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Relative trace formula and twisted L-functions:
the Burgess bound

Liyang Yang

Abstract

Let F be a number field, π either a unitary cuspidal automorphic representation of
GL(2)/F or a unitary Eisenstein series, and χ a unitary Hecke character of analytic con-
ductor C(χ). We develop a regularized relative trace formula to prove a refined hybrid
subconvex bound for L(1/2, π× χ). In particular, we obtain the Burgess subconvex
bound

L(1/2, π× χ)�π,F,ε C(χ)
1

2
− 1

8
+ε.

1. Introduction

1.1 The Burgess bound for GL(2)×GL(1) over number fields
Let F be a number field. Let π be a unitary generic automorphic representation of GL(2)/F .
In this paper we consider the subconvexity problem for character twists over a number field
(ScP(π⊗ χ)): finding a constant δ ∈ (0, 1/2], such that

L(1/2, π× χ)�π,F,ε C(χ)
1

2
−δ+ε (1.1)

holds for all unitary Hecke characters χ over F, where the implied constant relies on π, F , and
ε. Here, C(χ) is the analytic conductor of χ (see § 2.1.1). Note that (1.1) involves the bound of
L(s, π× χ) on the critical line Re(s) = 1/2 as L(1/2 + it, π× χ) =L(1/2, π× χ| · |it). Moreover,
if π= 1� 1 is the Eisenstein series induced from the trivial character, then L(1/2, π× χ) =
L(1/2, χ)2, and thus (1.1) becomes the classical subconvexity problem for Hecke L-functions.

The above ScP(π⊗ χ) is the pioneering study of the automorphic subconvexity problem in a
systematic manner and has been extensively investigated over the years: see, e.g., [Bur63, Hea78,
Hea80, CI00, DFI02, Mil16, You17, Wu19, PY23, PY20] for the case when π is an Eisenstein
series, and see [DFI93, Byk96, CPS01, BHM07, BH08, Ven10, MV10, BH10, BH14, Wu14, Mag17,
Mun18, Nel19, AHL+20, FS22] for the case when π is cuspidal. The subconvex bound of type
(1.1) is a versatile tool with numerous applications in arithmetic geometry, as highlighted in
Remark 1.4 below, which provides several illustrative examples. One notable instance involves
the work of [CPS01], where the authors were the first to investigate ScP(π⊗ χ) in the case
of F being a number field other than Q in connection with Hilbert’s eleventh problem. This
groundbreaking investigation paved the way for further developments in the analytic theory
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of L-functions, leading to the emergence of the ScP(π⊗ χ) problem over number fields as a
significant area of study.

The Lindelöf hypothesis predicts that (1.1) holds with δ= 1/2. When F =Q, the tightest
known bound for (1.1) is δ= 1/8 (see, e.g., [BH08]). In the special case that π⊗ χ has a trivial
central character, Petrow and Young (see [PY20, PY23]) have proved that (1.1) holds for δ=
1/6. In the more general situation where F �=Q, the best-known result is δ= (1− 2ϑ)/8 (see
[Wu14, Wu19]), where 0� ϑ< 1/2 is any exponent towards the Ramanujan–Petersson conjecture
(RPC) for unitary cuspidal representations of GL(2)/F . Currently, the strongest known value is
ϑ= 7/64 (see [KS03, BB11]). Hence, the most favorable unconditional bound in the general case
is δ= 1/8− 7/256. Nevertheless, under the RPC, i.e., ϑ= 0, one obtains the bound δ = 1/8.

This is conventionally referred to as the Burgess bound, since when F =Q, π= 1� 1, χ is a
primitive Dirichlet character modulo q, and δ = 1/8, then (1.1) reduces to the classical bound
L(1/2, χ)� q3/16+ε obtained by Burgess [Bur63]. For general GL(2) L-functions, the Burgess
bound represents a natural barrier that may require new ideas to overcome.

The first achievement of this paper confirms (1.1) with δ = 1/8 for any unitary generic π and
unitary characters χ over F, obtaining the Burgess bound without assuming RPC.

Theorem 1.1. Let π be a unitary generic automorphic representation of GL(2)/F , and let χ
be a unitary Hecke character over F . Then

L(1/2, π× χ)�π,F,ε C(χ)
1

2
− 1

8
+ε. (1.2)

Corollary 1.2. Let χ be a unitary Hecke character over F . Then

L(1/2, χ)�F,ε C(χ)
1

4
− 1

16
+ε. (1.3)

Let π be a unitary cuspidal representation of GL(2)/F. Then

L(1/2, π× χ)�π,F,ε C(χ)
1

2
− 1

8
+ε. (1.4)

Remark 1.3. The estimate (1.3) improves [Wu19], and (1.4) improves [Byk96, BHM07, BH08,
BH10, BH14, Wu14, Mag17].

Remark 1.4. By Waldspurger’s formula in [Wal85], Theorem 1.1 has direct implications in:

– bounding Fourier coefficients of half-integral-weight Hilbert modular forms (particularly
including those with nontrivial central characters);

– computing the asymptotic of representation numbers of quadratic forms with power saving
error terms (see [CPS01, Cog03, BH10]); and

– effective equidistribution of CM points and certain subvarieties on the Hilbert modular
surface (see, e.g., [Duk88], [Zha05, Theorem 3.2], [Coh05, Theorem 1.2], and [Ven10, § 1.1]).

Remark 1.5. Upon closer inspection, it is observable from the proof that the implied constants
in (1.2), (1.3), and (1.4) have polynomial dependence in the analytic conductor of π, and in the
absolute discriminant of F.

1.2 Explicit hybrid bounds
Theorem 1.1 follows readily from the following refined hybrid subconvex bound for twisted
L-functions.

Theorem 1.6. Let F be a number field with ring of adeles AF . Let π=⊗vπv be a unitary
generic automorphic representation of GL(2)/F with central character ω. Let χ=⊗vχv be a
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unitary Hecke character of A×
F /F

×. For an Archimedean place v, let ιv ∈ {0, 1/2} be the constant
defined by (2.2), determined by the structure of πv ⊗ χv. Then

L(1/2, π× χ)�F,ε [Cfin(π), Cfin(ω)Cfin(χ)]
1

4
+εCfin(χ)

1

8
+ε
∏
v|∞

Cv(π⊗ χ)
3

16
+ 3ιv

8
+ε

+Cfin(π)
1

2
+εCfin(χ)

1

4
+εC∞(π)

1

4
+ε
∏
v|∞

Cv(π⊗ χ)
1

8
+ ιv

4
+ε.

Here, for a representation σ=⊗vσv of GL(1) or GL(2)/F, Cv(σ) is the associated local conductor
(see § 2.1.1), C∞(σ) =

∏
v|∞ Cv(σ), and Cfin(σ) =

∏
v<∞ Cv(σ).

Remark 1.7. We have ιv = 0 for v | ∞ if the spectral parameters of πv ⊗ χv are comparable;
otherwise, ιv = 1/2, in which case Cv(χ)�Cv(π). Thus, when π∞ is fixed, we have ιv = 0 for all
v | ∞; this is the scenario considered in Theorem 1.1.

Remark 1.8. Theorem 1.6 refines and extends the bounds established in several previous works.
In the case over Q, it strengthens the results of [BHM07, BH08, BH14], while over general number
fields it improves upon [Wu20]. In particular, it matches the exponents of Cfin(π) and Cfin(χ) in
[BH08, BH14], except for the factor gcd(Cfin(π), Cfin(χ)), which does not appear here due to our
treatment of local orbital integrals in the framework of the relative trace formula. Moreover, when
ιv = 0 at places v | ∞, the exponents of C∞(π⊗ χ) in Theorem 1.6 surpass those in [BH08, BH14].

As in [BHM07], [MV10, § 5], and [Wu22], Theorem 1.6 can also be used as an input for the
subconvexity problem for GL(2) and GL(2)×GL(2).

Corollary 1.9. Let π be a unitary generic automorphic representation of GL(2)/F , and let χ
be a unitary Hecke character. Then

L(1/2, π× χ)�F,ε [Cfin(π), Cfin(ω)Cfin(χ)]
1

4
+εCfin(χ)

1

8
+εC∞(π)

3

8
+εC∞(π⊗ χ)

3

16
+ε

+C(π)
1

2
+εCfin(χ)

1

4
+εC∞(π⊗ χ)

1

8
+ε.

1.3 Discussion of the proofs
Different methods have been explored in the literature to approach the Burgess subconvex bound
(for general χ).

– Bykovskĭı’s formula in [Byk96], which is derived from the Kuznetsov formula, establishes the
Burgess bound in the Cfin(χ)-aspect when F =Q (see [Byk96, BH08, BH14]). However, the
extension to the C∞(χ)-aspect does not appear to be known in the literature, even over Q.

– Recently, various delta methods have been developed to prove the Burgess bound when
F =Q and χ is a Dirichlet character (see, e.g., [Mun18, AHL+20, FS22]).

– When F �=Q is a number field, the Burgess-like bound δ= (1− 2ϑ)/8 can be achieved by
three different methods:
∗ the large sieve and the bounding of shifted convolution sums using Jutila’s circle method

(see [BHM07]);
∗ the spectral decomposition of shifted convolution sums in Hecke eigenvalues (see [BH10,

Mag17]); and
∗ the method of Sarnak [Sar85] (see [Wu14, Wu19]).

Varying from the techniques listed above, our approach to proving Theorem 1.6 relies primarily
on a novel relative trace formula (RTF) as a crucial structural component (see Theorem 2.6).
When F =Q, the amplified relative trace formula, Theorem 7.3, can be simplified using specific
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test functions, resulting in an equivalent form of the Bykovskĭı formula presented in [Byk96,
(5.10)], thereby offering a new proof of the latter. Notably, a key distinction is that our RTF
does not involve Kloosterman sums.

In principle, the RTF is based on the equality of geometric and spectral expansions of the
integral ∫

A(F )\A(AF )

∫
A(F )\A(AF )

K(x, y)χ(x)χ(y) d×x d×y, (1.5)

where K is an automorphic kernel function and A=diag(GL(1), 1).
Although the integral (1.5) does not generally converge, we regularize its deformation∫

A(F )\A(AF )

∫
A(F )\A(AF )

K(x, y)χ(x)χ(y)|x|s1 |y|s2 d×x d×y

to obtain the RTF of the form (see (2.33))

JReg,♥
Spec (f, s, χ) = JReg,♥

Geo (f, s, χ), s= (s1, s2)∈C2,

where f is a suitable test function constructed in § 2.2.
To illustrate the basic idea, let us consider the level aspect. Suppose, for the sake of argument,

that π is cuspidal with trivial central character and has disjoint ramifications from χ. Let s0 =
(0, 0). The test function f ensures the existence of a family A of automorphic representations of
level Cfin(π)Cfin(χ), which includes π, such that

JReg,♥
Spec (f, s0, χ)�

∑
σ∈A

|L(1/2, σ× χ)|2
(Cfin(π)Cfin(χ))ε

� |L(1/2, π× χ)|2
(Cfin(π)Cfin(χ))ε

. (1.6)

Regarding the geometric side, the contribution from irregular orbital integrals is � |A|1+o(1) 	
Cfin(π)

1+εCfin(χ)
1+ε. It is worth noting that we only require a family A containing π, while the

size of A may be relatively larger than Cfin(π). However, our approach of constructing local test
functions at non-Archimedean ramified places produces favorable behaviors of regular orbital
integrals. Along with sharp estimates of certain character sums as in [BH08, Proposition 2], we
can majorize the regular orbital integrals by O(Cfin(π)

εCfin(χ)
1

2
+ε). Therefore,

JReg,♥
Geo (f, s0, χ)�Cfin(π)

1+εCfin(χ)
1+ε +Cfin(π)

εCfin(χ)
1

2
+ε. (1.7)

By combining (1.6) and (1.7), we obtain the inequality

L(1/2, π× χ)�π,χ∞,F,ε Cfin(χ)
1

2
+ε +Cfin(χ)

1

4
+ε.

Here, Cfin(χ)
1

2
+ε is the convexity bound and the other term is much smaller, which leaves room

for obtaining subconvexity by the amplification method.
To make the above illustration more complete, we employ a variant of the RTF equipped

with arithmetic amplification in the spirit of Duke, Friedlander, and Iwaniec (see [DFI02]). The
amplified RTF (see Theorem 7.3) has the form

J ♥
Spec(π, χ) =J ♥

Geo(π, χ). (1.8)

For the sake of exposition, we assume that πv ⊗ χv is of type I for all v | ∞ (see § 2.1.2). We
shall show that the spectral side satisfies the lower bound

J ♥
Spec(π, χ)�C∞(π⊗ χ)−

1

4
−ε(Cfin(π)Cfin(χ))

−ε|L(1/2, π× χ)|2 ·L2−ε
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if L�F,ε Cfin(χ)
εC∞(π)

1

2
+εCfin(π)

1+ε; and the geometric side satisfies the upper bound

J ♥
Geo(π, χ)� [Cfin(π), Cfin(ω))Cfin(χ)]

1+εC∞(π⊗ χ)
1

4
+εL1+ε

+C∞(π⊗ χ)εCfin(π)
εCfin(χ)

1

2
+εL3+ε.

In the above estimates, the parameter L corresponds to the amplification. The factors involv-
ing C∞(π⊗ χ) on both sides are obtained by applying Nelson’s microlocal lifted vectors at
the Archimedean places (see [Nel23]). The exponent 1/2 of Cfin(χ) follows from the Riemann
hypothesis over finite fields (e.g., as seen in [Byk96, Lemma 4] and [BH08, Proposition 2]). The
optimization of L in the above inequalities leads to Theorem 1.6 with ιv = 0 for all v | ∞, as
derived from (1.8).

The above argument relies on the availability of microlocal lifted vectors at the Archimedean
places. Such vectors are not available in the ‘conductor-dropping’ regime, e.g., when C∞(π⊗ χ)	
C∞(ωχ2) are large, which corresponds to type II representations in § 2.1.2. In this case, we instead
use the analytic newvectors constructed in [MV10, § 3.6]. Accordingly, type I yields ιv = 0, while
type II yields ιv = 1/2, which accounts for the Archimedean exponents ιv in Theorem 1.6.

Remark 1.10. When F =Q, choosing the Archimedean test function f∞ via a unipotent trans-
form as in [Sar85], the RTF approach will give a new proof (excluding gcd(Cfin(π), Cfin(χ))) of
the hybrid bounds in [BH08, BH14].

1.4 Outline of the paper
1.4.1 The regularized relative trace formula. In § 2.1, we introduce the intrinsic local and

global data. In § 2.2, we construct the test function used for our purposes. Subsequently, in §§ 2.3
and 2.4, we prove the regularized relative trace formula in Theorem 2.6. This result can be viewed
as the complementary case to the higher-rank version discussed in [Yan23].

1.4.2 The spectral side. In § 3, we describe the regularized spectral side and establish its
meromorphic continuation. Building on the local estimates developed in §§ 3.5 and 3.6, we prove
a lower bound for the period integrals on the spectral side (see Proposition 3.3) in terms of central
L-values.

1.4.3 The geometric side. In §§ 4–6, we handle the geometric side, which will be separated
into three parts as follows.

(i) The small cell orbital integral JReg
Geo,Small(f, s, χ), which, as one of the main terms, is handled

by Proposition 4.1 by combining local estimates from § 4.1 to § 4.3.
(ii) The dual orbital integral JReg

Geo,Dual(f, s, χ) is bounded by Proposition 5.1. This integral is
‘dual’ to JReg

Geo,Small(f, s, χ) via the Poisson summation, and contributes the other main term.

(iii) The regular orbital integral JReg,II
Geo,Big(f, s, χ), which constitutes the principal part of the

geometric side, is bounded in Theorem 6.1 of § 6. The saving in the Cfin(χ)-aspect comes from
square-root cancellation in certain character sums (see § 6.2), and the saving in the C∞(π⊗
χ)-aspect is obtained via properties of microlocal lifted vectors and analytic newvectors
(see § 6.4).

1.4.4 Proof of main results. With the aforementioned preparations, we prove the main
results in § 7. In §§ 7.1–7.4, we specify the amplification data and consolidate the estimates from
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both the spectral and geometric sides, thereby obtaining Theorem 7.6, which in turn yields
Theorem 1.6.

1.5 Notation
1.5.1 Number fields and measures. Let F be a number field with ring of integers OF . Let

[F :Q] be the degree. Let NF be the absolute norm. Let OF be the different of F. Let AF be
the adele group of F. Let ΣF be the set of places of F. Denote by ΣF,fin (respectively, ΣF,∞)
the set of non-Archimedean (respectively, Archimedean) places. For v ∈ΣF , we denote by Fv the
corresponding local field. For a non-Archimedean place v, let Ov denote the ring of integers of
Fv, and let pv be the maximal prime ideal in Ov. Given an integral ideal n, we say that v | n if
n⊆ pv. Fix a uniformizer 
v ∈ pv. Denote by ev(·) the evaluation relative to 
v normalized as
ev(
v) = 1. Let qv be the cardinality of Ov/pv. We use v | ∞ to indicate an Archimedean place
v and write v <∞ if v is non-Archimedean. Let | · |v be the norm in Fv. Put | · |∞ =

∏
v|∞ | · |v

and | · |fin =
∏

v<∞ | · |v. Let | · |AF
= | · |∞ ⊗ | · |fin. For calculations involving A×

F or F×\A×
F , we

will simply write | · | for | · |AF
. For simplicity, we use the notation

∏
v and ⊗v to denote

∏
v∈ΣF

and ⊗v∈ΣF
, respectively.

Let ψF =
∏

v ψv be the additive character ψF =ψQ ◦TrF of F\AF , where TrF is the trace
map, and ψQ is the additive character of Q\AQ taking x �→ e2πix on R. For v ∈ΣF , let dtv be
the additive Haar measure on Fv, self-dual relative to ψv. Then dt=

∏
v dtv is the standard

Tamagawa measure on AF . Let d×tv = ζv(1) dtv/|tv|v, where ζv(·) is the local Dedekind zeta
factor. In particular, Vol(O×

v , d
×tv) =Vol(Ov, dtv) =NFv

(DFv
)−

1

2 for all finite places v.Moreover,
Vol(F\AF ; dtv) = 1 and Vol(F\A(1)

F , d×t) =Res
s=1

ζF (s), where A(1)
F is the subgroup of ideles A×

F

with norm 1, and ζF (s) =
∏

v<∞ ζv(s) is the finite Dedekind zeta function. Denote by ̂
F×\A(1)

F

the Pontryagin dual of F×\A(1)
F .

1.5.2 The Haar measure on G(AF ). In this paper, we set G=GL(2) and A=
diag(GL(1), 1). Let B be the group of upper triangular matrices in G. Let G=Z\G and
B0 =Z\B, where Z is the center of G. Let TB be the diagonal subgroup of B. Then A�Z\TB.
Let N be the unipotent radical of B. Let K =

⊗
v Kv be a maximal compact subgroup of G(AF ),

where Kv =U2(C) is v is complex, Kv =O2(R) if v is real, and Kv =G(Ov) if v <∞. For
v ∈ΣF,fin, m∈Z�0, define

K0,v[m] :=

{(
a b
c d

)
∈G(Ov) : c∈
m

v Ov

}
, (1.9)

and

K◦
0,v[m] :=

{(
a b
c d

)
∈G(Ov) : c∈
m

v Ov, d∈ 1 +
m
v Ov

}
. (1.10)

For v ∈ΣF , we have the Iwasawa decomposition G(Fv) =Z(Fv)N(Fv)A(Fv)Kv, which pro-
vides the coordinates gv = zv

(
1 bv

1

)(
av

1

)
kv, where zv, av ∈ F×

v , bv ∈ Fv, and kv ∈Kv. A Haar
measure on G(Fv) is defined by

dgv = d×zv dbv |av|−1
v d×av dkv,

where dkv is the probability Haar measure on Kv.
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1.5.3 Automorphic data. Let s= (s1, s2)∈C2. Let ω ∈ ̂
F×\A(1)

F . For a subgroup H of G,
we denote [H] :=H(F )\H(AF ) as the automorphic quotient. Denote by A0([G], ω) the set of
cuspidal representations on G(AF ) with central character ω.

For η1, η2 ∈ ̂
F×\A(1)

F , let Ind(η1 ⊗ η2) denote the unitary parabolic induction from B(AF ) to
G(AF ) associated with η1 ⊗ η2. For simplicity, we write η1 � η2 = Ind(η1 ⊗ η2).

Define the generic character θ on [N ] by

θ

((
1 b
1

))
= ψF (b), b∈ F\AF .

Then θ=⊗vθv, where θv is the additive character on N(Fv) defined by

θv

((
1 bv

1

))
=ψv(bv), bv ∈ Fv.

1.5.4 Other conventions. For two integersm1, m2 � 1, denote by [m1, m2] the least common
multiple. For a function h on G(AF ), we define h∗ by assigning h∗(g) = h(g−1), g ∈G(AF ).

Let α, β ∈R be two parameters or functions. We use the following notation.

– We use α≫ 1 to indicate that α is sufficiently large.
– Suppose that β > 0. We write α� β or α=O(β) if there exists a constant c > 0 such that
|α|� cβ. We refer to c as an implied constant. When c depends on parameters A1, A2, . . .,
we write α�A1,A2,... β to indicate this dependence.

– Suppose that β > 0. We write α=O(β−∞) if α�n β
−n for all n� 1.

– For simplicity, we do not specify the implied constants explicitly but only indicate their
dependence when necessary. Unless otherwise stated, all implied constants may depend on
ε. In particular, when we use � in regions of integration, summation, or for the support
of a function, the underlying implied constant is absolute (in particular, independent of all
parameters except possibly ε) unless otherwise specified.

Throughout, we follow the ε-convention: i.e., ε will always be a positive number, which can
be taken to be as small as we like, but may differ from one occurrence to another.

2. Test functions and the regularized relative trace formula

The notation presented in this section will be used extensively throughout the remainder of this
paper.

2.1 Intrinsic data
Let F be a number field, and let χ=⊗vχv be a unitary Hecke character of F×\A×

F . Let π=⊗vπv
be a unitary generic automorphic representation of G(AF ) with central character ω=⊗vωv.

Recall that our main objective is to establish a hybrid bound for L(1/2, π× χ) as stated in
Theorem 1.6.

2.1.1 Analytic conductors. Let C(χ) :=
∏

v Cv(χ) be the analytic conductor of χ, where
Cv(χ) is defined as follows.
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– For Fv �R, if χv = sgnn
′
v | · |iκv

v with n′v ∈ {0, 1}, we define

Cv(χ) = 1+
∣∣∣n′v + iκv

2

∣∣∣
v
.

– For Fv �C, if χv(a) = (a|a|−1)n
′
v |a|iκv

v for a∈ F×
v , we define

Cv(χ) = (1 + |iκv + |n′v|/2|)2.
Here, | · | is the complex modulus given by |a|=√

aa.
– For v <∞, let rχv

be the smallest nonnegative integer such that χv is trivial on 1 +

rχv
v Ov

but not on 1 +

rχv−1
v Ov. The integer rχv

is called the conductor exponent of χv. Define
Cv(χ) = q

rχv
v .

Let C(π) :=
∏

v Cv(π) be the analytic conductor of π, where each local conductor Cv(π) is
defined as follows.

– For v <∞, denote by rπv
� 0 the conductor exponent of πv, which is the unique integer such

that πv has a vector that is K◦
0,v[rπv

]-invariant (see (1.10)) but not K◦
0,v[rπv

− 1]-invariant.
Define the local conductor of πv by Cv(π) := q

rπv
v .

– For v | ∞, the local L-function of πv is a product of shifted Gamma factors of the shape
Lv(s, πv) = Γv(s+ β1,v)Γv(s+ β2,v). Here, Γv is the Gamma function over Fv, and β1,v and
β2,v are complex numbers. Let

Cv(π) := [(1 + |β1,v|)(1 + |β2,v|)][Fv:R].

Finally, define Cfin(χ) :=
∏

v<∞ Cv(χ) and Cfin(π) :=
∏

v<∞ Cv(π) as the arithmetic conduc-
tors of χ and π, respectively. Similarly, let C∞(χ) :=

∏
v|∞ Cv(χ) and C∞(π) :=

∏
v|∞ Cv(π) be

the Archimedean conductors of χ and π, respectively.

2.1.2 Types of Archimedean parameters. Let v | ∞. For an admissible irreducible represen-
tation Πv of G(Fv), we denote its associated L-factor by

Lv(s,Πv) = Γv(s+ γ1,v)Γv(s+ γ2,v).

Definition 2.1. Let 0< ε1 < 1 be a fixed parameter. We say that Πv is of type I relative to ε1
if its parameters γ1,v and γ2,v satisfy

ε1|γ2,v|� |γ1,v|� ε−1
1 |γ2,v|.

Otherwise, we say that Πv is of type II relative to ε1. Since ε1 is a fixed small number, we will
simply say that Πv is of type I or type II, omitting ‘relative to ε1.’

Let Cv(π⊗ χ) be the local conductor defined analogously to Cv(π). Let ε0 > 0 be a fixed
constant, chosen sufficiently small. Define

Tv :=

{
100Cv(π⊗ χ)

1

2 if πv ⊗ χv is of type I,
ε−100
0 Cv(π⊗ χ) if πv ⊗ χv is of type II,

(2.1)

and

ιv :=

{
0 if πv ⊗ χv is of type I,
1/2 if πv ⊗ χv is of type II.

(2.2)
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Remark 2.2.

(i) The representation πv ⊗ χv is of type I in many favorable situations, such as when πv is fixed
while χv varies, as in Theorem 1.1, or when πv varies with a fixed central character while χv

remains constant.
(ii) If πv ⊗ χv is of type II, then Cv(χ)� 100ε1Cv(π).

2.1.3 Ramification parameters. For v ∈ΣF,fin, let rχv
(respectively, rωv

) be the conductor
exponent of χv (respectively, ωv). Let rπv

be the conductor exponent of πv. We set

mv :=max{rπv
, nv + rωv

}� nv := rχv
. (2.3)

This choice of mv is adopted from [BH14] and offers simplifications in certain local calculations
when ωv is nontrivial.

Define Q=
∏

v<∞ pnv
v . For simplicity, we write Q=Cfin(χ), M =Cfin(π), and M ′ =Cfin(ω).

Then M ′ |M.

2.1.4 Auxiliary finite places. Let v0 and v1 be two fixed unramified primes such that
qv0

> 1064, and πv and χv are unramified at v ∈ {v0, v1}. Hence, mv0
= nv0

=mv1
= nv1

= 0.

2.1.5 Hecke operators. Let π=⊗vπv be an automorphic representation of G(AF ), with
central character ω=⊗vωv. Let n be an integral ideal in F with primary decomposition
n=
∏

v|n p
lv
v . The plvv th Hecke operator is defined by

Tplv
v
(ϕ) := q−lv/2

v

∑
i+j=lv
i�j�0

∫
Kvdiag(	i

v,	
j
v)Kv

πv(yv)ϕ dyv, ϕ∈ π.

Let Tn(ϕ) :=
∏

v|n Tplv
v
(ϕ). When ϕ is right-invariant under

∏
v|nKv, it becomes an eigenform

for the operators Tn and Tplv
v

for each v | n, with eigenvalues λπ(n) and λπ(p
lv
v ), respectively.

Moreover, we have λπ(n) =
∏

v|n λπ(p
lv
v ).

2.1.6 Hecke relations. Let v <∞, lv � 0 and l′v � 0. We have

λπ(p
lv
v ) = ω−1

v (
lv
v ) · λπ(plvv ), (2.4)

and the Hecke relation

λπ(p
lv
v )λπ(p

l′v
v ) =

min{lv,l′v}∑
j=0

ωv(

j
v)λπ(p

lv+l′v−2j
v ). (2.5)

2.2 Construction of test functions
We shall construct a test function f =⊗vfv on G(AF ) in the following way.

– At Archimedean places v | ∞, we construct fv according to the types of πv ⊗ χv (see § 2.1.2).
∗ If πv ⊗ χv is of type I, the function fv will be constructed in § 2.2.1 based on Nelson’s

work [Nel23] (see §§ 1.5.2 and 14 on p. 80) following the approach in [NV21, § 1.10] (see
also [Nel21, Part 2]). It will sieve out microlocal lifted vectors.

∗ If πv ⊗ χv is of type II, the function fv will be constructed in § 2.2.2 following the work of
Michel and Venkatesh [MV10, § 3.6]. It will sieve out analytic newvectors.

Precise constructions will be given in §§ 2.2.1 and 2.2.2.
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– At the auxiliary fixed finite places v ∈ {v0, v1} constructed in § 2.1.4, we define fv to simplify
the regularized relative trace formula:
∗ The local test function fv0

defined in § 2.2.3 simplifies the spectral side by annihilating
the residues from the continuous spectrum during the regularization.

∗ The local test function fv1
defined in § 2.2.4 simplifies the geometric side by annihilating

certain orbital integrals.
Detailed discussions will be provided in §§ 3.4 and 2.4.2.

– At ramified finite places, we construct the local test functions via a double average over
unipotent translations weighted by characters (see § 2.2.6). This step is essential in handling
the level aspect and also simplifies the regularized relative trace formula (see § 2.4.1).

– At the remaining places, let n be an integral ideal such that πv and χv are unramified for
all v | n, with v0 � n and v1 � n. Define fv as follows:
∗ For v | n, we introduce normalized Hecke operators (following Duke, Friedlander, and

Iwaniec [DFI02]) to facilitate further arithmetic amplification. The associated local test
functions fv, constructed in § 2.2.5, play a crucial role in § 7 to prove Theorem 1.6.

∗ For v � n, we take fv to be the standard spherical vector.

2.2.1 Construction of f∞: the type I case. Let v | ∞. Suppose that πv ⊗ χv is of type I. Let
Tv = 100Cv(π⊗ χ)

1

2 be the parameter defined by (2.1).
By [Nel23, § 14] and [NV21, § 2.5], there exists a function f̃v ∈C∞

c (G(Fv)) such that

suppf̃v ⊆ {g ∈G(Fv) : g= In+1 +O(T−ε
v ), Ad∗(g)τ = τ +O(T

− 1

2
+ε

v )}, (2.6)

where the operator πv(f̃v) is approximately a rank-one projector with range spanned by a unit
vector microlocalized at some chosen element τv in the coadjoint orbit of πv ⊗ χv.

An explicit construction of f̃v can be found in [Nel23, § 14]. Here, we summarize some basic
properties of f̃v as follows. For g ∈G(Fv), we may write

g=

(
a b
c d

)
∈G(Fv), g−1 =

(
a′ b′

c′ d′

)
∈G(Fv).

Define

dv(g) :=

{
min
{
1, |d−1b|v + |d−1c|v + |d′−1b′|v + |d′−1c′|v

}
if dd′ �= 0,

1 if dd′ = 0.

As a consequence of [Nel21, (14.13)] and [Nel23, Theorem 15.1], along with the support
constraint (2.6), we obtain

|f̃v(g)| � T 1+ε
v · 1|Ad∗(g)τ−τ |�T

−1/2+ε
v

· 1|g−I2|�T−ε
v

·min

{
1,
T
− 1

2
+ε

v

dv(g)

}
. (2.7)

We thus define the local test function fv by

fv(g) := (f †v ∗ (f †v )∗)(g), (2.8)

where v | ∞, g ∈G(Fv), and

f †v (g) := χv(det g)

∫
F×

v

f̃v(zg)ωv(z) d
×z. (2.9)

Remark 2.3. We do not recall the precise construction of f̃v from [Nel23, § 14]; instead, we will
only use its relevant properties, with appropriate references to the source.
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2.2.2 Construction of f∞: the type II case. Let v | ∞. Suppose that πv ⊗ χv is of type II.
Let Tv = ε−100

0 Cv(π⊗ χ) be the parameter defined by (2.1).
Let hε0v = (h1,v, h2,v, h3,v)∈C∞

c (F×
v × Fv × Fv) be a triple of nonnegative Schwartz functions

with compact support, satisfying the following conditions:

–
∫
F×

v
h1,v(a) d

×a= 1, h1,v(a) = 0 unless |a− 1|v � ε0, and

h
(j)
1,v(a)� ε−j−1

0 for all a∈ F×
v and 0� j � 2;

– | ∫Fv
h2,v(b)ψv(b) db|= 1, and h2,v(b) = 0 unless |bv|v � 10−3; and

–
∫
Fv
h3,v(c) dc= 1, and h3,v(c) = 0 unless |c|v � ε0.

Let h′2,v be the derivative of h2,v. Define

f̃v(g, h
ε0
v ) := Tvχv(det g)h1,v(z)h1,v(a)h

′
2,v(b)h3,v(T

1+ε
v c) (2.10)

if g= z
(
a b

1

)(
1
c 1

)∈G(Fv), and set f̃v(g, hε0v )≡ 0 otherwise. Define

f †v (g) := χv(det g)T
− 1

4
v

∫
F×

v

f̃v(zg, h
ε0
v )ωv(z) d

×z. (2.11)

By the Bruhat decomposition, the set{
g= z

(
a b
1

)(
1
c 1

)
∈G(Fv) : a, z ∈ F×

v , b, c∈ Fv

}
is open in G(Fv). Consequently, for sufficiently small ε0, the function f †v (g) is smooth and
supported in a small neighborhood of the identity matrix I2.

The local test function is then defined by

fv(g) = (f †v ∗ (f †v )∗)(g), g ∈G(Fv). (2.12)

2.2.3 Non-Archimedean test function fv0
. Let v0 be the fixed unramified place as in § 2.1.4.

For v= v0, we define

h̃v :=
∑

β∈O×
v /(1+pv)

ψv(β

−1
v )1uβKv

+ 1dKv
, (2.13)

where uβ =
(
1 β	−1

v

1

)
, and d := diag(
−1

v , 
v). We define the local test function by

fv(g) := (f †v ∗ (f †v )∗)(g), g ∈G(Fv), (2.14)

where

f †v (g) :=
∫
F×

v

h̃v(gz)ωv(z) d
×z. (2.15)

The test function fv(gv) is introduced to eliminate contributions from the residues of period
integrals on the spectral side when shifting contours during the regularization of the relative
trace formula (see Proposition 3.1).

2.2.4 Non-Archimedean test function fv1
. Let v= v1 be the fixed unramified place as in

§ 2.1.4. We define the test function by

fv(gv) = f †v (g) :=

⎧⎪⎨⎪⎩
ωv(zv)

−1ωv(E2,2(kv))
−1

Vol(Kv[1])
if gv = zvkv ∈Z(Fv)Kv[1],

0 otherwise,
(2.16)
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where K0,v[1] is the image of K0,v[1] in G(Fv), and E2,2(kv) is the (2, 2)th entry of kv ∈K0,v[1].
We have fv(g) = (f †v ∗ (f †v )∗)(g).

2.2.5 Non-Archimedean test function fv at v | n. Let n be an integral ideal such that πv and
χv are unramified for all v | n, and v0 � n and v1 � n. For v | n, we define

fv(g) := q−(ev(n))/2
v

∑
i+j=ev(n)
i�j�0

∫
F×

v

1Kvdiag(	i
v,	

j
v)Kv

(zg)ωv(z) d
×z, g ∈G(Fv). (2.17)

2.2.6 Non-Archimedean test function fv: the remaining places. For v ∈ΣF,fin − {v0, v1} such
that v � n, we define

f †v (g) :=
1

Vol(K0,v[mv])

∫
F×

v

1K0,v[mv](zg)ωv(z) d
×z, (2.18)

where K0,v[mv] is the image of K0,v[mv] in G(Fv). For g ∈G(Fv), define by

fv(g) =
1

|τ(χv)|2
∑

α∈O×
v /(1+	nv

v O×
v )

β∈O×
v /(1+	nv

v O×
v )

χv(α)χv(β)f
†
v (gα,β), (2.19)

where

τ(χv) =
∑

α∈O×
v /(1+	nv

v O×
v )

ψv(α

−nv
v )χv(α)

is the Gauss sum relative to the additive character ψv, and

gα,β :=

(
1 α
−nv

v

1

)
g

(
1 β
−nv

v

1

)
.

Here, we identify α, β ∈O×
v /(1 +
nv

v O×
v ) with their representatives in O×

v to ensure that gα,β ∈
G(Fv).

Note that nv = 0 for almost all v ∈ΣF,fin. Consequently, for all but finitely many v ∈ΣF,fin,
we have fv = f †v = f †v ∗ (f †v )∗, supported on Z(Fv)K0,v[mv].

By definition (2.3), we have mv = 0 for v ∈ {v0, v1} and v | n.

2.2.7 Construction of the test function. Let the notation be as in §§ 2.2.1–2.2.6. We define
the test function f =

⊗
v fv, where fv is given by (2.8), (2.12), (2.14), (2.16), (2.17), and (2.19).

2.3 Decomposition of the kernel function
Let f be the test function defined in § 2.2.7. Then f defines an integral operator

R(f)φ(g) =

∫
G(AF )

f(g′)φ(gg′) dg′ (2.20)

on the space L2([G], ω) of functions on [G] that transform under Z(AF ) by ω and are square-
integrable on [G].

By making the change of variable g′ �→ g−1g′ in (2.20), and using the fact that φ is left-G(F )-
invariant, we obtain

R(f)φ(g) =

∫
[G]

K(g, g′)φ(g′) dg′,
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where for g1, g2 ∈G(AF ),

K(g1, g2) :=
∑

γ∈G(F )

f(g−1
1 γg2) (2.21)

is the kernel function of R(f). Since f has compact support modulo the center, the sum in (2.21)
converges absolutely.

It is well-known that L2([G], ω) decomposes into the direct sum of the space L2
0([G], ω) of

cusp forms and spaces L2
Eis([G], ω) and L2

Res([G], ω) defined in terms of Eisenstein series and
residues of Eisenstein series, respectively.

Let R be the right regular representation of G(AF ) on L2([G], ω). The spectral decomposition
of the L2([G], ω) (see [GJ79]) gives that

R=
⊕

σ cuspidal

σ⊕
∫
iR

⊕
η∈ ̂

F×\A(1)
F

σλ,η
dλ

4πi
⊕

⊕
η∈ ̂

F×\A(1)
F

η2=ω

η ◦ det, (2.22)

where σλ,η = Ind(η| · |λ, η−1ω| · |−λ) denotes the normalized parabolic induction of the characters
η| · |λ and η−1ω| · |−λ.

Then the kernel function K(g1, g2) decomposes as the pre-trace formula:

K0(g1, g2) +KER(g1, g2) =K(g1, g2) =
∑

γ∈G(F )

f(g−1
1 γg2), (2.23)

where K0 is the contribution from the cuspidal spectrum, and KER(g1, g2) is the contribution
from the noncuspidal spectrum. The subscript ‘ER’ refers to Eisenstein series and their residues.
Explicit expansions of K0(g1, g2) and KER(g1, g2) will be given in § 3.2.

Substituting the Bruhat decomposition

G(F ) =B0(F )
⊔

B0(F )wN(F ), w=

(
1

1

)
into (2.21), we obtain K(g1, g2) =KSmall(g1, g2) +KBig(g1, g2), where

KSmall(g1, g2) =
∑

γ∈B0(F )

f(g−1
1 γg2), KBig(g1, g2) =

∑
γ∈B0(F )wN(F )

f(g−1
1 γg2).

Let K(·, ·)∈ {K(·, ·),K0(·, ·),KER(·, ·),KSmall(·, ·),KBig(·, ·)}. Define

F0F1K(g1, g2) :=

∫
[N ]

K(g1, u2g2) du2, F1F0K(g1, g2) :=

∫
[N ]

K(u1g1, g2) du1,

F1F1K(g1, g2) :=

∫
[N ]

∫
[N ]

K(u1g1, u2g2) du2 du1,

F2F2K(g1, g2) :=
∑

α∈A(F )

∑
β∈A(F )

∫
[N ]

∫
[N ]

K(u1αg1, u2βg2)θ(u1)θ(u2) du2 du1.

Using the Poisson summation twice yields

F2F2K(g1, g2) =K(g1, g2)−F0F1K(g1, g2)−F1F0K(g1, g2) +F1F1K(g1, g2). (2.24)

Since f has compact support modulo the center, (2.24) converges absolutely.
Lemma 2.4. For x, y ∈A(AF ), we have

F0F1 KBig(x, y) =F1F0 KBig(x, y) =F1F1 KBig(x, y)≡ 0.
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Proof. By the definition of KBig(·, ·),

F0F1 KBig(x, y) =
∑

b∈B0(F )

∫
N(A)

f(x−1bwu2y) du2.

Now let v |Q, so that nv � 1. By the definition of fv, we have

|τ(χv)|2
∫
N(Fv)

fv(x
−1
v bwuvyv) duv

=
∑

α,β∈O×
v /(1+	nv

v O×
v )

χv(α)χv(β)

∫
N(Fv)

f †v

((
1 α
nv

v

1

)
x−1
v bwuvyv

(
1 β
nv

v

1

))
duv, (2.25)

where the local test function f †v (·) is defined by (2.18).
Since yv ∈A(Fv), after the change of variables

uv �→ uvyv

(
1 −βqnv

v

1

)
y−1
v ,

the right-hand side of (2.25) becomes∑
β∈O×

v /(1+	nv
v O×

v )

χv(β)
∑

α∈O×
v /(1+	nv

v O×
v )

χv(α)

∫
f †v

((
1 αqnv

v

1

)
x−1
v bwuvyv

)
duv,

which vanishes as a consequence of the character orthogonality∑
β∈O×

v /(1+	nv
v O×

v )

χv(β) = 0.

Hence (2.25) vanishes, which implies that F0F1 KBig(x, y) = 0. Likewise, we have
F1F0 KBig(x, y) =F1F1 KBig(x, y) = 0.

2.4 The regularized relative trace formula
Let s= (s1, s2)∈C2, with Re(s1)≫ 1 and Re(s2)≫ 1. Consider the integral∫

[A]

∫
[A]

F2F2 K(x, y)| det x|s1 | det y|s2χ(x)χ(y) d×x d×y. (2.26)

It follows from [Yan23, § 6.2] that the above integral converges absolutely when Re(s1) and
Re(s2) are sufficiently large.

We denote by JReg
Spec(f, s, χ) the integral (2.26) obtained by substituting the spectral expan-

sion K(g1, g2) =K0(g1, g2) +KER(g1, g2) into it. Likewise, we denote by JReg
Geo(f, s, χ) the integral

obtained by substituting the geometric expansion (2.21) into (2.26). As a consequence, we have
the coarse relative trace formula

JReg
Spec(f, s, χ) = JReg

Geo(f, s, χ), (2.27)

where Re(s1) and Re(s2) are sufficiently large.
For convenience, we refer to JReg

Spec(f, s, χ) as the spectral side of the relative trace formula and
JReg
Geo(f, s, χ) as the geometric side of the relative trace formula.

2.4.1 The spectral side. Let s= (s1, s2)∈C2, with Re(s1)≫ 1 and Re(s2)≫ 1. Note that
K0(x, y) =F2F2 K0(x, y). By the definition (2.26), we have

JReg
Spec(f, s, χ) = JReg

0 (f, s, χ) + JReg
Eis (f, s, χ), (2.28)
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where

JReg
0 (f, s, χ) :=

∫
[A]

∫
[A]

K0(x, y)| det x|s1 | det y|s2χ(x)χ(y) d×x d×y,

JReg
Eis (f, s, χ) :=

∫
[A]

∫
[A]

F2F2 KER(x, y)| det x|s1 | det y|s2χ(x)χ(y) d×x d×y.

In § 3 we will show that the spectral side JReg
Spec(f, s, χ) admits a holomorphic continuation

JReg,♥
Spec (f, s, χ) to the region −1/4<Re(s1), Re(s2)< 1/4.

2.4.2 The geometric side. Let Re(s1)≫ 1 and Re(s2)≫ 1. By (2.24), Lemma 2.4, and the
Bruhat decomposition K(x, y) =KSmall(x, y) +KBig(x, y), we have

JReg
Geo(f, s, χ) = JReg

Geo,Small(f, s, χ) + JReg
Geo,Big(f, s, χ), (2.29)

where

JReg
Geo,Small(f, s, χ) :=

∫
[A]

∫
[A]

F2F2 KSmall(x, y)| det x|s1 | det y|s2χ(x)χ(y) d×x d×y,

JReg
Geo,Big(f, s, χ) :=

∫
[A]

∫
[A]

KBig(x, y)| det x|s1 | det y|s2χ(x)χ(y) d×x d×y.

In view of the construction of fv1
in (2.16), we deduce from [Yan23, § 5] (or from the proof in

[RR05]) that

JReg
Geo,Big(f, s, χ) = JReg

Geo,Dual(f, s, χ) + JReg,II
Geo,Big(f, s, χ), (2.30)

where JBig
Geo,Dual(f, s, χ) is defined by∫

A×
F

∫
A×

F

f

((
1
x 1

)(
y

1

))
|x|s1+s2 |y|s2χ(y) d×y d×x, (2.31)

and the regular orbital JReg,II
Geo,Big(f, s, χ) is defined by∑

t∈F−{0,1}

∫
A×

F

∫
A×

F

f

((
y x−1t
xy 1

))
|x|s1+s2 |y|s2χ(y) d×y d×x. (2.32)

Remark 2.5. Without the component fv1
, the decomposition (2.29) may include additional terms.

For instance, if π and χ are both unramified at all finite places (i.e., mv = 0 for all v <∞, e.g.,
χ= | · |it), then there are two extra terms in (2.30) (see [WYZ24, § 2.2.3]).

Since f is a Schwartz–Bruhat function, Tate’s thesis implies that JBig
Geo,Dual(f, s, χ) converges

absolutely for Re(s1 + s2)> 1, and it represents the complete Dedekind ζ-function Λ(s1 + s2).
Likewise, JReg

Geo,Small(f, s, χ) is a Tate integral representing Λ(1 + s1 + s2). Moreover, by Theorem
5.6 in [Yan23, § 5.4], the integral JReg,II

Geo,Big(f, s, χ) converges absolutely for all s∈C2. In particular,
the sum over t∈ F \ {0, 1} is finite, a property referred to as stability of the regular orbital
integrals (see [FW09, MR12]).

Throughout §§ 4–6, we give detailed quantitative descriptions of the functions
JReg
Geo,Small(f, s, χ), J

Reg
Geo,Dual(f, s, χ), and JReg,II

Geo,Big(f, s, χ). As a result, we obtain a holomorphic
continuation JReg,♥

Geo (f, s, χ) of JReg
Geo(f, s, χ) to s∈C2.
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2.4.3 The relative trace formula. Let JReg,♥
Spec (f, s, χ) and JReg,♥

Geo (f, s, χ) be the holomorphic
continuations of JReg

Spec(f, s, χ) and JReg
Geo(f, s, χ), respectively. As a consequence of (2.27), we

obtain the following.

Theorem 2.6. Let ε > 0 be a small constant. Let C := {s∈C : |s|= ε} be the circle of radius ε.
Let s= (s, 0). Then

JReg,♥
Spec (f, 0, χ) =

1

2πi

∫
C

JReg
Geo,Small(f, s, χ)

s
ds

+
1

2πi

∫
C

JReg
Geo,Dual(f, s, χ)

s
ds+ JReg,II

Geo,Big(f, 0, χ). (2.33)

Here, JReg
Geo,Small(f, s, χ) and JReg

Geo,Dual(f, s, χ) are understood via their meromorphic continuation,
as established by Tate’s thesis.

A more precise form of the formula (2.33) will be developed in §§ 3–6.

3. The spectral side: meromorphic continuation and bounds

Let s= (s1, s2). In this section, we shall show that JReg
Spec(f, s, χ) admits a meromorphic

continuation JReg,♥
Spec (f, s, χ) to the region −1/4<Re(s1), Re(s2)< 1/4.

3.1 Eisenstein series
Define HT : T (AF )→R by setting H

((
a

d

))
= log |ad−1|AF

. Extend HT to a map H :G(AF )→R
by using the Iwasawa decomposition G(AF ) =N(AF )T (AF )K, and defining H(utk) =HT (t),
u∈N(AF ), t∈ T (AF ), and k ∈K.

For η ∈ ̂
F×\A(1)

F and λ∈C, let σλ,η = Ind(η| · |λ, η−1ω| · |−λ) be the parabolic induction. Let
φ∈ σ0,η be a section. Define the Eisenstein series

E(g, φ, λ) =
∑

δ∈B(F )\G(F )

φ(δg)e(
1

2
+λ)H(δg), Re(λ)> 1.

Then E(g, φ, λ) converges absolutely and admits a meromorphic continuation to λ∈C with
possible simple poles at λ∈ {0, 1}, as well as a functional equation.

Let f be constructed in § 2.2. For g ∈G(AF ), define

E(g, I(λ, f)φ, λ) = σ0,η(f)E(g, φ, λ) :=

∫
G(AF )

f(y)E(gy, φ, λ) dy, Re(λ)> 1.

To simplify the notation, we also use E(g, φ, λ) and E(g, I(λ, f)φ, λ) to denote their
meromorphic continuations.

3.2 Spectral expansion of the kernel functions
Let the notation be as in § 2.2. Define K0(x, y) and KER(x, y) by (2.23). Then, by the
decomposition (2.22),
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K0(x, y) =
∑

σ∈A0([G],ω)

∑
φ∈Bσ

σ(f)φ(x)φ(y),

KER(x, y) =
1

4π

∑
η∈ ̂

F×\A(1)
F

∫
iR

∑
φ∈Bσ0,η

E(x, I(λ, f)φ, λ)E(y, φ, λ) dλ,

where Bσ and Bσ0,η
are orthonormal bases of σ and σ0,η = Ind(η, η−1ω) with respect to their

associated inner products, respectively.
According to the construction in § 2.2, the test function f is right invariant under

K[∗] :=Kv1
[1]
⊗ ∏

v<∞, v 	=v1

K0,v[mv]. (3.1)

Hence, we may take φ∈B
K[∗]
σ and φ∈B

K[∗]
σ0,η in the above definitions of K0(x, y) and KER(x, y),

respectively. Here, B
K[∗]
σ (respectively, B

K[∗]
σ0,η ) consists of vectors in Bσ that are right-K[∗]-

invariant modulo the center.

3.3 Rankin–Selberg periods
Let ϕ be a generic automorphic form on G(AF ). Define the associated Whittaker function by

Wϕ(g) :=

∫
[N ]

ϕ(ug)θ(u) du, g ∈G(AF ), (3.2)

where θ=⊗vθv is the generic additive character of N(AF ).
By multiplicity one, Wϕ factors into local integrals, i.e., Wϕ(g) =

∏
v Wϕ,v(gv), where g=

⊗vgv ∈G(AF ) and Wϕ,v is a local Whittaker function associated with the local generic character
θv. Moreover, Wϕ,v is spherical for all but finitely many places v ∈ΣF . Define the Rankin–Selberg
integral

Ψ(s, ϕ, χ) :=

∫
A×

F

Wϕ

((
x

1

))
|x|sχ(x) d×x=

∏
v

Ψv(s, ϕ, χ), (3.3)

where the local integral is defined by

Ψv(s, ϕ, χ) =

∫
F×

v

Wϕ,v

((
xv

1

))
|xv|svχv(xv) d

×xv. (3.4)

By standard estimates of Wϕ,v, the integral Ψ(s, ϕ, χ) converges absolutely for Re(s)> 1.
Furthermore, it is related to L-functions as follows.

If ϕ∈Bσ, where σ ∈A0([G], ω), then by the Fourier expansion

ϕ(g) =
∑
α∈F×

Wϕ

((
α

1

)
g

)
, g ∈G(AF ),

we have

Ψ(s, ϕ, χ) =

∫
F×\A×

F

ϕ

((
x

1

))
|x|sχ(x) d×x,

which, by the rapid decay of ϕ, converges absolutely for all s∈C. Hence, the function Ψ(s, ϕ, χ)
is entire. By Hecke’s theory, Ψ(s, ϕ, χ) is the integral representation for the complete L-function
Λ(s+ 1/2, σ× χ).
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If ϕ∈B0,η for some η ∈ ̂
F×\A(1)

F , then each local integral∫
F×

v

Wϕ,v

((
xv

1

))
|xv|svχv(xv) d

×xv

represents the local L-function Lv(s+ 1/2, ηvχv)Lv(s+ 1/2, η−1
v ωvχv). Therefore, the function

Ψ(s, ϕ, χ) admits a meromorphic continuation to s∈C, which represents the complete L-function
Λ(s+ 1/2, ηχ)Λ(s+ 1/2, η−1ωχ).

3.4 The spectral side: meromorphic continuation
Let Re(s1)≫ 1 and Re(s2)≫ 1. Substituting the Rankin–Selberg periods (see § 3.3) into the
decomposition (2.28), we then obtain

JReg
Spec(f, s, χ) = JReg

0 (f, s, χ) + JReg
Eis (f, s, χ),

where

JReg
0 (f, s, χ) =

∑
σ∈A0([G],ω)

∑
φ∈BK[∗]

σ

Ψ(s1, σ(f)φ)Ψ(s2, φ, χ),

with K[∗] being defined by (3.1), and JReg
Eis (f, s, χ) is defined by

1

4π

∑
η∈ ̂

F×\A(1)
F

∫
iR

∑
φ∈BK[∗]

σ0,η

Ψ(s1, σ0,η(f)E(·, φ, λ), χ)Ψ(s2, E(·, φ, λ), χ) dλ.

Proposition 3.1. The function JReg
Eis (f, s, χ) extends to a holomorphic function JReg,♥

Eis (f, s, χ)
in −1/4<Re(s1), Re(s2)< 1/4 with JReg,♥

Eis (f, s, χ) given by

1

4π

∑
η

∫
iR

∑
φ∈BK[∗]

σ0,η

Ψ(s1, σ0,η(f)E(·, φ, λ), χ)Ψ(s2, E(·, φ, λ), χ) dλ, (3.5)

where the integrand Ψ(s1, σ0,η(f)E(·, φ, λ), χ)Ψ(s2, E(·, φ, λ), χ) is identified with its meromor-
phic continuation. In particular,

JReg,♥
Spec (f, s, χ) := JReg

0 (f, s, χ) + JReg,♥
Eis (f, s, χ) (3.6)

is holomorphic in the region −1/4<Re(s1), Re(s2)< 1/4.

Proof. The function JReg
0 (f, s, χ) converges absolutely for s∈C2. Moreover, for η ∈ ̂

F×\A(1)
F \

{χ−1, χω}, the function Ψ(s1, σ(f)E(·, φ, λ), χ)Ψ(s2, E(·, φ, λ), χ) admits a holomorphic contin-
uation to s∈C2, as discussed in § 3.3.

We now consider the case that η ∈ {χ−1, χω}. For Re(s1),Re(s2)≫ 1, let

Jη(f, s, χ) :=
1

4π

∫
iR

∑
φ∈BK[∗]

σ0,η

Ψ(s1, σ0,η(f)E(·, φ, λ), χ)Ψ(s2, E(·, φ, λ), χ) dλ. (3.7)

By [Yan23, § 6.3.3], we have a meromorphic continuation

J̃η(f, s, χ) = J♥
η (f, s, χ)−Gη(f, s, χ) + G̃η(f, s, χ), (3.8)

where −1/4<Re(s1), Re(s2)< 1/4, the function J♥
η (f, s, χ) is defined by (3.7) with the

integrand Ψ(s1, σ0,η(f)E(·, φ, λ))Ψ(s2, E(·, φ, λ)) understood as its meromorphic continuation,
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and

Gη(f, s, χ) :=
1

4π

∑
φ∈BK[∗]

σ0,η

Res
λ=s1−1/2

Ψ(s1, σ0,η(f)E(·, φ, λ), χ)Ψ(s2, E(·, φ, λ), χ),

G̃η(f, s, χ) :=
1

4π

∑
φ∈BK[∗]

σ0,η

Res
λ=1/2−s2

Ψ(s1, σ0,η(f)E(·, φ, λ), χ)Ψ(s2, E(·, φ, λ), χ).

When Re(s1 + s2)> 1, by [Yan23, Theorem 8.1] the function Gη(f, s, χ) is represented by the
convergent integral

− 1

4π

∫
A×

F

∫
A×

F

∫
AF

∫
AF

f

((
1
c 1

)(
y b
1

))
ψ(bx) db dc|x|s1+s2 d×xχ(y)|y|s2 d×y,

and the function G̃η(f, s, χ) is expressed by the convergent integral

1

4π

∫
A×

F

∫
A×

F

∫
AF

∫
AF

f

((
1 b
1

)(
y
cy 1

))
ψ(bx) db dc|x|s1+s2

AF
d×xχ(y)|y|s2AF

d×y.

Utilizing the integral representations discussed above, we proceed to demonstrate that
Gη(f, s, χ)≡ G̃η(f, s, χ)≡ 0 for the test function f constructed in § 2.2.

Let v= v0 be the fixed unramified prime defined as in § 2.1.4. Consider the local integral

αv(xv, yv) :=

∫
Fv

∫
Fv

fv

((
1
cv 1

)(
yv bv

1

))
ψv(bvxv) dbv dcv,

which is the inner integral of the local integral of Gη(f, s, χ).
Recall the construction of fv in § 2.2.3:

fv(g) :=

∫
F×

v

(h̃v ∗ h̃∗v)(gz)ωv(z) d
×z, g ∈G(Fv). (2.14)

By the definition of h̃v in (2.13), we have h̃v ∗ h̃∗v = f̃
(1,1)
v + f̃

(1,2)
v + f̃

(2,1)
v + f̃

(2,2)
v , where

f̃ (1,1)v :=
∑

β∈O×
v /(1+pv)

ψv(β

−1
v )

∑
β′∈O×

v /(1+pv)

ψv(β
′
−1

v )1uβKvu−β′ ,

f̃ (1,2)v :=
∑

β∈O×
v /(1+pv)

ψv(β

−1
v )1uβKvd−1 ,

f̃ (2,1)v :=
∑

β′∈O×
v /(1+pv)

ψv(β
′
−1

v )1dKvu−β′ , f̃ (2,2)v := 1dKvd−1 .

Let β ∈ F×
v and g ∈G(Fv). From the identity(

1 β
−1
v

1

)
=

(
1

β−1
v 1

)(

−1

v


v

)(

v β

−β−1

)
,

it follows that

f̃ (1,i)v (g) =
∑

β∈O×
v /(1+pv)

ψv(β

−1
v )f̃ (2,i)v

((
1

−β−1
v 1

)
g

)
, i∈ {1, 2}. (3.9)

Substituting g=
(
1
cv 1

)(
yv bv

1

)
into (3.9), and applying the change of variable cv �→ cv +

β−1
−1
v , the integral ∫

Fv

∫
Fv

f̃ (1,i)v

((
1
cv 1

)(
yv bv

1

))
ψv(bvxv) dbv dcv
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reduces to ∑
β

ψv(β

−1
v )

∫
Fv

∫
Fv

f̃ (2,i)v

((
1
cv 1

)(
yv bv

1

))
ψv(bvxv) dbv dcv, (3.10)

where β ∈O×
v /(1 + pv). Since ∑

β∈O×
v /(1+pv)

ψv(β

−1
v ) =−1,

it follows from (3.10) that∫
Fv

∫
Fv

2∑
j=1

f̃ (j,i)v

((
1
cv 1

)(
yv bv

1

))
ψv(bvxv) dbv dcv ≡ 0, i∈ {1, 2}.

Together with (2.14), we deduce that αv(xv, yv)≡ 0, which implies Gη(f, s, χ)≡ 0 in the
region Re(s1)≫ 1 and Re(s2)≫ 1. By meromorphic continuation, it follows that Gη(f, s, χ)≡ 0.
Similarly, we obtain G̃η(f, s, χ)≡ 0.

In conjunction with (3.8), we deduce the meromorphic continuation JReg,♥
Eis (f, s, χ), as defined

in (3.5), of the function JReg
Eis (f, s, χ) in the region −1/4<Re(s1),Re(s2)< 1/4. Moreover,

by [Yan23, Lemma 6.7], the integral JReg,♥
Eis (f, s, χ) converges absolutely and thus defines a

holomorphic function in this region.
Therefore, Proposition 3.1 follows.

3.5 The spectral side
Let fv and f †v be defined as in §§ 2.2.1–2.2.6. Let

f †(g) :=
⊗
v

f †v ,

where for v � n, f †v is defined by (2.9), (2.11), (2.15), (2.16), and (2.18); and for v | n, f †v is defined
by

f †v (g) :=
∫
F×

v

1Kv
(zg)ωv(z) d

×z, g ∈G(Fv).

For an automorphic representation σ ∈A([G], ω) and ϕ∈ σ, we define ϕ‡(x) by∫
G(A)

f †(g)
∏
v|Q

[
1

τ(χv)

∑
α∈O×

v /(1+	nv
v O×

v )

χv(α)σv

((
1 α
−nv

v

1

))]
σ(g)ϕ(x) dg.

To simplify the notation, we shall still write Ψ(s, φ‡, χ) and Ψ(s, E(·, φ, λ)‡, χ) for their
meromorphic continuations, respectively.

Lemma 3.2. Let s= (s1, s2) with −1/4<Re(s1), Re(s2)< 1/4. Then

JReg,♥
Spec (f, s, χ) = JReg,♥

0 (f, s, χ) + JReg,♥
Eis (f, s, χ), (3.11)

where

JReg,♥
0 (f, s, χ) :=

∑
σ∈A0([G],ω)

∑
φ∈BK[∗]

σ

λσ(n)Ψ(s1, φ
‡, χ)Ψ(s2, φ‡, χ),
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and JReg,♥
Eis (f, s, χ) is defined by

1

4π

∑
η∈ ̂

F×\A(1)
F

∫
iR

∑
φ∈BK[∗]

σ0,η

λσλ,η
(n)Ψ(s1, E(·, φ, λ)‡, χ)Ψ(s2, E(·, φ, λ)‡, χ) dλ.

In particular, we have

JReg,♥
Spec (f, 0, χ) = JReg,♥

0 (f, 0, χ) + JReg,♥
Eis (f, 0, χ),

where 0= (0, 0), and

JReg,♥
0 (f, 0, χ) :=

∑
σ∈A0([G],ω)

λσ(n)
∑

φ∈BK[∗]
σ

|Ψ(0, φ‡, χ)|2,

JReg,♥
Eis (f, 0, χ) :=

1

4π

∑
η∈ ̂

F×\A(1)
F

∫
iR
λσλ,η

(n)
∑

φ∈BK[∗]
σ0,η

|Ψ(0, E(·, φ, λ)‡, χ)|2 dλ.

Proof. From the construction of f and the definition of f †, we have the following.

– Suppose that σ ∈A0([G], ω). Then∑
φ∈BK[∗]

σ

Ψ(s1, σ(f)φ)Ψ(s2, φ, χ) =
∑

φ∈BK[∗]
σ

λσ(n)Ψ(s1, φ
‡, χ)Ψ(s2, φ‡, χ). (3.12)

– Suppose that λ∈ iR. Then∑
φ∈BK[∗]

σ0,η

Ψ(s1, σ0,η(f)E(·, φ, λ), χ)Ψ(s2, E(·, φ, λ), χ)

=
∑

φ∈BK[∗]
σ0,η

λσλ,η
(n)Ψ(s1, E(·, φ, λ)‡, χ)Ψ(s2, E(·, φ, λ)‡, χ). (3.13)

Therefore, (3.11) follows from (3.6), (3.12), and (3.13).

3.6 Lower bounds of period integrals
Recall that π is defined in § 2.1. In this section, we establish a lower bound for the period integral
Ψ(0, ϕ‡, χ), where

ϕ=

⎧⎨⎩φ∈B
K[∗]
π if π is cuspidal,

E(·, φ, λ) if π= σλ,η, λ∈ iR, η ∈ ̂
F×\A(1)

F , and φ∈B
K[∗]
σ0,η .

Let Wϕ(g) =
∏

v Wϕ,v(gv) be the decomposition of the Whittaker function of ϕ defined
by (3.2).

By definition (3.3), we have

Ψ(0, ϕ‡, χ) =L(1/2, π× χ)
∏
v|∞

Ψv(0, ϕ
‡, χ)

∏
v<∞

Ψv(0, ϕ
‡, χ)

Lv(1/2, π× χ)
, (3.14)

where Lv(1/2, π× χ) denotes the local L-factor, and Ψv(0, ϕ
‡, χ) is the local period integral

defined by (3.4).
Since Ψv(0, ϕ

‡, χ)/Lv(1/2, π× χ)≡Wφ,v(I2) for all but finitely many places, the product over
v <∞ in (3.14) reduces to a finite product. Moreover, by the bounds towards the Ramanujan
conjecture in [KS03], the local integral Ψv(0, ϕ

‡, χ) converges absolutely for all places v ∈ΣF .
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Proposition 3.3. Let π and χ be defined as in § 2.1. Let Tv be defined in § 2.1.2.

– Suppose that π is cuspidal. Then∑
φ∈BK[∗]

π

|Ψ(0, φ‡, χ)|2 �F,ε C(π)
−ε|L(1/2, π× χ)|2

∏
v|∞

T
− 1

2
−ε

v . (3.15)

– Suppose that π= σλ,η for some η ∈ ̂
F×\A(1)

F , and λ∈ iR. Then∑
φ∈BK[∗]

σ0,η

|Ψ(0, E(·, φ, λ)‡, χ)|2 �F,ε
C(σλ,η)

−ε|L(1/2, σλ,η × χ)|2
|L(1 + 2λ, η2ω−1)|2

∏
v|∞

T
− 1

2
−ε

v . (3.16)

Proposition 3.3 will be proved in § 3.6.3, by collecting lemmas in §§ 3.6.1 and 3.6.2.

3.6.1 Lower bounds of Ψv(s, φ
‡, χ) at v <∞.

Lemma 3.4. Suppose that π ∈A0([G], ω) and φ∈B
K[∗]
π . Assume that Wφ,v is a local newform

at all finite places v <∞. Then, for v ∈ΣF,fin − {v0}, we have

Ψv(s, φ
‡, χ) =Wφ,v(I2)Lv(s+ 1/2, πv × χv), Re(s)� 0. (3.17)

Proof. When v �Q, χv is unramified. By the explicit formula for the local new Kirillov vector
(see, e.g., [Sch02, § 2.4]), we have (3.17).

We now suppose that v |Q, i.e., nv � 1. Then

Ψv(s, φ
‡, χ)

=
1

τ(χv)

∑
α∈O×

v /(1+	nv
v O×

v )

χv(α)

∫
F×

v

Wφ,v

((
xv

1

)(
1 α
−nv

v

1

))
χv(xv)|xv|sv d×xv. (3.18)

Note that

Wφ,v

((
xv

1

)(
1 α
−nv

v

1

))
=ψv(αxv


−nv
v )Wφ,v

((
xv

1

))
. (3.19)

Substituting (3.19) into (3.18) we then derive that

Ψv(s, φ
‡, χ) =

1

τ(χv)

∑
α∈O×

v /(1+	nv
v O×

v )

∫
F×

v

Wφ,v

((
xv

1

))
χv(αxv)ψv(αxv


−nv
v )|xv|sv d×xv.

Note that Wφ,v

((
xv

1

))
= 0 unless ev(xv)� 0. Moreover,∑

α∈O×
v /(1+	nv

v O×
v )

χv(αxv)ψv(αxv

−nv
v ) =

{
τ(χv) if ev(xv) = 0,

0 if ev(xv)� 1.

Therefore, we have Ψv(s, φ
‡, χ) =Wφ,v(I2)Lv(s+ 1/2, πv × χv).

Lemma 3.5. Let λ∈ iR and η ∈ ̂
F×\A(1)

F . Let φ∈B
K[∗]
σ0,η . Assume that Wφ,v is a local newform

at all v <∞. Then, for v ∈ΣF,fin − {v0} and Re(s)� 0, we have

Ψv(s, E(·, φ, λ)‡, χ) =Wφ,v(I2)Lv(s+ 1/2 + λ, ηvχv)Lv(s+ 1/2− λ, η−1
v χvωv).

Proof. The proof is similar to that of Lemma 3.4, so we omit it.

We now examine the local integral at v= v0, where v0 is the fixed auxiliary unramified place
defined in § 2.1.4. Recall that the test function at v0 is chosen to eliminate contributions from
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the residues on the spectral side when shifting the contour from Re(s)> 1 to Re(s)� 0. Our goal
is to establish that the local integral at v= v0 is nonvanishing.

Lemma 3.6. Suppose that π ∈A0([G], ω) and φ∈B
K[∗]
π . Assume that Wφ,v is a local newform

at all finite places v <∞. Then, for v= v0, we have

|Ψv(0, φ
‡, χ)|� 10−1|Wφ,v(I2)L(1/2, πv × χv)|. (3.20)

Proof. Let Re(s)� 0. By the definition of f †v in (2.13) and (2.15), we obtain

Ψv(s, φ
‡, χ) =Ψv,1 +Ψv,2, (3.21)

where Ψv,1 is given by∑
β∈O×

v /(1+pv)

ψv(β

−1
v )

∫
F×

v

∫
Kv

Wφ,v

((
xv xvβ


−1
v

1

)
kv

)
dkvχv(xv)|xv|sv d×xv,

and Ψv,2 is given by∫
F×

v

∫
Kv

Wφ,v

((
xv

1

)(

−1

v


v

)
kv

)
dkvχv(xv)|xv|sv d×xv.

By the definition of K[∗] in (3.1) and the assumption that mv = 0 at v= v0, Wφ,v is spherical.
Therefore, we obtain

Ψv,1 =
∑

β∈O×
v /(1+pv)

ψv(β

−1
v )
∑
r∈Z

∫
O×

v

Wφ,v

((
α
r

v αβ
r−1
v

1

))
χv(
v)

r

qrsv
d×α,

Ψv,2 =

∫
F×

v

Wφ,v

((
xv


−1
v


v

))
χv(xv)|xv|sv d×xv.

After the change of variable xv �→
2
vxv, we obtain

Ψv,2 = ωv(
v)χv(
v)
2q−2s

v Wφ,v(I2)L(s+ 1/2, πv × χv). (3.22)

Moreover, decomposing the sum according to r� 1 and r� 0, we get

Ψv,1 =
∑

β∈O×
v /(1+pv)

ψv(β

−1
v )
∑
r�0

∫
O×

v

Wφ,v

((
α
r

v αβ
r−1
v

1

))
χv(
v)

r

qrsv
d×α

+
∑

β∈O×
v /(1+pv)

ψv(β

−1
v )
∑
r�1

∫
O×

v

Wφ,v

((
α
r

v αβ
r−1
v

1

))
χv(
v)

r

qrsv
d×α.

Since Wφ,v(diag(α

r
v), 1)≡ 0 for r�−1, we obtain

Ψv,1 =Wφ,v(I2)

∫
O×

v

Gβ,1+α d
×α+Gβ,1

∑
r�1

Wφ,v

((

r

v

1

))
χv(
v)

rq−rs
v ,

where

Gβ,γ :=
∑

β∈O×
v /(1+pv)

ψv(βγ

−1
v ).

By a straightforward calculation, we deduce that

Ψv,1 =
Wφ,v(I2)

qv − 1
+Wφ,v(I2)(1−L(s+ 1/2, σv × χv)). (3.23)

2613

https://doi.org/10.1017/S0010437X26103327 Published online by Cambridge University Press

https://doi.org/10.1017/S0010437X26103327


L. Yang

Combining (3.22) with (3.23), and applying the triangle inequality, we derive

|Ψv(0, φ
‡, χ)|

|Wφ,v(I2)| � |L(1/2, πv × χv)| − 1

qv − 1
− |1−L(1/2, πv × χv)|. (3.24)

By the bound towards the Ramanujan conjecture (see [KS03]), we obtain

|1−L(1/2, πv × χv)|� 20q−7/64
v . (3.25)

Therefore, (3.20) follows from (3.24) and (3.25).

Lemma 3.7. Let λ∈ iR and η ∈ ̂
F×\A(1)

F . Let φ∈B
K[∗]
σ0,η . Assume that Wφ,v is a local newform

at all v <∞. Then, for v= v0, we have

|Ψv(0, E(·, φ, λ)‡, χ)|� 10−1|Wφ,v(I2)Lv(1/2 + λ, ηvχv)Lv(1/2− λ, η−1
v χvωv)|.

Proof. The proof is similar to that of Lemma 3.6, so we omit it.

3.6.2 Lower bounds of Ψv(s, φ
‡, χ) at v | ∞.

Proposition 3.8. Let ε > 0 be a small constant, and let Tv be defined as in § 2.1.2. There exists
a unit vector W ∗

v in the Kirillov model of πv, such that∣∣∣∣ ∫
F×

v

πv(f
†
v )(W

∗
v ⊗ χv)

((
xv

1

))
d×xv

∣∣∣∣� T
− 1

4
−ε

v . (3.26)

Proof. We consider the following scenarios according to the types of πv ⊗ χv.

– Suppose that πv ⊗ χv is of type I. By the Kirillov theorem (see, e.g., [Nel21, Lemma 11.1
(vi)]), there exists a unit vector Wv in the Whittaker model of πv, such that∣∣∣∣ ∫

F×
v

πv(f
†
v )(Wv ⊗ χv)

((
xv

1

))
d×xv

∣∣∣∣�Cv(π⊗ χ)−
1

8
−ε � T

− 1

4
−ε

v . (3.27)

– Suppose that πv ⊗ χv is of type II. Define the vector Wv in the Kirillov model of πv by

Wv

((
xv

1

))
= h1,v(xv)χ

−1
v (xv), xv ∈ F×

v . (3.28)

Since ε0 > 0 is sufficiently small and h1,v(xv) = 0 unless |xv − 1|v � ε0, it follows that Wv is
a smooth function on F×

v with compact support, satisfying the bound

〈Wv ⊗ χv, Wv ⊗ χv〉=
∫
F×

v

|h1,v(xv)|2 d×xv � ε−1
0

∫
F×

v

h1,v(xv) d
×xv = ε−1

0 . (3.29)

By the definition (2.10) and (2.11), we obtain∫
F×

v

πv(f
†
v )(Wv ⊗ χv)

((
xv

1

))
d×xv

= T
3

4
v

∫
Fv

∫
Fv

∫
F×

v

∫
F×

v

∫
F×

v

h1,v(z)h1,v(a)h
′
2,v(b)h3,v(T

1+ε
v c)

· (Wv ⊗ χv)

((
xv

1

)(
a b
1

)(
1
c 1

))
d×xv|a|−1

v d×a d×z db dc.

Utilizing the definition of hj,v, 1� j � 3, and the property

(Wv ⊗ χv)

((
xva xvb

1

)(
1
c 1

))
=ψv(xvb)(Wv ⊗ χv)

((
xva

1

)(
1
c 1

))
,
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we derive that∫
F×

v

πv(f
†
v )(Wv ⊗ χv)

((
xv

1

))
d×xv

= T
3

4
v

∫
Fv

∫
F×

v

h1,v(a)h3,v(T
1+ε
v c)

·
∫
F×

v

ĥ′2,v(xv)(Wv ⊗ χv)

((
xva

1

)(
1
c 1

))
d×xv|a|−1

v d×a dc,

where ĥ′2,v(xv) :=
∫
Fv
h′2,v(b)ψv(xvbv) dbv is the Fourier transform. Define

W(xva, c) := (Wv ⊗ χv)

((
xva

1

)(
1
c 1

))
− (Wv ⊗ χv)

((
xva

1

))
.

By the Cauchy–Schwarz inequality, we have∣∣∣∣ ∫
F×

v

ĥ′2,v(xv)W(xva, c) d
×xv

∣∣∣∣� [ ∫
F×

v

|ĥ′2,v(xv)|2 d×xv
] 1

2
[ ∫

F×
v

|W(xva, c)|2 d×xv
] 1

2

.

Note that |ĥ′2,v(xv)|= |2πxvĥ2,v(xv)|. Hence,∫
F×

v

|ĥ′2,v(xv)|2 d×xv �
∫
F×

v

|ĥ2,v(xv)|2|xv|2|xv|−1
v dxv �h2,v

1. (3.30)

Note that the implied constants are absolute since h2,v is fixed.
Recall that Tv = ε−100

0 Cv(π⊗ χ). Also, h3,v(T 1+ε
v c)≡ 0 unless |c|� T−1−ε

v . For |c|�
T−1−ε
v , we have by [MV10, (3.19)] that[ ∫

F×
v

|W(xva, c)|2 d×xv
] 1

2

� ε500 Cv(π⊗ χ)−ε/[Fv:R]SF×
v

2 (h1,v), (3.31)

where

SF×
v

2 (h1,v) :=

∫
F×

v

(|y|+ |y|−1)2
∣∣∣∣∑

i

Dih1,v(y)

∣∣∣∣2 d×y,
with Di ranging over a basis of F×

v -invariant differential operators of degree � 2. By the
construction of h1,v, we have SF×

v

2 (h1,v)� ε−30
0 . Hence, it follows from (3.31) that[ ∫

F×
v

|W(xva, c)|2 d×xv
] 1

2

� ε200 Cv(π⊗ χ)−ε/[Fv:R]. (3.32)

As a consequence of (3.30) and (3.32), along with
∫
Fv
h3,v(c) dc= 1 and the definition (3.28),

we derive ∫
F×

v

πv(f
†
v )(Wv ⊗ χv)

((
xv

1

))
d×xv

= T
− 1

4
−ε

v

∫
F×

v

h1,v(a)

∫
F×

v

ĥ′2,v(xv)h1,v(xva) d
×xv|a|−1

v d×a

+O(ε200 Cv(π⊗ χ)−ε/2T
− 1

4
−ε

v ). (3.33)

By the definition of h1,v, h1,v(a)h1,v(xva)≡ 0 unless |a− 1|v � ε0 and |xva− 1|v � ε0.
Therefore, by the mean value theorem, we have

h1,v(a)h1,v(xva)|ĥ′2,v(xv)− ĥ′2,v(1)| � h1,v(a)h1,v(xva)ε0. (3.34)
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Substituting (3.34) into (3.33) we deduce that∫
F×

v

πv(f
†
v )(Wv ⊗ χv)

((
xv

1

))
d×xv

= T
− 1

4
−ε

v ĥ′2,v(1)
∫
F×

v

h1,v(a)

∫
F×

v

h1,v(xva) d
×xv|a|−1

v d×a

+O(E) +O(ε200 Cv(π⊗ χ)−ε/2T
− 1

4
−ε

v ), (3.35)

where

E := ε0T
− 1

4
−ε

v

∫
F×

v

∫
F×

v

h1,v(a)h1,v(xva) d
×xv|a|−1

v d×a.

By the change of variable xv �→ xva
−1 and the support of h1,v,

E � ε0T
− 1

4
−ε

v

∣∣∣∣ ∫
F×

v

h1,v(a) d
×a
∣∣∣∣2 � T

− 1

4
−ε

v ε0. (3.36)

Combining (3.35) with (3.36), in conjunction with the change of variable xv �→ xva
−1, and∫

F×
v
h1,v(xv) d

×xv = 1, we deduce

∫
F×

v

πv(f
†
v )(Wv ⊗ χv)

((
xv

1

))
d×xv =

ĥ′2,v(1)

T
1

4
+ε

v

∫
F×

v

h1,v(a)

|a|v d×a+O(T
− 1

4
−ε

v ε0).

Since h1,v(a) = 0 unless |a− 1|v � ε0, then∫
F×

v

h1,v(a)|a|−1
v d×a=

∫
F×

v

h1,v(a)(1 +O(ε0)) d
×a= 1+O(ε0).

Therefore, it follows from the above estimates that∫
F×

v

πv(f
†
v )(Wv ⊗ χv)

((
xv

1

))
d×xv = T

− 1

4
−ε

v ĥ′2,v(1) +O(T
− 1

4
−ε

v ε0). (3.37)

By the construction of h2,v, we have |ĥ2,v(1)|= 1. Hence, ĥ′2,v(1)� 1.

Let W ∗ :=Wv/〈Wv, Wv〉, where Wv is given in (3.27) or (3.28), as appropriate. As a
consequence of the above discussion, (3.26) follows from (3.27) and (3.37).

3.6.3 Proof of Proposition 3.3. Suppose that π is cuspidal, or that π= σλ,η for some η ∈
̂

F×\A(1)
F and λ∈ iR. Let W =

⊗
v Wv be the unit Whittaker vector in π=⊗vπv, defined as

follows.

– For v <∞, Wv is a local new vector, normalized so that 〈Wv, Wv〉= 1.
– For v | ∞, Wv =W ∗

v , where W ∗
v is defined in Proposition 3.8.

Let φ be the cusp form corresponding to W . Then, (3.15) and (3.16) follow from Lemmas 3.4,
3.5, 3.6, and 3.7, as well as Proposition 3.8, together with the bound |Wfin(I2)| �C(π)−ε

(see [HL94]).
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4. The geometric side: the orbital integral JReg
Geo,Small(f, s, χ)

Let f =
⊗

v fv be the function constructed in § 2.2.7, and let s= (s, 0). By definition, we have

JReg
Geo,Small(f, s, χ) =

∫
A×

F

∫
A×

F

∫
AF

f

((
y b
1

))
ψ(xb) dbχ(y)|x|1+s d×x d×y,

which converges absolutely for Re(s)> 0. Moreover, JReg
Geo,Small(f, s, χ) is a Tate integral repre-

senting the complete Dedekind zeta function Λ(1 + s), providing a meromorphic continuation of
JReg
Geo,Small(f, s, χ) to all s∈C.

Proposition 4.1. Let ε > 0 be a small constant. Let C := {s∈C : |s|= ε} be the circle of radius
ε. Let s= (s, 0). Then

1

2πi

∫
C

JReg
Geo,Small(f, s, χ)

s
ds�NF (n)

− 1

2
+ε[M,M ′Q]1+ε

∏
v|∞

T
1

2
+ε

v , (4.1)

where Tv is defined by (2.1), and the implied constant depends on F and ε.

Remark 4.2. The implied constant in (4.1) also depends on the auxiliary places v0 and v1, as
defined in § 2.1.4, on the support of f̃v, as given in (2.6), and on the function hε0v for v | ∞, as
defined in § 2.2.1. Since these parameters are fixed, we will not explicitly mention this dependence
henceforth.

By definition, we have

JReg
Geo,Small(f, s, χ) = ζF (1 + s)

∏
v|∞

JSmall,v(f, s, χ) ·
∏
v<∞

JSmall,v(f, s, χ)
ζv(1 + s)

, (4.2)

where the local factor JSmall,v(f, s, χ) is defined by∫
F×

v

∫
F×

v

∫
Fv

fv

((
yv bv

1

))
ψv(xvbv)χv(yv) dbv d

×yv|xv|1+s
v d×xv. (4.3)

4.1 Local calculation at v ∈ΣF,fin − {v0, v1} and v � n

Recall that mv =max{rπv
, nv + rωv

}, where the parameters are defined in § 2.1.3.

Lemma 4.3. Let v ∈ΣF,fin − {v0, v1} and v � n. Then

Vol(K0,v[mv])JSmall,v(f, s, χ)
NFv

(DFv
)−1/2+sζv(1 + s)

=

{
qmvs
v (1− q−1−s

v ) if nv � 1,

qmvs
v if nv = 0.

(4.4)

In particular, JSmall,v(f, s, χ)ζv(1 + s)−1 ≡ 1 for all but finitely many v ∈ΣF .

Proof. For simplicity, we define

Iv(xv) :=
∫
F×

v

∫
Fv

fv

((
yv bv

1

))
ψv(xvbv)χv(yv) dbv d

×yv. (4.5)

By definition, we have fv
((

yv bv
1

)) �= 0 if and only if there exists z ∈ F×
v such that

z

(
1 α
−nv

v

1

)(
yv bv

1

)(
1 β
−nv

v

1

)
∈K0,v[mv],
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which implies that z, yv ∈O×
v . Making the change of variable β �→ y−1

v β,

Iv(xv) = Vol(O×
v ) · |τ(χv)|−2

Vol(K0,v[mv])

·
∑

α,β∈O×
v /(1+	nv

v O×
v )

∫
Fv

1K0,v[mv]

((
1 bv + (α+ β)
−nv

v

1

))
ψv(xvbv)χv(α)χv(β) dbv.

(4.6)

After the further change of variables bv �→ bv − (α+ β)
−nv
v , (4.6) reduces to

Iv(xv) = Vol(O×
v )|τ(χv)|−2

Vol(K0,v[mv])

∫
Ov

ψv(xvbv) dbv

·
∑

α,β∈O×
v /(1+	nv

v O×
v )

ψv(−xv(α
−nv
v + β
−nv

v ))χv(α)χv(β). (4.7)

Substituting the formula∫
Ov

ψv(xvbv) dbv =NFv
(DFv

)−
1

21D−1
Fv
(xv)

into (4.7), we then obtain that

Iv(xv) = Vol(K0,v[mv])
−1

|τ(χv)|2NFv
(DFv

)
1D−1

Fv
(xv)

∣∣∣∣ ∑
α∈O×

v /(1+	nv
v O×

v )

ψv(xvα

−nv
v )χv(α)

∣∣∣∣2.
As a consequence, we derive

Iv(xv) =
{
NFv

(DFv
)−1 Vol(K0,v[mv])

−11D−1
Fv

−	vD
−1
Fv
(xv) if v |Q, i.e., nv � 1,

NFv
(DFv

)−1 Vol(K0,v[mv])
−11D−1

Fv
(xv) if v �Q, i.e., nv = 0.

Substituting this expression for Iv(xv) into the definition

JSmall,v(f, s, χ) =

∫
F×

v

Iv(xv)|xv|1+s
v d×xv,

we obtain the formula (4.4).

4.2 Local calculation at v | n or v ∈ {v0, v1}
Let Iv(xv) be defined as in (4.5). By definition, we have

JSmall,v(f, s, χ) =

∫
F×

v

Iv(xv)|xv|1+s
v d×xv. (4.8)

Lemma 4.4. Let v | n. Then

JSmall,v(f, s, χ)

ζv(1 + s)
= q−(ev(n))/2

v χv(
v)
ev(n)

∑
0�r3�ev(n)

χ2
v(


r3
v )ωv(


r3
v )q−r3s

v . (4.9)

Proof. Denote ev(y) = r2. Since fv is bi-Kv-invariant, we have

Iv(xv) =
∑
r2∈Z

χv(

r2
v )

∫
Fv

fv

((

r2

v bv
1

))
ψv(xvbv) dbv. (4.10)
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By the definition of fv in (2.17), we have

fv

((

r2

v bv
1

))
= q−(ev(n))/2

v

∫
F×

v

ωv(z)
∑

i+j=ev(n)
i�j�0

1Kv diag(	i
v,	

j
v)Kv

(
z

(

r2

v bv
1

))
d×z. (4.11)

Write ev(z) = r3. By the Cartan decomposition, the sum∑
i+j=ev(n)
i�j�0

1Kv diag(	i
v,	

j
v)Kv

(
z

(

r2

v bv
1

))

boils down to the indicator function of the constraints{
2r3 + r2 = ev(n),

r3 � 0, r3 + r2 � 0, r3 + ev(bv)� 0.

As a consequence, we obtain from (4.11) that

fv

((

r2

v bv
1

))
= q−(ev(n))/2

v

∑
0�r3�ev(n)

ωv(
v)
r31r2=ev(n)−2r3

ev(bv)�−r3

. (4.12)

Substituting (4.12) into (4.10) gives

Iv(xv) = q−(ev(n))/2
v χv(
v)

ev(n)
∑

0�r3�ev(n)

χ2
v(


r3
v )ωv(


r3
v )

∫
p
−r3
v

ψv(xvbv) dbv,

which simplifies to

Iv(xv) = q−(ev(n))/2
v χv(
v)

ev(n)
∑

0�r3�ev(n)

χ2
v(


r3
v )ωv(


r3
v )qr3v · 1ev(xv)�r3 . (4.13)

Therefore, (4.9) follows from substituting (4.13) into the definition (4.8).

Lemma 4.5. Let v0, v1 be the fixed places constructed in § 2.1.4, and let v ∈ {v0, v1}. Suppose
that 0< ε< 10−1 and |s|= ε. Then, ∣∣∣∣JSmall,v(f, s, χ)

ζv(1 + s)

∣∣∣∣� 1. (4.14)

Proof. By the constructions in §§ 2.2.3 and 2.2.4, the local test function fv has compact support
modulo the center. Hence, the function

xv �→ Iv(xv) =
∫
F×

v

∫
Fv

fv

((
yv bv

1

))
ψv(xvbv)χv(yv) dbv d

×yv,

as the Fourier transform of a Bruhat function, has compact support. Consequently,
JSmall,v(f, s, χ) converges absolutely, implying (4.14).

4.3 Local estimates at Archimedean places
Let v | ∞. Recall that

Iv(xv) =
∫
F×

v

∫
Fv

fv

((
yv bv

1

))
ψv(xvbv)χv(yv) dbv d

×yv,

and JSmall,v(f, s, χ) is defined by (4.8).

Lemma 4.6. Let v | ∞. Suppose that 0< ε< 10−1 and |s|= ε. Then

JSmall,v(f, s, χ)� T
1

2
+ε

v . (4.15)
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Proof. According to the types of πv ⊗ χv, we have the following scenarios.

– Suppose that πv ⊗ χv is of type I. Then fv is constructed in § 2.2.1. Note that the function

xv �→
∫
Fv

fv

((
yv bv

1

))
ψv(xvbv) dbv (4.16)

is the Fourier transform. By the construction of fv (see [Nel23, § 14] or [NV21, § 2.5]), it
follows that

fv

((
yv bv

1

))
� T−∞

v if |bv|v � T
− 1

2
+ε

v . (4.17)

Moreover, the function in (4.16) vanishes uniformly for xv and yv unless xvT−1
v − γv � T

− 1

2
+ε

v

for some γv, which is determined by the chosen element τv in the coadjoint orbit of πv ⊗ χv

(see § 2.2.1). Consequently,

Iv(xv)≡ 0 unless xvT−1
v − γv � T

− 1

2
+ε

v . (4.18)

Therefore, it follows from (4.17) and (4.18) that

Iv(xv)� 1
xvT

−1
v −γv�T

− 1
2
+ε

v

· T 1+ε
v · T− 1

2
+ε

v · T− 1

2
+ε

v +O(T−∞
v ), (4.19)

where the factor T 1+ε
v comes from the sup-norm estimate of fv (see [Nel21, (14.13)]), the

first factor T
− 1

2
+ε

v comes from the range of yv according to the support of fv (see (2.6)), and
the second T

− 1

2
+ε

v comes from the essential range of bv, i.e., |bv|v � T
− 1

2
+ε

v .
As a consequence of (4.19), we obtain

JSmall,v(f, s, χ) =

∫
F×

v

Iv(xv)|xv|1+s
v d×xv � T 3ε

v

∫
xvT

−1
v −γv�T

−1/2+ε
v

|xv|Re(s)
v dxv,

which leads to (4.15) after a slight adjustment of ε.
– Suppose that πv ⊗ χv is of type II. Then, fv is constructed in § 2.2.2. In this case, (4.15)

follows from a straightforward calculation using the constructions in (2.10)–(2.12).

Therefore, the estimate (4.15) follows from the above discussions.

4.4 Proof of Proposition 4.1
Let V :=

∏
v<∞ Vol(K0,v[mv]). Suppose that 0< ε< 10−1 and |s|= ε.

By combining Lemmas 4.3, 4.4, 4.5, and 4.6 with the expression (4.2), we obtain

|JReg
Geo,Small(f, s, χ)| � |ζF (1 + s)|V −1NF (n)

− 1

2
+ε
∏
v|∞

T
1

2
+ε

v .

Therefore, Proposition 4.1 follows from the bound |ζF (1 + s)| � ε−1 and the following volume
calculation:

V −1 = [M,M ′Q]
∏

v|[M,M ′Q]

(1 + q−1
v )� [M,M ′Q]1+ε. (4.20)
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5. The geometric side: the orbital integral JBig
Geo,Dual(f, s, χ)

Let f =
⊗

v fv be the function constructed in § 2.2.7, and let s= (s, 0). By definition, we have

JBig
Geo,Dual(f, s, χ) :=

∫
A×

F

∫
A×

F

f

((
1
x 1

)(
y

1

))
|x|sχ(y) d×y d×x,

which converges absolutely for Re(s)> 1. Moreover, JReg
Geo,Dual(f, s, χ) is a Tate integral repre-

senting Λ(s), providing a meromorphic continuation to all s∈C.
In particular, for Re(s)< 0, utilizing the functional equation, we may express the meromorphic

function JReg
Geo,Dual(f, s, χ) as the integral∫

A×
F

∫
A×

F

∫
AF

f

((
1
b 1

)(
y

1

))
ψ(bx)|x|1−sχ(y) db d×y d×x. (5.1)

Proposition 5.1. Let ε > 0 be a small constant. Let C := {s∈C : |s|= ε} be the circle of radius
ε. Let s= (s, 0). Then

1

2πi

∫
C

JBig
Geo,Dual(f, s, χ)

s
ds�NF (n)

− 1

2
+ε[M,M ′Q]1+ε

∏
v|∞

T
1

2
+ε

v , (5.2)

where Tv is defined by (2.1), and the implied constant depends on F and ε.

Proof. By definition, for Re(s)< 0, we have by (5.1) that

JReg
Geo,Dual(f, s, χ) = ζF (1− s)

∏
v|∞

JDual,v(f, s, χ) ·
∏
v<∞

JDual,v(f, s, χ)

ζv(1− s)
, (5.3)

where the local factor JDual,v(f, s, χ) is given by∫
F×

v

∫
F×

v

∫
Fv

fv

((
yv
yvbv 1

))
ψv(xvbv)χv(yv) dbv d

×yv|xv|1−s
v d×xv.

Define the auxiliary function

I ′
v(xv) :=

∫
F×

v

∫
Fv

fv

((
yv
yvbv 1

))
ψv(xvbv)χv(yv) dbv d

×yv.

Let |s|= ε. We will compute or estimate each JDual,v(f, s, χ) as follows.

– Suppose that v <∞, v �Qn, and v �∈ {v0, v1}. Then nv = 0 and fv = f †v is defined by (2.18).
Since

(yv

bv 1

)∈Z(Fv)K0,v[mv] implies
(yv

bv 1

)∈K0,v[mv], then

fv

((
yv
yvbv 1

))
=Vol(K0,v[mv])

−11O×
v
(yv)1pmv

v
(bv).

Therefore, similar to Lemma 4.3, we deduce that

JDual,v(f, s, χ)

ζv(1− s)
=NFv

(DFv
)−

1

2
+s Vol(K0,v[mv])

−1q−mvs
v . (5.4)

– At v |Q, by definition fv
((

1
bv 1

)(yv

1

))
= 0 unless

zv

(
1 α
−nv

v

1

)(
1
bv 1

)(
yv

1

)(
1 β
−nv

v

1

)
∈K0,v[mv]
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for some α, β ∈O×
v /(1 +
nv

v O×
v ), and zv ∈ F×

v , i.e.,

zv

(
yv + αbvyv


−nv
v (yv + αbvyv


−nv
v )β
−nv

v + α
−nv
v

bvyv 1 + βbvyv

−nv
v

)
∈K0,v[mv]. (5.5)

Analyzing the (2, 1)th entry of the matrix on the left-hand side of (5.5) yields that ev(zv) +
ev(bv) + ev(yv)�mv � nv. Hence an investigation of the (1, 1)th and (2, 2)th entry leads to{

ev(yv) + 2ev(zv) = 0,

ev(zv) + ev(yv)� 0, ev(zv)� 0.

As a result, (5.5) implies that ev(zv) = 0, ev(yv) = 0, and ev(bv)�mv.
After the change of variable β �→ y−1

v β, we obtain

I ′
v(xv) =

|τ(χv)|−2

Vol(K0,v[mv])

∑
α,β∈O×

v /(1+	nv
v O×

v )

∫
pmv
v

1K0,v[mv](Xv)

×ψv(bvxv)χv(α)χv(β)ωv(1 + βbv

−nv
v ) dbv,

where Xv denotes the matrix(
1 + αbv


−nv
v (1 + αbv


−nv
v )β
−nv

v + α
−nv
v

bv 1 + βbv

−nv
v

)
.

Note that ωv(1 + βbv

−nv
v )≡ 1 for bv ∈ pmv

v since mv − nv � rωv
, and that 1K0,v[mv](Xv)≡ 0

unless

(1 + αbv

−nv
v )β + α∈
nv

v Ov and 1 + αbv

−nv
v ∈O×

v .

Therefore,

I ′
v(xv) =

|τ(χv)|−2χv(−1)

Vol(K0,v[mv])

∫
pmv
v

∑
α∈O×

v /(1+	nv
v O×

v )
1+αbv	−nv

v ∈O×
v

ψv(bvxv)χv(1 + αbv

−nv
v ) dbv.

Writing bv =
m
v γv with γv ∈O×

v and making the change of variable α �→ γ−1
v α, we obtain

I ′
v(xv) =

χv(−1)

|τ(χv)|2 Vol(K0,v[mv])ζv(1)

∑
m�mv

q−m
v G(m)R(m, xv), (5.6)

where G(m) is the character sum

G(m) :=
∑

α∈O×
v /(1+	nv

v O×
v )

1+α	m−nv
v ∈O×

v

χv(1 + α
m−nv
v ),

and R(m, xv) is the Ramanujan sum

R(m, xv) :=

∫
O×

v

ψv(γv

m
v xv) d

×γv.

Note that R(m, xv) = 0 if m<−ev(xv)− 1− dv, that R(m, xv)� q−1
v if m=−ev(xv)− 1−

dv, and that R(m, xv) =NFv
(DFv

)−
1

2 ifm�−ev(xv)− dv, where dv = ev(DF ). Together with
|τ(χv)|2 = qnv

v and the trivial bound G(m)� qnv
v , we deduce from (5.6) that

JDual,v(f, s, χ) =

∫
F×

v

I ′
v(xv)|xv|1−s

v d×xv �F,εmvq
mvε
v Vol(K0,v[mv])

−1.
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– Suppose that v | n. By the definition in § 2.2.5, the function fv is invariant under transpose.
Hence, the arguments in the proof of Lemma 4.4 remain valid here, yielding

JDual,v(f, s, χ)� q−(ev(n))/2+ε
v .

– Suppose that v ∈ {v0, v1}. According to the definition of fv in § 2.2.3 or § 2.2.4, the function
I ′
v(xv) has compact support. Hence, JDual,v(f, s, χ)� 1.

– At v | ∞, we have the following scenarios.
∗ Suppose that πv ⊗ χv is of type I. Similar to (4.19), we obtain

JDual,v(f, s, χ)� T
1

2
+ε

v .

∗ Suppose that πv ⊗ χv is of type II. Then, fv is constructed in § 2.2.2. In this case, it follows
from a straightforward calculation that

JDual,v(f, s, χ)� T
1

2
+ε

v .

By gathering the above estimates into (5.3), we obtain

|JReg
Geo,Dual(f, s, χ)| �F,ε |ζF (1− s)|[M,M ′Q]1+εNF (n)

− 1

2
+ε
∏
v|∞

T
1

2
+ε

v .

Hence, (5.2) follows.

6. The geometric side: regular orbital integrals

Recall the definition (2.32):

JReg,II
Geo,Big(f, 0, χ) :=

∑
t∈F−{0,1}

∏
v∈ΣF

Ev(t), (6.1)

where for v ∈ΣF ,

Ev(t) :=
∫
F×

v

∫
F×

v

fv

((
yv x−1

v t
xvyv 1

))
χv(yv) d

×yv d×xv. (6.2)

Since f has compact support modulo the center, it follows from [Yan23, Theorem 5.6] (or
[RR05]) that the orbital integral JReg,II

Geo,Big(f, 0, χ) converges absolutely. We now establish an
upper bound for it as follows.

Theorem 6.1. We have

JReg,II
Geo,Big(f, 0, χ)�F,ε (MQNF (n))

ε
∏
v|Q

qnv/2
v

∏
v|∞

T ε
v

[
NF (n)

1

2 +NF (n)
1

4

∏
v�Q

qmv/2
v

∏
v|Q

q(mv−nv)/2
v

]
.

Here, Tv is defined by (2.1), M,Q, Q, mv and nv are defined in § 2.1.3.

6.1 Local estimates of Ev(t) at v ∈ΣF,fin: v �Qn

Recall that v0 and v1 are the fixed auxiliary finite places defined in § 2.1.4. Let n be the integral
ideal defined in § 2.2.5, and let Q be the conductor of χ, as defined in § 2.1.3.

Lemma 6.2. Let v ∈ΣF,fin be such that v �Qn.

– Suppose that v �∈ {v0, v1}. Then

Ev(t)�Fv

(1− ev(1− t))(1 + ev(t)− 2ev(1− t))

Vol(K0,v[mv])
1 ev(t−1)�0
ev(t)−ev(1−t)�mv

. (6.3)
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Moreover, Ev(t) = 1 if ev(t) = ev(1− t) = 0, and v �DF . In particular, Ev(t) = 1 for all but
finitely many v ∈ΣF,fin.

– Suppose that v= v0. Then

Ev(t)� (1− ev(1− t))(1 + ev(t)− 2ev(1− t))1 ev(t−1)�4
ev(t)−ev(1−t)�−4

, (6.4)

where implied constant depends only on v0 and is therefore absolute.
– Suppose that v= v1. Then

Ev(t)� (1 + ev(t))1ev(t)�1, (6.5)

where the implied constant depends only on v1 and is therefore absolute.

Proof. Consider the following scenarios based on whether v ∈ {v0, v1} or not.

– Suppose that v �∈ {v0, v1}. By the construction of fv, fv
((

yv x−1
v t

xvyv 1

))≡ 0 unless there exists
some zv ∈ F×

v such that

zv

(
yv x−1

v t
xvyv 1

)
∈K0,v[mv],

which implies that ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

2ev(zv) + ev(yv) + ev(1− t) = 0,

ev(zv) + ev(yv)� 0,

ev(zv) + ev(xv) + ev(yv)�mv,

ev(zv)� 0,

ev(zv)− ev(xv) + ev(t)� 0.

It follows from the above constraints that⎧⎪⎨⎪⎩
ev(1− t)� ev(yv)�−ev(1− t),

ev(1− t) +mv � ev(xv)� ev(t)− ev(1− t),

0�mv � ev(t)− ev(1− t).

(6.6)

Therefore, when ev(t) = ev(1− t) = 0, the constraint (6.6) implies that mv = 0 and that
xv, yv ∈O×

v . Hence, we have Ev(t)≡ 1 in this case.
In general, it follows from (6.6) that

Ev(t)�DFv

(1− ev(1− t))(1 + ev(t)− 2ev(1− t))

Vol(K0,v[mv])
1 ev(t−1)�0
ev(t)−ev(1−t)�mv

.

Hence, (6.3) holds.

– Suppose that v= v0. By the definition of fv in § 2.2.3, fv
((

yv x−1
v t

xvyv 1

))≡ 0 unless there exists
some zv ∈ F×

v such that ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

2ev(zv) + ev(yv) + ev(1− t) = 0,

ev(zv) + ev(yv)�−2,

ev(zv) + ev(xv) + ev(yv)�−2,

ev(zv)�−2,

ev(zv)− ev(xv) + ev(t)�−2.
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Similar to (6.6), the above constraints lead to⎧⎪⎨⎪⎩
−4 + ev(1− t)� ev(yv)� 4− ev(1− t),

−4 + ev(1− t)� ev(xv)� 4 + ev(t)− ev(1− t),

ev(t)− ev(1− t)�−4.

(6.7)

As a consequence of (6.7), we obtain the estimate (6.4).

– Suppose that v= v1. It follows from the construction of fv in § 2.2.4 that fv
((

yv x−1
v t

xvyv 1

))≡ 0
implies

ev(yv) = 0, and 1� ev(xv)� ev(t). (6.8)

The estimate (6.5) thus follows from (6.8).

Therefore, Lemma 6.2 follows from the above discussions.

6.2 Local estimates of Ev(t) at v |Q
Proposition 6.3. Let v |Q. Then

Ev(t)�

⎧⎪⎨⎪⎩
nv(1− ev(t))

2q
nv/2−ev(t)/4
v if ev(t)�−1, mv = nv,

κvq
(mv+ev(t))/2
v if ev(t)�mv − nv, ev(t− 1) = 0,

0 otherwise,

where κv = nv(ev(t) + nv −mv + 1), and the implied constant is absolute.

Proof. By the definition of fv in § 2.2.6, fv
((

yv x−1
v t

xvyv 1

))≡ 0 unless


k
v

(
1 α
−nv

v

1

)(
yv x−1

v t
xvyv 1

)(
1 β
−nv

v

1

)
∈K0,v[mv] (6.9)

for some k ∈Z, and α, β ∈O×
v /(1 +
nv

v O×
v ). Write xv =
r1

v γ1, yv =
r2
v γ2, where r1, r2 ∈Z and

γ1, γ2 ∈O×
v . Then (6.9) becomes


k
v

(
1 γ1α


−nv
v

1

)(

r2

v 
−r1
v t


r1+r2
v 1

)(
1 γ1γ2β


−nv
v

1

)
∈K0,v[mv].

Making the change of variables α �→ γ−1
1 α and β �→ γ−1

1 γ−1
2 β, the above constraint becomes


k
vYα,β,r1,r2,t ∈K0,v[mv] (6.10)

for some k ∈Z, where Yα,β,r1,r2,t is defined by(

r2

v + α
r1+r2−nv
v (
r2

v + α
r1+r2−nv
v )β
−nv

v +
−r1
v t+ α
−nv

v


r1+r2
v 1 + β
r1+r2−nv

v

)
.

By the definition (6.2), the local integral Ev(t) becomes

1

|τ(χv)|2
∑

α,β∈O×
v /(1+	nv

v O×
v )

χv(α)χv(β)
∑

r1,r2∈Z
f †v (Yα,β,r1,r2,t),

where

f †v (Yα,β,r1,r2,t) =
1

Vol(K0,v[mv])

∫
F×

v

1K0,v[mv](zYα,β,r1,r2,t)ωv(z) d
×z.
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Note that the constraint (6.10) amounts to⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

2k+ r2 + ev(1− t) = 0,

k+ r1 + r2 �mv,


k
v (


r2
v + α
r1+r2−nv

v )∈O×
v ,


k
v (1 + β
r1+r2−nv

v )∈O×
v ,


k
v

[
(
r2

v + α
r1+r2−nv
v )β
−nv

v +
−r1
v t+ α
−nv

v

]∈Ov,

(6.11)

which implies that k� 0 as mv � nv.
(1) Suppose that k= 0 in (6.11), which implies that⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

r2 + ev(1− t) = 0,

r1 + r2 �mv,

min{r2, r1 + r2 − nv}= 0,

(
r2
v + α
r1+r2−nv

v )β
−nv
v +
−r1

v t+ α
−nv
v ∈Ov.

(6.12)

– Suppose that r2 � 1. Then ev(1− t) =−r2 �−1. So ev(t) = ev(1− t). In this case, we have
1� r2 =−ev(t− 1) =−ev(t). Moreover, the constraint mv = nv leads to the condition that
rωv

= 0, i.e., ωv is unramified. Therefore, the contribution to Ev(t) from this case is

E(1)
v (t) :=

1 mv=nv

ev(t)�−1

|τ(χv)|2 Vol(K0,v[mv])

∑
α,β∈O×

v /(1+	nv
v O×

v )

(	−ev(t)
v +α)β	−nv

v +	
−r1
v t+α	−nv

v ∈Ov

χv(α)χv(β).

Write t=

ev(t)
v γ under the embedding F× ↪→ F×

v , where γ ∈O×
v . Then the last sum over α

and β becomes ∑
α,β∈O×

v /(1+	nv
v O×

v )
(	−ev(t)

v +α)(β+1)≡−γ+	−ev(t)
v (mod 	nv

v )

χv(α)χv(β),

which, after a change of variables, is equal to

J (1)
v (t) :=

∑
α,β∈O×

v /(1+	nv
v O×

v )
αβ≡−γ+	−ev(t)

v (mod 	nv
v )

χv(α−
−ev(t)
v )χv(β − 1).

As a special case of [BH08, Proposition 2 on p. 71], we have J (1)
v (t)� nvq

nv/2
v . Hence,

E(1)
v (t)� nvq

nv/2
v 1ev(t)�−1 · 1mv=nv

. (6.13)

– Suppose that r2 = 0. Then ev(1− t) = 0, r1 �mv, and ev(t)� r1 − nv � 0.
The contribution to Ev(t) from this case is

E(2)
v (t) :=

ev(t)+nv∑
r1=mv

1ev(t)�r1−nv

|τ(χv)|2 Vol(K0,v[mv])
· J (2)

v (r1, t), (6.14)

where

J (2)
v (r1, t) :=

∑
α,β∈O×

v /(1+	nv
v O×

v )

(1+α	
r1−nv
v )β	−nv

v +	
−r1
v t+α	−nv

v ∈Ov

χv(α)χv(β)ωv(1 + β
r1−nv
v ).

Note that (1 + α
r1−nv
v )β
−nv

v +
−r1
v t+ α
−nv

v ∈Ov amounts to

(α−1 +
r1−nv
v )β + α−1
nv−r1

v t+ 1∈
nv
v Ov.
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By making the change of variable α �→ α−1, we have

J (2)
v (r1, t) =

∑
α,β∈O×

v /(1+	nv
v O×

v )

(α+	
r1−nv
v )β+α	

nv−r1
v t+1∈	nv

v Ov

χv(α)χv(β)ωv(1 + β
r1−nv
v ).

Next, making the changes of variables α �→ α−
r1−nv
v and β �→ β −
nv−r1

v t, the expression
for J (2)

v (r1, t) becomes∑
α,β∈O×

v /(1+	nv
v O×

v )
αβ≡t−1 (mod 	nv

v )

χv(α−
r1−nv
v )χv(β −
nv−r1

v t)ωv(1− t+ β
r1−nv
v ).

By definition (2.3), we have mv − nv � rωv
. So ωv(1− t+ β
r1−nv

v ) = ωv(1− t) for r1 �mv.
Hence, it follows from [BH08, Proposition 2] that

J (2)
v (r1, t)� nvq

(min{nv−r1+ev(t),r1−nv,nv})/2
v · qnv/2

v � nvq
nv/2+(nv−r1+ev(t))/2
v . (6.15)

Substituting (6.15) into (6.14), we derive

E(2)
v (t)� nv(ev(t) + nv −mv + 1)

1ev(t)�mv−nv

|τ(χv)|2 Vol(K0,v[mv])
· qnv/2+(nv−mv+ev(t))/2

v .

Since |τ(χv)|2 Vol(K0,v[mv])� qnv−mv
v , then

E(2)
v (t)� nv(ev(t) + nv −mv + 1)1ev(t)�mv−nv

· q(mv+ev(t))/2
v . (6.16)

(2) Suppose that k� 1, then the constraint (6.11) amounts to⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2k+ r2 + ev(1− t) = 0,

k+ r1 + r2 =mv = nv,

k+ r2 � 0,


k
v

[
(
r2

v + α
r1+r2−nv
v )β
−nv

v +
−r1
v t+ α
−nv

v

]∈Ov.

(6.17)

As a consequence, the constraint (6.17) yields⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ev(1− t) = ev(t)�−k�−1,

ev(t)� r2 �−ev(t)− 2,

nv + ev(t) + 1� r1 � nv,

k= nv − r1 − r2 � 1,

(
k+r2
v + α)β
−nv

v +
k−r1
v t+ α
k−nv

v ∈Ov.

Since nv =mv, then rωv
= 0, i.e., ωv is unramified. Hence, the contribution from this case to

Ev(t) is

E(3)
v (t) :=

nv∑
r1=nv+ev(t)+1

−ev(t)−2∑
r2=ev(t)

1r1+r2�nv−1 · 1mv=nv

|τ(χv)|2 Vol(K0,v[nv])
· J (3)

v (r1, r2, t),

where we set k= nv − r1 − r2 and

J (3)
v (r1, r2, t) :=

∑
α,β∈O×

v /(1+	nv
v O×

v )

(	
k+r2
v +α)(β+	k

v)+t	−ev(t)
v −	

2k+r2
v ∈	nv

v Ov

χv(α)χv(β).
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Note that r2 + k� 0. Then γ := t

−ev(t)
v −
2k+r2

v lies in O×
v . After a change of variables, we

obtain

J (3)
v (r1, r2, t) =

∑
α,β∈O×

v /(1+	nv
v O×

v )
αβ≡γ (mod 	nv

v )

χv(α−
k+r2
v )χv(β −
k

v ).

By [BH08, Proposition 2] and the fact that k�−ev(t),
J (3)
v (r1, r2, t)� nvq

nv/2
v · q(min{k,k+r2,nv})/2

v � nvq
nv/2+(2k+r2)/4
v = nvq

nv/2−ev(t)/4
v .

Therefore, we have

E(3)
v (t)� nv(1− ev(t))

2 · 1ev(t)�−1 · 1mv=nv
· qnv/2−ev(t)/4

v . (6.18)

Then Proposition 6.3 follows from (6.13), (6.16), and (6.18).

6.3 Local estimates of Ev(t) at v | n
Lemma 6.4. Let n be the integral ideal defined in § 2.2.5, and let v | n. Then

Ev(t)�
(ev(n)− ev(1− t) + 1)(ev(t/(1− t)) + ev(n) + 1)1ev(t/(t−1))�−ev(n)

q
ev(n)/2
v

.

Proof. According to the definition (2.17), the function fv is bi-G(Ov)-invariant. Hence, it follows
from (6.2) that

Ev(t) = q−ev(n)/2
v

∑
r1∈Z

∑
r2∈Z

χv(

r2
v )

∫
F×

v

1Xn

(
zv

(

r2

v 
−r1
v t


r1+r2
v 1

))
ωv(zv) d

×zv,

where Xn :=
⊔

i+j=ev(n), i�j�0Kv diag(

i
v, 


j
v)Kv.

By the Cartan decomposition, zv
(

	
r2
v 	

−r1
v t

	
r1+r2
v 1

)∈Xn amounts to⎧⎪⎨⎪⎩
2ev(zv) + ev(yv) + ev(1− t) = ev(n),

ev(zv) + ev(yv)� 0, ev(zv) + ev(xv) + ev(yv)� 0,

ev(zv)� 0, ev(zv)− ev(xv) + ev(t)� 0,

which implies that ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2ev(zv) + ev(yv) + ev(1− t)− ev(n) = 0,

ev(1− t)− ev(n)� ev(yv)�−ev(1− t) + ev(n),

ev(1− t)− ev(n)� ev(xv)� ev(t)− ev(1− t) + ev(n)

−ev(n)� ev(t)− ev(1− t).

(6.19)

Therefore, Lemma 6.4 follows directly from (6.19) combined with an application of the triangle
inequality.

6.4 Local estimates: Archimedean
Let v | ∞ and t∈ F − {0, 1}. Define by

E†
v :=

∫
F×

v

∫
Fv−{0}

max
t∈F−{0,1}

∣∣∣∣fv(( yv x−1
v t

xvyv 1

))∣∣∣∣ dxv d×yv, (6.20)

and

E‡
v(t) :=

∫
F×

v

∫
F×

v

∣∣∣∣fv(( yv x−1
v t

xvyv 1

))∣∣∣∣ d×yv d×xv. (6.21)
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Lemma 6.5. Let v | ∞ and ε > 0. Suppose that πv ⊗ χv is of type I.

– Let Tv be the parameter defined as in (2.1). Then

E†
v �F,ε T

ε
v . (6.22)

– Suppose that t∈ F − {0, 1} and |t|v � 10−3. Let u= t/(t− 1). Then

E‡
v(t)�F,ε T

ε
v |u|

− 1

2
v . (6.23)

Proof. By (2.7), we have

E†
v � T

1

2
+ε

v

∫
1+O(T−ε

v )

∫
|xv|v�1

min

{
1,
T
− 1

2
+ε

v

|xvyv|v

}
dxv d

×yv. (6.24)

Here, the factor T
1

2
+ε

v arises from the product of T 1+ε and the integral over yv under the constraint

|Ad∗(g)τ − τ | � T
− 1

2
+ε

v , g=

(
yv x−1

v t
xvyv 1

)
.

Therefore, it follows from (6.24) that

E†
v � T

1

2
+ε

v

∫
1+O(T−ε

v )

∫
|xv|v�T

−1/2+ε
v

dxv d
×yv

+ T
1

2
+ε

v

∫
1+O(T−ε

v )

∫
T

−1/2+ε
v �|xv|v�1

T
− 1

2
+ε

v

|xvyv|v dxv d
×yv � T ε

v .

Thus, the estimate (6.22) holds.
Analyzing the support of fv, we have fv

((
yv x−1

v t
xvyv 1

))≡ 0 unless |yv|v � 1. Combining this
with (2.7), we deduce, similarly to (6.24), that

E‡
v(t)� T

1

2
+ε

v

∫
1+O(T−ε

v )

∫
|xv|v�1

T
− 1

2
+ε

v

|xvyv|v + |x−1
v t|v

d×xv d×yv.

Therefore, it follows that

E‡
v(t)� T 3ε

v

∫
|xv|v�1

1

(|xv|v +
√|t|v)2

dxv � T 3ε
v |t|−

1

2
v .

Hence, (6.23) follows from the above estimate and |t|v � |u|v.
Lemma 6.6. Let v | ∞ and ε > 0. Suppose that πv ⊗ χv is of type II.

– Let Tv be the parameter defined as in (2.1). Then

E†
v �F,ε T

− 1

2
+ε

v . (6.25)

– Suppose that t∈ F − {0, 1} and |t|v � 10−3. Let u= t/(t− 1). Then

E‡
v(t)�F,ε T

ε
v |u|

− 1

2
v . (6.26)

Proof. By the construction of fv in (2.12), along with the identity(
yv x−1

v t
xvyv 1

)
=

(
yv(1− t) x−1

v t
1

)(
1

xvyv 1

)
,
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we derive that

fv

((
yv x−1

v t
xvyv 1

))
≡ 0 unless

⎧⎪⎨⎪⎩
|yv(1− t)− 1|v � 10ε0,

|x−1
v t|v � 10−2,

|xvyv|v � 10ε0T
−1−ε
v ,

which implies that |yv − 1|v � 5ε0, |xv|v � ε0T
−1−ε, and |t|v � 10−2|x|v. Therefore,

fv

((
yv x−1

v t
xvyv 1

))
� T

1

2
v 1|yv−1|v�5ε01|xv|v�ε0T−1−ε1|t|v�10−2|x|v .

As a consequence, we obtain (6.25), and

E‡
v(t)�

∫
F×

v

∫
Fv

∣∣∣∣fv(( yv x−1
v t

xvyv 1

))∣∣∣∣ d×xv d×yv � T
1

2
+ε

v |t|−ε
v 1|t|v�ε0T

−1−ε
v

,

which leads to (6.26).

6.5 Bounding regular orbital integrals: proof of Theorem 6.1
6.5.1 The support of the rationals t∈ F − {0, 1}.

Lemma 6.7. Suppose that t∈ F − {0, 1}. Then the integral
∏

v Ev(t) converges absolutely and
it vanishes unless

t

t− 1
∈X(Q, f) :=

{
ξ ∈ F× ∩ n−1p−4

v0

∏
v<∞

v�Qn, v 	=v0

pmv
v : |ξ|v � T−2ιv

v , v | ∞
}
,

where ιv is defined by (2.2), and the implied constant is absolute.

Proof. By Lemma 6.2, the integral Ev(t) = 1 for all but finitely many places v. It then follows
from Lemmas 6.2, 6.4, 6.5, and 6.6, and Proposition 6.3 that

∏
v Ev(t) converges absolutely and

it is vanishing unless ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

ev(t)− ev(t− 1)�−ev(n) if v | n,
ev(t)− ev(t− 1)�mv if v �Qn and v �= v0,
ev(t)− ev(t− 1)� 0 if v |Q,
ev(t)− ev(t− 1)�−4 if v= v0,

|t/(t− 1)|v � T−2ιv
v if v | ∞.

(6.27)

Therefore, Lemma 6.7 follows from (6.27).

6.5.2 Estimate of non-Archimedean integrals. Let R be the fractional ideal in F defined by

ev(R) =

⎧⎪⎨⎪⎩
mv for v �Qn and v �= v0,

−4 for v= v0,

0 for all remaining finite places v.

Let X(Q, f) be the set defined in Lemma 6.7. For t∈ F − {0, 1} with t/(t− 1)∈X(Q, f), we
can write

t

t− 1
= u, u∈ n−1R. (6.28)

Then, 1/(t− 1) = u− 1.
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Lemma 6.8. Let Efin(t) :=
∏

v<∞ Ev(t). Let t/(t− 1) = u∈ n−1R be as in (6.28). Then

|Efin(t)| � (MQ ·NF (u)NF (u− 1))ε

NF (n)1/2−ε
·
∏
v�Qn

qmv
v ·
∏
v|Q

Jv(u),

where

Jv(u) := qnv/2+ev(u−1)/4
v · 1ev(u−1)�1

mv=nv

+ q(mv−nv)/2+ev(u)/4
v · 1ev(u)�mv−nv

ev(u−1)=0

.

Proof. We consider the following scenarios.

– Suppose that v �Qn. Since t/(t− 1) = u∈ n−1R, we have

ev(t)− ev(t− 1) = ev(u)� qεev(u)v and ev(u− 1)� qεev(u−1)
v .

Therefore, by Lemma 6.2, we obtain

Ev(t)�Vol(K0,v[mv])
−1qεev(u(u−1))

v �F,ε q
mv+εev(u(u−1))
v . (6.29)

Moreover, it follows from Lemma 6.2 that

Ev(t) = 1 if ev(u) = ev(u− 1) = 0, and v �DF . (6.30)

– Suppose that v |Q. By Proposition 6.3,

Ev(t)�

⎧⎪⎨⎪⎩
nv(1− ev(t))

2q
nv/2−(ev(t))/4
v if ev(t)�−1, mv = nv,

κvq
mv−nv/2+(ev(t))/4
v if ev(t)�mv − nv, and ev(t− 1) = 0,

0 otherwise,

where κv = nv(ev(t) + nv −mv + 1). Note that nv � qεnv
v , and{

1− ev(t) = 1− ev(t− 1) = 1+ ev(u− 1)� q
εev(u−1)
v if ev(t)�−1.

κv = nv(1 + nv −mv + ev(u))� q
ε(mv+nv+ev(u))
v if ev(t− 1) = 0.

Therefore, we derive that

Ev(t)�

⎧⎪⎨⎪⎩
q
ε(mv+nv+ev(u))
v · qnv/2+(ev(u−1))/4

v if ev(u− 1)� 1, mv = nv

q
ε(mv+nv+ev(u))
v · qmv−nv/2+(ev(u))/4

v if ev(u)�mv − nv, ev(u− 1) = 0,

0 otherwise.

In particular, for v |Q, we have

Ev(t)� qε(mv+nv+ev(u))
v · Jv(u)� qε(mv+nv+ev(u(u−1)))

v · Jv(u). (6.31)

Here, we have used the fact that ev(u− 1)� 0 in the second inequality, as ev(n) = 0.
– Suppose that v | n. By Lemma 6.4, we have

Ev(t)� (ev(n) + ev(u− 1) + 1)(ev(u) + ev(n) + 1)

q
ev(n)/2
v

� qεev(u(u−1)n)−ev(n)/2
v . (6.32)

Gathering the above local estimates (6.29), (6.30), (6.31), and (6.32), then Lemma 6.8
follows.

Let Q� :=
∏

v|Q pv, a |Q� and a′ = a−1Q�. Let ra = (rv)v|a, rv � 1; and la′ = (lv′)v′|a′ , lv′ �
mv′ − nv′ . Let

Xra,la′ := {u∈ n−1R∩ F× : |u|v � |xv|v, v | ∞; ev(u− 1) = rv, mv = nv, v | a;
ev′(u) = lv′ , ev(u− 1) = 0, v′ | a′}.
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Lemma 6.9. The set Xra,la′ is empty unless∏
v|a

qrvv �NF (n)q
4
v0
, and

∏
v′|a′

qlv′
v′ �NF (n)q

4
v0
|x∞|∞

∏
v�Qn

q−mv
v . (6.33)

In particular, there are only O(NF (n)
ε) nonempty sets Xra,la′ .

Proof. Let u∈Xra,la′ . By the definition of R we obtain

NF (n)
−1q−4

v0

∏
v�Qn

qmv
v

∏
v′|a′

qlv′
v′ �NF (u)� |x∞|∞,

NF (n)
−1q−4

v0

∏
v|a

qrvv �NF (u− 1) =
∏
v|∞

|u− 1|v � 1.

Therefore, (6.33) follows.

Let X∗(Q, f) be the subset of u∈X(Q, f) such that there exists some Xra,la′ = {u}. By
Lemma 6.9, the set X∗(Q, f) is finite, with #X∗(Q, f)�NF (n)

ε.
Let x∞ =⊗v|∞xv ∈ F×∞ and y∞ =⊗v|∞yv ∈ F×∞. We define

C(x∞, y∞) :=
∑

t∈F−{0,1}, t/(t−1)=u∈X(Q,f)
|t/(t−1)|v�|xv|v, v|∞

|Efin(t)|C∞(t), (6.34)

where

C∞(t) :=
∏
v|∞

∣∣∣∣fv(( yv x−1
v t

xvyv 1

))∣∣∣∣.
Lemma 6.10. Let x∞, y∞ ∈ F×∞. Then

C(x∞, y∞)�F,ε (MQNF (n)(1 + |x∞|∞))ε ·
∏
v|Q

qnv/2
v ·

[
|x∞|∞NF (n)

1

2 max
t∈F−{0,1}

C∞(t)

+NF (n)
− 1

4

∏
v�Qn

qmv
v

∑
u∈X∗(Q,f)
{u}=Xra,la′

C∞(t)
∏
v′|a′

q
(mv′−nv′+ev′ (u))/2
v′

]
. (6.35)

Proof. For u∈ n−1R∩ F× with |u|v � |xv|v for all v | ∞, we have MQ ·NF (u)NF (u− 1)�MQ ·
(1 + |x∞|∞)2. Hence, by Lemma 6.8, it follows that

C(x∞, y∞)� (MQ · (1 + |x∞|∞))ε

NF (n)1/2−ε
·
∏
v�Qn

qmv
v ·
∏
v|Q

qnv/2
v · S(x∞), (6.36)

where S(x∞) is defined by∑
u∈n−1R∩F×

|u|v�|xv|v, v|∞

C∞(t)
∏
v|Q

[
qev(u−1)/4
v 1ev(u−1)�1

mv=nv

+ q(mv−nv+ev(u))/2
v 1ev(u)�mv−nv

ev(u−1)=0

]
.

Expanding the product over v |Q, we obtain

S(x∞)�
∑

a⊆OF

a|Q


∑
ra=(rv)v|a
rv�1, v|a

∏
v|a

qrv/4v

∑
la′=(lv′ )v′|a

lv′�mv′−nv′ , v′|a′

∏
v′|a′

q
(mv′−nv′+lv′ )/2
v′

∑
u∈Xra,la′

C∞(t).

Consider the following scenarios according to the cardinality of Xra,la′ .
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– Suppose that #Xra,la′ > 1. Let u1 �= u2 ∈Xra,la′ . Then u1 − u2 ∈ n−1R∩ F×, satisfying{
|u1 − u2|v � 2|xv|v, v | ∞; ev(u1 − u2)� rv, mv = nv, v | a;
ev′(u1 − u2)� lv′ , v′ | a′.

Therefore, by computing the norm of u1 − u2, we derive

|x∞|∞ �qv0
NF (n)

−1
∏
v�Qn

qmv
v ·
∏
v|a

qrvv
∏
v′|a′

qlv′
v′ . (6.37)

Since v0 is fixed, we omit the explicit dependence on qv0
.

As a consequence of (6.37) and Minkowski’s embedding (after relaxing the constraint
|u|v � |xv|v to |u|v � |xv|v with a large but fixed implied constant), we obtain∑

u∈Xra,la′

1� |x∞|∞NF (n)
∏
v�Qn

q−mv
v

∏
v|a

q−rv
v

∏
v′|a′

q−lv′
v′ . (6.38)

It follows from (6.38) that∑
a⊆OF

a|Q


∑
ra,la′

∏
v|a

qrv/4v

∏
v′|a′

q
(mv′−nv′+lv′ )/2
v′

∑
u∈Xra,la′

1#Xra,la′>1 � |x∞|∞NF (n)
∏
v�Qn

q−mv
v .

(6.39)

– Consider sets Xra,la′ with cardinality 1. We obtain from Lemma 6.9 that∑
ra,la′

∏
v|a

qrv/4v

∏
v′|a′

q
(mv′−nv′+lv′ )/2
v′

∑
u∈Xra,la′

1#Xra,la′=1

�NF (n)
ε
∏
v|a

qev(u−1)/4
v

∏
v′|a′

q
(mv′−nv′+ev′ (u))/2
v′ . (6.40)

Combining (6.39) and (6.40) into (6.36), we obtain

C(x∞, y∞)� (MQ · (1 + |x∞|∞))ε

NF (n)1/2−ε
·
∏
v|Q

qnv/2
v ·

[
|x∞|∞NF (n) max

t∈F−{0,1}
C∞(t)

+NF (n)
ε
∏
v�Qn

qmv
v

∑
u∈X∗(Q,f)
{u}=Xra,la′

C∞(t)
∏
v|a

qev(u−1)/4
v

∏
v′|a′

q
(mv′−nv′+ev′ (u))/2
v′

]
. (6.41)

Suppose that u∈X∗(Q, f). By (6.33), we have∏
v|a

qev(u−1)/4
v �NF (n)

1

4 qv0
�NF (n)

1

4 . (6.42)

Therefore, (6.35) follows from (6.41) and (6.42).

6.5.3 Proof of Theorem 6.1. By (6.1), Lemmas 6.7 and 6.8, and the triangle inequality, we
have

JReg,II
Geo,Big(f, 0, χ)�

∫
F×

∞

∫
F×

∞
C(x∞, y∞) d×y∞ d×x∞, (6.43)

where C(x∞, y∞) is defined by (6.34).
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Substituting Lemma 6.10 into (6.43) yields

JReg,II
Geo,Big(f, 0, χ)� (MQNF (n))

ε ·
∏
v|Q

qnv/2
v ·

[
NF (n)

1

2

∏
v|∞

E†
v

+NF (n)
− 1

4

∏
v�Qn

qmv
v

∑
u∈X∗(Q,f)
{u}=Xra,la′

∏
v|∞

E‡
v(t)
∏
v′|a′

q
(mv′−nv′+ev′ (u))/2
v′

]
. (6.44)

By (6.23) and (6.26), it follows from (6.44) that

JReg,II
Geo,Big(f, 0, χ)� (MQNF (n))

ε ·
∏
v|Q

qnv/2
v ·

∏
v|∞

T ε
v ·
[
NF (n)

1

2

+NF (n)
− 1

4

∏
v�Qn

qmv
v

∑
u∈X∗(Q,f)
{u}=Xra,la′

NF (u)
− 1

2

∏
v′|a′

q
(mv′−nv′+ev′ (u))/2
v′

]
. (6.45)

By the definition of X∗(Q, f), we have∑
u∈X∗(Q,f)
{u}=Xra,la′

NF (u)
− 1

2

∏
v′|a′

q
(mv′−nv′+ev′ (u))/2
v′ �NF (n)

1

2

∏
v�Q

q−mv/2
v

∏
v|Q

q(mv−nv)/2
v

∑
u∈X∗(Q,f)

1.

(6.46)

Therefore, Theorem 6.1 follows from (6.45) and (6.46), in conjunction with the estimate
#X∗(Q, f)�NF (n)

ε. We also note that mv = 0 when v | n.

7. Explicit hybrid subconvexity: proof of Theorem 1.6

Recall the intrinsic data in § 2.1. Let F be a number field. Let χ be a unitary Hecke character
of F×\A×

F , and let π be a unitary generic automorphic representation of G(AF ) with central
character ω.

7.1 The amplified relative trace formula
Let f be the test function defined in § 2.2.7. Recall that f depends on an integral ideal n as
described in § 2.2.5. To emphasize this dependence, we denote the function by fn. Therefore, the
regularized relative trace formula from Theorem 2.6 becomes

JReg,♥
Spec (fn, 0, χ) =

1

2πi

∫
C

JReg
Geo,Small(fn, s, χ)

s
ds

+
1

2πi

∫
C

JReg
Geo,Dual(fn, s, χ)

s
ds+ JReg,II

Geo,Big(fn, 0, χ). (2.33)

7.1.1 Amplification parameters. Let L≫ 1 be a large parameter. Let M=
∏

v<∞ pmv
v ,

where mv is defined by (2.3). Set

L := {m⊂OF : L<NF (m)� 2L, gcd(m,DFMpv0
pv1

) =OF }.
Lemma 7.1. We have∑

m∈L
|λπ(m)|2 �F,ε (C(π)QL)

−εL+O((LM)
1

2
+εC∞(π)

1

4
+εQε). (7.1)
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Proof. Let 0� h� 1 be a smooth function supported on [1, 2] with h(a)≡ 1 in |a− 3/2|� 1/4.
Let ĥ be the Mellin transform of h, and let S = {p prime : p |DFMpv0

pv1
}. Then∑

m∈L
|λπ(m)|2 � 1

2πi

∫
(2)
L(s, π× π̃)

∏
p∈S

Lp(s, π× π̃)−1 · ĥ(s)Ls ds, (7.2)

where Lp(s, π× π̃) is the local Rankin–Selberg L-factor.
Utilizing the bounds for Satake parameters in [KS03, BB11], we derive

[1−NF (p)
−Re(s)+ 7

32 ]4 � |Lp(s, π× π̃)−1|� [1 +NF (p)
−Re(s)+ 7

32 ]4. (7.3)

By shifting the contour in (7.2) from Re(s) = 2 to Re(s) = 1
2 + ε, we derive the estimate (7.1)

using the lower bound Res
s=1

L(s, π× π̃)�C(π)−ε(see [HL94]), together with the inequality (7.3)

and the convexity bound for L(s, π× π̃).

Let −1/2� β � 1/2. Define

S(β) :=
∑

m1,m2∈L
|λπ(m1)λπ(m2)|

∑
a|gcd(m1,m2)

NF (m1m2a
−2)β . (7.4)

Lemma 7.2. We have

S(β)�F,ε L
2β+2+εC(π)ε. (7.5)

Proof. By the definition of L in § 7.1.1, we have

S(β)�
∑
b∈OF

NF (b)�2L

∑
a|b

NF (ba
−1)2β

[ ∑
m⊂OF

NF (m)�2L/NF (b)

|λπ(bm)|NF (m)β
]2
. (7.6)

By the Cauchy–Schwarz inequality, we obtain

S(β)�
∑

m⊂OF

NF (m)�2L

NF (m)2β
∑
b∈OF

NF (b)�2L

∑
a|b

NF (ba
−1)2β

∑
m⊂OF

NF (m)�2L/NF (b)

|λπ(bm)|2.

Using the bound∑
a|b

NF (ba
−1)2β =

∑
a|b

NF (a)
2β �max{NF (b)

2β+ε, NF (b)
ε},

it follows that

S(β)�max{L2β+ε, Lε}
∑

m⊂OF

NF (m)�2L

NF (m)2β
∑
b∈OF

NF (b)�2L

∑
m⊂OF

NF (m)�2L/NF (b)

|λπ(bm)|2

�max{L2β+ε, Lε} ·L2β+1+ε ·
∑

m⊂OF

NF (m)�2L

τ(m)|λπ(m)|2,

where τ(m) :=
∑

c|m 1 is the divisor function.
By the well-known bound τ(m)�NF (m)ε and [Iwa92, Lemma 1], we have∑

m⊂OF

NF (m)�2L

τ(m)|λπ(m)|2 �Lε
∑

m⊂OF

NF (m)�2L

|λπ(m)|2 �C(π)εL1+2ε.

Consequently, the desired estimate (7.5) follows from the above inequalities.
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7.1.2 The amplified relative trace formula. Let σ=⊗vσv be a unitary generic automorphic
representation of G(AF ) with central character ω=⊗vωv. For an integral ideal a=

∏
v|a p

lv
v , we

define ω(a) :=
∏

v|a ωv(

lv
v ).

Suppose that σv is unramified at all finite places v �DFMpv0
pv1

. By the Hecke relations (2.4)
and (2.5), ∣∣∣∣ ∑

m∈L
λπ(m)λσ(m)

∣∣∣∣2 = ∑
m1,m2∈L

λπ(m1)λπ(m2)
∑

a|gcd(m1,m2)

ω(a)λσ(m1m2a
−2). (7.7)

Define the amplified spectral side of the relative trace formula by

JReg,♥
Spec (π, χ) :=

∑
m1∈L
m2∈L

λπ(m1)λπ(m2)
∑

a|gcd(m1,m2)

ω(a)JReg,♥
Spec (fm1m2a−2 , 0, χ), (7.8)

and the amplified geometric side of the relative trace formula by

J ♥
Geo(π, χ) := JReg

Geo,Small(π, χ) + JReg
Geo,Dual(π, χ) + JReg,II

Geo,Big(π, χ), (7.9)

where

JReg
Geo,Small(π, χ) :=

∑
m1∈L
m2∈L

λπ(m1)λπ(m2)
∑

a|gcd(m1,m2)

ω(a)

∫
C

JReg
Geo,Small(fn, s, χ)

2πis
ds,

JReg
Geo,Dual(π, χ) :=

∑
m1∈L
m2∈L

λπ(m1)λπ(m2)
∑

a|gcd(m1,m2)

ω(a)

∫
C

JReg
Geo,Dual(fn, s, χ)

2πis
ds,

JReg,II
Geo,Big(π, χ) :=

∑
m1∈L
m2∈L

λπ(m1)λπ(m2)
∑

a|gcd(m1,m2)

ω(a)JReg,II
Geo,Big(fn, 0, χ).

Here, s= (s, 0) and n :=m1m2a
−2.

Substituting (2.33) into (7.8) and (7.9) yields the following.

Theorem 7.3 (The amplified relative trace formula). We have

JReg,♥
Spec (π, χ) =J ♥

Geo(π, χ). (7.10)

7.2 The spectral side: a lower bound
Proposition 7.4. Let ε > 0. Suppose that L� (MQ)εC∞(π)

1

2
+εM and |L(1/2, π× χ)|� 2.

Then

JReg,♥
Spec (π, χ)�F,ε (MQL)−εL2 · |L(1/2, π× χ)|2

∏
v|∞

T
− 1

2
−ε

v . (7.11)

Proof. By Lemma 3.2, together with (7.7), we obtain

JReg,♥
Spec (π, χ) =

∑
σ∈A0([G],ω)

[ ∑
m∈L

λπ(m)λσ(m)

]2 ∑
φ∈BK[∗]

σ

|Ψ(0, φ‡, χ)|2

+
1

4π

∑
η∈ ̂

F×\A(1)
F

∫
iR

[ ∑
m∈L

λπ(m)λσμ,η
(m)

]2 ∑
φ∈BK[∗]

σ0,η

|Ψ(0, E(·, φ, μ)‡, χ)|2 dμ. (7.12)
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– Suppose that π is cuspidal. Substituting (3.15) into (7.12) yields

JReg,♥
Spec (π, χ)�C(π)−ε|L(1/2, π× χ)|2

[ ∑
m∈L

|λπ(m)|2
]2∏

v|∞
T
− 1

2
−ε

v . (7.13)

– Suppose that π= σλ,η for some η ∈ ̂
F×\A(1)

F , and λ∈ iR. Inserting (3.16) into (7.12) yields

JReg,♥
Spec (π, χ)�

∫
iR

[ ∑
m∈L

|λσμ,η
(m)|2

]2C(σμ,η)−ε|L(1/2, σμ,η × χ)|2
|L(1/2 + μ, η2ω−1)|2

∏
v|∞

T
− 1

2
−ε

v dμ.

Following the argument in [Blo12, § 4, p. 1404], this implies that

JReg,♥
Spec (π, χ)�C(π)−ε|L(1/2, π× χ)|2

[ ∑
m∈L

|λπ(m)|2
]2∏

v|∞
T
− 1

2
−ε

v . (7.14)

Therefore, (7.11) follows from (7.13), (7.14), and Lemma 7.1.

7.3 The geometric side: an upper bound
Recall the amplified geometric side (7.9):

J ♥
Geo(π, χ) := JReg

Geo,Small(π, χ) + JReg
Geo,Dual(π, χ) + JReg,II

Geo,Big(π, χ).

Proposition 7.5. Suppose that L� (MQ)εC∞(π)
1

2
+εM . Then

J ♥
Geo(π, χ)�F,ε [M,M ′Q]1+εL1+ε

∏
v|∞

T
1

2
+ε

v

+ (MQL)εL3Q
1

2

∏
v|∞

T ε
v + (MQL)εL

5

2M
1

2Q
1

2

∏
v|∞

T ε
v . (7.15)

Proof. By Propositions 4.1 and 5.1, we have

JReg
Geo,Small(π, χ) + JReg

Geo,Dual(π, χ)�L2ε[M,M ′Q]1+εS(−1/2)
∏
v|∞

T
1

2
+ε

v , (7.16)

where S(β) is defined by (7.4). Moreover, by Theorem 6.1 we derive

JReg,II
Geo,Big(π, χ)� (MQL)εQ

1

2

[
S(1/2) + S(1/4)

∏
v�Q

qmv/2
v

∏
v|Q

q(mv−nv)/2
v

]∏
v|∞

T ε
v . (7.17)

According to the definition (2.3), it follows that∏
v�Q

qmv/2
v

∏
v|Q

q(mv−nv)/2
v �M

1

2 . (7.18)

Therefore, (7.15) follows from (7.16), (7.17), (7.18), and Lemma 7.2.

7.4 Putting it all together: proof of main results
Substituting Propositions 7.4 and 7.5 into Theorem 7.3 yields the following.

Theorem 7.6. Let π be a unitary generic automorphic representation of G(AF ), and χ be a
unitary Hecke character. Let ε > 0 and L� (MQ)εC∞(π)

1

2
+εM . Then

|L(1/2, π× χ)|2 �F,ε
[M,M ′Q]1+ε

L1−ε

∏
v|∞

T 1+ε
v + (MQL)εLQ

1

2

∏
v|∞

T
1

2
+ε

v . (7.19)
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Remark 7.7. In Theorem 7.6, the condition |L(1/2, π× χ)|� 2 from Proposition 7.4 does not
appear explicitly, as the scenario |L(1/2, π× χ)|< 2 is accounted for by the second term on the
right-hand side of (7.19).

Proof of Theorem 1.1. Fix π. Then there exists some fixed ε1 > 0 such that πv ⊗ χv is of type I
relative to ε1 for all v | ∞. As a consequence, we have Tv = 100Cv(π⊗ χ)

1

2 	Cv(χ), v | ∞.
Since π is fixed, we obtain

(MQ)εC∞(π)
1

2
+εM1+ε �C(χ)

1

4
+ε.

Therefore, Theorem 1.1 follows from Theorem 7.6 with L=C(χ)
1

4
+ε.

Proof of Theorem 1.6 and Corollary 1.9. In Theorem 7.6, we take

L :=max

{
(MQ)εC∞(π)

1

2
+εM, [M,M ′Q]

1

2
+εQ− 1

4

∏
v|∞

T
1

4
+ε

v

}
.

We have the following two cases.

(i) Suppose that (MQ)εC∞(π)
1

2
+εM � [M,M ′Q]

1

2
+εQ− 1

4

∏
v|∞ T

1

4
+ε

v . Then

|L(1/2, π× χ)|2 �F,ε [M,M ′Q]
1

2
+εQ

1

4
+ε
∏
v|∞

T
3

4
+ε

v .

(ii) Suppose that (MQ)εC∞(π)
1

2
+εM � [M,M ′Q]

1

2
+εQ− 1

4

∏
v|∞ T

1

4
+ε

v . Then

|L(1/2, π× χ)|2 �F,ε (MQ)εC∞(π)
1

2
+εMQ

1

2

∏
v|∞

T
1

2
+ε

v .

In all, we have

|L(1/2, π× χ)|2 �F,ε [M,M ′Q]
1

2
+εQ

1

4
+ε
∏
v|∞

T
3

4
+ε

v + (MQ)εC∞(π)
1

2
+εMQ

1

2

∏
v|∞

T
1

2
+ε

v . (7.20)

Therefore, Theorem 1.6 follows from (7.20) and the relation Tv 	Cv(π⊗ χ)
1

2
+ιv , which is

defined by (2.1) and (2.2). Moreover, from the definition of ιv, we have

Tv �Cv(π⊗ χ)
1

2
+ιv �Cv(π⊗ χ)

1

2Cv(π). (7.21)

Consequently, Corollary 1.9 follows from Theorem 1.6 and (7.21).
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