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In this work, we study a class of elliptic problems involving nonlinear superpositions
of fractional operators of the form

Aµ,pu :=

∫
[0,1]

(−∆)spu dµ(s),

where µ is a signed measure on [0, 1], coupled with nonlinearities of superlinear type.
This kind of operator was introduced by S. Dipierro, K. Perera, C. Sportelli, and
E. Valdinoci in [11]. Our analysis covers a variety of superlinear growth assumptions,
beginning with the classical Ambrosetti–Rabinowitz condition. Within this
framework, we construct a suitable variational setting and apply the Fountain
Theorem to establish the existence of infinitely many weak solutions. The results
obtained are novel even in the special cases of superpositions of fractional
p-Laplacians, or combinations of the fractional p-Laplacian with the p-Laplacian.
More generally, our approach applies to finite sums of fractional p-Laplacians with
different orders, as well as to operators in which fractional Laplacians appear with
‘wrong’ signs. A distinctive contribution of the paper lies in providing a unified
variational framework that systematically accommodates this broad class of
operators.
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1. Introduction and main results

The purpose of this article is to investigate nonlinear elliptic problems driven
by nonlinear superposition operators of mixed fractional order. In recent years,
considerable attention has been devoted to the existence theory for elliptic equa-
tions involving such operators. These superposition operators unify and generalize
several fundamental cases, including the p-Laplacian, the fractional p-Laplacian,
their combinations (i.e., mixed local and nonlocal operators), as well as their differ-
ences [11]. From a purely mathematical perspective, the interplay of these operators
gives rise to a loss of scale invariance, which in turn may introduce unexpected dif-
ficulties. The situation becomes particularly delicate since these operators are no
longer positive definite. Consequently, the bilinear form naturally associated with
them does not yield a scalar product or a norm, the variational spectrum may
contain negative eigenvalues, and even maximum principles can fail [10].

At the same time, superposition operators of mixed fractional type are not only
of theoretical interest but also appear in several applied contexts. They play an
important role in the modelling of anomalous diffusion, population dynamics, and
various problems in mathematical biology, including those related to Gaussian pro-
cesses and Lévy flights. For further discussions and related developments, we refer
the reader to [8, 10, 13]. To be precise, we study the following superlinear problem
involving the superposition nonlinear operator of mixed fractional order:

Aµ,pu = f(x, u) in Ω

u = 0 in RN \ Ω, (1.1)

where Ω is a bounded open subset of RN , 1 < p < N
s]

and 1 < p < q < p∗s] :=
Np

N−ps]

with s] defined by (1.7) below. The (nonlinear) superposition operator (of fractional
order) Aµ,p is defined as follows:

Aµ,pu :=

∫
[0,1]

(−∆p)
sudµ(s), (1.2)

where µ is a signed measure given by

µ := µ+ − µ−. (1.3)

Consider two nonnegative finite Borel measures µ+ and µ− on [0, 1], which are
assumed to satisfy the following conditions:

µ+([s̄, 1]) > 0, (1.4)

µ−|[s̄,1] = 0, (1.5)

and

µ−([0, s̄]) ≤ κµ+([s̄, 1]), (1.6)
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for some s̄ ∈ (0, 1] and κ ≥ 0. In fact, from (1.4), there exists another (fractional)
exponent s] ∈ [s̄, 1] such that

µ+ ([s], 1]) > 0. (1.7)

The superposition operator defined in (1.2) exhibits remarkable versatility. It can
represent the negative p-Laplacian −∆pu when µ is the Dirac measure concentrated
at 1, the fractional p-Laplacian (−∆)sp when µ is concentrated at a fractional power
s ∈ (0, 1), and even a ‘mixed-order’ operator of the form −∆p + ε(−∆)sp, with
ε ∈ (0, 1], when µ is the sum of two Dirac measures, δ1+εδs, s ∈ (0, 1), among other
possibilities. Interestingly, some components of these operators may contribute with
the ‘wrong sign’; however, as long as a dominant term, typically corresponding to
a higher-order fractional operator, provides sufficient control, the overall behaviour
remains well-posed.

Problem (1.1) admits a natural variational structure, with its solutions corre-
sponding to the critical points of the associated Euler–Lagrange functional. This
naturally leads to the question of whether the well-established topological and
variational methods, originally developed in the classical setting, can be effectively
extended to this unified nonlinear and nonlocal framework. We now define the
notion of a weak solution to the problem (1.1).

Definition 1.1. We say u ∈ Xp(Ω) is a weak solution to the problem (1.1), if

∫
[0,1]

(∫∫
R2N

CN,s,p|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sp
dxdy

)
dµ+(s)

−
∫
[0,s̄]

(∫∫
R2N

CN,s,p|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sp
dxdy

)
dµ−(s)

=

∫
Ω

f(x, u)vdx, for all v ∈ Xp(Ω).

The weak solutions to the problem (1.1) are the critical points of the energy
functional I : Xp(Ω) → R, which is defined as

I(u) := 1

p
[ρp(u)]

p − 1

p

∫
[0,s̄]

[u]ps,pdµ
−(s)−

∫
Ω

∫ u

0

f(x, τ)dτ dx. (1.8)

Furthermore, we have

〈I′(u), v〉 =
∫
[0,1]

(∫∫
R2N

CN,s,p|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sp
dxdy

)
dµ+(s)

−
∫
[0,s̄]

(∫∫
R2N

CN,s,p|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sp
dxdy

)
dµ−(s)

−
∫
Ω

f(x, u)vdx, for all u, v ∈ Xp(Ω).
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Remark 1.2. We mention here that the first term of the integral on the LHS in
Definition 1.1 has the following explicit form:∫

[0,1]

(∫∫
R2N

CN,s,p|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sp
dxdy

)
dµ+(s)

=

∫
(0,1)

(∫∫
R2N

CN,s,p|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sp
dxdy

)
dµ+(s)

+ µ+({0})
∫
Ω

|u(x)|p−2u(x)v(x)dx+ µ+({1})
∫
Ω

|∇u(x)|p−2∇u(x) · ∇v(x)dx.

Similarly, the second term of the integral on the LHS is defined, but for simplicity,
we will continue to misuse the expression as mentioned in Definition 1.1.

Finally, we assume that the nonlinearity f : Ω̄ × R → R satisfies the following
conditions:

(i) f ∈ C(Ω̄× R), (1.9)

(ii) |f(x, t)| ≤ a1 + a2|t|q−1, for some a1, a2 > 0 with p < q < p∗s] :=
Np

N − ps]
,

(1.10)

(iii) f(x,−t) = −f(x, t), for all x ∈ Ω, t ∈ R. (1.11)

Condition (ii) reflects the assumption of subcritical growth. On the other hand,
Condition (iii) is essential for establishing the existence of infinitely many solutions,
as it requires a certain symmetry of f . It is also immediate to observe that this
condition implies f(x, 0) = 0, which ensures that u = 0 is always a trivial solution
of (1.1). Our objective, therefore, is to establish the existence of nontrivial solutions
to (1.1).

Additionally, we assume that f verifies the famous Ambrosetti–Rabinowitz (AR)
condition; that is, there exist constants µ > p and r > 0 such that, for all x ∈ Ω
and t ∈ R with |t| ≥ r, we have

0 < µF (x, t) ≤ tf(x, t), (1.12)

where F is the primitive of f with respect to the second variable, that means,

F (x, t) =

∫ t

0

f(x, τ) dτ.

The AR condition, introduced in the seminal work of Ambrosetti and Rabinowitz
[3], plays a central role in guaranteeing the boundedness of Palais–Smale (PS)
sequences associated with the energy functional of the problem under consideration.
In that work, by applying the celebrated Mountain Pass Theorem, the authors
proved the existence of nontrivial solutions to problem (1.1) in the case Aµ,p =
−∆, assuming that the nonlinearity satisfies superlinear growth while remaining
subcritical.
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This result was later extended to the nonlocal framework of the fractional
Laplacian, Aµ,p = (−∆)s, by Servadei and Vandinoci [21]. Subsequently, Binlin
et al. [6] investigated the existence of infinitely many solutions to problem (1.1) for
the case Aµ,p = (−∆)s. Furthermore, in [19], the authors established the existence
of a sequence of nontrivial solutions for Kirchhoff-type problems driven by the frac-
tional p-Laplacian, which in particular includes problem (1.1) with Aµ,p = (−∆)sp.
In this paper, our goal is to generalize and unify the aforementioned results by
studying problem (1.1) under the assumption that f satisfies subcritical and super-
linear growth conditions together with the AR condition. As an example can take
f(x, t) := a(x)|t|q−2t with a ∈ C(Ω) and q ∈ (p, p∗s]). Our framework is sufficiently
flexible to encompass both local and nonlocal operators, thereby extending classical
variational results to a wider class of mixed and fractional problems. Now, we state
one of our main results as follows.

Theorem 1.3. Let Ω ⊂ RN be a bounded open subset. Let µ = µ+−µ−, where µ+

and µ− satisfy conditions (1.4), (1.5), and (1.6). Assume that s] is given as in (1.7),

and suppose that 1 < p < N
s]

and 1 < p < q < p∗s] := Np
N−ps]

. Suppose further that

f satisfies (1.9), (1.10), (1.11), and (1.12). Then, there exists κ∗ ≥ 0 such that,
for all κ ∈ [0, κ∗], the problem (1.1) admits an infinite sequence of large-energy
solutions in Xp(Ω).

We recall that by an infinite sequence of large-energy (or high-energy) solutions
we mean a sequence (uj)j∈N ⊂ Xp(Ω) of weak solutions to problem (1.1) such that
I(uj) → +∞ as j → ∞. Moreover, under the symmetry assumption (1.11), if u is
a weak solution, then so is −u. Consequently, this result (and other results of this
paper) guarantee the existence of infinitely many symmetric pairs of high-energy
weak solutions {uj ,−uj}j∈N.

To put things in context, let us briefly describe the literature for the existence
of solutions to the elliptic problem involving Aµ,p. Consider the following critical
problem

Aµ,pu = λ|u|q−2u+ |u|p
∗
s]

−2
u in Ω

u = 0 in RN \ Ω, (1.13)

where Ω is a bounded open subset of RN , 0 < λ, 0 ≤ s ≤ 1 < p < N
s]
. Dipierro

et al. [11] investigated the linear case of (1.13), corresponding to q = p, and proved
the existence of κ0 > 0 such that, for every κ ∈ [0, κ0], problem (1.13) admits m
pairs of distinct nontrivial solutions. Subsequently, the last two authors, together
with Aikyn and Ruzhansky [2], studied the superlinear case p < q < p∗s] and
established the existence of a positive constant λ∗ with the property that, for any
λ ≥ λ∗, there exists a sufficiently small κ0 > 0 such that, for all κ ∈ [0, κ0],
problem (1.13) possesses at least one nontrivial solution. More recently, in [5], we
analysed the sublinear case 1 < q < p < p∗s] and demonstrated that problem

(1.13) admits infinitely many nontrivial solutions in Xp(Ω) with negative energy.
In addition, we mention [1], where the authors considered the linear case p = 2 and
established existence and multiplicity results by replacing the critical exponent term
with a general nonlinearity satisfying subcritical growth and asymptotic linearity
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at infinity. In this context, Theorem 1.3 may be regarded as a natural continuation
of this line of research.

The following easy consequence of Theorem 1.3 for the mixed local and nonlocal
operator (−∆+ (−∆)s) and mixed local and nonlocal p-Laplace operator (−∆p +
(−∆p)

s) also seems to be new in the literature. In this situation, we choose µ :=
δ1 + δs, where δ1 and δs denote the Dirac measures centred at 1 and s ∈ (0, 1),
respectively. Consequently, µ satisfying all of the conditions (1.4)–(1.6) with s̄ := 1
and κ := 0. We also take s] := 1. The following corollary complements the findings
of [18], where the existence of a weak solution was established for problems driven
by mixed local and nonlocal operators.

Corollary 1.4. Let Ω ⊂ RN be a bounded open subset. Suppose that 1 < p < N
and 1 < p < q < p∗ := Np

N−p . Suppose further that f satisfies (1.9), (1.10), (1.11),

and (1.12). Then, the problem

(−∆p + (−∆p)
s)u = f(x, u) in Ω

u = 0 in RN \ Ω, (1.14)

admits an infinite sequence of large-energy solutions.

Although the AR condition is widely regarded as natural, it is nevertheless
restrictive, as it excludes a broad range of nonlinearities. From the AR condition
(1.12), one can deduce the existence of constants a3, a4 > 0 such that

F (x, t) ≥ a3|t|µ − a4, for all x ∈ Ω̄, t ∈ R. (1.15)

However, a number of nonlinearities fail to satisfy the AR condition while
still exhibiting superlinear growth at infinity. Indeed, combining (1.15) with the
assumption µ > p yields

lim
|t|→∞

F (x, t)

|t|p
= ∞, uniformly for x ∈ Ω̄. (1.16)

It is evident that condition (1.16) is weaker than (1.15). For example, the function

f(x, t) = |t|p−2t log
(
1 + |t|p−1

)
(1.17)

satisfies the superlinear growth condition (1.16), yet it does not fulfil (1.15). This
illustrates that nonlinearities governed by (1.16) extend beyond those admissible
under the AR condition (1.12).

This consideration provides a strong motivation to investigate the existence
of solutions under weaker superlinearity assumptions, thereby enlarging the class
of admissible nonlinearities while preserving the variational framework necessary
for the analysis. To address the superlinear problem (1.1) in this more general
framework, we impose the following assumption on f introduced by Jeanjean [15]:
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There exists α ≥ 1 such that for any x ∈ Ω, we have

F(x, t′) ≤ αF(x, t) for any t, t′ ∈ R with 0 < t′ ≤ t, (1.18)

where

F(x, t) =
1

p
tf(x, t)− F (x, t).

It is worth mentioning that problems whose nonlinearities satisfy condition (1.18)
are commonly referred to in the literature as problems without the AR condition.
We note that the function (1.17) also satisfies the condition (1.18). There are several
results in the literature dealing with nonlinear nonlocal elliptic problems without
the AR condition; we refer to [6, 14, 15, 17, 20] and references therein.

Our second result is about the existence of the large-energy solution to the
problem (1.1) without the AR condition.

Theorem 1.5. Let Ω be a bounded open subset of RN . Let µ = µ+−µ−, where µ+

and µ− satisfy conditions (1.4)–(1.6). Assume that s] is given as in (1.7), and that

1 < p < N
s]

and 1 < p < q < p∗s] := Np
N−ps]

. Suppose that f satisfies (1.9), (1.10),

(1.11), (1.16), and (1.18). Then there exists κ∗ ≥ 0 such that, for every κ ∈ [0, κ∗],
the problem (1.1) admits an infinite sequence of large-energy solutions in Xp(Ω).

Observe that the following condition is stronger than condition (1.16) but weaker
than AR condition (1.12),

lim
|t|→+∞

f(x, t)

|t|p−2t
= +∞, uniformly in x ∈ Ω̄. (1.19)

This is commonly referred to as the superlinear growth condition of f at infinity,
particularly in the case p = 2. Thus, we have the following result.

Corollary 1.6. Let Ω be a bounded open subset of RN . Consider the measure
µ = µ+ − µ−, where µ+ and µ− satisfy (1.4)–(1.6). Let s] be given by (1.7), and
suppose that 1 < p < N

s]
and 1 < p < q < p∗s] . Assume further that f satisfies

conditions (1.9), (1.10), (1.11), (1.18), and (1.19). Then there exists a constant
κ∗ ≥ 0 such that, for all κ ∈ [0, κ∗], the problem (1.1) has an infinite sequence of
large-energy solutions in Xp(Ω).

Motivated by [16], we now introduce the following global condition on f : the
function

g(t) =
f(x, t)

|t|p−2t
is increasing in t ≥ 0 and is decreasing in t ≤ 0. (1.20)
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Observe that condition (1.18) is weaker than (1.20). Since we are dealing with the
problem (1.1) in a bounded domain, we replace the global condition (1.20) by the
following modified condition: there exists t′′ > 0 such that for any x ∈ Ω, the
function

g(t) =
f(x, t)

|t|p−2t
is increasing in t ≥ t′′ and is decreasing in t ≤ −t′′. (1.21)

The condition (1.21) was introduced in [17]. The following theorem is our last result
of this paper.

Theorem 1.7. Let Ω be a bounded open subset of RN . Let µ = µ+ − µ−, with µ+

and µ− satisfying conditions (1.4)–(1.6). Assume that s] is given as in (1.7), and
that 1 < p < N

s]
and 1 < p < q < p∗s] . Suppose f satisfies (1.9), (1.10), (1.11),

(1.16), and (1.21). Then, there exists κ∗ ≥ 0 such that, for all κ ∈ [0, κ∗], the
problem (1.1) possesses an infinite sequence of large-energy solutions in Xp(Ω).

We employ the fountain theorem introduced in Bartsch [4] (see Section 4 for
more details) to establish the results of Theorems 1.3, 1.5, and 1.7. Specifically,
we prove the compactness of the energy functional (1.8) by using the Palais–Smale
condition (PS)c at the level c ∈ R or the Cerami condition (Ce)c at the level c ∈ R,
depending on the growth conditions of the nonlinearity f . In particular, we prove
that the functional satisfies the (PS)c if f satisfies the AR condition (1.12). Recall
that the functional I given by (1.8) satisfies the (PS)c at the level c ∈ R if every
sequence {uj}j∈N ⊂ Xp(Ω) such that

I(uj) → c and I ′(uj) → 0 in Xp(Ω)
∗ as j → +∞, (1.22)

admits a subsequence which converges strongly in Xp(Ω).
On the other hand, when f satisfies superlinear growth conditions (i.e., (1.16),

(1.18), (1.19), (1.21)), it remains nontrivial to prove the (PS)c directly for the
functional I. In this case, we prove that I satisfies a weaker condition, known as
the (Ce)c (see Cerami [7]). We say I satisfies (Ce)c at the level c ∈ R, if every
sequence {uj}j∈N ⊂ Xp(Ω) such that

I(uj) → c and
(
1 + ‖uj‖Xp(Ω)

)
I ′(uj) → 0 in Xp(Ω)

∗ as j → +∞, (1.23)

admits a subsequence which converges strongly in Xp(Ω). It is noteworthy to men-
tion that the fountain theorem remains applicable if I satisfies the (Ce)c as well as
the (PS)c. In both cases of the growth conditions of f , the main difficulty lies in
proving the boundedness of the PS or Cerami sequences for the functional I and
in handling the superposition operator due to its general nature.

1.2 Applications and examples

Now, we apply the abstract results established in the previous sections to a number
of illustrative examples, thereby deriving new existence results that depend on the
specific choice of the measure µ. As a first step, we present particular instances of
Theorem 1.7. Analogous applications of Theorems 1.3 and 1.5 can be discussed in
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the same framework. For convenience, we shall employ the unified notation X(Ω) to
denote the (fractional) Sobolev space associated with each example under consid-
eration. It is important to note that the precise definition of X(Ω) depends on the
operator involved, and must be specified in terms of the underlying space Xp(Ω)
in each case.

Corollary 1.8. Let Ω ⊂ RN be a bounded open subset. Suppose that 1 < p < N
and 1 < p < q < p∗ := Np

N−p . Suppose f satisfies (1.9), (1.10), (1.11), (1.16), and

(1.21). Then, the problem

(−∆p + (−∆p)
s)u = f(x, u) in Ω

u = 0 in RN \ Ω, (1.24)

admits an infinite sequence of large-energy solutions in X(Ω).

We show that we can also consider nonlocal operators associated with a
convergent series of Dirac measures. For applying Theorem 1.7, we define

µ :=
+∞∑
k=0

akδsk ,

where δsk represents the Dirac measures at sk. Subsequently, we observe that µ
fulfils all the conditions (1.4)–(1.6) by choosing s̄ := s0, κ := 0 and s] := s0. Thus,
we get the following result.

Corollary 1.9. Let Ω be a bounded subset of RN and 1 ≥ s0 > s1 > s2 > . . . ≥ 0.
Assume that the operator

+∞∑
k=0

ak(−∆p)
sk with

+∞∑
k=0

ak ∈ (0,+∞),

where a0 > 0 and ak ≥ 0 for all k ≥ 1 with p∗s0 := pN
N−ps0

be the fractional critical

Sobolev exponent. Let 1 < p < N
s0

and 1 < p < q < p∗s0 . Suppose f satisfies (1.9),
(1.10), (1.11), (1.16), and (1.21). Then the problem

+∞∑
k=0

ak(−∆p)
sku = f(x, u) in Ω

u = 0 in RN \ Ω, (1.25)

possesses an infinite sequence of large-energy solutions in X(Ω).

An attractive scenario arises when the measure µ changes sign. This means, for
example, that the operator could use a minor term with a ‘wrong’ sign. To our
knowledge, no existing literature addresses a result of this nature, even for the
situation p = 2. For this, we take µ := δ1 − αδs, where δ1 and δs are two Dirac
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measures centered at 1 and s ∈ [0, 1), respectively. Now, we choose s̄ := 1 and
s] := 1, so that the conditions (1.4) and (1.5) hold. Moreover, note that

µ−([0, s̄]) ≤ max{0, α} = max{0, α}µ+([s̄, 1]),

which says that condition (1.6) holds by choosing κ := max{0, α}. Hence, the
following result follows as a direct application of Theorem 1.7.

Corollary 1.10. Let Ω be a bounded open subset of RN . Let µ = µ+ − µ−,
with µ+ and µ− satisfying conditions (1.4)–(1.6). Assume that 1 < p < N and
1 < p < q < p∗ := Np

N−p . Suppose f satisfies (1.9), (1.10), (1.11), (1.16), and

(1.21). Then, for all α ≥ 0, there exists κ∗ ≥ 0 such that for all κ ∈ [0, κ∗], the
problem

−∆pu− α(−∆p)
su = f(x, u) in Ω

u = 0 in RN \ Ω, (1.26)

possesses an infinite sequence of large-energy solutions in X(Ω).

We highlight another intriguing result arising from the continuous superposition
of fractional operators of the p-Laplacian type. To the best of our knowledge, this
result is also novel. In this case, we define dµ(s) := g(s)ds with g as in the statement
of the following corollary. Thus, the operator Ap,µ becomes∫ 1

0

g(s)(−∆p)
su ds.

Thanks to the conditions presented in (1.27), all the conditions (1.4)–(1.6) are
satisfied by taking s̄ := s]. Thus, the following result is concluded from Theorem 1.7.

Corollary 1.11. Let Ω be a bounded subset of RN . Let s] ∈ (0, 1), κ ≥ 0, and let
g 6≡ 0 be a measurable function such that

g ≥ 0 in (s], 1),∫ 1

s]

g(s) ds > 0,

and

∫ s]

0

max{0,−g(s)} ds ≤ κ

∫ 1

s]

g(s) ds. (1.27)

Suppose that 1 < p < N
s]

and 1 < p < q < p∗s] , where p∗s] = pN
N−s]p

is the fractional

critical Sobolev exponent. Then, there exists κ∗ ≥ 0 such that for all κ ∈ [0, κ∗], the
problem 

∫ 1

0
g(s)(−∆p)

su ds = f(x, u) in Ω,

u = 0 in RN , \Ω
(1.28)

admits an infinite sequence of large-energy solutions in X(Ω).
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Superlinear problems involving nonlinear superposition operators 11

We conclude this introduction by outlining the organization of the paper. In
Section 2, we introduce the functional framework of the problem, recall several pre-
liminary results, and establish a new norm equivalent to the standard one. Section 3
is devoted to analysing the compactness properties of the associated energy func-
tional. In Section 4, we present the fountain theorem and derive a key auxiliary
result. Finally, the last section, Section 5, contains the proofs of the main results.

2. Functional analytic setting for the superposition operator

This section is devoted to the construction of the appropriate fractional Sobolev
spaces and the discussion of their fundamental properties, which are essential for
the analysis of our problem. Similar treatments can be found in [2, 9, 11, 12]. To
begin, for s ∈ [0, 1], we define

[u]s,p :=


‖u‖Lp(RN ) if s = 0,(
CN,s,p

∫∫
R2N

|u(x)−u(y)|p
|x−y|N+sp dxdy

)1/p
if s ∈ (0, 1),

‖∇u‖Lp(RN ) if s = 1,

where CN,s,p is the normalizing constant, and we have

lim
s↘0+

[u]s,p = [u]0,p and lim
s↗1−

[u]s,p = [u]1,p.

We define the space Xp(Ω) as the collection of all measurable functions u : RN →
R such that u = 0 in RN\Ω, for which the following norm is finite:

‖u‖Xp(Ω) = ρp(u) :=

(∫
[0,1]

[u]ps,pdµ
+(s)

)1/p

< +∞. (2.1)

The space Xp(Ω) was initially introduced in [12] for p = 2 and subsequently gen-
eralized in [11] for 1 < p < ∞. We present the following results from [11] (see also
[2]), which are necessary for our study.

Lemma 2.1. ([2, 11]) The Xp(Ω) is a separable Banach space for 1 ≤ p < ∞ and
is a uniformly convex Banach space for 1 < p < ∞.

Lemma 2.2. ([11, Proposition 4.1]) Let 1 < p < N and (1.5) and (1.6) be true.
Then, there exists c0 = c0(N,Ω, p) > 0 such that, for any u ∈ Xp(Ω), we have∫

[0,s̄]

[u]ps,pdµ
−(s) ≤ c0κ

∫
[s̄,1]

[u]ps,pdµ(s) = c0κ

∫
[s̄,1]

[u]ps,pdµ
+(s).

Lemma 2.3. ([11, Theorem 3.2]) Let Ω be an open, bounded subset of RN and
p ∈ (1, N). Then, there exists C = C(N,Ω, p) > 0 such that, for every s1, s2 ∈ [0, 1]
with s1 ≤ s2 and every measurable function u : RN → R with u = 0 a.e. in RN \Ω,
we have

https://doi.org/10.1017/prm.2026.10124 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2026.10124
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[u]s1,p ≤ C[u]s2,p.

Proposition 2.4. ([2, Proposition 2.5]) Assume that (1.4)–(1.7) hold. Then, there
exists a positive constant c̄ = c̄ (N,Ω, s], p) such that, for any u ∈ Xp(Ω), we have

[u]s],p ≤ c̄

(∫
[0,1]

[u]ps,p dµ+(s)

) 1
p

. (2.2)

In particular, the embedding

Xp(Ω) ↪→ Lr(Ω) (2.3)

is continuous for all r ∈ [1, p∗s] ] and compact for all r ∈ [1, p∗s]).

We now recall the following weak convergence results from [11].

Lemma 2.5. ([11, Lemma 5.8]) Let (un) be a bounded sequence in Xp(Ω). Then,
there exists u ∈ Xp(Ω) such that for all v ∈ Xp(Ω), we have

lim
n→∞

∫
[0,1]

(∫∫
R2N

|un(x)− un(y)|p−2
(un(x)− un(y)) (v(x)− v(y))

|x− y|N+sp
dxdy

)
dµ±(s)

=

∫
[0,1]

(∫∫
R2N

|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sp
dxdy

)
dµ±(s).

(2.4)

We state the following Brezis–Lieb type lemma from [11].

Lemma 2.6. ([11, Lemma 5.9]) Let un be a bounded sequence in Xp(Ω). Suppose
that un converges to some u a.e. in RN as n → ∞. Then we have

∫
[0,1]

[u]ps,pdµ
±(s) = lim

n→∞

(∫
[0,1]

[un]
p
s,p dµ

±(s)−
∫
[0,1]

[un − u]
p
s,p dµ

±(s)

)
. (2.5)

In [5], we establish a novel norm on Xp(Ω) that is equivalent to the norm ρp as
defined in (2.1).

Lemma 2.7. ([5, Lemma 2.7]) Let µ satisfies the assumptions (1.4)–(1.7). Then
there exists a sufficiently small κ0(N,Ω, p) such that for all κ ∈ [0, κ0], we have a
norm ηp on Xp(Ω), which is equivalent to the norm ρp as in (2.1), where

ηp(u) := [H(u)]
1
p =

(∫
[0,1]

[u]ps,pdµ
+(s)−

∫
[0,s̄)

[u]ps,pdµ
−(s)

)1/p

. (2.6)

Remark 2.8. Note that for κ = 0, we have [ρp(u)] = [ηp(u)] for any u ∈ Xp(Ω).

Observe that, when p = 2, we can define an inner product 〈u, v〉 := 〈u, v〉+−〈u, v〉−
on X2(Ω), where
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〈u, v〉+ :=

∫
[0,1]

(∫∫
R2N

CN,s(u(x)− u(y))(v(x)− v(y))

|x− y|N+2s
dxdy

)
dµ+(s)

〈u, v〉− :=

∫
[0,s̄]

(∫∫
R2N

CN,s(u(x)− u(y))(v(x)− v(y))

|x− y|N+2s
dxdy

)
dµ−(s).

With the norm [η2(u)] generated by the inner product [η2(u)] :=
√
〈u, u〉, the space

X2(Ω) becomes a Hilbert space for any κ ∈ [0, κ0], where κ0 is sufficiently small.
For further properties of the space X2(Ω), we refer to [1, 2, 10].

3. Important results: compactness conditions

This section is devoted to verifying the compactness properties of the energy func-
tional I associated with problem (1.1), namely the (PS)c and (Ce)c, which are
essential to apply the fountain theorem.

We begin by considering the case in which the nonlinearity f satisfies the AR con-
dition (1.12). In this setting, we demonstrate that the energy functional I satisfies
the (PS)c.

Lemma 3.1. Suppose that f : Ω̄×R → R satisfies the conditions (1.9), (1.10), and
(1.12). Then, the energy functional I verifies the (PS)c at any level c ∈ R.

Proof. Let (un) ⊂ Xp(Ω) be a (PS) sequence at c ∈ R for the energy functional I.
Thus, we get

lim
n→∞

I (un) = lim
n→∞

[
1

p
[ρp (un)]

p− 1

p

∫
[0,s̄]

[un]
p
s,pdµ

−(s)−
∫
Ω

∫ un

0

f(x, τ)dτdx

]
= c

(3.1)
and

lim
n→∞

sup
v∈Xp(Ω)

〈I′
(un) , v〉

= lim
n→∞

sup
v∈Xp(Ω)

[ ∫
[0,1]

(∫∫
R2N

CN,s,p |un(x) − un(y)|p−2 (un(x) − un(y)) × (v(x) − v(y))

|x − y|N+sp
dxdy

)
× dµ

+
(s)

−
∫
[0,s̄]

(∫∫
R2N

CN,s,p |un(x) − un(y)|p−2 (un(x) − un(y)) × (v(x) − v(y))

|x − y|N+sp
dxdy

)
dµ

−
(s)

−
∫
Ω

f(x, un)vdx

]
= 0. (3.2)

We prove this lemma by establishing the following two claims.

The sequence (un) is bounded in Xp(Ω).

For any n ∈ N, using (3.1) and (3.2) with the test function v = un

[ηp(un)]
, there

exists a constant C > 0 such that

|I(un)| ≤ C and

∣∣∣∣〈I ′(un),
un

ηp(un)
〉
∣∣∣∣ ≤ C. (3.3)
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From (3.3), we get

I(un)−
1

µ
〈I ′(un), un〉 ≤ C

(
1 +

ηp(un)

µ

)
≤ C (1 + ηp(un)) , (3.4)

where µ is the constant as in (1.12). On integrating both sides of (1.10), we derive

|F (x, t)| ≤ a1|t|+
a2
q
|t|q, ∀x ∈ Ω̄ and ∀ t ∈ R. (3.5)

Using (1.10) and (3.5), we obtain∣∣∣∣ ∫
Ω∩{|un|≤r}

(
F (x, un(x))−

1

µ
f(x, un(x))un

)
dx

∣∣∣∣
≤
∫
Ω∩{|un|≤r}

(
a1|un|+

a2
q
|un|q +

a1
µ
|un|+

a2
µ
|un|q

)
dx

≤
(
a1r +

a2
q
rq +

a1
µ
r +

a2
µ
rq
)
|Ω| := C1, (3.6)

where µ is the constant in (1.12). Consequently, applying (1.12) and (3.6), we derive

I(un)−
1

µ
〈I ′(un), un〉

=

(
1

p
− 1

µ

)
[ηp(un)]

p −
∫
Ω

(
F (x, un(x))−

1

µ
f(x, un(x))un

)
dx

≥
(
1

p
− 1

µ

)
[ηp(un)]

p −
∫
Ω∩{|un|≤r}

(
F (x, un(x))−

1

µ
f(x, un(x))un

)
dx

≥
(
1

p
− 1

µ

)
[ηp(un)]

p − C1. (3.7)

Therefore, using (3.4) and (3.7), we get(
1

p
− 1

µ

)
[ηp(un)]

p − C1 ≤ C

(
1 +

[ηp(un)]

µ

)
. (3.8)

Therefore, (3.8) and µ > p give that ηp (un) is bounded for all n ∈ N. Therefore,
the sequence (un) is bounded in Xp(Ω).

Claim 2: We have un → u strongly in Xp(Ω) up to a subsequence.

Applying Lemma 2.1 and Proposition 2.4, there exist u ∈ Xp(Ω) and a
subsequence of (un), still denoted by (un), such that

un ⇀ uin Xp(Ω),

un → uin Lr(Ω)for any r ∈ [1, p∗s]),

un → ua.e. in Ω,

(3.9)
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that is, for each v ∈ Xp(Ω), we get

lim
n→∞

∫
[0,1]

(∫∫
R2N

|un(x)− un(y)|p−2
(un(x)− un(y)) (v(x)− v(y))

|x− y|N+sp
dxdy

)
dµ±(s)

=

∫
[0,1]

(∫∫
R2N

|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sp
dxdy

)
dµ±(s).

(3.10)

Moreover, using (3.9), there exists l ∈ Lr(Ω) such that

|un(x)| ≤ l(x), a.e in Ω, ∀n ∈ N. (3.11)

Again, using (1.9), (1.10), (3.9), (3.10), (3.11), and the Lebesgue dominated
convergence theorem, we obtain

lim
n→∞

∫
Ω

f(x, un)undx =

∫
Ω

f(x, u)udx (3.12)

and

lim
n→∞

∫
Ω

f(x, un)udx =

∫
Ω

f(x, u)udx. (3.13)

Now substituting v := ±un into (3.2), we get

lim
n→∞

〈I ′ (un) , un〉

= lim
n→∞

(
[ρp(un)]

p −
∫
[0,s̄]

[un]
p
s,pdµ

−(s)−
∫
Ω

f(x, un)un

)
= 0. (3.14)

Consequently, from (3.12) and (3.14), we deduce

lim
n→∞

(
[ρp(un)]

p −
∫
[0,s̄]

[un]
p
s,pdµ

−(s)

)
=

∫
Ω

f(x, u)u. (3.15)

Again, substituting v := ±u into (3.2), we get

lim
n→∞

〈I′ (un) , u〉

= lim
n→∞

∫
[0,1]

(∫∫
R2N

CN,s,p|un(x)− un(y)|p−2(un(x)− un(y))(u(x)− u(y))

|x− y|N+sp
dxdy

)
dµ+(s)

−
∫
[0,s̄]

(∫∫
R2N

CN,s,p|un(x)− un(y)|p−2(un(x)− un(y))(u(x)− u(y))

|x− y|N+sp
dxdy

)
dµ−(s)

−
∫
Ω
f(x, un)udx = 0. (3.16)

Consequently, from (3.10) with v = u and using (3.13) in (3.16), we deduce

lim
n→∞

(
[ρp(u)]

p −
∫
[0,s̄]

[u]ps,pdµ
−(s)

)
=

∫
Ω

f(x, u)u. (3.17)
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Therefore, using (3.15) and (3.17), we conclude

lim
n→∞

[ηp(un)] = [ηp(u)]. (3.18)

Thanks to Lemma 2.6 and (3.18), we obtain∫
[0,1]

[η(un − u)]
p
dµ+(s) = 0. (3.19)

This completes the proof. �

Next, to deal with the superlinear nonlinearity satisfying (1.16) and (1.18) with-
out the AR condition, we show that the energy functional I satisfies the (Ce)c (see
(1.23) for definition). Note that, from (1.11) and (1.18), there exists a constant
α ≥ 1 such that

F(x, t′) ≤ αF(x, t), for all x ∈ Ω and t, t′ ∈ R with 0 < |t′| ≤ |t|. (3.20)

Lemma 3.2. Assume that f : Ω̄ × R → R satisfies the conditions (1.9), (1.10),
(1.11), (1.16), and (1.18). Then I satisfies the (Ce)c at any level c ∈ R.

Proof. Let (un) ⊂ Xp(Ω) be a Cerami sequence at c ∈ R for the energy functional
I, that is I(un) → c and

(
1 + ‖un‖Xp(Ω)

)
I ′(un) → 0 in Xp(Ω)

∗ as n → +∞.
Therefore, we have

lim
n→∞

I (un) = lim
n→∞

[
1

p
[ρp (un)]

p − 1

p

∫
[0,s̄]

[un]
p
s,p dµ

−(s)

−
∫
Ω

∫ un

0

f(x, τ)dτ dx

]
= c (3.21)

and

lim
n→∞

(1 + [ηp(un)]) sup
v∈Xp(Ω)

〈I′
(un) , v〉 = lim

n→∞
(1 + [ηp(un)])×

sup
v∈Xp(Ω)

[ ∫
[0,1]

(∫∫
R2N

CN,s,p |un(x) − un(y)|p−2 (un(x) − un(y)) × (v(x) − v(y))

|x − y|N+sp
dxdy

)
dµ

+
(s)

−
∫
[0,s̄]

(∫∫
R2N

CN,s,p |un(x) − un(y)|p−2 (un(x) − un(y)) × (v(x) − v(y))

|x − y|N+sp
dxdy

)
dµ

−
(s)

−
∫
Ω

f(x, un)vdx

]
= 0. (3.22)

We prove the lemma in the following two steps.
Step 1: First, we prove that (un) is bounded in Xp(Ω). We show it by the method
of contradiction. Let (un) be unbounded in Xp(Ω). Then there exists a subsequence
(also denoted by un) such that
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lim
n→∞

[ηp(un)] = ∞. (3.23)

Using (3.22) and (3.23), we obtain

lim
n→∞

sup
v∈Xp(Ω)

〈I ′ (un) , v〉 = 0. (3.24)

Now for each n ∈ N, we define

vn =
un

[ηp(un)]
. (3.25)

Clearly, (vn) is bounded in Xp(Ω). Thus, using Lemma 2.1 and Proposition 2.4,
there exist v ∈ Xp(Ω) and a subsequence of (vn), still denoted by (vn), such that

vn ⇀ vin Xp(Ω)

vn → vin Lr(Ω)for any r ∈ [1, p∗s]),

vn → va.e. in Ω.

(3.26)

Moreover, using (3.26) there exists l ∈ Lr(Ω) such that

|vn(x)| ≤ l(x)a.e. in Ω, ∀ n ∈ N. (3.27)

We split the next part into two cases: v = 0 and v 6= 0. In both cases, we derive a
contradiction. We begin with the following case, when v = 0.

Case I (when v = 0): For any n ∈ N, there exists tn ∈ [0, 1] such that

I(tnun) = max
t∈[0,1]

I(tun). (3.28)

For any m ∈ N, there exists rm (choose rm = (2pm)
1
p ) such that

rm
[ηp(un)]

∈ (0, 1), for large n (where n > n̄(p,m)). (3.29)

Again, for each m ∈ N, using (3.26) and the continuity of F , we derive

lim
n→∞

F (x, rmvn(x)) = F (x, rmv(x)) = 0, a.e. x ∈ Ω. (3.30)

Moreover, for every m,n ∈ N, integrating both sides of (1.10) and employing (3.27),
we obtain

|F (x, rmvn(x))| ≤a1|rmvn(x)|+
a2
q
|rmvn(x)|q

≤a1rml(x) +
a2
q
(rml(x))q ∈ L1(Ω), a.e. x ∈ Ω. (3.31)

Therefore, using (3.30), (3.31), and the Lebesgue dominated convergence theorem,
we get

lim
n→∞

∫
Ω

F (x, rmvn(x))dx = 0, for each m ∈ N. (3.32)
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Thus, for each m ∈ N, using (3.28), (3.29), and (3.32), we obtain

I(tnun) ≥I
(

rm
[ηp(un)]

un

)
= I(rmvn)

=
1

p
[ηp(rmvn)]

p −
∫
Ω

F (x, rmvn(x))dx

=2m−
∫
Ω

F (x, rmvn(x))dx ≥ m, for large n. (3.33)

Therefore, from (3.33), we get

lim
n→∞

I(tnun) = ∞. (3.34)

Note that I(0) = 0 and limn→∞ I(un) = c. Thus, from (3.28) and (3.34), we
conclude that tn ∈ (0, 1), ∀n ∈ N and

d

dt

∣∣∣∣
t=tn

I(tun) = 0, for each n ∈ N.

Moreover,

〈I ′(tnun), tnun〉 = tn
d

dt

∣∣∣∣
t=tn

I(tun) = 0. (3.35)

To arrive at a contradiction, we next show that, for a suitable constant C2 ≥ 0, we
obtain

lim sup
n→∞

I(tnun) ≤ C2, (3.36)

which contradicts (3.34). Indeed, using (3.20), (3.21), (3.24), and (3.35), we derive

1

α
I(tnun) =

1

α

(
I(tnun)−

1

p
〈I ′(tnun), tnun〉

)
=
1

α

(
−
∫
Ω

F (x, tnun(x))dx+
1

p

∫
Ω

f(x, tnun(x))tnun(x)dx

)
=
1

α

∫
Ω

F(x, tnun(x))dx

≤
∫
Ω

F(x, un(x))dx

=

∫
Ω

{
1

p
un(x)f(x, un(x))− F (x, un(x))

}
dx

=I(un)−
1

p
〈I ′(un), un〉 → c, as n → ∞.

This implies (3.36). Thus, we get a contradiction to (3.34), implying that our
assumption that (un) is unbounded in Xp(Ω) is false. Therefore, (un) is bounded
in Xp(Ω).
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Case II (when v 6= 0): In this case, we have

m(Ω1) := m{x ∈ Ω : v(x) 6= 0} > 0,

where m denotes the Lebesgue measure and Ω1 := {x ∈ Ω : v(x) 6= 0}. Using (3.25)
and (3.26), we obtain

lim
n→∞

|un(x)| = ∞, a.e. x ∈ Ω1. (3.37)

Applying (3.21) and (3.23), we get

lim
n→∞

I(un)

[ηp(un)]p
= lim

n→∞

[
1

p
−
∫
Ω1

F (x, un(x))

[ηp(un)]p
dx−

∫
Ω\Ω1

F (x, un(x))

[ηp(un)]p
dx

]
= 0. (3.38)

Let us estimate (3.38) into two parts separately.
Part I (For the first integral of (3.38)): Using (1.16), (3.26), and (3.37), we

derive

lim
n→∞

F (x, un(x))

[ηp(un)]p
dx = lim

n→∞

F (x, un(x))

|un|p
|un|p

[ηp(un)]p

= lim
n→∞

F (x, un(x))

|un|p
|vn(x)|p = ∞, a.e. for any x ∈ Ω1.

Hence, by Fatou’s Lemma, we obtain

lim
n→∞

∫
Ω1

F (x, un(x))

[ηp(un)]p
dx = ∞. (3.39)

Part II (For the second integral of (3.38)): We claim that there exists a
positive constant, C3 > 0, such that∫

Ω\Ω1

F (x, un(x))

[ηp(un)]p
dx ≥ − C3

[ηp(un)]p
|Ω \ Ω1|. (3.40)

Therefore, using (3.23), (3.38), (3.39), and (3.40), we obtain

lim
n→∞

∫
Ω\Ω1

F (x, un(x))

[ηp(un)]p
dx ≥ 0. (3.41)

By (1.16), we obtain

lim
|t|→∞

F (x, t) = ∞, uniformly for each x ∈ Ω̄. (3.42)

From (3.42), there exist positive constants t1 and C4 such that

F (x, t) ≥ C4, ∀ x ∈ Ω̄ and |t| > t1. (3.43)

Since F is continuous in Ω̄× R, we have

F (x, t) ≥ min
(x,t)∈Ω̄×[−t1,t1]

F (x, t), ∀ x ∈ Ω̄ and |t| ≤ t1. (3.44)

https://doi.org/10.1017/prm.2026.10124 Published online by Cambridge University Press

https://doi.org/10.1017/prm.2026.10124


20 S. Bhowmick, S. Ghosh and V. Kumar

Observe that min(x,t)∈Ω̄×[−t1,t1] F (x, t) ≤ 0, since F (x, 0) = 0,∀x ∈ Ω̄. Thus, using
(3.43) and (3.44), there exists C3 ≥ 0 such that

F (x, t) ≥ −C3, for each (x, t) ∈ Ω̄× R. (3.45)

Thus, applying (3.45), we conclude that (3.40). Therefore, using (3.39) and (3.41)
in (3.38), we get a contradiction. Hence, the sequence (un) is bounded in Xp(Ω).

Step 2: Employing a similar argument as in the proof of Claim 2 in Lemma 3.1,
we deduce that un → u strongly in Xp(Ω), up to a subsequence. This completes
the proof. �

Remark 3.3. Note that the condition (1.18) is essential for establishing the
inequality (3.36) in the proof of Lemma 3.2.

To show the (Ce)c for the energy functional I in the framework of Theorem 1.7,
we recall the following significant result from [17].

Lemma 3.4. ([17, Lemma 2.3]) Assume that (1.21) holds. Then the function
F(x, t) is increasing in t ≥ t′′ and decreasing in t ≤ −t′′ for all x ∈ Ω, where
F = 1

p tf(x, t)−F (x, t). In particular, for any x ∈ Ω, there exists C5 > 0 such that

F(x, s) ≤ F(x, t) + C5, if 0 ≤ s ≤ tor t ≤ s ≤ 0.

Lemma 3.5. Suppose that the function f : Ω̄×R → R satisfies the conditions (1.9),
(1.10), (1.16), and (1.21). Then, the energy functional I satisfies the (Ce)c at any
level c ∈ R.

Proof. This proof is also based on an argument similar to the ones used to prove
Lemma 3.2, except for the proof of inequality (3.36). Here, the condition (1.18) is
omitted, so we obtain the inequality (3.36) utilizing (1.21) and Lemma 3.4. With
the same notation as in Lemma 3.2, we prove this lemma. Applying Lemma 3.4,
we obtain

lim
n→∞

I(tnun) = lim
n→∞

[
I(tnun)−

1

p
〈I′(tnun), tnun〉

]
= lim

n→∞

[
−

∫
Ω

F (x, tnun(x))dx+
1

p

∫
Ω

f(x, tnun(x))tnun(x)dx

]
= lim

n→∞

[ ∫
Ω

F(x, tnun(x))dx

]
= lim

n→∞

[ ∫
{un≥0}

F(x, tnun(x))dx+

∫
{un<0}

F(x, tnun(x))dx

]
≤ lim

n→∞

[ ∫
{un≥0}

(
F(x, un(x)) + C5

)
dx+

∫
{un<0}

(
F(x, tnun(x)) + C5

)
dx

]
= lim

n→∞

[ ∫
Ω

F(x, un(x))dx+ C5|Ω|
]

= lim
n→∞

[
I(un)−

1

p
〈I′(un), un〉+ C5|Ω|

]
= c+ C5|Ω|. (3.46)
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Therefore, the inequality (3.46) implies the inequality (3.36). Hence, I satisfies the
(Ce)c. This completes the proof. �

4. Fountain theorem and a significant result

In this section, we state the Fountain Theorem and establish an important lemma.
We apply Bartsh’s Fountain Theorem [4] to the energy functional I. We adapt
the notation from [4, Theorem 2.5] (see also [17, Theorem 2.9] and [22, Theorem
3.6]). Since Xp(Ω) is a separable and reflexive Banach space, there exist sequences
(vm) ⊂ Xp(Ω) and (φn) ⊂ Xp(Ω)

∗
such that

(1) 〈φn, vm〉 =

1if m = n,

0if m 6= n,

(2) span{vm : m ∈ N} = Xp(Ω) and span{φn : n ∈ N} = Xp(Ω)
∗
.

Let Xj = Rvj . Then Xp(Ω) =
⊕

j≥1 Xj . We now define the spaces

Ak =
k⊕

j=1

Xj , and Bk =
⊕
j≥k

Xj . (4.1)

Since Ak is finite-dimensional, all norms on Ak are equivalent. Therefore, for any
u ∈ Ak, there exist two positive constants Dk,q and D′

k,q such that

Dk,q[ηp(u)] ≤ ||u||Lq(Ω) ≤ D′
k,q[ηp(u)]. (4.2)

Next, we state the fountain theorem, which we use to prove our main results.

Theorem 4.1. (Fountain Theorem) Let I be a C1 functional on an infinite-
dimensional Banach space X, and

(i) I holds (PS)c,
(ii) I is even, and
(iii) I satisfies the geometric assumption, that is, for every k ∈ N,

(a) there exists a′k > 0 such that yk := max {I(u) : u ∈ Ak, [ηn(u)] = a′k}
≤ 0,

(b) there exists bk > 0 such that zk := inf {I(u) : u ∈ Bk, [ηp(u)] = bk} →
∞ as k → ∞, with 0 < bk < a′k.

Then there exists an unbounded sequence of critical values uk such that I(uk) → ∞.

Before presenting the proof of the main results in the next section, we establish
the following lemma.

Lemma 4.2. Let 1 ≤ q < p∗s] . Define, βk := sup
{
||u||Lq(Ω) : u ∈ Bk, [ηp(u)] = 1

}
,

for all k ∈ N. Then βk → 0 as k → ∞.
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Proof. Recall the definition of Bk given in (4.1). Since Bk+1 ⊂ Bk, we have 0 <
βk+1 ≤ βk for all k ∈ N, that is, (βk) is a decreasing sequence of nonnegative real
numbers. Therefore, there exists β ≥ 0 such that

βk → β, as k → ∞. (4.3)

Again, using the definition of βk, there exists uk ∈ Bk such that

[ηp(uk)] = 1 and ||uk||Lq(Ω) >
βk

2
for all k ∈ N. (4.4)

Since Xp(Ω) is a uniformly convex Banach space, it is reflexive. Thus, using (4.4)
and Lemma 2.5, there exists a subsequence (uk) (still denoted by uk) such that
uk ⇀ u ∈ Xp(Ω) and for any v ∈ Xp(Ω), we get

lim
k→∞

∫
[0,1]

(∫∫
R2N

|uk(x)− uk(y)|p−2
(uk(x)− uk(y)) (v(x)− v(y))

|x− y|N+sp
dxdy

)
dµ±(s)

=

∫
[0,1]

(∫∫
R2N

|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))

|x− y|N+sp
dxdy

)
dµ±(s).

(4.5)

Since Bk is convex and closed, it is closed in the weak topology. Thus, we get

u ∈ ∩∞
k=1Bk = {0}.

From Proposition 2.4, we obtain

uk → 0in Lq(Ω) as k → ∞. (4.6)

Using (4.3), (4.4), and (4.6), we conclude that βk → 0 as k → ∞. This completes
the proof. �

5. Proof of main results

In this section, we present the proof of the main results. We begin with the proof
of Theorem 1.3.

Proof of Theorem 1.3. We follow the proof given in [22, Theorem 3.7]. We have
established in Lemma 3.1 that I fulfils the (PS)c. Moreover, using (1.11), we obtain
I(−u) = I(u) for u ∈ Xp(Ω). To apply the fountain theorem, it remains to prove
the geometric conditions for the energy functional I (see Theorem 4.1). We divide
the proof into the following two claims.
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Claim I: For each k ∈ N, there exists a′k > 0 such that

yk = max {I(u) : u ∈ Ak, [ηp(u)] = a′k} ≤ 0.

Let u ∈ Ak. Using (1.15) and (4.2), we obtain

I(u) ≤1

p
[ηp(u)]

p − a3||u||µLµ(Ω) + a4|Ω|

≤1

p
[ηp(u)]

p −D′′
k,µ[ηp(u)]

µ + a4|Ω|, (5.1)

for some suitable positive constant D′′
k,µ. Since µ > p, it follows from (5.1) that

there exists a′k > 0 (sufficiently large) such that, for any u ∈ Ak with [ηp(u)] = a′k,
we have

I(u) ≤ 0.

Claim II: For each k ∈ N, there exists bk > 0 such that

zk = inf {I(u) : u ∈ Bk, [ηp(u)] = bk} → ∞ as k → ∞.

Using the estimate (3.5), there exists a constant C > 0 such that

|F (x, t)| ≤ C(1 + |t|q), ∀x ∈ Ω̄ and ∀ t ∈ R. (5.2)

Therefore, for any u ∈ Bk \ {0} and from (5.2), we get

I(u) ≥1

p
[ηp(u)]

p − C||u||qLq(Ω) − C|Ω|

=
1

p
[ηp(u)]

p − C

∣∣∣∣∣∣∣∣ u

[ηp(u)]

∣∣∣∣∣∣∣∣q
Lq(Ω)

[ηp(u)]
q − C|Ω|

≥1

p
[ηp(u)]

p − Cβq
k[ηp(u)]

q − C|Ω|

=[ηp(u)]
p

(
1

p
− Cβq

k[ηp(u)]
q−p

)
− C|Ω|, (5.3)

where βk is defined in Lemma 4.2. Let us choose, bk = (qCβq
k)

− 1
q−p . Consequently,

from Lemma 4.2 and the fact q > p, we obtain bk → ∞ as k → ∞. Therefore, (5.3)
asserts that for each u ∈ Bk with [ηp(u)] = bk, we have

I(u) ≥ bpk

(
1

p
− 1

q

)
− C|Ω| → ∞as k → ∞.

This concludes the proof. �

Remark 5.1. Observe that we have used only the AR condition (1.12) (particularly
(1.15)), for proving Claim I. Moreover, the proof of Claim II for geometric conditions
of the energy functional I uses (1.10) and Proposition 2.4.

We now proceed to prove Theorem 1.5.
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Proof of Theorem 1.5. From Lemma 3.2, we get I satisfies the (Ce)c. Therefore, I
also satisfies the (PS)c. Also from (1.11), we obtain I(−u) = I(u) for u ∈ Xp(Ω).
The geometric condition of Theorem 4.1-(iii)-(b) for the energy functional I follows
from the proof of Claim II of Theorem 1.3. To apply the fountain theorem, we
need to verify only the geometric condition of Theorem 4.1-(iii)-(a) for the energy
functional I. To prove this, we utilize the linear subspace Ak and (1.16). From
(1.16), we conclude that for each k ∈ N, there exists rk > 0 such that

F (x, t) ≥ 1

Dp
k,p

|t|p, ∀x ∈ Ω̄, ∀ t ∈ R and ∀ |t| > rk, (5.4)

where Dk,p > 0 is given in (4.2) under q = p. Moreover, by the continuity of F , we
obtain

F (x, t) ≥ mk := min
x∈Ω̄,|t|≤rk

F (x, t). (5.5)

Since F (x, 0) = 0 for each x ∈ Ω̄, we have mk ≤ 0. Thus, using (5.4) and (5.5), we
get

F (x, t) ≥ 1

Dp
k,p

|t|p − Zk, ∀x ∈ Ω̄, ∀ t ∈ R, (5.6)

for some positive constant Zk ≥ rpk
Dp

k,p
−mk > 0. From (4.2) and (5.6), we conclude

that for any u ∈ Ak,

I(u) ≤1

p
[ηp(u)]

p − 1

Dp
k,p

||u||pLp(Ω) + Zk|Ω|

≤1

p
[ηp(u)]

p − [ηp(u)]
p + Zk|Ω|

=− (p− 1)

p
[ηp(u)]

p + Zk|Ω|. (5.7)

Consequently, choosing a sufficiently large ak with [ηp(u)] = ak, in (5.7), we get
I(u) ≤ 0. This concludes the proof of the theorem. �

Finally, we conclude with the proof of Theorem 1.7.

Proof of Theorem 1.7. By Lemma 3.5, the functional I satisfies the (Ce)c, and
consequently, it also satisfies the (PS)c. Moreover, for any u ∈ Xp(Ω), we have
I(−u) = I(u), as a direct consequence of the symmetry assumption (1.11). The
geometric conditions of Theorem 4.1-(iii)-(a) and (b) for the energy functional I
follow from the proof of Claim II in the proof of Theorem 1.3 and from the proof
of Theorem 1.5. This completes the proof. �
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superposition of Brownian and Lévy processes. Phys. A. 575, (2021), 126052, 1–20.

14. F. Fang and S. Liu. Nontrivial solutions of superlinear p-Laplacian equations. J. Math.
Anal. Appl . 351 (2009), 138–146.

15. L. Jeanjean. On the existence of bounded Palais-Smale sequences and application to a
Landesman-Lazer-type problem set on < b > R < /b >N . Proc. Roy. Soc. Edinburgh Sect.
A. 129 (1999), 787–809.

16. S. B. Liu and S. J. Li. Infinitely many solutions for a superlinear elliptic equation. Acta
Math. Sinica (Chinese Ser.). 46 (2003), 625–630.

17. S. Liu. On superlinear problems without the ambrosetti and rabinowitz condition.
Nonlinear Anal . 73 (2010), 788–795.

https://doi.org/10.1017/prm.2026.10124 Published online by Cambridge University Press

https://doi.org/10.1007/s10231-025-01613-9
https://doi.org/10.1142/S0219199725500051
https://doi.org/10.1017/prm.2026.10124


26 S. Bhowmick, S. Ghosh and V. Kumar

18. A. Maione, D. Mugnai and E. Vecchi. Variational methods for nonpositive mixed local-
nonlocal operators. Fract. Calc. Appl. Anal . 26 (2023), 943–961.

19. X. Mingqi, G. Molica Bisci, G. Tian and B. Zhang. Infinitely many solutions for the sta-
tionary Kirchhoff problems involving the fractional p-Laplacian. Nonlinearity. 29 (2016),
357–374.

20. O. H. Miyagaki and M. A. S. Souto. Superlinear problems without Ambrosetti and
Rabinowitz growth condition. J. Differential Equations. 245 (2008), 3628–3638.

21. R. Servadei and E. Valdinoci. Mountain pass solutions for non-local elliptic operators. J.
Math. Anal. Appl . 389 (2012), 887–898.

22. M. Willem. Minimax theorems. Vol. 24, (Springer Science & Business Media, Birkhäuser
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