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Relative trace formula and twisted L-functions:
the Burgess bound

Liyang Yang

ABSTRACT

Let F' be a number field, 7 either a unitary cuspidal automorphic representation of
GL(2)/F or a unitary Eisenstein series, and x a unitary Hecke character of analytic con-
ductor C(x). We develop a regularized relative trace formula to prove a refined hybrid
subconvex bound for L(1/2,7 x x). In particular, we obtain the Burgess subconvex

bound -
L(1/2,m % x) <n,pe C(x)2 757

1. Introduction

1.1 The Burgess bound for GL(2) X GL(1) over number fields

Let F' be a number field. Let 7 be a unitary generic automorphic representation of GL(2)/F.
In this paper we consider the subconvezity problem for character twists over a number field
(ScP(7 ® x)): finding a constant 6 € (0,1/2], such that

L(1/2,7 X X) <p.pe C(x)2 0t (1.1)

holds for all unitary Hecke characters x over F, where the implied constant relies on 7, F, and
e. Here, C(x) is the analytic conductor of y (see §2.1.1). Note that (1.1) involves the bound of
L(s,m x x) on the critical line Re(s) =1/2 as L(1/2 +it, 7 x x) = L(1/2, 7 x x| - |*). Moreover,
if r=1H1 is the Eisenstein series induced from the trivial character, then L(1/2,7 X x)=
L(1/2,%)?, and thus (1.1) becomes the classical subconvexity problem for Hecke L-functions.
The above ScP (7 ® x) is the pioneering study of the automorphic subconvexity problem in a
systematic manner and has been extensively investigated over the years: see, e.g., [Bur63, Hea78,
Hea80, CI00, DFI02, Mil16, Youl7, Wul9, PY23, PY20| for the case when 7 is an Eisenstein
series, and see [DFI193, Byk96, CPS01, BHMO07, BHO8, Ven10, MV10, BH10, BH14, Wul4, Magl7,
Mun18, Nel19, AHL'20, FS22| for the case when 7 is cuspidal. The subconvex bound of type
(1.1) is a versatile tool with numerous applications in arithmetic geometry, as highlighted in
Remark 1.4 below, which provides several illustrative examples. One notable instance involves
the work of [CPS01|, where the authors were the first to investigate ScP(m ® x) in the case
of ' being a number field other than QQ in connection with Hilbert’s eleventh problem. This
groundbreaking investigation paved the way for further developments in the analytic theory
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of L-functions, leading to the emergence of the ScP (7 ® x) problem over number fields as a
significant area of study.

The Lindel6f hypothesis predicts that (1.1) holds with 6 =1/2. When F =Q, the tightest
known bound for (1.1) is § =1/8 (see, e.g., [BH08|). In the special case that m ® x has a trivial
central character, Petrow and Young (see [PY20, PY23]) have proved that (1.1) holds for § =
1/6. In the more general situation where F # Q, the best-known result is 6 = (1 — 219)/8 (see
[Wul4, Wul9]), where 0 < 9 < 1/2 is any exponent towards the Ramanujan—Petersson conjecture
(RPC) for unitary cuspidal representations of GL(2)/F. Currently, the strongest known value is
¥ ="7/64 (see [KS03, BB11]). Hence, the most favorable unconditional bound in the general case
is 0 =1/8 — 7/256. Nevertheless, under the RPC, i.e., ¥ =0, one obtains the bound 6 =1/8.

This is conventionally referred to as the Burgess bound, since when F =Q, r=1H1, y is a
primitive Dirichlet character modulo ¢, and § =1/8, then (1.1) reduces to the classical bound
L(1/2, x) < ¢*/16*¢ obtained by Burgess [Bur63]. For general GL(2) L-functions, the Burgess
bound represents a natural barrier that may require new ideas to overcome.

The first achievement of this paper confirms (1.1) with 6 = 1/8 for any unitary generic 7 and
unitary characters x over F), obtaining the Burgess bound without assuming RPC.

THEOREM 1.1. Let 7 be a unitary generic automorphic representation of GL(2)/F, and let x
be a unitary Hecke character over F'. Then

L(1/2,7 % x) €npe COOTH. (1.2)
COROLLARY 1.2. Let x be a unitary Hecke character over F. Then
L(1/2,x) <re C()F 107, (13)

Let 7 be a unitary cuspidal representation of GL(2)/F. Then
L(1/2,7 % x) €x,pe C(X)3 757 (1.4)

Remark 1.3. The estimate (1.3) improves [Wul9], and (1.4) improves [Byk96, BHMO07, BHOS,
BH10, BH14, Wul4, Magl7].

Remark 1.4. By Waldspurger’s formula in [Wal85], Theorem 1.1 has direct implications in:
— bounding Fourier coefficients of half-integral-weight Hilbert modular forms (particularly
including those with nontrivial central characters);

— computing the asymptotic of representation numbers of quadratic forms with power saving
error terms (see [CPS01, Cog03, BH10]); and

— effective equidistribution of CM points and certain subvarieties on the Hilbert modular
surface (see, e.g., [Duk88|, [Zha05, Theorem 3.2|, [Coh05, Theorem 1.2|, and [Venl0, § 1.1]).

Remark 1.5. Upon closer inspection, it is observable from the proof that the implied constants
n (1.2), (1.3), and (1.4) have polynomial dependence in the analytic conductor of 7, and in the
absolute discriminant of F.

1.2 Explicit hybrid bounds

Theorem 1.1 follows readily from the following refined hybrid subconvex bound for twisted
L-functions.

THEOREM 1.6. Let F' be a number field with ring of adeles Ap. Let m = ®,m, be a unitary
generic automorphic representation of GL(2)/F with central character w. Let x = ®,x, be a
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unitary Hecke character of AIX, J/F*. For an Archimedean place v, let 1, € {0,1/2} be the constant
defined by (2.2), determined by the structure of m, ® x,. Then

L(1/27 ™ X X) <<F,5 [Cﬁn(ﬂ')y Cﬁn(w)cﬁn(X)]i+ECﬁn(X)é+€ H Cv(Tr ® X)%ers'l’ te

v|oo

+ Cﬁn(ﬂ-)%+€Cﬁn(X)i+ECoo(7T)i+€ H Cv(ﬂ' & X)§+%+5.

v]oo

Here, for a representation o = ®,0, of GL(1) or GL(2)/F, Cy(0) is the associated local conductor
(see §2.1.1), Co(0) =[],)00 Cv(0), and Cin(0) =[], <00 Cu(0).

Remark 1.7. We have 1, =0 for v|oo if the spectral parameters of 7, ® x, are comparable;
otherwise, t, = 1/2, in which case C,(x) < Cy (7). Thus, when 7, is fixed, we have ¢, =0 for all
v | co; this is the scenario considered in Theorem 1.1.

Remark 1.8. Theorem 1.6 refines and extends the bounds established in several previous works.
In the case over Q, it strengthens the results of [BHMO07, BHO8, BH14|, while over general number
fields it improves upon [Wu20|. In particular, it matches the exponents of Cgy, () and Cy () in
[BHO8, BH14|, except for the factor ged(Chn (), Can(X)), which does not appear here due to our
treatment of local orbital integrals in the framework of the relative trace formula. Moreover, when
1y = 0 at places v | 0o, the exponents of Co (7 ® x) in Theorem 1.6 surpass those in [BHO8, BH14].

As in [BHMO7], [MV10, §5|, and [Wu22|, Theorem 1.6 can also be used as an input for the
subconvexity problem for GL(2) and GL(2) x GL(2).

COROLLARY 1.9. Let m be a unitary generic automorphic representation of GL(2)/F, and let x
be a unitary Hecke character. Then

L(1/2,7 % X) <Fpe [Coin (1), Can(w)Crin ()] Coin(x)5 T 000 (1) 57 O (m @ x) 16
+C(m) 3t Chn(x) 1T Coo (m @ X)) 5 T<.

1.3 Discussion of the proofs

Different methods have been explored in the literature to approach the Burgess subconvex bound
(for general ).

— Bykovskii’s formula in [Byk96], which is derived from the Kuznetsov formula, establishes the
Burgess bound in the Chy(x)-aspect when F'=Q (see [Byk96, BHOS8, BH14]|). However, the
extension to the Cu()-aspect does not appear to be known in the literature, even over Q.

— Recently, various delta methods have been developed to prove the Burgess bound when
F=Q and Y is a Dirichlet character (see, e.g., [Munl8, AHL"20, FS22|).

— When F #Q is a number field, the Burgess-like bound § = (1 — 219)/8 can be achieved by
three different methods:
* the large sieve and the bounding of shifted convolution sums using Jutila’s circle method
(see [BHMOT7));
* the spectral decomposition of shifted convolution sums in Hecke eigenvalues (see [BH10,
Magl7]); and
* the method of Sarnak [Sar85| (see [Wul4, Wul9)).

Varying from the techniques listed above, our approach to proving Theorem 1.6 relies primarily
on a novel relative trace formula (RTF) as a crucial structural component (see Theorem 2.6).
When F' = Q, the amplified relative trace formula, Theorem 7.3, can be simplified using specific
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test functions, resulting in an equivalent form of the Bykovskil formula presented in [Byk96,
(5.10)], thereby offering a new proof of the latter. Notably, a key distinction is that our RTF
does not involve Kloosterman sums.

In principle, the RTF is based on the equality of geometric and spectral expansions of the
integral

/ / K(z, y)x(@)x(y) & d*y, (1.5)
A(F)\A(Ar) JA(F)\A(AF)

where K is an automorphic kernel function and A = diag(GL(1), 1).
Although the integral (1.5) does not generally converge, we regularize its deformation

/ / K(z, y)x (@)X (y)le|* [y d*x d”*y
APN\A(Ar) JAPNA(AF)

to obtain the RTF of the form (see (2.33))

Reg, Reg,Q
‘]Speegc (f)S)X) JG§§ (faSaX)v 52(81,52)€C27

where f is a suitable test function constructed in §2.2.

To illustrate the basic idea, let us consider the level aspect. Suppose, for the sake of argument,
that 7 is cuspidal with trivial central character and has disjoint ramifications from yx. Let s =
(0,0). The test function f ensures the existence of a family A of automorphic representations of
level Chy(7)Chin(x), which includes 7, such that

og,© 1L(1/2,0 x x)I*  |L(1/2, 7 x x)|?
Tee& (£, 50, x) > Z ComOnt0r ” ot (1.6)

Regarding the geometric side, the contribution from irregular orbital integrals is < ]A\HO D=
Crin(7)7¢Cgn(x) ! 4. Tt is worth noting that we only require a family A containing 7, while the
size of A may be relatively larger than Cg, (7). However, our approach of constructing local test
functions at non-Archimedean ramified places produces favorable behaviors of regular orbital
integrals. Along with sharp estimates of certain character sums as in [BHO8, Proposition 2|, we
can majorize the regular orbital integrals by O(Cin(7)°Cin(x)21¢). Therefore,

555 V(505 X) < Coin (M) Chin (%) 115 + Cin () Cin (x) 2 . (1.7)
By combining (1.6) and (1.7), we obtain the inequality
L(1/2,7 % x) € ke Can(0)* 7 + Clin 0017,

Here, Cﬁn(X)%—i_a is the convexity bound and the other term is much smaller, which leaves room
for obtaining subconvexity by the amplification method.

To make the above illustration more complete, we employ a variant of the RTF equipped
with arithmetic amplification in the spirit of Duke, Friedlander, and Iwaniec (see [DFI02]). The
amplified RTF (see Theorem 7.3) has the form

js(?)ec(ﬂ-7 X) :jgeo(ﬂ-7 X)' (18)

For the sake of exposition, we assume that 7, ® x,, is of type I for all v | oo (see §2.1.2). We
shall show that the spectral side satisfies the lower bound

Tspee (T %) > Coo (@ X) ™17 (Chn (1) Ciin (x)) ¥ L(1/2, 7 x ) |* - L*~2
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if L>p, Cﬁn(X)‘gCoo(77)%+50ﬁn(7[')1+€; and the geometric side satisfies the upper bound

T oo (%) < [Chin (), Chin () Chin (X)) Coo (@ ) T FELM T
+ Coo (7T &® X)Ecﬁn (W)scﬁn(X)%JrngJrE'

In the above estimates, the parameter L corresponds to the amplification. The factors involv-
ing Coo(m ® x) on both sides are obtained by applying Nelson’s microlocal lifted vectors at
the Archimedean places (see [Nel23|). The exponent 1/2 of Cqy(x) follows from the Riemann
hypothesis over finite fields (e.g., as seen in [Byk96, Lemma 4| and [BHO8, Proposition 2|). The
optimization of L in the above inequalities leads to Theorem 1.6 with ¢, =0 for all v| oo, as
derived from (1.8).

The above argument relies on the availability of microlocal lifted vectors at the Archimedean
places. Such vectors are not available in the ‘conductor-dropping’ regime, e.g., when Cio (7 ® x) <
Coo(wx?) are large, which corresponds to type II representations in § 2.1.2. In this case, we instead
use the analytic newvectors constructed in [MV10, § 3.6]. Accordingly, type I yields ¢, =0, while
type II yields ¢, = 1/2, which accounts for the Archimedean exponents ¢, in Theorem 1.6.

Remark 1.10. When F' = Q, choosing the Archimedean test function f., via a unipotent trans-
form as in [Sar85], the RTF approach will give a new proof (excluding ged(Chn(7), Can(x))) of
the hybrid bounds in [BH08, BH14].

1.4 Outline of the paper

1.4.1 The regularized relative trace formula. In §2.1, we introduce the intrinsic local and
global data. In §2.2, we construct the test function used for our purposes. Subsequently, in §§2.3
and 2.4, we prove the regularized relative trace formula in Theorem 2.6. This result can be viewed
as the complementary case to the higher-rank version discussed in [Yan23|.

1.4.2 The spectral side. In §3, we describe the regularized spectral side and establish its
meromorphic continuation. Building on the local estimates developed in §§ 3.5 and 3.6, we prove
a lower bound for the period integrals on the spectral side (see Proposition 3.3) in terms of central
L-values.

1.4.3 The geometric side. In §§4-6, we handle the geometric side, which will be separated
into three parts as follows.

(i) The small cell orbital integral Jé{sf sman (f> 85 X), which, as one of the main terms, is handled
by Proposition 4.1 by combining local estimates from §4.1 to §4.3.

(ii) The dual orbital integral Jé{sf bual(f> 8 x) is bounded by Proposition 5.1. This integral is

‘dual’ to Jg:g sman (f5 8, x) via the Poisson summation, and contributes the other main term.

(iii) The regular orbital integral Jggf’éfg( f,s,x), which constitutes the principal part of the

geometric side, is bounded in Theorem 6.1 of § 6. The saving in the Cfgy, (x)-aspect comes from
square-root cancellation in certain character sums (see §6.2), and the saving in the Coo(m ®

X)-aspect is obtained via properties of microlocal lifted vectors and analytic newvectors
(see §6.4).

1.4.4 Proof of main results. With the aforementioned preparations, we prove the main
results in § 7. In §§ 7.1-7.4, we specify the amplification data and consolidate the estimates from
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both the spectral and geometric sides, thereby obtaining Theorem 7.6, which in turn yields
Theorem 1.6.

1.5 Notation

1.5.1 Number fields and measures. Let F be a number field with ring of integers Op. Let
[F': Q] be the degree. Let Np be the absolute norm. Let Op be the different of F. Let Ap be
the adele group of F. Let ¥ be the set of places of F. Denote by X g, (respectively, ¥ o)
the set of non-Archimedean (respectively, Archimedean) places. For v € X, we denote by F;, the
corresponding local field. For a non-Archimedean place v, let O, denote the ring of integers of
F,, and let p, be the maximal prime ideal in O,. Given an integral ideal n, we say that v | n if
n Cp,. Fix a uniformizer w, € p,. Denote by e,(:) the evaluation relative to w, normalized as
ey(wy) = 1. Let ¢, be the cardinality of O, /p,. We use v | oo to indicate an Archimedean place
v and write v < oo if v is non-Archimedean. Let |- [, be the norm in Fy. Put |- oc =],0 | - |v
and |- an =[[co0 | *lo- Let [+ |ap =]+ |oo ® | |ain. For calculations involving Ay or F*\AJ, we
will simply write |- | for |- [4,. For simplicity, we use the notation [ [, and ®, to denote [, ¢y,
and ®yeyx,, respectively.

Let ¢¥p =[], ¥ be the additive character 1y =1g o Trp of F\Ap, where Trp is the trace
map, and g is the additive character of Q\Aqg taking x+— e?™ on R. For v € ¥p, let dt, be
the additive Haar measure on F,, self-dual relative to ,. Then dt:HU dt, is the standard
Tamagawa measure on Ap. Let d*t, =(,(1) dt,/|ty|v, Where (,(+) is the local Dedekind zeta
factor. In particular, Vol(OX, d*t,) = Vol(O,, dt,) = Np, (D, ) "2 for all finite places v. Moreover,

Vol(F\AF;dt,) =1 and Vol(F\A%l), d*t) = Rf:ls Cr(s), where Ag) is the subgroup of ideles A,

with norm 1, and (r(s) =[], Cu(s) is the finite Dedekind zeta function. Denote by FX\A%I)
the Pontryagin dual of FX\A;}).

1.5.2 The Haar measure on G(Ap). In this paper, we set G=GL(2) and A=
diag(GL(1),1). Let B be the group of upper triangular matrices in G. Let G =Z\G and
By = Z\B, where Z is the center of G. Let T be the diagonal subgroup of B. Then A~ Z\Tg.
Let N be the unipotent radical of B. Let K = @), K, be a maximal compact subgroup of G(Ap),
where K, =Us(C) is v is complex, K, =09(R) if v is real, and K, =G(O,) if v <oo. For
v € XFfin, M € Zxo, define

Ko[m] == {(Z Z) €G(0,): ce w;,nov}, (1.9)
and
Kg,[m] = {<CCL Z> €G(0y): cew,'O,, del +w,zn(9v}. (1.10)

For v € ¥, we have the Iwasawa decomposition G(F,)= Z(F,)N(F,)A(F,)K,, which pro-
vides the coordinates g, = 2, (1 bl) (a” 1) ky,, where z,,a, € F), b, € F,,, and k, € K,,. A Haar
measure on G(F,) is defined by

dgy, = d* z, dby |ay|; d* a, dk,,

where dk, is the probability Haar measure on K.
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1.5.3 Automorphic data. Let s=(s1,52) € C2. Let w€ FX\A%I). For a subgroup H of G,
we denote [H|:= H(F)\H(Ar) as the automorphic quotient. Denote by A ([G],w) the set of
cuspidal representations on G(Ap) with central character w.

For ny,m € FX\A;}), let Ind(7; ® n2) denote the unitary parabolic induction from B(Ap) to
G(AF) associated with 11 ® ny. For simplicity, we write 11 B 7o =Ind(n; & 12).
Define the generic character 6 on [N] by

9((1 f)) —pp(b), beF\Ap.

Then 6 = ®,0,, where 6, is the additive character on N(F},) defined by

o ((* 1)) =t ber

1.5.4  Other conventions. For two integers my, ma > 1, denote by [m1, ms] the least common
multiple. For a function h on G(Ap), we define h* by assigning h*(g) =h(g~1), g € G(Ap).
Let a, 8 € R be two parameters or functions. We use the following notation.

— We use a>> 1 to indicate that « is sufficiently large.

— Suppose that 5> 0. We write a <  or a = O([3) if there exists a constant ¢ > 0 such that
|a| < ¢B. We refer to ¢ as an implied constant. When ¢ depends on parameters Aj, As, .. .,
we write o <4, 4,,.. B to indicate this dependence.

— Suppose that > 0. We write a = O(f7°) if a <,, 7" for all n > 1.

— For simplicity, we do not specify the implied constants explicitly but only indicate their
dependence when necessary. Unless otherwise stated, all implied constants may depend on
€. In particular, when we use < in regions of integration, summation, or for the support
of a function, the underlying implied constant is absolute (in particular, independent of all
parameters except possibly €) unless otherwise specified.

Throughout, we follow the e-convention: i.e., ¢ will always be a positive number, which can
be taken to be as small as we like, but may differ from one occurrence to another.

2. Test functions and the regularized relative trace formula

The notation presented in this section will be used extensively throughout the remainder of this
paper.

2.1 Intrinsic data

Let F be a number field, and let x = ®, X, be a unitary Hecke character of F*\A%. Let 7 = ®,m,
be a unitary generic automorphic representation of G(Ar) with central character w = ®,w;.

Recall that our main objective is to establish a hybrid bound for L(1/2, 7 x x) as stated in
Theorem 1.6.

2.1.1 Analytic conductors. Let C(x):=]], Cv(x) be the analytic conductor of x, where
Cy(x) is defined as follows.
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— For F, ~R, if x,, =sgn™ |- [i*» with n! € {0, 1}, we define
n, + ik

CU(X):l‘i“iv 9 -

— For F, ~C, if x,(a) = (a|a| ™')™ |a| for a € F}, we define

Co(x) = (L + [iry + 1] /2])%.

v

Here, | - | is the complex modulus given by |a| = v/ aa.
— For v < oo, let 7y, be the smallest nonnegative integer such that x, is trivial on 1+ iy Oy

but not on 1 —i—ng“_lov. The integer r,, is called the conductor exponent of .. Define
Co(X) =@

Let C(m):=]], Cu(m) be the analytic conductor of m, where each local conductor Cy(m) is
defined as follows.

— For v < 0o, denote by r;, > 0 the conductor exponent of m,, which is the unique integer such
that m, has a vector that is K¢ ,[rz,]-invariant (see (1.10)) but not Kg,[rz, — 1]-invariant.

Ty

Define the local conductor of m, by Cy(7) := g™

— For v | oo, the local L-function of , is a product of shifted Gamma factors of the shape
Ly(s,my) =Ty(s+ B1.v)Tw(s+ B2,). Here, Iy is the Gamma function over F,, and i, and
B2,» are complex numbers. Let

Co(m) = (14 [Brol) (L + B2 )] .
Finally, define Cg,(x) :=]] Cy(x) and Chn(m) =] Cy(7) as the arithmetic conduc-

v<oo ~U v<oo U
tors of x and m, respectively. Similarly, let Coo(X) :=]],sc Cv(x) and Coo(m) :=]], s Cu(m) be

the Archimedean conductors of x and 7, respectively.

v]oo

2.1.2 Types of Archimedean parameters. Let v|oo. For an admissible irreducible represen-
tation II, of G(F),), we denote its associated L-factor by

Ly(s,IL,) =Ty (s +71,0) 0 (s + v2,0).

DEFINITION 2.1. Let 0 <e; <1 be a fized parameter. We say that 11, is of type I relative to €1
if its parameters 1, and 72, satisfy

e1]r20] < 710l <72

Otherwise, we say that II, is of type II relative to 1. Since &1 is a fixed small number, we will
simply say that 11, is of type I or type II, omitting ‘relative to 1.’

Let Cy(m® x) be the local conductor defined analogously to C, (7). Let €9 >0 be a fized
constant, chosen sufficiently small. Define

T 100C, (7 @ x)z  if T ® X is of type I, 1)
o 551000v(7 ®x) if my ® Xy is of type 11, :
and
0  if my ® Xy is of type I, 22
Ly = .
T 1/2 if @y s of type IL
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Remark 2.2.

(i) The representation 7, ® X, is of type I in many favorable situations, such as when m, is fixed
while y, varies, as in Theorem 1.1, or when 7, varies with a fixed central character while Y,
remains constant.

(i) If m, ® xo is of type II, then Cy(x) < 100e;Cy (7).

2.1.3 Ramification parameters. For v € Xpay, let ry, (respectively, ry, ) be the conductor
exponent of x, (respectively, wy). Let 7, be the conductor exponent of ,. We set

My :=max{rr,, Ny + Tw, } =Ny =Ty, . (2.3)

This choice of m, is adopted from [BH14| and offers simplifications in certain local calculations
when w, is nontrivial.

Define Q =[], ., piv. For simplicity, we write Q@ = Cfn(x), M = Cgn(7), and M’ = Chy(w).
Then M’ | M.

2.1.4 Auxiliary finite places. Let vy and vy be two fized unramified primes such that
Quy > 104, and 7, and Y, are unramified at v € {vo, v1}. Hence, my,, = ny, =m,, =n,, =0.

2.1.5 Hecke operators. Let m=®,m, be an automorphic representation of G(Ar), with
central Character w = ®uwy. Let n be an integral ideal in F' with primary decomposition
n= Hv|n . The plrth Hecke operator is defined by

Ty () =g, "/ E/ v(yv)sodyv, peT.

iti=l, K,diag(w} wv
z>j>0

Let Tu () :==[I,ju Tyt (#). When ¢ is right-invariant under ]|
for the operators Ty, and T, for each v[n, with eigenvalues Az(n) and Ar(pl), respectively.
Moreover, we have Ar(n) =[], Ax (pb).

oln K, it becomes an eigenform

2.1.6 Hecke relations. Let v <oo, l, >0 and I, > 0. We have

Ac(py) = w, (@) - Ax(ph), (2.4)
and the Hecke relation
min{l,,l’ }
)\ﬂ(pé“))\w(pﬁ’) = Z Wy (W%))‘W(piﬁl;iw)‘ (2.5)
=0

2.2 Construction of test functions

We shall construct a test function f=®,f, on G(Ar) in the following way.

— At Archimedean places v | 0o, we construct f, according to the types of m, ® x, (see §2.1.2).
x If m, ® xp is of type I, the function f, will be constructed in §2.2.1 based on Nelson’s
work [Nel23] (see §§1.5.2 and 14 on p. 80) following the approach in [NV21, §1.10] (see
also [Nel21, Part 2]). It will sieve out microlocal lifted vectors.
x If m, ® xyp 1s of type 11, the function f, will be constructed in §2.2.2 following the work of
Michel and Venkatesh [MV10, §3.6|. It will sieve out analytic newvectors.
Precise constructions will be given in §§2.2.1 and 2.2.2.

2599

https://doi.org/10.1017/S0010437X26103327 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103327

L. YaNG

— At the auxiliary fized finite places v € {vg, v1} constructed in §2.1.4, we define f, to simplify
the regularized relative trace formula:
* The local test function f,, defined in §2.2.3 simplifies the spectral side by annihilating
the residues from the continuous spectrum during the regularization.
x The local test function f,, defined in §2.2.4 simplifies the geometric side by annihilating
certain orbital integrals.
Detailed discussions will be provided in §§ 3.4 and 2.4.2.

— At ramified finite places, we construct the local test functions via a double average over
unipotent translations weighted by characters (see §2.2.6). This step is essential in handling
the level aspect and also simplifies the regularized relative trace formula (see §2.4.1).

— At the remaining places, let n be an integral ideal such that m, and y, are unramified for
all v |n, with vgfn and vy fn. Define f, as follows:

« For v|n, we introduce normalized Hecke operators (following Duke, Friedlander, and
Iwaniec [DFI02|) to facilitate further arithmetic amplification. The associated local test
functions f,, constructed in §2.2.5, play a crucial role in § 7 to prove Theorem 1.6.

* For v{n, we take f, to be the standard spherical vector.

2.2.1 Construction of fs: the type I case. Let v|oco. Suppose that m, ® x, is of type I. Let
T, =100C, (7 ® X)é be the parameter defined by (2.1). )
By [Nel23, §14] and [NV21, §2.5|, there exists a function f, € C2°(G(Fy)) such that

suppfy C{g € G(F,): g = Ins1 + O(T, %), Ad*(g)T=7+O(T, * )}, (2.6)

where the operator m,( fv) is approximately a rank-one projector with range spanned by a unit
vector microlocalized at some chosen element 7, in the coadjoint orbit of m, ® x,.

An explicit construction of f, can be found in [Nel23, §14]. Here, we summarize some basic
properties of f, as follows. For g € G(F,), we may write

a b _ a v
g:<c d>€G(Fv)7 g 1:<C/ d/>€G(Fv)

dy(g) = min {1, |d~1b], + [d~te|y + |d 71 |y + |d Ay} if dd #£0,
I B if dd’ =0.

Define

As a consequence of [Nel21, (14.13)] and [Nel23, Theorem 15.1], along with the support
constraint (2.6), we obtain

1

—5te
~ - . T, *
Folgl < T, L) aar (g)yr—rl<Tst2te  Lg—p|crye - N {1, do(9) } (2.7)
We thus define the local test function f, by
Folg) = (FE (F))(9), (2.8)
where v | 00, g € G(Fy), and
o) =xuldetg) [ Fzgponc) a (2.9)

Remark 2.3. We do not recall the precise construction of fv from [Nel23, § 14]; instead, we will
only use its relevant properties, with appropriate references to the source.
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2.2.2 Construction of foo: the type II case. Let v |oo. Suppose that m, ® x, is of type II.
Let T, =, '%°C, (7 ® x) be the parameter defined by (2.1).

Let hi? = (h1w, how, h3p) € C(F) x F, x F,) be a triple of nonnegative Schwartz functions
with compact support, satisfying the following conditions:

= Jpx hw(a)d*a=1, h1,(a) =0 unless |a — 1|, < &g, and
h(J)( )<<5 -1 for all a € F) and 0 < j < 2;

N ‘ fF h2 v ) (b) db‘ = 1 and hQ,U(b> =0 unless ’bv‘v < 1073; and
- fF hs(c) de=1, and h3,(c) =0 unless |c|, < &o.

Let h’27,u be the derivative of ho ,. Define

Folg. 1) := Tuxo(det g)hn o (2)hnw(@) b o (0) s (Ty50) (2.10)
if g=z(2 ) (L ;) € G(F,), and set f,(g, h5°) =0 otherwise. Define
o) =t )Tt [ Fieo. by (z) 4 (211)

By the Bruhat decomposition, the set

~ _fa b\ (1 ) x
{g—z( 1) <c 1>€G(Fv). a,z € FJ, b,ceFv}

is open in G(F,). Consequently, for sufficiently small ¢y, the function f;r (g) is smooth and
supported in a small neighborhood of the identity matrix Io.
The local test function is then defined by

Folg) = (F1+ (FD")9), g€ G(F). (2.12)

2.2.3 Non-Archimedean test function f,,. Let vy be the fixed unramified place as in §2.1.4.
For v =g, we define
hoi= > Y(Bwy )luk, + lax, (2.13)
BEOI /(1+py)
where ug = (* BTJ ), and d :=diag(cww, !, @,). We define the local test function by

Folg) = (f1* (FD)9), g€ G(F), (2.14)

where
flg) = / ho(g)we(2) d”. (2.15)

The test function f,(g,) is introduced to eliminate contributions from the residues of period
integrals on the spectral side when shifting contours during the regularization of the relative
trace formula (see Proposition 3.1).

2.2.4 Non-Archimedean test function f,,. Let v=wv; be the fixed unramified place as in
§2.1.4. We define the test function by

Wv(zv)_lwv(EZQ(kv))_l . B
Folge) = £1(9) = Vol(E,[1)) 1 g0= 2k € ZFNGN1) (2.16)

0 otherwise,
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where K ,[1] is the image of Ko,[1] in G(F,), and Es2(k,) is the (2,2)th entry of k, € Ko,[1].
We have f,(g) = (fj * (fz];)*)(g)

2.2.5 Non-Archimedean test function f, atv|n. Let n be an integral ideal such that m, and
Xv are unramified for all v | n, and vp{n and vy tn. For v | n, we define

folg) =gy @27 / g ding(wn ik, (FOw(2) 4z, g€G(R).  (217)
itj=e,(n) VY
12520

2.2.6 Non-Archimedean test function f,: the remaining places. For v € ¥ g, — {vo, v1} such
that v{n, we define

1
f = 1 m.,J\2gG )Wyl 2 dXZ, 2.18
10 = Gy Jro Ttk (2) (2.13)
where Ky ,[m,] is the image of K ,[m,] in G(F,). For g € G(F,), define by
1 —
fv(g> = W Z Xv(a)Xv(ﬁ)f;r(gaﬁ)? (2.19)
XolI” weor /(1w o)

BEO /(1+wyv OF)
where
T(Xv) = Z @Z)v(awv_nv)Xv(a)
Q€0 /(1+wi )

is the Gauss sum relative to the additive character 1, and

1 aw ™ 1 Boo M
(),

Here, we identify o, 8 € OF /(1 4 w» O;) with their representatives in O} to ensure that g, 5 €
G(Fy).

Note that n, =0 for almost all v € Xrg,. Consequently, for all but finitely many v € X g gy,
we have f, = fl = fJ * (fg)*, supported on Z(Fy,) Ko »[my).

By definition (2.3), we have m, =0 for v € {vp,v1} and v | n.

2.2.7 Construction of the test function. Let the notation be as in §§2.2.1-2.2.6. We define
the test function f=@Q), fv, where f, is given by (2.8), (2.12), (2.14), (2.16), (2.17), and (2.19).

2.3 Decomposition of the kernel function
Let f be the test function defined in §2.2.7. Then f defines an integral operator

R(f)d(g) = / f(d)olgg) dg’ (2.20)

G(AF)
on the space L%([G],w) of functions on [G] that transform under Z(Ar) by w and are square-
integrable on [G].
By making the change of variable ¢’ — g~'¢’ in (2.20), and using the fact that ¢ is left-G (F)-
invariant, we obtain

R(f)élg) = / K(g, ¢)é(g") dg.

(@]
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where for g1, g2 € G(Ap),

K(gi,g2):= Y flgr 792) (2.21)
YeG(F)

is the kernel function of R(f). Since f has compact support modulo the center, the sum in (2.21)
converges absolutely.

It is well-known that L?([G],w) decomposes into the direct sum of the space L3([G],w) of
cusp forms and spaces L3, ([G],w) and L% ([G],w) defined in terms of Eisenstein series and
residues of Eisenstein series, respectively.

Let R be the right regular representation of G(Ar) on L?([G], w). The spectral decomposition
of the L2([G],w) (see [GJT9]) gives that

R= P 069/ &b a,\m%GB P nodet, (2.22)

g Cuspldal WEFX\A(I) WGFX\A;})
n=w

where oy, =Ind(n| - |*,n7'w| - |~*) denotes the normalized parabolic induction of the characters

0| - | and n~ w7
Then the kernel function K(g1, g2) decomposes as the pre-trace formula:
Ko(g1, 92) + Ker(g1,92) =K(g1,92) = > fl91"v92), (2.23)

YeG(F)

where Ky is the contribution from the cuspidal spectrum, and Kggr(g1, g2) is the contribution
from the noncuspidal spectrum. The subscript ‘ER’ refers to Eisenstein series and their residues.
Explicit expansions of Ky(g1, g2) and Kgr(g1, g2) will be given in §3.2.

Substituting the Bruhat decomposition

F)UBO(F)WN(F)v = <1 1)

into (2.21), we obtain K(g1, 92) = Ksman (91, 92) + Knig (91, g2), where

Ksman(g1, 92) Z Flgrvg2),  Kaiglgr, g2) = Z f(g1 ' vg2).
YEBo(F) YEBy(F)wN (F)

Let IC(’ ) € {K(’ ')7 KO(" ')v KER(‘: ')7 KSnlall(’7 ')7 KBig(’, )} Define

FoF1K(g1, 92) 12/[ }’C(91,u292) dug, F1FoK(g1,92) 1:/[ ]’C(U191792) duy,
N N
F1F1K(g1, 92) 1_/ / K(u1g1, u2g2) dusg duy,

FaFaK (g1, 92) Z Z / / K(uiagr, uaBg2)0(u1)0(usz) dus dus.

aEA(F) BEA(F)

Using the Poisson summation twice yields

FaFaK(g1, 92) = K(91, g2) — FoF1K(g1, 92) — F1FoK(g1, g2) + F1F1K (91, g2)- (2.24)
Since f has compact support modulo the center, (2.24) converges absolutely.

LEMMA 2.4. For z,y € A(Ar), we have
FoF1 Kgig(z,y) = F1Fo Kpig(z, y) = F1.F1 Kgig(z,y) =0.
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Proof. By the definition of Kgig(-, -),

FoF1 Kgig(z,y) = Z / f (™ bwugy) dus.
beBo(F) Y N(A)

Now let v | Q, so that n, > 1. By the definition of f,, we have

7o) 2 /N ol ) d

=y e [ AT ) et (U )) w229

B0 | (14+w3 0

where the local test function fJ() is defined by (2.18).
Since y, € A(Fy), after the change of variables

1 —Bqg™ _
Uy = Uy Yo ( quv > Yo 17

the right-hand side of (2.25) becomes

> Xo(5) > xv(a)/fi ((1 a?) xilbwu@yz) duy,

BeOX [(14+wyv O) acO /(14w OF)

which vanishes as a consequence of the character orthogonality

> Xo(8) =0.

BEOS /(14w ? OF)

Hence (2.25) wvanishes, which implies that FoF; Kpig(z,y)=0. Likewise, we have
F1Fo Kgig(z, y) = F1F1 Kgig(z,y) =0. o

2.4 The regularized relative trace formula
Let s = (s1, s2) € C2, with Re(s1) >> 1 and Re(s3) >> 1. Consider the integral

/ FoFa K(a, y)| det ol det y* ()X (y) d*z d*y. (2.26)
(4] J[A]

It follows from [Yan23, §6.2| that the above integral converges absolutely when Re(s;) and
Re(s2) are sufficiently large.

We denote by Jgpei(f, s, x) the integral (2.26) obtained by substituting the spectral expan-
sion K(g1, g2) = Ko(g1, 92) + Kgr (g1, g2) into it. Likewise, we denote by Jggcg)(f, s, x) the integral
obtained by substituting the geometric expansion (2.21) into (2.26). As a consequence, we have

the coarse relative trace formula

Tone (£:9,X) = JGe8(£,9,X); (2.27)
where Re(s;) and Re(s2) are sufficiently large.

For convenience, we refer to Jsie 5 (f,s, x) as the spectral side of the relative trace formula and

Jggg(f, s, x) as the geometric side of the relative trace formula.

2.4.1 The spectral side. Let s = (s1, s2) € C?, with Re(s1) >> 1 and Re(s) >> 1. Note that
Ko(z,y) = FoF2 Ko(z, y). By the definition (2.26), we have

TR (f,5,%) = JRE(f,8, ) + JRE(f,5, %), (2.28)
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where

TRE(f s ) = /[A] /[A] Ko(z, )| det 2] | det y|* x(2)X(y) d*z &y,

Teet(f.s,x) == /[A] /[A] FaF2 Ker (@, y)| det z[*| det y|** x(2)X(y) d™x d™y.

In §3 we will show that the spectral side JSRSEC( f,s,x) admits a holomorphic continuation
Jg;ff(f, s, x) to the region —1/4 < Re(s1), Re(s2) <1/4.

2.4.2 The geometric side. Let Re(s1)>>1 and Re(s2) >> 1. By (2.24), Lemma 2.4, and the
Bruhat decomposition K(z,y) = Ksman(z, y) + Kpig(z, y), we have

R R R
TGeo (8, X) = oo sman (f+8: X) + Jgeo pig (f2 85 X), (2.29)

where

Jggf,Small(fv S, X) = /[A] /[A} F2f2 KSmaH(x? y)’ det 1.‘51‘ det yISZX(m)Y(y) dxx dea
TG g (f18, %) 1= /[A] /[A] Kpig(,y)| det z|* [ det y[*x ()X (y) d*x d”y.

In view of the construction of f,, in (2.16), we deduce from [Yan23, §5| (or from the proof in
[RRO5]) that

R R Reg,I1
Jng,Big(uﬁ S, X) = JG:E,Dual(f’ S, X) + JGeeg,Big(f7 S, X)? (230)

where Jg’jf) Dual(f> 8, X) is defined by

/; /f((i» 1> (y 1>>|x151+52!y\52x(y) d*yd*z, (2.31)

and the regular orbital Jggg”é{g( f,s,x) is defined by

~1
2 /A / f<<myy Y t>>|xfsl+52!y\52x(y) d*y d*z. (2.32)

teF—{0,1}

Remark 2.5. Without the component f,, , the decomposition (2.29) may include additional terms.
For instance, if 7 and x are both unramified at all finite places (i.e., m, =0 for all v < o0, e.g.,
x=|-|"), then there are two extra terms in (2.30) (see [WYZ24, §2.2.3]).

Since f is a Schwartz—Bruhat function, Tate’s thesis implies that Jgie% Dual(f> 8, X) converges
absolutely for Re(s1 4+ s2) > 1, and it represents the complete Dedekind (-function A(s1 + $2).

Likewise, Jé{sf sman (f> 8, X) is a Tate integral representing A(1 + s1 + s2). Moreover, by Theorem

5.6 in [Yan23, § 5.4, the integral Jggf”éfg( f, s, x) converges absolutely for all s € C2. In particular,
the sum over t € F'\ {0,1} is finite, a property referred to as stability of the regular orbital
integrals (see [FW09, MR12]).

Throughout §§4-6, we give detailed quantitative descriptions of the functions
JGRSE,SmaH(f’ S, X), J§:§7Dual(f, s, X), and Jg:f”gg(f, s, X). As a result, we obtain a holomorphic

continuation JGRgg’O(f, s, x) of JGR:(%(f, s, x) to s € C2.
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2.4.3 The relative trace formula. Let Jé{;egc’@(f, s, x) and JGRZE’QQ(f, s, x) be the holomorphic

continuations of J;fegc( f,s,x) and Jgsg( f,s,x), respectively. As a consequence of (2.27), we
obtain the following.

THEOREM 2.6. Let ¢ >0 be a small constant. Let C:={s€ C: |s| =¢} be the circle of radius €.
Let s=(s,0). Then

R
JReE9(p o = L / Jocosman(f5:%)
Spec Uy X 27i - s
Reg
1 JGeo,Dual(fﬂ S, X) Ree.IT
% c S ds + JG:(%,Big(f7 07 X) (233)

Here, JGRgf’SmaH(f, s, X) and Jg:f,Dual(f, s, X) are understood via their meromorphic continuation,
as established by Tate’s thesis.

A more precise form of the formula (2.33) will be developed in §§ 3—6.

3. The spectral side: meromorphic continuation and bounds

Let s=(s1,82). In this section, we shall show that J?;egc(f, s, x) admits a meromorphic
continuation JSR;egC’Q(f, s, X) to the region —1/4 < Re(s1), Re(s2) <1/4.

3.1 Eisenstein series

Define Hy : T(Ap) — R by setting H((* 4)) =log lad™!|4,. Extend Hy to amap H : G(Ap) — R
by using the Iwasawa decomposition G(Ar)=N(Apr)T'(Ar)K, and defining H(utk) = Hr(t),
ue N(Ap), teT(Ap), and k€ K.

For n e FX\A%D and A € C, let oy, =Ind(n|- |*,n~'w|-|~*) be the parabolic induction. Let
¢ € 0g,y be a section. Define the Eisenstein series

E(g.0. )= Y. ¢(dg)ezTVHOD  Re()) > 1.
SeB(F)\G(F)

Then E(g, ¢, A) converges absolutely and admits a meromorphic continuation to A € C with
possible simple poles at A € {0, 1}, as well as a functional equation.
Let f be constructed in §2.2. For g € G(AF), define

B9, T £)6,N) = 000 (£)E(g, 6, \) = / fW)E(gy. . N dy, Re(A)>1.

G(Ar)

To simplify the notation, we also use E(g,$,\) and E(g,Z(\, f)¢,A) to denote their
meromorphic continuations.

3.2 Spectral expansion of the kernel functions

Let the notation be as in §2.2. Define Ko(z,y) and Kggr(z,y) by (2.23). Then, by the
decomposition (2.22),
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Ko(z,y)= >, Y a(Neé@)(y),

c€A([Glw) pEB

1 -
neF\ay Hoema,

where B, and B, are orthonormal bases of o and oq, = Ind(n, nt

associated inner products, respectively.
According to the construction in §2.2, the test function f is right invariant under

K« :=K,[11Q ] Kowlmol- (3.1)

V<00, VFU

w) with respect to their

Hence, we may take ¢ € %é([*] and ¢ € ‘Bfo[’:] in the above definitions of Ko(z, y) and Kgr(z, y),
[+] ( Bl

90,n

respectively. Here, %f respectively, ) consists of vectors in B, that are right-K[x]-

invariant modulo the center.

3.3 Rankin—Selberg periods
Let ¢ be a generic automorphic form on G(Ap). Define the associated Whittaker function by

W(g) = /[N} o(ug)f(w) du, g€ G(Ap), (3.2)

where 0 = ®,0, is the generic additive character of N(Ap).

By multiplicity one, W, factors into local integrals, i.e., Wi, (g9) =[[, Wyv(9v), where g=
®ugy € G(AR) and W is a local Whittaker function associated with the local generic character
6,. Moreover, W, ,, is spherical for all but finitely many places v € ¥ . Define the Rankin-Selberg
integral

woo) = [ Wo((7 ) e ae =T oo (5:3)

F

where the local integral is defined by

wiso)= [ Woa((* )ikt a*a (3.4)

By standard estimates of W,,,, the integral ¥(s, ¢, x) converges absolutely for Re(s) > 1.
Furthermore, it is related to L-functions as follows.
If ¢ € B,, where o € Ay([G], w), then by the Fourier expansion

o= wo((* ) o). accian

acFx

\If(s,cp,x)z/Fx\A;so«x 1>) |lz|*x (2) d*

which, by the rapid decay of ¢, converges absolutely for all s € C. Hence, the function ¥(s, ¢, x)
is entire. By Hecke’s theory, W(s, ¢, x) is the integral representation for the complete L-function
A(s+1/2,0 x x).

we have
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—

If p €By,, for some 7 € FX\A%I), then each local integral

xv S
[owea((7))iesbinaten e,

represents the local L-function L, (s + 1/2,1,Xv)Ly(s +1/2, 75wy Xy ). Therefore, the function
U(s, ¢, x) admits a meromorphic continuation to s € C, which represents the complete L-function

A(s+1/2,m)A(s +1/2, 7 wy).

3.4 The spectral side: meromorphic continuation

Let Re(s1)>>1 and Re(s2) >> 1. Substituting the Rankin-Selberg periods (see §3.3) into the
decomposition (2.28), we then obtain

TR (f.5,3) = JRE(f,5,%) + JRE(f,5, ),
where

Jg”eg(f, S, X) = Z Z (s1,0(f)P)¥(s2, b, X),

o€AL([Glw) peBEl

with K[#] being defined by (3.1), and J5-8(f, s, x) is defined by

1 =T —
= X [ e o0NEC 6N 0o B0 0. %) dA
WEFX\A;}) (ﬁe%ao n
PROPOSITION 3.1. The function ng (f, s, x) extends to a holomorphic function Jgizg’@(f, S, X)
in —1/4 <Re(s1), Re(s2) < 1/4 with ngg’ (f,s,x) given by

F [ Wer o0 (B0 0.0 W52, B 0. T) A (3.5)

K[+]
n PEDBS,

where the integrand V(s1, 00.,(f)E(-, ¢, A), X)¥(s2, E(-, ¢, X), X) is identified with its meromor-
phic continuation. In particular,

Tspee. (F:8:X) 1= Jg 8 (f.5.%) + T (f.5.%) (3.6)
is holomorphic in the region —1/4 < Re(s1), Re(s2) <1/4.

—

Proof. The function Jgi “®(f,s,x) converges absolutely for s € C2. Moreover, for n € F X\Ag) \
{x~ !, xw}, the function W(sy, o(f)E(-, ¢, \), x)¥(s2, E(-, ¢, \),X) admits a holomorphic contin-
uation to s € C2, as discussed in §3.3.

We now consider the case that n € {x™!, xw}. For Re(s1), Re(s2) >> 1, let

Ifs0= 3= [ W (DBC.6 NV FLEN. DA (1)

A

By [Yan23, §6.3.3|, we have a meromorphic continuation

To(F.8.%) = ) (£.58.%) = G (f: 8. ) + G (£,5, ), (38)
where —1/4 <Re(s1), Re(s2)<1/4, the function J;?(f, s,x) is defined by (3.7) with the

integrand W(s1, 00, (f)E(-, ¢, A))¥(s2, E(-, ¢, \)) understood as its meromorphic continuation,
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and

gn(f> S, X) = % Z Res \11(817 onn(f)E('a d)v >‘)7 X)‘ll(527 E(a ¢7 A))Y)v

)\ 81—1/2
peB il

gﬂ(-ﬂ S, X) = E Z A_li{/%is \11(817 JO,n(f)E('a (ba /\)7 X)\II(SQa E(a ¢7 A)vY)
peB il T ’
When Re(s1 + s2) > 1, by [Yan23, Theorem 8.1] the function G, (f,s, x) is represented by the
convergent integral

NE / : / X / / g <<1 1) (y 1b>>¢<bx> db dela "+ d*ax(y) |yl d*,

and the function gn f,s,x) is expressed by the convergent integral

vl L (1) (& 1))woe) waceiz= o, avv

Utilizing the integral representations discussed above, we proceed to demonstrate that
Gn(f,s,x) =Gy(f,s, x) =0 for the test function f constructed in §2.2.
Let v =wvg be the fired unramified prime defined as in §2.1.4. Consider the local integral

o= [ [ 2(( 1) (1))

which is the inner integral of the local integral of G, (f,s, x).
Recall the construction of f, in §2.2.3:

fo(9) ::/X(ﬁv*fzi)(gz)wv(z) d*z, geG(F,). (2.14)

By the definition of h, in (2.13), we have h, * h* = FLb f(l 2y f'u )+ fv2 &

= 3" (B Y 0By ks

where

B0 /(1+p.) B €O /(1+py.)
= " Yu(Bwy luk,a,s
BeOS /(1+p.)
f1g271) = Z Ev(ﬁ,wijl)ldf(vu,;am fzgz’Q) = 1dKUd*1-

B0 /(14p.)
Let g € F and g € G(F),). From the identity

1 ﬁwv’l _ 1 w;l wy B
1 “\plw, 1 wy) \ =81 ’
it follows that

W= S w0 (L, 1)) e 69

BeO)/(1+pw)

Substituting g = (Clv 1) (y“ bl) into (3.9), and applying the change of variable ¢, — ¢, +

B~ 1w, 1 the integral
r(1,2 1 v by
Jo L 20 ) () m o
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reduces to

3 wulpi L Lo 1) (7 F)) wetbes b de (3.10)

where 8 € O /(1 +p,). Since
> (B, ) =-1,
BeO)/(14p.)

it follows from (3.10) that

2
Fa) (1 Yo bv>) o
/FU /F’sz:;fv <<cv 1> < 1 wv(bvxv) dbv dCU_O7 26{172}_

Together with (2.14), we deduce that oy (zy,y») =0, which implies G,(f,s,x)=0 in the
region Re(s1) >> 1 and Re(s2) >> 1. By meromorphic continuation, it follows that G,(f,s, x) =0.
Similarly, we obtain Qn(f, s, x) =0.

In conjunction with (3.8), we deduce the meromorphic continuation Jgiig’o( fys,x), as defined
n (3.5), of the function Ju 8(f,s,x) in the region —1/4 < Re(s;), Re(s2) < 1/4. Moreover,
by [Yan23, Lemma 6.7], the integral Jgiesg’@( f,s,x) converges absolutely and thus defines a
holomorphic function in this region.

Therefore, Proposition 3.1 follows. O

3.5 The spectral side
Let f, and f be defined as in §§2.2.1-2.2.6. Let

(9) =@ £,

where for vtn, f is defined by (2.9), (2.11), (2.15), (2.16), and (2.18); and for v | n, fJ is defined
by

filo)= [ 1xGopne) %=, 9GP,

For an automorphic representation o € A([G], w) and ¢ € o, we define ¥ (x) by

Lol X (' F7)|rwst b

v[Q a€OX /(1+wiv OF)

To simplify the notation, we shall still write (s, ¢*,x) and U(s, E(-, ¢, )}, x) for their
meromorphic continuations, respectively.

LEMMA 3.2. Let s =(s1, s2) with —1/4 <Re(s1), Re(s2) <1/4. Then
Tspee (F.8:0) = Jg =% (f.8.0) + Tt (£.8.). (3.11)

where

B ps = S A U(s1, 61, )T o X,

o€A([Glw) pemB i
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and ngg QQ(f, s, x) is defined by

% Z / Z A”%n tl \I/ 317E('7¢’ A)i,x)@(?g,E(-,¢’ )‘)iy)() dA.

HGFX\A(1> ¢E‘B"0 n

In particular, we have

Tsper (£,0,3) = o (£,0.X) + Tt (£, 0,%),
where 0= (0,0), and

TEC(F000:= 3 Am) D (0,65, )%

o€A([G]w) peBEM
Re ,Q 1
BEO 0= X [ e, X 0BG 0P A
nEFX/\ATg) ' $€Bsy,

Proof. From the construction of f and the definition of ff, we have the following.

— Suppose that o € Ag(|G],w). Then
Y Us1,0(f)9)¥(s2, 6, X Z Ao () (s1, 6%, X) U (52, &, x). (3.12)

peB i peBy
— Suppose that A € {R. Then

Z \I’(Slv UU,n(f)E('7 ¢7 )‘)7 X)\I](SQ’ E(’ ¢7 )‘)7 Y)

peBi )
Z )‘GA,77(n)\II(81?E('7¢7 A)17X)\P(57E(7¢> )‘):th) (313)
PEBL,)
Therefore, (3.11) follows from (3.6), (3.12), and (3.13). O

3.6 Lower bounds of period integrals

Recall that 7 is defined in §2.1. In this section, we establish a lower bound for the period integral
(0, o, x), where

o€ ‘BNK[*] if 7 is cuspidal,

E(,¢,)) if r=0x,, AR, ne FX\AY, and ¢ € Bg,)

go,n *

Let Wo(g9) =11, Wy(g9s) be the decomposition of the Whittaker function of ¢ defined
by (3.2).

By definition (3.3), we have

V(0. 9% x) = L(1/2,m x x) [ ] 2u(0,6%, %) H L, 1/2’7r><

v]oo

X)

L (3.14)

where L,(1/2,7 x x) denotes the local L-factor, and ¥, (0, ¢, x) is the local period integral
defined by (3.4).

Since ¥, (0, ¥, x)/Ly(1/2, 7 x x) = Wy, (I2) for all but finitely many places, the product over
v < oo in (3.14) reduces to a finite product. Moreover, by the bounds towards the Ramanujan
conjecture in [KS03], the local integral W, (0, ¥, x) converges absolutely for all places v € ¥p.
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PROPOSITION 3.3. Let w and x be defined as in §2.1. Let T,, be defined in §2.1.2.

— Suppose that 7 is cuspidal. Then

D> (0,65 )P >pe Cr) F|L(1/2, 7 x )P [ T (3.15)
peB il v|oo
— Suppose that m =0y, for some 1 € FX\A%I), and X\ €iR. Then
Cloan)°IL(1/2,05 5 X X) 1
> 1RO B0 N 0P > re = oy ) CRRCAT)
pem il X vloo

Proposition 3.3 will be proved in §3.6.3, by collecting lemmas in §§ 3.6.1 and 3.6.2.

3.6.1 Lower bounds of U, (s, ¢t, x) at v < co.

LEMMA 3.4. Suppose that m € Ag([G],w) and ¢ € BEM . Assume that W, is a local newform
at all finite places v < co. Then, for v € X g g, — {vo}, we have

W, (s, ¢, x) = Wy o (I2) Lo (s +1/2, 7y X X0), Re(s) = 0. (3.17)

Proof. When vt£, x, is unramified. By the explicit formula for the local new Kirillov vector
(see, e.g., [Sch02, §2.4]), we have (3.17).
We now suppose that v | Q, i.e., n, > 1. Then

W, (s, ¢F, X)

:T(iv) Y xla) / WW((% 1) <1 “ﬁv"”))Xv(xv)ym,,yng%. (3.18)

acO) /(1+wyv OF)

W¢,,,<<x” 1) (1 e n)) Volaz,, )W¢v<<% 1>> (3.19)

Substituting (3.19) into (3.18) we then derive that
1 Ty —-n s
(s, ¢t X) = (o) Z /X W (( 1)) Xo (o) o (0w, ™) |y [} d™ @y .
ac0y /(14w OF)
Note that W, ((** 1)) =0 unless e,(z,) > 0. Moreover,
o T(xv) if ey(xy) =0,
S xelaz)bulanmm) = { b)) =0

a€O) [ (1+wi? OX) 0 if ev(20) >

Therefore, we have W, (s, ¢, x) = Wy, (I2) Ly(s + 1/2, Ty X Xu). O

LEMMA 3.5. Let A€iR and n € FX\A;}). Let ¢ € ‘B{,{O[*]] Assume that Wy, is a local newform
at all v < co. Then, for v € X, — {vo} and Re(s) >0, we have

\I/v(sa E(-, o, )\)i’ X) = W¢,v(I2)Lv(8 + 1/2 + A, anv)Lv(s + 1/2 — A 771;_1Xvwv)'

Proof. The proof is similar to that of Lemma 3.4, so we omit it. O

Note that

We now examine the local integral at v = vg, where vg is the fixed auxiliary unramified place
defined in §2.1.4. Recall that the test function at vy is chosen to eliminate contributions from
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the residues on the spectral side when shifting the contour from Re(s) > 1 to Re(s) < 0. Our goal
is to establish that the local integral at v =vg is nonvanishing.

LEMMA 3.6. Suppose that m € Ay([G],w) and ¢ € BEM . Assume that Wy is a local newform
at all finite places v < co. Then, for v = vy, we have

[0 (0, &%, )| = 107 Wo o (1) L(1/2, 700 X x)- (3.20)
Proof. Let Re(s) > 0. By the definition of f] in (2.13) and (2.15), we obtain
Uy (s, 9%, x) = Wy 1 + Uy, (3.21)
where ¥, 1 is given by

-1
> ) [ [ owa () k) dtein g ae,
| < Jr.

BeO /(1+p,

and W, 5 is given by

-1
/Ux Av qu,v <<xv 1) (wv wv) ]{),U> dk‘yXU(.’IJU)’xv’f) dX.fUU.

By the definition of K[*] in (3.1) and the assumption that m, =0 at v =vg, W4, is spherical.
Therefore, we obtain

T r—1 r
o= Y wEm )Y [ W ("R

BeOX /(1+p) r€Z

ot
Wy = W v Xo () [Ty d 2.
™.
Fr v

After the change of variable x, — wg:z:v, we obtain
Wy = wo(w0)Xo (00)2 ¢y 2 Wi o (I2) L(s 4+ 1/2, Ty X X0)- (3.22)

Moreover, decomposing the sum according to » > 1 and r <0, we get

r r—1 7“
v, = Z bo(Bw ) Z/(:)X Wi ((awv 04/37131; )>>@E;Z”) IXa

BEOS /(1+p,) r<0

T r—1 T
FY wm )Y [ w(( )L
BEOX /(1+4p,) r>17 00 9

Since Wy, (diag(awoy,), 1) =0 for r < —1, we obtain

Uyt =Wy o(I2) / Gorrad a+Gg1 Y W, <<“ 1)) Xo(@0) g5,
OX

v r>1
where
G,B,’y = Z @/}v(/@’)/wv_l)'
BEO /(1+p.)
By a straightforward calculation, we deduce that

Wy o(12)

L\ —
ol Q’U_l

F Wyo(I)(1 = L(s+1/2, 04 % x0))- (3.23)
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Combining (3.22) with (3.23), and applying the triangle inequality, we derive

B E A L 2im ol = g —- L0/ w320

By the bound towards the Ramanujan conjecture (see [KS03]), we obtain
11— L(1/2, 7y x x0)| < 20q; /64, (3.25)
Therefore, (3.20) follows from (3.24) and (3.25). O

—

LEMMA 3.7. Let A€iR and n € FX\A;}), Let ¢p € ‘Bfoﬁ]. Assume that Wy, is a local newform
at all v < oo. Then, for v = vy, we have

’\IJU(()? E('7 o, )\)i’ X)| = 10_1‘W¢,U(IZ)LU(1/2 + A X)) Lo (1/2 = A, 771;_1Xv°~”u”-

Proof. The proof is similar to that of Lemma 3.6, so we omit it. O

3.6.2 Lower bounds of W, (s, ¢t, x) at v | ooc.

PROPOSITION 3.8. Let € > 0 be a small constant, and let T;, be defined as in § 2.1.2. There exists
a unit vector W, in the Kirillov model of m,, such that

‘ /F (£ (W) ® xo) <(w 1>> o

Proof. We consider the following scenarios according to the types of m, ® xs.

£

>T, * . (3.26)

— Suppose that m, ® x, is of type I. By the Kirillov theorem (see, e.g., [Nel21, Lemma 11.1
(vi)]), there exists a unit vector W, in the Whittaker model of 7, such that

/FUX mo(F)(We @ x0) ((x 1)) d*z,

— Suppose that 7, ® Y, is of type II. Define the vector W, in the Kirillov model of m, by

(%)) =mate @, e rr (329)

Since g > 0 is sufficiently small and hj ,(x,) =0 unless |z, — 1|, < o, it follows that W, is
a smooth function on F* with compact support, satisfying the bound

<Wv ® Xv, Wo ®Xv> :/
Fr

By the definition (2.10) and (2.11), we obtain

/ mihr () e
/ / /X/X/Xhlv )hiw(@)hs , (D)ha (T, *ec)
e << 1)< )( >>dxxv|a|51dxadxzdbdc,
<

Utilizing the definition of h;,, 1 <j
Tyl Ty 1 Ty 1
() () i) ()

2614
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we derive that

e () (4 ) et e
Fr 1 c 1

where h2 v Ty) = |, P R o( v b))y (z4by) db, is the Fourier transform. Define

W, =) (7)) (1)) - e (™))

By the Cauchy—Schwarz inequality, we have

g[/ |h2v(:cv)\2dxxv]2{/ ]W(xva7c)|2dxxv]2
Fr

Note that ]hz o(T0)] = |27r:z:vl;2\,v(mv)|. Hence,

‘/ i?;m(xv)W(xva,c)an:U

@R e < [ e Pl Pled; de <, 1 (3.30)
Ij“l)><
Note that the implied constants are absolute since ha, is fixed.

Recall that T, =¢,'"C, (71 @ x). Also, hs,(T1c¢)=0 unless |c| < T, 7. For |¢| <
T, 172, we have by [MV10, (3.19)] that

[ / IW(za, c)|2dxxv] < 0C, (7 @ x) " /RISE (hy ), (3.31)
where

Y,

FX
S () o= /F Iyl + 51~

with D; ranging over a basis of F *-invariant differential operators of degree < 2. By the
construction of hi ,, we have S (h1 v) L€ 530, Hence, it follows from (3.31) that

[/ W(zya, c)|? dxxv] < 0, (m @ x) /Rl (3.32)

As a consequence of (3.30) and (3.32), along with [}, h3,(c) dc=1 and the definition (3.28),

we derive
/ o (£ (W, ®Xv)<<xv 1>) d*z,
i / hlv / h 1‘1} hl v(xv )dX:L‘U|a|;1 d*a

+O(2C, (r @ x) 2T, ). (3.33)

By the definition of hi,, hiy(a)hiy(zpa)=0 unless |a—1|,<ep and |z,a— 1], <ep.
Therefore, by the mean value theorem, we have

hiw(a)h(zya)|hy , (20) — By, (1)] < b p(a)hyw(@ea)eo. (3.34)
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Substituting (3.34) into (3.33) we deduce that

[ omubwm e (™)) an

=T, hgv /hw /hl,,, a) d*z,lal;t d¥a
F><

+0(E) + O Colm @ x) /Ty ), (3.39)

where

_50T4€/X /xhlv Vhiw(zpa) d*z,lal, ! d*a.

By the change of variable x, — z,a~! and the support of hiv,

2

E< E()Tv‘ls‘/ hio(a) d*a| < T, * e (3.36)
FJ

Combining (3.35) with (3.36), in conjunction with the change of variable z, + z,a "

fFUX h1 (zy) d* 2, =1, we deduce

E’\ 1 _1_
/ Wv(f;r)(Wv®Xv)<<$v 1>> 4z, — 2,?5_6) / h1v(a) a+O(T, " eg).
F T X \a\y

Since hy(a) =0 unless |a — 1|, < &g, then

, and

/h17v(a)|a|;1dxa:/ hiy(a)(1+ O(gg)) d*a=1+ O(ep).
Fx FEx

Therefore, it follows from the above estimates that

1

[ muhvee () vt T soar e, @)

By the construction of hg,, we have |f72\7v(1)| = 1. Hence, @(1) > 1.

Let W*:=W,/(W,, W,), where W, is given in (3.27) or (3.28), as appropriate. As a
consequence of the above discussion, (3.26) follows from (3.27) and (3.37). O

3.6.3 Proof of Proposition 3.3. Suppose that 7 is cuspidal, or that m =0, for some 7€

FX\A(;) and X €iR. Let W =), W, be the unit Whittaker vector in 7 = ®,m,, defined as
follows.

— For v < 00, W, is a local new vector, normalized so that (W,, W,) =1
— For v | oo, W, =W, where W is defined in Proposition 3.8.

Let ¢ be the cusp form corresponding to W. Then, (3.15) and (3.16) follow from Lemmas 3.4,
3.5, 3.6, and 3.7, as well as Proposition 3.8, together with the bound |Wg,(I3)|> C(mw)~¢
(see [HL94]).
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4. The geometric side: the orbital integral Jgsf’smau(f, Sy X)

Let f=@Q), f» be the function constructed in §2.2.7, and let s = (s, 0). By definition, we have

et sunttosd= [ [ [ (Y )))pen axier s aaany

which converges absolutely for Re(s) > 0. Moreover, JGRS§ Sman (f> 8, X) is a Tate integral repre-

senting the complete Dedekind zeta function A(1 + s), providing a meromorphic continuation of
R

JGSiSmau(f, s, x) to all s € C.

PROPOSITION 4.1. Let € > 0 be a small constant. Let C :={s € C: |s| =¢} be the circle of radius
. Let s=(s,0). Then

Reg
L JGeo7Small(f7 S, X)
21 Jo 5

ds < Np(n) st (M, M'QI" = [] 12, (4.1)

v|oo
where T, is defined by (2.1), and the implied constant depends on F' and e.

Remark 4.2. The implied constant in (4.1) also depends on the auxiliary places vy and vy, as
defined in §2.1.4, on the support of f,, as given in (2.6), and on the function h%e for v | oo, as
defined in §2.2.1. Since these parameters are fized, we will not explicitly mention this dependence
henceforth.

By definition, we have

JSmall,U(fa S, X)

TG sman(F:8:0) = Cr(1+ ) [ Tsmano(F,5.0) - ] AT

v]oo v<00

(4.2)

where the local factor Jsmanw(f, s, x) is defined by

///F f”<<yv [iv>>¢”($”b“)xv(yv)dbv dyolzol, " d . (4.3)

4.1 Local calculation at v € Xp gy — {vo,v1} and vin

Recall that m, = max{rs,, n, + ry, }, where the parameters are defined in §2.1.3.
LEMMA 4.3. Let v € ¥ gn — {vo, v1} and v{n. Then

Vol(Ko o [mo]) Jsmalie(f, 8, X)  Jam*(1—q, ' %) ifn, >1,
Np, (Dp,)V/2s¢,(14+5) | gms ifn,=0.

(4.4)

In particular, Jsmano(f, S, X)Co(1+ )"t =1 for all but finitely many v € Xp.

Proof. For simplicity, we define

ziw)= [ [ on((" ) e n) b, (4.5

By definition, we have f, (( Yo Iiv )) # 0 if and only if there exists z € F,* such that

1 aw,™\ (Yo by (1 Bw,™
) )T
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which implies that z,y, € O. Making the change of variable 8+ y, 15,

Vol(OF) - |7 (xw)|
VOI(KO o[My))

> (N OTOT) webonidarn o) dn

a,B€0 /(14+wmlv OF)

Ty ($v)

(4.6)
After the further change of variables b, — b, — (o + ), ™, (4.6) reduces to
Vol(O)|7(xv)| 2
Iv(xv) ( ‘ | / 1/}11
Vol( Kg v[ma])
Z o(=2 (@, ™ + Bz, ™)) xw (@)X (F)- (4.7)
Substituting the formula
/(9 wv(vav) dby, = NFU (ng)_%lmgi (377))
into (4.7), we then obtain that
Vol(Ko,, [m,]) ™ _n ?
o)~ oyt ¥ s )
v v a€O¥ [(1+wiv OF)
As a consequence, we derive
I, () Np,(DF,) ! Vol (Ko, [my])~ llgF . ( v)  ifv|Q,ie, n,>1,
Ty) =
Np, (DF,) "1 Vol (Ko, [my])~ 1©F 1(2y) if v1Q, ie., n, =0.
Substituting this expression for Z,(z,) into the definition
JSmall,v(f7 S, X) = / 5 Iv($v)|$v|11;+s dxxva
we obtain the formula (4.4). O
4.2 Local calculation at v |n or v € {vg, v1}
Let Z,(x,) be defined as in (4.5). By definition, we have
JSmall,v(fv S, X) = / Iv(xv)|$v|11;+s dxxv- (48)
LEMMA 4.4. Let v|n. Then
JSmallv(f; S, X) —(es(n))/2~ . (n) 2 ) _
s v T3 v T3 7‘38‘ 4.
iy % Xo(@o) ™ > (@ wo(@))g, (4.9)

Proof. Denote e,(y) =ra. Since f, is bi-K,-invariant, we have

@)= S =) [ A((F 1)) vtebo . (4.10)

ro€Z
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By the definition of f, in (2.17), we have

wz? bv —(ey(n w? bv
1, << ' )) _ g2 / wn(z) Z Ly ding(emt K. <z( ! )) 4%z (411)

i+j=e,(n)
12520

Write e,(z) =rs. By the Cartan decomposition, the sum

wrz b
Z 1deiag(wf,,w%)Kv <Z< ° 1U>>

i+j=e,(n)
12520

boils down to the indicator function of the constraints

{27’3 + 719 = ev(n),

rg =0, r3+1r2=0, 713+ey(by)=0.
As a consequence, we obtain from (4.11) that

T2 bv (e (n N
fv <<wv 1 >> =q, (ev(n))/2 Z wv(wv) 1,2:%(“)_2%. (412)

0<rs<es(n) ev(by)Z—T3
Substituting (4.12) into (4.10) gives

Zy(zy) = qv—(eu(n))/va (wv)ev(n) Z X%(WZS)%(W?) / Yo (Tuby) db
po e

0<ra<e(n)
which simplifies to
To(wo) =g 2% (@)™ Y X@) (@) Lo @z (413)
0<7‘3<81,(n)
Therefore, (4.9) follows from substituting (4.13) into the definition (4.8). O

LEMMA 4.5. Let vp,v1 be the fixed places constructed in §2.1.4, and let v € {vg, v1}. Suppose
that 0 <e < 10! and |s| =¢. Then,

Co(1+s)

Proof. By the constructions in §§2.2.3 and 2.2.4, the local test function f, has compact support
modulo the center. Hence, the function

Ty '_>Iv($v) = / y /F fv ((yv ?v)) 1%(%51;)2,(3/1;) db, dxyva

as the Fourier transform of a Bruhat function, has compact support. Consequently,
Jsmall,w(f, 8, x) converges absolutely, implying (4.14). O

‘ <1 (4.14)

4.3 Local estimates at Archimedean places
Let v | co. Recall that

= [ n(( ) e b

and Jsmanw(f, s, x) is defined by (4.8).
LEMMA 4.6. Let v|oo. Suppose that 0 <e < 107! and |s| =e. Then

JSmall,v(fy S, X) < Tv§+a- (415)
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Proof. According to the types of m, ® x,, we have the following scenarios.

— Suppose that 7, ® Y, is of type I. Then f, is constructed in §2.2.1. Note that the function

va+L/;)fv<<y” ) ant) b, (4.16)

is the Fourier transform. By the construction of f, (see [Nel23, §14] or [NV21, §2.5]), it
follows that

f((y ?”>><<T;°° i [by|y > T, 2 (4.17)

Moreover, the function in (4.16) vanishes uniformly for x,, and y, unless z, T, * —~, < T, zte

for some ~,, which is determined by the chosen element 7, in the coadjoint orbit of m, ® ¥,
(see §2.2.1). Consequently,

Ty(z,) =0 unless 2,7, ' — v, < TJEJFE. (4.18)

Therefore, it follows from (4.17) and (4.18) that

Ti+e Tv_%"‘a . Tv_%"'
v

To(zy) < 1 T O(T; ™), (4.19)

_1 7%+E :
z, T, _’Yv<<Tv

where the factor T'*¢ comes from the sup-norm estimate of f, (see [Nel21, (14.13)]), the
first factor TU_5+6 comes from the range of y, according to the support of f, (see (2.6)), and

_1 _1
the second T, ate comes from the essential range of by, i.e., |by|, < Ty 2+€.
As a consequence of (4.19), we obtain

JSmall,v(f; S, X) = / Zv(xv)’xvlqlﬁ_s dxxv < TUSE / |xv‘£{e(s) dxv;
va ajvTv—li’yv<<Tv—1/2+s

which leads to (4.15) after a slight adjustment of .

— Suppose that m, ® x, is of type II. Then, f, is constructed in §2.2.2. In this case, (4.15)
follows from a straightforward calculation using the constructions in (2.10)—(2.12).

Therefore, the estimate (4.15) follows from the above discussions. O

4.4 Proof of Proposition 4.1

Let V :=[], .o VOl(Kou[my]). Suppose that 0 <e < 107" and |s| =e.

By combining Lemmas 4.3, 4.4, 4.5, and 4.6 with the expression (4.2), we obtain

_ _ly. 3+
TESE g (f+5, ) < [Cr(1+8)[V T Np() 2% T 12

v|oo

Therefore, Proposition 4.1 follows from the bound |(#(1 + s)| < e~! and the following volume
calculation:

V=M, MmQ [ (4 <[MMQME. (4.20)
v|[M, M’ Q]
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5. The geometric side: the orbital integral Jg;%ﬂDual(f, Sy X)

Let f=@Q), f» be the function constructed in §2.2.7, and let s = (s, 0). By definition, we have

5 mattoso0i= [ [ () (7)) strmatyaa,

which converges absolutely for Re(s) > 1. Moreover, J§§§ Dual(f> 8, X) is a Tate integral repre-
senting A(s), providing a meromorphic continuation to all s € C.
In particular, for Re(s) < 0, utilizing the functional equation, we may express the meromorphic
. Reg .
function J > n.i(f, 8, x) as the integral

/; /F /AFf(G 1) (y 1)>w(bw)\xll‘sx(y) dbd”yd*z. (5.1)

PROPOSITION 5.1. Let € >0 be a small constant. Let C :={s € C: |s| =&} be the circle of radius
e. Let s=(s,0). Then

1 Jgtia%)Dual(f’ S, X) d N _1+5M M 1+4e T%—&-a 5.9
% - s s K F(n) 2 [ ) Q] H v ) ()

v]oo
where T, is defined by (2.1), and the implied constant depends on F' and e.
Proof. By definition, for Re(s) <0, we have by (5.1) that

e JDualw ([ S,
Jgef,Dual(f7 S, X) = CF(l - S) H JDual,v(fa S, X) ' H Dcl&l(is)X)a (53)
v|oo V<00 v

where the local factor Jpyai(f,s, x) is given by

/X /X/F fv <<y§2v 1>>¢v($vbv)xv(yv) dbv dxyv|$v|11;_s dxxv-

Define the auxiliary function

zw)= [ [ 5((5 1)) tebomn) s ds.

Let |s| =e. We will compute or estimate each Jpya1,(f, s, x) as follows.

— Suppose that v < oo, v1Qn, and v & {vg, v1}. Then n, =0 and f, = £l is defined by (2.18).
Since (3° 1) € Z(Fy)Ko[m,] implies (}° ;) € Kou[my], then

A((2 1)) = Vol b 1or () (0.

Therefore, similar to Lemma 4.3, we deduce that

JDual,v(f) S, X)
(1 —s)
— At v |9, by definition f,((4. 1)(* 1)) =0 unless

(T
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for some o, f € O /(1 +wl*OF), and z, € F}, i.e.,

. Yo + abvvav_nv (yv + abvva;nv)ﬁw;nv + aw;nv
Y bvyv 1+ Bbvva;nu

Analyzing the (2, 1)th entry of the matrix on the left-hand side of (5.5) yields that e,(z,) +
ev(by) + €y(yy) = my = n,. Hence an investigation of the (1, 1)th and (2, 2)th entry leads to

{ev(yv) + 2ey(20) =0,

> S KO’U[mU]. (55)

ev(zy) +eu(yp) 20,  ey(zy) =0.

As a result, (5.5) implies that e,(z,) =0, e, (yy) =0, and e,(by) = my,.
After the change of variable 8+ y, /3, we obtain

PN L
) = R e e [T

a,B€0F /(14w OF
Xy (bu) Xo () Xy (B)wo (1 + Bbywo, ™) dby,

where X, denotes the matrix

14+ abywy,™ (1+ abyw, ™ )Bw, ™ + aw, ™
by 1+ Bbyww, ™ '

Note that @, (1 + Bb,w, ™) =1 for b, € py*> since my —ny =1y, and that 1g,  m,(Xy) =0
unless

(1+abyw,™)B+a€w,*O, and 1+ abyw,™ €O, .
Therefore,

T —2 —
T (zy) = | (X”MU /Pm Z Py (byy) Xo (1 + aby, ™) db,,.

VO](KO,’U [mv]) v aEO,,X/(lerZ}vOj)
14+ab,w, " €O}

Writing b, = @™, with 7, € OX and making the change of variable a 7, ‘o, we obtain

7' (z) Xo( 1) S g G(m)R(m, ), (5.6)

m>=m,

() P Vol(Ko o [ma])Cu(1)

where G(m) is the character sum

G(m):= E Xo(1+ aw) ™),
a€0) /(14w O))
l+aw " e

and R(m, z,) is the Ramanujan sum

R(m, ) ::/ Uy (Yo' xy) A .
or
Note that R(m, z,) =0 if m < —e,(z,) — 1 —d,, that R(m, z,) < ¢, L if m = —e,(x,) — 1 —

dy, and that R(m, z,) = Np, (DF, )_% iftm > —ey(x,) — dy, where d, = €,(D ). Together with
I7(xv)|? = ¢ and the trivial bound G(m) < ¢, we deduce from (5.6) that

JDual,v(fv S, X) = / Iql; (wv)‘xv‘})is dxxv <<F,5 qu;nvs VOI(KO,v[mv])il'
FJ
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— Suppose that v | n. By the definition in §2.2.5, the function f, is invariant under transpose.
Hence, the arguments in the proof of Lemma 4.4 remain valid here, yielding

JDuaLU(f, S, X) <K q;(e“(“))/2+€'

— Suppose that v € {vg, v1}. According to the definition of f, in §2.2.3 or §2.2.4, the function
T, (z,) has compact support. Hence, Jpyalo(f,s, x) < 1.

— At v | 0o, we have the following scenarios.
* Suppose that m, ® x, is of type I. Similar to (4.19), we obtain

3+
JDual,v(f7 S, X) < Tv2 :

* Suppose that m, ® x, is of type II. Then, f, is constructed in §2.2.2. In this case, it follows
from a straightforward calculation that

3+
JDual,v(fa s, x) < Ty i
By gathering the above estimates into (5.3), we obtain

5+
TEE ot (f8: 0] e [Cr(1 = 9)|[M, M'Q)™** Npp(w) =2+ ] 12 ™

v]oo

Hence, (5.2) follows. O

6. The geometric side: regular orbital integrals

Recall the definition (2.32):
Reg,I]
Joewg(£,0.0:="> ][ &@. (6.1)

te F—{0,1} veXr

/X / <(%yv ilt»xv(yv)dxyv d* . (6.2)

Since f has compact support modulo the center, it follows from [Yan23, Theorem 5.6] (or
[RRO5]) that the orbital integral Jé{gf’é{g( f,0,x) converges absolutely. We now establish an
upper bound for it as follows.

where for v € Xp,

THEOREM 6.1. We have

Toeomig(f, 0,X) €re (MQNr(m) [T e T[T [Np 24 Np(n)s [T e [T adm /2}
v|Q v|oo viQ v|Q

Here, T, is defined by (2.1), M, Q, Q, m,, and n,, are defined in §2.1.3.

6.1 Local estimates of £,(t) at v € L g gy v{Qn

Recall that vy and v; are the fixed auxiliary finite places defined in §2.1.4. Let n be the integral
ideal defined in §2.2.5, and let Q be the conductor of y, as defined in §2.1.3.

LEMMA 6.2. Let v € ¥pg, be such that v{Qn.

— Suppose that v & {vg, v1}. Then

(1—ex(1—1))(1 + ey(t) — 2e,(1 — 1)) ei-D<o - (6.3)

E(t) <F, —
Vol(Ko,[mw]) oo (t)—en (1) >ma
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Moreover, £,(t) =1 if e,(t) =ey(1 —t) =0, and v{Dp. In particular, £,(t) =1 for all but

finitely many v € X fin.
— Suppose that v =wvgy. Then

E(t) <1 —ey(I=1)(1+en(t) =2e,(1 =01 ¢ p—1<a (6.4)
ey (t)—e,(1—t)>—4

where implied constant depends only on vy and is therefore absolute.

— Suppose that v =wv1. Then
Eo(t) < (1 +eu(t)Le, (1)1 (6.5)
where the implied constant depends only on v1 and is therefore absolute.
Proof. Consider the following scenarios based on whether v € {vg, v1} or not.

— Suppose that v & {vg, v1}. By the construction of f,, f, (( xglt )) =0 unless there exists

1
some z, € F; such that
-1
Yoo Tt g
Zy (xvyv 1 >€ O,v[mv]a

which implies that

(26, (2,) + ey () +eu(l — ) =0,
ev(zv) + e (yn) 20,
ev(20) + eu(Ty) + € (o) = Moy,
ev(zy) 20,
ev(2y) — ey(xy) + ey(t) > 0.

It follows from the above constraints that

ev(l - t) < ev(yv) < _ev(l - t),
eu(1—1) +my < ey() <ep(t) —en(1 = 1), (6.6)
0<my <ey(t) —ey(1—1t).

Therefore, when e,(t) =e,(1 —t) =0, the constraint (6.6) implies that m, =0 and that

Ty, Yo € OF. Hence, we have &,(t) =1 in this case.
In general, it follows from (6.6) that

(1—ey(1—1))(1+ey(t) —2ey(1 1)) 1L e -1<0

Eu(t) <o, — :
Vol(Ko,»[my]) eu(t)—e (1) >m.

Hence, (6.3) holds.
— Suppose that v =vg. By the definition of f, in §2.2.3, f, (( xalt )) =0 unless there exists
some z, € I} such that
2ev(zv) + ev(yv) + ev(l - t) =0,
ev(2v) + eu(yo) = 2,
ev(2y) + ev(a:v) +
ev(2v) 2
(20) —

Ev(Zv
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Similar to (6.6), the above constraints lead to

—d+ey(1—t)<ey(yy) <4—e,(1—1),
—4d4e,(1—1t) <ey(my) <4+ey(t) —ey(1—1), (6.7)
ey(t) —ey(1—1) = —4.

As a consequence of (6.7), we obtain the estimate (6.4).
— Suppose that v =wvy. It follows from the construction of f, in §2.2.4 that f, (( xy; @, ' )) =0
implies
ev(yy) =0, and 1< ey(xy) <ey(t). (6.8)
The estimate (6.5) thus follows from (6.8).

Therefore, Lemma 6.2 follows from the above discussions. O

6.2 Local estimates of £,(t) at v |Q
PROPOSITION 6.3. Let v | Q. Then

ny(1— ev(t))zq:f'“/z_e“(t)/4 if e,(t) < —1, my =ny,
&y (t) < /iz)C]z()an—’_eu(t))/2 if ev(t) Z My — Ny, ev(t - 1) =0,
0 otherwise,

where Kk, = ny,(ey(t) + n, —my, + 1), and the implied constant is absolute.

Proof. By the definition of f, in §2.2.6, f, (( o, 't )) =0 unless

Yo
Ty Yo 1

1 aw ™ x W\ (1 Pog™
k v Yo v v
o (1 o= (0 ) (1% o5

for some k € Z, and o, € O /(1 + w» OF ). Write x, = @' V1, Yo = w)2y2, where r1, 72 € Z and
71,72 € Of. Then (6.9) becomes

1 ~ne r it (1 ey
k mnaw w. w Y172
Wy < lv ) <w£1qur2 Ul ) < 1 Y >€K07”U[m”u]'

Making the change of variables o+ 7y, lovand g — v 175 13, the above constraint becomes
w'IIjYaHB:Tl:T27t € KO,U [mv] (610)
for some k € Z, where Y, g, r, ¢ is defined by

T T1+r2—"n, T r1+r2—n, —Ny —-r —MNy
(wzf + aw T (wi? + a2 o, ™ + wy, '+ aroy, )
Tt it —n, .

w, 1+ po,

By the definition (6.2), the local integral &,(t) becomes

! S @B Y AV

2
’T(Xv)‘ @,B€0% (14w OF) 1 CZ
where
1
FIYagirrat) = Vol(Koulm]) /FX 1%, im.] (2Ya 8,1 )00 (2) ™ 2.
0,v v v
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Note that the constraint (6.10) amounts to

(2k + 19 + ey (1 —t) =0,
k411 +ry = my,
@k (@2 + awiit2—™) e OX, (6.11)
wh (14 ol tr=m) e OF,

v
k
v
@,
>

(@h? + awi =) oo ™ + wy T+ awv_"’”] € O,,

0 as mqy = ny.
(1) Suppose that k=0 in (6.11), which implies that

ro 4+ ey(1 —1t) =0,
Tl + T2 2 m’U? (6 12)
min{ry, 71 +r2 —ny} =0, '

(@' + a2 Bog e + w4 amoy ™ € O,

— Suppose that 7o > 1. Then e,(1 —t) = —ra < —1. So €,(t) = e,(1 —t). In this case, we have
1<rg=—ey(t — 1) = —e,(t). Moreover, the constraint m, =n, leads to the condition that
ry, =0, i.e., wy, is unramified. Therefore, the contribution to &,(t) from this case is

1 m,=n,

e (t) = el (@)X, (8)-
|T(X’U)|2 VOI(KO,U[mU]) aﬂg@;/%;_wgvovx)

(wyev®ta)Bw; " +w, tttaw; e,

Write t = oy," (t)'y under the embedding F'* < F*, where v € O;. Then the last sum over «
and S becomes

> Yol @)X, (),

a,Be0X /(14w OX)
(w7 +a)(B+1) =ty 0 (mod wiv)

which, after a change of variables, is equal to
T () = > Xola =@, ), (8 - 1).

a,Be0 /(14w O)
af=—y+w;*®  (mod wnv)

As a special case of [BHO8, Proposition 2 on p. 71|, we have jv(l)(t) < nvqg“/z. Hence,
M) < nvqg"/zle,,(t)g—l “Lm,=n,- (6.13)
Suppose that 7o =0. Then e,(1 —t) =0, 71 = m,, and e,(t) = r; —n, = 0.

The contribution to &,(t) from this case is

€v(t)+n,
1
ED(t) = cllpnn . 7@)(, ¢), 6.14
0= 2 R (.14

T1=My

;71)(2) (7“1; t) = Z XU(OC)YU(B)wv(l + /szl—nv)_
a,B€0) /(1+wmv O))
(tawi ") Bw, " +w, Htaw, "D,

Note that (1 4+ aw)*~"™)Bw, ™ 4+ w, "t + aw, ™ € O, amounts to
v v v v

(™' + @)+ o w4 Le w0,
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By making the change of variable oo+ a1, we have
T . 1) = D Rl @) (B)E(1 4 B ™).
a,B€0 /(14w OF)

(atwst ") B+aw,”” tt+lewrv O,
Next, making the changes of variables o — a — w' =™ and — 8 — w,*~"'t, the expression

for Jv@) (r1,t) becomes

S Rla—w R (B - @l T (1t Bl ™),
a,Be0) /(1+wpv OXF)
af=t—1 (mod w?v)

By definition (2.3), we have m, — ny, = ry,,. So Wy(1 —t + fw ™) =w,(1 — t) for r1 = m,.
Hence, it follows from [BHO8, Proposition 2| that

jv(z) (rh t) < nvql()min{nv—rl—l—ev(t),rl—nv,nv})/Z . q;L,,/2 <n qn,,/2+(n1, rite,(t ))/2 (615)

Substituting (6.15) into (6.14), we derive

1 —n
552) (t) < nv(ev (t) 1y — My + 1) ey (t) Z2my,—ny qg,,/2+(nv m,,+e1,(t))/2
|7 (xw)|? VoI (Ko[m.])

Since |7(xy)|? Vol(Ko o [m.]) > ¢i» ™, then

EP(t) < ny(eu(t) +my — my + 1)1e, (1ysmy—n, - g8 T2, (6.16)

(2) Suppose that k£ > 1, then the constraint (6.11) amounts to
2k + 1o+ ey(1 —1t) =0,
k+r1+19=my=ny,

k+ T = 07
@k [(wh2 + awl ) B ™ 4wy "+ aw, ™| € O,

(6.17)

As a consequence, the constraint (6.17) yields

en(1—1t)=ey(t) < k:< -1,
ev(t) <2 < —ey(t) —
nv—i—ev(t)+l<r1<
k=ny—1r1—1ro21,
(wktre a)ﬁwv nw 4 @kt 4wk € O,

Since n, =m,, then r, =0, i.e., w, is unramified. Hence, the contribution from this case to

Ev(t) is

Ny

(3) - < L tr<n, =1 Im,=n, . 7(3)
&7 (1) > Z IO Vol(Ko, ) Fo7 (1, 1),

r1=nyte, (t)+1 ra=e,(

where we set k =n, —r1 —re and

‘-71)(3)(7a17r27t> = Z Xv(a)YUQB)
a,BE0 /(14w OF)
(@0 "2 4a) (B+wh)+iw, 0 O~ TR ewv 0,

2627

https://doi.org/10.1017/S0010437X26103327 Published online by Cambridge University Press


https://doi.org/10.1017/S0010437X26103327

L. YaNG

Note that 7o 4+ k > 0. Then v := tw, = ® _ wgk”? lies in O). After a change of variables, we
obtain

T (11,79, 1) = > Xo(a =@y )X, (8 — ).

a,Be0; /(14w OF)
af=y (mod w?v)

By [BHO08, Proposition 2| and the fact that k < —e,(t),
jv(?)) (Tla T, t) < nvqnv/Z q(nlin{k,k+r2,nv})/2 <n qnv/2+(2k+r2)/4 n qnv/2 e, (t )/4

Therefore, we have
EP () <nu(l =€) Lo, )< 1~ Lmy=n, - g5 >/, (6.18)
Then Proposition 6.3 follows from (6.13), (6.16), and (6.18). O

6.3 Local estimates of £,(t) at v |n
LEMMA 6.4. Let n be the integral ideal defined in §2.2.5, and let v |n. Then

(ev(n) —eu(1 =) + L)(en(t/(1 — 1)) + ev(n) + 1)1e, (1/(t-1))>—eu(n) ‘

&ult) < e/
Qu

Proof. According to the definition (2.17), the function f, is bi-G(QO, )-invariant. Hence, it follows
from (6.2) that

e (n v’ v 't
&y ( /2 Z Z X / 1Xn< <w,;+rz wl ))wv(zv) dxzv,

€L roEL

where Xu =1, i . (), izj>0 Ko diag(wi @) K,y
By the Cartan decomposition, zv( . _Tlt) n amounts to

2ey(2y) + €u(yo) +eu(1 = 1) = ey(n),
ev(zv) + ev(yv) = 07 ev(zv) + ev(xv) + ev(yv) P 07
ev(zv) = 07 ev(zv) - ev(l‘v) + ev(t) =0,

which implies that

2ey(2p) + €0 (yy) + eu(1 —t) — ey(n) =0,
ev(1—1) —ey(n) < ep(yy) < —eu(1 — 1) + ey(n),
ev(l—t) —eyp(n) <ey(zy) <ey(t) —ep(1 —1t) +ey(n)
—eyp(n) <ey(t) —ey(1—1t).
Therefore, Lemma 6.4 follows directly from (6.19) combined with an application of the triangle
inequality. O

<
6.19
< (6.19)

v

6.4 Local estimates: Archimedean
Let v | oo and t € F'— {0, 1}. Define by

—1
[ (5 0)
> JF,—{0} teF—{0,1} ToyYo 1
R ANY ISVE
/X / %y 1 d”yy d” xy. (6.21)
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LEMMA 6.5. Let v|oo and & > 0. Suppose that 7, ® x, is of type L
— Let T, be the parameter defined as in (2.1). Then
El <pe T5. (6.22)
— Suppose that t € F — {0, 1} and |t|, <1073, Let u=t/(t —1). Then
EX) <pe T uly . (6.23)
Proof. By (2.7), we have

S

2

3 T
el <" / / min {1, v } dz, d*y,. (6.24)
1+O(T075) |x'ulv<<1 |$Uy’U"U

Here, the factor T;2 ¢ arises from the product of T17¢ and the integral over ¥, under the constraint

1 -1
" —s+e Yp T, t
A — T, = v
| d (g)T 7_’<< v ’ g (l’vyv 1 )

Therefore, it follows from (6.24) that

1
S <™t / / dry d” yy
14+O0(Ty %) oy | Ty /7T

1+ T_%J'_E

3TE v X €

+ T3 / / dx, d*y, < T5.
14+0(T5 %) J T 2ol |ud |Z0 Yoo

Thus, the estimate (6.22) holds.
Analyzing the support of f,, we have f, ((
with (2.7), we deduce, similarly to (6.24), that

-1
x, 't

z?vyv ")) =0 unless |y,|, > 1. Combining this

+e

1 T_%
gl < Tﬁ“/ / ———— Az, A"y,
14+0(T5 %) Jzo|o<1 |ZoYu o + |20ty

Therefore, it follows that

1 _1
El(t) < T3€/ doy < T
' Y et (JToly + \/@)2 v v [
Hence, (6.23) follows from the above estimate and [t], > |u/s. -

LEMMA 6.6. Let v| oo and ¢ > 0. Suppose that 7, ® x, Is of type I
— Let T, be the parameter defined as in (2.1). Then

& <p Ty . (6.25)
— Suppose that t € F —{0,1} and |t|, <1073, Let u=t/(t — 1). Then

EXt) <pe TE|uly ®. (6.26)
Proof. By the construction of f, in (2.12), along with the identity

( Yo .I'Ult) _ <yv(1—t) xv1t> < 1 )
oYy 1 1 Loy 1)
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we derive that

1y i
VIV
<

|xvyv|v O‘C:OTv_l_E?

which implies that |y, — 1|, < 5e0, |Ty|v <eoT 175, and |t], < 1072|z,. Therefore,

Yo Tt 3
P\layyy 1)) ST Lpa-tlo<seo Lol <ear == Liel, <10-2(al, -
vIU

As a consequence, we obtain (6.25), and

gh(t) < / . / Jo <<xy xvllt»

which leads to (6.26). O

d* x, d* <<T%+Eyty‘51
v Yo S Lo vty <eo Ty T

6.5 Bounding regular orbital integrals: proof of Theorem 6.1
6.5.1 The support of the rationals t € F — {0, 1}.

LEMMA 6.7. Suppose that t € F'—{0,1}. Then the integral [[, £,(t) converges absolutely and
it vanishes unless

t
——eX(Q,f)=1¢cFnn 'yt [ e Ko< Ty, vlooy,
t—1 ’ v<0o
vtQn, v#£vy

where v, is defined by (2.2), and the implied constant is absolute.

Proof. By Lemma 6.2, the integral &£,(t) =1 for all but finitely many places v. It then follows
from Lemmas 6.2, 6.4, 6.5, and 6.6, and Proposition 6.3 that [], £,(t) converges absolutely and
it is vanishing unless

en(t) —ey(t—1) = —ep(n)  ifv|n,
ev(t) —ey(t—1) = my if v1Qn and v # vy,
ey(t) —ey(t—1)=0 if v|9Q, (6.27)
ey(t) —ey(t—1) > —4 if v =1y,
t/(t—1)|, < T2 if v | co.
Therefore, Lemma 6.7 follows from (6.27). O

6.5.2 FEstimate of non-Archimedean integrals. Let R be the fractional ideal in F' defined by
m, for v{Qn and v # vy,
ey(R) =1 —4  for v =y,

0 for all remaining finite places v.

Let X(9Q, f) be the set defined in Lemma 6.7. For t € F — {0, 1} with t/(t — 1) € X(Q, f), we

can write

= IR 2
T~ uEn R (6.28)

Then, 1/(t —1)=u—1.
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LEMMA 6.8. Let Eun(t) :=]] Ey(t). Let t/(t —1)=u€n R be as in (6.28). Then

v<oo YV

(MQ- Ne(Np(w=10) T e TT 7 u
Ean(t)] < N ()72 gq EJJ )

where

j’U (u) = q;'}v/2+ev(u_1)/4 . ]-ev(u—l)21 _|_ qz()m'u_nu)/2+ev (u)/4 . lev(u)>mv —ny-

my=ny eu(u—1)=0
Proof. We consider the following scenarios.
— Suppose that v{Qn. Since t/(t — 1) =u € n~ 'R, we have
eo(t) —ep(t —1) =ey(u) < &  and e, (u—1) < gD,

Therefore, by Lemma 6.2, we obtain

E,(t) < Vol(Ko o [my]) tgEer =) « o gmotees(ulu=1)) (6.29)
Moreover, it follows from Lemma 6.2 that
Eo(t)=1 ifey,(u)=ey(u—1)=0, and v{Dp. (6.30)

— Suppose that v | Q. By Proposition 6.3,
ny(1 — ev(15))2(]3“/27(6”(15))/4 if e,(t) < =1, my =ny,
Ev(t) < /-;Uq:,n“fn“/2+(e“(t))/4 if e,(t) = my — ny, and e,(t — 1) =0,
0 otherwise,
where Ky, = ny(ey(t) + ny — my, + 1). Note that n, < ¢5", and
l—ey(t)=1—ey(t—1)=1+¢e(u—1)K qie“(u_l) if e,(t) < —1.
Ry =Ny(1+ny —my + ey(u)) <K qi(m”+n“+e”(u)) if e,(t—1)=0.

Therefore, we derive that

Jometneen(w) | nu /2o (u1)/4

Ep(t) < § gElmvtmten(w) | mo—n./24(e.(w)/4

if ey(u—1)2=21, my=mn,
if e,(u) = my —ny, ey(u—1)=0,
0 otherwise.
In particular, for v | Q, we have
Eu(t) < gy tmte ) 7, (u) < gilmetrete )L g, (), (6.31)
Here, we have used the fact that e,(u — 1) > 0 in the second inequality, as e,(n) =0.
— Suppose that v | n. By Lemma 6.4, we have

(ev(n) +ev(u—1) + 1)(ey(u) +ev(n) +1)

Ev (t) < ey(n)/2
Qv

< Qie“(u(u_l)n)_ev(n)/2' (632)

Gathering the above local estimates (6.29), (6.30), (6.31), and (6.32), then Lemma 6.8
follows. O

Let Q°:= [Tojq po, al 9 and o =a"'Q". Let 7= (T0)vfas 7o =15 and lo = (ly)yrjars b =
My — Ny Let

X0, = {uen_lf)‘iﬂFX Duly < xyly, v]oo; ey(u—1) =1y, my=n,, v|a
ey (u) =1y, ey(u—1)=0, v'|a'}.
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LEMMA 6.9. The set X,_;_, is empty unless
Ly _
[ <Ne@y, and [ < Ne)d fraole [T 5™ (6.33)
vla v'|a’ vtQn
In particular, there are only O(Np(n)®) nonempty sets X,_;_, .
Proof. Let ue X, ;.. By the definition of R we obtain

F n qvo4 H Qv H qv// gNF |x00|007
viQn v’|a’
NF(n)_lqv_fH% < Np(u—1) H\u—1|v<<1
v]oo
Therefore, (6.33) follows. O

Let X*(Q, f) be the subset of u e X(Q, f) such that there exists some X, ;, ={u}. By
Lemma 6.9, the set X*(9Q, f) is finite, with #X*(Q, f) < Np(n)®.
Let Too = @yjoeTw € FZ and Yoo = @y|oclv € Fig. We define

C(xom yoo) = Z ‘Sﬁn(tﬂcoo(t)v (6'34)
teF—{0,1}, t/(I—1)=ueX(Q,f)
‘t/(t71)|v<|xv‘v7 ’U‘OO

Y m;lt
A

C(oo; Yoo) Kre (MQNp(n)(1+ [wooloo))® - [T a/?- [mw\wNF(n)é max  Cuo(t)

where

Cuo(t):=]]

v]oo

LEMMA 6.10. Let oo, Yoo € FX. Then

b teF—{0,1}
+ Np(n H oY ]l e te ))/2} (6.35)
vfQn u€EX*(Q,f) v'|a’
{u}_xra Lqr

Proof. For u€ n= RN F* with |u|, < |2y, for all v| oo, we have MQ - Np(u)Np(u —1) < MQ -
(1 + |Tooloo)?. Hence, by Lemma 6.8, it follows that

M 1+ |z n
Clzo0 ) < | QN(( S | P | Pt (6.36)
pn vtQn v|Q

where S(z) is defined by

Z Coo(t)H [qgv(u-l)ml i1 + gt ()/2y Wmu_m].

uEn~IRNEX v|Q eo(u=1)=0
[ulo <[z o]o, v]oo

Expanding the product over v | Q, we obtain

Z Z an/z; Z qu(}v/nv/fnvfﬂv/)/Z Z Coo().

ClC(9F Ta= (Tu)vlu 'U‘ la’:(l'zr’)v’\u U/|Cl/ uexT“’la’
alQ® r,>1, vla Ly =my —n,, v'|a’

Consider the following scenarios according to the cardinality of X, _;_,.
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— Suppose that #X, ;, > 1. Let u; #uz € X, ;_,. Then u; —us € nIR N FX, satisfying
’UI - u2‘fu < Q‘xv‘vv v ‘ o3 6U(ul - UQ) Z Ty, My = Ny, U ’ a;
ey (up —ug) =y, v' | d.
Therefore, by computing the norm of u; — uo, we derive
1 v ’U’
|Zoo|oo 4, NF(n H qy Hq:} H 4y (6.37)
vtQn vla o’

Since vg is fixed, we omit the explicit dependence on g, .
As a consequence of (6.37) and Minkowski’s embedding (after relaxing the constraint
|u]y < |zyly to |uly < |2y, With a large but fixed implied constant), we obtain

> 1< ooloo Ne() [T o™ [[ o™ T o™ (6.38)

UEX g1, viQn vla v'|a’

It follows from (6.38) that

Z Z quu/ll H qq(}fnv/—nv/-i-lv/)h Z 1#36”1: 1 < |Tas oo Np(n H o

aCOF ra,lq ’U‘ 'U/la’ uexru,l v{Qn
alQ’
(6.39)
— Consider sets X, ;,, with cardinality 1. We obtain from Lemma 6.9 that
ol =Nyt 1) /2
S I T 8 e,
Talar v|a v'|a’ UEXrq .1,
<<NF quv(u 1)/4 H (my—n ’+eu’(“))/ (640)
vla
Combining (6.39) and (6.40) into (6.36), we obtain
(MQ - (14 |7oo]o0))” v/2
C(:UOOu yoo) << NF( 1/2 £ 11) qTL |xOO’OONF(n> tEFr'Iia{)(il} COO(t)
v
+NF H q Z quv u—1)/4 H qq(}fnv/—nv/+ev/(u))/2 ' (641)
vtQn ue%*(ﬂ,f) v|a v’|a’
{u}:x"‘u,lu/
Suppose that v € X*(Q, f). By (6.33), we have
[T ag ™9 < Np(n)iq, < Np(n)s. (6.42)
v]a

Therefore, (6.35) follows from (6.41) and (6.42). O

6.5.3 Proof of Theorem 6.1. By (6.1), Lemmas 6.7 and 6.8, and the triangle inequality, we
have

Teenig(f: 0:X) < / . €l o) Ao ¥, (6.43)

where C(Zoo, Yoo) is defined by (6.34).
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Substituting Lemma 6.10 into (6.43) yields

BB (,00) < (4QNp() - [T a2 | Ne(w? T &

v[Q v]oo
+Ne) [T e Y Tk I o e ”/2]. (6.44)
vfQn u€X*(Q,f) vloco v |a’
{u}:%'ra,la/
By (6.23) and (6.26), it follows from (6.44) that
JREIL (£,0,%) < (MQNp(w)® - [[ aie/2- T] 72 - {NF(n)i
v|Q v]oo
+Np)73 [T e > =5 T ol f<u>>/2] (6.45)
vtQn uex*(Q,f) v'|a’
{u}:xTuyla/

By the definition of X*(9Q, f), we have

S Ne@)E [T a2 < Np)s [T ™A [Tl Y

uEX () ol ol ol wex(2.1)
{u}:}:Ta lar
(6.46)

Therefore, Theorem 6.1 follows from (6.45) and (6.46), in conjunction with the estimate
#X*(Q, f) < Np(n)®. We also note that m, =0 when v | n.

7. Explicit hybrid subconvexity: proof of Theorem 1.6

Recall the intrinsic data in §2.1. Let F' be a number field. Let x be a unitary Hecke character
of F*\A%, and let 7 be a unitary generic automorphic representation of G(Ap) with central
character w.

7.1 The amplified relative trace formula

Let f be the test function defined in §2.2.7. Recall that f depends on an integral ideal n as
described in §2.2.5. To emphasize this dependence, we denote the function by f,. Therefore, the
regularized relative trace formula from Theorem 2.6 becomes

R
1 / JG(S(%,Small(fna S, X)

27i

R v
Spefc (fna 7X) ds

S

Reg
1 ‘]Geo,Dual(fna S, X) Ree.IT
Tm c S ds + JG§§ Blg(f’fh ) X) (233>

7.1.1 Amplification parameters. Let L>>>1 be a large parameter. Let M =[] _. p7",
where m,, is defined by (2.3). Set

L:= {m COr: L< Np(m) < 2L, gcd(m, @Ffmpvopm) = OF}
LEMMA 7.1. We have

> Ar(m)2 5 (C(m)QL) L+ O((LM) o (r) 1 H5Q°). (7.1)

meLl
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Proof. Let 0 <h <1 be a smooth function supported on [1,2] with h(a) =1 in |a —3/2|<1/4.
Let h be the Mellin transform of h, and let S = {p prime: p|DrIMp,, Py, }. Then

> PAr(m) > 27” o L(s,mx 7) [[ Lp(s,m x 7)~" - h(s)L* ds, (7.2)
meL pes
where Ly (s, m x 7) is the local Rankin-Selberg L-factor.

Utilizing the bounds for Satake parameters in [KS03, BB11]|, we derive

(1= Np(p) 5] < Ly(s, m x )7 < [L+ Nip(p) R, (7.3)
By shifting the contour in (7.2) from Re(s) =2 to Re(s) = % +¢, we derive the estimate (7.1)
using the lower bound Res L(s,m x ) > C(m) ¢(see [HL94|), together with the inequality (7.3)
and the convexity bound for L(s,7m x ). O
Let —1/2 < 5 <1/2. Define
SB) =Y Prm)rs(mz)] > Np(mmpa=?)°. (7.4)
my,mo€l alged(my,mz)
LEMMA 7.2. We have
S(B) <re L2+ (), (7.5)
Proof. By the definition of £ in §7.1.1, we have
2
SBy< Y. > Np(ba_l)zﬁ{ > \)\ﬂ(bm)|Np(m)'B] . (7.6)
beOF alb mCOp
By the Cauchy—Schwarz inequality, we obtain
SBy< > Npm)* 3 3 Np(ba)* > | Ar(bm)[2.
mCOp bcOp a\b mCOr
Using the bound
> Np(ba ") =) " Np(a)* < max{Ng(b)**<, Np(b)},
alb alb
it follows that
S(B) <max{L** L} > Npm)* ) > | Ar(bm)|?
mCOp beOF mCOp
<max{L*F L} L2 N r(m) | A (m)
mCOg
Nr(m)<2L
where 7(m):=3" . 1 is the divisor function.
By the well-known bound 7(m) < Np(m)® and [Iwa92, Lemma 1], we have
Y rmAm)P <L Y [ Ar(m)]P < C(m) L
mCOp mCOp
Np(m)<2L Np(m)<2L
Consequently, the desired estimate (7.5) follows from the above inequalities. O
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7.1.2 The amplified relative trace formula. Let 0 = ®,0, be a unitary generic automorphic
representation of G(Ap) with central character w = ®yw,. For an integral ideal a =[], , plr, we
define w(a) :=[, wy ().

Suppose that o, is unramified at all finite places v{D 9P, po, . By the Hecke relations (2.4)
and (2.5),

2
= Z Ar(mp) Az (m2) Z w(@) A, (mymoa2). (7.7)

my,mo€L alged(my,m2)

> Ax(m)As(m)

meL

Define the amplified spectral side of the relative trace formula by

Reg,O T Reg,O
JSpegc (777 X) = Z )‘W(ml)/\ﬂ(mQ) Z w(a)JSpegc (fmlmga*% 0, X); (7-8)
mlglﬁl alged(my,m2)
ms

and the amplified geometric side of the relative trace formula by

o R R Reg, 1
Teo(T:X) = e manl (T3 X) + oo Duat (T X) + e pig (T X); (7.9)

where

Reg Y (ma ) (1ra) J(P}{sg,Small(f“7 5, X)
JGeo,sman (M X) 1= Z Ar(Mm1) Az (m2) Z w(a) ; ds,

2mis
mEL alged(my,my)
my€L
e et it (fa %)
T p(m)i= Y M) Y wle) [ b0,
’ c T8
mieL alged(my,m2)
mo€L
Reg, 11 — Y () (o) Reg,I1
JG:;%,Big(W’X) = Z Ar(mp)Ar(m2) Z w(a)‘]GgiBig(me’X)'
meL alged(mq,ms)
mo€L
Here, s = (s,0) and n:=mjmaa~2.
Substituting (2.33) into (7.8) and (7.9) yields the following.
THEOREM 7.3 (The amplified relative trace formula). We have
Reg,© Q

7.2 The spectral side: a lower bound
PROPOSITION 7.4. Let £ >0. Suppose that L>> (MQ)*Coo(m)2t*M and |L(1/2,7 x x)| = 2.

Then
Tonar? (m,X) > ke (MQL) L |L(1/2,m x )| [[ 72 (7.11)
v]oo
Proof. By Lemma 3.2, together with (7.7), we obtain
2
Reg,© EUAY
e CVED DI D DRSO N SO
c€AN([Glw) “meL peB K]
1 2
e X/ [Z M(m)xau,n(m)] > 1%, E( 6w ) dpr. (712)
neF\AD Hhmer PEB )
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— Suppose that 7 is cuspidal. Substituting (3.15) into (7.12) yields

2 1
I (0 > Clry L2 m )P | X | TIt 7 @y
meL v|oo

o —

— Suppose that ™= o), for some 1 € FX\A;}), and A € iR. Inserting (3.16) into (7.12) yields

2 €
L(1/2 _1_
JReg@ﬂ_ X >>/ [ZMUM |2] Coun)°IL(1/2, UMUXX HT 2 %y du.

Spec 1
= [L(1/2+ p, nPw oo
Following the argument in [Blo12, §4, p. 1404|, this implies that
2
Q _ _%_
Tge (m, x) > C(m) | L(1/2, 7 X)F[Z \)\,T(m)\z] VO (7.14)
mel v]oo
Therefore, (7.11) follows from (7.13), (7.14), and Lemma 7.1. O

7.3 The geometric side: an upper bound

Recall the amplified geometric side (7.9):
Reg Reg,I1
jGeo (7T X) = ‘]Geo Small(ﬂ— X) + JGeo Dual(ﬂ—’ X) + ‘]ng Blg(7r X)

PROPOSITION 7.5. Suppose that L (MQ)*Coo(m)2 <M. Then

jgeo(ﬂv X) <<F,e [M7 M/Q]H_‘ELL"& H T,UE+€

v]oo
+(MQLFL*Q: [[ T8 + (MQL) L: M= Q= ] T5. (7.15)
v]oo v]oo
Proof. By Propositions 4.1 and 5.1, we have
Re e € i+
oo, sman (75 X) + JGeo Duar (T X) < L*[M, M'Q]'**8(~1/2) H T, (7.16)
v]oo
where () is defined by (7.4). Moreover, by Theorem 6.1 we derive
gm0 < (MQLFQH | 5(1/2) + 8/ [Tap* [Lakm 2 | [T 75 ()
U'i'Q U‘Q vloo
According to the definition (2.3), it follows that
[L a2 T a0 < ar. (7.18)
vtQ v|Q
Therefore, (7.15) follows from (7.16), (7.17), (7.18), and Lemma 7.2. O

7.4 Putting it all together: proof of main results
Substituting Propositions 7.4 and 7.5 into Theorem 7.3 yields the following.

THEOREM 7.6. Let m be a unitary generic automorphic representation of G(Ar), and x be a
unitary Hecke character. Let € >0 and L>> (MQ)*Cx (71')%+EM. Then

]\47 M/ 1+e 1 1.
|L(1/2,7 % X)|? <Fe [Ll_Qg] I+ wQrLyL: [] T, (7.19)
v]oo v]oo
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Remark 7.7. In Theorem 7.6, the condition |L(1/2,7 x x)| > 2 from Proposition 7.4 does not
appear explicitly, as the scenario |L(1/2, 7 X x)| < 2 is accounted for by the second term on the
right-hand side of (7.19).

Proof of Theorem 1.1. Fix . Then there exists some fixed €1 > 0 such that 7, ® x, is of type I
relative to e; for all v | oo. As a consequence, we have T, = 100C, (7 ® x)2 < Cy(x), v | 0.
Since 7 is fixed, we obtain

(MQ)*Coo(m) T2 M2 < C ()7,
Therefore, Theorem 1.1 follows from Theorem 7.6 with L =C (X)i%. O

Proof of Theorem 1.6 and Corollary 1.9. In Theorem 7.6, we take
L :=max {(M Q) Coo(m)= =M, [M, M'Q): Q4 [ Tvﬁs}
v|oo

We have the following two cases.

(i) Suppose that (MQ)*Cao(m)2 M < [M, M'Q]2 Q™ L T "%, Then

L(1L/2,7 % )P <pe (M, MQIHQi+ [ 1,

v]oo
(i) Suppose that (MQ)*Coo(m)3 M > [M, M'Q3*°Q 4 [[,oo T - Then

L(1/2,7 % X)|> <pe (MQ)*Cso(m) 2t MQ: [ T2
v]oo
In all, we have
lieite %JFE € lie 1 %Jrs
IL(1/2,m % )PP e M, MQIETQ [T T + (MQ) oo ()2 M3 [T 77

v]oo v|oo

(7.20)

Therefore, Theorem 1.6 follows from (7.20) and the relation T, = Cy(m ® x)2 ™, which is
defined by (2.1) and (2.2). Moreover, from the definition of ¢,,, we have

T, < Cy(m @ x)2 T < Cy(m @ X) 7 Cy (7). (7.21)

Consequently, Corollary 1.9 follows from Theorem 1.6 and (7.21). O
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