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†Departament de Matem̀atiques, Edifici Cc, Universitat Autònoma de Barcelona,
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Abstract. We study the existence of models with minimal topological entropy among the
class of all continuous maps from a given graph to itself with a fixed behavior on a given
finite invariant set.

1. Introduction
A classical problem in dynamics is the following one. Assume thatX is a topological
space and thatf is a map fromX to itself. Assume also that we knowf restricted to an
invariant setA ⊂ X. What can be said about the dynamics off? Moreover, does there
exist a map exhibiting the same behavior asf |A and having minimal dynamics in some
sense (i.e. minimal topological entropy, minimal set of periods or periodic orbits, minimal
set of ‘types’ of orbits,. . . ?).

When the spaceX is a closed interval of the real line andA is a finite set the answer
to the above problem is well known (see [10]). Indeed, the ‘connect-the-dots’ map is the
one exhibiting minimal dynamics in all senses mentioned above. A generalization of this
problem whenA is not invariant can be found in [3].

In [4] this problem is considered when the space is a tree andA is a finite invariant
set. In that paper it was shown that there is an important difference between the interval
and the tree case (see for instance [4, Example 1.1]). Namely, to obtain models with
minimal dynamics it is necessary to modify the tree (here minimal dynamics means having
a minimal set of ‘types’ of orbits and, consequently, minimal topological entropy).

From above, a natural question is the following. If we do not allow the space to be
modified is there another criterion of minimal dynamics for which there exist minimal
models?

The aim of this paper is to study this problem when the criterion for minimal dynamics is
minimal topological entropy and the space is a graph. In particular, we prove (see the Main
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Theorem) that given a graphG, a continuous mapf fromG to itself and a finite invariant
setA then there exists a ‘simple’ map having minimal entropy among all maps fromG to
itself which coincide withf onA and are homotopic tof relative toA. Moreover, when
G is a tree our result is constructive.

In the rest of this section we introduce the basic definitions and notions and state in
detail the main result of the paper.

A connected graph(or simply agraph) is a pair(X, V ), whereX is a connected compact
Hausdorff space andV ⊂ X is finite and such thatX \ V is the disjoint union of a
finite number of open subsets ofX, callededges, with the property that each of them
is homeomorphic to an open interval of the real line. A uniquely arcwise connected graph
will be called atree. Given a pointx ∈ V , the number of edges whose boundaries containx

(with the edges whose closures are homeomorphic to a circle counted twice) will be called
thevalence ofx and denoted by val(x). If x ∈ X \V (i.e. it belongs to the interior of some
edge) then we set val(x) = 2. A point of valence 1 is called anendpointand a point of
valence larger than two is called abranching point. We will denote the sets of endpoints
and branching points ofX by End(X) andB(X), respectively. It is known that any graph
can be embedded inR3. So, in what follows we will consider any graph endowed with the
topology induced by the topology ofR3.

LetG be a graph. Every subset ofG homeomorphic to a non-empty open interval of the
real line will be called aninterval(however, notice that an intervalI ⊂ G is not necessarily
open inG). As usual, asubintervalof an intervalI will be an interval contained inI . Each
intervalI will be naturally equipped with the linear ordering of the real line transported by
a homeomorphismϕ from I to (0,1). Note thatϕ−1 extends naturally to a continuous map
ϕ̃ : [0,1] → Cl(I). Then, theleft endpoint(respectivelyright endpoint) of I is defined
to be ϕ̃(0) (respectivelỹϕ(1)). We note that both endpoints ofI may coincide. In such
a case Cl(I) is homeomorphic to a circle. IfI is an interval, to simplify the notation, we
will denote Cl(I) by I . Also, if a, b ∈ I then the closure of the (unique) subinterval of
I havinga andb as endpoints will be denoted by〈a, b〉 (or by 〈a, b〉I if confusion seems
possible). Note that, whena andb are the endpoints ofI , then〈a, b〉 = I . In this spirit we
also will write I = (a, b) if we want to specify the endpoints ofI .

A pointed graphis a couple(G,A)whereG is a graph andA is a finite subset ofG. Any
continuous mapf fromG into itself such thatf (A) ⊂ A will be called apointed graph
map. Given such a map, we are interested in studying the dynamics off ‘forced’ by f |A.
So, each edge containing a point from End(G) \ A can be retracted without consequences
for our purposes. By recursively doing this simplification we can assume that each pointed
graph(G,A) satisfies End(G) ⊂ A, and we will do so in what follows.

Let (G,A, f ) and (G′, A′, f ′) be such that(G,A) and (G′, A′) are pointed graphs
andf : G → G andf ′ : G′ → G′ are pointed graph maps. We say that(G,A, f )

and (G′, A′, f ′) are equivalentif there exists a homeomorphismϕ : G → G′ with
ϕ(A) = A′ such thatf andϕ−1 ◦ f ′ ◦ ϕ are homotopic relative toA. Notice that then,
ϕ−1◦f ′ ◦ϕ|A = f |A. Each equivalence class of the above relation will be called anaction.
As usual, the class of(G,A, f ) will be denoted by[G,A, f ].

In [4] the notion of apattern for tree maps was introduced and the representatives of
a pattern having minimal dynamics (topological entropy) were found. The notion of a
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FIGURE 1. An example of a locally monotone map atx is shown in (a), while (b) shows an example of a map
which is not locally monotone aty.

pattern can be extended straightforwardly to graph maps as follows. We say that(G,A, f )

and(G′, A′, f ′) have the samepatternif there exists a continuous mapψ : G → G′ such
that:

(i) ψ|A is one-to-one andψ(A) = A′;
(ii) the image underψ of each connected component ofG \A is a connected component

of G′ \ A′;
(iii) ψ restricted to the closure of each connected component ofG \ A is a homotopy

equivalence relative toA;
(iv) f ′ ◦ ψ = ψ ◦ f .

Note that two representatives of an action have the same pattern but not conversely.
Indeed, two representatives of the same pattern can occur at non-homeomorphic graphs
while actions fix the space by homeomorphisms. Since the notion of a pattern does not fix
the space, a natural question is whether there exist representatives with minimal topological
entropy and how they look, when the space is fixed.

If (G,A, f ) and(G′, A′, f ′) are two representatives of an action then(G,A, ϕ−1 ◦f ′ ◦
ϕ) (whereϕ : G → G′ is the homeomorphism from the equivalence between(G,A, f )

and (G′, A′, f ′)) is another representative of the same action. So, in what follows, to
simplify the notation, we will assume that the graphG and the setA are fixed.

Let (G,A) be a pointed graph. Every connected component ofG \ A ∪ B(G) will be
called abasic interval.

Let G andG′ be graphs and letf : G → G′ be continuous. Forx ∈ G we
denote byKf (x) (or K(x) when no confusion is possible) the connected component of
f−1(f (x)) which containsx. Notice that iff does not have flat spots then all setsKf (x)
are degenerate.

Let I be an interval of a graph and letG be a graph. Letf : I → G be continuous and
let x ∈ I . We will say thatf is locally monotone atx if there exists a neighborhoodV of
K(x) such thatf (V ) is homeomorphic to an interval of the real line (perhaps degenerate
to a point) andf |V is (not necessarily strictly) monotone as an interval map (see Figure 1
for some examples). We note thatf (V ) is degenerate to a point only whenK(x) = I

(and thenf |I is constant). We will say thatf is monotoneif it is locally monotone at each
point of I . Let J be a subinterval ofI . We will say thatJ is a trivial interval if f (Bd(J ))
reduces to a point andf |J is homotopic (relative to Bd(J )) to a constant map. It is easy to
see thatf is monotone if and only iff restricted to any trivial interval is constant.
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Let (G,A, f ) be a representative of an action. We say that(G,A, f ) is monotoneif f
restricted to any basic interval is monotone. Lastly,(G,A, f ) will be calledsimplicial if it
is monotone andf (B(G)) ⊂ A ∪ B(G).

Let (G,A, f ) be a simplicial representative of an action. A pointv ∈ B(G) will be
called free if K(v) ∩ A = ∅. Moreover, we will say thatf is direct at v if for every
neighborhoodU of K(v) it follows thatf (v) ∈ Int(f (U)) (with the topology off (U)).
Whenf is direct at each free branching point we will say that(G,A, f ) is direct.

Given a continuous mapf from a compact topological space into itself we will denote
by h(f ) thetopological entropy off (see [1, 7] for a definition of this notion).

Let3 be an action. We define theentropy of3, denoted byh(3), as

h(3) = inf{h(f ) : (G,A, f ) is a representative of3}.
MAIN THEOREM. Given an action3 there exists a direct representative(G,A, f ) of3
such thath(f ) = h(3).

Notice that the Main Theorem is an existence theorem but does not give an algorithm
to construct the map which gives the entropy of the action. However, in §5 we will give an
effective algorithm to compute this map for an action[T ,A, f ] whenT is a tree. Also, we
will show how to compute this entropy in a simple case (see Example 5.2).

The proof of the Main Theorem follows the strategy of [3]. In particular the proof is
based in a sequence of reductions to smaller classes of maps. In §2 we make the reduction
to the class of monotone maps, in §3 to the class of ‘Markov’ maps and in §4 we make the
last reduction to the class of simplicial maps. Finally, in §5 we prove the Main Theorem.

2. Monotone representatives
PROPOSITION2.1. Let (G,A, f ) be a representative of an action. Then there exists
(G,A, g), a monotone representative of[G,A, f ], such thath(g) ≤ h(f ).

To prove Proposition 2.1 we follow the strategy that one would use in the context of
interval or tree maps. In the context of graph maps the new feature is that the image of a
basic interval can make turns to a circuit. We will use the three following technical lemmas.

LEMMA 2.2. Letf : G → G andg : G → G be graph maps. LetM = {x ∈ G : f (x) 6=
g(x)} and assume thatg restricted to each connected component ofM is constant. Then
h(g) ≤ h(f ).

Proof. We start by showing that it is enough to prove the lemma whenM has a unique
connected component. Indeed, ifM contains a finite number of connected components
{M1,M2, . . . ,Mn} then, for eachk ∈ {1,2, . . . , n}, we definegk = g on M̃k =
M1 ∪ M2 ∪ · · · ∪ Mk andgk = f in the complement of̃Mk. Thenh(f ) ≥ h(g1) ≥
h(g2) ≥ · · · ≥ h(gn) = h(g) and the lemma follows. IfM contains an infinite number of
connected components{M1,M2, . . . ,Mn . . . } we consider the sequence{gk}∞k=1 defined
analogously. Clearly,gn converges tog in theC0-topology. Therefore, sinceh(f ) ≥
h(g1) ≥ h(g2) ≥ · · · ≥ h(gn) ≥ · · · andh(·) is lower semicontinuous (see, e.g., [9]), it
follows thath(g) ≤ h(f ).
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So we assume thatM has a unique connected component. By using Bowen’s formula
of entropy [5] we have

h(g) = lim
ε→0

lim sup
n→∞

(1/n) logsg(n, ε)

wheresg(n, ε) is the largest possible cardinality of an(n, ε)-separated set forg. Recall
thatE ⊂ G is (n, ε)-separated forg if dn(x, y) > ε for eachx, y ∈ E, wheredn(x, y)
denotes the maximum of the distances fromgi(x) to gi(y) for i ∈ {0,1, . . . , n− 1}. Then,
to show thath(f ) ≥ h(g) it suffices to prove that

lim sup
n→∞

(1/n) logsg(n, ε) ≤ lim sup
n→∞

(1/n) logsf (n, ε)

for everyε > 0.
Let n ≥ 2 and letB be an(n, ε)-separated set forg. Fork = 0,1, . . . , n− 2, let

Bk = {x ∈ B : k is the least integer such thatf k(x) ∈ M}
and letBn−1 = B \ ∪n−2

k=0Bk. Note that, fork = 0,1, . . . , n − 1, each of the setsBk is
(k+1, ε)-separated forg andf . Thus,sg(n, ε) ≤ sf (1, ε)+ sf (2, ε)+· · ·+ sf (n, ε). On
the other hand, since each(k, ε)-separated set is also(k + 1, ε)-separated, it follows that
the sequence{s(n, ε)}n∈N is non-decreasing. Consequently,

lim sup
n→∞

(1/n) logsg(n, ε) ≤ lim sup
n→∞

(1/n) log

( n∑
i=1

sf (i, ε)

)
≤ lim sup

n→∞
(1/n) log

(
n max

1≤i≤n
sf (i, ε)

)
= lim sup

n→∞
(1/n) log

(
max

1≤i≤n
sf (i, ε)

)
= lim sup

n→∞
(1/n) logsf (n, ε).

This ends the proof of the lemma. 2

The strategy of the proof of the next results uses the ideas of the ‘water functions’
defined for circle maps (see for instance [6]).

LEMMA 2.3. LetG be a graph, letI = (a, b) be an interval of a graph and letf : I → G

be a continuous map. Assume that the interior off (I) is an interval ofG. Then there exists
a continuous mapg : I → G satisfying the following conditions:

(a) g|{a,b} = f |{a,b};
(b) g andf are homotopic (relative to{a, b});
(c) g is monotone;
(d) g is constant on each connected component of the set{x ∈ I : f (x) 6= g(x)}.
Proof. Notice thatf (I) is homeomorphic either to a closed interval of the real line or to
the circle. Assume first thatf (I ) is homeomorphic to an interval. Iff (a) = f (b) then we
defineg(x) = f (a) for all x ∈ I and we are done. Assume now thatf (a) 6= f (b). Then
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set

A1 = {x ∈ I : f (x) = f (a)},

a1 =
{

maxA1, if A1 6= ∅
a, otherwise,

B1 = {x ∈ I : x > a1 andf (x) = f (b)},

b1 =
{

minB1, if B1 6= ∅
b, otherwise.

In f (I ) consider the linear ordering such thatf (a) < f (b) and define

g(t) =


f (a), if t ∈ 〈a, a1〉I
max{f (z) : a1 ≤ z ≤ t}, if t ∈ 〈a1, b1〉I
f (b), if t ∈ 〈b1, b〉I .

It is not difficult to see thatg satisfies the required properties.
Now assume thatf (I ) is homeomorphic to a circle. Sincef (I) is homeomorphic to an

interval we havef (a) = f (b) /∈ f (I). Now consider the linear ordering induced inf (I)
by f (x) < f (y) for eachx andy close enough toa andb respectively. Then, we define
g(a) = g(b) = f (a) and, fort ∈ I ,

g(t) = max{f (z) : z ∈ I, z ≤ t}.
As above,g satisfies the required properties. 2

LEMMA 2.4. LetG be a graph, letI be an interval ofG, let f : I → G be a continuous
map and letc ∈ I. Assume thatf is monotone in the closure of the connected components
of I \ {c}. Thenf is monotone if and only iff is locally monotone atc.

Proof. From the definition it follows that iff is monotone then it is locally monotone at
c. Assume now thatf is locally monotone atc and lety ∈ I . Let I = (a, b). Without
loss of generality we may assume thaty ∈ 〈a, c〉I . If y ∈ K(c) thenK(y) = K(c) and
f is locally monotone aty. If y /∈ K(c) then, sincef |〈a,c〉 is monotone, we can take a
neighborhoodV of K(y) in 〈a, c〉 such thatV ∩K(c) = ∅ andf |V is monotone. Thenf
is locally monotone aty. 2

Proof of Proposition 2.1.We will construct the mapg by modifyingf in such a way that
the following conditions hold for each basic intervalI of (G,A, f ):
(1) g|Bd(I ) = f |Bd(I );
(2) g|I is homotopic (relative to Bd(I)) to f |I ;
(3) g|I is monotone;
(4) h(g) ≤ h(f ).
By Lemma 2.2 the last condition can be replaced by the following one:
(5) g is constant on each connected component of the set{x ∈ I : f (x) 6= g(x)}.

To construct such a mapg, we fix a basic intervalI of (G,A, f ) and we will construct
a mapg : I → G satisfying (1)–(3) and (5). Iff (I) ∩ B(G) = ∅ then, by Lemma 2.3, we
are done. So, we assume thatf (I) ∩ B(G) 6= ∅.
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Let us denote byW the closed set(f−1(B(G)) ∩ I) ∪ Bd(I). By Lemma 2.3 there
exists a mapf1 verifying thatf1|W = f |W , f1 is monotone restricted to the closure of
each connected component ofI \W and (1), (2) and (5) hold withg replaced byf1.

Let ε be smaller than the minimum of the diameters of all basic intervals of(G,A).
Since I andG are compact metric spaces andf1 is continuous it follows thatf1 is
uniformly continuous. Hence, there existsδ such thatd(f1(x), f1(y)) < ε whenever
d(x, y) < δ. Note that if a connected subset ofG has diameter less thanδ then its image
cannot contain any basic interval (and, in particular, any circuit) of(G,A).

LetC be a connected component ofI \W having diameter smaller thanδ and such that
Bd(C) ∩ Bd(I) = ∅. Then, sincef (Bd(C)) ⊂ B(G), it follows thatC is a trivial interval
for f1. Consequently,f1|C is constant. LetD be the set formed by the componentsC of
I \W such thatf1|C is not constant. It follows that eachC ∈ D either has diameter larger
than or equal toδ or Bd(C) ∩ Bd(I) 6= ∅. Thus,D is finite. Moreover,f1 is constant on
each component ofI \ (∪

C∈DC). Thus, there existk > 1 and pointss1 < s2 < · · · < sk−1

in I such thatf (si) ∈ B(G) for i = 1,2, . . . , k− 1 and, for each connected componentC

of I \ {s1, s2, . . . , sk−1}, f1|C is monotone andf1(C) is contained in the closure of a basic
interval. Now setI = (s0, sk). For consistency we also will writes0 < s (respectively
s < sk) for eachs ∈ I (note that there is no ambiguity in doing this even whens0 = sk).

To end the proof of the proposition it is enough to show that fori = 1,2, . . . , k there
exists a continuous mapfi : I → G such that:
(i) fi |Bd(I ) = f |Bd(I ), fi is homotopic (relative to Bd(I)) to f andfi is constant on

each connected component of the set{x ∈ I : fi(x) 6= f (x)};
(ii) the mapfi |〈s0,si〉 is monotone andfi |〈si ,sk〉 = f |〈si ,sk〉 wheni < k;
(iii) if i < k then for eachj ∈ {1,2, . . . , k − 1} eitherfi(sj ) ∈ B(G) or fi(sl) = fi(s0)

for l = 1,2, . . . , j andj < i;
(iv) for each connected componentC of I \ {s1, s2, . . . , sk−1}, fi |C is monotone and

fi(C) is contained in the closure of a basic interval.
Note that then, in view of (i) and (ii), the mapfk satisfies (1)–(3) and (5) and so, the
proposition holds by takingg = fk.

Now we will construct the above sequence of maps by induction. Observe that the
mapf1 constructed above verifies the conditions (i)–(iv). Now assume that there exists
1 ≤ i < k and a mapfi verifying conditions (i)–(iv). We will show that there exists a map
fi+1 verifying conditions (i)–(iv).

If fi |〈s0,si+1〉 is monotone then we setfi+1 = fi and we are done. Otherwise, by (ii),
(iv) and Lemma 2.4,fi |〈s0,si+1〉 is not locally monotone atsi . Let

Ri = {x ∈ 〈s0, si〉 : fi(x) = fi(si+1)}.
Note that ifRi 6= ∅ then it is a closed connected subset of〈s0, si〉. In this case we set

fi+1(x) =
{
fi(si+1), if x ∈ 〈minRi, si+1〉
fi(x), otherwise.

Clearly, fi+1 verifies (i) and (iv). Property (ii) follows from the fact that minRi ≤ si

and fi |〈s0,si〉 is monotone. Finally, if for somej we havefi+1(sj ) 6= fi(sj ) then
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minRi ≤ sj ≤ si . Hence,fi+1(sj ) = fi(si+1) ∈ B(G). Otherwise, we have
fi+1(sj ) = fi(sj ) and, hence, (iii) holds.

Assume now thatRi = ∅. Then, from (iv) it follows that if for somej we have
fi(sj ), fi(sj+1) ∈ B(G) andfi |〈sj ,sj+1〉 is not constant, thenfi(〈sj , sj +1〉) is the closure
of a basic interval. Thus, sincefi |〈s0,si+1〉 is not locally monotone atsi , from (iii) and (iv)
it follows that there exists 0≤ li < i such that

fi(〈s0, sli 〉) = {fi(s0)}, fi(〈sli , sli+1〉) ⊂ fi(〈si , si+1〉), fi(〈sli+1, si〉) = {fi(si)}.
Furthermore,fi((si , si+1)) is contained in the closure of a basic interval. Hence, the
interior offi((s0, si+1)) is an interval. Now we set

R̃i = {x ∈ 〈si , si+1〉 : fi(x) = fi(s0)}.
Note thatR̃i is a non-empty closed connected set. Then, we set

fi+1(x) =
{
fi(s0), if x ∈ 〈s0,maxR̃i〉
fi(x), otherwise.

Clearly, by Lemma 2.4fi+1 verifies (i), (ii) and (iv). Property (iii) follows in a similar way
as above. 2

3. Markov representatives
Let (G,A, f ) be a monotone representative of an action. We say that(G,A, f ) is Markov
if every element ofB(G) has a finite orbit. Note that if(G,A, f ) is simplicial then it is
Markov but not conversely.

PROPOSITION3.1. Let3 be an action. Then

h(3) = inf{h(g) : (G,A, g) is a Markov representative of3}.
To prove Proposition 3.1 we need some definitions and preliminary results. Assume

that(G, f,A) is a monotone representative of an action. Set

C(A, f ) = ∪x∈A∪B(G)Kf (x)

and denote the cover ofG whose elements are the connected components ofC(A, f ) and
of G \ C(A, f ) by A = Af . Also denote byAn = Anf the cover ofG whose elements

areA0 ∩ f−1(A1) ∩ · · · ∩ f−n+1(An−1) whereAi ∈ A for i = 0,1, . . . , n − 1. Such
an element will be denoted by(A0, A1, . . . , An−1) (or (A0, A1, . . . , An−1)f if we need to
specify the map).

We note thatA is a partition ofG. Moreover, it is not difficult to prove by induction
thatAn is also a partition ofG for eachn ≥ 1. Then, we have the following.

LEMMA 3.2. Let (G,A, f ) be a monotone representative of an action. Then

h(f ) = lim
n→∞

1

n
log CardAn = inf

{
1

n
log CardAn : n ∈ N

}
.
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Proof. SinceAn is a partition ofG for eachn ≥ 1 we see thatN (An) = CardAn for each
n ≥ 1 (recall thatN (An) is defined to be the minimal possible cardinality of a subcover
chosen fromAn). Then, from [2, equation (4.3) and Lemma 4.1.1] we see that

h(f,A) := lim
n→∞

1

n
logN (An) = lim

n→∞
1

n
log CardAn = inf

{
1

n
log CardAn : n ∈ N

}
.

Therefore, to end the proof of the lemma it is enough to show thath(f ) = h(f,A). This
follows similarly to the proof of [2, Proposition 4.2.3]. The main changes come from
the fact that in the interval, when we remove a point we obtain less than three connected
components (this is the number 3 in [2, Lemmas 4.2.1 and 4.2.2]) while in a graph we
obtain less than max{val(x) : x ∈ G} + 1 components. 2

Let (G,A, f ) be a monotone representative of an action. Denote

df = Card{x ∈ B(G) : Orbf (x) is infinite}.
Clearlydf = 0 if and only if (G,A, f ) is Markov.

The next lemma will be crucial in the proof of Proposition 3.1.

LEMMA 3.3. Let (G,A, f ) be a monotone representative of an action and assume that
df 6= 0. Then for allε > 0 there exists(G,A, g), a monotone representative of[G,A, f ],
such thatdg < df andh(g) < h(f )+ ε.

Proof. Fix ε > 0. By Lemma 3.2 we can choose anm ∈ N such that1
m

log CardAmf <

h(f )+ ε andm > Card Orbf (x) for all x ∈ A ∪ B(G) with finite orbit. For allj ∈ N set

Cj(A, f ) = ∪ji=0f
i(C(A, f )).

We claim that there existsv ∈ B(G) such that Orbf (v) is infinite andf k(v) /∈ Cm(A, f )
for all k > m. To prove the claim note that, sincedf 6= 0, there existsx ∈ B(G) such
that Orbf (x) is infinite. Therefore, there existsj ≥ m such thatf j (x) ∈ Cm(A, f ) and
f k(x) /∈ Cm(A, f ) for all k > j becausef (Cm(A, f )) is finite. Moreover, sinceA is finite
andf -invariant we have thatf j (x) ∈ fm(B(G)). That is, there existsv ∈ B(G) such that
f j (x) = f m(v). Then Orbf (f m(v)) = Orbf (f j (x)), and hencef k(v) /∈ Cm(A, f ) for
all k > m. This ends the proof of the claim.

Now letM be a connected component ofG \Cm(A, f ) which contains infinitely many
points of Orbf (v). SinceB(G) ⊂ Cm(A, f ), M is an interval. So, setM = (a, b) and
let c ∈ M be an accumulation point of Orbf (v) ∩ M. Clearly either〈a, c〉M or 〈c, b〉M
contains infinitely many points of Orbf (v).We suppose thatc 6= b and that〈c, b〉 contains
infinitely many points of Orbf (z). The proof in the other case is analogous. Set

j1 = min{j ∈ N : f j (v) ∈ Int(〈c, b〉M)},
j2 = min{j ∈ N : j > j1 andc < f j (v) < f j1(v)}

Also, fix a pointc < c∗ < f j2(v). Now we define a continuous mapg : G → G in the
following way:
(g.1) g|G\Int(〈c∗,f j1(v)〉) = f |G\Int(〈c∗,f j1(v)〉). In particular g(c∗) = f (c∗) and

g(f j1(v)) = f (f j1(v));
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(g.2) g(y) = g(f j1(v)) for eachy ∈ 〈f j2(v), f j1(v)〉;
(g.3) g|〈c∗,f j2(v)〉 is monotone.
Note that such a map is well defined,f |A = g|A andg is homotopic tof relative toA.
Hence,[G,A, f ] = [G,A, g]. Moreover, the mapg satisfies the following properties:
(p.1) Ci(A, f ) = Ci(A, g) for all i = 0,1, . . . ,m;
(p.2) f |Cm(A,f ) = g|Cm(A,f );
(p.3) (G,A, g) is monotone.
Moreover, letz ∈ B(G) be with finite orbit. Since Card Orbf (z) < m we have
Orbf (z) ⊂ Cm(A, f ) and, hence, Orbf (z) = Orbg(z) by (p.2). Thus,dg ≤ df . On the
other hand observe thatgi(v) = f i(v) for all i = 0,1, . . . , j2 andgj2+1(v) = gj1+1(v).

So Orbg(v) is finite and, hence,dg ≤ df − 1.
To end the proof of the proposition it suffices to show thath(g) < h(f )+ ε. To see this

we start by showing that

CardAmf = CardAmg .

By the construction ofg we haveAf = Ag. So, to prove that CardAmf = CardAmg it is
enough to see that(A0, A1, . . . , Am−1)f 6= ∅ if and only if (A0, A1, . . . , Am−1)g 6= ∅ for
anyA0, A1, . . . , Am−1 ∈ Af . To prove this we fixA0, A1, . . . , Am−1 ∈ Af . Assume that
Ai is a connected component ofG \C(A, f ) for eachi = 0,1 . . . , m− 1 (then, eachAi is
an interval contained in a basic interval of(G,A)). For eachi = 0,1 . . . , m− 1 we claim:
(1) both(A0, A1, . . . , Ai)f and(A0, A1, . . . , Ai)g are either empty or intervals;
(2) if (A0, A1, . . . , Ai)f 6= ∅ then f i+1((A0, A1, . . . , Ai)f ) = gi+1((A0, A1, . . . ,

Ai)g) is an interval and its endpoints belong toCi+1(A, f ). Moreover the maps
f i+1|(A0,A1,...,Ai )f andgi+1|(A0,A1,...,Ai)g are monotone.

Now we prove the claim by induction. Statements (1) and (2) fori = 0 follow
from the definition ofg. Then we assume that (1) and (2) hold for 0≤ i − 1 <

m − 1 and we prove them fori. If (A0, A1, . . . , Ai−1)f = ∅ there is nothing to
prove. So assume that(A0, A1, . . . , Ai−1)f 6= ∅. Then (A0, A1, . . . , Ai)f 6= ∅
is equivalent toAi ∩ f i((A0, A1, . . . , Ai−1)f ) 6= ∅ which, in turn, is equivalent to
Ai ∩ gi((A0, A1, . . . , Ai−1)g) 6= ∅ which, finally, is equivalent to(A0, A1, . . . , Ai)g 6=
∅. Since f i((A0, A1, . . . , Ai−1)f ) is an interval andAi is connected it follows that
Ai ∩ f i((A0, A1, . . . , Ai−1)f ) is an interval. Thus, since

(A0, A1, . . . , Ai)f = (f i |(A0,A1,...,Ai−1)f )
−1(Ai ∩ f i((A0, A1, . . . , Ai−1)f )),

it follows that(A0, A1, . . . , Ai)f is an interval becausef i |(A0,A1,...,Ai−1)f is monotone. In
a similar way we can show that the set(A0, A1, . . . , Ai)g is an interval. Hence, (1) holds
for i.

To prove (2) note that

f i+1((A0, A1, . . . , Ai)f ) = f (Ai ∩ f i((A0, A1, . . . , Ai−1)f )) ⊂ f (Ai) (3.1)

which is an interval because(G,A, f ) is monotone. Moreover,f i |(A0,A1,...,Ai−1)f is
monotone andf |Ai is monotone. Thus,f i+1((A0, A1, . . . , Ai)f ) is an interval because
f i+1|(A0,A1,...,Ai)f is monotone. The same argument holds forgi+1 and(A0, A1, . . . , Ai)g .
Lastly, since the mapf |Ai∩f i ((A0,A1,...,Ai−1)f )

is monotone, from equation (3.1) we obtain
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that the endpoints of the setf i+1((A0, A1, . . . , Ai)f ) are thef -images of the endpoints
of Ai ∩ f i((A0, A1, . . . , Ai−1)f ). By the induction hypotheses, these endpoints coincide
with the endpoints of the setAi∩gi((A0, A1, . . . , Ai−1)g). Letz be one of these endpoints.
If z is an endpoint ofAi thenz ∈ C(A, f ) and, hence,f (z) = g(z) ∈ C1(A, f ). If z is
an endpoint off i((A0, A1, . . . , Ai−1)f ) then, by the induction hypotheses,z ∈ Ci(A, f ).
Consequently,f (z) = g(z) ∈ Ci+1(A, f ). This ends the proof of the claim.

Now we are ready to prove that the set(A0, A1, . . . , Am−1)f is non-empty if and only if
the set(A0, A1, . . . , Am−1)g is non-empty. IfAi is a connected component ofG\C(A, f )
for eachi = 0,1, . . . ,m − 1 then the statement follows from (1) of the above claim. So
assume that there existsi ∈ {0,1, . . . ,m − 1} such thatAi is a connected component
of C(A, f ) = C(A, g) andAj is a connected component ofG \ C(A, f ) for eachj =
0,1, . . . , i− 1. By (1),(A0, A1, . . . , Ai−1)f and(A0, A1, . . . , Ai−1)g are either empty or
intervals. If they are empty, then both(A0, A1, . . . , Am−1)f and (A0, A1, . . . , Am−1)g

are empty and we are done. Otherwise, by (2),f i((A0, A1, . . . , Ai−1)f ) =
gi((A0, A1, . . . , Ai−1)g). If f i((A0, A1, . . . , Ai−1)f ) ∩ Ai = ∅ then, again,
(A0, A1, . . . , Am−1)f = (A0, A1, . . . , Am−1)g = ∅. So we may assume that
f i((A0, A1, . . . , Ai−1)f ) ∩ Ai 6= ∅. Then, sincef l(Ai) = gl(Ai) for each
l = 0,1, . . . ,m − 1, f l((A0, A1, . . . , Ai)f ) = gl((A0, A1, . . . , Ai)g) for each
l = i, i + 1, . . . ,m − 1. Consequently,(A0, A1, . . . , Am−1)f 6= ∅ if and only if
(A0, A1, . . . , Am−1)g 6= ∅ and, hence, CardAmf = CardAmg .

By Lemma 3.2,

h(g) ≤ 1

m
log CardAmg = 1

m
log CardAmf < h(f )+ ε.

This ends the proof of the lemma. 2

Proof of Proposition 3.1.Using iteratively Lemma 3.3 withε replaced byε/df it follows
that for eachε > 0 there exists(G,A, g), a Markov representative of[G,A, f ], such that
h(g) < h(f )+ ε. Clearly this implies that

inf{h(g) : (G,A, g) is a Markov representative of[G,A, f ]}
≤ inf{h(g) : (G,A, g) is a monotone representative of[G,A, f ]}.

Note that Proposition 2.1 implies that

h(3) = inf{h(g) : (G,A, g) is a monotone representative of[G,A, f ]}.
Therefore, the result follows. 2

4. Simplicial representatives
This section is devoted to prove the following.

PROPOSITION4.1. Let (G,A, f ) be a Markov representative of an action. Then there
exists a simplicial representative(G,A, g) of [G,A, f ] such thath(g) ≤ h(f ).

To prove Proposition 4.1 we need to introduce some notation and a technical lemma.
To compute the topological entropy of Markov maps, the standard technique is to use

the so-calledMarkov partition. In our setting we will define it as follows. Let(G,A, f )
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be a representative of an action and letP ⊃ A∪B(G) be a finite set. TheMarkov partition
P ofG byP is defined to be the set of all connected components ofG \ P . Note that then
each element fromP is an interval. Assume now thatf (P ) ⊂ P . Then, toP we shall
associate atransition matrixM = (mij ) as follows. LetI1, I2, . . . , In be the elements of
P . Then we setmij equal to the maximum number of pairwise disjoint subintervalsK of
Ii such thatf (K) = I j . Note thatM is a non-negative integral matrix.

Let X be a positive (respectively non-negative) matrix. From the Perron–Frobenius
theorem (see for instance [8]) it follows thatρ(X), the spectral radius ofX, is an eigenvalue
of X which has positive (respectively non-negative) left and right eigenvectors.

If (G,A, f ) is a Markov representative of an action andX is the transition matrix of
the Markov partition ofG by P , thenh(f ) = max(0, logρ(X)) (this follows from [2,
Theorem 4.4.5] with the obvious changes).

Next we state and prove a technical lemma.

LEMMA 4.2. Let X and Y be non-negative matrices. Let{mn}n∈N be a sequence of
positive integers such thatlimn→∞mn = ∞ and letXn be the matrixX + (1/mn)Z,
whereZ is any positive matrix. Denote byv(n) the positive left eigenvector corresponding
to ρ(Xn) and assume thatv(n)Y ≤ v(n)Xn for all n ≥ 1. Thenρ(Y ) ≤ ρ(X).

Proof. SinceXn converges toX, it follows thatρ(Xn) converges toρ(X). Thus it suffices
to show thatρ(Y ) ≤ ρ(Xn) for all n ≥ 1.

Letw be a non-negative right eigenvector ofY corresponding toρ(Y ). Then

ρ(Y )v(n)w = v(n)ρ(Y )w = v(n)Yw ≤ v(n)Xnw = v(n)ρ(Xn)w = ρ(Xn)v
(n)w.

Sincev(n)w > 0,ρ(Y ) ≤ ρ(Xn) and the lemma follows. 2

Let (G,A, f ) be a representative of an action. Then we define

Pf = A ∪
( ⋃
n∈Z+

f n(B(G))

)
and Ef = Pf \ (A ∪ B(G)).

Note thatf (Pf ) ⊂ Pf and if (G,A, f ) is Markov thenPf (and, hence,Ef ) is finite.
Moreover,Ef = ∅ if and only if (G,A, f ) is simplicial.

PROPOSITION4.3. Let (G,A, f ) be a Markov representative of an action such that
Ef 6= ∅. Givenp ∈ Ef there exists a Markov representative(G,A, gp) of [G,A, f ]
such thatEgp ⊂ Ef \ {p} andh(gp) ≤ h(f ).

Proof. Let P = {I1, I2, . . . , Is } be the Markov partition ofG by Pf and letX be the
transition matrix ofP .

Clearly, there existsb ∈ Pf \A such thatb 6= p andf (b) = p. Sincef (b) = p /∈ B(G)
there exist exactly two elements fromP which are adjacent tof (b). Without loss of
generality we may assume that these elements are precisely the intervalsI1, I2. Denote by
e1 (respectivelye2) the endpoint ofI1 (respectivelyI2) which is different fromf (b). Also,
denote bySb the connected component off−1(I1 ∪ I2 ∪ {f (b)}) which containsb. Note
thatSb is open inG andf (Pf ∩ Sb) = {f (b)}. Hence,Sb ∩ A = ∅. Denote byA the set
of all connected components ofSb \ Pf . Notice that ifK ∈ A thenK is an interval and,
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FIGURE 2. A schematic representation of the definition ofI1, I2, e1, e2,L1 andL2.
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z

f(L1) f(L2)

e1
I1 f(b)

I2 e2

) g1
g2

FIGURE 3. The pointf (b) is pushed towardse2 (respectivelye1) by g1 (respectivelyg2).

for somek ∈ {1,2}, eitherf (K) = Ik or f (K) = Ik ∪ {f (b)} or f (K) = {f (b)}. Then,
for k = 1,2, we set

Lk = {K ∈ A : Ik ⊂ f (K)}
(see Figure 2). In particular, we haveL1 ∩ L2 = ∅.

In the rest of the proof we will use the following notation. Givenk ∈ {1,2}, we will
denote bŷk the unique element of{1,2} \ {k}. Now, for k = 1,2, we definegk such that
(G,A, gk) is a Markov representative of[G,A, f ], gk|G\Sb = f |G\Sb and, for eachK ∈ A,
gk|K is monotone and

gk(K) =
{
I1 ∪ {f (b)} ∪ I2, if K ∈ Lk
{êk}, otherwise,

(see Figure 3). In other words,gk|Sb = hk ◦ f |Sb wherehk is a continuous map from
I1 ∪{f (b)}∪ I2 to itself such that it expandsIk onto the entireI1 ∪{f (b)}∪ I2 and shrinks
Îk into êk.

Note thatgk andf coincide onPf \ Sb and

gk(Pf ∩ Sb) ⊂ {e1, e2} ⊂ Pf \ {p}
for eachk = 1,2. Therefore,gk(Pf ) ⊂ Pf . So, sinceA ∪ B(G) ⊂ Pf we obtain that
Pgk ⊂ Pf and, consequently,Egk ⊂ Ef . Also,Pgk ∩ g−1

k (p) ⊂ (Pf ∩ f−1(p)) \ {b}. To
see that(G,A, gk) is a Markov representative of[G,A, f ] note that(G,A, gk) is clearly
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f(L1) f(L2)
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.......................................................................................
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f(J)

f(L1) f(L2)

e1 I1 f(b) I2 e2

(a) (b)

FIGURE 4. Cases (iv) and (v) forJ ∩ Sb with J ∈ P .

monotone,gk andf coincide onA (recall thatA ∩ Sb = ∅) andPgk is finite because
Pgk ⊂ Pf .

To each of these mapsgk there corresponds a transition matrixYk = (ykij ) of P . Notice
that, givenJ ∈ P , the setJ ∩ Sb is either:
(i) the empty set;
(ii) a subset ofKf (b) (this happens whenf (J ∩ Sb) = {f (b)});
(iii) an element ofLk for somek;
(iv) the union of two elements ofLk for somek (this happens whenJ is a circuit having

b as a unique vertex andf is not locally one-to-one inb—see Figure 4(a));
(v) the union of one element ofL1 with one element ofL2 (this happens whenJ is a

circuit havingb as a unique vertex andf is locally one-to-one inb—see Figure 4(b)).
In cases (i), (ii) and (v) the rows ofX andYk corresponding toJ coincide. Moreover, for

eachk ∈ {1,2} andi, j ∈ {1,2, . . . , s} we haveykij = xij whenj > 2 and, forj ∈ {1,2},
ykij = xij + λkij , where

λkij =



1, if Ii ∈ L1
k

2, if Ii ∈ L2
k

−1, if Ii ∈ L1
k̂

−2, if Ii ∈ L2
k̂

0, otherwise,

whereLrk denotes the set of elements ofP whose intersection withSb consists ofr elements
of Lk.

Now, by using Lemma 4.2, we will prove that eitherρ(Y1) ≤ ρ(X) or ρ(Y2) ≤ ρ(X).
Clearly, for eachn ∈ N there exists akn ∈ {1,2} such that∑

i∈Ind(L1
kn
)

w
(n)
i + 2

∑
i∈Ind(L2

kn
)

w
(n)
i ≤

∑
i∈Ind(L1

k̂n
)

w
(n)
i + 2

∑
i∈Ind(L2

k̂n
)

w
(n)
i , (4.1)

wherew(n) = (w
(n)
i ) denotes a positive left eigenvector corresponding to the spectral

radius of the matrixX + (1/n)Z, whereZ is a positive matrix, and

Ind(Lrk) = {i ∈ {1,2, . . . , s} : Ii ∈ Lrk}.
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Clearly, for eachj ∈ {1,2, . . . , s}, equation (4.1) gives

s∑
i=1

w
(n)
i λ

kn
ij ≤ 0.

Thus, there exists ak0 ∈ {1,2} and a sequence{mn}n∈N of positive integers such that
limn→∞ mn = ∞ and

s∑
i=1

w
(mn)
i y

k0
ij ≤

s∑
i=1

w
(mn)
i xij

for eachj ∈ {1,2, . . . , s}. Thereforev(n)Yk0 ≤ v(n)Xn where we have setv(n) = w(mn)

andXn = X + (1/mn)Z. Then, by Lemma 4.2,

h(gk0) = max(0, logρ(Yk0)) ≤ max(0, logρ(X)) = h(f ).

In summary, we have obtained a mapgp,1 = gk0 such that(G,A, gp,1) is a Markov
representative of[G,A, f ], Egp,1 ⊂ Ef , Pgp,1 ∩ g−1

p,1(p)  Pf ∩ f−1(p) andh(gp,1) ≤
h(f ).

Now, if p is yet in Egp,1 then there existsb′ ∈ Pgp,1 \ A such thatb′ 6= p and
gp,1(b

′) = p ∈ Egp,1. So, we can repeat the above procedure withb′ instead ofb
to obtain a Markov representative(G,A, gp,2) of [G,A, f ] such thatEgp,2 ⊂ Egp,1,

Pgp,2 ∩ g−1
p,2(p)  Pgp,1 ∩ g−1

p,1(p) andh(gp,2) ≤ h(gp,1). Thus, after a finite number
of steps we obtain a Markov representative(G,A, gp) of [G,A, f ] such thatE(gp) ⊂
Ef \ {p} andh(gp) ≤ h(f ). This ends the proof of the proposition. 2

Proof of Proposition 4.1.If Pf = A∪B(G) (that is,Ef = ∅) then the proposition holds by
takingg = f . Thus we assume thatEf 6= ∅. SinceEf is finite, by using Proposition 4.3
a finite number of times the proposition follows. 2

5. Proof of the Main Theorem
Let (G,A, f ) be a simplicial representative of an action3. We will denote byM(G,A)

the set of all basic intervals of(G,A). Since(G,A, f ) is simplicial,A ∪ B(G) is f -
invariant and, hence,M(G,A) coincides with the Markov partition ofG byA∪B(G). We
note that the cardinality ofM(G,A) does not depend on the choice of the representative
of 3 and will be denoted byp(3). We will denote byS(3) the set of all simplicial
representatives of3 and byTn the set of all(n× n) non-negative integral matrices.

Given an action3 we define a mapM : S(3) → Tp(3) as follows. Let(G,A, f ) ∈
S(3). Then we defineM(G,A, f ) to be the transition matrix ofM(G,A) by f . Recall
thath(f ) = max(0, logρ(M(G,A, f ))).

Let Vn = (Z+)n. For eachA = (ai), B = (bi) ∈ Vn we will write A ≤ B if and only if
ai ≤ bi for all i = 1,2, . . . , n. This relation is a partial ordering inVn. In what follows, for
each action3, we will consider inM(S(3)) the (partial) ordering induced by the ordering
in Tp(3) = Vp(3)2.

The following lemma shows that inM(S(3)) there are only a finite number of minimal
elements.
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LEMMA 5.1. Any subset ofVn has a finite number of minimal elements.

Proof. We use induction onn. The statement is clearly true forn = 1. So, assume that it
holds forn − 1 ≥ 1. LetB be the set of minimal elements of a given subset ofVn and let
A = (ai) ∈ B. For i ∈ {1,2, . . . , n} andk < ai we define

BA(i) = {(tr) ∈ B : ti < ai}

and

BkA(i) = {(tr) ∈ BA(i) : ti = k}.
Clearly

B \ {A} = ∪ni=1BA(i) = ∪ni=1 ∪ai−1
k=0 B

k
A(i).

By the induction hypothesis we have thatBkA(i) is finite and, hence, so isB. 2

Proof of the Main Theorem.In view of Propositions 3.1 and 4.1 it follows that

h(3) = inf{h(g) : (G,A, g) ∈ S(3)}
= max(0, log inf{ρ(M(G,A, g)) : (G,A, g) ∈ S(3)}).

Let A,B ∈ Tp(3). We recall that the spectral radius ofA is equal to the limit whenn
tends to infinity of then-root of the sum of the absolute values of the entries ofAn (see
[11]). Hence, ifA ≤ B thenρ(A) ≤ ρ(B). Consequently, by Lemma 5.1,

inf{ρ(M(G,A, g)) : (G,A, g) ∈ S(3)} = min{ρ(M(G,A, g)) : (G,A, g) ∈ S∗(3)},
whereS∗(3) denotes the set of all(G,A, g) ∈ S(3) such thatM(G,A, g) is a minimal
element ofM(S(3)). Let (G,A, f ) ∈ S∗(3) be such that

ρ(M(G,A, f )) = min{ρ(M(G,A, g)) : (G,A, g) ∈ S∗(3)}.
Therefore,h(f ) = max(0, logρ(M(G,A, f ))) = h(3). Thus, to end the proof of
the theorem, we only have to see that(G,A, f ) is direct. Indeed, we will show that if
(G,A, g) ∈ S(3) is not direct then(G,A, g) /∈ S∗(3).

Assume that(G,A, g) ∈ S(3) is not direct. Then there is a pointv ∈ B(G) which
is free, and a neighborhoodU of K(v) such thatg(v) belongs to the boundary ofg(U)
(with the topology ofg(U)). Therefore, there exists a unique basic intervalJ such that
g(v) ∈ J andJ ∩ g(U) 6= ∅. Denote the endpoint ofJ which is different fromg(v) by e
and letSv be the connected component ofg−1(J ) containingv. Now we define a new map
g̃ : G → G by

g̃(x) =
{
g(x), if x ∈ Cl(G \ Sv)
{e}, otherwise.

Observe that(G,A, g̃) ∈ S(3) and thatM(G,A, g̃) � M(G,A, g). Thus,(G,A, g) /∈
S∗(3). 2
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FIGURE 5. The treeT of Example 5.2.

In the rest of this section we will consider the problem of obtaining a finite algorithm to
compute the entropy of an action. We start by considering the case of an action[T ,A, f ]
whereT is a tree. We note that, since a tree is uniquely arcwise connected, then(T ,A, g)

is a representative of[T ,A, f ] if and only ifg|A = f |A. Moreover, the transition matrix of
a simplicial representative(T ,A, g) of [T ,A, f ] is uniquely determined by the choice ofg
onB(T )\A. Since there are finitely many possibilities forg|B(T )\A in order that(T ,A, g)
is simplicial, the set of transition matrices of all direct representatives of[T ,A, f ] is finite.
Thus, the Main Theorem gives in practice a finite algorithm to computeh([T ,A, f ]).
Example 5.2.Consider the action[T ,A, f ] where T is the tree shown in Figure 5,
A = {x1, x2, x3, x4, x5, x6, x7}, f (xi) = xi+1 for i = 1, . . . ,6 andf (x7) = x1. Let
(T ,A, g) be a direct representative of[T ,A, f ]. Clearly, g(v) ∈ {x3, x2, v, x6, x7}.
So, the set of transition matrices of all direct representatives of[T ,A, f ] has five
elements. The entropy ofg turns out to be log 1.465571232. . . wheng(v) ∈ {x3, x7} and
log 1.754877667. . . wheng(v) ∈ {x2, v, x6}. So,h([T ,A, f ]) = log 1.465571232. . .
and there are (essentially) two direct models attaining this minimal entropy.

In the case of graphs the situation is different and we do not know any finite algorithm
to compute the entropy of an action. However, proving the following conjecture could be
a progress in this direction.

CONJECTURE. For any action3, the set of transition matrices of all direct representatives
of3 is finite.

Remark.Despite the above conjecture, it is easy to see that the set of transition matrices
of all simplicial representatives of an action is not finite.
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