: in Section 2, we present the two-fluid model of [9]
and recall the non-miscibility property. Then, we derive formally the limit model in a
thin domain. Assuming that the two fluids are separated by the graph of a function, the
model is written as a polynomial equation (see equation (2.9)). Section 3 is devoted to
existence and uniqueness results, in the no-shear case (Section 3.1) and in the lubrication
context (Section 3.2). More precisely, in Section 3.2.1, we show how our model allows us
to recover the previous results of [3]. Section 3.2.2 is concerned with the theoretical study
of the small viscosity ratio case, which is a case of physical interest (e.g. lubricant/air
case). In Section 3.2.3, we obtain by theoretical and numerical methods saturation criteria,
which allow to prevent cavitation. Finally, in Section 4, we tackle the multi-fluid case.
In particular, we show, using the example of a three-layers flow, how to generalise the
approach developed in Section 3. In the Appendix, we recall some useful results on
Sturm’s theorem, which is a key step for the resolution of our polynomial equation.

2 Governing equations
2.1 Two-fluid model in a thin domain

We consider the flow of two different fluids of viscosities #;, #2 in a Lipschitz domain
o < R?. The flow is supposed to be incompressible (the densities of each fluid are assumed
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to be constant) and is described by the Stokes equations, coupling the velocity v = (u, w)
and the pressure p. In all this paper, we consider the no slip and no flux boundary
conditions at impermeable boundaries. The global viscosity # : @ — {ni,1,} satisfies a
transport equation. The existence of a solution to this system is proved in [9]. In the
stationary setting, the model is written

div(2y Dv) = Vp,

dive =0,

v-Vnp =0, (2.1)
vy, given,

n| o, S1VEN,

where Owy, denotes the part of the boundary 0w where the velocity v is incoming, and
where the rate of strain tensor Dv corresponds to the symmetrical part of the velocity
gradient: %(VU-F(VD)T). It is underlined in [9, Lemma 2.1] that system (2.1) in its unsteady
form implies that the velocity field v and the stress tensor 2y Dv — pld are continuous.
Furthermore, the results in [9] are obtained under the following assumption:

w; = n"'(n1) and w, = 4~ (y2) are Lipschitz domains. (2.2)

To our knowledge, no existence or uniqueness results has been proved for the stationary
equations. However, some results of [9] can easily be adapted for system (2.1). We
can translate some results using the following property: we say that (v,) satisfies the
property (2.3) in an open set @ < R? if

n is a scalar field  : w0 — {n1,12},
v is a continuous vector field v : @ — R? (2.3)

and v is tangent to the discontinuity lines of 7.

Note that the third assumption in equation (2.3) is consistent with the boundary conditions
that should be imposed at a free boundary between two fluids (that is the stress balances).
Thus, Lemma 2.3 of [9] becomes the following.

Proposition 2.1 For any solution (v,p,n) of equations (2.1) and (2.2), the couple (v,n) sat-
isfies the property (2.3) in w.

Since we are interested here in lubrication applications, we consider two fluids flowing
between two close surfaces in relative motion. The domain w is assumed to be thin by
depending on a small parameter ¢ and is written €, :

Q. ={(x,z) € R> 0<x<1, 0<z< eh(x)}.

The function h describes the gap between the two surfaces. Moreover, the relative motion
of the two surfaces is modelled by a shear velocity s at the bottom of the domain.
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Formally, system (2.1) tends to the following system when ¢ tends to zero:

0:(n0.u) =0yp, 0.p=0,

h
;i(/ udz> =0,
0
d h
dx(/o nudz) =0, (2.4)

h(0)
u(x,0) =s, u(x,h(x)) =0, / udz given,
0
h(0)
/ nudz given.
0

This system is posed in the re-scaled domain Q2 defined by

Q={(x2)eR?® 0<x<1, 0<z<h(x)}.

The system (2.4) is obtained from the problem (2.1) by formal asymptotic expansion
as it was obtained by Mikelic and Paoli in [8] for similar problem. Next, the rigorous
asymptotic study when ¢ tends to zero has been done in [10]. Observe that obviously,
solutions of equation (2.4) are not solutions of equation (2.1) for two reasons:

e When passing to the limit ¢ — 0, we lose the x-derivatives in the div(2n D-)-operator.

e It is not automatic that solutions of equation (2.4) satisfy property (2.3), except in some
special cases as we shall see later in Remark 2.7.

However, we can prove the following proposition.

Proposition 2.2 Let (u,p,n) be a solution of equation (2.4) and note v = (u,w) with w =
—GX(fozudz). If (v,n) satisfies the property (2.3) in Q then the following equations are
satisfying in a weak sense:

(i) dive=0,
(ii) v(x,0) = (s,0), v(x,h(x)) =0,
(iii) v-Vnp=0.

Proof The items (i) and (ii) are obvious: by definition of w, we have divv = 0,u+0,w =0,
and w(x,0) = 0. Using that %(foh udz) = 0, we compute w(x, h(x)) = 0.

We now prove the item (iii). Let I' = Q; N Q, and n the normal vector to I'. For any
@ € 65 (L), since dive = 0, we have

—/ v -Vnodxd:z z/(nuéx(p—i-nwéz(p)dxdz.
Q Q
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FiGURE 1. (Colour online) Flow domain and fluid interface: function h; (a) continuous and
(b) discontinuous.

Using that Q = QU T U, and the divergence theorem, we get

—/ v-Vnoedxdz =n / (udxp + w0, @) dxdz + 7]2/ (u0x + w0, ) dx dz,
Q @ 2

=(n1—nz)/v'nd0=0
r

that exactly corresponds to the weak formulation of the item (iii). O

By extension, we will say that a solution (u, p, 1) of equation (2.4) satisfies the property (2.3)
in Q if the couple (v,#) satisfies the property (2.3) in 2, where the velocity v is obtained
as in Proposition 2.2.

Therefore, if we find a solution (u, p,n) of equation (2.4) satisfying the property (2.3), then
the re-scaled triple (v, = (u,,v;), p;, ) With

u(x,y) =u(x2).

/e
ve(x,y) = —e 0y (/Oy u(x,s) ds),

1
pe(x,y) = gp(X)

is almost a solution of equation (2.1) in 2, (except for the Stokes equation due to the thin
film approximation).

2.2 Fluid interface described as a graph

As in previous works in the lubrication context [3,10], we are looking for solutions
of equation (2.4) so that the two fluids are separated by the graph of a function h; (see
Figure 1a).

Remark 2.3 If the function h; is not continuous, we consider the curve separating the
two fluids, which is the graph of h; almost everywhere (see Figure 1b).
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As a convention, we denote by 5 the viscosity of the bottom fluid and #, the viscosity of
the top fluid. In system (2.4), we can decompose

d h d hy d h

dx(/o udz)—dx</0 udz)—l-dx(/hludz),

d h d hy d h
dx(/o nudz>=mdx(/0 udz>+172dx</hludz>.

Consequently, since #1 = #5, system (2.4) is equivalent to the following system:

az(naz“) = axl’, azp =0,

hy
dcic (/ udz) =0,
0
h
dcic(/ udz) =0, (2.5)
hy

u(x,0)=s, u(x,h(x))=0,

hy h
/ udz = Qy, / udz = Qo,
0 hy

where Q; and Q; correspond, respectively, to the flux of each fluid. They can be determined
from the given data of system (2.4). Integrating the first equation of equation (2.5) with
respect to the vertical variable on the interval [0,z], and using the continuity of the
stress #0,u, we obtain

n0,u = z0.p — A,

where the constant A = —;0,u|,—9 corresponds physically to the stress on the bottom of
the domain. For each sub-domain, we can deduce the value of 0,u with respect to the
pressure p
Zop—2 zepom),
Ou = m m
z

A
—O0xp — — z € (hy, h].
Uy

Integrating again with respect to the vertical variable z (and using the velocity continuity
and the boundary condition u(x,0) = s), we obtain

2
Top-tivs oz

u=4 g (2.6)
h? A 22 —h? A
—0xp— —hi+s+ Oxp— —(z—M) z € (hy, h].
2m U 22 2

The constant 4 can be determined from the boundary condition u(x, h(x)) =0
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with
hy h—h oW —h
/[ = e 4 1’ q= 1 4 M
m 2 m M2
Recall that the two fluxes Q; = foh‘ udz and Q, = fh}i udz are given data in system (2.5).
From the previous expression of the velocity u, we deduce a relation between these fluxes
and the pressure p

{ 1201£Q1 = h}(2¢hy — 3q)dxp + 6hi(2m/ — hy)s, o)

120,/Q5 = (h— hy)*(3qg — 2¢hy — 4¢h)dxp + 6(h — hy)?s.

Remark 2.4 When h; = h, we recover the case of a single fluid of viscosity #; and a flux

01
n h
=——0 —S5.
Ql 12771 xD + 25
The conservation of this flux corresponds to the classical Reynolds equation. In the same

way, when h; = 0, we obtain the case of a single fluid of viscosity #, and a flux Q,.

Remark 2.5 Note that in the case of one single fluid, the choice of the boundary conditions
is arbitrary. Indeed, it follows immediately from the Reynolds equation (see Remark 2.4)
that the boundary conditions we chose (imposing the flux, and one condition on the
pressure)

p(L)=0, Q; given,

are equivalent to pressure boundary conditions
p(L) =0, p(0) given,

since the flux Q; can be computed from p(0) and p(L). However, it is not clear that
this equivalence still holds in the two-fluid case, since relation (2.8) between O,p and Q;
depends on the unknown h;. We chose to impose

p(L)=0, Qpgiven and Q, given,

which allows us to write equation (2.9) on h; as a function of the given data. If we
had chosen pressure boundary conditions, we would not have known how to write this
relation.

Using Sturm sequences (see the Appendix and the Example 5.1), we prove that there exists
no height hy € (0,h) such that 2/h; — 3q = 0. In other words, we can express O,p from
the first equation of system (2.7)

_ 12m7Q1 — 6m(2ms — h)s

Ox
b 12(20hy — 3q)

(2.8)

https://doi.org/10.1017/5095679251100026X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251100026X

588 L. Chupin and B. Grec

Using this expression in the second equation of system (2.7), we obtain a polynomial
equation for the unknown hy

(h—h1)* 201/ Q1 —hy (2014 —h1)s)(3q—20hy —4Lh) = W (202t Qa—(h—hy)?s)(2¢ 11 —3q). (2.9)

Recall that in this equation, the quantity h models the height of the domain (it depends
on the coordinate x so that the solution h; depends on x too), the data 7, Q1, o and Q»,
respectively, correspond to the viscosity and the flux of each fluid, and the values / and ¢
are, respectively, linear and quadratic with respect to the unknown h

o hmh R Rk
m 2 m 2

Solving system (2.5) is then equivalent to finding a function hy; defined on [0,L] and

satisfying equation (2.9). Next, the pressure is explicitly given, up to an additive constant,

from equation (2.8). The additive constant is computed using the boundary condition

p(L) = 0. Finally, the velocity is computed from equation (2.6).

Remark 2.6 For all x € (0,1), the velocity profiles u(x, ) are piecewise parabolic. More
precisely u(x, -) is parabolic on [0, h;(x)) and on (hy(x), h(x)].

From a mathematical point of view, system (2.5) can admit unphysical solutions. In fact,
we will see that there exists solutions of equation (2.9) (and consequently, solutions of
system (2.5)) for which property (2.3) is not satisfied.

For instance, if the function hy, solution of equation (2.9), is discontinuous with respect
to the variable x, then, by virtue of the previous remark, the corresponding horizontal
velocity u is discontinuous too. Such discontinuous functions h; can correspond to the
case where there exists, for all x € [0, L], more than one solution to equation (2.9):
we can choose for each x a different solution, and ‘jump’ from one solution to the
other.

In the following, we only consider solutions of system (2.5) which satisfy property (2.3).
In that case, the function h; is necessarily continuous (and it is not a restrictive assumption
in Definition 2.8).

Remark 2.7 It is important to note that if the function h; is not only continuous but
more regular, for instance if h; € %'(0, L), then property (2.3) is automatically satisfied
on Q for any solution (u, p,n) of system (2.5). In fact, let w = — foz Oxu. For x € (0, L), we
compute

d

hy(x) hy(x)
w(x, hi(x)) = —/0 Ou(x,z)dz = i (/0 u(x,z)dz) + Ky (x) u(x, hi(x)).

Since any solution of equation (2.5) satisfies %( fohl(x) u(x,z)dz) = 0, we obtain the equality

w(x, hi(x)) — h(x)u(x, hi(x)) =0, ie. v-n=(uw)- <_1h/1) =0.
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Definition 2.8 We call the interface a function hy € (0, L) such that 0 < h; < h and such
that there exists a solution (u, p,7) of system (2.5) satisfying

1 By _m for z < hy(x),
ue H(Q), pelLy(Q) and 75(x,z)=
ny for z > hy(x).

In these terms, the goal of this paper is to study the existence and uniqueness of such
interfaces.

Remark 2.9 It seems that the method proposed in this paper cannot be extended to the
three-dimensional case, namely when the domain Q is a bounded open sub-set of R?.
In fact, in the three-dimensional case the horizontal velocity u must be replaced by
two-dimensional velocity (u,v), which depends on a two-dimensional variable (x,y). In

that case the quantities foh(x’y Vu(x, y,z)dz and foh(x’y) v(x, y,z)dz are not constant but only

satisfies
0 h(x.y) o h(x,y)
— </ u(x, y,z)dz> + — (/ v(x,y,z)dz) =0.
Ox 0 oy 0

3 Existence and uniqueness problems
3.1 No-shear case

In this sub-section, we are interested in the no-shear case, which models, for example a
two-fluid flow in a channel. Moreover, the results in this simplified case give us a first
understanding of equation (2.9).

Let s = 0. Equality (2.9) is then written (since £ > 0 for 0 < h; < h)

mQi(h — hy)*(3q — 20hy — 4¢h) = Qa3 (20 hy — 3q).

Consequently, an interface h; is a solution of the problem if and only if it satisfies
0 < hy < h and Zy(hy/h) = 0, where the polynomial 2, has degree 4 and is defined by

P2o(X) = (1—X)*(34 —2/X —4/) — MOX*(2/X — 37),

with O = 02/01, M =/, £ =1+ (M —1)X and § = 1 + (M — 1)X2.

This formulation highlights the dimensionless quantities governing the behaviour of the
flow. Note that in this particular case without shear, it is determined by the ratio Q,/Q;,
whereas we will see that in the shear case each of the two fluxes Q; and Q; can be chosen
independently.

Remark 3.1 In the limit case M = 0, the polynomial 2, is very simple: 2y = —(1 — X)*.
The only solution (X = 1) corresponds to a full film of the fluid of viscosity 5y > 1. In
the same way, when M = o0, the only solution is again a full film of the fluid of greatest
viscosity.

https://doi.org/10.1017/5095679251100026X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251100026X

590 L. Chupin and B. Grec
3.1.1 Theoretical results

In fact, the polynomial £, is simple enough to prove existence and uniqueness of a
solution for @ > 0, i.e. when the two fluxes have the same sign.

The existence of a solution is clear since 2((0) = —1 < 0 and Zy(1) = M 2@ > 0. The
polynomial %, having degree 4, there can be one or three real solutions. Using the Sturm
sequences (see the Appendix), we compute

20(0) = 4(1 — M), 20(1) = AMO(M — 1),
20(0) = MU +0) PP(1) = _3MQ(1 +0)
2(MQ +1) 2AAMQ +1)

We deduce the following sign table:

980) ggl) gg) 983) g{f)
X=0 — + + ? ?
X=1 + — - ? ?

which is enough to exclude the three solutions case (in fact, we must have 4 —1 or 3 —0
sign changes to obtain three solutions). We have proved the following result.

Proposition 3.2 Let s = 0. If Q1 and Q; have the same sign, there exists a unique interface hy
solution of equation (2.9).

In other words, for any positive fluxes Q; and Q, and for any viscosities 7; and #,, there
is always a unique two-fluid stationary solution with one fluid above the other with no
shear velocity.

3.1.2 Numerical validation

In order to validate these theoretical results, we developed an algorithm with Scilab and
performed numerical simulations. This algorithm plots the (possibly several) interface
solutions h; with respect to the geometry h and the following physical parameters: shear
velocity s, fluxes of each fluids Qy, Q, and viscosities of each fluids 7y, n,. Moreover, for
each interface solution hy, we can plot the pressure p and a horizontal velocity profile u(x, -)
for some x € [0, L].

We present the no-shear case results (with s = 0) in the case of an oil/water flow. The
two viscosities approximatively correspond to the oil viscosity #; = 1072 Pa - s and water
viscosity #2 = 1073 Pa - s. The ratio M is then given by M = 0.1. The two fluxes take the
same values: Q; = Q; = 1 m?-s~!. The domain geometry is described by its length L = 1
and by its height h(x) = 4(x — %)2 + % It corresponds to a so-called convergent—divergent
domain.
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FiGURE 2. (Colour online) (a) Interface position and (b) pressure profile.
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FiGure 3. Horizontal velocity profile at (a) x =0 and (b) x = L/2.

Figure 2(a) represents the form of the domain (that is the function h, thin line) and
the position of the interface (function hy, thick line). In Figure 2(b), we plot the pressure
profile. Figure 3 corresponds to two different horizontal velocity profiles u(x, ) for x =0
and x = L/2. The velocity is greater in the less viscous fluid.

3.2 Lubrication context

In this part, we are interested in lubrication applications. We thus take into account
the relative motion of the two surrounding surfaces, via the non-zero velocity s + 0. In
this case, the reference flux is given by sh and it is natural to introduce the following
non-dimensional quantities:

5 _2 5 _ O _h
Q=g Q=3 X=3

Note that the non-dimensional fluxes @1 and éz depend on the variable x through the
function h.
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With these new notations, there exists an interface h; = Xh solution to equation (2.9)
if and only if there exists X € (0, 1) root of the following polynomial of degree 6:

P(X) = (1—X)*(2/01 — X(2/ — MX))(3G — 2/X — 4/)

. N 3.1
—MX*2/0, — (1 — X)})(2/X —37), G.1)

where
M=" 7=14M—-1)X and G=1+(M— DX
m
The idea is to apply Sturm’s theorem (see the Appendix) to count the number of roots of #
in (0, 1). Since 2(0) = —2Q; and 2(1) = 2M?3Q,, as in the no-shear case, there exists at least
one solution (provided Q; and Q, are both positive). However, there are too many para-
meters (Q1, Q> and M) to compute a general sign table manually. Therefore we consider

some special cases of physical interest, corresponding to some values of the parameters.

e First, in Section 3.2.1, we set the parameters as in [3] and show how to recover their
numerical results, which do not satisfy the non-miscibility property (see property (2.3)).

e From the point of view of lubrication applications, there are two relevant particular
cases. In the first, see Section 3.2.2, we consider a small viscosity ratio (for example for
an air/water mixture, the viscosity ratio is about 10~%), and obtain theoretical existence
results.

e The second important application is the understanding of the cavitation phenomenon
(Section 3.2.3). To prevent the cavitation to happen, we prove that the parameter @2
has to be zero, and we obtain theoretical and numerical results enabling to predict the
apparition of a full film with respect to the two other parameters él and M.

3.2.1 Comparison with previous works

Since we use an original approach, it is interesting to compare our results to other
well-known results in the same physical setting.

For instance, in [3], the authors analyse the asymptotic system corresponding to a
thin film flow with two different fluids. As stated in the introduction of this article,
their approach differs from ours in the sense that they obtain solutions which do not
respect property (2.3). Nevertheless, we will see that our results can be compared to their
results. Also note that in [3] the authors compare their model to the Elrod—Adams one,
which is the reference model in tribology, as cavitation phenomena occur [1,6]. Roughly
speaking, the Elrod—Adams model is obtained when the ratio M (which is denoted ¢ in
the reference [3]) tends to 0.

More precisely, one of their results is given by Figure 4. In this figure, they plotted
different interfaces' h; depending on the value of the ratio M (curves ¢ = 10!, 10~2 and
10~3). Moreover, they plotted the interface corresponding to the Elrod—-Adams model.

All the other parameters (the height h, the total flux Q; + Q,, the saturation at the
entrance hy(0) and the shear velocity s) are given in [3]. We simply note that the fluxes Q;

! Notice that they plot the ratio hi(x)/h(x), which is thus in the interval (0,1). In order to
compare our results with theirs, we plot in this part the same re-scaled interfaces hy /h.
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0 0.2 0.4 0.6 0.8 1

FIGURE 4. Results obtained in [3]: re-scaled interfaces for different viscosity ratios.

and O, are not directly given but can be deduced from the ratio M, the total flux Q; + Q>
and the value of the saturation at the entrance of the domain h{(0). We use the same
parameters with our model

2
h(x)=4<x—1) —i—1 s=1

and Qp, Q, such that Q; + Q> = 0.58 and h;(0) = 0.38 x h(0). Note that the values of the
two fluxes may thus depend on M.

As far as the pressure is concerned, let us emphasise that they impose in [3] two
boundary conditions on the pressure : p(0) = 0 and p(L) = 0, and therefore the system
they solve is somehow over-determined (see Remark 2.5). In our case, only the right-hand
side condition is imposed : p(L) = 0. Therefore, it is not straightforward to compare the
values of the pressure.

e In the case M = 10!, we compute the respective values of the fluxes Q; = 0.5 and
0> = 0.08. We plot the function h;/h in Figure 5 (a). The profile of the interface obtained
is similar to the one obtained in [3] (see Figure 4 in the case ¢ = 1071).

e In the case M = 10~ we have Q; = 0.575 and Q, = 0.005. In this case, depending
on the height h(x), and thus depending on X, there may be one or several interface
solutions hj(x). All solutions are plotted for each x with a thick light line in Figure 6.
It is important to note that there is no (continuous) interface on (0, L). However, if
we allow discontinuous solutions (that is if we violate property (2.3)) then a possible
solution is drawn with a thin dark line in Figure 6. In this case, we recover the solution
proposed by [3] with M = 1073 (see Figure 4 in the case ¢ = 1073).

In order to compare the pressures in a better way with the model of Bayada, Martin,
Vazquez [3], the authors provided us new results when relaxing the Dirichlet boundary
condition on p at x = 0. If they impose Neumann condition on p, they obtained for
the pressure the curves showed in Figure 7. The red curve (with p(0) & 0) corresponds
to the Buckley—Leverett/Reynolds system, and the blue one (with p(0) = 0) to the
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FIGURE 5. (Colour online) (a) Interface and (b) pressure obtained with our method, with the same
parameters as in Figure 4 for M = 10"
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FIGURE 6. (Colour online) (a) Interface and (b) pressure obtained with our method, with the same
parameters as in Figure 4 for M = 1073,
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FIGURE 7. (Colour online) Case M = 1073: pressure for the model of [3] with p(0) # 0 and for the

Elrod—Adams model (with p(0) = 0).
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Ficure 8. (Colour online) Shear case (s = 1) with zero viscosity ratio M = 0: (a) possible fluid
interfaces in the domain and (b) pressure.

Elrod—Adams model. As far as the interface is concerned, this new boundary condition
does not influence the results of Figure 4. We can see that our results presented in
Figure 6 (b) are quite similar to this curve, both qualitatively and quantitatively.

3.2.2 Small viscosity ratio

Note that for M = 0 the polynomial £ defined by equation (3.1), is very simple:
2(X) =21 = X)X — 01).

This polynomial admits exactly two real solutions. In terms of dimensional quantities, we
recall that this equation is solved for any x € [0, L], and that we look for 0 < hy < h. Two
cases can occur:

e cither x € [0, L] is such that h(x) < Q;/s: then there exists only one solution h(x) such
that hy(x) € [0, h(x)], it is the full film solution h;(x) = h(x);

e cither we are interested in x € [0, L] such that h(x) > Q;/s and there is in addition to
the full film solution a constant solution hy(x) = Q;/s.

Figure 8 corresponds to such a case. To obtain this figure, we imposed the shear velocity
s = 1, the two fluxes Q; = 0.7 and Q, = 0.1 and the height h(x) = 4(x — %)2 + % so to
have both cases: one solution (for small height h(x)) and the case with two solutions (for
large height h(x)). Physically the viscosity ratio M is not equal to zero, but there are many
interesting cases for which M is very small (e.g. lubricant/air). We show that such cases
are a perturbation of the case M = 0. More precisely, the implicit function theorem gives
the behaviour of the roots X = 1 and X = Q; for small values of the viscosity ratio M.
For instance, near the point X = él, M = 0 we have (in the case Ql =+ 1):

_ 03 +00(20: —1-0)—(1-0.0)
2(1—-0y)°

This means that the root X = @1 corresponding to the case M = 0 is little changed
when M is small.

2X)=0 < X=0 M + O(M?).
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FIGURE 9. (Colour online) Shear case (s = 1) with small viscosity ratio M = 1073: (a) possible
fluid interface in the domain and (b) pressure.

Near the point X = 1, M = 0 the implicit function theorem cannot be directly applied
since 0x2(1)|p—o = 0. However, we can introduce the variable Y = (1 — X)°, and apply
the implicit function theorem to the function g(Y, M) = 2(X). We obtain

PX)=0 <— X:1+,5/1QZQM3/5+0(M4/5).
— Y1

Note that for @1 < 1 (and M > 0), this root becomes greater than 1 and is not considered
in our situation. Conversely, for @1 > 1 this root has to be taken into account.

We have numerically observed this situation. Taking the same parameters as previously
(s=1,0 =07 Q, =01) and M = 10~° (whereas M = 0 in Figure 8), we obtain
Figure 9. We clearly observe the first solution h; ~ Q/s on the left and on the right (i.e.
for big heights). The second solution h; = h disappeared for these heights, since it became
greater than h, whereas for smaller heights, we observe this solution hy =~ h, with hy < h.

Remark 3.3 Note that this result uses the implicit function theorem. It is a local result
in the following sense: an interface can exist for small variations in height and no exist
for larger variations. Of course, the terms ‘small’ and ‘large’ should be compared to other
numbers in the model: fluxes Q;, Q> and shear rate s. An example of local and not global
existence of an interface is given in Figure 5.

3.2.3 Can the two-fluid model describe saturation phenomenon?

Roughly speaking, we say that there is saturation in the flow when there exists a zone in
which there is only one fluid, typically when a lubricant fills the gap between two surfaces
in relative motion. More precisely, we introduce the following mathematical definition of
the saturation phenomenon:

Definition 3.4 We say that an interface hy € €(0, L) saturates if

I(x1,x2) € [0,L)%,  x1 <x2, hi(x1) <h(x;) and hi(x2) = h(x2).
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T2

FiGure 10. (Colour online) Saturating interface.

From this definition, we easily prove that if the interface is more regular® then the
saturation can be locally characterised.

Proposition 3.5 An interface hy € € Il,m(O, L) saturates if and only if
Ix2 € [0,L], hi(x2) = h(xz) and hiy(x2) > I (x2).

Such a point x; is called a saturation point for the interface h.

Figure 10 shows an example of a saturation point x, associated to an interface h;. From a
physical point of view, it seems natural that in such a situation the flux Q,, corresponding
to the flux of the top fluid, should be equal to 0. This fact can be mathematically proved
in a simple way using the conservation of the flux Q,: if the interface h; saturates then
there exists x; € [0, L] such that hy(x;) = h(x,). Consequently Q, = h}z(();zz)) udz =0.

Property 3.6 If the interface hy saturates then the flux of the top fluid vanishes: Q, = 0.

Hence, in a saturation case, the polynomial & is written

Plg,~0(X) = 2/(1 — X)*(Q1 — X)(3§ — 2/X — 4/) — 2MX?).

Theoretical results
Among the roots of the polynomial 2]g,—¢ there is the obvious solution X = 1 (..
hy = h). Since / does not vanish for X € [0, 1], we look for the other roots introducing

A(X,01) = (01 — X)(3§ —2/X — 4/) — 2M X>.

Let us come back to the dimensional variables in order to use Proposition 3.5. Assuming
that there exists an interface h; € %”I‘,m(O, L) (not equal to h), the function h; satisfies, for

all x € [0, L], the relation
() 01 _
7 ( h(x)” Sh(X)> =0 (32)

2 Let us denote by (g;m the set of piecewise %'-functions. For such a function f, the quantity f J

denotes its left derivative.
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Taking the left derivative with respect to x, we obtain

’ ’ g hl(x) O ’ g hi(x) 0, _
S(h1g(x)h(x) — hy(x)h1(x))01 2 < )’ sh(x)> — Q1hy(x)0 2% ( hx)’ sh(x)) =0.

From Proposition 3.5 and due to the fact that Qy, s, h(x) are positive, if the interface h;
saturates at a point x, € [0, L] then

0:2(1,01) o)

#(1,01) =0 and HK(x =2 >0, with Q= . 33
(1,01) ( 2)61@(1,Q1) 04 i) (3.3)
In fact %(1,@1) = M?*(1 — 3@1) vanishes for @1 = 1/3. Moreover, we get

0(1,1/3)

012(1,1/3)
We deduce the following necessary condition for saturation.
Proposition 3.7 If an interface h; € (611,”1(0, L) saturates at x; € [0, L] then

h(xy) = % and W(xy) <O. (3.4)

This Proposition 3.7 indicates that in order to have a saturation phenomenon the domain
must be convergent, through the condition 4'(x,) < 0.

Remark 3.8 In the same way it is possible to define the notion of ‘desaturation’, when
an interface appears in a full film. Using the same methods as those used to prove
Proposition 3.7, we can prove that an interface can desaturate only if there exists a point
x3 € [0, L] for which the height h(x,) is imposed, namely h(x;) = 3%, and for which the
domain is locally divergent: 4'(x;) > 0.

Proposition 3.7 contains an important assumption: the function h; must be an interface,
that is the function h; must be defined on [0, L]. In particular, condition (3.4) does not
imply that h; is an interface in the sense of definition 2.8. Nevertheless, following the
proof of Proposition 3.7, condition (3.4) implies that 0 1%(1,@) =+ 0 (see equation (3.3)).
Consequently, the implicit function theorem proves that there exists a function f defined
in a neighbourhood of x; such that

9 A O _ — _
7 (h(x)’ sh(x>> =0 = 1(x).

In other words, condition (3.4) implies that there exists locally (with respect to the spatial
variable x) a saturating interface.

Proposition 3.9 If there exists x, € [0, L] such that equation (3.4) holds then there exists
&> 0 and an interface hy € %},m(xz — &, Xy + ¢), which saturates at x;.
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FIGURE 11. (Colour online) The set of values (M, @1) for which the resultant of 0% and
2 vanishes.

Propositions 3.7 and 3.9 give a characterisation of (local) saturation. It is important to
notice that such characterisation does not depend on the value of the viscosity ratio M.
It depends only on the geometry, that is on the height h.

Moreover, the implicit function theorem is valid as long as 0;2(X ,él) =+ 0. To see
how ‘global’ the result of Proposition 3.9 is, we must find the common zeros of the two
polynomials 0; % and £, that is the roots of the resultant of the polynomials 0;# and £.
In Figure 11, we plot the set of values (M, él) for which this resultant vanishes.

From this Figure 11 we can emphasise two fundamental results. First, for M large
enough (that is M = 0.3), the resultant of the two polynomials 0;% and # does not
vanish. Consequently, for M = 0.3 the result of Proposition 3.9 holds globally:

Proposition 3.10 Let 0.3 < M < 1. There exists an interface h; € (6},,,,(0, L) which saturates
at x; € [0, L] if and only if the condition (3.4) holds.

The second remark we can deduce from Figure 11 is that for M < 0.3, a saturated solution
can exist only locally, that is only on a small interval around the saturation point x,. Such
a situation will be highlighted by numerical results in the sequel.

Numerical validation

The results of the previous Propositions 3.7, 3.9 and 3.10 can be observed numerically.
We conducted three numerical tests in which there exists a point x; € [0, L] satisfying
condition (3.4). With the following data

L=1 h(x)=4 1 2—1—1 =1 and Q _!
=1, X) = X 2 2, S = 1_39

the probable saturation point x, is given by x, = (1 — ﬁ) ~ 0.146.

https://doi.org/10.1017/5095679251100026X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251100026X

600 L. Chupin and B. Grec

1.6 1.4 —
1.4 4 I N\
104 \
1.2 4 1~ \
] 058 -
1.0 | 06
0.8 0.4 4
06 - 02 1 \
0.0
04 1
-0.2 \\ .
0.2 04 ] N
———v 0t
0 01 02 03 04 05 06 07 08 09 1.0 0 01 02 03 04 05 06 07 08 09 10

FiGURE 12. (Colour online) (a) The full film solution and the saturated solution obtained for
M = 0.6 and (b) the pressure corresponding to the saturated solution.

FiGURre 13. (Colour online) The full film solution and the other solutions h;(x) of the polynomial
equation (3.2) obtained for M = 0.2.

e In Figure 12, we use a viscosity ratio M = 0.6 = 0.3 so that Proposition 3.10 ensures
the existence of an interface on [0, L] which saturates at x;. We plot in Figure 12 the
full film solution hy = h and the saturated solution.

e Next, we give an example with M = 0.2 < 0.3 in Figure 13. We observe that the
saturated solution can be defined as a function only near the saturation point Xx,.
Consequently, in this configuration, there exists only one interface on [0, L]: it is the
full film solution h; = h.

In this case, there is no solution existing on the whole interval [0, L], except for the
full film solution, thus it is not of interest to plot the pressure.

e For lower values of M, we can observe another phenomenon. In Figure 14, we use
M = 0.005. In such a case, there always exists the full film solution. There exists also
a locally saturated solution (but as for the case M = 0.2 this solution does not allow
to define an interface on [0, L]). Moreover, there exists a third solution, which is global
(that is corresponds to an interface on [0, L]) but which does not saturate.
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Ficure 14. (Colour online) The full film solution and the other solutions h;(x) of the polynomial
equation (3.2) obtained for M = 0.005.

As in the previous case, apart from the full film solution, there is no saturated solution
existing globally, and we do not plot any pressure.

We will see in the next paragraph that it is possible to predict the configuration
(corresponding to Figure 13 or corresponding to Figure 14) according to the value of
the flux Q; and the viscosity ratio M.

Prediction

In this part, we assume that QQ = 0. There may therefore be a saturation phenomenon
for él = 1/3. If we want to understand the configurations of the number of solution(s)
near a saturation point, we must predict the solution(s) for él *1/3.

In this situation, we have two independent parameters: M and 0;. We will plot a map of
the number of solutions depending on M and 0. To obtain such a map, we use the Sturm
sequences (see the Appendix): from the polynomial %, we define a sequence 27, i = 0..3.
In practice, the number of roots n(M, é 1) of the polynomial # between 0 and 1 is given by

| — apar — aja; — azaz + boby + biby + bybs|

n(M, 01) = 5

29(0) 29(1)
h i = T~ i = TS
where a 00 and b A0

Using the software Maple, we obtain the map given by Figure 15. We find that the
value Ql = 1/3 plays a particular role. Thus, when the height h(x) varies so that Ql
crosses the value 1/3, the behaviour is given by the previous figures: Figure 12 for large
values of M, and Figures 13 and 14 for small values of M. Note that the small white
zone (corresponding to the 3 roots case) can be observe in Figures 13 and 14 near the
saturation point x =~ 0.146: for such x, there exists three possible positions of the interface.
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FIGURE 16. (Colour online) Three layers: (a) usual superposed fluids and (b) possible film splitting
configuration.

4 More layers cases

The previous study only concerns the two layers configuration, that is the case where
two fluids are superposed one above the other. In fact, the same theoretical study can be
applied for more than two fluids, the only additional difficulty coming from the size of the
polynomial systems to solve. We briefly present in this section the case with three layers
and its main application in lubrication context: the existence or not of so called ‘“film
splitting configurations’ in a stationary configuration (see Figure 16). This phenomenon
happens due to the geometry and the relative motion if the surfaces, when the liquid splits
apart in the divergent part of the domain to form two liquid films of equal thickness
attached to the two surfaces [14].

4.1 Three-fluid model in a thin domain

For such a situation, we respectively denote by 5, #, and 53 the viscosities of the three
fluids (upwards), and we denote by h; the interface between the two bottom fluids, by h,
the interface between the two top fluids. Starting from the Stokes equations (2.1), we
deduce as for the two layers case (see equation 2.6) the following horizontal velocity
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profile:
2
A
iaxp ——z+s ze [0> hl)y
21 m
h? A —h? A
—laxp——h1+s+ Loy — —(z— M) z € [, ha],
) 2m n 2, 2
y = (4.1)
h? h3 — h} A
6xp——h1+s+ 6 —f(hz—hl)
2m m 2y n2
— h? A
R A zenil
213 13

The constant A can be determined from the boundary condition u(x, h(x)) =0

q
= 19,
P+/

with

E+h2_hl+h_h2’ q=ﬁ+hg—h%+h2_h§
m n2 3 m 2 n3
The fluxes are naturally denoted by Q; = foh' udz, Qr = f,ﬁz udz and Q3 = fhhz udz, and we
deduce a system of three equations for the three unknowns 0,p, h; and h,. Clearly, when
hy = hy (or when hy = 0 or hy = h) we must recover the system corresponding to the two
layers case, that is system (2.7). We can write the system under the following form (which
simply corresponds to the integration with respect to the variable z of the velocity u):

1291£Q1 = hy f1(0xp, hi, h2),
1212¢Qs = (hy — hy) f2(0xp, h1, ha), (4.2)
12n3/Q3 = (h — hy) f3(Oxp, hy, ha),

/:

with

f1(0xp, hi, ha) = hi(2/hy — 3q)dxp + 6(2n14 — hy)s,
1 1
f2(0xp, hi, hy) = {(hz hi) <2f(h2 +2hy) — 3q + 6”2h1h2 < - ))

n3 M2

+6 117”3h1h(h1 —h)}@xp+6((h2—h1)+2 (h— h2)>

f3(0xp, b1, o) = {(hz —hy) <6(/(h2 +hi)—q)+ 6 h hy (1 _ 1))
2 N M

+ (h— hy)(24(h + 2y) — 3q) + ahlh(h1 — h)} 3xp + 6(h — hy)s.

In fact, each function f; is affine with respect to its first variable (that is 0,p) and it is
not difficult to express O,p as a function of the two heights h; and h,. Moreover, we
observe that the first equation of this system (4.2) is exactly the same as the first equation
of system (2.7) corresponding to the two-layers study. The expression of the pressure
derivative O.p can thus be given by equation (2.8). We then obtain a polynomial system
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of two equations with two unknowns hy and h,. Theoretically, it suffices to determine the
roots (hy,hy) of such a system and select those which satisfy 0 < h; < hy < h. We can
then explicitly find the pressure (using system (4.2) and an expression of 0,p with respect
to hy and h,), and next the velocity using equation (4.1).

For system (4.2), there are many physical parameters: the three fluxes Q;, 0, and Q3, the
shear velocity s, the three viscosities #;, 7, and 53, and the function defining the height h.
Using non-dimensionalisation process, we can see that only some ratios are important.
Nevertheless the study of the general case seems rather tedious.

4.2 Film splitting configuration

The purpose of this sub-section is to investigate whether there is a stationary solution
where the relative position of the fluids is given as in Figure 16 (b). Such a configura-
tion is called ‘film splitting’ configuration [14]. This phenomenon has been studied from
a mechanical point of view, with the usual lubrication approach: a one-fluid Reynolds
equation where the position of the film splitting point is unknown, and determined through
ad hoc boundary conditions. The results are not totally satisfying, see the discussions
in [4,5,13,15]. Let us observe that it might remind the fingering phenomenon (see for
instance [5,11] in a non-stationary context). However, this phenomenon should be captured
by a three-dimensional analysis including surface tension (see Section 5). Therefore, in the
following, we shall speak of “film splitting configurations’. Observe that in this case, we
clearly have 3 = x; and Q, = 0.

4.2.1 Necessary condition to have a film splitting configuration

To have a film splitting configuration, there must be a point x; € [0, L] (which corresponds
to the ‘“film splitting point’) for which hi(x;) = hy(x3), and such that hi(x;) < ha(xy)
for x; < x,. This implies in particular that h’lg(xz) < hgg(xz). In other words, the solution
hy = h; to the second equation of system (4.2) must be at least of order 2. In mathematical
terms, we deduce from the fact that Q, = 0 that

Vx € (0,1),  (ha(x) — hi(x))f2(0xp(x), hi(x), ha(x)) = 0.

Taking the left-derivative of this relation with respect to x, evaluating it at x, and using
that h’lg(xQ) + h’zg(xz) whereas hi(xy) = hy(x,), we deduce that

f2(0xp(x2), hi(x2), ha(x2)) = 0.
A simple calculation indicates that

hih
f2(0xp, h1, hy) = éfaxp —2s.

We deduce that if there exists a film splitting configuration then there exists x; € [0, L]
and a solution h; € (0, h) to the equation

hi(x2) h(x2) 0xp(x2) = 211 5.
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We easily deduce this first result about the existence of film splitting configuration (we will
note that s = 0 and 0,p = 0 are incompatible with the other equations of system (4.2)).

Proposition 4.1 In the no-shear case (i.e. s =0), there is no film splitting configuration.

More generally, we will see later (see Proposition 4.2) that there is no film splitting
configuration if s is not large enough.

Assume that there exists a film splitting configuration in the shear case (s + 0).
Consequently, the second equation of system (4.2) is written hy h0yp = 25 s. At point x, €
[0, L] where hi(x2) = ha(x2) the two other equations of system (4.2) are written

211 s
120,001 = hy £y (,Zlh,hl,hl),
(4.3)

2nys
1201003 = (=) £ (32 ).
1

With the expressions of f1 and f3, this system is written
12n1£Q1 = 2his(3h — hy),

1201/Q3 = 2s(h — hy)? (1 — :)
1

As in the previous section, we introduce the dimensionless quantities él = Q1/(sh),
03 = Q3/(sh) and X = hy/h. The previous system is equivalent to the following one:

{ 120; =203 — X)X, 44)

12X05 = —2(1 — X)°.

It is not difficult to observe that the first polynomial equation (of degree 2) admits a
solution X € (0;1) if and only if 0 < Q; < % The solution is then given by

. 3—\/9—24@1'

2

Next, the second equation of equation (4.4) implies

N
&B=""%x

Moreover, summing the two equations of system (4.4), we deduce that
6X(Q1 +0;) =3X — L.

Using the physical variables, we obtain the following result
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Proposition 4.2 If there exists a film splitting configuration then Q1 >0, 0, =0, 03 <0
and there exists x, € [0, L] such that

(95 h(x2) = 2807 — Jsh(x))’

h(x) > 24 (3/sh(x2) — \Osh(x2) — 240;)

and Q3 =—

301
S

Moreover, the height of the film splitting point is explicitly given by

s h(x2)?
3(sh(xa) —2(Q1 + 03))

hi(x2) =

Remark 4.3

(1) Note that the total flux can be positive or negative:

01+03€ <—OO, h();z)s)

27Q1

It is positive if and only if h(x;) <

(2) In a sense, this proposition completes Proposition 4.1: if the shear velocity s is too
small, then there is no film splitting configuration.

(3) As for the existence of a saturation point in the two layers case (see Proposition 3.7),
the necessary condition to have a film splitting configuration does not depend on the
viscosities of the fluids.

4.2.2 Sufficient condition to have a film splitting configuration

Proposition 4.2 gives some necessary conditions to have a film splitting configuration,
more precisely to have a point x, such that hi(x;) = hy(x3). In order to obtain sufficient
conditions, we have to determine if there is some set of parameters for which there actually
exists a solution (hy, hy) such that for any 0 < x < x; (or at least in a nelghbourhood of x3)
we have hy(x) < hy(x). We assume that Q, =0, 13 =71, 0 < Q1 < 3 and that Q3 is given
with respect to él by Proposition 4.2. We then have only two independent parameters:
the viscosity ratio M = ZZ and the non-dimensional flux of the bottom fluid Q1

From a theoretical point of view, we could apply the implicit function theorem to
determine if there is a solution x; such that locally, the right condition on h; and h; is
satisfied. However, this study is quite complicated.

From a numerical point of view, in a divergent domain, we only observe a film splitting
configuration for an ‘inclusion’ of air coming from the ‘inside’ the domain. Such a case
is represented in Figure 17, for s = 1, @; = 0.2, Q3 = —0.05, h(x) = 0.9 4+ 0.2x, and the
viscosity ratio M = n/n; = 0.4.

Actually there is another couple (hy, hy) of solutions, but which do not cross (there is
no x; such that hy(x;) = hy(x3), thus the film splitting interface is not ‘closed’). This is
showed in Figure 18, for the same parameters s = 1, Q; = 0.2, Q3 = —0.05, M = 0.4 and
the following geometry: h(x) = x> + 0.5.
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1.2 Interface

1 .o////
0.85

0.65

, i O
O.4i
0.2
T T T T T T ¥ ¥ ¥
o 0.1 02 03 04 05 06 0.7 08 0.9 1.0

FIGURE 17. (Colour online) Possible film splitting for a divergent domain: the bottom solution h;
(light line) and the top solution h, (dark line).

Interface

FiGure 18. (Colour online) Possible solutions for a convergent domain: ‘film splitting configuration’
coming from the convergent part, and a solution corresponding to an ‘open film splitting interface’.

Remark 4.4 If we allow the jump between different solutions (of course, as in the case of
two layers, this violates the non-miscibility condition given by property (2.3)), then it is
possible to obtain an infinite number of different film splitting configurations.

Let us explain more precisely what happens. System (4.2) can be rewritten, extracting 0,p
from the second equation and plugging it into the two others:

Fi(hi,hy) =0,
F3(hi,hy) =0,

where the functions F; are rational fractions depending on the ratios Qi/(sh), Q3/(sh),
n2/n1. It is of course equivalent to find roots of the numerators of the F;, thus the system
to be solved is polynomial.
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FIGURE 19. (Colour online) Values of X = h;/h (solid line) and Y = h,/h (dashed line) solutions
for (a) some Q; and (b) perturbed values of these Q; (x0.85).

If we fix a value of the viscosity ratio M = n,/n; and plot the resolvant of the two
polynomials for several values of Q;/(sh), i = 1,3, we obtain again necessary conditions on
Q./(sh) for a film splitting configuration (i.e. for the existence of a film splitting point at
some x, € [0, L]). Then, in order to know how the two solutions h; and h, behave locally
around x;, and thus to know whether there exists a film splitting for x < x,, we plot the
values of X = h;/h and Y = hy/h for which the two polynomials cancel. Figure 19 (a)
corresponds to a value of the Qi = Q;/(sh) for which there exists a mutual root X = Y :
M = 0.2, Ql = 0.2, Qg = —0.05. In Figure 19 (b), we plot a small perturbation of this
case, namely a slightly modified value of Q;/sh. This perturbation consists in decreasing
slightly the values of Q;/sh by multiplying them by 0.85, that is increasing the value of h
(and thus shifting to the left for a convergent geometry).

Of course, we recover in Figure 19 (a) that there is a mutual root of the two polynomials
such that hy(x) = ha(x2). A film splitting configuration exists if the mutual root of the
two polynomials moves above the diagonal (i.e. hi(x;) < hy(x;)) when decreasing h. We
see that this is not the case in Figure 19 (b).

Moreover, we observe that there exists another mutual root to the two polynomials, but
this root never crosses the diagonal, so there is no ‘film splitting point’ (h; = hy) for this
possible film splitting. This second root is observed in Figure 18, and we already stated
that the film splitting interface could not be ‘closed’.

Conversely, if we increase Q;, and thus decrease h and shift to the right for a convergent
geometry, we observe a solution satisfying X < Y (see Figure 20).

This last result indicates that it is possible to obtain ‘inclusions’ as a stationary solution.
Such a situation is given in Figure 21 where the height is a classical convergent—divergent

1

domain h(x) = 5(x — %)2 4+ 0.9, L = 1 and where the physical parameters are given by

0; = 0.2, 03 = 0.05 and M = 0.4.

5 Conclusion

We have presented some possible solutions for a stationary flow of two superposed
fluids between two close surfaces in relative motion. The new argument we developed is
that, under the assumption of a sheared thin film, the resolution of the classical partial
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1,0

0,24

FIGURE 20. (Colour online) Values of X = h;/h (solid line) and Y = h,/h (dashed line) solutions
for other perturbed values of the Q; of Figure 19 (a) (x1.15).

1.2 Interface
1_0\//
0.85

0.6;

0_4; W
0.2+

o O‘.1 0‘.2 O‘.S O‘.4 0‘.5 O‘.G O‘.7 O‘.8 0‘.9 1.0

FiGure 21. (Colour online) Possible stationary solutions for a convergent—divergent domain :
‘inclusion’.
differential equations modelling a Newtonian flow reduces to an algebraic study of the
roots of a polynomial. These roots correspond to different possible heights for the interface
between the two fluids. The resulting polynomial of degree at most 6 explicitly depends
on physical parameters: flux of each fluid, viscosities ratio, shear velocity.

Using the Sturm sequences, we deduce the number of possible solutions according to
the parameter values. Physically, we predict the possible relative positions of the lubricant
and the air in the device and consequently answer some relevant questions related to the
lubrication setting. Thus, Proposition 3.2 says that there is only one possible position for
the interface when the two surfaces were not sheared (the viscosity and flux of each fluid
being positive data). In a shear context, Propositions 3.7, 3.9 and 3.10 provide very precise
pieces of information about the possible saturation of a fluid (that is the occurrence of a
full film) with respect to physical parameters. Moreover, a numerical study illustrates and
completes our results. For example, Figure 15 gives the number of possible solutions with
respect to the physical data.
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A final section is devoted to a possible extension of the method. If we wish to study a
thin flow of three (or more) fluids, we can proceed in the same way. In practice, to obtain
all possible solutions of a flow with n layers, we obtain a polynomial system of n — 1
polynomials, each of which has degree at most 6. Such calculations become really tedious
very quickly, even numerically, since there are a lot of parameters: flux and viscosity of
each phase. Nevertheless, we give some results in the three-layer case where the top and the
bottom fluids are the same (same viscosity) so that they can meet and form a single fluid.

To conclude, we state two points it would be interesting to investigate later.

— First, we note that the present study is a study in the two-dimensional case and it cannot
easily be adapted to the tri-dimensional case (see Remark 2.9). The natural questions are
as follows: Is it possible to reduce the stationary bi-fluid Stokes equations (in the thin
film context) to simple algebraic equations in higher dimensions? Can we characterise the
heights where a fluid will contact the top plate (saturation in the tri-dimensional case)?
— Clearly the model studied here does not account for all phenomena expected. Concerning
the formation of fingers, it seems that the essential ingredient, which is not considered
here, is the surface tension. In future work, we hope to do the same type of study, taking
into account the surface tension. It is modelled assuming that the jump of the normal
component of the stress 2n Dv — pld through the interface is not zero but that this jump is
proportional to ¢ n, ¢ corresponding to the surface tension and the vector n being the unit
vector normal to the interface between the two components. The proportionality constant
depends on the curvature of the interface.

Appendix. Sturm sequences

Let 2 € R[X] be a polynomial. Sturm’s theorem is a symbolic procedure to determine
the number of distinct real roots of P in a given interval.
First, we build the Sturm sequence as follows:

PV =2, PV =2 andforallk €N,
P = gltlplth) _ pl+2 with  deg(?*™?) < deg(2F™).

In other terms, it consists in taking the opposite of the remainders of the successive
polynomial divisions. Since deg(2**!) < deg(#™"), the algorithm terminates with a
constant polynomial 2",
Let V(x) be the number of sign changes (zeros are not counted) in the sequence 2 (x),
20(x), ..., PM(x).

Sturm’s theorem states that for two real numbers a < b, the number of distinct roots
in the half-open interval (a,b] is |V (a) — V(b)|.

Example 5.1 Let h >0 and 0 < M < 1 be given data. We are looking for the number of
roots in the interval [0, h] for the polynomial £ of degree 2 defined by

P(hy) = 2hy —3q with £/ =h+ (M —1)hy, g =h +(M — 1)hi.

Using the Sturm procedure, we define the three following polynomials 2 = 2, () = '
and 2@ = C (C is a constant and we see that its value does not matter here). We obtain
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the following signs:

290) = -3n* <0, 29h)=—-Mh <0,
200)=h>0 and 2V(h)=2(2— M)h> 0.

Next, we deduce the following sign table:

20(hy) 2(hy) P(hy)
hy =0 — + sgn(C)
hy=h — + sgn(C)

Thus, whatever the sign of the constant C is, there is exactly the same number of signs
in the second row of this table that in the third. In conclusion, the polynomial # has no
root between 0 and h.

Acknowledgements

The authors want to thank Sébastien Martin for the fruitful discussions and advices, and
the authors of [3] for their collaboration. The authors also want to thank the reviewers
and the editor for their interesting comments. L. Chupin has been partially supported
by the ANR project no. ANR-08-JCJC-0104-01: RUGO (Analyse et calcul des effets de
rugosités sur les écoulements).

References

[1] Avrvarez, S. J. & Ouna, R. (2004) A new numerical approach of a lubrication free boundary
problem. Appl. Math. Comput. 148(2), 393—-405.

[2] Bavapa, G., CHAMBAT, M. & GAMOUANA, S. R. (2001) About thin film micropolar asymptotic
equations. Quart. Appl. Math. 59(3), 413—439.

[3] Bayapa, G., MARTIN, S. & VAzQUEZ, C. (2006) About a generalized Buckley—Leverett equation
and lubrication multifluid flow. Eur. J. Appl. Math. 17(5), 491-524.

[4] CovLrg, D. J., Macosko, C. W. & ScriveN, L. E. (1986) Film-splitting flows in forward roll
coating. J. Fluid Mech. 171, 183-207.

[5] Dowson, D. & TAYLOR, C. M. (1979) Cavitation in bearings. Ann. Rev. Fluid Mech. 11, 35-66.

[6] ELroD, H. G. & Apams, M. L. (1975) A computer program for cavitation. In: Cavitation
and Related Phenomena in Lubrication, Mechanical Engineering Publications, New York,
pp. 37-42.

[7]1 FLOBERG, L. & JAKOBSSON, B. (1957) The finite journal bearing considering vaporization. Trans.
Chalmers Univ. Technol. 190, 1-116.

[8] MIKELIC, A. & PaoLi, L. (1997) On the derivation of the Buckley-Leverett model from the
two fluid Navier—Stokes equations in a thin domain. Comput. Geosci. 1(1), 59-83.

[9] Nouriy, A., Pouraup, F. & DEmAY, Y. (1997) An existence theorem for the multi-fluid Stokes
problem. Quart. Appl. Math. 55(3), 421-435.

[10] Paovi, L. (2003) Asymptotic behavior of a two fluid flow in a thin domain: From Stokes

equations to Buckley—Leverett equation and Reynolds law. Asymptot. Anal. 34(2), 93-120.

https://doi.org/10.1017/5095679251100026X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251100026X

612 L. Chupin and B. Grec

[11] SAFrmAN, P. G. (1986) Viscous fingering in Hele—Shaw cells. J. Fluid Mech. 173, 73-94.

[12] SAINT JEAN PaULIN, J. & Taous, K. (1991) About the derivation of Reynolds law from Navier—
Stokes equation for two non-miscible fluids. In: G. Bayada, M. Chambat and J. Durany
(editors), Mathematical Modellings in Lubrication, Publicacions da Universidade de Vigo,
Vigo, pp. 99-104.

[13] SavaGg, M. D. (1977) Cavitation in lubrication. Part 1. On boundary conditions and cavity-fluid
interfaces. J. Fluid Mech. 80(4), 743-755.

[14] SmitH, M. K. (1977) Asymptotic methods for the mathematical analysis of coating flows. In:
S. F. Kistler and P. M. Schweizer (editors), Liquid Film Coating, Chapman & Hall, London,
pp. 251-296.

[15] WEINSTEIN, S. J. & RuscHAK, K. J. (2004) Coating flows. Annu. Rev. Fluid Mech., 36, 29-53.

https://doi.org/10.1017/5095679251100026X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251100026X

