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In this paper we develop a canonical state space representation of autoregressive
moving average (ARMA) processes with unit roots with integer integration orders at
arbitrary unit root frequencies. The developed representation utilizes a state process
with a particularly simple dynamic structure, which in turn renders this representa-
tion highly suitable for unit root, cointegration, and polynomial cointegration anal-
ysis. We also propose a new definition of polynomial cointegration that overcomes
limitations of existing definitions and extends the definition of multicointegration
for I(2) processes of Granger and Lee (1989a, Journal of Applied Econometrics 4,
145–159). A major purpose of the canonical representation for statistical analysis is
the development of parameterizations of the sets of all state space systems of a given
system order with specified unit root frequencies and integration orders. This is, e.g.,
useful for pseudo maximum likelihood estimation. In this respect an advantage of
the state space representation, compared to ARMA representations, is that it easily
allows one to put in place restrictions on the (co)integration properties. The results
of the paper are exemplified for the cases of largest interest in applied work.

1. INTRODUCTION

Linear dynamic models incorporating unit roots and cointegration have become
standard tools for modeling economic time series since the early 1980s. This is
in particular true for the I(1) case, but also holds for more general settings in-
cluding seasonal unit roots and seasonal cointegration (with early contributions
by Hylleberg, Engle, Granger, and Yoo, 1990; Lee, 1992; Ahn and Reinsel, 1994)
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or processes with higher integration orders (see, e.g., Stock and Watson, 1993;
Johansen, 1997).

The concept of cointegration has been generalized by considering not only
static transformations but also dynamic transformations of the form ∑q

j=0 β ′
j yt− j .

The corresponding cointegration concept has been introduced first as multicoin-
tegration by Yoo (1986) and Granger and Lee (1989a, 1989b). Multicointegration
prevails for an s-dimensional I(2) process (yt )t∈Z, with Z denoting the integers, if
there exists a linear combination of the two I(1) processes (β ′yt )t∈Z (i.e., β ∈ Rs

reduces the integration order from 2 to 1) and (yt − yt−1)t∈Z, that is stationary.
The concept of multicointegration has been generalized (by allowing for higher
integration orders and higher-order linear dynamic transformations) to polyno-
mial cointegration by Gregoir and Laroque (1994); see also Gregoir (1999a).

Cointegration analysis is performed both nonparametrically and parametrically.
The difference between the two approaches is that in the former case only the coin-
tegrating relationships are estimated, while other features of the data generating
process are treated as nuisance parameters (see, e.g., Phillips and Hansen, 1990;
Sims, Stock, and Watson, 1990; Stock and Watson, 1993), whereas in the latter a
parametric model class characterizing the set of feasible data generating processes
is considered. Among the parametric approaches the autoregressive (AR) frame-
work, popularized by the work of Johansen and co-authors, is particularly promi-
nent. The so-called error correction model (ECM) representation of autoregressive
processes allows one to characterize AR models that correspond to I(1) processes
(see the discussion in Johansen, 1995, Chap. 6), to seasonally integrated processes
(see Johansen and Schaumburg, 1999), or to I(2) processes (see Johansen, 1997).
With the exception of the I(1) case, the set of restrictions on the AR parameter set to
impose certain integration properties becomes rather complicated, as is illustrated
in Section 6. This in turn implies that the definition and in particular the analysis of,
e.g., pseudo maximum likelihood estimators (based on maximizing the Gaussian
likelihood) also become complicated. Based on the representation result developed
in Gregoir (1999a, Thm. 3.2, p. 447), Gregoir (1999b) considers estimation for AR
processes with unit roots at arbitrary frequencies with integer integration orders.
However, due to the complicated nonlinear restrictions involved in the representa-
tion theorem, it appears to be highly complicated to define a parameterization.1

In this paper we show that the state space framework is highly suitable for unit
root and cointegration analysis by developing a specific state space representation
for unit root ARMA processes that highlights the unit root and cointegration prop-
erties. The results are thus similar in spirit to the results of Gregoir (1999a) in that
a representation result for unit root processes, in this paper ARMA processes with
unit roots at arbitrary frequencies with integer integration orders, is provided. A
stochastic process (yt )t∈Z, yt ∈Rs , is said to possess a state space representation
if it is a solution of the equations

yt = Cxt + εt ,
xt+1 = Axt + Bεt ,

(1)
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for a white noise process (εt )t∈Z. The unobserved process (xt )t∈Z ∈Rn is referred
to as state process, and A ∈ Rn×n , B ∈ Rn×s , and C ∈ Rs×n are real matrices. As
discussed (for the stationary case) in great detail in Hannan and Deistler (1988,
Chaps. 1 and 2), henceforth referred to as HD, there are close connections between
state space and ARMA models. Despite these connections, only a few early con-
tributions use the state space framework for unit root and cointegration analysis.
These include Aoki (1987) and Aoki and Havenner (1989, 1991), all of which
deal with the I(1) case only.

So-called structural time series models (STSMs) as discussed in Harvey (1989),
which are typically also cast in a state space format, allow one to model multi-
ple time series with unit roots and cointegration. However, in that approach—as
the name suggests—a large amount of structure is imposed a priori (like, e.g.,
trend and cycle decompositions with specific assumptions concerning the error
processes driving these components). Our work, however, is geared towards char-
acterizing the classes of state space models with certain unit root and cointegration
properties, to allow for the development of estimation and inference procedures in
which the dynamic properties, including the unit root and cointegration properties,
of the modeled time series are not specified ex ante but are determined from data.

The form of the system equations (1) already indicates why the state space
framework is useful for cointegration analysis. The dynamics of the state (xt )t∈Z
allow for a simple description of its stochastic behavior, i.e., stationarity or inte-
gratedness of some order. The observed process (yt )t∈Z is simply given by a static
transformation of the state (plus the white noise error process). This implies that
the unit root and cointegration properties of (yt )t∈Z are easily understood once the
respective properties of (xt )t∈Z are understood. The basis of the state can be freely
chosen, as is discussed in Section 3. This degree of freedom is a major advantage
of the state space framework compared to the ARMA framework, since it allows
the usage of a state process with particularly simple unit root and cointegration
properties, which are summarized in the newly defined state space unit root struc-
ture (see Definition 2 below). The main result of this paper is a specific canonical
form (for a definition, see Section 3) based on a canonical state space representa-
tion of ARMA unit root processes that highlights the unit root, cointegration, and
polynomial cointegration properties very conveniently.

The ARMA framework, on the contrary, does not offer the same level of flex-
ibility with respect to representation as the state space framework. In an ARMA
representation the unit root and cointegration properties depend upon polyno-
mial matrices, which makes it comparably hard to impose restrictions on the
(co)integration properties. For example, already for I(2) autoregressive models
the imposition of properties like variables being integrated of certain orders or
restricting the multicointegrating space to a given subspace necessitates com-
plicated reparameterizations. It is exemplified in Section 6.3 how to straightfor-
wardly impose such restrictions in the developed state space representation.

The main purpose of the canonical representation for statistical analysis is
its use in the development of parameterizations of model classes (for a formal
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definition see, e.g., HD, p. 37) that allow one to take into account specified unit
root and cointegration properties, such as integration orders of variables or knowl-
edge about the cointegrating spaces. This in turn facilitates the definition and anal-
ysis of pseudo maximum likelihood estimators.2

With the developed state space representation, both cointegration and polyno-
mial cointegration are characterized by simple orthogonality constraints. In this
respect note that we provide a new definition of polynomial cointegration that
overcomes some deficiencies of existing definitions and that generalizes the con-
cept of multicointegration. A detailed reconsideration of polynomial cointegra-
tion, based on the developed state space representation, is provided elsewhere due
to space limitations.

The paper is organized as follows: Section 2 describes the class of processes
considered in this paper and gives some relevant definitions. Section 3 discusses
state space representations for the considered class of processes, and in Section 4
the canonical form is presented and the state space unit root structure is defined.
In Section 5 cointegration and polynomial cointegration are defined and the use-
fulness of the developed canonical form for cointegration and polynomial cointe-
gration analysis is discussed. In Section 6 the ideas and results of this paper are
exemplified with several illustrative examples covering the cases of main interest
in economic applications. Finally, Section 7 summarizes and concludes the paper.
All proofs are relegated to the Appendix.

The following notation is used: Im denotes the m × m dimensional identity
matrix and 0m×n the m ×n dimensional null matrix. With x ′ we denote the com-
plex conjugate transpose of a complex vector and with x its complex conjugate.
Similar notation is used for matrices. Furthermore, λmax(A) denotes an eigen-
value of maximum modulus of a square matrix A. With R(·) and I(·) we denote
the real and imaginary parts of complex quantities and ⊗ denotes the Kronecker
product.

2. UNIT ROOT PROCESSES

This paper deals with the analysis of multivariate ARMA processes (yt )t∈Z,
yt ∈ Rs , which are later on considered in the state space framework. A stochastic
process (yt )t∈Z is referred to as an ARMA process in this paper, if there exist in-
tegers p,q ≥ 1 and matrices Aj ∈Rs×s, j = 1, . . . , p and Bj ∈Rs×s, j = 1, . . . ,q
and a white noise process (εt )t∈Z, with Eεtε

′
t = � > 0, such that

yt + A1 yt−1 + A2 yt−2 +·· ·+ Ap yt−p = εt + B1εt−1 +·· ·+ Bqεt−q , t ∈ Z. (2)

This definition of an ARMA process is broader than usual, since we do not impose
stationarity in the definition of ARMA processes, as is done, e.g., in HD (p. 25).

Defining the matrix polynomials a(z) := Is + A1z + ·· · + Apz p and b(z) :=
Is + B1z+·· ·+ Bq zq where z ∈C, the pair (a(z),b(z)) is called an ARMA system
corresponding to the process (yt )t∈Z.

https://doi.org/10.1017/S026646661200014X Published online by Cambridge University Press

https://doi.org/10.1017/S026646661200014X


CANONICAL FORM FOR UNIT ROOT PROCESSES 1317

It is well known (see HD, pp. 9-10) that equation (2) always has solutions and
that any solution can be written as the sum of a particular solution and a solution
of the homogenous equation

yt + A1 yt−1 + A2 yt−2 +·· ·+ Ap yt−p = 0, t ∈ Z. (3)

Furthermore, if deta(z) �= 0 for |z| ≤ 1, equation (2) has a unique causal and
stationary solution given by yt = ∑∞

j=0 Cjεt− j , t ∈ Z. The coefficients Cj , j ≥ 0,
are given from the power series expansion at 0 of the rational transfer function
c(z) := a(z)−1b(z) = ∑∞

j=0 Cj z j . Clearly this unique solution depends only on
the power series coefficients Cj and the noise (εt )t∈Z.

Below we consider unit root ARMA processes (see Definition 1 below). To this
end the difference operator at frequency 0 ≤ ω ≤ π is defined as

�ω(L) :=
{

1− eiωL , ω ∈ {0,π}
(1− eiωL)(1− e−iωL), ω ∈ (0,π).

(4)

Here L denotes the backward shift operator, such that L(yt )t∈Z = (yt−1)t∈Z.
Keeping this definition in mind we also use the sloppy shorthand notation
Lyt = yt−1, with which we obtain, e.g., �ω(L)yt = yt −2cos(ω)yt−1 + yt−2 for
0 < ω < π . Note that for 0 < ω < π the difference operator �ω(L) filters the pair
of complex conjugate unit roots e±iω jointly. This ensures that also filtered pro-
cesses �ω(L)(yt )t∈Z are real valued for real valued processes (yt )t∈Z. With the
necessary notation established we can now define the class of ARMA processes
considered in this paper.

DEFINITION 1. The s-dimensional zero mean real ARMA process (yt )t∈Z has
unit root structure 	 := ((ω1,h1), . . . , (ωl ,hl)) with 0 ≤ ω1 < ω2 < · · · < ωl ≤
π,hk ∈ N,k = 1, . . . , l, if it is a solution of the difference equation

D(L)yt := �h1
ω1

(L) · · ·�hl
ωl

(L)yt = vt , t ∈ Z, (5)

where (vt )t∈Z is a stationary ARMA process, thus there exists a pair of left co-
prime matrix polynomials (a(z),b(z)),deta(z) �= 0, |z| ≤ 1,detb(z) �= 0, |z| <
1 such that (vt )t∈Z = a(L)−1b(L)(εt )t∈Z = c(L)(εt )t∈Z with c(z) �= 0 for
z = eiωk ,k = 1, . . . , l, for a white noise process (εt )t∈Z with Eεtε

′
t = � > 0.

Henceforth, the degree of the polynomial D(z) = �h1
ω1

(z) · · ·�hl
ωl

(z) is denoted
by H.

Such a zero mean real ARMA process is called unit root process. The set
{ω1, . . . ,ωl} is referred to as set of unit root frequencies and the integers hk,
k = 1, . . . , l are called integration orders.

A unit root process with unit root structure ((0,m)), m ∈ N, is called I(m)
process and a unit root process with unit root structure ((ω1,1), . . . , (ωl ,1)) is
called multiple frequency I(1), in short MFI(1), process.

A zero mean stationary ARMA process (vt )t∈Z = c(L)(εt )t∈Z is said to have
empty unit root structure 	0 := {}.
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Equation (5) implies that

a(L)�h1
ω1

(L) · · ·�hl
ωl

(L)yt = a(L)vt = b(L)εt , t ∈ Z. (6)

Hence the unit root process (yt )t∈Z is a solution of the vector difference equation
(VDE)

yt +
p+H

∑
j=1

Ãj yt− j = εt +
q

∑
j=1

Bjεt− j , t ∈ Z; (7)

i.e., (yt )t∈Z is a solution of the ARMA system (ã(z),b(z)) with ã(z) = D(z)a(z)
and D(z) as given in Definition 1.

Every zero mean solution (yt )t∈Z of (7) such that the filtered process
D(L)(yt )t∈Z is stationary is a unit root process. The difference between any
two such solutions is a solution of the homogenous equation ã(L)yt,h =
D(L)a(L)yt,h = 0, t ∈ Z. These are linear combinations of terms of the form
taρt cos(ω(t − m)) and taρt sin(ω(t − m)); see, e.g., HD (p. 10). Here ρ and
ω depend on the roots ρ−1eiω of det ã(z) and a depends on the corresponding
multiplicities.3 For stable roots it holds that 0 < ρ < 1 and thus the corresponding
solution components decay exponentially (for increasing t). These components
are, similar to the focus on the stationary solution only in the stable case, excluded
in Definition 1. For unit roots it holds that ρ = 1 and thus the corresponding ho-
mogenous solution components can be accommodated by including regressors of
the form ta cos(ω(t − m)), ta sin(ω(t − m)) in the model. Consequently, the pa-
per focuses on one specific particular solution of (7), defined below in (8), that is
convenient for unit root and cointegration analysis.

We consider only zero mean processes to simplify the notation and exposition,
whereas for actual modeling purposes one would include appropriate determinis-
tic components (which may, as just discussed, even be necessary for zero mean
processes). As is well known the presence or absence of deterministic compo-
nents will in general influence the asymptotic distributions of the parameter esti-
mators, but considering them has no influence on the unit root and cointegration
properties. Note in this respect that in the literature definitions of integrated pro-
cesses (zt )t∈Z are often formulated for demeaned processes, i.e., for processes
(zt −E(zt ))t∈Z, compare, e.g., Johansen (1995, Def. 3.3, p. 35) and in this paper
we also consider this latter zero mean process only.

Remark 1. Clearly the restriction to ARMA processes renders the above def-
inition of unit root processes narrow. Such a narrow definition, however, suffices
for the present paper in which a convenient state space representation for unit
root ARMA processes is developed. The definition can of course be broadened
by not constraining (vt )t∈Z in Definition 1 to be an ARMA process; e.g., Bauer
and Wagner (2007) consider MFI(1) processes defined without the restriction to
ARMA processes.
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Concerning Definition 1 some further comments are in order. First, positing in
the definition only the constraint that c(eiωk ) �= 0 for k = 1, . . . , l, i.e., only at the
unit root frequencies zk = eiωk and not for all points z = eiω with 0 ≤ ω ≤ π ,
allows one to classify also processes (with respect to unit root structure) that have
been over-differenced at non-unit root frequencies. Second, the definition of the
unit root structure and hence of the integration orders is given for the multivariate
process and not for its individual coordinates. Since we only assume c(eiωk ) �= 0
and not detc(eiωk ) �= 0 for k = 1, . . . , l, the integration orders hk are the maxi-
mal integration orders of the coordinates (yj,t )t∈Z, j = 1, . . . ,s of (yt )t∈Z at the
unit root frequency ωk . Alternatively one might consider basing the definition of
the unit root structure in a univariate fashion on the integration properties of the
individual coordinates. Based on these, the unit root structure of the multivariate
process could then be defined by including all unit root frequencies occurring in
the different coordinates with the corresponding integration orders being given by
the maximal integration orders at these frequencies over all coordinates. Such a
unit root structure constructed from the individual coordinates corresponds with
the unit root structure 	 from Definition 1 if and only if the correspondingly fil-
tered multivariate process is stationary. This, however, need not be the case in
general, since stacking stationary processes does not necessarily lead to a jointly
stationary stacked process. Starting from a multivariate perspective rules out such
problems. Note also that in the literature most definitions are formulated in a
multivariate setting; see, e.g., Johansen (1995, 1997), Johansen and Schaumburg
(1999), or Stock and Watson (1993).

Third, our definition of the empty unit root structure, which only requires the
process to be stationary, implies, e.g., that processes that are solutions of yt =
yt−1 + vt , t ∈ Z with (vt )t∈Z an ARMA process with empty unit root structure
may have different unit root structures. In case that vt = εt , t ∈ Z with (εt )t∈Z
white noise, the process (yt )t∈Z has unit root structure ((0,1)), if we consider a
solution that has a unit root structure. If vt = εt − εt−1, t ∈ Z, then the process
(yt )t∈Z has empty unit root structure, considering again a solution with a unit
root structure. This could be overcome by introducing negative integration orders;
compare Gregoir (1999a). For the representation results developed in this paper
this issue is of no importance.

The unit root structure of unit root processes is uniquely defined, which can
be shown by contradiction. Collecting the set of all unit root frequencies oc-
curring in two unit root structures in {ω1, . . . ,ωm}, we can write the filters
corresponding to the unit root structures as D1(L) := �h1

ω1
(L) · · ·�hm

ωm
(L) and

D2(L) := �h̃1
ω1

(L) · · ·�h̃m
ωm

(L). In these filters hj = 0 or h̃ j = 0 if a partic-
ular frequency ωj is not contained in the respective unit root structure. De-

fine D∗(L) := �max(h1,h̃1)
ω1

(L) · · ·�max(hm ,h̃m )
ωm

(L) and let di (L) := D∗(L)/Di (L),
i = 1,2. Consider a unit root frequency ωk contained in the set of unit root
frequencies corresponding to D1(L) but not contained in the set correspond-
ing to D2(L). Then d1(e−iωk ) �= 0 and hence the spectrum of D∗(L)(yt )t∈Z =
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d1(L)D1(L)(yt )t∈Z = d2(L)D2(L)(yt )t∈Z is not equal to zero at frequency ωk .
However, d2(e−iωk ) = 0, which shows that the sets of unit root frequencies have
to coincide. Analogously it follows that the integration orders have to coincide.

3. STATE SPACE SYSTEMS

It is well known that for stable matrix polynomials a(z), i.e., deta(z) �= 0 for
all |z| ≤ 1, any ARMA system (a(z),b(z)) has a unique stationary solution on Z.
This solution is given by yt = ∑∞

j=0 Cjεt− j , with the impulse response coefficients

Cj ∈ Rs×s, j ≥ 0, corresponding to the transfer function c(z) = a(z)−1b(z) =
∑∞

j=0 Cj zj . Hence, this unique stationary solution only depends upon the transfer
function c(z) and the process (εt )t∈Z.

It is also well known that the unique stationary solution (yt )t∈Z just consid-
ered can be represented as a solution of a state space system (A, B,C), with
A ∈Rn×n , B ∈Rn×s , and C ∈Rs×n as given in (1). The matrix triple (A, B,C) is
referred to as a state space realization of the transfer function c(z) = a(z)−1b(z) =
Is +∑∞

j=1 C A j−1 Bz j . Similarly to the ARMA case, the set of all solutions of the
state space equations is given by the sum of the stationary solution and a solu-
tion (yt,h)t∈Z of the corresponding homogenous equations, i.e., yt,h = Cxt,h and
xt+1,h = Axt,h .

Like ARMA systems, state space systems also are not unique, i.e., there exist
classes of observationally equivalent state space systems that all realize the same
transfer function. The state space equivalent to left coprimeness is minimality. A
state space system is called minimal if there exists no other state space system
realizing the same transfer function with a smaller state dimension. This mini-
mal state dimension is also referred to as the order of the transfer function. Two
minimal state space systems (A, B,C) and ( Ã, B̃, C̃) are observationally equiv-
alent if and only if there exists a nonsingular transformation matrix T ∈ Rn×n

such that A = T ÃT −1, B = T B̃, and C = C̃T −1. Such a transformation implies
a corresponding basis change of the associated state vectors, i.e., xt = T x̃t .

Consider a given rational transfer function c(z) and let (A, B,C) be a minimal
state space realization and (a(z),b(z)) a left coprime ARMA realization. Then ac-
cording to HD (Thm. 1.2.2, p. 19) the nonzero eigenvalues of A equal the inverses
of the roots of deta(z). Hence, for minimal state space systems the stability condi-
tion |λmax(A)| < 1 corresponds to the stability assumption deta(z) �= 0 for |z| ≤ 1
and eigenvalues of A of unit modulus correspond to unit roots. Considering the
inverse transfer function c−1(z) = b−1(z)a(z) = Is − zC(In − z(A − BC))−1 B it
follows analogously that the miniphase assumption detb(z) �= 0 for |z| < 1 (HD,
p. 25) imposed in Definition 1 is equivalent to the condition |λmax(A − BC)| ≤ 1.

The following Theorem 1 clarifies the relations between unit root processes and
the solutions to corresponding state space representations. In light of the discus-
sion in the previous section, a central element in this respect is one particular so-
lution of a minimal state space representation that only depends on (A, B,C) and
(εt )t∈Z. This solution is built from a specific state space representation with the

https://doi.org/10.1017/S026646661200014X Published online by Cambridge University Press

https://doi.org/10.1017/S026646661200014X


CANONICAL FORM FOR UNIT ROOT PROCESSES 1321

A matrix in the format A = diag(Au, A•), where all eigenvalues of Au have unit
modulus (hence Au is invertible) and |λmax(A•)| < 1. Considering such a state
space realization is clearly not a restriction of generality, since an observationally
equivalent realization of this form always exists (e.g., by using the real Jordan nor-
mal form of A). We also partition the corresponding matrices B, C and the state
vector xt accordingly, i.e., B = [B ′

u, B ′•]′, C = [Cu,C•], and xt = [x ′
t,u, xt,•]′.

Then the considered particular solution (yt,p)t∈Z is given as

yt,p = Cu xt,u +C•xt,• + εt ,

xt,u =
⎧⎨
⎩ ∑t−1

j=1 A j−1
u Buεt− j , t ≥ 1

−∑0
j=t A j−1

u Buεt− j , t < 1,

xt,• = ∑∞
j=1 A j−1• B•εt− j . (8)

Clearly, since we consider only minimal state space representations, (xt,•)t∈Z
is the unique stationary solution of the state equation xt+1,• = A•xt,• + B•εt .
With respect to xt,u the particular solution chosen corresponds to x1,u = 0. These
choices imply that (yt,p)t∈Z only depends on the transfer function correspond-
ing to the state space system (A, B,C) and the noise (εt )t∈Z. The relation be-
tween such state space systems and unit root processes is clarified in the following
theorem.

THEOREM 1. Let (yt )t∈Z be a unit root process as given in Definition 1. Then
there exists a solution (yt,h)t∈Z of the homogenous equation D(L)(yt,h)t∈Z =
0, such that the process yt,p := yt − yt,h, t ∈ Z is the particular solution given
in (8) to a minimal state space system (A, B,C) with A = diag(Au, A•), where
all eigenvalues of Au have unit modulus and |λmax(A•)| < 1.

The process (yt,p)t∈Z given in (8) is a zero mean unit root process and a partic-
ular solution of a minimal state space system (A, B,C) such that |λmax(A)| = 1
and |λmax(A − BC)| ≤ 1. Denoting with ((ω1,h1), . . . , (ωl ,hl)) the unit root
structure of (yt,p)t∈Z, it holds that zk = eiωk , k = 1, . . . , l are the eigenvalues
of A with unit modulus and non-negative imaginary part and the integration
orders hk > 0 equal the dimensions of the largest Jordan blocks corresponding
to zk for k = 1, . . . , l.

The theorem shows that every unit root process can, up to a component in the
kernel of D(L), be represented as a specific particular solution of a minimal state
space model. This particular solution only depends on the transfer function corre-
sponding to the state space system as well as the error process (εt )t∈Z. Conversely,
all solutions of state space systems where the corresponding matrix A has eigen-
values on the unit circle are up to a solution of the homogenous equation unit root
processes.

Partitioning xt,h = [x ′
t,u,h, x ′

t,•,h]′ according to the partitioning of A =
diag(Au, A•) it follows from the proof of Theorem 1 that a solution (yt )t∈Z to
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the state space system is a unit root process, when the corresponding (xt,h)t∈Z
fulfills xt,•,h = 0, t ∈ Z and E(xt,u,h) = 0, t ∈ Z. Note, however, that the set of
unit root processes given as solutions to the ARMA representation as considered
in Definition 1 and the solution processes to corresponding minimal state space
systems as discussed in the theorem are not identical. This stems from the fact
that in the theorem only minimal state space systems are considered, whereas the
ARMA representation (ã(z),b(z)) is not necessarily left coprime, with potential
rank reductions in (ã(z),b(z)) on the unit circle due to roots of detb(z) at unit
root frequencies. Rather than providing a full discussion, let us just consider a
simple example here, with D(L) = 1 − L , a(L) = I2 and b(L) = diag(1,1 − L).
The solution set, where for brevity we only consider t ∈ N, to the ARMA system
is given by yt = (∑t

j=1 εj,1 +c1,εt,2 +c2)
′, for c1,c2 ∈R zero mean random vari-

ables. A minimal state space representation corresponding to the above ARMA
system is given by A = 1, B = (1, 0), and C = (1, 0)′. Thus, the corresponding
solution set is given only by yt = (∑t

j=1 εj,1 + c1,εt,2)
′, i.e., c2 = 0.

In the remainder of the paper, based on the particular solution (8), we exploit
the flexibility of the state space framework to develop a specific, unique state
space representation for unit root processes that highlights the unit root and coin-
tegration properties. In this respect, as can already be guessed from Theorem 1,
the eigenvalue structure of A will be of key importance since the unit modulus
eigenvalues of A correspond to the unit roots. Formally, we construct a so-called
canonical form, i.e., a mapping that attaches unique state space representations to
transfer functions c(z).

4. THE CANONICAL FORM

In constructing the canonical representation first more structure (as already used
in the proof of Theorem 1) is imposed on the block-diagonal A matrix used so far.
Henceforth, we consider the A matrix in the format A = diag(A1, . . . , Al , A•),
where the matrices Ak, k = 1, . . . , l have as their only eigenvalues the pair
zk, zk = e±iωk (including here for brevity the cases zk = ±1) for 0 ≤ ωk <
ωk+1 ≤ π, k = 1, . . . , l − 1 and where as before |λmax(A•)| < 1. As argued be-
fore, such a realization exists, the A-matrix can, e.g., be taken in real Jordan
normal form with the eigenvalues ordered accordingly. Also, as before we con-
sider the matrices B, C , and the state vector xt partitioned accordingly, i.e.,
B = [B ′

1, . . . , B ′
l , B ′•]′, C = [C1, . . . ,Cl ,C•], and xt = [x ′

t,1, . . . , x ′
t,l , x ′

t,•]′. Note
that for block-diagonal systems with A = diag(A1, . . . , Am), B = [B ′

1, . . . , B ′
m]′,

and C = [C1, . . . ,Cm] partitioned accordingly, it follows that the power series co-
efficients of c(z) = Is +∑∞

j=1 C A j−1 Bz j fulfill C A j B = ∑m
h=1 Ch A j

h Bh for j ≥ 0.
This implies that the subsystems (Ah, Bh,Ch) can be analyzed separately when
developing a canonical form.

The block-diagonality constraints are not sufficient to select a unique state
space realization (A, B,C) of the transfer function c(z). The additionally nec-
essary constraints are imposed in two steps. In the first step restrictions that detail
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the form of the matrix A are imposed. In the second step a set of constraints on
the matrices B and C to impose uniqueness is formulated. In this step a charac-
terization of minimality is used ascertaining that the restrictions can be imposed.

When imposing further restrictions to provide a unique realization it turns
out convenient to use complex valued quantities to simplify the algebra. Con-
sider zk = eiωk a unit modulus eigenvalue not equal to ±1. Then the systems
(Ak, Bk,Ck) with Ak in real Jordan normal form can be transformed to

Ak,C =
[

Jk 0
0 J k

]
, Bk,C =

[
Bk,−
Bk,−

]
, Ck,C = [Ck,− Ck,−

]
, (9)

where the matrices Jk have as their only eigenvalue zk and are in the specific form
given in (10) below. The notation Bk,− and Ck,− indicates the correspondence to
complex eigenvalues with negative imaginary part. Clearly, in case that zk = ±1
the real and complex representation coincide, i.e., Ak,C = Jk , Bk,C = Bk,−, and
Ck,C = Ck,−, where we here also use the notation with double subscript (k,−) to
indicate the correspondence to a representation with the A-matrix in this specific
form. We use the following structure for the matrices Jk ∈ Cdk×dk

, k = 1, . . . , l:

Jk =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

zk Idk
1

[
Idk

1
,0dk

1 ×
(

dk
2 −dk

1

)]
0 · · · 0

0dk
2 ×dk

1 zk Idk
2

[
Idk

2
,0dk

2 ×
(

dk
3 −dk

2

)]
0

...

0 0 zk Idk
3

. . . 0
...

...
. . .

. . .

[
Idk

hk −1
,0dk

hk −1×
(

dk
hk

−dk
hk −1

)]
0 0 · · · 0 zk Idk

hk

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(10)

where the integer hk denotes the smallest integer such that (Jk − I zk)
hk = 0. The

integers 1 ≤ dk
1 ≤ dk

2 ≤ . . . ≤ dk
hk

denote the differences between the ranks of

(Jk − I zk)
hk− j and (Jk − I zk)

hk− j+1 for j = 1, . . . ,hk . By definition it holds that
dk = ∑hk

j=1 dk
j . For any given real matrix Ak with zk, zk of unit modulus as its

only eigenvalues there is a similarity transformation to Ak,C with Jk in the given
structure. This stems from the fact that Jk corresponds to the (unique) Jordan
normal form with a specific ordering of the coordinates.4

The matrices Bk,− and Ck,− are partitioned according to the structure of Jk

as given in (10), i.e., Bk,− = [(B1
k,−)′, . . . , (Bhk

k,−)′]′, B j
k,− ∈ Cdk

j ×s , and Ck,− =
[C1

k,−, . . . ,Chk
k,−], C j

k,− ∈ Cs×dk
j .

A real valued representation based on the specific complex representation for
the kth subsystem, with k such that 0 < ωk < π , is obtained by using the transfor-
mation matrix
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TR,d :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1
i −i

1 1
i −i

. . .
. . .

. . .
. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

∈ C2d×2d . (11)

This results in

Ak = TR,dk Ak,CT −1
R,dk ∈ R2dk×2dk

, Bk = TR,dk Bk,C ∈ R2dk×s,

Ck = Ck,CT −1
R,dk ∈ Rs×2dk

, (12)

with

Ak =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I
dk
1

⊗ Q(ωk )
[

I
2dk

1
,02dk

1 ×2
(

dk
2 −dk

1
)]

0 · · · 0

02dk
2 ×2dk

1 I
dk
2

⊗ Q(ωk )
[

I
2dk

2
,02dk

2 ×2
(

dk
3 −dk

2
)]

0
.
.
.

0 0 I
dk

3
⊗ Q(ωk )

. . . 0

.

.

.
.
.
.

. . .
. . .

[
I
2dk

hk−1
,0

2dk
hk−1×2

(
dk

hk
−dk

hk−1
)]

0 0 · · · 0 I
dk

hk

⊗ Q(ωk )

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(13)

where Q(ωk) :=
[

cos(ωk) −sin(ωk)

sin(ωk) cos(ωk)

]
,

Bk =
⎡
⎢⎣

B1
k
...

Bhk
k

⎤
⎥⎦ , with B j

k =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2R(B j
k,−,1

)
−2I(B j

k,−,1

)
...

2R(B j
k,−,dk

j

)
−2I(B j

k,−,dk
j

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

for j = 1, . . . ,hk, (14)

with B j
k,−,m for m = 1, . . . ,dk

j denoting the mth row of B j
k,−. Analogously,

Ck =
[
C1

k , . . . ,Chk
k

]
with

C j
k =
[
R(C j

k,−,1

)
,I(C j

k,−,1

)
, . . . ,R(C j

k,−,dk
j

)
,I(C j

k,−,dk
j

)]
for j = 1, . . . ,hk, (15)

with C j
k,−,m for m = 1, . . . ,dk

j denoting the mth column of C j
k,−.
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For real valued unit roots of course no transformation combining pairs of com-
plex conjugate matrices to result in real valued subsystem matrices is required. To
have uniform notation we define for k such that ωk ∈ {0,π}:
Ak = Ak,C = Jk ∈ Rdk×dk

, Bk = Bk,C = Bk,− ∈ Rdk×s, and

Ck = Ck,C = Ck,− ∈ Rs×dk
, (16)

where (Jk, Bk,−,Ck,−) are obtained by the transformation corresponding to the
reordering of the Jordan normal form of Ak to arrive at the format given in (10).

Using this notation and partitioning of the system matrices the first lemma char-
acterizes minimality.

LEMMA 1. Let (A, B,C) denote a state space system where the matrix A =
diag(A1, . . . , Al , A•) is block-diagonal with the matrices Ak, k = 1, . . . , l cor-
responding to unit modulus eigenvalues as discussed above and given in (12)
respectively (16) and |λmax(A•)| < 1. The matrices Bk and Ck are also as dis-
cussed above and given in (12) respectively (16). Partition for k = 1, . . . , l C j

k,− =
[C j,G

k,− C j,E
k,−] with C j,E

k,− ∈Cs×(dk
j −dk

j−1) and C j,G
k,− ∈Cs×dk

j−1 for j = 1, . . . ,hk, with

dk
0 := 0. Furthermore define C E

k,− = [C1,E
k,−, . . . ,Chk ,E

k,− ] ∈ Cs×dk
hk . Then it holds

that

(i) The system (A, B,C) is minimal if and only if for each k = 1, . . . , l the
matrix Bhk

k,− has full row rank, C E
k,− has full column rank, and the stable

subsystem (A•, B•,C•) is minimal.
(ii) In case of minimality it holds that dk

hk
≤ s and that C j,E

k,− has full column
rank for k = 1, . . . , l and j = 1, . . . ,hk.

As has been mentioned, minimality and the A matrix in the described format are
not sufficient to select a unique state space representation. The further necessary
restrictions use the concept of positive upper triangular (p.u.t.) matrices. A matrix
M = [mi, j ]i=1,...,c, j=1,...,m ∈ Cc×m is p.u.t. if there exist indices 1 ≤ j1 < j2 <
· · · < jc ≤ m, such that mi, j = 0, j < ji , mi, ji ∈ R, mi, ji > 0, i.e., if M is of the
form⎡
⎢⎢⎣

0 · · · 0 m1, j1 ∗ . . . ∗
0 . . . 0 m2, j2 ∗

0 . . . 0 mc, jc ∗

⎤
⎥⎥⎦ , (17)

where the symbol ∗ indicates unrestricted entries. The additional restrictions
needed to achieve identification are based on an extension of Ober (1996,
Lem. 3.1, p. 129) from real valued to complex matrices (details are available upon
request): It can be shown that for any matrix X ∈ Cm×m with rank c, there exists
a unique decomposition X = C B, with C ∈ Cm×c and B ∈ Cc×m with C ′C = Ic

and where B is p.u.t.
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THEOREM 2. For every minimal state space system (A, B,C) with
|λmax(A)| = 1 and |λmax(A − BC)| ≤ 1, with the eigenvalues of the A matrix of
unit modulus with non-negative imaginary part given by zk = eiωk , k = 1, . . . , l,
0 ≤ ω1 < .. . < ωl ≤ π there exists a unique observationally equivalent minimal
state space representation (A,B,C) such that

(i) A = diag(A1, . . . ,Al ,A•) where |λmax(A•)| < 1. The matrices B =
[B′

1, . . . ,B′
l ,B′•]′ and C = [C1, . . . ,Cl ,C•] are partitioned accordingly.

(ii) Using this partitioning it holds for k = 1, . . . , l that
- for zk = eiωk with 0 < ωk < π : (Ak,Bk,Ck) is as given in (12) with

(Ak,C,Bk,C,Ck,C) as given in (9),
- for zk = eiωk with ωk ∈ {0,π}: (Ak,Bk,Ck) is as given in (16),
with Jk in the format defined in (10).

(iii) Using the notation of Lemma 1 it holds that (CE
k,−)′CE

k,− = Idk
hk

for

k = 1, . . . , l and (C j,G
k,− )′Ci,E

k,− = 0 for 1 ≤ i ≤ j for j = 2, . . . ,hk and
k = 1, . . . , l.

(iv) Partitioning Bhk
k,− from Bk,− = [(B1

k,−)′, . . . , (Bhk
k,−)′]′ as Bhk

k,− =
[(Bhk ,1

k,− )′, . . . , (Bhk ,hk
k,− )′]′ with Bhk , j

k,− ∈ C(dk
j −dk

j−1)×s it holds that Bhk , j
k,− is

positive upper triangular (p.u.t.) for dk
j > dk

j−1 for j = 1, . . . ,hk and
k = 1, . . . , l.

(v) (A•,B•,C•) is in echelon canonical form (cf. HD, Thm. 2.5.2, p. 61).

Throughout the paper, for state space representations in canonical form calli-
graphic typesetting is used.

The canonical form presented in Theorem 2 highlights that the eigenvalue
structure (for unit modulus eigenvalues) of the A-matrix as given in the matri-
ces Jk carries more information than provided by the unit root structure as given
in Definition 1. This motivates the definition of the state space unit root struc-
ture, which is useful for the characterization of model sets with common unit root
properties.

DEFINITION 2. A unit root process (yt )t∈Z with a canonical state space rep-
resentation as given in Theorem 2 has state space unit root structure

	S =
{(

ω1,
(

d1
1 , . . . ,d1

h1

))
, . . . ,

(
ωl ,
(

dl
1, . . . ,dl

hl

))}
,

where 0 ≤ dk
1 ≤ dk

2 ≤ . . . ≤ dk
hk

≤ s for k = 1, . . . , l.

5. COINTEGRATION AND POLYNOMIAL COINTEGRATION

The unique representation of Theorem 2 is developed to allow for convenient
analysis of cointegration and polynomial cointegration, as will be discussed in
this section. Before turning to a definition of cointegration and polynomial coin-
tegration, we start by defining a semi-ordering of unit root structures. Denote for

https://doi.org/10.1017/S026646661200014X Published online by Cambridge University Press

https://doi.org/10.1017/S026646661200014X


CANONICAL FORM FOR UNIT ROOT PROCESSES 1327

a unit root structure 	 by F(	) the set of distinct unit root frequencies included,
i.e., F(	) := {ω1, . . . ,ωl}.

DEFINITION 3. Let 	̃ := ((ω̃1, h̃1), . . . , (ω̃l̃ , h̃l̃)) and 	 := ((ω1,h1), . . . ,

(ωl ,hl)) be two unit root structures. Then 	̃ � 	 if

(i) F(	̃) ⊆ F(	).
(ii) For all ω ∈ F(	̃) for k̃ and k such that ω̃k̃ = ωk = ω it holds that h̃k̃ ≤ hk.

Further 	̃ ≺ 	 if 	̃ � 	 and 	̃ �= 	.
For two unit root structures 	̃ � 	 define the decrease δk(	,	̃) of the integra-

tion order at frequency ωk , for k = 1, . . . , l, as

δk(	,	̃) :=
{

hk − h̃k̃ , ∃k̃ : ω̃k̃ = ωk ∈ F(	̃),

hk , ωk /∈ F(	̃).

Clearly, the empty unit root structure is the smallest element in this semi-
ordering, i.e., 	0 := {} ≺ 	 for any nonempty unit root structure 	.

Let (yt )t∈Z have unit root structure 	 and consider a transformed process
β(L)′(yt )t∈Z= (∑q

j=0 β ′
j yt− j )t∈Z. Hereβ(z) = ∑q

j=0 βj z j ,βj ∈Rs for j = 0, . . . ,q

and βq �= 0.5 By potentially accounting for a solution of the homogenous equation
D(L)yt,h = 0, where D(L) corresponds to 	, the process β(L)′(yt )t∈Z has a unit
root structure equal to or smaller than 	 in the semi-ordering defined above.

Our definition of cointegration and polynomial cointegration is based on the in-
troduced semi-ordering of unit root structures.

DEFINITION 4. An s-dimensional unit root process (yt )t∈Z with unit root
structure 	 is called cointegrated of order (	,	̃), where 	̃ ≺ 	, if there exists a
vector β ∈ Rs,β �= 0, such that (β ′yt )t∈Z has unit root structure 	̃. In this case
the vector β is called cointegrating vector (CIV) of order (	,	̃).

An s-dimensional unit root process (yt )t∈Z with unit root structure 	 is called
polynomially cointegrated of order (	,	̃), where 	̃ ≺ 	, if there exists a vector
polynomial β(z) = ∑q

m=0 βm zm, βm ∈ Rs , m = 0, . . . ,q, βq �= 0, for some integer
1 ≤ q < ∞ such that

(i) β(L)′(yt )t∈Z has unit root structure 	̃,
(ii) maxk=1,...,l ‖β(eiωk )‖δk(	,	̃) �= 0.

In this case the vector polynomial β(z) is called polynomial cointegrating vector
(PCIV) of order (	,	̃).

The restriction formulated in (ii) in the above definition rules out vector polyno-
mials that reduce the unit root structure merely by simply differencing the process.

For a clearer distinction we sometimes refer to cointegration as static cointe-
gration. Equivalently, we can interpret cointegration as polynomial cointegration
with polynomial degree 0 (excluded in the above definition).
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It is clear that a unit root process (yt )t∈Z can be statically and polynomially
cointegrated of different orders. However, for any CIV or PCIV for a process
(yt )t∈Z, its cointegration respectively polynomial cointegration order is unique.
This follows immediately from the uniqueness of the unit root structure of unit
root processes (see the discussion at the end of Section 2).

In the considered state space representation the particular solution (yt,p)t∈Z is
a static linear function of the state and the error process. Therefore the cointegra-
tion and polynomial cointegration properties of (yt,p)t∈Z are closely related to the
respective properties of the state. The following theorem shows that the state pro-
cess corresponding to the canonical representation developed in Theorem 2 has a
particularly simple unit root structure and cointegration properties.

THEOREM 3. Consider a minimal state space representation as given in Theo-
rem 2 and let (xt )t∈Z be the state process corresponding to the particular solution
(yt,p)t∈Z as given in (8) with unit root structure ((ω1,h1), . . . , (ωl ,hl)).

Consider the state process partitioned according to the partitioning of the sys-
tem matrices given in Theorem 2, i.e., xt = [x ′

t,1, . . . , x ′
t,l , x ′

t,•]′. For k = 1, . . . , l

further partition xt,k = [(x1
t,k)

′, . . . , (xhk
t,k)

′]′, where using the indices dk
j as be-

fore, x j
t,k ∈ R2dk

j for j = 1, . . . ,hk for k such that 0 < ωk < π and x j
t,k ∈ Rdk

j for
j = 1, . . . ,hk for k such that ωk ∈ {0,π}.

Then the following properties hold:

(i) The processes (x j
t,k)t∈Z have unit root structure ((ωk,hk − j + 1)) for

j = 1, . . . ,hk and k = 1, . . . , l.
(ii) The processes (x j

t,k)t∈Z are not cointegrated for j = 1, . . . ,hk and
k = 1, . . . , l.

For ωk = 0 the processes (x j
t,k)t∈Z are referred to as stochastic trends of order

hk − j + 1 and for ωk �= 0 they are referred to as stochastic cycles of order hk −
j +1.

In combination with the rank restrictions on the system matrices stemming
from minimality, these properties of the (sub-blocks of the) state (xt )t∈Z consider-
ably facilitate cointegration and polynomial cointegration analysis for (yt,p)t∈Z.
Consider the canonical representation (A,B,C) developed in Theorem 2, then

yt,p = Cxt + εt =
l

∑
k=1

hk

∑
j=1
C j

k x j
t,k +C•xt,• + εt . (18)

Since C1
k �= 0 for k = 1, . . . , l according to the rank restrictions implied by min-

imality (see Lemma 1) the integration properties (yt,p)t∈Z and (xt )t∈Z coincide.

Furthermore, the processes (C j
k x j

t,k)t∈Z have the same integration properties as

unit root processes with unit root structures ((ωk,hk − j + 1)) for C j
k �= 0 for

j = 1, . . . ,hk and k = 1, . . . , l. Therefore, any vector β �= 0 such that
β ′[C1

k , . . . ,C j
k ] = 0 and β ′C j+1

k �= 0 leads to a reduction of the integration order of

https://doi.org/10.1017/S026646661200014X Published online by Cambridge University Press

https://doi.org/10.1017/S026646661200014X


CANONICAL FORM FOR UNIT ROOT PROCESSES 1329

(β ′yt,p)t∈Z at frequency ωk from hk to hk − j . Thus, cointegration is character-
ized by orthogonality to sub-blocks of Ck for k = 1, . . . , l. Clearly, a vector β �= 0
can lead to a reduction of the integration orders at several or even all unit root
frequencies.

Note in addition that knowledge concerning the unit root structure of coordinate
processes of (yt,p)t∈Z simply translates into zero restrictions on the corresponding
entries in C and is thus simple to implement in a parameterization.

Also, polynomial cointegrating relationships can be recovered easily from the
developed canonical representation. For any h ∈ N, it holds that

yt,p = CAh xt−h +
h

∑
j=1
CA j−1Bεt− j + εt . (19)

For some q ∈ N, which will be assigned a specific value below, define Y −
t,q :=

[y′
t,p, y′

t−1,p, . . . , y′
t−q,p]′ and E−

t,q := [ε′
t ,ε

′
t−1, . . . ,ε

′
t−q ]′. Furthermore, use as

short-hand notation Cu := [C1, . . . ,Cl ], Au := diag(A1, . . . ,Al), and xt,u :=
[x ′

t,1, . . . , x ′
t,l ]

′. Now consider equation (19) for the stacked vector Y −
t,q with

the index h from (19) chosen in each block-row to give the state xt−q in all
equations:

Y −
t,q =

⎡
⎢⎢⎢⎢⎣
CuAq

u

CuAq−1
u
...
Cu

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Õq,u

xt−q,u +

⎡
⎢⎢⎢⎢⎣
C•Aq•
C•Aq−1•

...
C•

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Õq,•

xt−q,• +

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

I CB . . . CAq−2B CAq−1B
0 I CB . . . CAq−2B
...

. . .
. . .

. . .
...

...
. . .

. . . CB
0 . . . . . . 0 I

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
Eq

E−
t,q .

(20)

This equation defines Õq,u,Õq,• and Eq . Consider a vector polynomial β(z) =
∑q

m=0 βm zm,βm ∈ Rs,m = 0, . . . ,q and

β(L)′yt,p =
q

∑
m=0

β ′
m yt−m,p = [β ′

0 β ′
1 . . . β ′

q
]

Y −
t,q

= �β ′(Õq,u xt−q,u + Õq,•xt−q,• +Eq E−
t,q

)
, (21)

where �β := [β ′
0,β

′
1, . . . ,β

′
q ]′.

By construction the latter two terms, �β ′(Õq,•xt−q ,•+Eq E−
t,q), are stationary.

Thus, the unit root structure of β(L)′(yt,p)t∈Z is identical to the unit root structure
of ( �β ′Õq,u xt,u)t∈Z, where both processes can be shown to possess a unit root
structure (see Theorem 4 below).

Consequently, the key to understanding the polynomial cointegration properties
of (yt,p)t∈Z is to understand the integration properties of linear transformations
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of (Õq,u xt,u)t∈Z. This in turn is facilitated by the result of Theorem 3 showing

that the individual blocks (x j
t,k)t∈Z have unit root structures ((ωk,hk − j + 1))

and are not cointegrated. This implies that a necessary condition for polynomial
cointegration of a certain order, i.e., a corresponding reduction in the integration
orders, is orthogonality (of �β) to sub-blocks of Õq,u . Thus, partition

Õq,u =
[
Õ1

q,1,Õ2
q,1, . . . ,Õh1

q,1,Õ1
q,2, . . . ,Õhl

q,l

]
, (22)

with Õ j
q,k ∈ R(q+1)s×dk

j for k such that ωk ∈ {0,π} and j = 1, . . . ,hk and Õ j
q,k ∈

R
(q+1)s×2dk

j for k such that 0 < ωk < π and j = 1, . . . ,hk . Using the above par-
titioning, the following theorem now clarifies the reductions in integration orders
achieved by dynamic linear transformations applied to (yt,p)t∈Z.

THEOREM 4. Let (yt,p)t∈Z be a unit root process with unit root structure
	 = ((ω1,h1), . . . , (ωl ,hl)) defined as the particular solution (8) of the state
space equations with the canonical state space representation (A,B,C) as given
in Theorem 2 and state process (xt )t∈Z as given in Theorem 3. Let again β(L) =
∑q

m=0 βm zm, with βm ∈ Rs for m = 0, . . . ,q and �β = [β ′
0, . . . ,β

′
q ]′.

(i) Then the process β(L)′(yt,p)t∈Z has unit root structure 	̃ =
((ω̃1, h̃1), . . . , (ω̃l̃ , h̃l̃)) � 	 if and only if:

- For each k such that δk(	,	̃) = 0, it holds that �β ′Õ1
q,k �= 0.

- For each k such that 0 < δk(	,	̃) < hk, it holds that �β ′Õ j
q,k = 0 for

j = 1, . . . ,δk(	,	̃) and �β ′Õδk (	,	̃)+1
q,k �= 0.

- For each k such that δk(	,	̃) = hk, it holds that �β ′Õ j
q,k = 0 for j =

1, . . . ,hk.
(ii) Denote again with H the degree of the polynomial D(z) as given in Defini-

tion 1. Then there exists a vector polynomial β(z) = ∑q
m=0 βm zm, βm ∈ Rs ,

m = 0, . . . ,q such that β(L)′(yt,p)t∈Z has unit root structure 	̃ if and
only if there exists a vector polynomial β̃H−1(z) = ∑H−1

m=0 β̃m zm, β̃m ∈ Rs ,
m = 0, . . . , H −1 such that β̃H−1(L)′(yt,p)t∈Z has unit root structure 	̃.

The conditions formulated in Theorem 4 do not incorporate the condition
maxk=1,...,l ||β(eiωk )||δk(	,	̃) �= 0 given in Definition 4. Thus, clearly the the-
orem only characterizes necessary conditions for polynomial cointegration. The
second item shows that only polynomials up to degree H − 1 have to be consid-
ered. A detailed characterization of polynomial cointegration, including the def-
inition of minimal degree PCIV, is presented elsewhere due to space constraints.
Let us here only briefly compare a few aspects of polynomial cointegration as
defined in this paper with the definition of Gregoir (1999a). First, the definition
of polynomial cointegration in Definition 4 extends the notion of multicointegra-
tion as defined by Yoo (1986) and Granger and Lee (1989a, 1989b). This is not the
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case for polynomial cointegration as defined in Gregoir (1999a, Def. 3.1). Second,
the definition of Gregoir includes only one unit root frequency. This implies that,
in cases where the considered process is integrated at more than one frequency,
the stochastic properties of the resulting dynamically transformed process are un-
clear, since possible reductions of the integration orders at the other frequencies
are left unspecified. Third, the definition of Gregoir links the order of polynomial
cointegration to the polynomial degree of the corresponding polynomial. This ap-
pears to be unsatisfactory since the relevant property of the PCIV is the achieved
reduction in the unit root structure of the transformed process and not the polyno-
mial degree of the PCIV. Fourth, the definition of Gregoir implies that a process
that is polynomially cointegrated of degree m is also polynomially cointegrated
of degrees j = 1, . . . ,m − 1. Thus, that definition does not include any notion of
maximality of the reduction in the integration order.

6. SOME ILLUSTRATIVE EXAMPLES

In this section we illustrate the results of this paper for the four most widely
used cases, namely I(1) AR and ARMA processes, an I(2) example (which we
use to exemplify the construction of the canonical representation), and MFI(1)
processes.

Remark 2. To facilitate comparison with related results in the literature, espe-
cially in the AR literature, we include non-zero (but zero mean) states x1,u in the
discussion. It is straightforward to see that this adds a term CuAt−1

u x1,u, t ∈ Z to
the output process. Note that all results stated, in particular the integration and
cointegration properties of both the components of the state process as well as the
resulting output process, are not affected by this addition.

Furthermore, in the discussion of the examples we focus on the solution only
for t ∈ N, as is commonly done in large parts of the cointegration literature.
This is typically accompanied in the AR cointegration literature by conditioning
on initial observations y0, . . . , y1−H , which in our setting corresponds to condi-
tioning on x1,u . All results discussed below hold for the processes defined for
t ∈ Z.

6.1. I(1) AR Processes in the State Space Framework

This section is devoted to an illustration of the links between the autoregressive
and state space frameworks using the well-known notation of Johansen (1995)
for AR processes. Johansen (1995, (2.1), p. 11) uses AR processes defined as the
solution of

yt = �1 yt−1 +�2 yt−2 +·· ·+�p yt−p + εt , (23)

with �j ∈ Rs×s for j = 1, . . . , p for some starting values y0, . . . , y−p+1, abstain-
ing here from deterministic components.
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One state space representation (referred to as companion form in the AR liter-
ature, see, e.g., Johansen, 1995, p. 15) for AR processes is given by

yt = [�1 �2 . . . �p
]︸ ︷︷ ︸

C

xt + εt ,

xt+1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

�1 �2 . . . . . . �p

Is 0 · · · · · · 0

0 Is
. . .

...
...

. . .
. . .

. . .
...

0 · · · 0 Is 0

⎤
⎥⎥⎥⎥⎥⎥⎦

︸ ︷︷ ︸
A

xt +

⎡
⎢⎢⎢⎣

Is

0
...
0

⎤
⎥⎥⎥⎦

︸ ︷︷ ︸
B

εt .

with xt := [y′
t−1, . . . , y′

t−p]′ ∈ Rps for a given initial state x1 := [y′
0, . . . , y′−p+1]′.

Under the assumption that the above AR equation (23) has an I(1) solution
(see below for the corresponding constraints on the parameters), the above state
space representation can be transformed to highlight the integration and cointegra-
tion properties. Define, parallelling Hansen (2005), with a similar line of thought
also used in Phillips (1998), the following matrices (where empty entries indicate
zeros):

α∗ :=

⎡
⎢⎢⎢⎣

α �1 . . . �p−1
Is

. . .

Is

⎤
⎥⎥⎥⎦ , β∗ :=

⎡
⎢⎢⎢⎢⎢⎣

β Is

−Is Is
. . .

. . .

−Is Is

−Is

⎤
⎥⎥⎥⎥⎥⎦ ,

α∗⊥ :=

⎡
⎢⎢⎢⎣

α⊥
−�′

1α⊥
...

−�′
p−1α⊥

⎤
⎥⎥⎥⎦ , β∗⊥ :=

⎡
⎢⎣β⊥

...
β⊥

⎤
⎥⎦ .

Here, as usual, αβ ′ = � = ∑p
j=1 �j − Is , with α,β ∈Rs×(s−c) of full rank s −c for

some 0 ≤ c ≤ s and �i := −∑p
j=i+1 �j , i = 1, . . . , p−1. Using these matrices the

above state equation can be written as xt+1 = (Ips +α∗(β∗)′)xt + Bεt . Johansen
(1995, Thm. 4.2, p. 49) shows that the above equation (23) has an I(1) solution
under the assumption that det(α′⊥�β⊥) �= 0, with � := Is −∑p−1

j=1 �i and α⊥,β⊥ ∈
R

s×c full rank matrices such that α′α⊥ = 0 and β ′β⊥ = 0. Under this constraint
the matrix T −1 := [α∗⊥,β∗]′ is invertible; see Hansen (2005, Lem. A.4). Use this
transformation matrix to obtain Ã = T −1 AT , B̃ = T −1 B, C̃ = CT , and x̃t =
T −1xt , which results in
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Ã =
[

Ic 0
0 Ips−c + (β∗)′α∗

]
, B̃ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

α′⊥
β ′
Is

0
...
0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, C̃ = [β⊥(α′⊥�β⊥)−1 C̃•
]
.

(24)

Hansen (2005, Lem. A.2) shows that |λmax(Ips−c + (β∗)′α∗)| < 1. Note that the
representation (24) need not be minimal. The index c coincides with d1 as used in
the theorems. Partition the state x̃t = [x̃t,u, x̃t,•] according to the block structure
of Ã. Then, considering the solution of (24) for t ∈ N leads to the well-known
result

yt = β⊥
(
α′⊥�β⊥

)−1

(
α′⊥

t−1

∑
j=1

εt− j + x̃1,u

)
+wt , (25)

with wt = εt +C̃•(Ips−c +(β∗)′α∗)t−1 x̃1,•+∑t−1
j=1 C̃•(Ips−c +(β∗)′α∗) j−1 B̃εt− j .

By appropriate choice of x̃1,• the process wt can be made stationary. This repre-
sentation (with the specific choice concerning x̃1,•), often referred to as Granger
representation (see also Johansen, 1995, Thm. 4.2), shows that the cointegrating
space is spanned by the column space of β.

One difference to the Granger representation given in Johansen (1995) is that
the stochastic trends are given here by α′⊥ ∑t−1

j=1 εt− j compared to α′⊥ ∑t−1
j=0 εt− j

in Johansen (1995). This minor difference stems from the fact that the stochastic
trends are in our setup defined as xt,1. It does not matter whether εt is included
or not in the stochastic trend, but our definition implies that the transfer function
k•(z) is normalized to k•(0) = Is .

Whether a state space representation of a cointegrated I(1) AR process is suit-
able for structural identification depends upon the nature of the restrictions. In
situations where economic theory implies restrictions on the AR coefficients, e.g.,
zero restrictions, these restrictions need not necessarily be easily incorporated in
the corresponding state space representation. This stems from the fact that while
the outlined procedure provides a one-to-one mapping between the coefficients in
the AR and the state space representation, this mapping is nonlinear. This implies
that constraints easily imposed in the AR framework may be difficult to impose in
the state space framework. Conversely, when an economic model is solved in the
state space framework, the canonical form for state space representations derived
in this paper may allow for a simpler and more direct imposition of restrictions
than corresponding AR representations.

6.2. I(1) Unit Root Processes

I(1) unit root processes have unit root structure ((0,1)) and thus in the canoni-
cal representation A = diag(Id ,A•) for some d > 0. The matrices B and C are
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partitioned accordingly, i.e., B = [B′
1,B′•]′ and C = [C1,C•] with B1 ∈ Rd×s and

C1 ∈Rs×d , with s again denoting the dimension of the process considered. The re-
strictions formulated in Theorem 2 require that C′

1C1 = Id and that B1 is p.u.t. and
has full row rank. Furthermore, the stationary subsystem (A•,B•,C•) is in eche-
lon canonical form. With the state partitioned accordingly in xt = [x ′

t,1, x ′
t,•]′, it

is assumed that xt,• = ∑∞
j=1A j−1• B•εt− j , t ∈ Z. Consider as in the previous sub-

section x1,1 a zero mean random variable, then similarly to (8) the solution of the
state space equations is given by

ỹt,p =
⎧⎨
⎩
C1x1,1 +C1B1 ∑t−1

j=1 εt− j +wt , t ≥ 1,

C1x1,1 −C1B1 ∑0
j=t εt− j +wt , t < 1,

(26)

where here wt = k•(L)εt = εt + ∑∞
j=1 C•A j−1• B•εt− j . The solution for t ≥ 1 ex-

tends the Granger representation for I(1) processes as given for AR processes in
Johansen (1995, Thm. 4.2). Denote with C1,⊥ ∈ Rs×(s−c) a full rank matrix such
that C′

1,⊥C1,⊥ = Is−c and C′
1C1,⊥ = 0. Then (C′

1,⊥ ỹt,p)t∈Z = (C′
1,⊥wt )t∈Z and is

hence stationary, i.e., the column space of C1,⊥ equals the cointegrating space.
A parameterization of B1 and C1 has to take into account the restrictions for-

mulated in the canonical form. For given order n, d and locations of the restricted
entries in the matrix B1 in p.u.t. form, the set of all matrices C ∈ Rs×d such that
C ′C = Id as well as the set of all B matrices with the given p.u.t. structure have to
be parameterized (with entries that are either positive or unrestricted). This setup
allows one to incorporate restrictions on the cointegrating space, e.g., restricting
certain coordinates of (ỹt,p)t∈Z to be stationary or certain directions to lie in the
cointegrating space, straightforwardly in the parameterization. For the stationary
subsystem a parameterization that is suitable for usage with the echelon canonical
form can be chosen.

6.3. An I(2) Example

In this section we consider a trivariate state space system corresponding to an I(2)
process to illustrate how the constraints formulated in Theorems 1 and 2 lead to
a canonical representation and to also highlight the advantages of the developed
canonical form for cointegration analysis.

Thus, consider

A = diag(J1, A•) =

⎡
⎢⎢⎢⎣

1 1 0 0

0 1 0 0

0 0 1 0

0 0 0 0.5

⎤
⎥⎥⎥⎦ , B =

[
B1

B•

]
=

⎡
⎢⎢⎢⎣

1 0 0

1 0 1

1 1 0

1 0 0

⎤
⎥⎥⎥⎦ ,

C = [C1,C•] =
⎡
⎢⎣1 0 1 0.2

0 1 1 −0.4

0 0 1 1

⎤
⎥⎦ ,
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Denote, using the notation established in the theorems, the first three columns of
C by C1 = [C1,E

1 C2,G
1 C2,E

1 ], in the example given by

C1,E
1 =

⎛
⎝1

0
0

⎞
⎠ , C2,G

1 =
⎛
⎝0

1
0

⎞
⎠ , C2,E

1 =
⎛
⎝1

1
1

⎞
⎠ .

The assumption that the stable part of the system is in echelon canonical form
leads to A• = 0.5, B• = (0.2, 0, 0), and C• = (1, −2, 5)′.

Next note that the matrix J1 is already in the format given in (10). Conse-
quently, in order to preserve this format by pre- and post-multiplication with non-
singular transformation matrices T1, these matrices need to have the following
structure (cf. Gantmacher, 1966, (14), p. 231):

T −1
1 =

⎡
⎢⎣ t11 t12 t13

0 t11 0

0 t32 t33

⎤
⎥⎦ , with t11 �= 0, t33 �= 0. (27)

Applying such a transformation matrix T −1
1 to the matrix C1 gives

C̃1 = C1T −1
1 =

⎡
⎢⎣1 0 1

0 1 1

0 0 1

⎤
⎥⎦
⎡
⎢⎣t11 t12 t13

0 t11 0

0 t32 t33

⎤
⎥⎦=

⎡
⎢⎣t11 t12 + t32 t13 + t33

0 t11 + t32 t33

0 t32 t33

⎤
⎥⎦. (28)

Denote the columns of C̃1 = [C̃1,E
1 C̃2,G

1 C̃2,E
1 ]. The restrictions formulated for

the canonical form in item (iii) of Theorem 2 are in the present example given by
(C̃1,E

1 )′C̃1,E
1 = 1, (C̃2,E

1 )′C̃2,E
1 = 1, (C̃2,E

1 )′C̃1,E
1 = 0, and (C̃2,G

1 )′[C̃1,E
1 C̃2,E

1 ] =
0. These restrictions imply t11 = ±1, t13 = −t33, t12 = −t32, and t11 = −2t32.
Thus, in order for these constraints to be fulfilled in C̃1, a transformation matrix
T1 has to be of the following structure:

T1 =
⎡
⎢⎣ t11 0 t11

0 t11 0

0 1/(2t33) 1/t33

⎤
⎥⎦ , T −1

1 =
⎡
⎢⎣ t11 t11/2 −t33

0 t11 0

0 −t11/2 t33

⎤
⎥⎦

with t11 = ±1, t33 = ±1/
√

2.

Now the restrictions formulated in item (iv) of Theorem 2, i.e., the p.u.t. struc-
ture of the second and third rows of B̃1 = T1 B1, determine a unique transformation
matrix (with t11 = 1, t33 = 1/

√
2)

T ∗
1 =

⎡
⎢⎣

1 0 1

0 1 0

0 1/
√

2
√

2

⎤
⎥⎦ .
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Therefore, the canonical representation is obtained by transforming the sys-
tem (A, B,C) with the unique transformation matrix T ∗ = diag(T ∗

1 ,T ∗• ) and is
given by

A=

⎡
⎢⎢⎢⎣

1 1 0 0

0 1 0 0

0 0 1 0

0 0 0 0.5

⎤
⎥⎥⎥⎦ , B=

⎡
⎢⎢⎢⎣

2 1 0

1 0 1

3/
√

2
√

2 1/
√

2

0.2 0 0

⎤
⎥⎥⎥⎦ , C =

⎡
⎢⎣

1 0 0 1

0 1/2 1/
√

2 −2

0 −1/2 1/
√

2 5

⎤
⎥⎦ .

The canonical representation is well suited for studying the cointegration proper-
ties of the corresponding unit root solution process (ỹt,p)t∈Z. As in the other ex-
amples we consider only the solution for t ∈N for the value x1 = [x ′

1,1, x1,•]′ with

x1,• = ∑∞
j=1A j−1• B•ε1− j = 0.2∑∞

j=1 0.5 j−1ε1− j,1, with εt,1 denoting the first co-

ordinate of εt . Denoting the first three rows of B by B j
1 , j = 1,2,3, we obtain

ỹt,p = C1 J t−1
1 x1,1 +C1,E

1 B2
1

t−1

∑
i=1

i−1

∑
j=1

εi− j +
(
C1,E

1 B1
1 +C2,G

1 B2
1 +C2,E

1 B3
1

)
︸ ︷︷ ︸

C1B1

×
t−1

∑
j=1

εt− j +wt , (29)

=
⎛
⎝1 (t −1) 0

0 1/2 1/
√

2
0 −1/2 1/

√
2

⎞
⎠ x1,1 +

⎛
⎝1 0 1

0 0 0
0 0 0

⎞
⎠ t−1

∑
i=1

i−1

∑
j=1

εi− j +
⎛
⎝2 1 0

2 1 1
1 1 0

⎞
⎠ t−1

∑
j=1

εt− j +wt ,

with wt = k•(L)εt = εt + ∑∞
j=1 C•A j−1• B•εt− j =

⎛
⎝ 0.2

−0.4
1

⎞
⎠∑∞

j=1 0.5 j−1εt− j,1

stationary. The representation (29) immediately displays cointegration and is anal-
ogous to the representation developed for the autoregressive case in (Johansen,
1997, (10), p. 437). The difference is again that the stochastic trends in the canon-
ical state space representation only include errors up to εt−1.

Concerning the state process corresponding to this representation it holds
(cf. Theorem 3 or straightforward computation in this example) that in xt =
[x1

t,1, x2
t,1, x3

t,1, xt,•]′, the first coordinate (x1
t,1)t∈Z is I(2), (x2

t,1)t∈Z and (x3
t,1)t∈Z

are both I(1) and not cointegrated and (xt,•)t∈Z is stationary.
Every vector β ∈ R3, β �= 0 such that β ′C1,E

1 = 0 reduces the integration order
in (β ′ ỹt,p)t∈Z from 2 to 1. Note that, since in the example C1B1 has full rank, no
cointegrating vectors that reduce the integration order from 2 to 0 exist.

Consider next polynomial cointegration. According to Theorem 4 polynomials
β(L) that result in a stationary process β(L)′(ỹt,p)t∈Z can be found with q = 1
using the equation
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[
β ′

0,β
′
1

][C1 J1

C1

]
= 0.

A basis for the corresponding three-dimensional solution space is given by the
following three vectors:⎡
⎢⎢⎢⎢⎢⎢⎣

0
1
0
0

−1
0

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎢⎢⎣

0
0
1
0
0

−1

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎢⎢⎣

1
−1
1

−1
0
0

⎤
⎥⎥⎥⎥⎥⎥⎦ .

The first two vectors correspond to the polynomials β(z) =
⎡
⎣0

1
0

⎤
⎦�0(z) and

β(z) =
⎡
⎣0

0
1

⎤
⎦�0(z); i.e., they are just multiples of the differencing filter �0(z).

Thus they do not fulfill condition (ii) of Definition 4 and are consequently not
PCIVs. The third solution vector is a PCIV in the sense of Definition 4 and is
given by

β(z) =
⎡
⎣ 1

−1
1

⎤
⎦+
⎡
⎣−1

0
0

⎤
⎦ z =

⎡
⎣�0(z)

−1
1

⎤
⎦ .

This PCIV describes a cointegrating relationship between the first difference of
the first coordinate and the second and third coordinates of (ỹt,p)t∈Z, all of which
are I(1) processes. Thus, it is a multicointegrating relationship in the sense of
Granger and Lee (1989a). By reparameterizing a polynomial β(z) = β0 +β1z as
β̃0 + β̃1�0(z), one can directly focus on the multicointegration formulation as
given by Granger and Lee (1989a).

The multicointegrating relationship can of course also be computed directly
from either the solution given in (29) or by looking at the solution in terms of the
state. For brevity we consider yt,p; i.e., we ignore the first term in (29). As dis-

cussed, reduction from I(2) to I(1) requires that β̃ ′
0C1,E

1 = 0; i.e., the first coordi-
nates of yt,p needs to be wiped out. The I(1) components of the second and third
coordinates of yt,p are given by 1/2x2

t,1 + 1/
√

2x3
t,1 and −1/2x2

t,1 + 1/
√

2x3
t,1.

Only the first coordinate of �0(L)yt,p is an I(1) process and its I(1) component is
given by x2

t−1,1. Combining these observations with the properties of the state in
the canonical representation given in Theorem 3, which in the example imply no
cointegration between (x2

t,1)t∈Z and (x3
t,1)t∈Z, leads to the same result concerning

multicointegration as computed above.
We close the discussion of the I(2) example by showing, as has been men-

tioned throughout the text, that the state space framework allows for simple

https://doi.org/10.1017/S026646661200014X Published online by Cambridge University Press

https://doi.org/10.1017/S026646661200014X


1338 DIETMAR BAUER AND MARTIN WAGNER

parameterizations of minimal state space systems. Thus, we now want to pa-
rameterize all state space systems of order n = 4 for three-dimensional unit root
processes with state space unit root structure given according to the matrix A.
Hence, we now consider the matrices B and C as unknown. Since our focus is
cointegration analysis we only discuss a parameterization of B1 and C1 and do
not consider the stable part in detail. The constraints formulated in item (iii) of
Theorem 2 are in the present situation given by (C1,E

1 )′C1,E
1 = 1, (C2,E

1 )′C2,E
1 = 1,

(C2,E
1 )′C1,E

1 = 0, and (C2,G
1 )′[C1,E

1 C2,E
1 ] = 0. Given that all three vectors are three-

dimensional, a parameterization of C1,E
1 requires two parameters using, e.g., polar

coordinates when taking the constraint into account. Restricting a coordinate of
(yt )t∈Z to be I(1) rather than I(2) corresponds to a zero restriction and thus reduces
the parameter set to be one-dimensional. Since C2,E

1 needs to be normalized and

orthogonal to C1,E
1 the corresponding parameter space is one-dimensional. Re-

stricting a coordinate of (yt )t∈Z to be stationary requires the corresponding row
of C1 to be equal to 0, i.e., introduces further orthogonality constraints. The re-
maining vector is determined up to a scalar factor from the first two vectors via

orthogonality, thus C2,G
1 = γ C2,G

1 with (C2,G
1 )′C2,G

1 = 1 determined from C1,E
1 and

C2,E
1 (up to the orientation, which can be fixed by choosing the first nonzero entry

to be positive). A necessary and sufficient condition for the presence of multicoin-
tegration is that γ �= 0; compare also the discussion in the example above. This
leads to a simple null hypothesis for the occurrence of multicointegration. Further-
more, the second and third rows of B1 need to be p.u.t. with one parameterization
for such matrices discussed, e.g., in Bauer and Wagner (2006, Lem. 10).

6.4. Multiple Frequency I(1) Processes

As a final example we consider multiple frequency I(1) processes, i.e., unit
root processes with unit root structure ((ω1,1), . . . , (ωl ,1)). The primary use of
MFI(1) processes is for seasonal unit root and cointegration analysis, where, e.g.,
for quarterly observations unit roots may be present at the frequencies 0, π/2 and
π (see Ahn and Reinsel, 1994; Johansen and Schaumburg, 1999).

According to Theorem 2 a minimal state space representation of the following
form exists for (yt,p)t∈Z:

yt,p = [C1 · · · Cl C•
]

xt + εt , (30)

⎡
⎢⎢⎢⎣

xt+1,1
...

xt+1,l

xt+1,•

⎤
⎥⎥⎥⎦=

⎡
⎢⎢⎢⎢⎣
A1 0 · · · 0

0
. . .

. . .
...

...
. . . Al 0

0 . . . 0 A•

⎤
⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎣

xt,1
...

xt,l

xt,•

⎤
⎥⎥⎥⎦+

⎡
⎢⎢⎢⎣
B1
...
B1
B•

⎤
⎥⎥⎥⎦εt . (31)

For k such that 0 < ωk < π the subsystems (Ak,Bk,Ck) are related to pairs of
complex conjugate matrices as in (12) and for k such that ωk ∈ {0,π} there
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is no distinction required between real and complex system matrices, as sum-
marized for notational clarity in (16). The corresponding matrices Jk = zk Idk

for k = 1, . . . , l and the additional constraints imposed by the canonical rep-
resentation are (Ck,−)′Ck,− = Idk and Bk,− is p.u.t. and has full row rank
for k = 1, . . . , l. The stable subsystem (A•,B•,C•) is in echelon canonical
form.

In the MFI(1) case it holds for frequencies 0 < ωk < π thatAk = Idk ⊗ Q(ωk).
Consider here the case that ω1 = 0 and ωl = π ; then the solution (again con-
sidered only for t ∈ N and x1 = [x ′

1,u, x ′
1,•]′) of the above state space system is

given by

ỹt,p = C1B1

t−1

∑
j=1

εt− j +
t−1

∑
j=1
C2
(

Id2 ⊗ Q(ω2
) j−1

)B2εt− j

+ ·· ·+
t−1

∑
j=1
Cl−1

(
Idl−1 ⊗ Q(ωl−1

) j−1
)Bl−1εt− j

+ ClBl

t−1

∑
j=1

(−1) j−1εt− j + S̃t +wt , (32)

with S̃t = C1x1,1 + C2(Id2 ⊗ Q(ω2)
t−1)x1,2 + ·· · + Cl(−1)t−1x1,l summariz-

ing the effect of the state components x1,u = [x ′
1,1, . . . , x ′

1,l ]
′ and wt = εt +

∑∞
j=1 C•A j−1• B•εt− j , with again x1,• = ∑∞

j=1A j−1• B•ε1− j .
Thus, the canonical state space representation immediately leads to a Granger-

type representation decomposing the process (ỹt,p)t∈Z into the stochastic trends
(C1B1 ∑t−1

j=1 εt− j ) and cycles (Ck ∑t−1
j=1(Idk ⊗ Q(ωk)

j−1)Bkεt− j , for k = 2, . . . , l −
1, ClBl ∑t−1

j=1(−1) j−1εt− j ) at the different unit root frequencies, the effects of the

state x1,u (S̃t ) and a stationary process (wt ). The relationship between the state
space system matrices and the Granger representation (32) is much simpler than,
e.g., the relation between AR coefficients and the corresponding Granger repre-
sentation as derived for the AR case in Johansen and Schaumburg (1999). This
implies that it is easier to define a parameterization in the state space framework
than in the AR or ARMA framework; see also Bauer and Wagner (2006).

Theorem 3 shows that in the MFI(1) case the stochastic trends respectively
cycles (xt,k)t∈Z are not cointegrated. Thus, cointegration occurs for vectors β �= 0
such that β ′Ck = 0 for at least one k = 1, . . . , l.

In the MFI(1) case additionally so-called dynamic cointegrating relationships,
i.e., polynomial cointegrating relationships of polynomial degree 1 may occur,
for unit root frequencies 0 < ωk < π . Let β(L) = β0 +β1L , with β0,β1 ∈Rs and
β0,β1 �= 0. Considering one unit root frequency we obtain(
β ′

0 +β ′
1L
)Ck xt,k = β ′

0Ckεt−1 + [β ′
0Ck(Idk ⊗ Q(ωk))+β ′

1Ck
]

xt−1,k,
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using xt,k = (Idk ⊗ Q(ωk))xt−1,k +Bkεt−1. Therefore, the polynomial β(L) elim-
inates the stochastic cycle (xt,k)t∈Z in β(L)′(ỹt,p)t∈Z and is a PCIV, since it
automatically fulfills condition (ii) of Definition 4, if and only if

[β ′
0 β ′

1]

[
Ck(Idk ⊗ Q(ωk))

Ck

]
= 0.

The above matrix of dimension 2s × 2dk , with dk ≤ s (cf. Theorem 1), has full
column rank 2dk due to minimality. This leaves space for a 2(s −dk)-dimensional
subspace of dynamic cointegrating relationships.

7. SUMMARY AND CONCLUSIONS

This paper has demonstrated that the state space framework is convenient for rep-
resenting unit root processes, where the definition of unit root processes is con-
fined in this paper to ARMA processes to allow for finite order state space repre-
sentations. A canonical form for unit root processes with unit roots with integer
integration orders at any frequency that clearly reveals the integration, cointegra-
tion, and polynomial cointegration properties of the process has been developed.
This representation is convenient for cointegration analysis because of the par-
ticularly simple unit root and cointegration properties of the associated state pro-
cess. These properties depend to a large extent on the eigenvalue structure of the
sub-blocks of the A-matrix in the canonical representation. The corresponding
information is summarized in the newly defined state space unit root structure.
The paper has also provided a new definition of polynomial cointegration that
overcomes some discussed limitations of existing definitions and coincides in the
I(2) case with the definitions of multicointegration of Yoo (1986) and Granger
and Lee (1989a, 1989b). As has been mentioned, a detailed discussion of polyno-
mial cointegration based on the developed canonical representation as well as a
comparison to existing definitions is provided elsewhere.

To illustrate that the developed state space representation is, compared to the
ARMA framework, advantageous for understanding the dynamic properties of
unit root processes, several examples that cover the cases of major interest in em-
pirical analysis have been discussed. The discussion highlights that the state space
representation is closely related to the so-called Granger representation. Already
in the I(2) and MFI(1) cases the relation of the AR parameters to the Granger
representation is rather complicated, compare Johansen (1997) and Johansen and
Schaumburg (1999), whereas it is an immediate result of the state space repre-
sentation for any unit root structure. Furthermore, the I(2) and MFI(1) examples
highlight another advantage of the state space representation, namely that (static
and polynomial) cointegrating relationships can simply be recovered via orthogo-
nality relationships. Related to the previous observation note furthermore that the
state space representation allows one to easily restrict the unit root structure of co-
ordinates of (yt )t∈Z via zero restrictions on certain entries of the C-matrix of the
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canonical representation. Imposing such restrictions is a much more challenging
task in the ARMA framework.

NOTES

1. To avoid dealing with such complexities Gregoir (1999b) considers a simple estimator based on
principal components. As discussed in Gregoir (1999b, Sec. 1), such estimators are not efficient. A
simple parameterization, e.g., based on the canonical form developed in the present paper, will allow
one to study properties of pseudo maximum likelihood estimators and their efficiency properties for
processes with unit roots at arbitrary frequencies with integer integration orders.

2. The results obtained in Bauer and Wagner (2006) for unit root processes where the integration
orders of all unit roots are equal to one show that the resultant parameterization indeed allows for the
implementation of numerically simple pseudo maximum likelihood estimation procedures.

3. The integer m ≤ p + H accounts for lags potentially necessary in the multivariate case due to
the usage of the Smith form for ã(z); see HD for details.

4. Note that a similar idea has been used in Sims, Stock, and Watson (1990) for I(d) processes,
where in that paper the definition of I(d) processes is not restricted to ARMA processes (compare
Remark 1).

5. Note for completeness that q as used here is in no connection with the moving average order
used above.
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APPENDIX: Proofs

Proof of Theorem 1. The unit root process (yt )t∈Z is a solution of the ARMA system
(ã(z),b(z)). The ARMA system corresponds to the transfer function c̃(z) = ã(z)−1b(z),
for which a minimal state space representation (A, B,C) with the A matrix in block-
diagonal form A = diag(Au , A•), where all eigenvalues of Au are of unit modulus and
|λmax(A•)| < 1, exists. Let (yt,p)t∈Z denote the particular solution as given in (8).

In order to show the first part of the theorem, it has to be shown that (yt,p)t∈Z
is a unit root process and that it solves ã(L)yt,p = b(L)εt , t ∈ Z. Since c̃(z) =
ã(z)−1b(z) = ∑∞

j=0 C̃j z j , we obtain from a comparison of power series coefficients

that ∑min(l,H+p)
i=0 Ãi C̃l−i = Bl where Bl = 0, l > q, with Ãj , Bj as in (7). Let H̃ =

max(q, H + p) and denote by n the order of the state space system. Now using l =
H̃ + 1, H̃ + 2, H̃ + n one obtains ∑H̃

i=0 Ãi C̃l−i = 0 where in all cases l − i > 0. This

implies ∑H̃
i=0 Ãi C Al−i−1 B = 0 and thus, since minimality of (A, B,C) implies that

[B, AB, A2 B, . . . , An−1 B] has full row rank, one obtains ∑H̃
i=0 Ãi C AH̃−i = 0.

For the particular solution (8) of the minimal state space system (A, B,C) it holds that

yt− j,p = C AH̃− j xt−H̃ ,p +∑H̃− j
i=0 C̃i εt− j−i . From this it is straightforwardly verified that

H̃

∑
j=0

Ãj yt− j,p =
H̃

∑
l=0

Blεt−l , t ∈ Z.

Thus, (yt,p)t∈Z is a solution of the ARMA system (ã(z),b(z)) and it follows from the
proof of the second part of the theorem below that it is a unit root process with the same
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unit root structure as (yt )t∈Z. Thus, D(L)yt,p = vt , t ∈ Z. This in turn implies for yt,h =
yt − yt,p that D(L)yt,h = D(L)(yt − yt,p) = 0, t ∈ Z. This finishes the proof of the first
part of the theorem.

For the second part of the theorem now let (A, B,C) denote a minimal state space system
with |λmax(A)| = 1 and |λmax(A − BC)| ≤ 1 with A = diag(Au , A•), with all eigenvalues
of Au having unit modulus and |λmax(Au)| < 1 and B and C partitioned accordingly. In
showing the claim it is convenient to transform the system (A, B,C) into the specific (more
structured) block-diagonal format discussed in the main text at the beginning of Section 4.
Thus, consider a transformed system as described by equations (9) to (16), where for no-
tational brevity we denote the appropriately transformed system also as (A, B,C). The de-
scribed transformation implies also a corresponding transformation of the state process as-
sociated with the considered solution, as has been discussed in Section 3. We are confident
that this notational shortcut does not lead to any confusion and henceforth only consider the
transformed system and state process. Also note again that considering such transformed
systems only is not a restriction of generality. By construction the process (yt,p)t∈Z given
in (8) is a solution of the state space system (A, B,C) in the specific format considered and
it thus only remains to show that it has unit root structure ((ω1,h1), . . . , (ωl ,hl )). Thus, it

remains to show that D(L)(yt,p)t∈Z, with D(L) = ∏l
k=1 �

hk
ωk (L), is a stationary process

with non-zero spectrum at the unit root frequencies ω1, . . . ,ωl . Due to the block-diagonal
structure of A it holds that yt,p = ∑l

k=1 Ck xt,k +C•xt,• +εt , t ∈Z (with xt,k , k = 1, . . . , l
denoting the components of xt,u corresponding to the partitioning of A).

We start by establishing stationarity, using

D(L)yt,p =
l

∑
k=1

Ck D(L)xt,k +C•D(L)xt,• + D(L)εt . (A.1)

The second and third terms above, C•D(L)xt,• and D(L)εt , are stationary processes
with zero spectrum at the unit root frequencies. This implies that only the first l sum-
mands need to be investigated further. For any k = 1, . . . , l we can write D(z) =(

∏l
j=1, j �=k �

hj
ωj (z)

)
�

hk
ωk (z) = D¬k(z)�hk

ωk (z) with D¬k(zk) �= 0.

We now consider a fixed index k that corresponds to a unit root frequency ωk such that
0 < ωk < π (noting that the arguments for unit roots with frequency in {0,π} are analogous
and simpler). Since we now consider a fixed block we simplify notation by omitting the
index k; i.e., we use for the moment for brevity A = Ak , B = Bk , C = Ck , xt = xt,k ,
h = hk , dj = dk

j , d = dk , and ω = ωk .

Note first that �ω(A) = Idim A − 2cos(ω)A + A2, for A as given in (13), is (using the
reduced notation) given by

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

[
Id1

⊗ V (ω),02d1×2
(

d2−d1
)] [

I2d1
,02d1×2

(
d3−d1

)]
· · · 0

0 0

[
Id2

⊗ V (ω),02d2×2
(

d3−d2
)] . . .

.

.

.

0 0 0
. . .

[
I2dh−2

,02dh−2×2
(

dh−dh−2
)]

.

.

.
.
.
.

. . .
. . .

[
Idh−1

⊗ V (ω),02dh−1×2
(

dh−dh−1
)]

0 0 · · · 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(A.2)
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with V (ω) = 2(Q(ω)− cos(ω)I2) = 2

[
0 −sin(ω)

sin(ω) 0

]
a nonsingular matrix (since 0 <

ω < π ). From the above representation (A.2) it follows that �ω(A)h = 0 and �ω(A) j �= 0
for j = 1, . . . ,h −1. In case h > 1 it holds that

(�ω(A))h−1 =
[

I2d1
0

][
02d1×2(d−dh)

[
Id1 ⊗ V (ω)h−1,02d1×2(dh−d1)

]]
. (A.3)

Now consider

�ω(L)xt = xt −2cos(ω)xt−1 + xt−2 = (A −2cos(ω)Idim A)xt−1 + xt−2 + Bεt−1

=
(

Idim A −2cos(ω)A + A2
)

xt−2 + v
(1)
t = �ω(A)xt−2 + v

(1)
t ,

with v
(1)
t = Bεt−1 +(A−2cos(ω)Idim A)Bεt−2 an MA(1) process. Continuing with back-

ward substitution leads to �h
ω(L)xt = (�ω(A))h xt−2h +v

(h)
t , with v

(h)
t an MA(2h-1) pro-

cess. Since (�ω(A))h = 0 it follows that �h
ω(L)(xt )t∈Z is a stationary process. The above

argument shows, when considering again all indices k = 1, . . . , l, that D(L)(yt,p)t∈Z is
stationary.

It remains to show that the spectrum of D(L)(yt,p)t∈Z is non-zero at the unit root fre-
quencies. The above representation (A.1) together with D¬k(zk) �= 0 and D¬k(zj ) = 0 for
j �= k implies that for considering the spectral properties of D(L)(yt,p)t∈Z at frequency

ωk it suffices to consider the term Ck�
hk
ωk (L)(xt,k)t∈Z.

Since we now again consider only one specific frequency 0 < ωk < π (the case ωk ∈
{0,π} is analogous but simpler) we again use the simplified notation already used above
by omitting the index k. The proof is by contradiction: Hence assume that C�ω(L)h xt is
stationary with the spectrum equal to zero at frequency ω. Consequently the same holds
for (C1)′C�ω(L)h xt , with C1 denoting the first 2d1 columns of C . This implies that also
(C1)′C�ω(L)h−1xt is stationary. For h > 1 the above results, in particular (A.3), imply
that

�h−1
ω (L)xt =

[
I2d1

0

][
02d1×2(d−dh)

[
Id1 ⊗ V (ω)h−1,02d1×2(dh−d1)

]]
× xt−2(h−1) + v

(h−1)
t , t ∈ Z. (A.4)

Thus

(C1)′C1 [02d1×2(d−dh) [Id1 ⊗ V (ω)h−1,02d1×2(dh−d1)]
]

xt−2(h−1) + (C1)′Cv
(h−1)
t ,

t ∈ Z is stationary. Due to minimality (cf. Lemma 1(i)) the matrix C1 is nonzero and
consequently (A.4) implies that there exists a vector β �= 0 such that (β ′xt )t∈Z is stationary.
For h = 1 the result is immediate.

Since β ′x1 = 0, due to the normalization x1 = 0, stationarity implies that

0 = β ′xt = β ′ t−1

∑
j=1

A j−1 Bεt− j , t ∈ N.

Since (εt )t∈Z is white noise with E(εtε
′
t ) > 0 (cf. Definition 1) it follows that β ′ A j B = 0,

j ≥ 0. This is a contradiction to minimality; compare HD (Thm. 2.3.3, p. 48). Therefore the
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spectrum of C�ω(L)h xt must be nonzero at frequency ω. Combining the above arguments
for all ω1, . . . ,ωl concludes the proof. n

Proof of Lemma 1. The proof of the lemma is based on the following result, known as
the Popov-Belovich-Hautus (PBH) test, which can be found including a proof in Kailath
(1980, Thm. 2.4-8., p. 135).

A state space system (A, B,C), with A ∈ Rn×n, B ∈ Rn×s ,C ∈ Rs×n is not minimal
if and only if there exists either an eigenvector x, x �= 0, of A such that Cx = 0 or an
eigenvector y, y �= 0, of A′ such that y′B = 0.

The PBH test will be used to characterize minimality for state space systems with the
A-matrix in the block-diagonal format considered. Due to the block-diagonal structure of
the A-matrix, eigenvectors of this matrix corresponding to unit modulus eigenvalues are of
the form ṽk = [0, . . . ,0,v ′

k ,0, . . . ,0]′ with Akvk = λkvk . The same holds for eigenvalues
of A′.

Henceforth we therefore consider only one typical block corresponding to a unit root
frequency 0 < ωk < π and omit the index k for brevity in the rest of the proof; i.e., we use
A = Ak , J = Jk , B− = Bk,−, C− = Ck,−, v = vk , h = hk , and dj = dk

j . For the blocks
corresponding to unit root frequencies ω ∈ {0,π} the arguments are analogous but simpler
since no transformation to complex valued quantities is required.

Due to the structure of A, eigenvectors of A and A′ are of a particular form. Suppose
that v �= 0 is an eigenvector of A, i.e.,

Av = λv ⇔ T −1
R

ATRT −1
R

v = λT −1
R

v ⇔
(

J 0
0 J

)
vC = λvC,

where vC = T −1
R

v with TR as given in (11) and J as given in (10). Since the only eigen-
value of J is z it follows that vC = [w′ 0′]′ with Jw = zw (with λ = z) or vC = [0′ w′]′
(with λ = z).

The structure of the matrix J (compare (10)) places 0-restrictions on w. Partition the vec-
tor w = [(wE

1 )′, (wG
2 )′, (wE

2 )′, . . . , (wG
h )′, (wE

h )′]′ with wE
j ∈ Cdj −dj−1 and wG

j ∈ Cdj−1

for j = 1 . . . ,h, with d0 = 0. For w to be an eigenvector of J it is necessary that wG
j = 0

for j = 1, . . . ,h.
After transformation to complex quantities the constraint that Cv = 0 formulated in

the PBH test reads as [C− C−]vC = 0. Therefore, if C E− has full column rank C−w =
C E−wE = 0, where wE = [(wE

1 ), . . . , (wE
h )′]′ implies w = 0.

Entirely similar arguments apply to eigenvectors of A′ that have the same structure
when transformed by TR, as is seen by multiplication from the right with a vector vC
using the same notation for simplicity. For w to be an eigenvector of J ′ it has to hold that
w = [0, . . . ,0,w′

h]′. This implies, using similar arguments as above, that Bh− of full row

rank implies w′
h Bh− = 0, which leads to wh = 0 and thus w = 0. Jointly the formulated

constraints imply minimality for the subsystem.
Combining the subsystems (Ak , Bk ,Ck) for k = 1, . . . , l shows that the restrictions for-

mulated in the theorem indeed characterize minimality, since also the stable subsystem
(A•, B•,C•) is assumed to be minimal. The remaining two statements of the theorem fol-
low immediately. n

Proof of Theorem 2. Based on the specific minimal state space representation (A, B,C)
the proof proceeds in showing that only one observationally equivalent state space rep-
resentation (A,B,C) exists, which fulfills all additional restrictions formulated in the
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theorem as well as the restrictions formulated already in Lemma 1. This amounts to show-
ing that if (A,B,C) fulfills all restrictions and also (TAT −1,TB,CT −1) fulfills all re-
strictions this implies that T = In .

As before, due to the block-diagonal structure of the A-matrix it suffices to consider one
typical subsystem, since this block-diagonal structure is only preserved by block-diagonal
transformation matrices T = diag(T1, . . . ,Tl ,T•); cf. Gantmacher (1966, (11), p. 231). For
notational brevity we again omit the index k in the rest of the proof. With respect to the sta-
ble subsystem (A•,B•,C•) uniqueness is achieved by assuming it to be in echelon canon-
ical form.

Note here as a remark that observational equivalence is usually discussed using only real
valued nonsingular transformation matrices. Here we allow for complex valued transfor-
mation matrices and show that the real valued representation given in the formulation in
the theorem is unique even when allowing for complex nonsingular transformation matri-
ces. This is achieved by providing a unique complex valued representation, which is then
transformed as given in (12) to obtain a unique real valued representation.

For a typical subsystem corresponding to one unit root we first describe the set of trans-
formation matrices that leave the matrix A with the posited structure unchanged. This set
can equivalently be described by characterizing the set of matrices that fulfill T −1 J T = J ,
with J as given in (10) and T ∈ Cd×d , using again simplified notation. The structure of
J implies that this latter equation is equivalent to T N = N T , with N = J − z Id . Ma-
trix equations of this form are discussed in Gantmacher (1966, Sect. 8.1). Denote with
Ĩdj = [Idj ,0dj ×(dj+1−dj )] the non-zero blocks in N and partition T = [Ti, j ]i, j=1,...,h with

Ti, j ∈ Cdi ×dj accordingly. Using this partitioning the equation T N = N T implies several

constraints (compare also Gantmacher, 1966, (14), p. 231). First it follows that Th, j Ĩdj = 0
for j = 1, . . . ,h −1, which implies that Th, j = 0 for j = 1, . . . ,h −1. Second, the relation

Ti, j Ĩdj = Ĩdi Ti+1, j+1 (A.5)

for i, j = 1, . . . ,h −1 implies

Ti+1, j+1 =
[

Ti, j 0

T (1)
i+1, j+1 T (2)

i+1, j+1

]
, (A.6)

with T (1)
i+1, j+1 ∈ C(di+1−di )×dj and T (2)

i+1, j+1 ∈ C(di+1−di )×(dj+1−dj ) for i, j = 1, . . . ,
h − 1. The above relation (A.6) together with Th, j = 0 for j = 1, . . . ,h − 1 implies
that Ti, j = 0 for 1 ≤ j < i . Thus, the matrix T is block upper triangular, i.e.,

T =

⎡
⎢⎢⎢⎣

T1,1 T1,2 · · · T1,h
0 T2,2 · · · T2,h
...

. . .
. . .

...
0 · · · 0 Th,h

⎤
⎥⎥⎥⎦ ,

with the blocks along the main diagonal related by (A.6).
The unique form of the A-matrix based on the matrix J does not suffice to select a unique

state space representation and hence the additional restrictions formulated in the theorem
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are placed on the matrices B and C via placing restrictions on B− and C−. Consider
consequently T −1 B− and C−T given in partitioned format as

C− = C−T = [C1− C2− ·· · Ch−
]
⎡
⎢⎢⎢⎣

T1,1 T1,2 · · · T1,h
0 T2,2 · · · T2,h
...

. . .
. . .

...
0 · · · 0 Th,h

⎤
⎥⎥⎥⎦ , (A.7)

B− = T −1 B− =

⎡
⎢⎢⎢⎢⎢⎢⎣

T −1
1,1 ∗ · · · ∗
0 T −1

2,2
. . .

...

...
. . .

. . . ∗
0 · · · 0 T −1

h,h

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

B1−
B2−
...

Bh−

⎤
⎥⎥⎥⎥⎦ , (A.8)

with C− and B− fulfilling all constraints formulated in the theorem and ∗ denoting un-
specified entries. In the rest of the proof we now show that T = Id if also C− and B−
defined from (A.7) and (A.8) fulfill all constraints. The proof is recursive: The first block-
column of (A.7) equals C1− = C1,E− = C1,E− T1,1 = C1−T1,1 and the last block-row of (A.8)

equals Bh− = T −1
h,h Bh−, with the partitioning as introduced in Lemma 1. The structure of the

matrices Tj, j described in (A.6) implies that

T −1
h,h =

[
T −1

1,1 0

∗∗ ∗

]
.

The restrictions formulated in the theorem, (C1,E− )′C1,E− = Id1 and Bh,1− p.u.t., now imply a

unique decomposition C1,E− Bh,1− =
(

C1,E− T1,1

)(
T −1

1,1 Bh,1−
)

and consequently T1,1 = Id1 .

This implies that C1,E− = C1,E− .
The argument proceeds with the next two blocks

T1,2 =
[

T (1)
1,2 T (2)

1,2

]
, T2,2 =

⎡
⎣ Id1 0

T (1)
2,2 T (2)

2,2

⎤
⎦ .

In partitioned format the second block-column of (A.7) equals[
C2,G− , C2,E−

]
=
[
C1,E− T (1)

1,2 +C2,G− +C2,E− T (1)
2,2 , C1,E− T (2)

1,2 +C2,E− T (2)
2,2

]
, (A.9)

using the already established relationship C1,E− = C1,E− . The following constraints are

imposed in the formulation of the theorem: (C2,G− )′[C1,E− C2,E− ] = 0 and [C1,E− C2,E− ]′
[C1,E− C2,E− ] = Id1+d2 . By assumption these have to hold similarly for the blocks of the

system matrix C−; i.e., (C2,G− )′[C1,E− C2,E− ] = 0 and [C1,E− C2,E− ]′[C1,E− C2,E− ] = Id1+d2 .

These constraints imply T (1)
1,2 = 0 (by premultiplying the first block column of (A.9) with

(C1,E− )′), T (2)
1,2 = 0 (by premultiplying the second block column of (A.9) with (C1,E− )′) and
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T (1)
2,2 = 0 (by premultiplying the first block column of (A.9) with (C2,E− )′). The latter in

turn implies that

T −1
h,h =

⎡
⎢⎢⎣

Id1 0 0

0
(

T (2)
2,2

)−1
0

∗ ∗ ∗

⎤
⎥⎥⎦ ,

which implies via (A.8) that Bh,2− = (T (2)
2,2 )−1 Bh,2− . Combining this with C2,E− =

C2,E− T (2)
2,2 , which follows from T (2)

1,2 = 0, implies again that there is a unique decom-

position of C2,E− Bh,2− = C2,E− Bh,2− that fulfills all constraints, i.e., with Bh,2− p.u.t. and

(C2,E− )′C2,E− = Id2−d1 . This shows that T2,2 = Id2 and T1,2 = 0 and thus [C2,G− ,C2,E− ] =
[C2,G− ,C2,E− ].

The proof continues by induction. Suppose therefore that the constraints on the sub-
blocks of T are fulfilled up to some index 2 < j < h, i.e. Ti,i = Idi for i = 1, . . . , j and
Ti,g = 0, for 1 ≤ i,g ≤ j and i �= g. Furthermore, we have

T1, j+1 =
[

T (1)
1, j+1 T (2)

1, j+1

]
, (A.10)

Ti, j+1 =
[

0 0

T (1)
i, j+1 T (2)

i, j+1

]
, 2 ≤ i ≤ j, (A.11)

Tj+1, j+1 =
[

Idj 0

T (1)
j+1, j+1 T (2)

j+1, j+1

]
. (A.12)

The two zero blocks in the upper block-row of Ti, j+1 follow from (A.5) and the fact that
by the induction assumption Ti−1, j = 0 for the considered values of i . Computations anal-
ogous to those performed with (A.9) for the second block column for the j th block column
of (A.7) show, by using the fulfillment of orthogonality conditions via pre-multiplication

with (Ci,E− )′, that T (1)
i, j+1 = 0, i = 1, . . . , j + 1,T (2)

i, j+1 = 0, i = 1, . . . , j . Then the unique

decomposition of C j+1,E
− Bh, j+1

− = C j+1,E
− Bh, j+1

− concludes the induction step.
The result follows by combining all blocks: Uniqueness of the complex valued matrices

Jk ,Bk,−,Ck,− implies unique real valued matrices Ak ,Bk ,Ck and thus by combination
with the unique stable subsystem in echelon canonical form a unique real valued state
space representation (A,B,C). n

Proof of Theorem 3. The proof relies on properties of the state process already estab-
lished in the proof of Theorem 1.

(i) In the last part of the proof of Theorem 1 it has been shown that the first blocks
(x1

t,k)t∈Z have unit root structures ((ωk ,hk)); compare in particular (A.4). In fact the argu-

ments there show that it is the first blocks (x1
t,k)t∈Z that have unit root structure ((ωk ,hk));

compare in particular (A.4). Note that the matrix Ak has a specific recursive structure in
the sense that omitting the first j block rows and the first j block columns leads to a ma-
trix of the same structure with hk reduced to hk − j . This implies that entirely analogous

arguments as used in the proof of Theorem 1 show that the processes (x j
t,k)t∈Z have unit

root structures ((ωk ,hk − j +1)).
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(ii) We now consider again only the state for one fixed index k, which we again assume
to correspond to a unit root frequency 0 < ωk < π . The arguments are again analogous but
simpler for unit roots with frequency ωk ∈ {0,π}. For notational brevity we again omit the
index k. Partition the state xt (= xt,k ) as

xt =

⎡
⎢⎢⎢⎢⎢⎣

x1
t

x2
t

...

xh
t

⎤
⎥⎥⎥⎥⎥⎦=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1,E
t

x2,G
t

x2,E
t

...

xh,G
t

xh,E
t

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

with x j
t ∈ R2dj , x j,G

t ∈ R2dj−1 , and x j,E
t ∈ R2(dj −dj−1) for j = 1, . . . ,h and d0 = 0. For

the last block (xh
t )t∈Z with unit root structure ((ω,1)) we already know from Theorem 1

that it is not cointegrated. Consider next the process (xh−1
t )t∈Z, which is given by xh−1

t+1 =
[Idh−1 ⊗ Q(ω)]xh−1

t +xh,G
t + Bh−1εt , t ∈Z. Prevalence of cointegration for (xh−1

t+1 )t∈Z is

equivalent to the existence of β �= 0 such that (β ′xh−1
t+1 )t∈Z has unit root structure ((ω,1))

or is stationary. The latter case is excluded as has been shown in the proof of Theorem 1.
Using the block structure of the state and the A-matrix, similar derivations and expressions
as have been used in the proof of Theorem 1 can be applied to the state equation describing
only the sub-vector [(xh−1

t )′, (xh
t )′]′. It holds that

�ω(L)xh−1
t = [Idh−1 ⊗ V (ω)]xh,G

t−2 + ṽt , t ∈ Z, (A.13)

where (ṽt )t∈Z is a stationary process. Since [Idh−1 ⊗ V (ω)] has full rank and (xh,G
t )t∈Z

is not cointegrated, this shows that there exists no vector β �= 0 that reduces the unit root
structure of (xh−1

t )t∈Z from ((ω,2)) to ((ω,1)).
Similar arguments as just outlined can be applied in a recursive fashion to show that also

none of the sub-vectors (x j
t )t∈Z for j = h −2, . . . ,1 is cointegrated. n

Proof of Theorem 4.

(i) It follows immediately from the representation (21) that β(L)′yt,p =
�β ′Oq,u xt−q,u + wt , with wt := �β ′(Õq,•xt−q,• + Eq E−

t,q ) stationary as dis-
cussed in the main text. Now the properties of the state (xt )t∈Z derived in
Theorem 3, most notably the absence of cointegration within the sub-blocks, show
immediately that the orthogonality constraints posited in the formulation of the
theorem are equivalent for the process β(L)′(yt,p)t∈Z to have unit root structure
	̃.

(ii) If q < H −1 then setting βm = 0 for j = q +1, . . . , H −1 shows the claim and for
q > H −1 the claim is shown by taking the componentwise remainder with respect
to division by the polynomial D(z) defined in Definition 1. n
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