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Abstract. We propose a new criterion for randomness of a word x1x; - - - x, € A" over a
finite alphabet A defined by

E"(rixa - x) = Y Y(lxixa - xale),

EcAt
where AT =2, AF is the set of non-empty finite words over A, for & € A¥,
|x1x2 - - xple =#{i; 1 <i<n—k+1, xjxiy1 - Xipx—1 =&},

and for t >0, ¥(0) =0 and () =t logt (¢ > 0). This value represents how random
the word xx; - - - x, is from the viewpoint of the block frequency. In fact, we define a
randomness criterion as

Q(x1x2 - - - x) = (1/2)(n log n)*/ E" (x1x2 - - - xp).

Then,
l_i)rgo(l/n)Q(Xle <o Xp) =h(X)

holds with probability 1 if X; X5 - - - is an ergodic, stationary process over A either with
a finite energy or 7(X) = 0, where 2(X) is the entropy of the process. Another criterion
for randomness using 7> instead of 7 log ¢ has already been proposed in Kamae and Xue
[An easy criterion for randomness. Sankhya A 77(1) (2015), 126—152]. In comparison,
our new criterion provides a better fit with the entropy. We also claim that our criterion
not only represents the entropy asymptotically but also gives a good representation of the
randomness of fixed finite words.

1. Introduction

We are interested in finding a non-negative valued function of finite words over a finite
alphabet A that measures quantitatively how random they are. For example, we want to
know the answer to the following question.

Which is more random, 00110 or 00101? (1.1)
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The Kolmogorov—Chaitin complexity [3] is a criterion of randomness from the
algorithmic point of view, which is theoretically perfect, but has two practical
shortcomings. The first is that it is not a computable function; the second is that it has
an ambiguity up to adding an arbitrary constant.

Forgetting the arithmetical point of view, we focus on the uniformity of the block
frequency in the finite words, which is also an important factor of the randomness. From
this point of view, the ideal finite words are equidistributed ones, that is, x1x7 - - - x, € A"
is said to be equidistributed [1] if forany k =1,2, ..., nand &, n in AK, we have

[lx1x2 - - 'xn|§ = |x1xz - 'xn|n| <1,

where
[x1x - - xple =#{i; 1 <i<n—k+1, xjxiy1 - Xipx—1 =&}

It is still an open question as to whether an equidistributed word of length n exists for
any n, although we know that it exists for an infinite number of n. To evaluate the
uniformity of the block frequency by a single value, we take a strictly convex function
¢ :[0, 00) — R and calculate ) .+ ¢ (Ix1x2 - - - xpl¢), where AT =372, Ak, Then,
this value is smaller if the word has more uniform block frequency, and hence is more
random in some restricted sense among the words with the same length. Assuming
that the equidistributed word of length n exists, this value becomes minimum if and
only if x1x7 - - - x,, is equidistributed. For example, in (1.1) with A = {0, 1}, 00110 is
equidistributed, but 00101 is not, since |[00101|y; = 2 while |00101]|;; = 0. Hence, 00110
is more random than 00101. In fact, for ¢ (r) = ¢,

> 100110 =23 <25= > |00101};.
Eef0,1)+ Eel0,1)+

The author with Xue [1], choosing ¢ (1) = 2, proposed a criterion

DTx X)) = Y |xixg e xalg
gefo,1}F

for binary words xjx3 - - - x, € {0, 1}*. The merits of this criterion are that it is easy to
calculate and easy to construct infinite words x1x3 - - - € {0, 1}°° attaining the asymptotic
minimum value, that is,

lim (1/n2)E" (x1x2 - - - xp) = 3/2,
n—0o0

by choosing x,41 =0 or 1 according to =" (xjx; - - - x,,, 0) < " (xyx3 - - - x, 1), or
not starting from any initial finite word. These words with the asymptotically minimum
value, say X-random words, have probability one with respect to the coin-tossing process
and are proved to be normal numbers in the sense of Borel. In addition, they satisfy some
long-range recurrence properties which are not necessarily satisfied by normal numbers. In
fact, these properties together characterize the X-randomness [1]. The other extreme, the
eventual periodicity of x1xz - - - € {0, 1}°°, is also characterized by this value as (Kamae
and Kim [2])
lim (1/n°)E" (x1x2 - - - xp) exists and > 0.
n—oo
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FIGURE 1. Low estimate of E" (xjxp - - - xp).

All these results for {0, 1} can be easily generalized to a general alphabet A. A shortcoming
of this criterion is a lack of relationship with the entropy.

In this paper, we propose another criterion, taking 1 (¢) = ¢ log ¢ (¢ > 0) where ¥ (0) =
0 for ¢ and a general alphabet A with 2 < A :=#A < oco. That is,

B (rixa - Xa) = Yr(lxixa - xale).
EcAt
Letx =xjxp---x, € A". Fork=1,2,...,nand & € A¥, let

|x1x2 -« - Xple

pe=pe(0)i= == and Hilnx - x) = H(pes § €AY,
where H(p1, ..., k) :=— Zf: | Di log p; is the Shannon entropy of a probability vector
(p1, - .., p1). Then, it holds that

B (rixy k) = Y Yllnxa - xale) =) Y Y —k+ Dpe)

EeAt k=1 geAk

n
=Y > (n—k+ DpsQogn —k + 1) +log pz)
k=1 gehk

=Y (n—k+Dogln —k+1) — Hp(xrxz - x0)). (1.2)
k=1

It is clear that Hy (x1x2 - - - x,,) <log(n +k — 1) A log AK, Hence, we have

E"(x1x2 - Xp) = Y _(n —k + D{(log(n — k + 1) — k log A) v 0}.
k=1

Therefore, the main part of E"(x1x3 - - - x,) can be estimated from below by the area
with horizontal stripes in Figure 1 multiplied by n, that is, n(log n)2(1 4+ o(1))/2 log A as
n — 00. Thus, we have the following.

FACT 1. For any x1x; - - - € A%, we have

o8N (xpxp - xp) 1
lim inf > .
n—00 n(log n)2 2log A
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FIGURE 2. y = Hy (x1x3 - - - xp) as a function of k.

Let S(A) be the set of stationary processes X = X{X» - - - over A. Let
h(X)= lim (1/n)H(X1 X3 -+ X,)
n—o0

be the entropy of X and Py be the distribution of X on A®°. Let £(A) be the subset of S(A)
consisting of all the ergodic processes X € S(A). We are interested in consistent estimators
T, m=1,2,...) of h(X) for X € £(A) in the sense that lim, o T,(X1 X2 --- X;,) =
h(X) holds Px-almost surely.

The following theorem was proved by Shields [S, p. 137], although our own proof is
given which focuses on the uniformity of the convergence.

THEOREM 1. Let X € E(A) with h(X) = h. Take any fixed h with h < h. Then, for Px-
almost all x1xp - - - € A,

lim (]/kn)Hk,, (x1x2---xp)=h
n—00

holds for any k, (n =1, 2, ...) such that ¢, <k, < (log n)/il n=1,2,...), where (cp)
is a fixed sequence with lim,_, ¢, =00. Moreover, the convergence is uniform in
(ky; n=1,2,...).

Let X € £(A) with h = h(X) > 0. Consider the graph of y = Hi(x1x2---x,) as a
functionofk =1, 2, ..., nfor Py-almostall x;x; - - - € A° and a sufficiently large n. By
Theorem 1, Hy(x1x3 - - - x,) increases almost linearly with slope % until k = (log n)/(h +
n) with a sufficiently small n > 0, where it almost touch the graph y =log(n +k — 1)
(see Figure 2). It stays near y = log(n + k — 1) within distance ¢ log n until k = L logn
for any fixed L > 1/h and ¢ > 0 (Lemma 12). Therefore, the main part of

Llogn
DTN wllxixa - xale)
k=1 gehk
Llogn
= Y (n—k+D(ogn —k+1) = Hy(x1x2 - - - X))
k=1

is the area with horizontal stripes in Figure 2 multiplied by n, and hence (1/(2h))n (log n)?.
Moreover, if X has a finite energy (Definition 1), then

Hi(x1x2 - - - x) =log(n +k — 1)

https://doi.org/10.1017/etds.2015.79 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.79

806 T. Kamae

holds Px-almost surely after k = L log n for some L (Lemma 13). Hence, in this case, the
main part of

E"(x1x2 - ) = ) _(n—k+ D(log(n —k + 1) = He(x1x2 - - )
k=1
is (1/(2h))n(log n)?.

Definition 1. [5, p. 159] X € £(A) is said to have a finite energy, if there exist 0 < C < 1
and K such that

P(Xip1Xiq2 - Xepx =6 | X1 X2+ X, =1) < KC* (1.3)
holds for any non-negative integers k, t and & € A, n € A’.
Definition 2. Foranyn=1,2,...and x1x; - - - x, € A", define
Q(x1x2 -+ - x,) = (1/2)(n log n)2/ E"(x1x2 - - Xn).
Definition 3. We call x1x; - - - € A® a E-random word if
Tim (1/m)Q(x1%3 -+ - x,) = log A (1.4)
holds.
The above statement implies the following Theorems 2 and 3.

THEOREM 2. Let X € £(A) with h(X) = h > 0. Then, for Px-almost all x(xp - - - € A
and any constant L > 1/ h, we have

Do Y wlxixa - xale) = (1/Qh)ndlog n)* (1 + o(1))
I<k<Llogn gecAk
as n — OoQ.

THEOREM 3.
(1) Forany x1x; - - - € A, we have

lim sup(1/n)Q(x1x2 - - - x,,) <log A.

n—o0

(2) Let X € £(A). Then,
lim sup(1/n) Q(X1 X2 - - - Xy») < h(X)

n—o00

holds Px-almost surely.
(3) Let X € £E(A). Assume that either X has a finite energy or h(X) = 0. Then,

Jim (1/m) QX1 X5 - - - Xp) = h(X)

holds Px-almost surely.
4) Let X=X X, be the independent and identically distributed process over A
with P(X1 =a)=1/A (forall a € A). Then,

lim (1/n)Q(X1 X - -+ X,) =log A
n— 00

holds Px-almost surely. That is, Px-almost all xx; - - - € A® are E-random words.
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THEOREM 4. For x = x1x3 - - - € A®, assume that there exists X € S(A) and a subset
{h<th<---}yCA{l,2,...}such that

In
nl—i>ngo(1/t") 21: 8q5ix = Px
i=

holds, where 8, is the unit measure at y € A™, o is the shift on A> and the limit implies
the w*-limit. Then, we have

lim sup(1/#,) Q(x1x2 - - - x1,) < h(X).

n—oo

COROLLARY 1. If x = x1x2 - - - € A% is a E-random word, then x is a normal number
over A. On the other hand, there exists a normal number over A such that

nli)n;o(l/n)Q(xlxz <o xy) =0.

We consider the same algorithm to construct random words as in the case of X-
random words. Starting from any finite word xj - - - x,, € A™, construct an infinite word
X1 XmXm+1 - - - € A% so that

" (xp - xpxpgr) = min B (xg - - - xpa) (1.5)
achA
foranyn =m, m + 1, . ... Then, we can prove the following theorem.

THEOREM 5. For any x1x; - - - € A% satisfying (1.5), we have
fim inf(1/n) Q(x1x2 - %) > (1/2) 10g(6/5).
n—

Remark 1. The function Q not only represents the asymptotic property related to the
entropy, but is effective for measuring randomness of finite words. In Example 2, we
obtain the graph of Q(x1x> - - - x,) with respect to n for the binary random numbers, the
Rudin—Shapiro sequence, the Thue—Morse sequence and the Fibonacci sequence. Except
for the first one, they have 0-entropy. But, we can discriminate their degree of randomness

by Q.

Remark 2. Several consistent estimators of the entropy A(X) of X € £(A) are known.
Here, we list three of them.

(I) Kolmogorov—Chaitin compexity K. Let / be the minimum length of the binary codes
outputting x(x7 - - - x, € A" by a universal machine. Then, K (x{x; - - - x,) is defined to
be [ log 2. It is known that K (x1x3 - - - x,)/n is a consistent estimator of the entropy [3].

(II) Lempel-Ziv universal coding [5, 6] also gives a consistent estimator of the entropy,

as follows.

(1) Forx?:=x1xp---x, € A", define EO = €, where ¢ is the empty word.

(2) For k=0,1,..., assume that x° x!, ..., x' e AT U{e} and £, ¢!, ... &l e
AT U {e} are defined. If x! =€, then define LZ(x1x3 - - - x,) = . If x' € AT, then
let £ be the longest prefix of x! among g0 gl .. g andletx! =¢&ly.

(3) Ify=e,thendefine LZ(x1x2---x,)=1+1.
4) IfyeAtandy=ay witha € A, then let x't! =y’ and £+ = £%4. Go to (2) with
[+ 1 forl.
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(5) Then, LZ(x1x3 - - - x,) log A logn/n is a consistent estimator of the entropy.
(IIT) Ornstein—Weiss statistic. Ornstein and Weiss [4] define another consistent estimate

of the entropy, say O W (x1x3 - - - x), as follows.

(1) Forn=1,2,..., take a positive integer k = k(n) so thatk/logy n — 1 asn — oc.
Take a constant C with 0 < C < 1. Given x1x3 - - - x, € A",

(2) Take the minimum / such that there exists S C A¥ with the properties that #S = [ and
des lx1x2 « « - xple > Cn.

(3) Define OW(x1x2 - - - x,) =logl/k.

Remark 3. Just like the case of the ¥-randomness, we conjecture that (1.5) implies the

E-randomness (see Example 4), although we can only prove that (1.5) implies a positive

Q-value per letter (Theorem 5).

Remark 4. One might conjecture that
lim (1/n)Q(X1Xs -+ Xp) =0
n— oo

holds Px-almost surely if X € £(A) does not have a finite energy. In fact, as is proved in
Corollary 1, if Px admits a long range repetition almost surely, then this is true.

2. Proof of Theorem 1
LEMMA 1. Let B be an alphabet with 2 < #B < oco. Let (np; b € B) be a vector of non-
negative integers such that )", g np = n. Then, we have

#Hxixo - x, € B #{1 <i <n; x; =b}=nyp forany b € B}
<exp{nHnp/n; beB)+logn+ 1)}.
Proof. Let By = {b € B; np > 0}. It holds that
#Hxixy - x, €BY; #{1 <i <n; x; =b}=ny forany b € B}

n! n+l n
—gexp</ log x dx — Z/ 1ogxdx)
1

N np!
[pes, 7 ! =

=expi(n+ 1)log(n+ 1) — Z np logny, — #IB%O}
bEBo

=exp Z np(logn —lognp) + (n+ 1) log(n + 1) —nlogn — #IB%O}
bEIB()

<exp Z np(logn —log np) + log(n + 1)}
bEIB()
=exp{nH (np/n; beB)+logn+ 1)}. O
LEMMA 2. Let B be an alphabet with 2 < B = #B < oco. Then, for any A, we have
#Hxixo - x, € B Hilxixo - x,) < A}
n+B-—1
<exp{nA +log(n + 1)} B—1
<exp{nA + 2log(n + B)

+(m+B—-1)H(B-1)/n+B—-1), n/(n+ B — 1)}
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Proof. The number of vectors (np; b € B) such that the entries are non-negative integers

with Y g np =n is (";ﬁ I]) On the other hand, if the vector (n¢; & € B) satisfies that

H(ng/n; & € B) < A, thenby Lemma 1,
#{xixp - x, €BY; #{1 <i <n; x; =b}=ny forany b € B} <exp{nA +log(n + 1)}.
Hence,
#xixg - x, € B Hilxrxo - - x,) < A}
n+B—1

B—-1
<exp{nA +log(n + 1) + log(n + B)

+(m+B—1DH(B—-1)/mn+B—-1), n/(n+ B — 1)} O

<exp{nA + log(n + 1)}(

LEMMA 3. Let h and C be positive constants. Let n and k be positive integer valued
variables satisfying that & < Cn. Let N=¢e', M = n/k. Then, (N + M)H(N/(N +
M), M/(N + M)) = o(n) holds uniformly in k as n — oo.

Proof. Let A1(n), Az(n) be the positive valued functions of n such that
)\’l(n)ze)ul(n)h — n7 )\’2(,1)1/26)&2(}1)/’! =n

for any n =1, 2, .... Then, it is easy to see that both A;(n) and A(n) are increasing
functions of n which tend to the infinity as n — oo. Also, A1(n) < A2(n) holds. Moreover,
k < A1(n) implies M/N > A;(n) and k > A>(n) implies N/M > i>(n)'/?. Furthermore,
A (n) <k < Xy (n) implies

(N +M)/n<r(m)~' +rm) 12

Let
e(n) =max {(C + DH(1/(A(n) + 1), A (n)/(i(n) + 1)),
(C+ DH1/am)? + 1), 2am'?/ram)!? + 1)),
O (m) ™ 4 2207 V2) log 2).
Then,

(N+M)HN/(N+ M), M/(N + M)) <e(n)n

and £(n) — 0 hold as n — oo. Thus,
(N+M)H(N/(N + M), M/(N + M)) =o(n)
holds uniformly in k as n — oo. d
LEMMA 4. For any k, assume that A <. Then, for any A, we have
#xixg - xy € A" Hi(xpxz - - - xn) < kA} <exp{n(A +o(1))}

as n — oo, where this o(1) is uniform in k and A.
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Proof. For j=1,2,...,k,let
¥ o= X ko) (k- Xjaket) (eja@j—k =+ Xjtik—1) € (AR,

where l; = |(n — j+1)/k]. Forany & € AX it holds that

k
leixg - xale =D 1y Les
j=1

and hence
k .
peCxixa - x) =Y (j/(n —k+ D)pe (3).
j=1

This implies that

k
Hi(xixa -+ x) = Y (/= k + 1D)Hi(p).

j=1
Hence, there exists j such that Hl(yj) < Hr(x1x2 - - - x,). Then, we have
#xx - xp € A" Hip(xixz - - - x,) < kA}
<#{x1x2 - - - x, € A"; there exists j such that H;(y/) < kA}
<kA* Dy e AHTTU @Y i) <kAY,
where [ = [n/k]|. Let B = A* and B = A*. Applying Lemma 2, we have
#xrxy - xp € A" Hip(xpxz - - xp) < kA}
< 2k A2K=D explik A
+(+B-1)H(B-1)/(+B-1), 1/U+B—1))+2log(l + B)}
<exp(n(A+D)+(+B—DH(B-1/I+B-1), 1/0+B—1)}
=exp{n(A +o(1))}

where
D = (1/n)(log(2k A2*=Dy 4 2 1og(l + B)) < 5(logn)/n

holds for large n, and ( + B—1)H((B —1)/({+ B —1), [/(I4+ B — 1)) = o(n) holds
uniformly in k and A by Lemma 3. Therefore, the above o(1) is uniform in k and A, which
completes the proof. d

We can improve Lemma 4 as the following Lemma 6 using Lemma 5.

LEMMA 5. [4] Let X € E(A) with h(X) = h. Then, for Px-almost all xx> - - - € A and
any € > 0, ifk and n/ k are sufficiently large, then there exists By, C A% with #B; < e +o)k,
such that

#{l<i<n—k+1; i=j (modk)and xjxj+1 - - Xj+k—1 € By}
>(1—-¢emn/k (G=1,2,...,k). 2.1)

Moreover, this By can be chosen independently of n and x1x; - - - € A*°.
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LEMMA 6. Let X € E(A) with h(X) = h. Take any fixed h > h. Then, for any & > 0, there
exist ng and Q C A% with Px () > 1 — ¢ such that, for any n > ng, k with e"* <n and
A,

#Hxixg - xp € Qs Hi(x1x2 -+ - xn) <kA} <exp{n(A +¢)}

holds, where Q, C A" is the projection of Q2 to A".

Proof. Since Lemma 4 implies Lemma 6 in the case Ak < n, itis sufficint to prove Lemma
6 with the assumption that

(1/1log A) logn <k < (1/h) log n. 2.2)

Take any small ¢ > O such that 7 + ¢ < h. There exist 2 C A® with Px(Q)>1—¢
and ng such that, for any n > ng and k satisfying (2.2), (2.1) holds for any x1x3 - - - x, €
Qn. Let By = #By. Then, By < ¢"*. By the same argument as in the proof of Lemma 4,

#Hoapxg oo xp, € A" Hip(xpxz -+ - xy) < kA}
<kA? Di(yiyr -y e WHTTUAY HiGnyz -y <kA)
holds, where [ = [n/k] and
Vi = Xj(i— kX jp(—Dk+1 * * * Xjpik—1 € AR =12, '=1-1o0rl)

for some j=1,2,...,k. By (2.1), at least (1 — ¢)n/k number of i satisfy that y; € By
forany y;y2 - - - yy € A, where A is the set of y;y, - - - yy coming from xx3 - - - x, €
as above. Let the set of i such that y; € By be I and #I = /. By taking some subset of I if
necessary, we may assume that exactly I = | (1 — ¢)/] holds. Then,

Hi(yiy2---yr)
>/ HiGis i €D+ ("= D/IDH (yis i ¢1)
> —-eHi(yi; i €D,

and hence
#{yiy2 -y € A Hi(yiyz -+ yr) S kA}
[
: <l — I>(Ak)l_l#{(yi; ielp) eBY: Hi(y: i €lp) < (1—e) 'kA})

withIp = {1, 2, ..., I}. Applying Lemma 2, we have
#xixa - xp € Qs Hi(xixa - - - xp) <kA}
<2kA* Dt{y1yy oy € As Hiiya -+ y) <kA),  ('=1—1orl)
l
< zmz”“”(l I)(A")"’#{(y,-; i€lp) eBY; Hilyi; i €lo) <2kA(1—)7')

]+Bk—1>

I
< 2kA%*=D (AN exp{IkA(1 — &)~! + log(I + 1)}
-1 B, —1

<exp{n(A +¢elog A+ o(1))
+ U+ B —DH((Bx— /U + B —1), 1/ + Br — 1))}
<exp{n(A+elogA+o(1))+(N+MYHN/(N+ M), M/(N + M))}

https://doi.org/10.1017/etds.2015.79 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.79

812 T. Kamae

as n — 00, where the above o(1) is uniform in k, A, and N = oM = n/k. By (2.2),
& > ( can be chosen arbitraray small if just » — co. By Lemma 3, (N + M)H(N /(N +
M), M/(N + M)) = o(n) with o(n) which is uniform in k, A. Thus, the last line in the
above inequalities can be written as exp{n(A + o(1))} with o(1) which is uniform in k£ and
A, which completes the proof. d

LEMMA 7. Let X € £(A) with h(X) = h. Take any fixed h with h < h. Then, for Px-
almost all x1x -+ - € A%,

lim inf(1/kn)Hy, (X122« - - xp) > I
n—0o0o

holds for any k, (n =1, 2, .. .) withk, < (log n)/h. Moreover, the convergence is uniform
in(ky; n=1,2,...).

Proof. For any ¢ > 0, by Lemma 6, there exist ng and 2 C A® with Px(2) > 1 — ¢ such
that
#Hxxa - xp € Qyy Hp(xpxz -+ - xp) <kA} <exp{n(A + &)}

for any n > ng, k < (log n) /fz and A. It follows from the Shannon—-McMillan—-Breiman
theorem [5] that, for any ¢ > 0, there exist n; and A C A® with Px(A) > 1 — ¢ such that,
for any n > ny and x1x2 - - - € A, Px({x1x2 - - - xp)) < e"(=hte) nolds, where () implies
the cylinder set corresponding to a finite word or a set of finite words. Therefore, if A =
h — 3¢, then Px ({S, k) N A) < e~ "¢ holds for any sufficiently large n > ng, where

Snk =1{x1x2 - x5 € 2y Hi(x1xz - - - x) <kA}.

Si= J Swwe

k; k<(logn)/h
Then, Px (S, N A) < e " (log n)/fz and Zf,o:l e " (log n)/fz < 00, we have

0=Px(ﬁ G SnﬂA)

m=1 n=m

=Px{xixp---€QNA; (1/k)yHr(x1x2 - - - x) <h — 3¢ holds
for some k with k < (log n) /fz for an infinite number of n}
= Px{xixz--- € QNA; liminf(1/ky)Hy, (x1x2 -+ x,) <h — 3¢
n—o0

Let

holds for some k,, (n =1, 2, . ..) with k, < (log n)/ﬁ}.
Since Px(2) =1 —o(1), Px(A) > 1 — ¢ and ¢ > 0O is arbitrary,
lim inf(1/k,)Hy, (x1x2 - - - X)) > h
n— o0

holds for any k, (n =1, 2, ...) with k, < (log n)/h with probability 1. Moreover, it is
clear from the above argument that this convergence is uniform in (k,; n=1,2,...). O

LEMMA 8. Let X € E(A) with h(X) = h. Then, for Px-almost all x1x - - - € A®,
lim Sup(l/kn)Hkn (X1X2---Xp)<h

n—oo
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holds for any k, (n =1, 2, ...) such that ¢,, <k, <n/c,, where (c,) is a fixed sequence
with limy,_, o ¢;; = 00. Moreover, the convergence is uniformin (k,; n=1,2,...).
Proof. By Lemma 5, for any Px-almost all x;x; --- and ¢ > 0,

Hi, (x1x2 - - - x,) < H(e, 1 —¢&) + ek, log A+ (1 — &)k, (h+¢)

holds if k, and n/ k,, are sufficiently large, and hence if ¢;, < k;,, < n/k, and n is sufficiently
large, which proves our claim. d

Lemmas 7 and 8 imply Theorem 1.
3. Proof of Theorems 2 and 3
Definition 4. Let x = x1x2 - - - x, € A". Fork=1,2,...and & € AX let pg = pe(x) ==
(I/n)|x1x2 - - - XpXn41 - - - Xk—1le, where we define x; :=x; if i=j (mod n) and j €

{1,2, ..., n}. Define
Hi(x1xz - - - x,) = H(pe; & € A¥).

LEMMA 9. Forany x =x1x3 -+ x, € A" and k,l > 1, we have
Hi(xixa - x) < Hppr (122 -+ %) < Heerxg -+ x) + Hi(xz - x).

Proof. Since pe =Y, cp1 Pec and py =Y cpx Pey hold for any & € A* and n € A, we

have
Hi(x1xz -+ - xp) < Hipr (12 -+ xp)
and
Hipr(x1x2 -+ - x0) = H(pey: & € AF, neAl)
< H(pg x pp; § €AY, neA)=H(ps; £ A+ H(py neh)
=Hi(x1xa - - x5) +Hi(x1x2 - - - x5). O
LEMMA 10. Foranyx =x1x3---xp € A" andk =1, 2, ..., n, we have
—k+1 .
nTHk < Hk
—k+1 k—1 —k+1 k-1
< * Hi + 10gA+H(n * , )
n n n n

where we denote Hy = Hi(x1x2 - - - x,,) and i = 7—~lk(x1xz ce e Xp).

Proof. Let{l, 2, ..., n}be aprobability space with the normalized counting measure and
X, Y be random variables on it defined by

. k
X(0)=XiXi41 - Xigh—1 €A

and
1, i<n—k+1,
0, i>n—k.

Y(@i)= {
Using the standard notations of Shannon entropy, we have

iy =H(X), Hi=HX|Y=1
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Hence,

He = HX)<HX,Y)=HY) + HX|Y)

=H(”_k+1, k_1)+P(Y=0>H(X|Y=0>+P(Y=1)H(X|Y=1)
n

n
—k+1 k-1 k—1 —k+1
SH(n i , >+ logA+—n + Hy.
n n n n
On the other hand,

He = H(X) > H(X|Y)

=P(Y=0)H(X|Y =0)+ P(Y=1)HX|Y =1)

k41
S PY=D)HXy=1)="" "1 O
n

LEMMA 11. Let L be any fixed number. Then, for any € > 0, there exists ng such that, for
any n > ng, x1x3 + - - x, € A" and k with k < L log n, we have |Hy — Hy| < &, where we
denote Hy = Hi(x1x2 - - - xp) and Hy = Hi(x1x2 - - - x).

Proof. By Lemma 10, we have

5 k—1 n—k+1 k-1
|7'lk—Hk|§—(Hk+logA)+H( , )
n n n
Since k < Llogn and Hj; <logn, the right-hand side tends to 0 as n — oo, which

completes the proof. d

LEMMA 12. Let X € £(A) with h(X) =h > 0. Let L > 1/h be any fixed number. For
any € > 0 and Px-almost all x1x; - - - € A%, there exists n > 0 and ng such that, for any
n > no and k with (logn)/(h +n) <k < L logn,

(1—e)logn —k + 1) < He(x1x2 - - - x,) <log(n — k + 1).

Proof. 1t is clear that Hy(x1x2 - - - x,) <log(n —k + 1). For a small n > 0 which is
specified later, let ko be the integer-valued function of n such that (logn)/(h +1n) — 1 <
ko < (logn)/(h + n). For Px-almost all xix; - - - € A®, by Theorem 1, there exists n
such that for, any n > nj,

h
Hio(x1x2 -+ - xn) = (h — n)ko > h+nlogn—h+n.

n

By Lemma 11 with n for € and n, for ng, we have
[ Ha (X122 - -+ x0) — Hi(xixz -+ - )| <

for any n > ny and k with k < L log n. Then, for any n > n; Vv nj and k with (log n) /(h +
n) <k < L logn, we have

Hy(x1x2 - %) = Hig(x1x - - - xp) — 11

- h—n
ZHko(x1x2"'xn)_nZh+n

logn — h.
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Hence, for any € > 0, we can choose n > 0 and ng > n1 V n3 so that

H >
k(x1x2 - xp) = pn

h logn —h

n
>(1—¢)logn>(1—¢)logln —k+1)

for any n > ng and k with (logn)/(h +n) <k < L logn. O

Proof of Theorem 2. Let X € £(A) with h(X) =h > 0. Let L be any constants with
L >1/h. By Lemma 12, for any ¢ > 0 and Px-almost all xjx; - - - € A, there exists
n > 0 and ng such that, for any n > ng and k with (logn)/(h +n) <k < Llogn,

(1 —¢g)logn —k+1) < Hi(x1xz -+ - x,) <logln —k +1).
By Theorem 1, Py-almost all xjx; - - - € A° and k < (logn)/(h + n),
Hi(x1x2 - - xn) = kh(1 4+ 0(1))

holds as n — oo with o(1) which is uniform in k. Therefore,

Yo D wxixa - xale)

k<L(logn) geAk
= Y (n—k+D(ogn —k+1) = Hp(xixz - - - x2))

k<L(logn)
=n(l+o(1)) Y (ogn—k+1) = Hi(xixz- - xy))
k<L(logn)
=n(+o( > (log(n—k+1)—?—[k(x1x2~--x,,))+8D)
k<(log n)/h
(log n)? (log n)*h
=n< — - — = +8D>(1+o(1))

asn — oo, where h = h + n and |D| < L(log n)2. Since we can let  — 0, we have

Yo > vUxix - xle) = (1/@)nllog m)*(1 + o(1) + enD.

h=<L(logn) geAk

Since ¢ — 0 can be chosen arbitrarily small, if just » — oo, we have en D = o(n(log n)z),
which completes the proof. |

LEMMA 13. Let X € £(A). Assume that X has a finite energy. Then, there exists L
such that, for Px-almost all x1xy - - - € A, there exists ng such that Hy(x1x3 - - - x5) =
log(n + k — 1) holds for any n > ng and k > L log n.

Proof. Let (1.3) hold for our X. For a positive integer / with 0 < [ < k, let
Af = {& € A%, there exists n € A! such that £ is a prefix of n°°}.
Then, #A;‘ = A and

-1
P<|X1X2 -+ Xylg = 1 for some & € UAf‘) SnA[Ck

i=1
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holds. On the other hand, let U = A* \ Uf;ll Af.‘. Then, we have
P(IX1X2 - Xulg =2 forsome & e U)
< > ) PXXjn - Xk =XiXiqn o Xiggo1 =§)

I<i<jsn—k+1 E€U
j—izl

Z ZP(Xij+1"'Xj+k71=§|XiXi+1"'Xi+k71=%')

1<t<1<n —k+1 SEU
j—i=l

xP(XiXiy1-- - Xigp—1=%)

Z Z KCZP(X,'XH_l --~Xl'+k_1=f;')§Kn2C[.
I<i<j<n—k+1 gcAk

IA

IA

Let 8 =log(1/C)/(log A + log(1/C)) and choose a positive integer / so that || — Bk| < 1.
Then, 0 < 8 < 1 and AP¥C* = CP¥ hold. Hence, A'CK < ACP¥ holds. Moreover, since
Kn’C' < CP¥Kn?C, we have

P(1X1X2 - - X,l¢ > 2 for some & € A%) < CP¥(A + Kn®C) < KnC*

with some constants K and 0 < C < 1. Hence,
o0

00 00
Z Z kHZék < Z kHSéL logn _ Z L log C+3
n=1

n=1 Llogn<k<n

holds if L log C < —4. This implies our lemma. d

Proof of Theorem 3. (1) Follows from Fact 1.

(2) Follows from Theorem 2 since > ;. ;. Jog deAk Y(lx1x2 -+ - xplg) > 0.

(3) By Lemma 13, the equality holds in the case that 2(X) > 0 and X has a finite energy.
Let X € £(A) with h(X) = 0. Then by Lemma 8, for Py-almost all xx; - - - € A* and
& > 0, there exists K such that, for any k£, n with K <k <n/K, we have

Hi(x1x2 - - - xu) < k.

Hence, if n is sufficiently large, we have

n
E"(xixz -+ X)) = ) _(n—k+ D(log(n —k +1) = Hi(x1x2 - - - 2))
k=1
> > (n—k+Dlogn —k+1)—ek) v 0
K <k<(logn)/(2¢)
> > (1/3)n log n > n(log n)?/(8¢).
K <k<(logn)/(2¢e)
Thus,
lim sup(1/n)Q(x1x2 - - - x,) < 4e.

n—o0
Since ¢ > 0 is arbitrary, we have lim,,_, o (1/1n) Q(x1x3 - - - x,) = 0.
(4) Follows from (3) since the independent and identically distributed process over A
has a finite energy. d
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4. Proof of Theorem 4
For x = x1xy - - - € A®, assume that there exists X € S(A) and asubset {t; <fp <---} C
{1, 2, ...} such that

n
lim (1/1,) 21: 8yi, = Px.
1=

Then, it holds that
lirrgo Hi(xixz - x) = HX1X2 -+ - Xp).
n—

For any ¢ > 0, take ko such that (1/k)H(X1X3 - - - Xi) < h(X) + ¢ for any k > ko. Take
k1 > ko and ng such that

Hiy (x1x2 - X)) < HX1 X2 - - Xg) + & <kih(X) + (k1 + De
for any n > ng. Then for any n > no and k, by Lemmas 9 and 10, we have

Hy(xi1xz - x5,) < H(xrxa - - x4,) < Tk/ ki1 Hpy (x1x2 - - - xp,)
< Tk/ki1(Hi, (x1x2 - - - x1,) + (k1/1,) log A +log 2)
< [k/ki1(kih(X) + (k1 + De + (k1/t,) log A + log 2).

Hence, for any ¢ > 0, there exists K such that
Hi(xrxz - - - xp,) <k(h(X) + &)

holds for any k, n with K <k <1,/K. Then, for any sufficiently large n, we have

ty
B (x1xy - x,) = 3 (ta — k+ D(log(ty — k + 1) — Hy(x1x2 - - - x,,))
k=1
> > (ta — k + 1) (log(t, — k + 1) — k(h(X) + €))
K <k=(log ty)/(h(X)+2¢)
> (1/2h(X) + 4&))t, (log 1,)*.

By Definition 2,
lim sup(1/#,) Q(x1x2 - - - x;,) < h(X) 4+ 2e,

n—o00

which completes the proof since ¢ > 0 is arbitrary.

Proof of Corollary 1. Assume that x = x{x; - - - € A% is not a normal number over A.
Then, there exists a subset {t; <t, <---}C{l,2,...} and X € S(A) with Px # A such

that
t)l

1/ Y bt = P
i=1
where A is the product of the uniform probability measure on A. Since h(Px) < log A, by
Theorem 4, we have

lim sup(1/1,) Q(x1x2 - - - x;,) < h(X) <log A,

n—o00

which contradicts (1.4) and completes one half of the proof.
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Let x = x1x2 - - - € A% be any normal number over A. Fork =1, 2, ..., define &k =
k .. .
x1x2 - - Xk € A%, Define y = £1£2 ... € A, Then, it is easy to see that y is a normal
number over A. We prove that

Jim (1/n)Q(y1y2 - -+ yn) = 0.

For any large n, let 2/*! —2 <n <2/*2 — 2. Then, yy; - - - y, contains £/ ~1&/=1 as a
factor. Let

Spo={xixip1 X1 €A i=1,2,... 27 4 1)

forh=1,2,...,271. Then, |y1y2 - - - yul > 2 holds for any 5 € Sj,. This implies that
D W yiya - yuly) = Y Q#S, =2(log )2 —h + 1).
'76511

Therefore,

ol-1

E"(yiy2- - yn) = Y 2(log )2 —h+ 1)
h=1

= (log )21 + 1) > (1/100)n>.

Thus, by Definition 2,
'11Ln;0(1/n)Q(y1y2~--yn)=0- O

5. Proof of Theorem 5
Lett(t)=¢ () — ¢ (¢ — 1) (¢t > 1). Then, for any ¢ > 1,

1 1
7/(t) =logt —log(t — 1) >0 and r”(t):;—ﬁ<0

hold, and hence t(¢) (r > 1) is a concave function. Let S, (x) be the set of all suffixes & of
x such that |x|¢ > 2. For any x € A", denote

D)= Y t(xle).
§€85(x)
Since if £ € AT\ S>(xa), then either |xale = |x|g or ¥ (|xals) = ¥ (|x|g) = 0. We have
2" (xa) — E"(x)

= Y @lxal) —v(xle)+ Y W(xale) — ¥ (lxle)

€Sy (xa) EeAT\S,(xa)

= Z W (xale) — ¥ (xle)) = Z (Y (xalg) — ¥ (|lxals — 1))
EeSr(xa) EeSr(xa)

= Y t(xal) = D(xa).
§€8r(xa)
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Moreover, since 7 is a concave function such that t(¢) <log? + 1 and ZaeA |xal, =
n + A, we have

(1/4) ) Dxa)—D(x)= Y ME + w
acA E€Sr(x)

< Y ME+ T+ A)/A) S D ME) +log((n+ A)/A) + 1
£€85,(x) E€Sr(x)

< Z M@E)+logn —log A+ 1+ (A/n),
§€8r(x)

where we put
ME) = M —(|x[e).

A
Since ), 4 |xalga = |x|¢ + A — 1 and t(r) (r > 1) is a concave function, we have

> t(xalza) < (A—=r)T(g) +r7(q + 1) =: B(u, A)
ach

which holds, where
u=Ixlg, g=w+A-1)/A] and r={u+A-1)/A}A.

Therefore, since
B(2,A)=2log2 and B3, A)=41log?2,

if u =2 or 3, then
M) < (r/glg);(Z/A) log 2 — r(z)) v (1}\1;)3((4/A) log 2 — 1:(3)) — —10g(27/16).
On the other hand, since log(t — 1) + 1 < t(¢) <logt+ 1 (t > 1), if u > 4, then
ME <t(w+A—-1)/A) —1t(u) <log((u +A—1)/A) —log(u — 1)

= log(; + %) <log(1/3 + 1/2) = —log(6/5).

u—1

Thus, M (§) < —log(6/5) for any & € S>(x), and hence
(1/4) > D(xa) — D(x)

aeh
< —#57(x) log(6/5) +logn —log A+ 1+ (A/n).

Let x1 - -+ XXyt - - - € A% satisfy (1.5). Let ¢ > 0 and ng > 1 satisfy —logA + 1 +
(A/ng) < elogng. Then, for any n > m V ng, we have

D(xy -+ xpxpy1) < D(xy - - xp) + (1 +¢) logn — #S2(x; - - - xp) log(6/5).  (5.1)
On the other hand, we have

D(xi---x) = Y t(xi-xle) <#Sh(x1 - xp)(logn + 1),
§€S8y(x1+xn)

Let Co :=1/10g(6/5) and nj :=ng V exp(e ™! + 1). Then for any n > ny,
#S2(x1 -+ - xp) = Co(1 4+ 2¢) logn

https://doi.org/10.1017/etds.2015.79 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2015.79

820 T. Kamae

holds if
D(xi -+ - xp) = Co(1 + 4¢)(log n)>. (5.2)

Hence,
D(x1 - xpXp+1) < D(x1-- - x,) —elogn

holds if (5.2) is satisfied. Hence, there exists N > n{ VV m such that
D(x; - xy) < Co(1 +4e)(log N)*.
Then we can prove by induction that, for any n > N, we have
D(x1 - - x2) < Co(1 4+ 4e)(og n)? + (1 + ¢) log n. (5.3)

Forn = N, (5.3) is satisfied. Assume that (5.3) is satisfied for n withn > N. If (5.2) holds,
then

D(xy - xpXxp41) <D(x1---x,) —€logn
< Co(1 4+ 4¢)(log n)2 4+ (1+¢&)logn —elogn
< Co(1 + 4e)(log(n + 1))% + (1 + &) log(n + 1).

If (5.2) is not satisfied, then by (5.1),

D(xy - - 'xnxn-l-l) <Dy xp)+ (1 +¢) logn
< Co(1 +4e)(logn)> + (1 +¢) logn
< Co(1 + 4e)(log(n + 1))% + (1 + &) log(n + 1).

Thus, (5.3) holds for any n > N.

Since
n+1

-
o

(X1 -+ - XpXpg1) — E"(xr - xn)=D(xp - XnXn+1)s

(5.3) implies that, for any n > N,

n
E"(x1 - x) < BV(r - xn) + Y (Co(l +4e)(logk)* + (1+ ) log k)
k=N+1

= Co(1 + 4e)n(log n)>(1 +o(1)) (asn — o0).
Since ¢ > 0 is arbitrary, it follows that
lilgiogf(l/n)Q(XMz <o xn) 2 1/(2Co) = (1/2) log(6/5),
n

which completes the proof of Theorem 5.

6. Examples

Example 1. We draw the graph of Hy(xqxp -« - x58) for 1 <k < 28 with respect to the
binary random numbers, the random numbers with the distribution (1/8, 7/8) for the
values 0 and 1 and the Fibonacci sequence together with the graph of log(2® — k + 1)
in Figure 3.
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log(2® —k+ 1)

FIGURE 3. Hy(x1x - - - Xg) for 1 <k <28,

Binary random numbers

Rudin-Shapiro

Thue-Morse

Fibonacci

FIGURE 4. Q(xjxp ---xp) forl <n < 29.

Example 2. We draw the graph of Q(x1xy---x,) for | <n < 29 with respect to the
binary random numbers, the Rudin—Shapiro sequence, the Thue—Morse sequence and the
Fibonacci sequence in Figure 4. Except for the binary random numbers, they have entropy
0. Even so, there are differences in the complexities, which are discriminated by the Q-
values. It is also interesting to see that the Q-value for the Rudin—Shapiro sequence is not

monotone in z.

Example 3. Consider Q(x1x> - - - x14)/14 with the logarithmic base 2 for binary words of
length 14. The smallest values and the words attaining them are:

0.308 :
0.367 :
0.435:

0.441

0.507
0.522

00000000000000 and its symmetric variants,
00000000000001 and its symmetric variants,
00000000000010 and its symmetric variants,

: 0000000000001 1 and its symmetric variants,
0.448 :
: 00000000000100 and its symmetric variants,

: 00000000000101, 01000000000001 and their symmetric variants.

01010101010101 and its symmetric variants,
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1.0¢

051

1.0 1.4

FIGURE 5. The distribution of Q/14 with the logarithmic base 2 for the binary words of length 14.

The biggest value 1.46 is attained by the equidistributed words, such as

11100010011010, 11100010100110, 11100010110100, 11100011010010
11100100001101, 11100100011010, 11100101000011, 11100101000110
11100101101000, 11100110100001, 11100110100010, 11101000010110
11101000011001, 11101000101100, 11101000110010, 11101001011000
11101001100001, 11101001100010, 11101011000010, 11101011000100
11101011001000, 11101100001001, 11101100001010, 11101100010100
11101100100001, 11101100101000, 11100101000011, -+« vvvvv v

We have drawn the distribution function of the Q/14 for all the binary words of length 14
(Figure 5).

Example 4. Let x = x1x2 - - - x200 € {0, 1}2%° be such that x1x; - - - x20 = 02 and for i =
21,22, ..., 200, x; is chosen so that x; = 0 if and only if

E'(x1x2 - xi—10) < B'(x1x2 - - - x—11).
In fact,

x = 00000000000000000000111010110010100111110111001101
00010010111100011000101010111011011001110000100011
11010010011001000011011111110010110101000010111000
10000010100011010111110000011001100001111110101010.

Then, Figure 6 is the graph of Q(x1x; - - - x;) (with the logarithmic base 2) with respect
toi=1,2,...,200. The infinite words defined like this look as though they have the
full Q-value, 1 per letter, although we can prove only a positive Q-value per letter in
Theorem 5.
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FIGURE 6. The graph of Q(xjx; - - - x;) (with the logarithmic base 2) with respecttoi =1, 2, ..., 200.
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