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Abstract We study the existence of models with minimal topological entropy among the
class of all continuous maps from a given graph to itself with a fixed behavior on a given
finite invariant set.

1. Introduction

A classical problem in dynamics is the following one. Assume tids a topological
space and thaf is a map fromX to itself. Assume also that we knoyrestricted to an
invariant setA C X. What can be said about the dynamicsf&f Moreover, does there
exist a map exhibiting the same behaviorfdg and having minimal dynamics in some
sense (i.e. minimal topological entropy, minimal set of periods or periodic orbits, minimal
set of ‘types’ of orbits, .. ?).

When the spac« is a closed interval of the real line amdis a finite set the answer
to the above problem is well known (seH])]). Indeed, the ‘connect-the-dots’ map is the
one exhibiting minimal dynamics in all senses mentioned above. A generalization of this
problem whem is not invariant can be found ir8].

In [4] this problem is considered when the space is a treeAigla finite invariant
set. In that paper it was shown that there is an important difference between the interval
and the tree case (see for instande Example 1.1]). Namely, to obtain models with
minimal dynamics it is necessary to modify the tree (here minimal dynamics means having
a minimal set of ‘types’ of orbits and, consequently, minimal topological entropy).

From above, a natural question is the following. If we do not allow the space to be
modified is there another criterion of minimal dynamics for which there exist minimal
models?

The aim of this paper is to study this problem when the criterion for minimal dynamicsiis
minimal topological entropy and the space is a graph. In particular, we prove (see the Main
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Theorem) that given a gragh, a continuous mayg from G to itself and a finite invariant
setA then there exists a ‘simple’ map having minimal entropy among all mapstdam

itself which coincide withf on A and are homotopic tg relative toA. Moreover, when
G is atree our result is constructive.

In the rest of this section we introduce the basic definitions and notions and state in
detail the main result of the paper.

A connected grapfor simply agraph) is a pair(X, V), whereX is a connected compact
Hausdorff space an#¥ < X is finite and such thakX \ V is the disjoint union of a
finite number of open subsets a&f, called edges with the property that each of them
is homeomorphic to an open interval of the real line. A uniquely arcwise connected graph
will be called atree Given a pointe € V, the number of edges whose boundaries contain
(with the edges whose closures are homeomorphic to a circle counted twice) will be called
thevalence ofx and denoted by vat). If x € X\ V (i.e. it belongs to the interior of some
edge) then we set val) = 2. A point of valence 1 is called aendpointand a point of
valence larger than two is calledbaanching point We will denote the sets of endpoints
and branching points of by End X) and B(X), respectively. It is known that any graph
can be embedded [R®. So, in what follows we will consider any graph endowed with the
topology induced by the topology &°.

Let G be a graph. Every subset6Gfhomeomorphic to a non-empty open interval of the
real line will be called ainterval (however, notice that an intervAlC G is not necessarily
open inG). As usual, subintervalof an intervall will be an interval contained if. Each
interval I will be naturally equipped with the linear ordering of the real line transported by
a homeomorphism from I to (0, 1). Note thaky—1 extends naturally to a continuous map
¢ : [0,1] — CI{I). Then, theleft endpoint(respectivelyright endpoinj of I is defined
to be@(0) (respectivelypp(1)). We note that both endpoints éfmay coincide. In such
a case QI is homeomorphic to a circle. If is an interval, to simplify the notation, we
will denote ClI) by I. Also, if a, b € I then the closure of the (unique) subinterval of
I havinga andb as endpoints will be denoted Ry, b) (or by (a, b); if confusion seems
possible). Note that, whanandb are the endpoints df, then(a, b) = 1. In this spirit we
also will write I = (a, b) if we want to specify the endpoints éf

A pointed graphs a coupl€G, A) whereG is a graph and\ is a finite subset of;. Any
continuous mag from G into itself such thatf (A) c A will be called apointed graph
map Given such a map, we are interested in studying the dynamig¢sfofced’ by f|4.

So, each edge containing a point from EGg\ A can be retracted without consequences
for our purposes. By recursively doing this simplification we can assume that each pointed
graph(G, A) satisfies En@z) C A, and we will do so in what follows.

Let (G, A, f) and (G, A’, f/) be such tha{G, A) and (G’, A’) are pointed graphs
andf : G - G andf’ : G’ — G’ are pointed graph maps. We say tliat A, f)
and (G’, A’, f’) are equivalentif there exists a homeomorphisgpn : G — G’ with
¢(A) = A’ such thatf andg~1 o f’ o ¢ are homotopic relative td. Notice that then,
¢ Lo f'op|s = fla. Each equivalence class of the above relation will be calleattion
As usual, the class aiG, A, f) will be denoted by[G, A, f].

In [4] the notion of apatternfor tree maps was introduced and the representatives of
a pattern having minimal dynamics (topological entropy) were found. The notion of a
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FIGURE 1. An example of a locally monotone mapsats shown in (a), while (b) shows an example of a map
which is not locally monotone at.

pattern can be extended straightforwardly to graph maps as follows. We s&gthat 1)

and(G’, A’, f") have the sampatternif there exists a continuous map: G — G’ such

that:

(i) ¥|aisone-to-one andg (A) = A’;

(i) the image undety of each connected component®fi A is a connected component
of G\ A’;

(iif) ¢ restricted to the closure of each connected componett ©fA is a homotopy
equivalence relative td;

V) flow=vof.

Note that two representatives of an action have the same pattern but not conversely.
Indeed, two representatives of the same pattern can occur at non-homeomorphic graphs
while actions fix the space by homeomorphisms. Since the notion of a pattern does not fix
the space, a natural question is whether there exist representatives with minimal topological
entropy and how they look, when the space is fixed.

If (G, A, f)and(G’, A, f') are two representatives of an action tiéh A, ¢ 1o f’o
@) (Wheregp : G — G’ is the homeomorphism from the equivalence betw@enA, f)
and (G', A’, 7)) is another representative of the same action. So, in what follows, to
simplify the notation, we will assume that the gra@land the se# are fixed.

Let (G, A) be a pointed graph. Every connected componeiit §fA U B(G) will be
called abasic interval

Let G and G’ be graphs and lef : G — G’ be continuous. Fox € G we
denote byK r(x) (or K (x) when no confusion is possible) the connected component of
f71(f(x)) which contains:. Notice that if f does not have flat spots then all S&ts(x)
are degenerate.

Let I be an interval of a graph and l6tbe a graph. Lef : I — G be continuous and
let x e 1. We will say thatf is locally monotone at if there exists a neighborhodd of
K (x) such thatf (V) is homeomorphic to an interval of the real line (perhaps degenerate
to a point) andf |y is (not necessarily strictly) monotone as an interval map (see Figure 1
for some examples). We note thAtV) is degenerate to a point only whéf(x) = 1
(and thenf |7 is constant). We will say that is monotonef it is locally monotone at each
point of 1. Let J be a subinterval of. We will say that/ is atrivial interval if f(Bd(J))
reduces to a point anfl|5 is homotopic (relative to B@/)) to a constant map. It is easy to
see thatf is monotone if and only iff restricted to any trivial interval is constant.
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Let (G, A, f) be a representative of an action. We say tldatA, f) is monotonef f
restricted to any basic interval is monotone. Lagity, A, f) will be calledsimplicialif it
is monotone ang (B(G)) C AU B(G).

Let (G, A, f) be a simplicial representative of an action. A paint B(G) will be
calledfreeif K(v) N A = (. Moreover, we will say thalf is direct atv if for every
neighborhood’ of K (v) it follows that f(v) € Int(f(U)) (with the topology off (U)).
When f is direct at each free branching point we will say th@t A, 1) is direct

Given a continuous mayp from a compact topological space into itself we will denote
by i ( f) thetopological entropy off (see [L, 7] for a definition of this notion).

Let A be an action. We define tlemtropy of A, denoted by:(A), as

h(A) = inflh(f) : (G, A, f) is arepresentative aof }.

MAIN THEOREM. Given an actionA there exists a direct representative, A, f) of A
such that:(f) = h(A).

Notice that the Main Theorem is an existence theorem but does not give an algorithm
to construct the map which gives the entropy of the action. However, in 85 we will give an
effective algorithm to compute this map for an actj@i A, f] whenT is a tree. Also, we
will show how to compute this entropy in a simple case (see Example 5.2).

The proof of the Main Theorem follows the strategy 8F.[In particular the proof is
based in a sequence of reductions to smaller classes of maps. In 82 we make the reduction
to the class of monotone maps, in 83 to the class of ‘Markov’ maps and in 84 we make the
last reduction to the class of simplicial maps. Finally, in 85 we prove the Main Theorem.

2. Monotone representatives
PROPOSITION2.1. Let (G, A, f) be a representative of an action. Then there exists
(G, A, g), amonotone representative(df, A, f], such thati(g) < i(f).

To prove Proposition 2.1 we follow the strategy that one would use in the context of
interval or tree maps. In the context of graph maps the new feature is that the image of a
basic interval can make turns to a circuit. We will use the three following technical lemmas.

LEMMA 2.2. Letf : G — G andg : G — G begraphmaps. LeaW = {x € G : f(x) #
g(x)} and assume that restricted to each connected componentbfs constant. Then
h(g) < h(f).

Proof. We start by showing that it is enough to prove the lemma whehas a unique
connected component. Indeed,Mf contains a finite number of connected components
{M1, M>, ..., M,} then, for eachk € {1,2,...,n}, we definegy = g on 1\7Ik =

M1 UMyU---UM; andg, = f in the complement 0ﬂ71k. Thenh(f) > h(g1) >
h(g2) > --- > h(gy) = h(g) and the lemma follows. 1M contains an infinite number of
connected componentsfs, Mz, ..., M, ...} we consider the sequen¢g};2; defined
analogously. Clearlyg, converges teg in the C%-topology. Therefore, sinc(f) >
h(g1) > h(g2) > --- > h(gy) > --- andh(-) is lower semicontinuous (see, e.@))[ it
follows thath(g) < h(f).
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So we assume thaf has a unigue connected component. By using Bowen’s formula
of entropy p] we have

h(g) = lim limsup(1/n) logs, (n, &)
e—=0 pooo

wheres, (1, €) is the largest possible cardinality of &m, ¢)-separated set fgr. Recall

thatE C G is (n, g)-separated forg if d,(x,y) > ¢ for eachx,y € E, whered,(x, y)

denotes the maximum of the distances frgitx) to g’ (y) fori € {0, 1, ..., n —1}. Then,

to show thati(f) > h(g) it suffices to prove that

limsup(1/n)logse(n, &) < limsup(l/n)logsy(n, €)
n—oo n—0o0
for everye > 0.
Letn > 2 and letB be an(n, ¢)-separated set fgr. Fork =0,1,...,n — 2, let

Bx = {x € B : k is the least integer such that (x) € M}

and letB,_1 = B\ U;Z;CZJB;(. Note that, fork = 0,1,...,n — 1, each of the setBy, is
(k+1, e)-separated fog and f. Thus,sg(n, &) < sr(1l, &) +s7(2,&)+---+57(n, ). On
the other hand, since each ¢)-separated set is alsb + 1, ¢)-separated, it follows that
the sequencg (n, £)},en IS non-decreasing. Consequently,

lim sup(1/n) logse (n, €) < limsup(1/n) log < > spl, 8))

— — :
n— 00 n— 00 i—1

< limsup(1/n) log (n lmax sy, e))

n— oo

— lim sup(L/n) Iog(lm_ax sy, e)>

n—o00

= limsup(1/n)logss(n, €).

n— oo

This ends the proof of the lemma. i

The strategy of the proof of the next results uses the ideas of the ‘water functions’
defined for circle maps (see for instané§ [

LEMMA 2.3. LetG be agraph, lef = (a, b) be aninterval ofagraphandlet: I — G
be a continuous map. Assume that the interiof @f) is an interval ofG. Then there exists
a continuous mag : I — G satisfying the following conditions:

@  gla.by = flia.b);

(b) g and f are homotopic (relative t¢a, b});

(c) gis monotone;

(d) g is constant on each connected component of théxset! : f(x) # g(x)}.

Proof. Notice thatf (7) is homeomorphic either to a closed interval of the real line or to
the circle. Assume first that(7) is homeomorphic to an interval. ff(a) = f(b) then we
defineg(x) = f(a) for all x € I and we are done. Assume now that) # f(b). Then
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set

Ar={xel: f(x)= f(a)},
maxAi, if A1#0
a, otherwise
Bi={xel:x>arandf(x) = f(b)},
minBy, if B1#0
b, otherwise

In £(I) consider the linear ordering such th&iz) < f(b) and define

f(a), if r € (a,a1);
gt)y=1maxf(z) :a1 <z <t}, ifte a1, bi)s
£ (b), if £ € (b1, b);.

Itis not difficult to see thap satisfies the required properties.

Now assume thaf (1) is homeomorphic to a circle. Sing& /) is homeomorphic to an
interval we havef (a) = f(b) ¢ f(I). Now consider the linear ordering inducedjii/)
by f(x) < f(y) for eachx andy close enough ta andb respectively. Then, we define
g(a) = g(b) = f(a) and, forr € I,

gt)y=maX{f(z):ze€l, z <t}
As aboveyg satisfies the required properties. |

LEMMA 2.4. LetG be a graph, let/ be an interval ofG, let f : I — G be a continuous
map and let € I. Assume thaf is monotone in the closure of the connected components
of I\ {c}. Thenf is monotone if and only if is locally monotone at.

Proof. From the definition it follows that iff is monotone then it is locally monotone at
c. Assume now thaf is locally monotone at and lety € I. Let I = (a, b). Without
loss of generality we may assume that (a,c);. If y € K(c¢) thenK(y) = K(c) and
f is locally monotone ay. If y ¢ K(c) then, sincef|, is monotone, we can take a
neighborhood’ of K (y) in (a, ¢) such thatVv N K(c) = ¥ and f|y is monotone. Therf
is locally monotone ay. |

Proof of Proposition 2.1 We will construct the mag by modifying f in such a way that
the following conditions hold for each basic intervabf (G, A, f):
(1) glBdw) = fledwy;
(2) glyis homotopic (relative to BA)) to f|7;
(3) glyis monotone;
(4)  h(g) = h(f).
By Lemma 2.2 the last condition can be replaced by the following one:
(5) g is constant on each connected component of thérset! : f(x) # g(x)}.
To construct such a mag we fix a basic interval of (G, A, f) and we will construct
amapg : I — G satisfying (1)—(3) and (5). If (I) N B(G) = @ then, by Lemma 2.3, we
are done. So, we assume thfatl) N B(G) # 4.
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Let us denote by the closed setf~1(B(G)) N T) U Bd(I). By Lemma 2.3 there
exists a mapfy verifying that f1|lw = f|w, f1 iS monotone restricted to the closure of
each connected componentiof W and (1), (2) and (5) hold witlg replaced byf;.

Let ¢ be smaller than the minimum of the diameters of all basic interval€;0fd).
Sincel and G are compact metric spaces aifd is continuous it follows thatf; is
uniformly continuous. Hence, there existsuch thatd( f1(x), f1(y)) < & whenever
d(x,y) < 8. Note that if a connected subset@fhas diameter less thanthen its image
cannot contain any basic interval (and, in particular, any circuizofA).

Let C be a connected componentiof W having diameter smaller tharand such that
Bd(C) N Bd(I) = . Then, sincef (BA(C)) C B(G), it follows thatC is a trivial interval
for f1. Consequentlyfi |+ is constant. LeD be the set formed by the componeat®f
I\ W such thatfy | is not constant. It follows that eaeh € D either has diameter larger
than or equal té or Bd(C) N Bd(/) # @. Thus,D is finite. Moreover,f1 is constant on
each component df\ (U._,C). Thus, there exist > 1 and points; < s2 < -+ < s§—1
in I such thatf (s;) € B(G) fori =1, 2,...,k — 1 and, for each connected compon€ént
of I'\ {s1,s2, ..., sk-1}, fil is monotone angf(C) is contained in the closure of a basic
interval. Now setl = (so, sx). For consistency we also will writey < s (respectively
s < si) for eachs € I (note that there is no ambiguity in doing this even wkeg- s;).

To end the proof of the proposition it is enough to show thatfer 1, 2, ..., k there
exists a continuous maf) : I — G such that:

()  fileday = fledu). fi is homotopic (relative to Bd)) to f and f; is constant on
each connected component of thefset€ 7 : f;j(x) # f(x)};

(i) the mapf;lsy,s) is monotone and; |, s,) = flis.s) Wheni < k;

(i) if i <kthenforeacly € {1,2,...,k— 1} either f;(s;) € B(G) or fi(s;) = fi(s0)
forl=1,2,...,jandj <i;

(iv) for each connected compone@itof 7 \ {s1,s2,...,s:-1}, fil¢ is monotone and
f:(C) is contained in the closure of a basic interval.

Note that then, in view of (i) and (ii), the mafi satisfies (1)—(3) and (5) and so, the

proposition holds by taking = f;.

Now we will construct the above sequence of maps by induction. Observe that the
map f1 constructed above verifies the conditions (i)—(iv). Now assume that there exists
1 <i < k and a mapf; verifying conditions (i)—(iv). We will show that there exists a map
fi+1 verifying conditions (i)—(iv).

If filiso.5:.1) IS Monotone then we sgt 1 = f; and we are done. Otherwise, by (ii),
(iv) and Lemma 2.4;|s,.5,.1) iS Not locally monotone at. Let

Ri = {x € {s0,s:) : fi(x) = fi(siz1)}.
Note that ifR; # @ then it is a closed connected subsetsef s;). In this case we set

fiGizy), ifx e (minR;,si11)

firi(x) = :ﬁ(x)’ otherwise.

Clearly, f;y1 verifies (i) and (iv). Property (ii) follows from the fact that mRy < s;
and fl(s.s;) IS monotone. Finally, if for somg we have fi11(s;) # fi(s;) then
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minR; < s; < s;. Hence, fi11(s;) = fi(siy1) € B(G). Otherwise, we have
fi+1(s;) = fi(s;) and, hence, (jii) holds.

Assume now that?; = @. Then, from (iv) it follows that if for somej we have
fi(sj), fi(sj+1) € B(G) andfils, s;+1) is not constant, theyfi ((s;, s; + 1)) is the closure
of a basic interval. Thus, sincg|,.s;,,) iS Not locally monotone af;, from (iii) and (iv)
it follows that there exists & [; < i such that

fil(so, s1,)) = {fiGs0)},  fil{sy;, s142)) C fildsi, siv1)),  fi(sg+1, 80)) = {fi (5i)).

Furthermore,f; ((s;, si+1)) is contained in the closure of a basic interval. Hence, the
interior of f; ((so, si+1)) is an interval. Now we set

~

Ri = {x € (si, si+1) : fi(x) = fi(s0)}.
Note thatﬁi is a non-empty closed connected set. Then, we set

fi(so), if x € (so, maxR;)
fi(x), otherwise.

firilx) = :

Clearly, by Lemma 2.4; 1 verifies (i), (i) and (iv). Property (iii) follows in a similar way
as above. m|

3. Markov representatives
Let(G, A, f) be a monotone representative of an action. We say(that, f) is Markov
if every element ofB(G) has a finite orbit. Note that G, A, f) is simplicial then it is
Markov but not conversely.

PrROPOSITION3.1. Let A be an action. Then
h(A) = inf{h(g) : (G, A, g) is a Markov representative af}.

To prove Proposition 3.1 we need some definitions and preliminary results. Assume
that(G, f, A) is a monotone representative of an action. Set

C(A, f) =Urcaup)Kr(x)

and denote the cover ¢f whose elements are the connected componerds 4f /) and
of G\ C(A, f) by A = Ay. Also denote byd” = Af;. the cover ofG whose elements
aredoN f~Y(AD) N---n f1(A,_1) whereA; € Afori = 0,1,...,n — 1. Such
an element will be denoted iAo, A1, ..., Ay—1) (Or (Ao, A1, ..., Ap—1) r if we need to
specify the map).

We note that4 is a partition ofG. Moreover, it is not difficult to prove by induction
that.4" is also a partition of; for eachn > 1. Then, we have the following.

LEMMA 3.2. Let(G, A, f) be a monotone representative of an action. Then

1 1
h(f) = nILmoo - log CardA” = inf {; logCardA” : n € N}.
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Proof. SinceA" is a partition ofG for eachn > 1 we see that/(A4") = Card.A" for each
n > 1 (recall that\'(A") is defined to be the minimal possible cardinality of a subcover
chosen from4"). Then, from R, equation (4.3) and Lemma 4.1.1] we see that

h(f, A) = lim }IogJ\/(A”) = lim }Iog CardA" = inf {E logCardA” : n € N}.
n—-oon n—-oon n

Therefore, to end the proof of the lemma it is enough to showithal = i(f, A). This
follows similarly to the proof of 2, Proposition 4.2.3]. The main changes come from
the fact that in the interval, when we remove a point we obtain less than three connected
components (this is the number 3 B Lemmas 4.2.1 and 4.2.2]) while in a graph we
obtain less than mgxal(x) : x € G} + 1 components. O

Let (G, A, f) be a monotone representative of an action. Denote
dy = Cardx € B(G) : Orbs(x) is infinite}.

Clearlyd; = Oifand only if (G, A, f) is Markov.
The next lemma will be crucial in the proof of Proposition 3.1.

LEMMA 3.3. Let (G, A, f) be a monotone representative of an action and assume that
dy # 0. Then for alle > Othere existgG, A, g), a monotone representative pf, A, f],
such thatd, < dy andh(g) < h(f) +e.

Proof. Fix ¢ > 0. By Lemma 3.2 we can choose ane N such that% log CardA’}} <
h(f) + ¢ andm > Card Orly (x) for all x € A U B(G) with finite orbit. For allj € N set

Ci(A, ) =ULof (C(A. f)).

We claim that there exists € B(G) such that Orb(v) is infinite andf*(v) ¢ Cn (A, f)

for all £ > m. To prove the claim note that, sindg # 0, there existx € B(G) such
that Orly (x) is infinite. Therefore, there exisfs> m such thatf/(x) € C,.(A, f) and
Fk(x) ¢ Cn(A, f)forallk > j because (C,, (A, f)) isfinite. Moreover, sincd is finite
and f-invariant we have that’/ (x) € f”(B(G)). That s, there exists € B(G) such that
f7(x) = f™(v). Then Orly(f™(v)) = Orbs(f/(x)), and hencef* (v) ¢ Cn (A, f) for

all k > m. This ends the proof of the claim.

Now let M be a connected component@f\ C,, (A, f) which contains infinitely many
points of Orly(v). Since B(G) C Cw(A, f), M is an interval. So, se¥ = (a, b) and
letc € M be an accumulation point of Ofiov) N M. Clearly either(a, c)u or (c, b)m
contains infinitely many points of Oglgv). We suppose that # b and that(c, b) contains
infinitely many points of Orb(z). The proof in the other case is analogous. Set

ji=min{j € N: /() € Int((c, b)m)},
jo=min{j e N:j > jiandc < f/(v) < f1(v)}

Also, fix a pointc < ¢* < f/2(v). Now we define a continuous map: G — G in the

following way:

9.1) glovinter. frayy = Flounter, fayy- 1N particular g(c*) = f(c*) and
g(f1 ) = f(f/A));
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(9.2) g(y) = g(f/+(v)) foreachy € (f72(v), f/1(v));
(9-3) 8liex, Fiz(vy) is monotone.
Note that such a map is well defineflly = g|4 andg is homotopic tof relative toA.
Hence|G, A, f] =[G, A, g]. Moreover, the mag satisfies the following properties:
(p-1) Ci(A, f)=Ci(A,g)foralli =0,1,...,m;
(P-2) flena,f = gleaa, p;
(p-3) (G, A, g) is monotone.
Moreover, letz € B(G) be with finite orbit. Since Card Opfz) < m we have
Orbr(z) € Cu(A, f) and, hence, Orp(z) = Orhb,(z) by (p.2). Thusd, < dy. On the
other hand observe that(v) = fi(v) foralli = 0,1,..., j» andg2t1(v) = gi1tl(v).
So Orly (v) is finite and, hencel, < dy — 1.

To end the proof of the proposition it suffices to show th@t) < i(f) + . To see this
we start by showing that

Card ’}} = CardA?.

By the construction of we haveAd; = A,. So, to prove that Card’; = CardAY it is
enough to see thafg, A1,..., A,—1)r # P ifand only if (Ag, A1, ..., Ap_1)g # ¥ for
anyAo, A1, ..., Au—1 € Ay. To prove this we fixAg, A1, ..., Au—1 € Ar. Assume that
A; is a connected component6f\ C(A, f) foreachi =0,1..., m — 1 (then, each; is
an interval contained in a basic interval(@f, A)). Foreach =0,1...,m — 1 we claim:
(1) both(Ag, As,..., A} and(Ao, Ay, ..., A;), are either empty or intervals;
(2) if (Ao, A1,....A) s # O then fiT((Ag, A1, ..., A)f) = gTH((Ao, A1, ...,
A;)g) is an interval and its endpoints belong @, 1(A, f). Moreover the maps
S A0 Ar. ), ANDETT (40 4, 4,), ArE monotone.

Now we prove the claim by induction. Statements (1) and (2)ifoe 0 follow
from the definition ofg. Then we assume that (1) and (2) hold for<©9 i — 1 <
m — 1 and we prove them fof. If (Ao, A1,...,A;—1)y = ¢ there is nothing to
prove. So assume thdto, A1,...,Ai—1)r # @. Then (Ao, A1, ....,A)ys # 0
is equivalent toA; N fi((Ao, A1, ..., Ai—1)y) # 9 which, in turn, is equivalent to
Ai N g ((Aog, Ax, ..., Ai_1)g) # ¥ which, finally, is equivalent tqAo, A1, ..., Ai)g #
@. Since fi((Ao, A1, ..., Ai—1)y) is an interval and4; is connected it follows that
A; N fi((Ao, A1, ..., Ai—1)r) is aninterval. Thus, since

(Ao, AL, ..., A = (fliagAr i) T4 D £ (Ao, AL, ... Ai—1)f)),

it follows that(Ao, A1, ..., A;) s is an interval becausg/| (4, 4,.....A,_s), IS Monotone. In
a similar way we can show that the gelfo, A1, ..., A;), is an interval. Hence, (1) holds
fori.

To prove (2) note that

FT (Ao, Ax, ... A ) = f(Ai N f1((Ao, AL, ..., Ai—1) ) C f(AD) (3.1)

which is an interval becausgs, A, f) is monotone. Moreoverf"|(A0,A1,,“,Ai71), is
monotone and|4, is monotone. Thusfitl((Ao, A1, ..., A;)r) is an interval because

.....

Lastly, since the mag| 4, fi((aq,4;.....4;_y) ;) 1S MONOtONe, from equation (3.1) we obtain
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that the endpoints of the settl((Ag, A1, ..., A;)y) are thef-images of the endpoints
of A; N fi((Ao, A1, ..., A;—1) ). By the induction hypotheses, these endpoints coincide
with the endpoints of the sef; Ng’ (Ao, A1, ..., A;_1)g). Letz be one of these endpoints.

If z is an endpoint ofA; thenz € C(A, f) and, hencef (z) = g(z) € C1(A, f). If zis

an endpoint off ((Ao, A1, ..., A;-1) r) then, by the induction hypothesess C; (A4, f).
Consequentlyf (z) = g(z) € Ci+1(A, f). This ends the proof of the claim.

Now we are ready to prove that the $8b, A1, ..., An—1) r is non-empty if and only if
the set(Ag, Ay, ..., An_1)g is non-empty. IfA; is a connected componentGh C (A, f)
foreachi = 0,1, ..., m — 1 then the statement follows from (1) of the above claim. So
assume that there existse {0, 1,...,m — 1} such thatA; is a connected component
of C(A, f) = C(A, g) andA; is a connected component 6f\ C(A, f) for eachj =
0,1,...,i—1.By(1),(Aog, A1, ..., Ai—1)y and(Ag, Ay, ..., Aj_1), are either empty or
intervals. If they are empty, then boto, A1, ..., An—1) s and (Ao, A1, ..., An—1)g
are empty and we are done. Otherwise, by (2).((Ao, A1, ..., Ai—1)y) =

g ((Ag, A1, ..., Ai—1)g).  If fi((Ao, A1,...,Ai—D)f) N A; = ¢ then, again,
(Ag, A1, ..., Au—1)f = (Ao, AL, ..., An-1), = ¥. So we may assume that
fi((Ao, A1,..., Ai—1) ) N A; # @. Then, sincef!(A;) = g'(A;) for each
I = 01L1....m — 1, fl((Ao,A1,...,A)f) = g'((Ao, A1, ..., A;),) for each
I =i,i+1...,m— 1 Consequently(Ag, A1,...,An—1)r #* @ if and only if
(Ao, A1, ..., An—1)e # ¥ and, hence, Car ’}} = CardAg’.

By Lemma 3.2,

1 1
h(g) < —log CardAy = — log CardA?} < h(f) +e.
m m !

This ends the proof of the lemma. i

Proof of Proposition 3.1Using iteratively Lemma 3.3 with replaced by /d it follows
that for eacte > 0 there existsG, A, g), a Markov representative §&, A, 1], such that
h(g) < h(f) + ¢. Clearly this implies that

inf{h(g) : (G, A, g) is a Markov representative 66, A, 11}
<inf{h(g) : (G, A, g) is a monotone representative[df, A, f]}.

Note that Proposition 2.1 implies that
h(A) =inf{h(g) : (G, A, g) is a monotone representative[df, A, f1}.

Therefore, the result follows. O

4. Simplicial representatives
This section is devoted to prove the following.

PrROPOSITION4.1. Let (G, A, f) be a Markov representative of an action. Then there
exists a simplicial representatiVé&, A, g) of [G, A, f] such thati(g) < h(f).

To prove Proposition 4.1 we need to introduce some notation and a technical lemma.
To compute the topological entropy of Markov maps, the standard technique is to use
the so-calledMarkov partition In our setting we will define it as follows. L&G, A, f)
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be a representative of an action andfeb AU B(G) be a finite set. Th&larkov partition
‘P of G by P is defined to be the set of all connected components ofP. Note that then
each element fror® is an interval. Assume now thgt(P) c P. Then, toP we shall
associate &ransition matrixM = (m;;) as follows. Letly, I, ..., I, be the elements of
P. Then we setn;; equal to the maximum number of pairwise disjoint subinterkaisf
I; such thatf (K) = I;. Note thatM is a non-negative integral matrix.

Let X be a positive (respectively non-negative) matrix. From the Perron—Frobenius
theorem (see for instanc@]] it follows that p (X), the spectral radius o, is an eigenvalue
of X which has positive (respectively non-negative) left and right eigenvectors.

If (G, A, f) is a Markov representative of an action akids the transition matrix of
the Markov partition ofG by P, thenh(f) = max(O0, logp (X)) (this follows from P,
Theorem 4.4.5] with the obvious changes).

Next we state and prove a technical lemma.

LEMMA 4.2. Let X and Y be non-negative matrices. Lét,},cny be a sequence of
positive integers such thdim,_, ., m, = oco and letX, be the matrixX + (1/m,)Z,
whereZ is any positive matrix. Denote hy? the positive left eigenvector corresponding
to p(X,) and assume that™y < v™ X, forall n > 1. Thenp(Y) < p(X).

Proof. SinceX, converges t, it follows thatp (X,) converges te(X). Thus it suffices
to show thap (Y) < p(X,) foralln > 1.
Let w be a non-negative right eigenvectoriotorresponding t@ (Y). Then

po(NvPw =v"Pp¥)w=1v"PYw < v X, w =" p(Xn)w = p(X,)vPw.
Sincev™w > 0, p(¥) < p(X,) and the lemma follows. O

Let (G, A, f) be arepresentative of an action. Then we define

Pr=AU ( U f”(B(G))) and E; = Ps\ (AU B(G)).
nezZ+

Note thatf(Py) C Py and if (G, A, f) is Markov thenP; (and, henceE ) is finite.

Moreover,Ey = @ if and only if (G, A, f) is simplicial.

PrROPOSITION4.3. Let (G, A, f) be a Markov representative of an action such that
E; # (. Givenp e Ey there exists a Markov representativé, A, g,) of [G, A, f]
suchthatt,, C Ef \ {p} andh(gy) < h(f).

Proof. Let P = {I1, I, ..., I;} be the Markov partition ofG by Py and letX be the
transition matrix ofP.

Clearly, there exists € P\ A suchthab # p andf(b) = p. Sincef(b) = p ¢ B(G)
there exist exactly two elements frof which are adjacent t¢(b). Without loss of
generality we may assume that these elements are precisely the infgrvalDenote by
e1 (respectively;) the endpoint of; (respectivelyl) which is different fromf (). Also,
denote bys), the connected component ¢f1(1; U I U { f (b)}) which contains. Note
thatS, is openinG and f (P N Sp) = {f(b)}. Hence,S, N A = . Denote byA the set
of all connected components §f \ Pr. Notice that ifK € A thenK is an interval and,
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FIGURE 3. The pointf (b) is pushed towards, (respectivelye1) by g1 (respectivelygy).

for somek € {1, 2}, either f(K) = I or f(K) = I U{f(b)}or f(K) = {f(b)}. Then,
fork =1, 2, we set

Li={KeA: Iy C f(K)}

(see Figure 2). In particular, we hatg N £ = 9.

In the rest of the proof we will use the following notation. Giviere {1, 2}, we will
denote by?the unique element dfl, 2} \ {k}. Now, fork = 1, 2, we defineg; such that
(G, A, gr) is a Markov representative o, A, 11, 8klg\s, = f|G\Sb and, for eaclK € A,
gklx is monotone and

LU{fb)Ul, ifK e/l

(K) = .
8k {ez}, otherwise

(see Figure 3). In other wordgk|sb = hko fls, wherehy, is a continuous map from
L U{f (D)} U I> to itself such that it expands onto the entird1 U { f (b)} U I and shrinks
Iz into ez.

Note thatgy and f coincide onPy \ S, and

gk(Pr N Sp) C {ex, e2} C Pr\ {p}

for eachk = 1,2. Thereforeg,(Pr) C Pr. So, sinceA U B(G) C Py we obtain that
Pg, C Py and, consequently,, C Ey. Also, Py, N gk_l(p) C (PN f~(p) \ {b}. To
see thatG, A, gi) is a Markov representative ¢, A, f] note that(G, A, g) is clearly
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.......... Jf(El) f(ﬁg) —

T T s

f(J), } |
o Iogm B e

FIGURE4. Cases (iv) and (v) fal N Sp, with J € P.

monotone,g; and f coincide onA (recall thatA N S, = ¥) and Pg, is finite because
P, C Py.
To each of these mapg there corresponds a transition matrix= (y{fl.) of P. Notice
that, givenJ € P, the set/ N Sy, is either:
(i) the empty set;
(i) asubset oK ;(b) (this happens wheyi(J N Sp) = {f(b)});
(i) an element of’; for somek;
(iv) the union of two elements af; for somek (this happens wheif is a circuit having
b as a unique vertex anflis not locally one-to-one ih—see Figure 4(a));
(v) the union of one element af; with one element of’; (this happens whet is a
circuit havingb as a unique vertex anflis locally one-to-one ib—see Figure 4(b)).
In cases (i), (i) and (v) the rows &f andY; corresponding td coincide. Moreover, for
eachk € {1,2}andi, j € {1,2,...,s} we havey{‘j = x;; whenj > 2 and, forj € {1, 2},
Yi; = Xij + Aj;, where
1, ifLel}
2, iflel?
Ao=4-1 ifL e ct
-2, if I e L2
o, otherwise

whereL; denotes the set of elements/divhose intersection witl, consists of elements
of Lx.

Now, by using Lemma 4.2, we will prove that eithetY1) < p(X) or p(Y2) < p(X).
Clearly, for eachn € N there exists &, € {1, 2} such that

Z w" +2 Z wf" < Z w" +2 Z w”, (4.1)

ielnd(£g,) ielnd(£2 ) ielnd(£L) ieind(£2.)

wherew® = (wf”)) denotes a positive left eigenvector corresponding to the spectral
radius of the matriXX + (1/n)Z, whereZ is a positive matrix, and

Ind(Ly) = {i e {1, 2,....s}: I € L}}.
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Clearly, for eachy € {1, 2, ..., s}, equation (4.1) gives

S
Y war < 0.
i=1 .

Thus, there exists & € {1, 2} and a sequencgn,},n Of positive integers such that
lim,— o m, = oo and

N N

(mn) _ ko (mn) .
dow"™yip < ) w™
i=1 i=1

for eachj € {1,2,...,s}. Thereforev™Yy;, < v™ X, where we have set™ = w0
andX, = X + (1/my,)Z. Then, by Lemma 4.2,

h(gk,) = max(0, 10g p(Yi,)) = max@, log p(X)) = h(f).

In summary, we have obtained a mgp1 = gi, such that(G, A, g, 1) is a Markov
representative dfG, A, f1], Eg, . CEf, Pg,, N g;’ll(p) & PrnN ) andh(gp.1) <
h(f).

Now, if p is yet in Eg,, then there existd’ € P,,, \ A such thatt’ # p and
gp1d) = p € Eg,,. So, we can repeat the above procedure withnstead ofp
to obtain a Markov representativé&r, A, g, 2) of [G, A, f] such thatEgpv2 C Eg,y,
Pg,, N g;’lz(p) G Pg,1Ng,1(p) andh(g,2) < h(gp1). Thus, after a finite number
of steps we obtain a Markov representati¢g A, g,) of [G, A, f] such thatE(g,) C
E¢\ {p}andh(g,) < h(f). This ends the proof of the proposition. |

Proof of Proposition 4.11f Py = AUB(G) (thatis,E ; = ¢) then the proposition holds by
takingg = f. Thus we assume thdity # ¢. SinceEy is finite, by using Proposition 4.3
a finite number of times the proposition follows. |

5. Proof of the Main Theorem

Let (G, A, f) be a simplicial representative of an actian We will denote byM (G, A)

the set of all basic intervals aiG, A). Since(G, A, f) is simplicial, A U B(G) is f-
invariant and, hence\1 (G, A) coincides with the Markov partition af by AU B(G). We

note that the cardinality aM (G, A) does not depend on the choice of the representative
of A and will be denoted by(A). We will denote byS(A) the set of all simplicial
representatives ok and by7,, the set of alln x n) non-negative integral matrices.

Given an actiomA we define a map/ : S(A) — T,(a) as follows. Let(G, A, f) €
S(A). Then we defind1 (G, A, f) to be the transition matrix oM (G, A) by f. Recall
thath(f) = maxO, logp(M (G, A, f))).

LetV, = (Z1)". ForeachA = (a;), B = (b;) € V, we will write A < B if and only if
ai < b;jforalli =1,2,...,n. Thisrelation is a partial ordering ¥,. In what follows, for
each actiom\, we will consider inM (S(A)) the (partial) ordering induced by the ordering
in Tpa) = Vpay2:

The following lemma shows that il (S(A)) there are only a finite number of minimal
elements.
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LEMMA 5.1. Any subset oV, has a finite number of minimal elements.

Proof. We use induction on. The statement is clearly true far= 1. So, assume that it
holds forn — 1 > 1. LetB be the set of minimal elements of a given subsét,pénd let
A= (a;) eB.Fori e{1,2,...,n}andk < a; we define

Ba(i) ={t) e B:t; <a;}

and
BY(i) = {(ty) € Bali) : 1; = k).
Clearly
B\ (A} = U Ba(i) = Uy Us o BRG).
By the induction hypothesis we have tt#; (i) is finite and, hence, so B. 0

Proof of the Main Theoremin view of Propositions 3.1 and 4.1 it follows that

h(A) = inf{h(g) : (G, A, g) € S(A)}
= max@©, loginf{p(M(G, A, g)) : (G, A, g) € S(A)}).

Let A, B € T,n). We recall that the spectral radius 4fis equal to the limit whem
tends to infinity of the:-root of the sum of the absolute values of the entrieddbf(see
[11]). Hence, ifA < B thenp(A) < p(B). Consequently, by Lemma 5.1,

inf{p(M(G, A, g)) : (G, A, g) € S(M)} =min{p(M(G, A,g)) : (G, A, g) € S"(A)},

whereS*(A) denotes the set of allG, A, g) € S(A) such thatM (G, A, g) is a minimal
element ofM (S(A)). Let (G, A, f) € S*(A) be such that

p(M(G, A, f)) =min{p(M(G, A,g)) : (G, A, g) € S* (M)}

Therefore,h(f) = maxO0,logp(M(G, A, f))) = h(A). Thus, to end the proof of
the theorem, we only have to see tliat, A, f) is direct. Indeed, we will show that if
(G, A, g) € S(A) isnotdirectthenG, A, g) ¢ S*(A).

Assume thatG, A, g) € S(A) is not direct. Then there is a pointe B(G) which
is free, and a neighborhodd of K (v) such thatg(v) belongs to the boundary @f(U)
(with the topology ofg(U)). Therefore, there exists a unique basic intetvauch that
g(v) € J andJ N g(U) # @. Denote the endpoint of which is different fromg(v) by e
and letS, be the connected componentgf! (/) containingv. Now we define a new map
g:G— Ghy

g(x), if x € CI(G\ Sy)

Sr) —
8(x) {e}, otherwise

Observe thatG, A, 3) € S(A) and thatM (G, A, 3) < M(G, A, g). Thus,(G, A, g) ¢
S*(A). 0
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FIGURES. The treel’ of Example 5.2.

In the rest of this section we will consider the problem of obtaining a finite algorithm to
compute the entropy of an action. We start by considering the case of an @ctién /]
whereT is a tree. We note that, since a tree is uniquely arcwise connected,thang)
is arepresentative ¢, A, f]ifandonlyifg|4 = f|a. Moreover, the transition matrix of
a simplicial representativ@’, A, g) of [T, A, f]is uniquely determined by the choicegf
on B(T)\ A. Since there are finitely many possibilities i 7y, 4 in order that(T, A, g)
is simplicial, the set of transition matrices of all direct representativeg,od, f] is finite.
Thus, the Main Theorem gives in practice a finite algorithm to compdtg, A, f]).

Example 5.2.Consider the actionT, A, f] where T is the tree shown in Figure 5,
A = {x1, x2, X3, X4, x5, X6, x7}, f(x;) = x;41fori = 1,...,6 and f(x7) = x1. Let
(T, A, g) be a direct representative ¢T, A, f]. Clearly, g(v) € {x3,x2, v, x6, x7}.
So, the set of transition matrices of all direct representative§7ofd, /] has five
elements. The entropy gfturns out to be log #65571232.. wheng(v) € {x3, x7} and
log 1.754877667 .. wheng(v) € {x2, v, x6}. S0,A([T, A, f]) = log1465571232..
and there are (essentially) two direct models attaining this minimal entropy.

In the case of graphs the situation is different and we do not know any finite algorithm
to compute the entropy of an action. However, proving the following conjecture could be
a progress in this direction.

CONJECTURE For any actionA, the set of transition matrices of all direct representatives
of A is finite.

Remark.Despite the above conjecture, it is easy to see that the set of transition matrices
of all simplicial representatives of an action is not finite.
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