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Abstract. For a boundary-preserving partially hyperbolic diffeomorphism with interval
central leaves, we completely characterize the C¥-robust transitivity (k > 2) by boundary
interconnection. As an application, if the boundary Sinai—Ruelle-Bowen (SRB) measures
admit negative central Lyapunov exponents, then boundary interconnection also com-
pletely characterizes the phenomenon of robustly intermingled basins for boundary SRB
measures.
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1. Introduction

As one of the most studied topological properties of dynamical systems, transitivity has
been a cornerstone of chaotic behavior. The transitivity of a dynamical system implies
the indecomposability of the system. Robust transitivity requires the system to remain
transitive under small perturbations. Since we can never measure the system with infinite
precision in the physical world, robust transitivity produces a stable and observable
phenomenon of chaos.

The simplest and most well-known systems with robust transitivity are transitive
Anosov diffeomorphisms. They are robustly transitive due to structural stability [Ano67].
Although the question remains widely open as to which manifold can support an Anosov
diffeomorphism and whether Anosov diffeomorphisms are all transitive [Sma67], all of
the discovered Anosov diffeomorphisms are transitive and supported on infra-nilmanifolds
[Man74], which are finitely covered by nilmanifolds.

It then becomes a question whether robust transitivity is completely characterized by
hyperbolicity, in a uniform sense or a weaker sense. In 1971, Shub [Shu71] constructed
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2 W. Li et al

examples of robustly transitive diffeomorphisms with partial hyperbolicity on T#. In 1978,
Maiié [Mn78] constructed robustly transitive examples on T with partial hyperbolicity.
In 1996, Bonatti and Diaz [BD96] introduced the powerful mechanism of a blender
to construct robustly transitive systems from perturbations. In 2000, Bonatti and Viana
[BV00] produced further examples that are not partially hyperbolic, but admit a dominated
splitting. These examples indicate that generally robust transitivity does not imply uniform
hyperbolicity, or even partial hyperbolicity.

However, robust transitivity indeed implies some hyperbolic behavior of the dynamical
system. In 1982, Mafié [Mn82] proved that C!-robust transitivity implies uniform hyper-
bolicity in the case of surface diffeomorphisms. In 1999, Diaz et al [DPU99] showed
that C!-robust transitivity implies partial hyperbolicity in dimension three. Finally, in
2003, Bonatti er al [BDP03] proved that C'-robustly transitive diffeomorphisms on closed
manifolds must be volume partially hyperbolic.

In this paper, we give a complete characterization of C*-robust transitivity (k > 2)
for the simplest partially hyperbolic diffeomorphisms, that is, the interval extensions of
Anosov diffeomorphisms on nilmanifolds.

Let N be a nilmanifold and M = N x [0, 1] be the thickened nilmanifold. Note that o0 M
is a disjoint union of My := N x {0} and M| := N x {1}. Let Diff’g(M) be the collection
of C¥ diffeomorphisms on M preserving M and M, equipped with the usual C* topology.

Definition 1.1. We say that F € Diffg (M) is C*-robustly transitive if there exists an open
neighborhood U C Diffg (M) of F such that every G € U is transitive.

The study of boundary-preserving systems has its own interests. Pacifico [Pac84]
studied the structural stability of vector fields on 3-manifolds with a boundary. Ilyashenko
[Ily11] also studied the quasi-open set in the space of boundary-preserving diffeomor-
phisms of T? x [0, 1], formed by the maps exhibiting the different types of thick attractors,
which is almost topologically mixing.

Definition 1.2. We say that F € Diffg (M) is a partially hyperbolic diffeomorphism with

interval central leaves if F satisfies the following properties.

e The diffeomorphism F is partially hyperbolic, that is, there exists a continuous
D F-invariant splitting TM = E* @ E¢ @ E" such that for any x € M,

IDF|gsoll <1 <m(DF|gu)),
IDF|gsll < m(DF|gex)) < IDF|geyll < m(DF|gux)).

As aresult, there are two F-invariant foliations, the stable foliation /* and the unstable
foliation F*, tangent to E* and E“, respectively.

e The diffeomorphism F is dynamically coherent, that is, there are two F-invariant
foliations, the center-stable foliation F“* and the center-unstable foliation F*, tangent
to EY := E° @ E°® and E" := E° @ E", respectively. As a result, their intersection,
the central foliation ¢, is an F-invariant foliation tangent to E€.

e Each central leaf F¢(-) is an interval that intersects transversely with My and M,
exactly at its endpoints.
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The collection of partially hyperbolic diffeomorphisms with interval central leaves in
Difff (M) will be denoted by PHI*(M).

Remark 1.3. Since E€ is uniformly transverse to the boundary My and M;, PHI*(M)
is open in Diff’;(M) [HPS77]. For F € PHIk(M) and x € M; (i =0, 1), since M; is
F-invariant and transverse to E€(x), we have

T.M = T M; ® ES(x) where TyM; = E*(x) ® E*(x).

In particular, F; := F|y, : M; — M; is an Anosov diffeomorphism. Let 7; : M — M,
be the natural projection along central leaves, defined by 7; (x) := F¢(x) M M;. Then,
we have m; o F'= F; om;. In particular, we have mg|y, o F1 = Fy o mply,, where
wolm, : M1 — My is a homeomorphism. Therefore, Fp and F; are topologically
conjugated.

Definition 1.4. We say that F € PHI*(M) is boundary interconnected if there exist two
pairs of periodic points p;, gi € M; (i = 0, 1) such that

A(po) <0 < 1(p1) and W' (po) N W"(p1) # @;
2%(q1) <0 <1qo) and W'(g1) N W*(qo) # 2.

Here, A°(-) is the central Lyapunov exponent at the given periodic point that is the
logarithm of the absolute value of corresponding eigenvalue of the derivative restricted to
E*, divided by the period; W*(-) and W"(-) are the stable and unstable sets, respectively.

Remark 1.5. In fact, W¥(pg) is an open submanifold of F“(pg) and W"(p;) is an open
submanifold of F“(py), given by the hyperbolicity of the periodic points (see Lemma
3.2). Hence, dim W*(pg) + dim W*(p;) = dim M + 1 and their intersection W*(pg)
WH(p1) consists of central intervals. Similarly, W*(g1) th W*(qo) also consists of central
intervals.

1.1.  Robust transitivity. In this paper, we obtain the following characterization of robust
transitivity for partially hyperbolic diffeomorphisms with interval central leaves.

THEOREM A. For F € PHIk(M ) (k = 2), the following statements are equivalent:
(1)  Fis C*-robustly transitive;
(2)  Fis boundary interconnected.

Remark 1.6. Note that the boundary interconnection property is C'-open in PHI' (M) (see
Figure 1). We actually prove that for F € PHI! (M), if F is boundary interconnected, then
there exists an open neighborhood U C PHI' (M) of F such that every G e U N PHI?(M)
is topologically transitive, see Corollary 3.7. This kind of robust transitivity is exactly
similar to the concept of stable ergodicity: It relies on a C!-robust structure provided by
a C? partially hyperbolic diffeomorphism, which exactly corresponds to the role of the
absolute continuity in the stably ergodic issue with Hopf’s argument.

Remark 1.7. The geometric and algebraic structure of M is crucial for Theorem A. In fact,
the conclusion does not hold when F; : M; — M; is a general uniformly hyperbolic
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FIGURE 1. Boundary interconnection (color online).

system, rather than an Anosov diffeomorphism on a nilmanifold. For example, let
o : ¥ — X be the classical horseshoe, where ¥ = {0, 1}% and o (x); = xj41. Assume
that @ : [0, 1] — [0, 1] is a smooth diffeomorphism with exactly two fixed points, a
source at 1 and a sink at 0. Assume further that ®’ is dominated by the hyperbolicity
of o, and consider the partially hyperbolic system F : X x [0, 1] - X x [0, 1],
F(x,1) = (0(x), ®(1)), where &, = ® when xg =0 and &, = &~ ! when xg = 1.
Then, F is boundary interconnected but not topologically transitive. In fact, choose two
fixed points p = (0), g = (1) of o, then py := (p,0), p1 := (p, 1), g0 := (¢, 0), and
q1 := (g, 1) satisfy the property that we need for boundary interconnection. However,
if we take open intervals U, V C (0, 1) such that ®"(U) NV = & for any n € Z, then
Y X Upez @"(U) and E x |,z " (V) are disjoint F-invariant open subsets, and hence
F is not topologically transitive.

1.2. Robustly intermingled basins. The phenomenon of intermingled basins was orig-
inally investigated by Kan [Kan94], and summarized by Bonatti et al [BDV05]. In such
a system, there are two Sinai—Ruelle-Bowen (SRB; physical) measures, both of whose
basins admit positive volume in every non-empty open subset. Some of these examples
are topologically transitive or even topologically mixing [GS19, Xia24], indicating
the significant difference between the topological and measure-theoretical notions of
indecomposability. Moreover, Kan’s intermingled basins are robust [KS11].

This type of construction continues to be a source of interesting research and has been
especially studied in the aspect of intermingled basins [MW05, DVY16, BP18, UV18].
There is also a family of topologically transitive diffeomorphisms constructed by inserting
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a blender and embedding into a boundaryless manifold [CGS18]. More recently, there have
been some advances focusing on the number of measures of maximal entropy for systems
related to this type of construction [NnRV21, RT22].

Specifically, we describe the phenomenon of intermingled basins in the setting of
partially hyperbolic diffeomorphisms with interval central leaves.

Given F € PHIk(M ) (k = 2), for i =0, 1, there exists a unique SRB measure p; on
M; for F;, since F; is an Anosov diffeomorphism on a nilmanifold M; and therefore
topologically transitive. We call them the boundary SRB measures of F.

Denote by PHI® (M) (k > 2) the collection of diffeomorphisms F € PHIF (M) that
are mostly contracting along the center direction on each boundary, that is, both of the
boundary SRB measures p; (i = 0, 1) admit negative central Lyapunov exponents, in the
sense that

/ In [[DF|ge|l dpi < O.
Note that PHIX (M) is open in PHIX(M), and for F € PHI* (M), u; (i = 0, 1) is not only
an SRB measure for F;, but also a physical measure for F.

Definition 1.8. We say that F € PHI* (M) admits intermingled basins if the basins of
its boundary SRB (physical) measures, B(wg) and B(u1), both admit positive volume
inside any non-empty open subset of M, and their union has full volume. Further, we
say that F admits C*-robustly intermingled basins if there exists an open neighborhood
U C PHI* (M) of F such that every G € U admits intermingled basins.

An interesting result of Ures and Véasquez [UV18] showed that the phenomenon
of robustly intermingled basins does not appear on T3, indicating the particularity of
manifolds with a boundary.

In this paper, we also obtain the characterization of robustly intermingled basins
for partially hyperbolic diffeomorphisms with interval central leaves that are mostly
contracting along the center direction on each boundary.

THEOREM B. For F € PHI* (M) (k > 2), the following statements are equivalent:
(1) F admits C*-robustly intermingled basins;

(2)  Fis C*-robustly transitive;

(3)  Fis boundary interconnected.

As an application of Theorems A and B, consider the skew-product system
Ap(x,t) = (Ax, @(x,1)): T¢ x [0, 1] = T¢ x [0, 1],

where A € Aut(T¢) is a hyperbolic toral automorphism with hyperbolic splitting L* @ L“
and ¢(x, 1) : T4 x [0,1] = [0, 1] is a ck (k > 2) map such that ¢(x, -) € Difflg([O, 1)
for each x € T“. Assume that

[AlLs Il < < m(A|Lw).

Downloaded from https://www.cambridge.org/core. 15 Nov 2026 at 20:00:43, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

6 W. Li et al

Then, A, € PHI*(T¢ x [0, 1]). For convenience, we denote the iterations of A, by
AL (x, 1) = (A"x, @y (1)).

Following the definition proposed by Bonatti et a/ [BDV0S, Ch. 11.1.1], we say that A,
is a Kan-type skew-product system if there exist two periodic points p and g of A € Aut(T%)
with periods 7 (p) and 7 (q), such that (p;,T(P ) has exactly two fixed points, a source at (p, 1)
and a sink at (p, 0); <pg @) also has exactly two fixed points, a source at (g, 0) and a sink at
(g, 1). Further, we say that A, is mostly contracting if

9 9
/ 02 (x.0)dx <0 and / 2 (x, 1) dx < 0.
Td at Td at

By Theorem A, Kan-type skew-product systems are CK-robustly transitive. By
Theorem B, mostly contracting Kan-type skew product systems admit C¥-robustly
intermingled basins for which the boundary SRB measures coincide with the Lebesgue
measure restricted to each boundary component.

1.3. Organization. This paper is organized as follows. In §2, we introduce some basic
definitions and results. In §3, we establish topological transitivity from boundary intercon-
nection (Theorem 3.1), which exactly shows C2-robust transitivity in Theorem A. Then,
we complete the proof of Theorem A in §4, showing that C°°-robust transitivity implies
boundary interconnection. In §5, we prove Theorem B by establishing the equivalence
between robustly intermingled basins and boundary interconnection.

2. Preliminaries

2.1. Partially hyperbolic diffeomorphisms with interval central leaves. ~ As defined in §1,
M is a thickened nilmanifold, Diff’g (M) is the collection of C¥ diffeomorphisms on M
preserving each boundary Mo and My, PHIX(M) is the collection of partially hyperbolic
diffeomorphisms in Diff’g (M) with interval central leaves, and PHIX (M) is the collection
of diffeomorphisms in PHIF(M) whose boundary SRB measures admit negative central
Lyapunov exponents.

For F € PHIz(M ), the dynamical foliations F° are Holder continuous with C I+ leaves,
foro =s, ¢, u, cs, cu. A subset of M is o -saturated if it is a union of o -leaves. There is a
well-known result on the regularity of holonomy maps in [PSW97], which we state in our
setting as follows. Note that F € PHI?>(M) is dynamically coherent and center bunched, in
the sense that for any x € M,

m(DF|ge(x))
IDF|ge(y)ll

IDF|gell

IDF|gsoll < :
) m(DF | ge())

and m(DFlEu(x)) >

LEMMA 2.1. [PSW97, Theorem B] For F € PHI>(M), the holonomy map along the stable
foliation (respectively the unstable foliation) restricted to a center-stable leaf (respectively
a center-unstable leaf) is a C' diffeomorphism. Moreover, the derivative of the holonomy
map is uniformly continuous with respect to the base points.

The following result on the estimate of central twist is useful in our proof.
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FIGURE 2. Central twist (color online).

LEMMA 2.2. Assume that F € PHI>(M) and p € My is a fixed point of Fy with
A(p) < 0. Fixr € F*(p) and let HOI;, : Floo(p) = Fio(r) be the holonomy map along

loc
the unstable foliation. For xo € F,.(p), denote x, = F" (xo) for every n € N and define

Vi 1= Fioe () MFG(P), 20 :=Hol, (), wy :=Hol, (yn),  wy, 1= Fioe(zn) M Fioe (1)
Then, we have the following estimate:
do(w),, wy) < Ce™r  foralln € N.

Here, C > 1 is a constant depending on p and r, and

__M(p)=2(p)

=" )F A€ 0,
P Sy —wpy s P SRS

where
In IDF g ll = 2 (p) < 25(p) < X(p) := In m(DF | pu(py).

Proof. Take y), := (Hol;)_l (w),), see Figure 2. By Lemma 2.1, the holonomy map HOl;
restricted to .7-'1‘(')6( p)isaC 1 diffeomorphism. Hence, it suffices to estimate d.(y,, yu).
First, note that

de(F M), F¥Gm)) = 2d(F NG V()
when n — N is sufficiently large. Therefore, there exists a constant C > 1 such that
de(F~M (). F~¥(Gm))
< 2du(F~N () F~V(wp)) +dg(F~V (wp), F7V ()

+dy(F™N(zy), F7V () 4+ ds(F 7N (x), F7N (y))]
< Cle= V() 4 (=N (p)y,
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8 W. Li et al
Now, let —NA*(p) =~ (n — N)AS(p), then we take
—)\5
N = [—(p ) n] +1
At (p) — A5 (p)
It follows that when n is sufficiently large, we have

de(yl, yn) < CN* P (FN (), F™N ()
< 202N (PIH(=NIA (p)

< 4C2eMr,
where
. N .. n—N M(p) = A(p) :
Ap= 1 —A° —A =———-)° AS 0.
p=,lm (n (p) + . (p)> M (p) = (p) (p) <A°(p) <
This completes the proof of Lemma 2.2. O

2.2. Asymptotically rational independence of Birkhoff sums. Here, we collect some
results related to Birkhoff sums in the uniformly hyperbolic setting.

First, there is a concept of asymptotically rational independence introduced in [GS19].
For real numbers a, b € R, define

(a, b) = inf{lka +1b| : k, 1 € Z, ka + b # 0}.

Particularly, this notation (a, b) coincides with gcd(a, b) when a, b € Z. Recall that two
real numbers a, b are rationally independent if and only if (a, b) = 0. Inspired by this
fact, the asymptotically rational independence is defined as follows.

Definition 2.3. Let b € R. A sequence {a,,} C R is asymptotically rationally independent
of bif (a,,, b) = 0asm — +o0.

To understand the asymptotically rational independence, we state the following results.

LEMMA 2.4. Ifa,b € R and b # 0, then (a, b) < ¢ for some ¢ > 0 if and only if each
orbit of T,(x) := x + a (mod bZ) is e-dense in R/(bZ). In particular, if (a, b) > 0, then
(a, b) = |b|/q for the reduced fraction a/b = p/q withp € Z, q € N, (p, q) = L.

Proof. The conclusion follows directly from the definition of (a, b). O]

LEMMA 2.5. Ifaj,az,b e Rand b # 0, then 0 < |a; — az| < € (mod bZ) implies that
there exists a € {ay, ax} such that (a, b) < /|b| e.

Proof. Given b # 0, notice that

{a (mod bZ) : (a, b) > /|b| &}

k /b
:{—b(mode):neZ+, n < u kelZ, (k, n):l}
n e
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is a finite set, in which for any aj, ay with a; # a (mod bZ), we have |a; — az| >
& (mod bZ). In fact, taking the reduced fractions
aij

2 =Lmodz) withpi € Z. gi €N, (pio q) = 1.
qi

we have p1q> — paq1 — kq192 # O for any k € Z; hence,

PP _k' _pa2—pq —kqrgal 1
q1 q2 q192 q192
and then
lay — az| (mod bZ) = mf{ — - —2 —k‘ |b|}
bl 1bl/q1-1bl/q2 _ (a1, b) - (a2, b)
T |b] B |b|
_ JIBIE - IBTE _
- |b]
Therefore, 0 < |a; — az| < & (mod bZ) implies that at least one of them does not belong
to the finite set. O

Now, we introduce the Birkhoff sums. Let A : N — N be an Anosov diffeomorphism
on a nilmanifold and ¢ : N — R be a Holder continuous function. Denote by

w(p)—1

SpA(p) =Y @(A'(p)
i=0
the Birkhoff sum of the function ¢ along a periodic orbit of p € Per(A) with period 7 (p).
The following positive Livsic theorem (see [LT03]) or Maiié—Conze—Guivarc’h—Bousch
lemma (see [Bou(1, Boull]) is a classical method to obtain the information of the whole
space from that of periodic orbits.

LEMMA 2.6. (Positive LivSic theorem) Let A : N — N be an Anosov diffeomorphism on
a nilmanifold and ¢ : N — R be a Holder continuous function. If

SyA(p) =0 forall p € Per(A),
then there exists a Holder continuous function ¥ : N — R such that ¢ > — o A.

For F € PHI! (M), we have an Anosov diffeomorphism Fy : My — Mj. Define
9:My— R and ¢(x):=In||DF|gell.
Then, for a periodic point p € Per(Fp) with period 7 (p), the corresponding Birkhoff sum
Sy Fo(p) is exactly the total central Lyapunov exponent 7 (p)A°(p). Hence, the Birkhoff
sum is regarded as an observation function involving the information of central Lyapunov

exponents.
In particular, we have the following corollary of Lemma 2.6.

COROLLARY 2.7. For F € PHIY(M), if A°(p) < O for every p € Per(Fy), then A¢(x) < 0
whenever A€ (x) exists.

There is the following rigidity result on the distribution of all Birkhoff sums.
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LEMMA 2.8. [GSX22, Theorem 1.1] Let A: N — N be an Anosov diffeomorphism on
a nilmanifold and ¢ : N — R be a Holder continuous function. If there are two periodic
points po, qo € Per(A) satisfying

SeA(po) <0 < SyA(q0),
then the set {SyA(p) : p € Per(A)} is dense in R.
2.3. Analysis in the one-dimensional dynamics. The following quantitative result is

prepared for analyzing the one-dimensional center dynamics connected by a holonomy
map. The proof is technical and may be skipped on a first reading.

PROPOSITION 2.9. Let f, g € Diff;,Jr([O, 1] be diffeomorphisms with exactly two fixed
points 0, 1, where 0 is a hyperbolic sink; and h € Diff;)([O, 11). Then, there exist g > 0
and an increasing function L(g) : (0, &) — (0, 1) satisfying L(x) — 0 as x — 0T and
depending on B := g'(0), such that the following conclusion holds. If o := f'(0) satisfies

(Ina, InB) < ¢,

then for any two closed intervals 1, J C (0, 1) with |J| > L(¢g), there exist two strictly
increasing subsequences {k,}, {I,} of N such that

sup{lk, In ¢ — [, In B|} < 4o00;
neN

ho ff(hNgl(J)# @ foralln e N.
Moreover, there exists a constant ¢ > 0 such that
lho fo(nyngh ()] = c-max{ebr " "By forailn e N.
Proof. First, we have the following expansions:

f@)=ax+Rs(x), O<a=f(0)<1, R;x)=o(x)(x—0");
gx) =Bx+Re(x), 0<B=¢g"0)<1, Rgx)=ox) (x—0");
h(x) = yx 4+ Rp(x), y=h0)>0 R,x)=o0(x)((x—0").

For any &, [ € N, we also have
g oho ff(x) = B7la h(x) + Rey(x),  Riy(x) = o(x) (x — 01).
Hence, for any ¢ > 0, we can take 0 < § < 1 sufficiently small such that

max{|Rs(x)|, |[Rg(x)|, |[Rp(x)|} <ex forall x € [0, max{§, h()}];
max{|R;(x)/a|, |Ry(x)/Bl. |R,(x)/y]} < 3 forall x € [0, max{s, h(8)}].

Since (Ine, InB) < &, there exist K*, L* € Z* depending on B such that for any
n e (B% 1), thereexist | < K < K*, 1 < L < L* such that

Klna—LIng e (nn, Inn+e¢).
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Therefore, by taking § smaller, we may further require that
max{|Rg;(x)|: 1 <k < K*, 1<]<L*} <eh(x) forallx € [0, §].
It follows that

g hoho fXx) e ((n—eh(x), (€n+ e)h(x)).

For x € [0, 8], define I, := (g(h(x)), h(x)]. Then, we have the following conclusion.

CLAIM 2.10. For any x € [0, §] and any closed interval J C I, with
|J] 3e
s =
| 1—-B—c¢
there exist 1 < K < K*and 1 < L < L* such that
g loho fEx) e J.

Proof of Claim 2.10. Note that |I| > (1 — 8 —e)h(x) and, hence, |J| > 3eh(x).
It follows that there exists 7 € (82, e~¢) such that
((n — &)h(x), (" n+e)h(x)) S J,
because the error ((ef — 1)n + 2e)h(x) < 3eh(x). It follows that there exist 1 < K < K*,
1 < L < L* such that
g Foho fX(x) e ((—eh), (n+e)h(x)CJ.

This completes the proof of Claim 2.10. O

For any point y € (0, 1) and closed interval J C (0, 1), define the fundamental domains
Qi = (g1 (y), g'(»)], and denote J* := Uiez g'(N)and J; ;== J*NQ; forany i € Z.
Then, we have the following conclusion.

CLAIM 2.11. There exists a constant 0 < p < 1 such that

J; J; Ji
,ou < u < ,(flu whenever Q;, 2; C [0, h(3)].
€21 — [€2] €2 ]

In particular, there exists a constant ¢ > 0 such that |g' (J)| > ¢B' forall i € N.

Proof of Claim 2.11. Note that J; does not change when we replace J by Jy. Since Jy
has at most two components, by considering each component, we may assume at first that
J = [a, b] C Qp. Without loss of generality, assume that j > i. Then, we have

Il g/ b) —gl(a)

121 g/ () —g/t(y)
_ g -g@ (¢ED
gy =gty (g (&)

7 j—i—1
= % - exp [ D (ng'(g"E)) —1n g’(gk(éz)))],
! k=0
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where & € J; and & € Q;, and hence,

J=i—l

> (ng(g" ) —Ing'(g"(&)))

k=0
j—i—1
< Y Ing'(g"En) —Ing'(g" (&)l
k=0
j—i—1
< Y Clg¢n - @’
k=0
j—i—1
< Y CplE -5l <
k=0

1-po

Here, 0 < 0 < 1 is the Holder exponent of In g’ in [0, 2(8)] and C > 1 is a constant
depending on g. Therefore, we can take

CZ
e op)

This completes the proof of Claim 2.11. O

Consider the family of fundamental domains

D:={l; :=(g@), 1] : 1 € Do := (g(h(8)), h(&]}, D := sup [[].

teDy

CLAIM 2.12. There exist eg > 0 and an increasing function G : (0, gg) — (0, 1) satisfy-
ing G(x) = 0asx — 0T andr =r(s,t) : Dy x Dy — {—1, 0, 1} such that

Ig"(Js(e) N L] =& foralls,t € Do,

where Jg(¢) :=[s — G(g), s].

Proof of Claim 2.12. Fix any s € Dy. Considering the relative position of s and I;, we
need the following sufficient conditions:

t—g ' (s—G(e)) >e wheng(t) <s < g(t)+e¢;
G()>¢e¢ wheng()+e<s<t;
t—(—G(e)>¢e whent <s < gil(g(t) + ¢);
g(s) —gls —G(e)) =& whens > g~ (g(1) +¢).

Finally, we take

G(e) = sup {gw)+e—gu—e), & g (gw)+e)—ute u—g (g —e).
uely

One can check that G(-) is increasing and G(x) — 0 as x — 0. Note that we take g9 > 0
sufficiently small so that when 0 < ¢ < &g, the above discussions make sense. O
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Now, we prove Proposition 2.9. Define

-1 -1 3¢
L(¢g) := sup { g | Js <,0 mD)

Note that we take g9 > O sufficiently small so that when 0 < & < g, the function L(-) is
well defined. One can check that L(-) is increasing and L(x) — 0 asx — 0.

We claim that |J| > 3L(¢e) will be sufficient.

In fact, for any point x € (0, 1) and closed interval J < (0, 1) with |J| > L(¢), there
exist k* € Nand [* € Z such that /X" (x) € (0, 8) and g (J) = [s — |g"" (J)|, s] for some

s € Dg. Moreover,
3 3
Js ,o_l—SD =G ,o_l—gD .
1-8-—c¢ 1-8-—c¢

By Claim 2.12, we have

:seDo,leZ}.

g ()] >

"N, 3

>p  —— forallt € Dy,
[ 1] l1-B—¢

wherer € {—1, 0, 1} dependsonJandt € Dy. In particular, for each n € N large enough,
consider the fundamental domain

Tppminey = (@RS (0)), (T (0))]
and let], € N be the unique integer such that
g_lA" (Ifk*+t1(x)) = I; thereexists t € Dy.
Then, we have

g+ () N g7 (U pirn )] 1 3
|g_l"(1fk*+n(x))| 1-p—e¢

where r, € {—1, 0, 1} depends on x and J.
By Claim 2.11, we have

|gl*+rn+ln(]) al Ifk*+”(x)| 3¢
> .
II‘fk*+n(x)| 1-p—e¢

By Claim 2.10, there exist 1 < K,, < K*and 1 < L, < L* such that
g7l oho fR(fF ) € gl ().
Finally, we take k, = n + k* 4+ K, and [, :Z, + I* +r, + L,,, and then we have
g moho fl(x)e .

Since k,, — 400 and [, - +00 as n — 400, by taking a subsequence if necessary, we
can require that the sequences {k,} and {/,,} are positive and strictly increasing.
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14 W. Li et al

It follows that for any two closed intervals 7, J < (0, 1) with |J| > 3L(¢), there exist
strictly increasing subsequences {k,}, {{,} of N such that

ho fonyngh # 2,

where J’ is the middle third of J. Then, we have the following two cases.
Case 1. h o f*(I) is totally contained in g (J). Applying Claim 2.11 to f, we have

lho A ()N gD = ho A ()| > calr

for some constant ¢ > 0.

Case 2. ho fk" (I) is not totally contained in gl"(J). Assume that J = [a, b] and
J' =1[d’, b'], then h o f*(I) contains g ([a, a’]) or g™ ([¥', b]). Applying Claim 2.11,
we have

lho ff(I) N g™ (J)| = min{|g" ([a, '], |g" (b, DI} > cB™

for some constant ¢ > 0.
Recall that by the choice of /,,, we have

R () € (6 (hS)), g (h(8))).
Hence, there exists a constant C > 1 such that
Cyd x> ¢~ gh+1p(8):
ClyaX iy < ().

We conclude that

(ko Ina — 1, In BJ} < + d  fim o
su nog — n < o0 an m —=—.
neII\)I " " n—>+o0o k, In B8

As a result, there exists a constant ¢ > 0 such that
lho fR(Iyn g™ ()] = ¢ - max{e ™%, "B} foralln e N.

This completes the proof of Proposition 2.9. O

3. Boundary interconnection implies topological transitivity
In this section, we prove that boundary interconnection implies topological transitivity.

THEOREM 3.1. Assume that F € PHI*>(M). If F is boundary interconnected, then F is
topologically transitive.

First, we characterize the stable set of a periodic point with a uniformly contracting
center.

LEMMA 3.2. Let p € Per(Fy) be a periodic point with period w(p) and A°(p) < 0.
Assume that yp : [0, 1] — F(p) isa C ¥ parameterization of the central leaf of p with
vp(0) = p. Then, there exists 0 < s, < 1 satisfying

I5:= W (p) NF(p) =yp((0,5p)) and W'(p)= | F*x).

P
xEI‘!7

Downloaded from https://www.cambridge.org/core. 15 Nov 2026 at 20:00:43, subject to the Cambridge Core terms of use.


https://www.cambridge.org/core

Robust transitivity 15

In particular, define £, : [0, 1] — [0, s,] and £,(t) := spt, then y; =ypoly:[0,1] —

I_; isa Clt parameterization, and
(y) "' o F™P o y5 e Diffy* ([0, 1)
is a diffeomorphism with exactly two fixed points 0, 1, where 0 is a hyperbolic sink.

Proof of Lemma 3.2. Notice that f, := (y,)~' o F*") oy, e Diffy* ([0, 1]). Since
A¢(p) < 0, we have 0 < f[/, (0) < 1 and, therefore, f), has a smallest positive fixed point
0 <sp < 1. It follows that Ep’l ofpolye€ Diff$+([0, 1]) is a diffeomorphism with
exactly two fixed points 0, 1, where 0 is a hyperbolic sink.

By the above argument, I, := W*(p) N F*(p) = ([0, sp)). Therefore, we have

w'p) 2 | Fw.

c
xEIp

Now, take y € W*(p). Then, we have o (y) € F*(mo(p)). Recall that wy : M — M is the
natural projection along central leaves. It follows that y € F°*(p). Assume that y € F°(z)
for some z € F¢(p). Then, z € W*(p) and, hence, z € I; since W*¥(p) is s-saturated. This
completes the proof of Lemma 3.2. [

Note that similar conclusions hold for periodic points of both Fp and Fj: The
stable set (respectively unstable set) is characterized by the uniformly contracting center
(respectively uniformly expanding center) when the central Lyapunov exponent is negative
(respectively positive). For simplicity, we omit the statement for the other case.

Now, we prove Theorem 3.1.

Proof of Theorem 3.1. It suffices to show that for any two non-empty open subsets
U,V C M, there exists N € N such that F¥(U) NV # @. Equivalently, we only need
to show that U* N V* #£ &, where

U= J F'(W) and V*:=|]J F(WV).
neN neN

Note that F(U*) C U*, hence, U* is u-saturated; F~1(V*) C V*; and V* is s-saturated.
Since F is boundary interconnected, there exist two pairs of periodic points p;, g; € M;
such that

A(po) <0 < AS(p1) and W'(po) h W"(p1) # @;
A(q1) <0 <1%qo) and W(q1) h W"(qo) # @.

Without loss of generality, we assume that the periodic points p; and g; are fixed points.
Define ¢ : M — R by

o) :=In|[|DF|gell.
Then, ¢ is Holder continuous, and there exist constants C, > 1 and 0 < 6 < 1 such that

lp(x) — ()| < Cyd(x, y)9 forallx,y e M.
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16 W. Li et al

Recall that we denote by

7(p)—1

SpFo(p) =Y @(Fj(p)) = m(p)A“(p)
i=0

the Birkhoff sum of the function ¢ for p € Per(Fp) with period 7 (p). As a result,
SpFo(po) = ¢(po) = A(po) < 0 < 1°(q0) = ¢(q0) = Sy Fo(qo)-

Generate new periodic points for asymptotically rational independence. Now, compared
with the results in [Xia24], we do not know whether S, Fo(po) and S, Fo(qo) are rationally
independent. Therefore, we need the following asymptotic version.

CLAIM 3.3. There exists a sequence of periodic points {pom} € Per(Fy) such that
(S Fo(pom), SeFo(qo)) — 0 and A (pom) — A°(po) asm — +o0.

Proof of Claim 3.3. If S, Fo(po) and S, Fo(qo) are indeed rationally independent, then
we just take po,, = po for any m € N. Now, we assume that S, Fo(po) and S, Fo(qo)
are rationally dependent. By Lemma 2.8, the set {S, Fo(p) : p € Per(Fp)} is dense in R.
Therefore, there exists a sequence of periodic points {pg,} < Per(Fp) such that

27" < Sy Fo(pom) — SeFo(po)| < 27T, 3.0

For fixed m € N, we construct pg,, from po,, by the shadowing property.
An Anosov diffeomorphism on a nilmanifold My, Fy is topologically transitive. Hence,
Po.m and pg are homoclinically related, and there are points xo, yo € Mo with

x0 € F*(po) th F*(pom) and  yo € F*(Pom) th F*(po),

see Figure 3. For simplicity, we omit the picture of the other points in Orb(pg ).
We then consider the following pseudo-orbit segment:

7Km mel 7Lm I(m*l
Pryi=(Fy ""(0)s -« -5 Y05 - - Fy™ (30)s Fy "™ (x0), -« .5 X0, ..., Fy " (x0)).
Here, K, Ly, € N are large multiples of 7 (po,) to be decided. The sum of ¢ over P, is

Ly,—1 Ku—1
So(Pp)i= Y px)= Y @(Fi00)+ Y. @(Fxo)).

xeP, i=—K,, i=—Ly

Since Fy is uniformly contracting (respectively expanding) in stable (respectively unstable)
manifolds and ¢ is Holder continuous, we have the following convergent series:

—1 +00
P =" [p(F(0) — o(F§(pom)] + Y _[o(F§(30)) — @(po)]
I=—00 i=0

—1 +00
+ > [9(Fix0)) — o(po)] + Y _[e(Fi(x0)) — @(Ff(Pom))].

i=—00 i=0
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]§O,m fu(ﬁo,m) Yo

Fy ™ (yo)

F*(Po,m) : ; F*(po)

F(;erz (’I/O)

" (o) "

FIGURE 3. Periodic pseudo-orbit (color online).

As a result, given a sequence of positive numbers &, — 0, there exist K ,(,)1, L(,)n € N being
multiples of 7 (o) such that when K,, > K2 and L,, > LY, we have

Sp(Pp) — (P + 2K A (Pon) + 2LimA (po))| < &m. (3.2

However, by the classical exponential Anosov shadowing lemma, there are constants
0<8y<1,Co>1,and 0 < up < 1 such that for every 0 < § < 8y, every §-pseudo-orbit
{xi1ig <i <ip} (ia <0 <ip) is exponentially shadowed by a periodic point p in the
sense that
d(F(p), xi) < Cony's foralliy <i <ip.

As a result, there exist K,L, L}” € N such that when K,,, > K,}l and L,, > L}n, 73;,1 is a
80&m-pseudo-orbit, exponentially shadowed by a periodic point p;,, € Per(Fp). In fact, it
suffices to take K ,il and L,ln to be multiples of 7 (po,,) and so large that

L! —L! _
max{d(F,™ (y0), po), d(Fy "(x0), po)} < 3808m;

K! _ —k! _ _
max{d(F, " (x0), pom)s d(Fy ™(30), Pom)} < %808m.

Now, we consider S, Fo(py,,,). Which is the sum of ¢ over the orbit of p(, . Since ¢ is
Holder continuous, the difference between Sy Fo( p6 ) and Sy (P},) is controlled by

/ ! 6 288 =0
|S¢F()(p0,m) = Sp(P,)| < C(pCol—19 “Ep,. 3.3)

0
Combining (3.2) and (3.3), there exists a constant C > 1 such that

1S5 Fo(Pp,u) — (P + 2K (Pom) + 2Lm A  (p0))| < CEl,. (34
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Here, we choose K, = max{K", K\, mm(pom)}and L,, = max{L?, L} m(K,, +|P|)}
so that the central Lyapunov exponent is also controlled:

Szp FO(P(/),m)
7(Pom)
_ [P+ 2Knl2(Pom) — 2 (po)| + csl
- 2Ky + 2L,

— 0 (asm — 4+00).

12 (Ph ) — (Pl = — 2°(po)

In the same manner as above, we can make a slight modification on the choice of
the pseudo-orbit segment. Precisely, we add the periodic orbit of pg, and consider the
following pseudo-orbit segment:

D ) pom)—1 , —
P = (oms FoBom)s - Fy P ™ (Bom)) UPL.

Then, we have a periodic point py, € Per(Fp) shadowing P;, and satisfying a similar
estimate as (3.4):

1Sp Fo(pg ) — (P + 2KuA(Pom) + 2LmA (o) + Sy Fo(pom))| < o (3.5)
Moreover, we also have that
1A (PG) — A°(P0)| — 0 asm — +oo.

Finally, we choose po,; € {p()’m, Py 0 that (S, Fo(pom). SyFo(po)) — 0 as
m — +o00. In fact, combining (3.4) and (3.5), we have

1S Fo (PG ) — S Fo(Py ) = SpFo(Pom)| < 2CEy,. (3.6)

Now, taking &, so small that 2C§,§1 < 27™, then we have the following estimate by
combining (3.1) and (3.6):

0 < 1S Fo(Pom) = SpFo(Pom) — SpFo(po)| <3-27". (3.7)

Taking further 3 - 27" < |S, Fo(po)|, then by Lemma 2.5, there exists pon € {P{ s Pom}
such that

(SpFo(pom)s SpFo(po)) < /31, Fo(po)| - 27™/2.

Since S, Fo(po) and Sy, Fo(qo) are rationally dependent, there exists a sequence of positive
numbers &,, — 07 such that (Sp Fo(pom), SpFo(qo)) < &m.
This completes the proof of Claim 3.3. O

In fact, we can modify the choice of {po,,} to obtain more information about the
sequence.

CLAIM 3.4. By replacing the periodic point po, by some points in Orb(po,) and taking
a subsequence, we may assume further that the sequence {po,} constructed in Claim 3.3
satisfies the following properties.
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e  Better Birkhoff average:

k—1

1
2 IDF L peri gl <
i=0

A¢(po)

forallk € N, forallm € N.

e Uniform size of contracting center: there exists no > 0 such that

|17,

po,m| >no forallm e N.

o Convergence: there exists ro € Mo such that po, — ro as m — +00.

Proof of Claim 3.4. Since A°(pom) — A°(po) < 0, by taking a subsequence, we assume
that

AS(pom) < for all m € N.

A¢(po)
2

By the classical Pliss lemma, for each m € N, there exists a hyperbolic time n,, such that

k—1

1
% X(; In ||DF|EC(F(;’m+i(PO,m))” =
i=

A¢(po)

for all £k € N.

Hence, we can replace pg, by F(;l " (pom) € Orb(po,). Since po p, is a periodic point, this
replacement does not influence the properties that we need in Claim 3.3.

Now, we show that the length of the contracting center / ;O,m has a positive lower bound
with respect to m € N. Since pyg,, now admits a better Birkhoff average, there exists a

maximal closed interval I,,, containing po,, as an endpoint, lying in Il‘;oym , satisfying
)\’C
or(x) < (Po) forall 1 <k <m(pom), forall x € I,
where
1 1 k—1
- e _ ky _ i
Gr(x) 1= L I IDFE el = o Zg‘”(F (x)).
=
Then, for x, y € I,,, we have
1 k—1 1 k—1
B C0) = G < — Y 1p(F () = p(F ()| < 7 > Cyd (F' (x), F' ()"
k i=0 k i=0
1 k—1 1 k—1
' i )0 ‘ 0 6
<z Z Code(F'(x), F' (1) < Z Co max | DF|peco) | de(x, y)
i=0 i=0
1 1 C
- (1/6)1(po)ié 0 g 0
= k C‘ﬂe dC(-x9 y) = 11— e(1/6))~C(P0)9 dc(x, y) .

0

i
Let po,, be the other endpoint of I,,,. Since I, is maximal, there exists 1 < k,, < 7w (pom)
such that
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A(po)  _ o _ . _
6~ P (Pom) < @r,, (Pom) + @k, (PO.m) — @k, (POM)|
AC 1 C
) <R A
3 ki 1 — e(1/6)25(po)0
1(po) Cy P
=3t T ewogee Il

As a result,

1 1 1/6)1¢(po)0 e
1| = [— ¥ o) (1= e(1/0% (po) )] > 0.
¢

It follows that pg,, has a uniform size of contracting center.
Finally, since M is compact, we can take a subsequence to ensure that po, — ro for
some rg € M. O]

Show the density of the stable and unstable sets. Next, we show that the intersection of
the stable and unstable sets implies their density.

CLAIM 3.5. The stable and unstable sets W*(po), W"(qo), W*(p1), W*(q1) are dense
inM.

Proof of Claim 3.5. For convenience, we define py := m1(po) and py := mo(p1). Recall
that W*(po) M W"(p;) contains a central interval. Assume that the interval lies in a
central leaf with endpoints zg € My and z; € M1, then there exists an open central interval
J C F*(zp) with an endpoint zg, lying in W¥(pp) and containing an interval in W*(py),
see Figure 4.

Now, consider F~" (J). One of its endpoints is FO_N (zo), which tends to py; the other
endpoint tends to p1, since it lies in W*(p;). Moreover, F~V (J) is a central interval, and
hence, F~N(J) tends to F¢ (p1), in the sense that

forall x € F¢(py), forall ¢ > 0, there exists N € N, there exists x’ € F_N(]),
such that d(x’, x) < e.

Since Fy is an Anosov diffeomorphism on a nilmanifold, the stable foliation restricted
to My is minimal, in the sense that each stable leaf is dense in M. It follows that 7 is
minimal, because F<*(-) = no_l(}'s (7o (+))).

Now, F“(p1) is dense in M, for any non-empty open subset U C M, there exists
x € F°(py) such that 7*(x) N U # &. Note that

F)y = FHFF ) foralle > 0.
keN

Therefore, there exists K = K(¢) € N such that fg(FK(x)) N FK(U) # . Recall
that F~N(J) tends to F¢(p1), hence, there exist N € N and x’ € F~N(J) such that
FS(FK@) N FEKU) # 2. Now, we have that F*(FN(FK(x') N FETN(U) £ 2.
Since FN(FX(x")) € FX(J) € W*(po), we conclude that

Wi (po) NU = F~® TN (WS (po) NU # 2.
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sl
Po P1
wH (pl)
J F=N(T)
Vpo (Spo)
W#(po)
N Vp1 (3171)
20
Po N D

FIGURE 4. Density of W¥(pg) (color online).

This shows the density of W*(pg). By the same argument, W*(gg), W*(p1), and W*(q)
are also dense in M. O

Move from pg to po,. We first show that the points in U* appear near the contracting
central interval I, .
Since A(pg) < 0, we have

W (po) = | ) F*(F.(po)).
keN

Therefore, by the density of W¥(pg), we have
U™ N Fig(po) # 9,
and hence, we can take
Po € mo(U™) N Fi (po) S Mo.

Moreover, U* N F¢(pg) contains a closed central interval ngo’ satisfying P :=
]:lléc(J%o) C U*, see Figure 5.
Similarly, since A(go) > 0 and W"(qo) is dense in M, we have

VN Floe(qo) # 9,
and, hence, we can take

qo € mo(V*) N Fii.(q0) S M.
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FIGURE 6. Holonomy map near go (color online).

We can further require that V* N F¢(gp) contains a closed central interval J17Co satisfying
Q= ]:1Soc(J§O) C V*, see Figure 6.

Note that F*(po) is dense in M. Hence, we can choose zon € F“(po) M Fji . (Pom)-
Since po,, converges, we may further assume that z ,,, also converges.

In fact, by taking a subsequence, we assume that pg , lies in the local su-box of ry, then
it suffices to ensure that 7*(po) th F} (o) # @.

It follows that there exists Ny € N independent of m € N such that

FNU(P) th FO(FS (pom)) # 2.

In particular, FNV (P) th F( loc(P0,m)) contains a central interval J I‘,'O’m, whose length
has a positive lower bound with respect to m € N.

Let J;O,m C F¢(po,m) be the image of .7;0#” under the holonomy map along the stable
leaves, restricted to F°(F} .(po,m)). By Lemma 2.1, the length of J ;Qm also has a positive
lower bound with respect to m € N. Moreover, since po , has a uniform size of contracting
center and Jz%o lies in W¥(pg), by taking a larger Ny, we can assume further that
Je  C I

Pon — “Pom"
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Fha(Je

Po,m

FIGURE 7. Central intersections (color online).

Recall that in Lemma 3.2, we have a C!* parameterization y[S,Om 1[0, 1] — I_;0 " for
each m € N. Since I;Om has a uniform size, we can further require that there exists
0 < 09 < 1 such that

00 < |(r,,,) (O] < oy ! forallz €[0,1], forallm e N.

However, let Jg € Fi .(qo) be the image of Jgo under the holonomy map along the

unstable leaves, restricted to JF'(qo). Since A°(qo) > 0, we may assume further that

. . . 1+ . . . Ic . .
Jg, € 1g,- Similarly, we have a C*" parameterization y, : [0, 1] — Ig satisfying
oy < |(yqso)’(t)| < 00_1 forall t € [0, 1].
Exhibit central intersection. From now on, we fix m € N so large that
L(en) < min{ inf (73,07 (U5, )l 1075~ i)
Here, L(-) is given by Proposition 2.9 and ¢, is defined in Claim 3.3 satisfying

(SeFo(pom), SpFo(qo)) < &m.

Without loss of generality, we assume that pg , is a fixed point. Fix ro,, € F*(pom) M
F*(qo). For simplicity, we denote by Hol} the holonomy map from x to y along stable or
unstable manifolds defined on cu-leaves or cs-leaves, see Figure 7.

CLAIM 3.6. There exist two strictly increasing subsequences {k,}, {l,} of N such that
kn : =y >
HoF (J;O,m) NnF (J(;O) # 2,
where

F
H :=Hol? oHol,".
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Moreover, there exists a constant ¢ > 0 such that

|H o F*» (J;o,m) N Fhn (gl = c- max (el (Pom) o =lnd @00y for gil € N,
Proof of Claim 3.6. Note that

(SpFo(pom), SpFo(q0)) < &m,
which means that
(An IDF|gepylls M IDF|Eego)l) < &m,
since po, and go are assumed to be fixed points. Equivalently, we have
(n | DF ey I, I IDF ™ (o)) < €m

The conclusion then follows from Proposition 2.9, by taking

_ -1

f=Wp, )" o Fovy,:
_ —1 —1

§= () oF oy,
_ -1

h - (V;O) ° H ° J/1‘;‘0,771 :

initial 3 s y—=1lcgc sy—=1l¢gc
The initial intervals are (Vpo,m) J po,m) and (g9)" (Ugy)- O]
As a result, there exists a constant ¢ > 0O such that

|JZOm N J;O' >c- max{ekn)\c(po,m)’ e*lnxc(qo)} forall n e N,

where
n . o,m k, c .
Jpo,m :=Holy,, o F n(JPO,m)’

T3 = (Holfy ) ™" o F7"(JS).

T0,m

Now, consider the intersection between F*n ( l’f)c(j;ﬁo ) and F —In( fOC(JacO)). Since Fy

is an Anosov diffeomorphism on a nilmanifold, for n sufficiently large, their projections

on My, wo(F*( II/Z)C(.TEO,WL)))’ and 7o(F ! ( lSOC(J‘]EO))), intersect at r(’}’m € My, which

converges to o, as n — +00. Moreover, we have

Up € ll:)c(rg,m) M ]‘-foc(ro,m),
Un € ‘7:]Soc (rgm) 0 ‘Fllil)c (rom)-
For simplicity, we denote the intersections by
T ._ pkaoTu (JC Con N,
JI’O,m = loc(‘]po,,,,)) nF (r()’m)7

Ty = F " (Fe (5 N FE (g -

Our aim is to show that Z’U’O LN f;‘o # &, see Figure 8.
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FIGURE 8. Dynamics near rg, (color online).

By Lemma 2.1 (the C' property of holonomy maps) and Lemma 2.2 (the estimate of
central twists), there exists a constant C > 1 such that

T0.m Un Tn : knpm _ : no.
Hol,,” o Holr(,),m J, O’m) isaCe perturbation of J o

ro,m Un TN —Iy : n
Hol,,"” o HOlr&m (Jg,) is @ Ce™ " -perturbation of J; ,

as intervals in F(rg ), where
. A (pom) — A (pom)
P N (pom) = 2 (pom)

-1 (go) + A°(q0)
= A A€ 0.
T (o)t gy 0 700 =

)»X(Po,m) < )»C(Po,m) <0,

Again, by the argument of central twist in Lemma 2.2, for n sufficiently large and x € Jn,
we have

dc(Hol," o Hol” (x), Hol,’" o Hol's (x))
0,m 0,m

< Cld, (r(r)l,m’ un) + ds(un, rom) + dS(rg,m’ Un) +du(Vn, rom)]
S C2[ekn}\s(p0.m) + e—lnk"(fIO)]'

Compared with the length of the intersection which is controlled by
|J]’;0m N J;O| z C - max{ekn)‘c(po,m), efln)vc(qo)} é Pns

and the preceding perturbation errors, which are o(p,), implied by the strict inequalities
among the corresponding Lyapunov exponents, we conclude together with the injectivity
of the maps Hol," o Hol’s and Hol,)" oHol; that there exists ng € N such that

0,m A 0,m —
J;}Om N J;O # @ for any n > ng. Since J;,’Om C U* and J;O C V* wehave U*NV* £ 2.
This ends the proof of Theorem 3.1. O
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COROLLARY 3.7. If F € PHI'(M) is boundary interconnected, then there is an open
neighborhood U € PHIY (M) of F such that every G € U NPHI*>(M) is topologically
transitive.

Proof. Notice that the boundary interconnection property is C'-open in PHI'(M). The
conclusion then follows directly from Theorem 3.1. O

4. Robust transitivity implies boundary interconnection
In this section, we complete the proof of Theorem A by showing that robust transitivity
implies boundary interconnection.

THEOREM 4.1. If F € PHIk(M) k=2)is Ck-robustly transitive, then F is boundary
interconnected.

As a preparation of the proof, we need the following method to construct an attractor by
perturbation.

LEMMA 4.2. Let F € PHI*(M) (k > 2). If .°(p) < O for every p € Per(Fy), then for any
neighborhood U < PHIF(M) of F, there exists G € U such that My is an attractor of G.

Proof. By Corollary 2.7, we have A°(x) < 0 whenever A°(x) exists. To show that M is
an attractor of G, it suffices (see [Cao03, Lemma 2]) to check that there exists a constant
& > 0 such that

{x € My : A5 (x) < —¢}

has full measure with respect to any ergodic measure of Gy.
Let X (s) := s(s — 1) be a C* vector field on [0, 1] and &, (s) be the C* flow generated
by X. Then, by abuse of notation, we define

D/(z,5) :=(z, P;(s)) : N x [0,1] = N x [0, 1].

It follows that ®; converges to identity as t — 0T, in any C* topology.

Now, consider G := ®; o F. Since G acts in the same way as F on My and M|, we have
G e Diff’g (M) and, hence, when ¢ > 0 is sufficiently small, G € PHIF (M).

Note that the partially hyperbolic splitting of G restricted to M has the same stable and
unstable subbundles as F. We denote it by

T'M = E°(x) ® Eg(x) @ E"(x) forall x € My.

Define «; := <I>;(O)= dsP,(0) € (0,1) and B(z) := fZ/(O) = 05 f7(0) > 0, where we
denote F(z, s) = (Fy(2), f-(s)). Here, a; = e, which can be solved by (d/dt)a; = —a;
and og = 1, and hence, o; € (0, 1) when ¢t > 0. Then, we have

Db, (z, 0) = (1 °>;

0 o
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DFy(z) *
DF(z,0) = ( );
0 B(2)
DFy(z) *
DG(z,0) = ( )
0 o B(2)
Let v° = (%, )7 and v = (x, )T be vectors of E°(z,0) and E§(z, 0), respectively.
Then,
DF(z,00(v) = (+, B@)" and DG(z,0)(vg) = (+, aB()".
Let || - || be the original induced norm in E€ and E;, and define
IZ, 9T F:=1S| forall (Z, )" € E;
1Z, ) |lg :=|S| forall (Z, )" € EL.
Since E€ and Eg, are both transverse to Mo, which is compact, the norms || - || and | - ||
are both equivalent with || - ||. That is, there exists a constant C > 1 such that

CU-l<l-llr=Cl-lis
cU-l<l-lle<cl-I

Moreover, by the above discussion, we have
IDF(z,0)(v)lF = B Iv°llr and [[DG(z, 0)(vg)llc = e B@) gl
As aresult, for any x € My,
IDG"| ke, llc = & IDF" el
and, hence,
Ca IDF" gl < IDG" | e n)ll < CHaf IDF" | el

By the classical Oseledets theorem, for each ergodic measure u of Fy = Go : Mo — My,
there exists a p-full measure subset B, € My such that for any x € B, the Lyapunov
exponents of F and G at x both exist. Consider

By = U By,

1 ergodic

then w(Bp) = 1 for any ergodic measure x.
Fix x € By. We have

1
” In |DG"|gg )|
1 n n 1 n
= ;(ln DG g, ol = In IDF| e [D) + - In [ DF"|ge)l

1 n 4 1 n 4
€ ;ln |DF |Ec(x)||+lnoel—;1nC, ;ln |DF |Ec(x)||+lnat+;1nC .
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Let n — +o00 and we have

Ag(x) =2°(x)+Ine; <Ine; <0 forall x € By.

This completes the proof of Lemma 4.2. O

Proof of Theorem 4.1. Since F is C¥-robustly transitive, there exists an open neighborhood
U C PHI*(M) of F such that every G € U is topologically transitive.

We first prove that there exist pg, go € Per(Fp) such that A°(pg) < 0 < A°(qo).
A similar conclusion holds for Fj. For contradiction, without loss of generality, we assume
that

AS(p) <0 forall p € Per(Fp).

Then, by Lemma 4.2, there exists a ck -perturbation G € U such that M is an attractor
of G, which contradicts the topological transitivity of G.
Now, take po, go € My and p1, g1 € M such that

A°(po) <0 < 1%qo) and A°(q1) <0 < A°(p1).

It remains to show that W*(pg) N W¥(p1) # & and, similarly, W (qo) N W*(q1) # @.
First, notice that

Wi (po) = ) F"(F(po)) and W (p1) = | F"(Fea(p1).
neN neN

Since F is topologically transitive, there exists x € M such that
(Fi(x):i>ig} =M foralliye Z.

In particular, there exists ig € Z such that F'0(x) e Fgo(.ﬁ%’f:(pl)) for some gy > 0.
Assume that F'0(x) € F} (z1), where z1 € Fij((p1).

By the density of {F'(x):i > ip}, for any & > 0, there exists N € N such that
FiotN(x) e FA(FES(po)). Moreover, for fixed € > 0, N can be arbitrarily large. By taking

& > 0 small, we may assume that
FEFOTN (x)) € F (Fn(po)).-

Now, take N large so that FV(z;) € fg(FiOJ“N(x)). It follows that FV (7)) € Fy(z0) for
some z0 € Fi..(po). Since W*(py) is F-invariant and u-saturated, we have zog € W*(po) N
W (p1).

This completes the proof of Theorem 4.1. O

5. Intermingled basins

In this section, we prove Theorem B. Recall that for F € PHI® (M) (k = 2), there are
boundary SRB measures po on My and @1 on M. For i =0, 1, since w; is the unique
SRB measure of F; : M; — M;, we have the following results:

e supp(ui) = M;;

e B(u;) N M; has full Lebesgue measure in M;;

e for any u-segment y* C M;, y* N B(w;) has full Lebesgue measure in y*;
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e there exists L; € M; with positive Lebesgue measure such that A°(x) < O for all
x € L;, and consequently, |W*¥(x) N F¢(x)| > Oforall x € L;;
e there exists K; C L; with positive Lebesgue measure such that

inf [W*(x) N FE)| > 0.
xekK;

THEOREM 5.1. If F € PHIZ (M) is topologically transitive, then F admits intermingled
basins.

Proof of Theorem 5.1. We first prove the following claim.

CLAIM 5.2. For any cu-box B, BN B(uo) has positive Lebesgue measure in B, and
further, for any cu-box B’ that is C'-close to B,

Leb(B' N B(ko)) = 3Leb(B N B(u)).-

Proof of Claim 5.2. Consider the open set U = F}(B). Since F is topologically tran-
sitive, given any non-empty open set V, F¥(U) NV # @ for infinitely many N € N.
It follows that |, .y F"(B) is dense in M. In particular, there exists N € N and a cu-box
P < FN(B) sufficiently close to My such that o (P) N Ko has positive Lebesgue measure
in 79(P) and x € W*(rp(x)) for any x € P with wg(x) € K. However, 7o(P) N B(uo)
has full Lebesgue measure in mo(P). It follows that P N B(wp) has positive Lebesgue
measure in P and, hence, B N B(ug) also has positive Lebesgue measure in 3. Moreover,
B(uo) is s-saturated, hence, for any cu-box B’ that is C! close to B, Leb(3’ N B(u0)) has
a uniform lower bound away from zero, given as above. O

A similar result holds for B(u1). Therefore, we conclude that for any non-empty open
subset U € M, U N B(up) and U N B(u1) both have positive Lebesgue measure.

To show that B(ug) U B(1) has full Lebesgue measure, assume for contradiction that
the complement C has positive Lebesgue measure. Take a density point x* € M of C. Since
the basins are s-saturated, we have

Leb(C N F(x*))
Leb(Fe (x*))

—1 ase — 0.

By the above argument, there exists Ny — o0 and a cu-box P, € FNk (f;‘; (x*)) near
My, with the same size, such that Py N B(ug) consists of central leaves. Moreover, we have
that F~Ne(Py) C Fi, (F (x%)), where g — 0. Define

Pr = FN((F NP 0 FE ().

Since for each k € N, det(D F N | geu) s nearly constant on .7-";: (x*) when &g is small, we
conclude that
Leb(C NPy)

1 k ,
Leb(PD) — as k — +o0
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and consequently,

Leb(B (o) NPY)
Leb(Py)

— 0 ask — +oo.

Noting that Py N B(p) consists of central leaves, we also have

Leb(B (o) N Px)

0 k .
Leb(Pp) — as k — 400

By taking a subsequence, we may assume that 7P converges to a cu-box P. This contradicts
the fact that a cu-box near P intersects B(i) on a subset whose Lebesgue measure has a
lower bound away from zero, see Claim 5.2. O

THEOREM 5.3. If F € PHI® (M) (k = 2) admits Ck—robustly intermingled basins, then F
is boundary interconnected.

Proof of Theorem 5.3. Since F admits C*-robustly intermingled basins, there exists an
open neighborhood 2/ € PHI* (M) of F such that every G € I{ admits intermingled basins.

We first show that there exist gg € Per(Fp) and p; € Per(F) admitting positive central
Lyapunov exponents.

Assume for contradiction that A°(p) < 0 for all p € Per(Fp). By Lemma 4.2, there
exists G € U such that M is an attractor of G. Moreover, G acts in the same way as F
on My and M1, hence, the boundary SRB measures of G are also pg and ;. In this case,
Bg(1e1) cannot be dense near My, which contradicts the fact that G admits intermingled
basins.

Now, we have go € Per(Fp) and p; € Per(F;) with positive central Lyapunov expo-
nents. Fix po € Per(Fp) and gq; € Per(F;) with negative central Lyapunov exponents.
Since F' admits intermingled basins, B(ug) N .E%‘é(pl) has positive Lebesgue measure
in A0t (p1). By forward iteration, we know that there exists a cu-box P C W"(py)
near pg, since we have supp(ug) = My. Therefore, P ]—'fosc(po) # &, and hence,
WH(p1) h WS(pp) # &. A similar argument shows that W*(g;) h W*(qg) # &. Hence,
F is boundary interconnected. O
Proof of Theorem B. Theorem 5.1 shows that (2) — (1); Theorem 5.3 shows that
(1) = (3). Finally, Corollary 3.7 shows that (3) — (2). O
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