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A nonlinear thermal instability in a layer of electrically conducting fluid in the
presence of a magnetic field is discussed. Steady-state bifurcation results in the
formation of patterns: rolls, squares and hexagons. The stability of various
patterns is also investigated. It is found that in the absence of a magnetic field
only rolls are stable, but when the magnetic field strength exceeds a certain
finite value, squares and hexagons also become stable.

1. Introduction

Convection in horizontal layers of fluid is often accompanied by a cellular
pattern of motions (Chandrasekhar 1961 ; Busse 1967; Koshmieder 1992). The
study of Rayleigh-Bénard convection has left a deep imprint on the
development of the theory of pattern formation in systems driven away from
equilibrium. Gor’kov (1957), Malkus and Veronis (1958) and Schluter et al.
(1965) have developed the weakly nonlinear theory of convection. The Landau
equation representing the evolution of the amplitudes of the convective motion
at supercriticality for Boussinesq fluids was obtained by Segal (1969) and
Newell and Whitehead (1969). The amplitude of instability was found to be
proportional to (R —R)"?, where R is the Rayleigh number and R, is its critical
value for the onset of instability. This result has been verified experimentally
by Dubois and Bergé (1978), who found rolls to be stable. At high Rayleigh
numbers, moderately supercritical convection results in time-dependent flow
(see Clever and Busse 1974).

The investigations of Palm (1960), Koshmieder (1966), Segel and Stuart
(1962) and Palm ef al. (1967) revealed that a hexagonal pattern can also exist
under supercritical conditions, while hysteresis is possible for suberitical values
for a non-Boussinesq fluid. Jenkins (1987) developed a weakly nonlinear theory
of convection in a fluid with temperature-dependent viscosity, and reported the
existence of square cells. Fauve and Libchaber (1984) performed experiments
on convection in mercury. They found that the onset of oscillatory instability
depends sensitively on the value of the Rayleigh number and on the Prandtl
number of the fluid. A strong magnetic field applied across an electrically
conducting fluid has a significant effect on thermal instability. The effect of an
applied magnetic field on the onset of thermal instability in electrically
conducting fluids is considered by Chandrasekhar (1961). Nakagawa (1957)
experimentally studied thermal convection in mercury in the presence of a
magnetic field. A magnetic field of strength up to 1.3 T was applied in the
direction normal to the fluid. For sufficiently large values of the Chandrasekhar
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number ), the magnetic field aligned the roll axes and suppressed the
instability occurring critically. From a large number of streak photographs of
cell patterns that developed on the top surface at instability, it was found that
the basic cell pattern was hexagonal.

In Rayleigh—Bénard convection in a conducting fluid, in the presence of a
magnetic field, instability can occur in two ways:

(i) via steady-state bifurcation, resulting in the appearance of wvarious
patterns whose stability depends upon the physical parameters governing
the system;

(ii) via Hopf bifurcation, resulting in oscillatory motion.

In this paper, we theoretically study the stability of various steady-state
patterns in convection in a horizontal layer of an electrically conducting fluid
in the presence of a vertical magnetic field. We use group-theoretical methods
and equivariant bifurcation theory (Golubitsky et al. 1984, 1988; Golubitsky
and Schaeffer 1985) to discuss the relative stability of patterns — rolls, squares
and hexagons.

In Sec. 2, we formulate the nonlinear convection problem as a bifurcation
problem. The linear analysis in Sect. 3 gives the critical value of the Rayleigh
number for the onset of instability as steady-state bifurcation and Hopf
bifurcation. This depends upon the Prandtl numbers o and P, and the
Chandrasekhar number ¢). We assume the set of physical parameters of the
system to be such that only steady-state bifurcation occurs and oscillatory
instability is avoided. As the Rayleigh number R is increased beyond the
critical value, steady-state bifurcation results in the appearance of patterns.
The nonlinear solutions for rolls, squares and hexagons are found in Sec. 4. The
stability of patterns is discussed in Sec. 5.

2. Formulation

Consider an infinite horizontal layer of electrically conducting fluid. An adverse
temperature gradient is maintained across the layer by heating from below. A
uniform vertical magnetic field H is applied across the fluid layer. The fluid is
assumed to satisfy the Boussinesq approximation. The system of equations
governing the physical system is

0 P uH? 0,

Ny HVH=—V[C 4+ ) g [ 1+ 220wy, (1)

ot 4mp p  8mp p
where p, P, pu, v and v = (u,v,w) are the density, pressure, magnetic
permeability, coefficient of viscosity and velocity field respectively. The
magnetic field H satisfies

0H

=+ (v-V)H = (H-V)v+yV°H, (2)

V-H =0, (3)

where 7 is the resistivity of the fluid. The energy equation satisfied by the
temperature is
orT

STV T = 1 VT (4)
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where T'is the temperature and k£, is the thermal conductivity of the fluid. Also,
the fluid satisfies the usual equation of continuity

Vv =0. ®)
The equation of state is

p = poll—ap(T—Ty)], (6)

where 7| is the equilibrium temperature and «, is the thermal coefficient.

Equations (1)—(6) are rendered dimensionless by using characteristic
values of length, velocity, temperature as [, k, /7' and 7yl respectively, where
v = —01/0z is the temperature gradient. We obtain

0V . /Lt . — /. ma4
5tV Y)V=QolH V)H—HO%(H0 V)H = —VP' —RoTz,  (7)
aa—I;I+(v V)H = (H-V)v+P, V*H, (8)
%—er(v-V)T:VZT, (9)
V-H =0, (10)
V-v=0, (11)

where Q = uH3;1?/4mp, vy is the Chandersekhar number, B = go.p yI* /v, is the
Rayleigh number, and o = v/k, and P, = 9/k, are the Prandtl numbers.

The equations governing the departures of temperature (7”), magnetic field
(H’) and pressure from their equilibrium values are

—gvzu—i—(rV‘*u—i— — 0—2—}—6—2 (v-V)u+ ’ (v-V)v+ ’ (v-V)w
ot Oy? 0z Ox 0y Ox 0z

2 2 2
- Ro +Q0P VZ;’ (@ a)(h’ V) I+ aa (h'-V) 1,

02 dy K

axa V)1, ] (12)

0 oy . 0t 0® 0? 0?
—a—VH—aVU [ x2+622) (v V)@—}—a 6J(V V)u—l—ayaz(V'V)u/]
. o 0oy, [O° 63 , L, 0t ,
= R(r +Q0P1[ & V2h,, ( 6 2) (' )hy—l—ax 3 (h"-V) i,
83/82 ] (13)
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2 2 2 2
—2V2w+0V4w+[—(a +a—2>(V'V)w+ d (v-V)u+ 0 (V'V)U]

ot 0 Oy 0 0z Oy 0z
o oM 0y, (0* 0 . ,
0? 0?
+8x82(h -V)hx—i—ayaz(h 'V)hy], (14)
oh’ ;o by, OW

6t+(v V)h' = (h V)V+P1Vh+0z’ (15)
(757; +(v-W)T" = VT +w. (16)

The boundary conditions at the horizontal boundaries z = 0, 1 are

aQw 4 ’

w=622=T =n,=0. (17)

The normal component of the magnetic field is continuous across the boundary.
The basic equations and the boundary conditions (12)-(17) governing the
problem are equivariant under the Euclidean group E(2) and also with respect
to reflection in the midplane. Therefore, the symmetry group of the problem is
K(2)x Z,.

3. Linear theory

The system of equations (12)—(17) has trivial conduction solution (v, T, H) = (0,
0,0). As the Rayleigh number R, which is proportional to the temperature
gradient, is increased beyond a critical value, instability sets in and convection
starts. The linear dispersion relation is found to be

P+ k) — 0 (o + P+ 1) (7 + )+ w[ — (7 + kB3 (oP + o+ P)
+Rok?— Qo P, m*(m*+ k) |+ o P (m* + k*)* — Rok*(m* + k*) P,
+QoP m*(m*+k*) = 0. (18)

Bifurcation can occur either as steady-state bifurcation (v = 0) or as Hopf
bifurcation (Rew = 0, Im w % 0). The critical values of Rayleigh number for the
two types of bifurcation are different, R for steady-state bifurcation and Ry,
for Hopf bifurcation:

(m®+ k22 + w2 Q(m® + k?)

Rss = kz ’ k = kCS= (19)

(c+P)[(1+P)(1+0) (7 +k*)>+ Qo P, m*(7m* + k?)]
o(c+1)k?

. k=key (20)

RHopf =

The stability diagrams for steady-state bifurcation and Hopf bifurcation are
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Figure 1. Linear stability diagrams for steady-state bifurcation and Hopf bifurcation:
and ........ , @ =500 ; mmmmm and ————, @ = 1000.

shown in Fig. 1. We find that for Hopf bifurcation,

L QmoB(1=P)

(Imw)? = — (m?*+ k?)? P} T4o

For P, =1, (Imw)* <0, which is not possible. Therefore Hopf bifurcation
cannot occur for P, > 1. Hopf bifurcation results in oscillatory motion. In this
paper, we shall study the motion resulting from the steady-state bifurcation.
We choose the values of the physical parameter P, > 1 so that the instability
arises as a result of steady-state bifurcation only.

4. Nonlinear theory

In order to develop the nonlinear analysis, we use group-theoretical methods
and equivariant bifurcation theory (Golubitsky et al. 1984, 1988; Golubitsky
and Schaeffer 1985; Buzano and Golubitsky 1983; Silber and Knobloch 1988;
Guckenheimer and Holmes 1983). The stability of the fluid is characterized by
the Rayleigh number R. The bifurcation parameter A is defined by

_R—Rg

A
R

In general, the linearized equation has an infinite-dimensional kernel at every
point about the critical state. Therefore, Liapunov—Schmidt reduction cannot
be performed. We consider a finite-dimensional kernel by making use of
experimental observations of spatially periodic rolls, squares and hexagons.
The vertical velocity w is taken as a doubly periodic scalar real valued
function on R?, with periods e, and e,. & is the lattice generated by e, and e,.
The translational symmetry of the doubly periodic function w is identified with
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T2 = R?*/Z. The rotational part of E(2) has discrete symmetries D, for a square
pattern and D, for a hexagonal pattern. Thus the symmetry group of the square
lattice is 'y = D x T? and that of the hexagonal lattice is I'y; = D x T2 Rolls
and %quares lie on a square lattice, whereas rolls and hexagonq lie on a
hexagonal lattice. The steady-state equation for the vertical velocity w is

Ly(w) = AL (w)+N,(v, V) + Rgg Ny(v, T") + Ny(v,h') + N, (h’, h'), (21)

where
Ly(w) = oVSw—RysoViw—QaViDw, (22)
0 0*  0F 0 0?  0F
2 _ 7 - 7 — 2 _ 7 ¢
Vi= 6x2+0y2+022’ D 0z’ Vi 6x2+8y2’ (23)
Li(w) = oV2w, (24)
. (o, o o A .
Ny(v.v) = [(82+8> (v- V)w_axaz (v-V)u 3y 0z (v-V) b:|, (25)
. 0?2 0F
’ 6 ’ ’ P
Ny(v,h') = —QoV? [8 ((V V)h,—(h 'V)w)], (27)
0? 62 0? 0?
h\ T ’ ’ 2 ’ ’ / . ’ s’ . ’/
N,(h’,h") = QoP,V [ (6 t o )(h )k+a ER (h V)h“+—6y8z(h V)ky].
(28)

To find the bifurcation solution of these equations in the neighbourhod of
R, the various physical quantities w, 7", 2/, u, v and A are expressed in the
form

O =AD, + A0, + A0, +0(A4%). (29)
Also,
R=Ry(1+R, A+R, A%+ ), (30)

where 4 denotes the pattern amplitude.

A third-order analysis is carried out to find the amplitudes of rolls, squares
and hexagons.

At lowest order in A, (21) admits the solutions

(R):  wk =exp(ik,x)sinmz+c.c.; (31)
(8): w§ = [expl(ik, ) +exp(ik, y)|sinmz+c.c. (32)
(H):  wi = {exp(ik,x)+exp[ik,(—x+ \/_y)/Q]
+expliko(x+V3y) /2] sinmz+c.c. (33)
Proceeding to second order, (21) yields
Lo(wy) = R, L, (w,)+N,(V,, V) + R Ny(V,, T7) + N, (V,, hy) + N, (hy, hy). (34)

Where R, is the coefficient of the first-order term in the expansion (29) for A.
With a view to obtaining uniformly valid solutions, we require that the
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solutions w, of this equation be spatially periodic. This condition implies that
all terms on the right-hand side of (34) lying in the kernel of L, must vanish.
Since none of the nonlinear terms in (34) lie in the kernel of L, we require that

RE=RS =R = 0.

This condition yields the solutions

(R):
(S):

B — (-
wy = 0;

wy = of (x,y) sin 27z,

where
S, y) = explik.(x+y)|+explik(x—y)|+c.c.,
and o is found to be
(m*+k3)*  Rgkiy | Qn _
=9 _ b2 24 121
* ﬂ[ o 2k%+4712+ P, (m*+ k)
x| — (4m*+ 2k2 )2+M—4Qﬂ2 o
T (2k2 4-47) ’
(H): wi’ = [0, y) + Brg,(x, y)]sin 27z,
g:(x, y) = exp(20,) +exp(il,) + exp(:0,) +c.c.,
ga(.y) = expli(20, +0,) |+ expli(0, +20,)]+ expli(0, — 0,)] + c.c..
and
0, =z, 02=(—x+\/§y)/2, 0, =10,+0,,
where
3nl(m+ kL) Rgski  Qm*| _
[ _ v ]CZ 1
fy 2 [ o /6'2C+4712+ P, (m+ke)
2R o k2 N
— (4772 + 2,2 Ssve —4 2
x[ (4m* + C)+(lc‘é+4712) Qﬂ] ,
3nl[(m+ kL) Reski  Qm*| .,
= — — v k.Z 1
Pe 2 [ o 3]6%7-1-4772_'_ P, "+ ke)
2R o k2 -1
— (A4 3k 4+ —557C _ AQn?| .
x[ (4m* + 3k%) +(3/c%+4712) Q?T]

At third order, (21) is
Ly(w,)

=R, L,(w,) +N,(V,, V) + N, (V,, V)

TR 5[ No(Vi, T5) +N,(V, T
TNV, h) +Ny(V,, hy)
+N,(h;, hy) +N,(h;, hy).

(43)

(44)

(45)

Where R, is the coefficient of the first-order term in the expansion (29) for A. On
proceeding as in the second-order case, the solvability condition determines R,
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for rolls, squares and hexagons:

T+ kL )+ 1m0

p_ .
Ry =S (46)

o P, 282 +47* (4m*+2k2) P,

Rszm[_(ﬁ—i—k%)z Qm* Ry ki 4772(7724—1:%)@]
2

Rgq m?
1 47
+k%+772< 2kt +4m*))’ (47)
where a is as given in (39);

RH — 3mp, [_(ﬂz"i_k?})z Qm* R k%
2 k%

20 2P, (2kE +477)

2 AL Q__ mQ ] mpf (k) Qr
(4 +2k3) Py 3(4m*+2k2) P ]k 20 2k
Ryl 2m¥(m*+ k) Q Q)

2(3k% +47%)  (4m*+3kL) P, 3(4mr+2kL) P,

Rgg m? 9r*
R E— + 1>
205 +m)| " " 2BkE+4m) | 2(k% +477)

(48)

where f#, and S, are given in (43) and (44) respectively. The pattern amplitude
is given by

A = (A/Ry)"2, (49)

where R, = R = R = R for rolls, squares and hexagons respectively are
given in (46), (47) and (48).

5. Stability analysis

The finite-dimensional normal form of the equation governing the amplitude for
the square lattice is (Golubitsky et al. 1988)

n(xy, 2y, A) = (€, A+mN) <zl>+el6( xI' ), m=0,¢,, (50)
2 e
where
N=al+23 d=uai—2al

The stability of rolls and squares is determined by the parameters ¢,, ¢, and m.
The bifurcation analysis of (50) yields stable supercritical rolls for ¢, = —1 and
m < —1, and stable supercritical squares for ¢, = 1 and m < 0.
For the system under consideration, since the trivial solution is stable
subcritically,
N
- _ 9PR_pS _ &l
e =1, € =sgn2Ry—R;), m= RS—2Rs
where RE and Rj are given in (46) and (47) respectively. Degeneracies occur
for m =0, ¢, and 2RE¥—R5 = 0. Tt has been found numerically that RE > 0
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Figure 2. Variation of R —2R% with @. The point where the curve intersects the @ axis give
the value of @,. Squares are stable for ¢ > ¢, and rolls are stable for @ < @,. ——, 0 = 0.3,
P=15 e o=1,P =15; ...... ,o=1P =1.

and RS > 0 for all possible values of the physical parameters o, P, and .
2RE—R3 =0 for Q = @, for 0 = 0.3 and 1 and P, = 1.5 and 1, which is shown
in Fig. 2. Stable rolls are obtained for ¢ < @),, whereas stable square patterns
occur for @) > ¢,.

The universal unfolding for the normal form of the vector field with
hexagonal symmetry (Buzano and Golubitsky 1983) is

2 = z(A+ao;+u;) +cqz; 2+ 0(2°, X2, A2%),
,),k=1,2,3; i=j5=k,
a+1+0, 2a+1+0, 3a+1+0, c=+=I1,
Oy = Uy F Uyt Uy, Oy = UgUyF Uy UgF UG Uy, Ty = Uq Uy Uy, (52)
Q = 212525 212,25, Uy = 2;2;.
The coefficient a for our system is found to be
a = (RE—RY) (R —3RE)™, (53)

where R and R have already been determined as in (46) and (48) respectively.
The nontrivial roll solutions are stable for « < —1 i.e. R¥ > 0 and R — 3R} >
0, whereas hexagons are stable for RY —3RE < 0 and RY > 0.

We have found numerically that R > 0 and RY > 0 for all values of o, P, and
Q. A plot of R —3RE against @ is shown in Fig. 3. The value of ¢ where the
curve intersects the @ axis is Q,. RY —3RE < 0 for Q > @,, and RY —3RE > 0 for
@ < @,. Therefore, stable hexagons are obtained for ¢ > ¢, and stable rolls
occur for ¢ < @,. Hysteresis is absent here owing to the presence of Z,
symmetry in the system of equations.
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Figure 3. Variation of RY —3RE with @. The point where the curve intersects the ¢ axis gives
the value of ¢);. Hexagons are stable for ¢ > @, and rolls are stable for @ < @,. ——, 0 = 0.3,
P=15 o o=1, P =15; ........ ,o=1P =1.
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Figure 4. Amplitudes of rolls, squares and hexagons in the (A, 4) plane for o =1 and
Pi=1: ... Q=500 Q= 1000.

For a fixed value of the Prandtl number P, = 1.5, an increase in the value of
the Prandt]l number o decreases the values of ¢, and ¢, beyond which squares
and hexagons respectively are stable. On the other hand, for a fixed value of o,
an increase in P, increases the values of ¢, and @),.

The amplitudes of the patterns are shown in Fig. 4. It has been observed that
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the amplitudes of rolls, squares and hexagons decrease with increasing value of
the parameter @.

We note that for ¢ = 0, in the absence of a magnetic field, only rolls are stable
on both square and hexagonal lattices. By applying a magnetic field of sufficient
intensity that the Chandrasekhar number @ > ¢),, ¢,, we can obtain stable
square and hexagonal patterns respectively. We also observe numerically that
@, < @,. For @, <@ <, squares are found to be stable and hexagons
unstable, whereas for ¢ > @),, both squares and hexagons are stable. We cannot
find the relative stability of squares and hexagons using this analysis, since
there exists no two-dimensional lattice with both D, and Dy as subgroups. This
is a shortcoming of the analysis. However, we shall find the relative instability
between squares and hexagons using a multiple-scale method in a forthcoming
paper, on which work is in progress.
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