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Abstract

We improve the Chen–Stein bounds when applied to the probability of a union. When the
probability is small, the improvement in the distance from the lower to the upper bound
is roughly a factor of 2. Further improvements are determined when the events of the
union are either negatively or positively dependent.
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1. Introduction

Let Xi, i = 1, . . . , n, be Bernoulli random variables with means λi = E[Xi], and set
W = ∑n

i=1Xi. Also, let λ = ∑n
i=1λi = E[W ]. For Z being a Poisson random variable with

mean λ, the Chen–Stein approach is a way to bound |P(W ∈ A) − P(Z ∈ A)| for any set of
integers A.

Whereas the Chen–Stein approach can be used to bound the error of the Poisson approxi-
mation of P(W ∈ A) for any set A, many important applications are concerned with bounding
P(W = 0). We mention a few.

• Consider independent trials that each result in any of the outcomes 1, . . . , n with probabil-
ities p1, . . . , pn,

∑n
i=1pi = 1, and suppose that there are specified numbers r1, . . . , rn.

In the generalized birthday problem we are interested in M , defined as the number
of trials until there have been at least ri type-i outcomes for some i = 1, . . . , n. (The
classical problem has n = 365, pi ≡ 1/n, and all ri = 2.) With Ni being the number
of type-i outcomes in the first k trials, i = 1, . . . , n, and Xi = 1{Ni ≥ ri}, we have
P(M > k) = P(

∑n
i=1Xi = 0).

The generalized coupon collecting problem concerns N, the number of trials until there
have been at least ri type-i outcomes for every i = 1, . . . , n. (The classical coupon coll-
ecting problem has all ri = 1.) With Ni defined as the number of type-i outcomes in the
first k trials, i = 1, . . . , n, and Xi = 1{Ni < ri}, we have P(N ≤ k) = P(

∑n
i=1Xi = 0).

• In reliability systems with components 1, . . . , m, we often suppose that there are specified
subsets of components C1, . . . , Cn, none of which is a subset of another, such that the
system fails if and only if all components in at least one of these subsets fail. Thus, with Xi
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the indicator of the event that all components in Ci fail, we see that P(system is failed) =
P(

∑n
i=1Xi > 0) = 1 − P(

∑n
i=1Xi = 0).

• With Y1, Y2, . . . independent and identically distributed discrete random variables, we
are often interested in N, the first time that the pattern y1, y2, . . . , yr appears. With Xi

defined as the indicator of the event that Yi−k = yr−k, k = 0, . . . , r − 1, we see that
P(N > n) = P(

∑n
i=rXi = 0).

• In DNA matching problems we are often interested in the largest common subsequence
in the subsequences W1, . . . , Wr+k and Y1, . . . , Ys+k . In particular we often want to
determine the probability that there would be a common subsequence of length k if the
r + s + 2k data values were independent and identically distributed. If we let Xi,j equal
the indicator of the event that Wi+m = Yj+m, m = 1, . . . , k the probability of such
subsequences is P(

∑
i≤r,j≤s Xi,j > 0).

• The Erdös–Rényi model for a random graph on a set of n nodes supposes that each of
the

(
n
2

)
pair of nodes is, independent of others, an edge with probability p. Suppose that

we are interested in the probability that the maximum of the degrees of the n nodes is at
least k. Then, with Xi the indicator of the event that the degree of node i is at least k, the
desired probability is P(

∑n
i=1Xi > 0).

• If Y1, . . . , Yn has a multivariate normal distribution then, with Xi = 1{Yi > x}, we have

P(max
i

Yi ≤ x) = P

( n∑
i=1

Xi = 0

)
.

We now show how the usual Poisson bounds for P(W = 0) can be improved. To begin,
however, we review some basic Chen–Stein theory.

2. Some relevant Chen–Stein theory

As before, suppose that the Xi are Bernoulli random variables with means λi = E[Xi], i =
1, . . . , n; set W = ∑m

i=1Xi, and let λ = E[W ]. Also, let Z be a Poisson random variable with
mean λ.

For any set of nonnegative integers A, let fA be as follows:

fA(0) = 0,

λfA(j + 1) = jfA(j) + 1{j ∈ A} − P(Z ∈ A), j ≥ 0. (1)

The following lemma is key to the Chen–Stein approach. (For a proof, see [1].)

Lemma 1. For all A,

|fA(j) − fA(i)| ≤ 1 − e−λ

λ
|j − i|.

It follows from (1) that

λfA(W + 1) − WfA(W) = 1{W ∈ A} − P(Z ∈ A).

Taking expectations yields

λE[fA(W + 1)] − E[WfA(W)] = P(W ∈ A) − P(Z ∈ A). (2)
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Now,

E[WfA(W)] =
n∑

i=1

E[XifA(W)] =
n∑

i=1

E[fA(W) | Xi = 1]λi =
n∑

i=1

E[fA(1 + Vi)]λi, (3)

where V1, . . . , Vn are any random variables such that Vi =st
∑

j �=iXj | Xi = 1. It follows
from (2) and (3) that∑

i

λi(E[fA(W + 1)] − E[fA(1 + Vi)]) = P(W ∈ A) − P(Z ∈ A).

Hence,
P(W ∈ A) − P(Z ∈ A) =

∑
i

λiE[fA(W + 1) − fA(1 + Vi)], (4)

which, from Lemma 1, yields

|P(W ∈ A) − P(Z ∈ A)| ≤ 1 − e−λ

λ

∑
i

λiE[|W − Vi |], (5)

which is the Chen–Stein bound (see [3]).

3. Improvements when bounding PPP(W = 0)

The function f0 ≡ f{0} is the unique solution of

f0(0) = 0, λf0(1) = 1 − e−λ, λf0(j + 1) = jf0(j) − e−λ, j ≥ 1.

Lemma 2. It holds that

f0(j) =
∫ 1

0
e−λt tj−1 dt, j ≥ 1.

Proof. As the preceding clearly holds when j = 1, we need to show that∫ 1

0
λe−λt tj dt = j

∫ 1

0
e−λt tj−1 dt − e−λ, j ≥ 1,

which follows upon integrating the left-hand side of the preceding by parts. �
Corollary 1. It holds that f0(j) is a nonnegative, decreasing, convex function of j .

Proof. This immediately follows from Lemma 2 upon using the fact that tj is, when 0 <

t < 1, a nonnegative, decreasing, convex function of j . �
Corollary 2. For i > 0 and j > 0,

|f0(i) − f0(j)| ≤ |j − i|(f0(1) − f0(2)) = e−λ − (1 − λ)

λ2 |j − i|.
Proof. For 0 < i < j, it follows from the fact that f0 is decreasing and convex that

0 ≤ f0(i) − f0(j)

= f0(i) − f0(i + 1) + f0(i + 1) − f0(i + 2) + · · · − f0(j)

≤ (j − i)(f0(1) − f0(2)),

which proves the result. �

https://doi.org/10.1017/jpr.2016.79 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2016.79


1268 S. M. ROSS

Consequently, if A = {0} then going from (4) to (5) to bound |P(W = 0) − e−λ|, the
constant f0(1) = (1 − e−λ)/λ can be replaced by the smaller constant f0(1) − f0(2) =
(e−λ − (1 − λ))/λ2, thus proving the following result.

Proposition 1. It holds that

|P(W = 0) − e−λ| ≤ e−λ − (1 − λ)

λ2

∑
i

λiE[|W − Vi |],

where Vi, i = 1, . . . , n, are any random variables such that Vi =st
∑

j �=iXj | Xi = 1.

For instance, when λ = 1, the preceding bound on |P(W = 0) − e−λ| is smaller than that
given by (5) by the factor e − 1, and as λ → 0, it is smaller by a factor that converges to 2.

Remark. The strategy of attempting to improve the Chen–Stein bounds for |P(W = j) −
P(Z = j)| by exploiting properties of the functions f{j} was mentioned in [1, Section 2.4].

Further improvements on the Chen–Stein bounds on P(W = 0) − e−λ can be obtained in
the special cases where knowledge that Xi = 1 makes it less likely that Xj = 1, j �= i, or
when such knowledge makes it more likely that Xj = 1, j �= i.

Definition. With X−i = (X1, . . . , Xi−1, Xi+1, . . . , Xn), we say that X1, . . . , Xn are nega-
tively dependent if

X−i | Xi = 1 ≤st X−i , i = 1, . . . , n, (6)

and say that X1, . . . , Xn are positively dependent if

X−i | Xi = 1 ≥st X−i , i = 1, . . . , n. (7)

Proposition 2. If X1, . . . , Xn are negatively dependent then

P(W = 0) ≤
n∏

i=1

(1 − λi).

If X1, . . . , Xn are positively dependent then

P(W = 0) ≥
n∏

i=1

(1 − λi). (8)

Proof. Suppose that X1, . . . , Xn are negatively dependent. Using the fact that negative
dependence implies that P(Xj = 0, j ≤ i | Xi+1 = 1) ≥ P(Xj = 0, j ≤ i), we obtain

P(Xj = 0, j ≤ i)

= P(Xj = 0, j ≤ i | Xi+1 = 1)λi+1 + P(Xj = 0, j ≤ i | Xi+1 = 0)(1 − λi+1)

≥ P(Xj = 0, j ≤ i)λi+1 + P(Xj = 0, j ≤ i | Xi+1 = 0)(1 − λi+1).

Hence, P(Xj = 0, j ≤ i) ≥ P(Xj = 0, j ≤ i | Xi+1 = 0), implying that

P(Xi+1 = 0 | Xj = 0, j ≤ i) = P(Xi+1 = 0)P(Xj = 0, j ≤ i | Xi+1 = 0)

P(Xj = 0, j ≤ i)

≤ P(Xi+1 = 0).

The result now follows from the identity P(W = 0) = P(X1 = 0)
∏n−1

i=1 P(Xi+1 = 0 | Xj = 0,

j ≤ i). With all inequalities being reversed, the proof is similar in the positive dependency
case. �
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Remarks. (i) The positive-dependent result of Proposition 2 is not new. It follows from [4]
that in the positive case X1, . . . , Xn are associated and, thus, P(Xi = 0, i = 1, . . . , n) ≥∏n

i=1P(Xi = 0).

(ii) The negative-dependent condition (6) holds in the generalized birthday and coupon col-
lecting problems. It also holds in the pattern problem when the pattern has no overlap,
in the sense that (ij , . . . , ir ) �= (i1, . . . , ir−j+1) for any j > 1. For instance, to show
that (6) holds in the generalized birthday problem, we use a coupling argument as follows.
For fixed i, let Ni be binomial with parameters (k, pi), and let N ′

i have the distribution of
Ni | Ni ≥ ri . Because N ′

i ≥st Ni we can couple them so that N ′
i ≥ Ni . Now generate the

results of k − Ni independent trials, with each trial resulting in outcome j with probability
pj/(1−pi), j �= i; let Nj denote the number of type-j outcomes in these k −Ni trials, and let
N ′

j be the number of type-j outcomes in the first k − N ′
i of these k − Ni trials. Because,

for j �= i, Nj ≥ N ′
j , we see that Yj ≡ 1{Nj ≥ rj } ≥ 1{N ′

j ≥ rj } ≡ Y ′
j , j �= i.

As it is easy to see that (Y1, . . . , Yi−1, Yi+1, . . . , Yn) has the distribution of X−i , whereas
(Y ′

1, . . . , Y
′
i−1, Y

′
i+1, . . . , Y

′
n) has the distribution of X−i | Xi = 1, condition (6) is shown.

The coupling arguments for showing that (6) holds in the generalized coupon collecting and in
the no-overlap pattern problems are similar.

(iii) The inequality P(W = 0) ≤ ∏n
i=1(1 −λi) was directly proven for the generalized coupon

and birthday problems in [6]. Other notions of negative dependency are given in [2].

(iv) The positive dependent condition (7) holds in the reliability system example when the
component states are independent. It also holds in the Erdös–Rényi example. The coupling
arguments for showing these results are straightforward.

(v) Among other bounds of P(W = 0) are those of [5] and [8], which exploit dependency
graphs for X1, . . . , Xn. An upper bound for P(W = 0) is given by the conditional expectation
inequality (see Section 3.2 of [7]).

Example 1. Consider the generalized birthday problem when all ri = 3 and pi = 1
365 , i =

1, . . . , 365. Thus, we are asking for the probability that among k people there will be a group
of size three that all share the same birthday. Because λi = P(binomial(k, 1

365 ) ≥ 3), when
k = 88, we have λi ≈ 0.001 896 6. Hence, with W the number of days having at least
three birthdays, the Poisson approximation is that W is approximately Poisson with mean
λ = 365(0.001 896 6) = 0.692 26, so that the Poisson approximation of the probability that
there will be a set of size three having the same birthday is

P(W > 0) ≈ 1 − e−0.692 26 ≈ 0.499 56.

To compute E[Vi], let B(n, p) be a binomial (n, p) random variable. Then

E[W ] =
2∑

j=0

E[W | N1 = j ]P
(

B

(
88,

1

365

)
= j

)
+ E[W | N1 ≥ 3]P

(
B

(
88,

1

365

)
≥ 3

)

= 364
2∑

j=0

P

(
B

(
88 − j,

1

364

)
≥ 3

)
P

(
B

(
88,

1

365

)
= j

)

+ (1 + E[V1])P
(

B

(
88,

1

365

)
≥ 3

)
.
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Solving the preceding yields E[V1] = 0.628 803 581 25. Consequently, the upper bound on the
error of the Poisson approximation as given by (5) is (1 − e−λ)(λ − E[Vi]) ≈ 0.031 70, giving
the bounds

0.467 86 ≤ P(W > 0) ≤ 0.531 26,

whereas the results of this paper show that

0.499 88 ≤ P(W > 0) ≤ 0.517 22.

Example 2. Consider the Erdös–Rényi graph model where each pair of nodes is independently
an edge with probability p. Let Xi denote the indicator of the event that there are no edges
involving node i. Then P(W = 0) is the probability that there are no isolated nodes. Then,
with q = 1 − p, λi = qn−1, and λ = nqn−1, E[Vi] = (n − 1)qn−2. Because X1, . . . , Xn are
positively dependent, Vi ≥st W − Xi , and so coupling such that this holds yields

E[|Vi − W |] ≤ E[|Vi − (W − Xi)| + |Xi |]
= E[Vi − W + Xi] + E[Xi]
= (n − 1)qn−2 − nqn−1 + 2qn−1.

Consequently, with α = (n − 1)qn−2 − (n − 2)qn−1, the original Chen–Stein bounds are

e−nqn−1 − (1 − e−nqn−1
)α ≤ P(W = 0) ≤ e−nqn−1 + (1 − e−nqn−1

)α.

On the other hand, because X1, . . . , Xn are positively dependent the bounds presented in this
paper yield

(1 − qn−1)n ≤ P(W = 0) ≤ e−nqn−1 +
(

e−nqn−1 − 1 + nqn−1

nqn−1

)
α.

For instance, if n = 10 and p = 0.5 then the original Chen–Stein bounds are 0.980 28 ≤
P(W = 0) ≤ 0.981 04, whereas the new bounds yield 0.980 64 ≤ P(W = 0) ≤ 0.980 85.
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