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SOME QUESTIONS ON ENTANGLED LINEAR ORDERS

RAPHAËL CARROY , MAXWELL LEVINE , AND LORENZO NOTARO

Abstract. Entangled linear orders were introduced by Abraham and Shelah in [2]. Todorčević [29]
showed that these linear orders exist under CH. We prove the following results:

(1) If CH holds, then, for every n > 1, there is an n-entangled linear order which is not (n + 1)-
entangled.

(2) If CH holds, then there are two homeomorphic sets of reals A, B ⊆ R such that A is entangled but
B is not 2-entangled.

(3) If R ⊆ L, then there is an entangled Π1
1 set of reals.

(4) If ♦ holds, then there is a 2-entangled non-separable linear order.

§1. Introduction. Cantor proved that all countable dense unbounded linear orders
are isomorphic. The countability hypothesis in Cantor’s result cannot be avoided
in general. However, in the early 1970s, Baumgartner proved that consistently all
ℵ1-dense separable linear orders are isomorphic [4]. This statement is known as
Baumgartner’s axiom. In their work [2], Abraham and Shelah introduced entangled
linear orders as combinatorial objects witnessing the failure of Baumgartner’s axiom.

An uncountable linear order L is said to be n-entangled, for some positive integer
n > 0, if for every uncountable collection F of increasing, pairwise disjoint n-tuples
of elements of L and for every t ∈ n2, there are x, y ∈ F such that, for every i < n,
xi < yi if and only if ti = 0. A linear order is called entangled if it is n-entangled for
every n > 0 (see Definition 2.1 for a more general definition).

Entangled linear orders satisfy a strong form of rigidity1: they have no nontrivial
self-embeddings2 (a linear order with this property was first constructed in [10]);
actually, they do not even have nontrivial monotone self-maps; furthermore, every
two disjoint uncountable subsets of an entangled linear order have different order
types (a linear order with this property was first constructed, under CH, in [11]).

Todorčević [29] showed that these linear orders provide a powerful method to
construct counterexamples relative to various problems, such as the productivity
of chain conditions and the square bracket partition relation. He also observed
that every 2-entangled linear order is ccc and that every 3-entangled linear order is
separable (see Section 2). In particular, every entangled linear order is isomorphic
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2 RAPHAËL CARROY, MAXWELL LEVINE, AND LORENZO NOTARO

to a suborder of the real line R. Therefore, when studying entangled linear orders,
it is not restrictive to only consider sets of reals that are entangled with respect to
their natural linear ordering. For recent applications of entangled linear orders, see,
e.g., [3, 7, 17, 24].

The existence of an entangled linear order is independent of ZFC: on the one
hand, these linear orders exist under CH (actually, under cf(2ℵ0) = �1) [5, 29]; on
the other hand, they do not exist under Baumgartner’s axiom [2].

In this article, we address the following natural questions:

(1) Does an n-entangled linear order need to be (n + 1)-entangled?
(2) Is entangledness a topological property? That is to say, if we have two

homeomorphic sets of reals A,B ⊆ R with A entangled, does it follow that B
is also entangled?

(3) How definable can an entangled set of reals be?
(4) Under which conditions is there a 2-entangled linear order which is not

separable?

Our main results are as follows. The first two are instances of more general
statements proved later, formulated with reference to cardinal characteristics of the
continuum (see Theorems 3.1 and 4.1).

Theorem A. Assume CH. Then, for every n > 1, there exists an n-entangled set of
reals which is not (n + 1)-entangled.

Theorem B. AssumeCH. Then, there are two homeomorphic sets of realsA,B ⊆ R

such that A is entangled but B is not 2-entangled.

Recall that Π0
1 sets are complements of semirecursive sets, also called effectively

open sets. Projections of Π0
1 sets are denoted Σ1

1, and their complements are the Π1
1

sets. As we argue in Section 5, every analytic set of reals is not entangled. In this
sense, our next result is optimal.

Theorem C. Suppose that R ⊆ L. Then there exists a Π1
1 set of reals which is

entangled.

Since, as we already noted, every 2-entangled linear order is ccc, a 2-entangled
non-separable linear order is, in particular, a Suslin line. In particular, we conclude
that CH—from which the existence of an entangled linear order follows—does not
suffice to prove the existence of a 2-entangled non-separable linear order. Indeed,
it is well-known that Suslin’s Hypothesis is consistent with CH [9]. However, we
prove that the existence of a 2-entangled non-separable linear order follows from ♦.
Note that the existence of such a linear order is already known to be consistent by
a forcing argument due to Krueger [21].

Theorem D. Suppose that ♦ holds. Then, there exists a 2-entangled non-separable
linear order.

The underlying general technique used to prove all four results is the diago-
nalization method. More precisely, the proofs of the first two theorems use a
diagonalization argument à la Sierpiński (e.g., [27, 28]). The proof of our third
result uses a diagonalization argument similar to the construction (originally due
to Gödel [19, p. 170]) of a Π1

1 set without the perfect set property. Finally, the
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SOME QUESTIONS ON ENTANGLED LINEAR ORDERS 3

diagonalization construction of our fourth result is similar to the construction due
to Jensen of a Suslin line under ♦ [8, 22].

In Section 2 we provide a more general definition of entangled linear order and
we give a brief account of what is known on this topic. Sections 3–6 are then devoted
to the proofs of Theorems A–D. We provide some open questions along the way.

Notation. For most of our article the notation is standard (see, e.g., [18, 20]). Given
two tuples s and t, we denote the concatenation of s with t by s�t. In Section 5,
following set-theoretic practice, we refer to elements of the Baire space �� as “reals,”
and we employ some notation from [19].

§2. Preliminaries. There exists a more general notion of entangled linear order
than the one we gave in the introduction, one that extends to cardinalities larger
than the continuum. This more general definition (Definition 2.1) will be useful in
our discussion.

We say that two tuples x, y are disjoint if they have no element in common—that
is, if ran(x) ∩ ran(y) = ∅.

Given a linear order (L,≤) and two n-tuples e and e′ of elements of L, we let
t(e, e′) ∈ n2 be the binary n-tuple defined as follows: for every i < n, the i-th element
of t(e, e′) is 1 if and only if e′i < ei .

For each t ∈ <�2, we denote by ¬t the tuple 〈1 – ti | i < length(t)〉. Clearly, if the
n-tuples e and e′ are disjoint, then t(e, e′) = ¬t(e′, e). We say that e and e′ realize s
if either t(e, e′) = s or t(e, e′) = ¬s .

Given a set S of mutually disjoint n-tuples of elements of some linear order, and
given a binary n-tuple t, we say that S avoids t if no couple of distinct elements of S
realizes t. For each n > 0, we call the n-tuple 〈0〉n = 〈0, 0, ... , 0〉 ∈ n2 the increasing
type.

We point out a trivial yet useful observation. The usual order ≤ on real numbers
is closed but not open as a subset of R2 and it becomes clopen3 on R2 minus the
diagonal. Therefore, for every t ∈ n2, the following (symmetric) binary relation Rt
on R2n is open: e Rt e′ if e and e′ are disjoint and realize t.

Definition 2.1 [2, 29]. Given a linear order (L,≤), an infinite cardinal κ, and
a positive integer n > 0, we say that L is (κ, n)-entangled if |L| ≥ κ and for every
collection F of size κ of 1–1 mutually disjoint n-tuples of L and for every binary
n-tuple t, there are two distinct elements of F that realize t. A linear order which is
(κ, n)-entangled for every n > 0 is said to be κ-entangled. If κ is not mentioned, it is
assumed that κ = ℵ1.

We now state some known theorems regarding entangled linear orders. The
first one is about some topological consequences of entangledness. In particular,
it implies that every 3-entangled linear order is isomorphic to a set of reals. This
theorem is stated without proof in [29]. For a proof, we refer the reader to [21].

Theorem 2.2 [29]. Every 2-entangled linear order is ccc, and every 3-entangled
linear order is separable.

Corollary 2.3. Every 3-entangled linear order is isomorphic to a suborder of R.

3That is, both open and closed.
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4 RAPHAËL CARROY, MAXWELL LEVINE, AND LORENZO NOTARO

Proof. Every 2-entangled linear order has countably many gaps4: otherwise,
letting {(a�, b�) | � < �1} be an uncountable family of gaps, the map a� �→ b� would
be uncountable, 1–1 and increasing, against 2-entangledness of the underlying linear
order.

Therefore, it follows from the classical Dedekind completion argument that
every 3-entangled linear order, being separable and having countably many gaps, is
isomorphic to a suborder of R. �

The next theorem is an example of the numerous applications of entangled linear
orders as studied by Shelah, Todorčević, and others (see, e.g., [5, 6, 25, 26, 29]).

Theorem 2.4 [29]. If there is an entangled linear order, then there are two ccc partial
orders whose product is not ccc.

The next results are mainly concerned with the existence or nonexistence of
entangled linear orders:

• There exists a cf(2ℵ0)-entangled linear order [5, 29].
• Adding a single Cohen real or random real adds an entangled linear order

[30, p. 55].
• It follows from the Open Graph Axiom that there are no 2-entangled sets of

reals [30, Proposition 8.4].
• It follows from MA(ℵ1) that there are no entangled linear orders [2].
• It is consistent, relative to ZF, that MA(ℵ1) holds and that, for every n > 0,

there is an n-entangled set of reals [1].

Next, we note that it directly follows from the Erdős–Dushnik–Miller theorem
[11] (see also [18, Theorem 9.7] for a proof) that the definition of (κ, n)-entangled
linear order is equivalent to the seemingly stronger version in which we do not only
require the existence of just two distinct elements of F to realize the given type t,
but we ask for the existence of an infinite subset of F whose elements, mutually,
realize t.

Theorem 2.5 (Erdős–Dushnik–Miller). Any infinite graph G = (V,E) not con-
taining an independent set of size |V | contains an infinite complete subgraph.

Proposition 2.6. Let L be a (κ, n)-entangled linear order. Then, for every collection
F of size κ of 1–1 mutually disjoint n-tuples of L and for every binary n-tuple t, there
exists an infinite H ⊆ F such that for all distinct e, e′ ∈ H , e and e′ realize t.

Proof. Let us fix a (κ, n)-entangled linear order L, a collection F of size κ of 1–1
mutually disjoint n-tuples of L, and a binary n-tuple t.

Consider the binary relation Rt on F defined by: e Rt e′ if e and e′ realize t. By
entangledness, the graph (F,Rt) does not contain an independent set of size |F | = κ.
Therefore, by the Erdős–Dushnik–Miller Theorem, the graph (F,Rt) contains an
infinite complete subgraph. In other words, there exists an infiniteH ⊆ F such that
for all distinct e, e′ ∈ H , e and e′ realize t. �

4Given a linear order L, a gap of L is a pair (a, b) ∈ L with a < b such that there is no c ∈ L with
a < c < b.
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SOME QUESTIONS ON ENTANGLED LINEAR ORDERS 5

Finally, let us provide a proof of the following proposition from [29, Section 1]
that provides a criterion to show that a set E ⊆ R is (2ℵ0 , n)-entangled.

Proposition 2.7. Let E ⊆ R be a set of cardinality 2ℵ0 . Assume that there exists
an enumeration 〈rα | α < 2ℵ0〉 of E such that, for every continuous function f from a
G� subset of Rn–1 to R, there exists an α < 2ℵ0 with

f
[
{r� | � < �}n–1] ∩ E ⊆ {r� | � < �}, (1)

for all � ≥ α. Then E is (2ℵ0 , n)-entangled.

Lemma 2.8. Let E be a (2ℵ0 , n)-entangled set of reals, for some n > 0, and let
g : F → E be a function with F being a subset ofEn of cardinality 2ℵ0 whose elements
are 1–1 and pairwise disjoint. If g has 2ℵ0 -many discontinuity points, then any t ∈ n+12
is realized by two distinct x, y ∈ graph(g).

Proof. Let us assume without loss of generality that E ⊆ [0, 1], and let
G ⊆ [0, 1]n+1 be the closure of the graph of the map g.

It follows from the compactness of the unit interval that for every u ∈ F , u
is a continuity point of g if and only if |Gu | = 1 or, equivalently, Gu = {g(u)},
where Gu := {y ∈ [0, 1] | u�y ∈ G}. We conclude from our hypothesis that there
are 2ℵ0 -many u ∈ F with |Gu | > 1. Therefore, there must be a rational q ∈ Q and a
subsetD ⊆ F of cardinality 2ℵ0 such that, for every u ∈ D, there are a, b ∈ Gu with
a < q < b.

Fix some t ∈ n+12 and assume without loss of generality that t(n) = 0. By
entangledness, there are u, v ∈ D such that t(u, v) = t � n. Then, by definition
of D, we can pick x, y ∈ F sufficiently close to u and v, respectively, such that
g(x) < q < g(y) and t(x, y) = t(u, v) = t � n. Therefore, x�g(x) and y�g(y)
realize t. �

Proof of Proposition 2.7. We prove the proposition by induction on n > 0.
The base case n = 1 follows from the fact that E has cardinality 2ℵ0 . Suppose that
n > 1 and fix an enumeration 〈rα | α < 2ℵ0〉 of E that satisfies the hypothesis of the
proposition. By the induction hypothesis, E is (2ℵ0 , n – 1)-entangled.

Fix a collection F of 2ℵ0 -many 1–1 pairwise disjoint n-tuples of elements of E. By
passing to a subset of F, we can assume without loss of generality that all the tuples
of F are increasing with respect to the fixed enumeration of E.

Suppose, towards a contradiction, that F, seen as a function from a subset of
En–1 to E, has less than 2ℵ0 -many discontinuity points. Then, passing to a subset if
necessary, we can suppose that F is continuous. By Kuratowski’s extension theorem
[20, Theorem 3.8], there exists a continuous map f̃ from a G� subset of Rn–1 to
R that extends F. Since F has cardinality 2ℵ0 , and its elements are increasing with
respect to the fixed enumeration of E, we conclude that for cofinally many � < 2ℵ0 ,
the set f̃[{r� | � < �}n–1] ∩ E is not included in {r� | � < �}, against (1). Hence the
contradiction.

Therefore, F has 2ℵ0 -discontinuity points. But then, by the (2ℵ0 , n – 1)-
entangledness of E and Lemma 2.8, we conclude that every t ∈ n2 is realized
by a pair of elements of F. Thus, E is (2ℵ0 , n)-entangled. �
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6 RAPHAËL CARROY, MAXWELL LEVINE, AND LORENZO NOTARO

§3. Separating n-entangledness. Theorem A is a direct consequence of the
following theorem. Recall that cov(B) is the least cardinal κ such that a perfect
Polish space (it does not matter which) can be expressed as the union of κ-many
meager sets.

Theorem 3.1. Assume cov(B) = 2ℵ0 . Then, for every n > 1, there exists a (2ℵ0 , n)-
entangled set of reals which is not (2ℵ0 , n + 1)-entangled.

Lemma 3.2. For every n > 1, there exists a countable setD ⊆ Rn+1 of 1–1 mutually
disjoint (n + 1)-tuples of reals such that:

(1) D avoids the increasing type.
(2) For every nonempty open U ⊆ Rn, for every i < n, there are two disjoint
e, e′ ∈ D such that:
(2a) t(e, e′) = 〈0〉i�〈1〉�〈0〉n–i .
(2b) e � n and e′ � n belong to U.
(2c) There are two disjoint w,w′ ∈ U that realize the increasing type and such

that wj = ej and w′
j = e′j for all j < n with j �= i .

Proof. We define by induction a sequence 〈(r0k, r1k) | k ∈ �〉of couples of (n + 1)-
tuples of reals such that the set D = {rik | k ∈ � and i ∈ 2} satisfies the desired
properties.

Fix an enumeration 〈Uk | k ∈ �〉 of a countable basis of Rn. Fix also a surjective
map k �→ 〈(k)0, (k)1〉 from � to � × n.

Now we deal with the inductive construction of the sequence. Suppose we have
defined (r0m, r

1
m) for every m < k, towards defining (r0k, r

1
k), with the induction

hypothesis being thatDk := {rim | m < k and i ∈ 2} is a set of 1–1 mutually disjoint
(n + 1)-tuples that avoids the increasing type.

For each n-tuple s of reals, let

uk(s) := min{x ∈ R | ∃w ∈ Dk (t(s, w � n) = 〈1〉n and wn = x)}
lk(s) := max{x ∈ R | ∃w ∈ Dk (t(s, w � n) = 〈0〉n and wn = x)},

where we use the convention that min ∅ = +∞ and max ∅ =– ∞.

Claim 3.2.1. lk(s) < uk(s) for every s.

Proof. If there is no w ∈ Dk such that t(s, w � n) = 〈1〉n the claim trivially
follows, and similarly if there is no w′ ∈ Dk such that t(s, w′ � n) = 〈0〉n. So we can
assume that such w and w′ exist and fix them. Clearly, w �= w′ and t(w � n,w′ �
n) = 〈0〉n. By the induction hypothesis, w and w′ do not realize the increasing type.
Thus, we must have w′

n < wn. It directly follows from the definition of u and l that
lk(s) < uk(s). �

Since Dk is finite, we can pick two 1–1 disjoint tuples p, q ∈ U(k)0
such that:

(a) (ran(p) ∪ ran(q)) ∩
⋃
w∈Dk ran(w) = ∅.

(b) t(p, q) = 〈0〉(k)1 �〈1〉�〈0〉n–1–(k)1 .
(c) lk(p) = lk(q) and uk(p) = uk(q).
(d) Letting p̃, q̃ ∈ Rn be such that p̃j = pj and q̃j = qj for all j �= (k)1 and
p̃(k)1

= q(k)1
and q̃(k)1

= p(k)1
, we have p̃, q̃ ∈ U(k)0

.
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SOME QUESTIONS ON ENTANGLED LINEAR ORDERS 7

Indeed, by the finitude of Dk , we can always find a nonempty open set V ⊆ U(k)0

such that ran(s) ∩
⋃
w∈Dk ran(w) = ∅ for all s ∈ V ; furthermore, to satisfy (c) and

(d) we just need to choose, inU(k)0
, p and q so that they are close enough (e.g., with

respect to the Euclidean metric on Rn); thus, any two 1–1, disjoint, close enough p
and q realizing 〈0〉(k)1 �〈1〉�〈0〉n–1–(k)1 taken inside V will satisfy (a)–(d).

Again by the finitude ofDk , we can pickx, y ∈ (lk(p), uk(p)) withx < y such that
x, y �∈

⋃
w∈Dk ran(w) ∪ ran(p) ∪ ran(q). Set r0k = p�〈x〉 and r1k = q�〈y〉. Clearly,

r0k and r1k realize 〈0〉(k)1 �〈1〉�〈0〉n–(k)1 .
It follows from the choices of p, q, x, y thatDk+1 = Dk ∪ {r0k, r1k} is still a set of 1–

1 mutually disjoint (n + 1)-tuples that avoids the increasing type, and (d) guarantees
that p̃ and q̃ are in U(k)0

and realize the increasing type, thus ensuring (2c). This
finishes the inductive construction. It is straightforward to check that the set D as
defined satisfies the desired properties.

Proof of Theorem 3.1. Fix a set D of (n + 1)-tuples that satisfies the statement
of Lemma 3.2. Fix also an enumeration 〈fα | α < 2ℵ0〉 of the continuous functions
from G� subsets of Rn–1 to R. We can assume that f0(s) = s0 for every s ∈ Rn–1.

We define inductively a sequence 〈rα | α < 2ℵ0〉 of 1–1 mutually disjoint (n + 1)-
tuples of reals that avoids the increasing type, but such that the set E :=⋃
α<2ℵ0 ran(rα) is (2ℵ0 , n)-entangled. In particular, E is a (2ℵ0 , n)-entangled set

of reals which is not (2ℵ0 , n + 1)-entangled.
Suppose we have defined r� for every� < α towards defining rα , with the induction

hypothesis being that the set

Pα := D ∪ {r� | � < α}

is a set of 1–1 mutually disjoint (n + 1)-tuples that avoids the increasing type (for
the base case α = 0, this is guaranteed by Lemma 3.2). Let

Qα :=
⋃
w∈Pα

ran(w),

and

Aα :=
{
s ∈ Rn | ∃i < n ∃� ≤ α ∃u ∈ (Qα ∪ ran(s � i))n–1

such that si = f�(u)
}
.

Furthermore, for each s ∈ Rn let

uα(s) := inf{x ∈ R | ∃w ∈ Pα (t(s, w � n) = 〈1〉n and wn = x)},

lα(s) := sup{x ∈ R | ∃w ∈ Pα (t(s, w � n) = 〈0〉n and wn = x)}.

By an argument analogous to the one used in Claim 3.2.1, we can show that
lα(s) ≤ uα(s) for every s ∈ Rn. Next, we prove the following two claims, the second
of which is key.

Claim 3.2.2. Aα is the union of <2ℵ0 -many nowhere dense sets.
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8 RAPHAËL CARROY, MAXWELL LEVINE, AND LORENZO NOTARO

Proof. Consider the following map:

g : Rn × (Qα ∪ n)n–1 −→ Rn–1

(s, c) �−→ w, where wi :=

{
ci if ci ∈ Qα,
sj if ci = j < n.

Clearly, for any fixed c ∈ (Qα ∪ n)n–1, the map g(·, c) : Rn → Rn–1 is continuous.
It suffices to show that given any fixed i < n, � < α, and c ∈ (Qα ∪ i)n–1, the set of
all those s ∈ Rn such that si = f� ◦ g(s, c) is nowhere dense. But this is a direct
consequence of the continuity of f� and of g(·, c). �

Claim 3.2.3. There exists an s ∈ Rn \ Aα and an x ∈ R such that

(1) lα(s) ≤ x ≤ uα(s).
(2) For all u ∈ (Qα ∪ ran(s))n–1, for all � ≤ α, f�(u) �= x.

Proof. If there were an s ∈ Rn \ Aα such that lα(s) < uα(s) we would be done.
Indeed, since there are only <2ℵ0 -many possible u ∈ (Qα ∪ ran(s))n–1 and � ≤ α,
there would certainly be an x ∈ (lα(s), uα(s)) satisfying (2). Thus, we need to deal
with the case in which lα(s) = uα(s) for every s ∈ Rn \ Aα .

Towards a contradiction, suppose that for every s ∈ Rn \ Aα there exists a
u ∈ (Qα ∪ ran(s))n–1 and a � ≤ α such that lα(s) = uα(s) = f�(u). Consider the
map g defined in Claim 3.2.2. Then, another way of stating our (absurd) assumption
is that for every s ∈ Rn \ Aα there exists a cs ∈ (Qα ∪ n)n–1 and a �s ≤ α such that
lα(s) = uα(s) = f�s ◦ g(s, cs).

Since we are assuming cov(B) = 2ℵ0 , and since, by Claim 3.2.2, Aα is the union
of <2ℵ0 -many nowhere dense sets, it follows that there must exist a nonempty open
set U, a � ≤ α, and a c ∈ (Qα ∪ n)n–1 such that U is included in the closure of the
set

R := {s ∈ Rn \ Aα | (�s , cs) = (�, c)}.

Now, since c has length n – 1, there is an i < n such that i �∈ ran(c). Fix one such
i and fix e, e′ in D that satisfy (2a)–(2c) of Lemma 3.2 for U and i. Let w,w′ witness
(2c) for e, e′.

For every s, s ′ ∈ R such that t(s, e � n) = 〈1〉n and t(s ′, e′ � n) = 〈0〉n, we have
uα(s) ≤ en and lα(s ′) ≥ e′n. Thus,

f� ◦ g(s, c) = uα(s) ≤ en < e′n ≤ lα(s ′) = f� ◦ g(s ′, c).

Note that the value of f� ◦ g(s, c) does not depend on the i-th element of s, since
i �∈ ran(c). Therefore, by continuity of f� and by the density of R in U, we can find
z, z ′ ∈ R ∩U close enough to w and w′, respectively, such that

(a) t(z, z ′) = 〈0〉n;
(b) f� ◦ g(z, c) ≤ en;
(c) f� ◦ g(z ′, c) ≥ e′n.
By density of {a � n | a ∈ D} inRn, there must be a, a′ ∈ D (with a � n and a′ � n

close enough to z and z ′, respectively) with a � n and a′ � n in U such that
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SOME QUESTIONS ON ENTANGLED LINEAR ORDERS 9

(i) t(a � n, a′ � n) = 〈0〉n;
(ii) t(z, a � n) = 〈0〉n;

(iii) t(z ′, a′ � n) = 〈1〉n.
In particular, an ≤ lα(z) = f� ◦ g(z, c) and a′n ≥ uα(z ′) = f� ◦ g(z ′, c). Since
f� ◦ g(z, c) < f� ◦ g(z ′, c), we conclude an < a′n. But then a and a′ realize the
increasing type. In particular, we have found two distinct elements of D that realize
the increasing type, contradiction. �

Fix an s ∈ Rn \ Aα and an x satisfying the statement of our claim, and set
rα = s�〈x〉.

It remains to prove that the inductive hypothesis is still satisfied, i.e., that
D ∪ {r� | � ≤ α} is a set of 1–1 mutually disjoint (n + 1)-tuples that avoids the
increasing type.

Claim 3.2.4. rα is 1–1.

Proof. By construction, rα � n �∈ Aα . In particular, we have that
rα,i �= f0(〈rα,j〉n–1) = rα,j for all j < i < n. Moreover, by (2) of Claim 3.2.3, we
know that rα,n �= f0(〈rα,i〉n–1) = rα,i for all i < n. Thus, rα is 1–1. �

Claim 3.2.5. For all r ∈ Pα , r and rα are disjoint.

Proof. Fix some r ∈ Pα . The argument is analogous to the one of the previous
claim. Since rα � n �∈ Aα , we know that f0(〈ri〉n–1) = ri �∈ ran(rα � n) for every
i ≤ n. In other words, we know that ran(rα � n) ∩ ran(r) = ∅. Moreover, by (2) of
Claim 3.2.3, we can also conclude that rα,n �∈ ran(r). Thus, r and rα are disjoint. �

Claim 3.2.6. For all r ∈ Pα , r and rα do not realize the increasing type.

Proof. Fix r ∈ Pα . If r � n and rα � n do not realize the increasing type, then a
fortiori r and rα do not. So we can assume that r � n and rα � n realize the increasing
type. For the sake of simplicity, let us assume t(r � n, rα � n) = 〈0〉n (the other case
is analogous).

It follows that uα(rα � n) ≤ rn. By (1) of Claim 3.2.3, we know that
rα,n ≤ uα(rα � n). Thus, given that rα,n �= rn by Claim 3.2.5, we conclude that
rα,n < rn. In particular, t(r, rα) = 〈0〉n�〈1〉, which is clearly different from the
increasing type. �

This ends the inductive definition. The set E is not (2ℵ0 , n + 1)-entangled, since
{rα | α < 2ℵ0} is a collection of size 2ℵ0 of 1–1 mutually disjoint (n + 1)-tuples of
E that avoids the increasing type. Now note that if we order 2ℵ0 × (n + 1) with the
lexicographic ordering, then the enumeration 〈rα,i | α < 2ℵ0 , i ≤ n〉 of E satisfies the
hypothesis of Proposition 2.7 by construction, and hence E is (2ℵ0 , n)-entangled.

Remark 3.3. Actually, a slight modification of the argument of Theorem 3.1
yields the following: if cov(B) = 2ℵ0 , then, for every n > 1 and for every cardinal
κ ≤ 2ℵ0 with cf(κ) = cf(2ℵ0), there exists a (κ, n)-entangled set of reals which is not
(κ, n + 1)-entangled.

Question 3.4. Is the hypothesis cov(B) = 2ℵ0 necessary in Theorem 3.1?
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10 RAPHAËL CARROY, MAXWELL LEVINE, AND LORENZO NOTARO

Question 3.5. Let n ≥ 2. Can there be an n-entangled set but no (n + 1)-entangled
sets?5

§4. Entangledness is not a topological property. This section is devoted to the
proof of Theorem 4.1 and Lemma 4.3, from which Theorem B directly follows.

Given two distinct x, y ∈ �2, we let Δ(x, y) be the least n ∈ � such that
x(n) �= y(n). A subset S ⊆ �2 is monochromatic if the parity of Δ(x, y) is the same
for all distinct x, y ∈ S.

The cardinal invariant hm, introduced in [13], is defined as the least cardinality of
a family of monochromatic sets that cover �2. A peculiar property of hm is that it
cannot fall far behind the continuum, as hm+ ≥ 2ℵ0—we refer the reader to [12, 16]
for more on this cardinal invariant.

Regarding the statement of the next theorem, note that proving the existence of
an entangled set of reals with a nontrivial autohomeomorphism is somewhat trivial:
you can simply take an entangled set of reals and add two isolated points to it; it
is still entangled and has a nontrivial autohomeomorphism, the one that simply
swaps the two isolated points. It becomes less trivial if we ask our entangled set to
be sufficiently crowded. Recall that a set A ⊆ R is said to be κ-crowded, for some
infinite cardinal κ, if |U ∩ A| ≥ κ for every open subset U ⊆ R with U ∩ A �= ∅.

Theorem 4.1. Assume hm = 2ℵ0 . Then, there exists a 2ℵ0 -crowded, 2ℵ0 -entangled
set of reals with a nontrivial autohomeomorphism.

Given a setA ⊆ X × Y , we denote by ProjX [A] the canonical projection of A onto
X. Moreover, given some x ∈ X , we denote by Ax the set {y ∈ Y | (x, y) ∈ A}. If
A ⊆ Xn, then we simply write Projk(A), with k ≤ n, instead of ProjXk (A).

The following lemma plays a role similar to that of Kuratowski’s extension
theorem in the proof of Proposition 2.7.

Lemma 4.2. Given a Polish space X and a set A ⊆ X × �2 such that A is closed in
ProjX [A] × �2 and, for all x ∈ X , Ax is monochromatic, then there exists a G� set Ã
such that A ⊆ Ã ⊆ cl(A) and, for all x ∈ X , Ãx is monochromatic.

Proof. Consider the setD = {x ∈ X | cl(A)x is monochromatic}. We claim that
D is G� . Indeed, if we let S0 and S1 be the sets of all s ∈ <�2 of even length and odd
length, respectively, then, for all x ∈ X , the following holds:

x ∈ D ⇐⇒ ∀s ∈ S0 (cl(A)x ∩Ns�0 = ∅ or cl(A)x ∩Ns�1 = ∅) or

∀s ∈ S1 (cl(A)x ∩Ns�0 = ∅ or cl(A)x ∩Ns�1 = ∅).

Here,Ns is the standard open set of the Cantor space induced by s—i.e., the set of all
the infinite binary sequences extending s. Using the sequential compactness of the
Cantor space, an easy argument shows that the set of x’s such that cl(A)x ∩Ns = ∅
is open for every s. Therefore we conclude that D is G� .

Now simply let Ã = cl(A) ∩ (D × �2). It is clearly G� . Since we assumed A
to be closed in ProjX [A] × �2, we clearly have Ax = cl(A)x for all x ∈ ProjX [A].
Furthermore, since Ax is assumed to be monochromatic for all x, we conclude that
ProjX [A] ⊆ D. In particular, A ⊆ Ã. �

5A few weeks after our preprint was made public, a positive answer was given by Cruz [6].
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SOME QUESTIONS ON ENTANGLED LINEAR ORDERS 11

Proof of Theorem 4.1. We work with the Cantor space �2, which we consider
endowed with the lexicographic ordering. Note that the order-topology of the
lexicographic ordering coincides with the standard topology of the Cantor space.

Consider the map s2 : �2 → �2 defined by: for every x ∈ �2 and n ∈ �,

s2(x)(n) =

{
x(n) + 1 mod 2 if n mod 2 = 0,
x(n) otherwise.

Note that a set A ⊆ �2 is monochromatic if and only if s2 � A is monotone.
We want to define a 2ℵ0 -crowded and 2ℵ0 -entangled set E ⊆ �2 which is closed

under the map s2. If we manage to do such a construction we are done, as the map
s2 � E would be a nontrivial autohomeomorphism of E.

To ensure crowdedness, fix a surjective map 	 : 2ℵ0 → � with |	–1(n)| = 2ℵ0 for
every n ∈ � and fix also an enumeration 〈In | n ∈ �〉 of the basic open sets of �2.
Finally, fix an enumeration 〈Hnα | n > 0 and α < 2ℵ0〉 of the G� sets H ⊆ (�2)n+1

such thatHx is monochromatic for all x ∈ (�2)n. We can suppose for simplicity that
H 1

0 = {(x, x) | x ∈ �2} ∪ {(x, s2(x)) | x ∈ �2}.
Now we define inductively a sequence 〈xα | α < 2ℵ0〉 of elements of �2 as follows:

suppose we have defined the x� ’s for all � < α, then we pick xα inside I	(α) and
outside the set⋃{

(Hn� )x | n > 0 and � < α and x ∈ {x� | � < α}n
}
. (2)

Note that the set in (1), being the union of less than 2ℵ0 -many monochromatic sets,
does not cover I	(α), since we are assuming hm = 2ℵ0 .

Let E = {xα | α < 2ℵ0} ∪ {s2(xα) | α < 2ℵ0}. Clearly, E is 2ℵ0 -crowded. We are
left to prove that E is 2ℵ0 -entangled.

To each pair (α, i) in 2ℵ0 × 2, we associate the real rα,i which is xα if i = 0 and
s2(xα) if i = 1. Note that the map (α, i) �→ rα,i is a bijection between 2ℵ0 × 2 and E.

Claim 4.2.1. E is 2ℵ0 -entangled.

Proof. We prove that E is (2ℵ0 , n)-entangled for every n > 0 by induction on n.
The base case n = 1 is trivial, hence we assume that E is (2ℵ0 , n)-entangled and fix
a set F of 1–1, mutually disjoint (n + 1)-tuples of elements of E with |F | = 2ℵ0 and
a t ∈ n+12 towards showing that t is realized by two elements of F.

Seeing F as a set of (n + 1)-tuples of elements of 2ℵ0 × 2, we can also assume
without loss of generality that the (n + 1)-tuples of F are increasing with respect to
the lexicographic ordering on 2ℵ0 × 2. We want to find two elements of F realizing t.

Suppose first that there exists a subset F ′ ⊆ F of size 2ℵ0 such that for all r ∈ F ′

there is a � and an (n – 1)-tuple s such that r = s�(x�, s2(x�)). Fix one such F ′.
We divide the argument in two cases, depending on whether n = 1:

n = 1: We claim that Proj1[F ′] is not monochromatic. Indeed, suppose towards
a contradiction that it is. Then, there exists an α such that H 1

α =
�2 × cl(Proj1[F ′]). By construction, x� �∈ Proj1[F ′] for all � > α, which
contradicts F ′ having cardinality 2ℵ0 . Hence, Proj1[F ′] is not monochro-
matic, or, equivalently, s2 � Proj1[F ′] = F ′ is not monotone. Hence, every
t ∈ 22 is realized by two elements of F ′, as we wanted to show.
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12 RAPHAËL CARROY, MAXWELL LEVINE, AND LORENZO NOTARO

n > 1: Denote by J the closure of Projn[F
′]. Let D be the set of all those

x ∈ Projn–1[F ′] such that Jx is monochromatic. Suppose towards a
contradiction that |D| = 2ℵ0 . By Lemma 4.2, there exists an α such that
Hn–1
α ⊇ J ∩ (D × �2). Now pick some n-tuple s�x� ∈ Projn[F

′] with � >
α and s ∈ D—it exists because we are assuming |D| = 2ℵ0 . In particular,
x� ∈ (Hn–1

α )s , sinceHn–1
α ⊇ J ∩ (D × �2) ⊇ Projn[F

′] ∩ (D × �2). But as
α < � , it follows directly from our construction that x� �∈ (Hn–1

α )s , hence
the contradiction.

Thus, |D| < 2ℵ0 . In particular, there exists a set B ⊆ Projn–1[F ′] of size
2ℵ0 such that Jx is not monochromatic for all x ∈ B . We can assume
without loss of generality that t is either equal to u�〈0, 0〉 or to u�〈1, 0〉
for some binary (n – 1)-tuple u. If t = u�〈0, 0〉 (resp. u�〈1, 0〉), then let
C ⊆ B be such that |C | = 2ℵ0 and, for some finite binary sequence v of odd
(resp. even) length, Jx has nonempty intersection with bothNv�0 andNv�1
for all x ∈ C . By the induction hypothesis, E is (2ℵ0 , n – 1)-entangled.
Hence, there are two distinct elements w, z ∈ C such that t(w, z) = u.
Since Jw and Jz have nonempty intersection with bothNv�0 andNv�1, we
can find x, y ∈ F ′, with x � (n – 1) and y � (n – 1) sufficiently close to w
and z respectively, such that:
(1) t(x � (n – 1), y � (n – 1)) = u;
(2) if t = u�〈0, 0〉, then x(n – 1) ∈ Nv�0 and y(n – 1) ∈ Nv�1; otherwise

(i.e., if t = u�〈1, 0〉), x(n – 1) ∈ Nv�1 and y(n – 1) ∈ Nv�0.
By the way we chose F ′, we conclude that t(x, y) = t.

Now suppose that there is no such F ′. This case is dealt with as in the standard
construction of an entangled set. It follows from our hypothesis that there are
2ℵ0 -many r ∈ F for which there is a � and some n-tuple s ∈ {x�, s2(x�) | � < �}n
such that r is either s�x� or s�s2(x�). We just consider the case in which there exists
a subset F ′′ ⊆ F of size 2ℵ0 such that, for all r ∈ F ′′, r = s�s2(x�) for some � and
s ∈ {x� | � < �}n, as the other cases are analogous. Let us consider F ′′ as a map
from (�2)n to �2, and assume towards a contradiction that it has less than 2ℵ0 -
many discontinuity points. Then, by restricting it if necessary, we can suppose that
F ′′ is continuous. By Lemma 4.2 (or directly by Kuratowski’s extension theorem)
there is an α such that s–1

2 ◦ F ′′ ⊆ Hnα . Since F ′′ has cardinality 2ℵ0 , there is a � with
α < � and an s ∈ {x� | � < �}n such that s�s2(x�) ∈ F ′′ and, a fortiori, s�x� ∈ Hnα .
But by construction x� �∈ (Hnα )s , hence the contradiction. Thus, F ′′ has 2ℵ0 -many
discontinuity points. Since, by induction hypothesis, E is (2ℵ0 , n)-entangled, we
conclude by Lemma 2.8 that t is realized by two elements of F ′′ ⊆ F . �

This finishes the proof. �
Theorem B follows directly from Theorem 4.1 together with the following fact.

Lemma 4.3. Suppose that there exists a κ-crowded, κ-entangled set of reals with a
nontrivial autohomeomorphism. Then, there are two homeomorphic sets of reals A,B
such that A is κ-entangled but B is not (κ, 2)-entangled.

Proof. Fix a κ-crowded, κ-entangled E ⊆ R and a nontrivial autohomeomor-
phism h : E → E. In particular there exist two nonempty disjoint open intervals
I, J such that |E ∩ I | = |E ∩ J | = κ and h[E ∩ I ] = E ∩ J . Fix a nonempty open
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SOME QUESTIONS ON ENTANGLED LINEAR ORDERS 13

interval W disjoint from both I and J, and fix an increasing homeomorphism
f : J →W .

LetA = E ∩ (I ∪ J ) andB = (E ∩ J ) ∪ f[E ∩ J ]. The set A, being a subset of E
of cardinality κ, is κ-entangled. The set B, on the other hand, is not (κ, 2)-entangled,
as witnessed by the increasing map f. Consider the following map:

ϕ : A −→ B

x �−→
{
h(x) if x ∈ I,
f(x) otherwise.

The map ϕ is a homeomorphism by disjointness of I and J, and so we are done. �

Remark 4.4. As for Theorem 3.1, a slight modification of the argument of
Theorem 4.1 yields the following: if hm = 2ℵ0 , then, for every n > 1 and for every
cardinal κ ≤ 2ℵ0 with cf(κ) = cf(2ℵ0 ), there exists a κ-crowded, κ-entangled set of
reals with a nontrivial autohomeomorphism.

Question 4.5. Is hm = 2ℵ0 necessary in Theorem 4.1?

Question 4.6. Does it follow from CH that there exists an entangled set that is
homogeneous as a topological space?

§5. Definable entangled sets. In this section we prove Theorem C. Let us first
observe that Theorem C is, arguably, optimal, since no analytic set can be 2-
entangled. Indeed, 2-entangled sets do not satisfy the perfect set property.

Proposition 5.1. No 2-entangled set of reals contains an uncountable closed set.

Proof. It suffices to show that no closed set of reals is 2-entangled. Fix a closed
uncountable C ⊆ R, and fix a countableD ⊂ C which is (topologically) dense in C
and such that D is unbounded and dense as a linear order. By Cantor’s isomorphism
theorem, there exists a decreasing map f : D → D, and, by the closure of C, f can
be extended to a decreasing map from C to C. Therefore, C is not 2-entangled. �

Corollary 5.2. No analytic set of reals is 2-entangled.

Proof. Analytic sets satisfy the perfect set property—i.e., every uncountable
analytic set contains an uncountable closed set. �

In what follows we employ the notation of [19, Section 13]. Any real x ∈ ��
encodes the binary relationRx = {〈m, k〉 | x(⟪m, k⟫) = 0} on�, where ⟪·, ·⟫ : � ×
� → � is a recursive bijection, and consequently it also encodes the structure

Mx = 〈�,Rx〉

for the language of set theory. Also, each real x ∈ �� encodes the sequence of reals
〈(x)i | i ∈ �〉 defined by (x)i(j) = x(⟪i, j⟫) for each i, j ∈ �.

Theorem 5.3. Suppose that R ⊆ L. Then there exists a Π1
1 set of reals which is

entangled.

use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/jsl.2026.10210
Downloaded from https://www.cambridge.org/core. UNIVERSIDAD AUTONOMA METROPOLITANA, on 15 Nov 2026 at 23:17:39, subject to the Cambridge Core terms of

https://www.cambridge.org/core/terms
https://doi.org/10.1017/jsl.2026.10210
https://www.cambridge.org/core


14 RAPHAËL CARROY, MAXWELL LEVINE, AND LORENZO NOTARO

Proof. Assume that R ⊆ L and denote by <L the canonical well-ordering of L.
Consider the set A of all the countable admissible6 ordinals α such that Lα � “Every
set is countable.” Note that A is unbounded in �L

1 = �1. The idea is to get a Π1
1 set

of unique codes for the structures 〈Lα,∈〉 with α ∈ A (c.f. [19, Theorem 13.12]).
Consider the setE ⊆ �� of all reals x that satisfy the conjunction of the following

formulae:

(1) M(x)0
is well-founded and extensional andM(x)0

∼= 〈Lα,∈〉 for some α ∈ A.
(2) For every i ∈ �, M(x)i+1

is well-founded and extensional and M(x)i+1
∼=

〈L�i+1 ,∈〉, with �i+1 being the least limit � < �1 such that (x)i ∈ L� .
(3) For every i ∈ �, for every z ∈ �� ∩ L�i+1 , if L�i+1 � “z <L (x)i ,” then
Mz �∼=M(x)i .

By rewriting (1)–(3) in the language of second-order arithmetic, we find that the
set E is Π1

1—again, see [19, Theorem 13.12]. For each x ∈ E, let αx be such that
M(x)0

∼= 〈Lαx ,∈〉.
Claim 5.3.1. For each x ∈ E, x �∈ Lαx .

Proof. Suppose towards a contradiction that x ∈ Lαx . Since M(x)0
is well-

founded and extensional, a fortiori Lαx � “M(x)0
is well-founded and extensional.”

But then, since αx is admissible, the transitive collapse ofM(x)0
also belongs to Lαx .

Since the transitive collapse ofM(x)0
is Lαx , we have reached a contradiction. �

Note that for each α ∈ A, there exists exactly one x ∈ E with αx = α. Moreover,
note that, for each � > α with � ∈ A, the (unique) real x ∈ E with αx = α can
already be found in L�—this is where we use that L� � “Every set is countable,” to
ensure that Lα is countable in L� .

Claim 5.3.2. E is entangled.

Proof. Since for every α ∈ A there exists a unique x ∈ E with αx = α, the well-
order on A naturally induces a well-order on E. More precisely, let 〈α� | � < �1〉 be
the increasing enumeration of A, and let 〈x� | � < �1〉 be the enumeration of E such
that αx� = α� for every � < �1.

It suffices to show that for every continuous map f from a G� subset of Rk into R

(for some k ∈ �), there exists a � < �1 such that, for all � ≥ �,
f

[
{x
 | 
 < �}k

]
∩ E ⊆ {x
 | 
 < �}, (3)

as then it follows from Proposition 2.7 that E is entangled.
Pick a continuous map f from aG� subset ofRk intoR (for some k ∈ �). The map

f is coded by some real f̄ ∈ R. Let � < �1 be large enough so that f̄ ∈ Lα�—here
we are using the hypothesis R ⊆ L. Now pick some � > � ≥ � and some s ∈ {x
 |

 < �}k . Since both f̄ and s belong to Lα� , it follows that f(s) also belong to Lα� .
But then, since by Claim 5.3.1 x� �∈ Lα� , it follows f(s) �= x�. Thus, (1) holds. �

This finishes the proof. �

6An ordinal α is admissible if Lα is a model of KP. We just need that Lα is a model of a sufficiently
large fragment of ZFC.
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SOME QUESTIONS ON ENTANGLED LINEAR ORDERS 15

§6. A 2-entangled non-separable linear order. In this section we prove Theorem D.
As we already noted in the introduction, every 2-entangled non-separable linear
order is, in particular, a Suslin line. It is well-known that the existence of a Suslin
line follows from ♦ (e.g., [8, 22]). We show that from the same hypothesis we can
construct a 2-entangled Suslin line. Recall that the existence of a 2-entangled Suslin
line is already known to be consistent by a forcing argument due to Krueger [21].

Recall that a partial order (T,≤) is a tree (in the order-theoretic sense) if for
every x ∈ T , the set of the predecessors of x—i.e., the set {y ∈ T | y ≤ x}—is well-
ordered with respect to ≤. Given a node x ∈ T , the height of x is the order type of
{y ∈ T | y < x}. For every tree (T,≤) and ordinal α, we let Levα(T,≤) be the set
of all the nodes x ∈ T of height α.

Theorem 6.1. Suppose that♦ holds. Then, there exists a 2-entangled non-separable
linear order.

Proof. The construction is similar to the classical construction of a Suslin line
under ♦. We define a tree ordering � on �1 × � with Levα(�1 × �,�) = {α} × �
for every α. For every x = (α, k) ∈ �1 × �, we denote α (resp. k) by ht(x) (resp.
n(x)). Moreover, given x, y ∈ �1 × �, we write x�y (resp. x ⊥ y) when x and y
are comparable (resp. incomparable) with respect to �.

We want to define the tree (�1 × �,�) such that the following lexicographic-like
linearization of � is 2-entangled and non-separable: for all x, y ∈ �1 × �,

x � y if either x�y or
(
x ⊥ y and

n(min{z � x | z �� y}) > n(min{z � y | z �� x})
)
,

where the minimum is taken with respect to �. From now on, the minima and
maxima between nodes of our tree are taken with respect to �.

We now introduce a useful binary relation induced by �: given x, y ∈ �1 × �,
we let x ≺+ y if x � y and x ⊥ y. The following straightforward observations are
often implicitly used afterward: if x ≺+ y, then z ≺+ y for all z � x; moreover, if
y � x, then y � z for all z � x.

For the sake of clarity, we denote by Lα the set {α} × � for each α. Fix a
♦-sequence 〈Aα | α < �1〉. Fix also a bijection 	 : �1 → (�1 × �)2. We define �

inductively such that:

(1) � is a tree ordering on �1 × � and Levα(�1 × �,�) = Lα for every α < �1;
(2) for every n and α < �1, there are infinitely many m’s such that (α, n) � (α +

1, m);
(3) if � < α < �1 and x ∈ L� , then there is a y ∈ Lα with x � y;
(4) Suppose that α is limit and 	 : Aα ⊆ (α × �)2 is a map, denoted for clarity

by fα , which is maximal among the 1–1 and monotone maps f from a subset
of α × � to α × � such that f(x) �= x for all x ∈ dom(f). Then, for all
x, y ∈ (α + 1) × �, if either
(4a) ht(x) = ht(y) = α, or
(4b) ht(x) < α and ht(y) = α and x �∈ dom(fα), or
(4c) ht(x) = α and ht(y) < α and y �∈ ran(fα),
then the map fα ∪ {(x, y)} is not monotone.
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16 RAPHAËL CARROY, MAXWELL LEVINE, AND LORENZO NOTARO

In (4) and onward, monotonicity is always with respect to �. Suppose for the
moment that we have already defined � satisfying (1)–(4). We claim that the linear
order (�1 × �,�) is 2-entangled and non-separable.

Claim 6.1.1. (�1 × �,�) is non-separable.

Proof. Fix a countable D ⊆ �1 × �. Then, there is an α < �1 such that
D ⊆ α × �. By (2), we can pick x ∈ Lα and y ∈ Lα+1 with x � y. Then, the open
interval ]x, y[ in (�1 × �,�) is nonempty as, by (2) again, it contains infinitely many
elements of Lα+1. Moreover, it is straightforward that ]x, y[ ⊆ (�1 \ α) × �. Thus,
no element of D belongs to ]x, y[. We conclude that (�1 × �,�) is non-separable. �

Claim 6.1.2. (�1 × �,�) is 2-entangled.

Proof. Fix a 1–1 monotone map f : A→ �1 × �, with A ⊆ �1 × �, such that
f(x) �= x for all x ∈ A towards showing that A is countable.

Let f̃ be a maximal 1–1 and monotone extension of f such that f̃(x) �= x for all
x ∈ dom(f̃).

There is a clubC ⊆ �1 such that, for all α ∈ C , α × � is closed under both f̃ and
f̃–1 and f̃ � α × � is maximal among the maps from a subset of α × � to α × �
that satisfy the same relevant properties of f̃—that is, being 1–1, monotone, and
pointwise different from the identity. By the properties of the ♦-sequence there is
an α ∈ C with fα = f̃ � α × �. We claim that dom(f̃) ⊆ α × �, from which the
countability of A directly follows.

Suppose towards a contradiction that there exists some x ∈ dom(f̃) \ (α × �).
Fix one such x. Note that, since α × � is closed under f̃–1, we also have
f̃(x) �∈ α × �. Let x � α be the �-predecessor of x of height α, and define f̃(x) � α
analogously for f̃(x). By (4), the map (f̃ � α × �) ∪ {(x � α, f̃(x) � α)} is not
monotone.

It is straightforward that for every z, w ∈ �1 × � with ht(z) > ht(w), z ≺ w
if and only if z ≺+ w. Therefore, it follows directly from the useful observation
made after the definition of ≺+ and from (f̃ � α × �) ∪ {(x � α, f̃(x) � α)} not
being monotone that also (f̃ � α × �) ∪ {(x, f̃(x))} is not monotone, which is a
contradiction. �

We define � by induction on its levels. Suppose that we have defined � on α × �
so that (1)–(4) holds below α, towards extending � to (α + 1) × �.

We deal with the only nontrivial case: α is limit, and the hypotheses of (4)
are satisfied. Fix an increasing sequence (�m)m∈� of countable ordinals such that
supm �m = α and fix also an enumeration (bn)n∈� of α × �.

We define a family 〈znm | n,m ∈ �〉 of elements of α × � such that ht(znm) ≥ �m
and znm � znm+1 for every n,m ∈ �. Once we have defined this family, we extend � as
follows: for every x ∈ α × � and n ∈ �, we let x � (α, n) if x � znm for some m.

We describe how to define the znms and only then we show that this definition
works—that is, the resulting extension of � on (α + 1) × � still satisfies (1)–(4)
below α + 1.

Fix an n ∈ � and suppose that we have defined zkm for all k < n and all m, towards
defining znm for all m. Fix an enumeration (wm, im)m∈� of the set ((α × �) ∪ ({α} ×
n)) × 2.
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SOME QUESTIONS ON ENTANGLED LINEAR ORDERS 17

First let us define zn0 . Suppose first that there is no z ∈ dom(fα) ∪ ran(fα) such
that bn � z: in this case let zn0 be such that bn � zn0 and ht(zn0 ) = max(ht(bn), �0) +
2—we can find such zn0 by (3).

Now suppose that there is a z ∈ dom(fα) ∪ ran(fα) such that bn � z. Fix one
such z. Let z� = fα(z) if z ∈ dom(fα) and z� = f–1

α (z) otherwise. We need to
consider the following cases:

(i) z�z� and fα is increasing:
By the way we chose z and by case assumption, z, z�, and bn are all
�-compatible and, moreover, max(min(z, z�), bn) � max(z, z�). Let � =
ht(max(min(z, z�), bn)) + 1, and let i ∈ � be such that (�, i) � max(z, z�).
By (2), we can pick j > i such that max(min(z, z�), bn) � (�, j). By (3) we
can pick zn0 such that (�, j) � zn0 and ht(zn0 ) ≥ �0. In particular, we have
min(z, z�) ≺ zn0 ≺+ max(z, z�).

(ii) z�z� and fα is decreasing:
By (3) we can pick zn0 such that max(z, z�) � zn0 and ht(zn0 ) ≥ �0. In
particular, we have z, z� � zn0 .

(iii) z ≺+ z� and bn �� z� and fα is increasing:
By (3) we can pick zn0 such that z � zn0 and ht(zn0 ) ≥ �0. In particular, we
have z � zn0 ≺+ z�.

(iv) z� ≺+ z and bn �� z� and fα is increasing:
Let i ∈ � be such that (ht(bn) + 1, i) � z. By (2), we can fix some j > i
such that bn � (ht(bn) + 1, j). By (3), we can pick zn0 such that (ht(bn) +
1, j) � zn0 and ht(zn0 ) ≥ �0. In particular, we have z� ≺ zn0 ≺+ z.

(v) z ⊥ z� and bn � z, z� and fα is increasing:
By (3), we can pick zn0 such that min(z, z�) � zn0 and ht(zn0 ) ≥ �0. In
particular, we have min(z, z�) � zn0 ≺+ max(z, z�).

(vi) z ≺+ z� and bn �� z� and fα is decreasing:
Pick zn0 as in (iv). In particular, we have zn0 ≺+ z, z�.

(vii) z� ≺+ z and bn �� z� and fα is decreasing:
Pick zn0 as in (iii). In particular, we have z, z� � zn0 .

(viii) z ⊥ z� and bn � z, z� and fα is decreasing:
By (3), we can pick zn0 such that max(z, z�) � zn0 and ht(zn0 ) ≥ �0. In
particular, we have z, z� � zn0 .

Suppose that we have defined znm towards defining znm+1. If either im = 0 and
wm ∈ dom(fα), or im = 1 and wm ∈ ran(fα), then simply let znm+1 be such that
znm � znm+1 and ht(znm+1) ≥ �m+1—we can find such a znm+1 by (3).

Now assume that either im = 0 andwm �∈ dom(fα), or im = 1 andwm �∈ ran(fα).
If there is no z with znm � z such that z ∈ ran(fα) if im = 0 and z ∈ dom(fα) if
im = 1, then let znm+1 be such that znm � znm+1 and ht(znm+1) ≥ �m+1 and znm+1 �= wm.
Otherwise, fix one such z and let z� denote f–1

α (z) if im = 0, and fα(z) if im = 1.
Now we need to consider the following cases:

(a) fα is increasing and z� ≺ wm:
Let i ∈ � be such that (ht(znm) + 1, i) � z. By (2), there we can fix some j > i
such that znm � (ht(znm) + 1, j). By (3), we can pick znm+1 such that (ht(znm) +
1, j) � znm+1 and ht(znm+1) ≥ �m+1. In particular, we have znm+1 ≺+ z
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18 RAPHAËL CARROY, MAXWELL LEVINE, AND LORENZO NOTARO

(b) fα is decreasing and wm ≺ z�:
As in (a).

(c) fα is increasing and wm ≺ z�:
By (3), we can pick znm+1 such that z � znm+1 and ht(znm+1) ≥ �m+1.

(d) fα is decreasing and z� ≺ wm:
As in (c).

This ends the inductive definition of the znms. We are left to prove that (1)–(4) are
still satisfied below α + 1.

Since we chose the znms such that supm ht(znm) = supm �m = α for every n, we
conclude that Levα((α + 1) × �,�) = Lα—that is, (1) is satisfied.

Condition (2) trivially holds since it holds below α by the induction hypothesis,
and α is limit.

Moreover, since bn � zn0 � (α, n) for every n by choice of zn0 , (3) also holds—that
is, every element of α × � has an �-successor in Lα .

Finally, we need to check that (4) is satisfied. We prove it by induction in the
following sense: we suppose that for all x, y ∈ (α × �) ∪ ({α} × n) satisfying one
among (4a)–(4c), the mapfα ∪ {(x, y)} is not monotone, towards showing that the
same can be said for all x, y taken in (α × �) ∪ ({α} × (n + 1)).

We will check only some representative cases, as the other are analogous. From
now on we assume that fα is increasing.

Let us show that fα ∪ {((α, n), (α, n))} is not increasing. Suppose that there is a
z ∈ dom(fα) ∪ ran(fα) such that bn � z. Fix the z satisfying this property we chose
when defining zn0 —we assume for simplicity z ∈ dom(fα), as the case z ∈ ran(fα) is
analogous. Then, looking at the possible cases (i.e., (i) and (iii)–(v)), either zn0 ≺+ z
and fα(z) � zn0 , or zn0 ≺+ fα(z) and z � zn0 . In particular, since zn0 � (α, n), either
(α, n) ≺ z and fα(z) ≺ (α, n), or z ≺ (α, n) and (α, n) ≺ fα(z). In other words,
the pairs ((α, n), (α, n)) and (z, fα(z)) realize the type 〈1, 0〉.

Now suppose instead that there is no z ∈ dom(fα) ∪ ran(fα) such that bn � z.
By definition of zn0 and case assumption, we have ht(zn0 ) ≥ ht(bn) + 2. Therefore,
we can fix some t such that bn � t � zn0 . By case assumption, both t and zn0 do
not belong to dom(fα) ∪ ran(fα). By maximality of fα , we conclude that there
is an x ∈ dom(fα) such that (x,fα(x)) and (t, zn0 ) realize 〈1, 0〉. From the latter
observation and our case assumption, it follows that either t ≺+ x and fα(x) �
zn0 , or x � t and zn0 ≺+ fα(x). Since t � zn0 � (α, n), we conclude that the pairs
((α, n), (α, n)) and (x,fα(x)) realize the type 〈1, 0〉.

We have shown thatfα ∪ {((α, n), (α, n))} is not increasing. Now fix some k with
k < n and let us show thatfα ∪ {(α, k), (α, n)} is not increasing. Fix an m such that
wm = (α, k) and im = 0. Clearly wm = (α, k) �∈ dom(fα).

Suppose first that there is a z with znm � z such that z ∈ ran(fα). Fix the z
satisfying this property we chose when defining znm+1. Looking at the cases (a)
and (c) in the definition of znm+1, it is easy to see that either f–1

α (z) ≺ (α, k) and
znm+1 ≺+ z, or (α, k) ≺ f–1

α (z) and z � znm+1. Hence, the pairs ((α, k), (α, n)) and
(f–1
α (z), z) realize 〈1, 0〉.
Now suppose instead that there is no z with znm � z such that z ∈ ran(fα). Clearly,

this means that znm+1 �∈ ran(fα). By the induction hypothesis, there is some x ∈
dom(fα) such that the pairs (x,fα(x)) and ((α, k), znm+1) realize 〈1, 0〉. But now
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note that, again by case assumption, we must have either znm+1 ≺+ fα(x) orfα(x) ≺
znm+1. Therefore, the pairs (x,fα(x)) and ((α, k), (α, n)) also realize 〈1, 0〉.

We have shown that fα ∪ {((α, k), (α, n))} is not increasing. Now fix some
y ∈ α × � with y �∈ ran(fα) towards showing that fα ∪ {((α, n), y)} is not
increasing. Fix an m such that wm = y and im = 1.

If there is a z with znm � z such that z ∈ dom(fα), the argument used to show
that there is some x ∈ dom(fα) such that (x,fα(x)) and ((α, n), y) realize 〈1, 0〉
is the same as in the previous case. So, let us assume that there is no such z. In
particular, we must have znm+1 �∈ dom(fα). Moreover, by the way we chose znm+1, we
also have znm+1 �= wm = y. By maximality of fα , there is some x ∈ dom(fα) such
that the pairs (x,fα(x)) and (znm+1, y) realize 〈1, 0〉. But now note that, again by
case assumption, we must have either znm+1 ≺+ x or x ≺ znm+1. Therefore, the pairs
(x,fα(x)) and ((α, n), y) also realize 〈1, 0〉.

The other cases are analogous. �
Question 6.2. Can there be a 2-entangled linear order but no separable 2-entangled

linear order?7
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[13] S. Geschke, M. Kojman, W. Kubiś, and R. Schipperus, Convex decompositions in the plane and
continuous pair colorings of the irrationals. Israel Journal of Mathematics, vol. 131 (2002), pp. 285–317.

[14] L. Gillman, A continuous exact set. Proceedings of the American Mathematical Society, vol. 9
(1958), pp. 412–418.

[15] S. Ginsburg, Order types and similarity transformations. Transactions of the American
Mathematical Society, vol. 79 (1955), pp. 341–361.

[16] O. Guzmán, The ultrafilter number and hm. Canadian Journal of Mathematics, vol. 75 (2023),
no. 2, pp. 494–530.

[17] O. Guzmán and S. Todorčević, The P-ideal dichotomy, Martin’s axiom and entangled sets. Israel
Journal of Mathematics, vol. 263 (2024), no. 2, pp. 909–963.

[18] T. Jech, Set Theory, Springer Monographs in Mathematics, The third millennium edition, revised
and expanded, Springer-Verlag, Berlin, 2003.

[19] A. Kanamori, The Higher Infinite, second ed., Springer Monographs in Mathematics, Springer-
Verlag, Berlin, 2009.

[20] A. S. Kechris, Classical Descriptive Set Theory, Graduate Texts in Mathematics, 156, Springer-
Verlag, New York, 1995.

[21] J. Krueger, Entangledness in Suslin lines and trees. Topology and its Applications, vol. 275 (2020),
p. 107157, 19 pp.

[22] K. Kunen, Set Theory: An Introduction to Independence Proofs, Studies in Logic and the
Foundations of Mathematics, 102, North-Holland, Amsterdam, 1983. Reprint of the 1980 original.

[23] C. Martinez-Ranero and L. Polymeris. Entangled Suslin lines and OGA, preprint, 2025, arXiv:
2512.01065 [math.LO].

[24] T. Miyamoto and T. Yorioka, A fragment of Asperó-Mota’s finitely proper forcing axiom and
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