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Abstract. Under certain assumptions on CAT(0) spaces, we show that the geodesic flow is
topologically mixing. In particular, the Bowen—Margulis’ measure finiteness assumption
used by Ricks [Flat strips, Bowen—Margulis measures, and mixing of the geodesic flow
for rank one CAT(0) spaces. Ergod. Th. & Dynam. Sys. 37 (2017), 939-970] is removed.
We also construct examples of CAT(0) spaces that do not admit finite Bowen—Margulis
measure.
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1. Introduction
Topological transitivity and topological mixing of the geodesic flow are two dynamical
properties that have been studied extensively for Riemannian manifolds. Anosov [1] first
proved topological transitivity of the geodesic flow for compact manifolds of negative
curvature. Eberlein [10] proved topological mixing for a large class of manifolds.
In particular, he established topological mixing for complete finite volume manifolds
of negative curvature as well as for compact manifolds of non-positive curvature not
admitting isometric, totally geodesic embedding of R?. The latter is the class of so-called
visibility manifolds (see [11] and [10]) and, in modern terminology, it can equivalently
be described as the class of compact CAT(0) manifolds that are hyperbolic in the sense
of Gromov (see [3, Ch. II, Theorem 9.33]). For certain classes of quotients of CAT(—1)
spaces by discrete groups of isometries, topological mixing was shown in [5]. All the
above results are along the lines of Eberlein’s approach where the following two properties
of the universal covering were essential:
(u) uniqueness of geodesic lines joining two boundary points at infinity; and
(c) the distance of asymptotic geodesics tends, up to re-parametrization, to zero.
Recently Ricks (see [14]) made a significant generalization by proving mixing of the
Bowen—Margulis measure under the geodesic flow on all rank-one CAT(0) spaces under
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the natural assumption that the Bowen—Margulis measure (also constructed in [14] for
CAT(0) spaces) is finite. In this work, we extend the classical approach of Eberlein to
show topological mixing of the geodesic flow for a class of spaces X that are quotients
of a CAT(0) space X by a non-elementary discrete group of isometries I such that aX is
connected and equal to the limit set A(I"). We impose certain conditions on the CAT(0)
space X (see Standing Assumptions, after Definition 4), but we allow the Bowen—Margulis
measure to be infinite. Observe that the action of I" is not assumed to be co-compact.

In [9, Theorem 1.2], finite volume n-dimensional manifolds (n > 2) of pinched negative
curvature were constructed whose fundamental group is convergent. The latter implies, in
particular, that the Bowen—Margulis measure is infinite. From these examples, one can
easily construct CAT(0) spaces that are hyperbolic in the sense of Gromov, not admitting
finite Bowen—Margulis measure and satisfy our Standing Assumptions.

2. Definitions and preliminaries
Let Y be a proper metric space.

Definition 1. A geodesic segment in Y is an isometric map & : [a, b] > Y. If x = h(a)
and y = h(b), then a geodesic segment joining x and y will be denoted by [x, y] and
its interior by (x, y). Let I = [0, 4+00) or I = (—00, 400). A geodesic line (respectively,
geodesic ray) in Y is alocal isometric map & : I — Y where I = (—o00, +00) (respectively,
I =[0, +00)). A closed geodesic is a local isometric map & : I — Y thatis a periodic map.
A metric space is called geodesic if every two points can be joined by a geodesic segment.
A geodesic metric space is called geodesically complete if every geodesic segment extends
to a geodesic line.

Definition 2. We say that the metric space Y is a Hadamard space if Y is simply connected,
complete, geodesic and has curvature at most zero.

We refer the reader to [2] and [3] for a systematic treatment of Hadamard spaces.

Throughout this paper, X denotes the quotient space X / " where X is a Hadamard space
and I' a non-elementary discrete group acting freely by isometries on X. In §4.2 X will,
in addition, be a two-dimensional surface. Denote by p : X — X the covering projection.
Here I is isomorphic to 71 (X) and we make no distinction between I" and 71 (X).

The visual boundary 3X of X is defined by means of geodesic rays (see [8, Ch. 2, §3
p- 21]). Recall that two geodesic rays g1, g2 (or geodesics) in X are called asymptotic if
d(g1(1), g2(t)) is bounded for all # € RT. Equivalently, if g(+o0o) denotes the boundary
p01nt determined by the geodesic ray gl[o,+o0), tWo geodesic rays gi, g» (or geodesics) in
X are asymptotic if g (+00) = g2(+00). Since X is a CAT(0) space, geodesic lines and
geodesic rays in X are global isometric maps. Note also that geodesic segments with given
endpoints are unique. This is just the Hadamard Cartan theorem for CAT(0) spaces (see
[2, Theorem 4.5, Ch. I]). Moreover, we have uniqueness of geodesic rays in the following
sense: for any x € X, e X there is a unique geodesic ray r : [0, co) — X U 93X such
that r(0) = x, r(co0) =& (see [3, Ch. II, Proposition 8.2]). The corresponding result for
geodesic lines is not true. However, the following theorem holds (see [2, Corollary 5.8(ii),
Ch. I]).
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THEOREM 3. (Flat strip theorem) If f, g : R — X are two geodesics with f(00) = g(c0)
and f(—00) = g(—00), then f and g bound a flat strip, that is, a convex region isometric
to the convex hull of two parallel lines in the flat plane.

Definition 4. We say that f : R — X isa unique geodesic if for any geodesic g : R —
X with f(—00) = g(—00) and f(oc0) = g(00), g is a re-parametrization of f. We say
that f : R — X is a closed (respectively, non-closed) geodesic if p(f) is closed, that is,
periodic (respectively, non-closed; that is, not periodic) in X.

The limit set A(T') of T is defined to be A(I') =Tx N 8)~( where x is an arbitrary point
in X. Since the action of I" on X is not assumed to be co- compact, it does not follow, in
general, that A(I") = aX. However, we assume throughout that A(I") = aX.

For each non-trivial element ¢ € I' and each x € X the sequence ¢" (x) (respectively,
@~ "(x)) has a limit point p(400) (respectively, ¢(—00)) in 39X when n — +o00o. This is
equivalent to saying that I" has no elliptic elements that hold as the action of I" is assumed
to be free (see [2, Ch. II, Proposition 3.2]). However, as I can contain parabolic elements,
@(+00) and ¢ (—o00) may coincide. In the case ¢ is a hyperbolic element of I', the point
@(+00) is called attractive and the point ¢ (—0o0) is called the repulsive point of ¢.

As I' is a discrete group of isometries of X we have the following result from [7].

PROPOSITION 5. [7, Proposition 1.7, Ch. Il] Let ¢ be a hyperbolic element of I" and
any element of T. If Fix(y) is the set of points in 0 X fixed by the action of V, then either

{@(—00), p(+00)} NFix(Y) =¥ or {p(—00), (+00)} C Fix(y).

It follows that f, g are two closed non-homotopic geodesics, then f and g cannot be
asymptotic. Thus, if Fj, C 9X denotes the set of limit points of all hyperbolic elements of
I, then F}, splits as the disjoint union

Fp=F'uE™,

where
F" :={& € 30X | £ = g(400) for some g closed and non-unique}

and
={e X | £ = g(+400) for some g closed and unique}.

Observe that F/, F;'" are invariant under the action of I.

Standing Assumptions Let X =X /' where X isa proper and geodesically complete

CAT(0) space with 93X connected and ' a non- elementary discrete group of isometries

acting freely on X with A = X such that X satisfies the following conditions:

(A) the space X is hyperbolic in the sense of Gromov;

(U) if f is a non-closed geodesic in X , then f is unique;

(C) if f, g are asymptotic geodesics with f(400) = g(400) € X \ F™, then for
appropriate parametrizations of f, g

Jlim d(f (o). g(t) =0;
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(D) the set
{(g(4+00), g(—00)) : g is closed and unique}

is dense in 92X.
The geodesic flow for a complete geodesic metric space X is defined by the map
Rx GX — GX,

where GX is the space of all local isometric maps g : R — X (see §2.1 for a precise
definition and properties) and the action of R is given by right translation, that is, for
all teR and g€ GX, (t,g) —>t-g where - g:R— X is the geodesic defined by
(t-g)s)=g@s+1), sek

Definition 6. The geodesic flow R x GX — G X is topologically transitive if given any
non-empty open sets O and U/ in GX, there exists a sequence f, — oo such that 7, - O N
U # ¢ for all n.

Definition 7. The geodesic flow R x GX — G X is topologically mixing if given any non-
empty open sets O and U in G X, there exists a real number 7y > 0 such that for all |¢]| > 1,
t-ONU#0.

The main theorem of this paper is the following.

THEOREM 8. Let X be the quotient of a CAT(0) space X by a non-elementary discrete
group of isometries T acting freely on X such that X is connected and equal to the limit
set A(T"). If conditions (A), (U), (C) and (D) stated above are satisfied, then the geodesic
flow R x GX — GX is topologically mixing.

We use the following results from [7]. Let Z be a proper é-hyperbolic geodesic metric
space and let I" be a group of isometries of Z acting properly discontinuously on Z such
that the cardinality of the limit set A(I") is infinite (in fact, the results in the following are
used in cases where A(I") = 02).

PROPOSITION 9. [7, Corollaries 4.2 and 6.3, Ch. II] There exists an orbit of I dense in
A(T") x A(T). In particular, for every & € A(T"), the orbit I' - & is dense in A(T).

PROPOSITION 10. [7, Corollary 5.1, Ch. Il] The set
{(¢p(+00), p(—00)) : ¢ € I' is a hyperbolic element}
is dense in A(I') x A(T").

Recall also that the boundary dY of a complete geodesic metric space Y can be defined,
as a topological space, using Busemann functions as explained in [2, Ch. II, §1], where it
is shown that the function ¢ : ¥ x ¥ x ¥ — R given by

a(y’ X, .X/) = d(-x/v y) - d(xa )’)
extends to a continuous function
a:(YUdY)xY xY — R,

which is Lipschitz with respect to the second and third variable.
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By [2, Lemma 2.2, Ch. II] and the discussion following it, we have that the topology
given to 9X via Busemann functions coincides with the compact-open topology (given
to 0X using geodesic rays and the fact that Xisa CAT(0) space). Thus, we obtain a
continuous function

a:(a)?ui)xix)?—ﬂl%
given by
a(y, x, x") i=d(x', y) —d(x, y) 1)

for (y, x, x') e X x X x X and
a(g, x, x") = lim a(y,, x, x) 2
n—oo

for (€, x,x) € X x X x X where yn — & (see [2, Ch. II, Proposition 2.5]).

This function, called the generalized Busemann function, in fact, generalizes the
classical Busemann function whose definition makes sense in our context: for arbitrary
e X and x € X , the restriction

a(§, x, ) =gy axX

is simply the Busemann function associated to the unique geodesic ray from x to &.
We use the following facts about the generalized Busemann function.

LEMMA 11.

(@) The generalized Busemann function o is Lipschitz with respect to the second and
third variable with Lipschitz constant 1.

() If f, g € GX with f(—00) = g(+00), then

a(g(+00), g(0), f(1)) =1+ a(g(+00), g(0), f(0)).

) Iff,ge GX are asymptotic geodesics, then there exists a unique re-parametrization

f of f such that a(f (+00), £(0), g(0)) = 0.

A proof of (a) can be found in [2, Ch. II, §1] and the proof given for Lemma 2.3 in [5]
holds verbatim for (b) and (c).

Definition 12. We say that a geodesic h € GX belongs to the stable set W¥(g) of a
geodesic g if g, h are asymptotic. Two points x, x’ € X are said to be equidistant from
apoint £ € 9X if a(€, x, x') =0.

We say that a geodesic i € GX belongs to the strong stable set W*5(g) of a geodesic g
if h € W9(g) and g(0), i(0) are equidistant from g(co0) = h(00).

Similarly, if 7, g € GX, we say that h € W**(g) (respectively, W*(g)) if there exist lifts
i, %€ GX of h, g such that h € W* () (respectively, W*(g)).

We next restate condition (C) using the terminology of strong stable sets.

PROPOSITION 13. Let f, g€ GX with feW(g). Assume f(400)=g(400)¢€
aX \ F™, that is, if h € W5(g), then h is not a non-unique closed geodesic. Then

lim; , 0od (f (1), g(1)) = 0.
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The proof of the above proposition is identical to that given in [5, Proposition 2.2]. We
conclude this section with the following result.

LEMMA 14. Let x, y € X and IS X with a($ X, y) 0. For any open set O in X
containing y, there exist open sets C and D of X and 3X, respectively, such that (x, &) €
C x D and for every (x', §') € C x D there exists y' € O witha(§', x', y') =0.

Proof. Given an open set O containing y, choose ¢ > 0 so that the open ball B(y, ¢) C O.
Asa(&, x, y) =0, by continuity of @ we may find open sets C C X and D C 39X such that
(x,&)eC x Dand

X, EYeCxD=|aE, x,y) <e.

These are the desired open sets.
Given (x', &) € C x D, let r’ be the geodesic ray with r'(0) =y and r'(+00) = &’.
Denote by f/ any geodesic line that extends r’. By Lemma 11(b),

@, X', f1(0) =@, X', f1O)] = tl.

Let to = a(&’, x’, y). Then |ty] < ¢ and a (&', x', f'(t9)) =0. Since f'(t) € O for |t| < ¢
we have y’ := f’(f9) € O and

a’, X', y)y=alE x', (1) =0. m

2.1. Properties of geodesics and geodesic rays. Let GX be the space of all local
isometric maps g : R — X. As usual, the image of such a g will be referred to as a geodesic
in X. Consider also the space GX of all isometric maps g : R — X. Both spaces GX and
GX are equipped with the compact-open topology. Moreover, the space GX with the
compact-open topology is metrizable (see [12, 8.3.B]) and second countable.

We denote both projections X > XandGX - GX by p. Denote by RX the set of all
geodesic rays in X, that is, the set of all isometric maps r : [0, c0) — X equipped with the
compact open topology.

PROPOSITION 15. The function o : RX - X x 0X given by

o(r) =(r(0), r(00)),
where r(00) denotes the unique boundary point determined by r, is a homeomorphism.

—1 is well defined for all

Proof. By unlqueness of geodesic rays the inverse function o
(x,&) e X x0X.

We first show continuity of o~ !. Let (xq, &) € X x 39X and let {xn} C X, {&,) C 3X be
sequences with x,, — xo and &, — &p. Denote by r,, n > 0, the unique geodesic ray with
r,(0) = x,, and r,, (00) = §,,. Similarly, denote by g,, n > 1 the unique geodesic ray with

gn(0) = xo and g, (00) = &,. The assumption &, — £y means, by definition, that

qn = 1o 3)

and we need to show r, — rg. For each n €N, the geodesic rays ¢, and r,
are asymptotic, hence, the distance function t — d(q,(t), r,(¢)), t >0, is convex
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(see [2, Ch. I, Proposition 5.4]) and bounded. Therefore, it is decreasing and d(xq, x;)
is an upper bound for all # > 0 because

d(x0, xn) =d(gn(0), rn(0)) = d(gn(t), ra(1)). “)
Let O be a neighborhood of rg of the form
O(ro, K, &) ={r' € RX | d(r' (1), ro(t)) < ¢ forall 1 € [0, K]}. (5)

Find n| € N such that d (xq, x,) < &/2 for all n > ny, which, by (4), yields
d(gn(t), rp()) < % foralln >n;andt € [0, K].
As g, — ro we may find ny € N such that ¢, € O(rg, K, ¢/2) for all n > ny, which means
d(gn(@), ro(t)) < % forall n > ny and 7 € [0, K].
Combining the last two inequalities we have
d(ra (1), ro(t)) < % + g for all n > max{ny, na} and £ € [0, K],

which shows that r;,, € O for n large enough. Thus, r, — rg as desired.

For the continuity of o, let {r,} C RX bea sequence converging to a geodesic ray ry.
Clearly, r,(0) — r9(0) and we need to check that r, (+00) — ro(+00). This amounts to
verifying that

qn — 10,

where g, n > 1, is the unique geodesic ray with g, (0) = xg and g, (00) = r,, (+00). Since
for each n, the geodesic rays r,, and g, are asymptotic, an argument similar to that given
above for o~!, shows that for an arbitrary neighborhood O of rg, g, € O for n large
enough. O

PROPOSITION 16. Let f be a unique geodesic in GX and {fu} C GX a sequence
of geodesics with f,(+00) — f(+00) and f,(—o0) — f(—00). Then we may re-
parametrize { f,} such that f,, — f.

Proof. Fix xo := f(0) as base point and choose sequences {x,}, {y,} with x,,, y, € Im f,
for each n, such that

Xp = f(+00),  yp— f(—00) and d(xo, x) =d(x0, Yn)

for all n. Denote by m,, the midpoint of the segment [x,, y,] C Im f, and, by passmg if
necessary to a subsequence, we may assume that {m,} converges to m € X U3X. Recall
that equivalence classes of unbounded sequences can be used, via the Gromov product

(x, Y)xo := 5(d(x0, x) +d(x0, y) — d(x, y))

to define the boundary of a hyperbolic space (see [8, Ch. 2, §2]). We examine the following

three cases:

e {m,} is bounded, thatis, m, — m € )?;

e {my,} is unbounded and equivalent to {x,} (and, hence, to {y,}), that is, (m,, xn)x, =
o0 as n — oo;

e {my} is unbounded and {m,} is not equivalent to {x,} (and, hence, neither to {y,}).
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In the first case, since f is unique, m must belong to Im f, hence, using the real numbers
t, where f(t,,) = m and f,(ty,) = m, with the appropriate signs according to orientation,
we obtain the desired parametrization of each f;,. In the second case, by the choice of
{xn}, {yn}, we have (m,, x,)x, = My, yn)x,- Thus, all three sequences {x,}, {y,}, and
{m,} are equivalent, that is, they define the same boundary point, a contradiction since
f(400) # f(—00). In the third case {m,} converges to a pointm € 3X withm # f(£o0).
This case cannot occur either. Indeed, as 9 X is metrizable, we may find neighborhoods O
and U of f(+o0) and f(—o00), respectively, such thatm ¢ O U U. Set

0(0,U):={xeX|xelmg, for some g GX with g(xo0) € O UU}.

Then, by [7, Part B, Lemma 3], O U U is the accumulation set of Q(O, U) in 8%, a
contradiction, since m ¢ O U U. O

3. Mixing of the geodesic flow

3.1. Topological transitivity. It is apparent that topological mixing implies topological
transitivity. However, in the proof of topological mixing given in the following we need a
property equivalent to topological transitivity, namely, that WS (f) = GX forany f € GX.
We are omitting the proof of the equivalence since it will not be used in the following. In
this section, we establish this property (see Proposition 21). We need the following result.

Duality Condition. For each f € GX, there exists a sequence of isometries {¢y}nen C
I' =m1(X) such that ¢, (x) — f(4+00) and ¢n’1(x) — f(—o00) for some (hence, any)
x € X.

Topological transitivity for our class of spaces will then follow from the following
theorem found in [2, Theorem 2.3, Ch. III].

THEOREM 17. Let Y be a geodesically complete separable Hadamard space and T’
a group of isometries of Y satisfying the duality condition. Then the following are
equivalent:

(a) the geodesic flow is topologically transitive mod T';

(b) for some & € 0Y, the orbit T - € is dense in 3Y.

LEMMA 18. The space X satisfies the duality condition.

Proof. If f € GX is closed we may consider {¢, } to be powers of the hyperbolic isometry
corresponding to f. Then clearly ¢, (f(0)) — f(+00) and ¢n_1 (f(0)) > f(—00).
Suppose f € GX is non-closed. By Proposition 10, there exists a sequence of
closed geodesics ¢, such that c¢,(+00) = f(4+00) and c¢,(—o0) = f(—o00). Using
Proposition 16 and changing appropriately the parametrizations of each c,, we obtain
¢n — f. We may alter the period #, of each ¢, so that t,, /' 400 as n — oo. Set ¢, to be
the isometry, which corresponds to translating ¢, by t,. Then, ¢, (c,(0)) — f(400) and,
since f(0) is at bounded distance from c; (0) for all n, it follows that ¢, (f (0)) — f(+00).
Similarly, we show that ¢n_1 (@) = f(—00). O

THEOREM 19. There exists a geodesic y in G X whose orbit Ry under the geodesic flow
is dense in GX. Equivalently, the geodesic flow is topologically transitive.
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Proof. Equivalence of the two statements is a general fact that follows from separability
of X and second countability of the topology of GX (see [2, Remark 2.2, Ch. III]). By
Proposition 9, for any & € 3X the orbit T - £ is dense in 3X. Moreover, by the above
lemma, X satisfies the duality condition, thus, by the above-mentioned Theorem 17 from
[2], the geodesic flow is topologically transitive. O

Observe that, in particular, the image of such a geodesic y is a dense subset of X.
Therefore, the geodesic y whose orbit is dense in GX cannot be a closed geodesic. We
need the following result.

COROLLARY 20. There exists a geodesic y in GX whose orbit Ry under the geodesic
flow is dense in GX and, in addition, y (+00) ¢ F}/* for some, hence any, lift y of y.

Proof. We first show that the cardinality of the set D = {y | Ry = GX} is uncountably
infinite. To check this, observe that D is just the intersection

D= ﬂ RB,

BeB

where B is a countable basis for GX with ¢ excluded. Since the geodesic flow is
topologically transitive, each RB is dense and, clearly, open and non-empty. By Baire’s
theorem, D is non-empty and if D = {y1, y», ...} were countable, then the countable

intersection
() RB
Be®’

where B =B U (U2, GX \ {y;}) would be empty, contradicting Baire’s theorem. The
corollary now follows from the fact that F;'* x F}' is countable, thus, there exist y € D
such that ('(—00), ¥ (400)) ¢ F;" x F/'. In other words, there exists a geodesic y with
dense orbit in GX whose lift to GX has at least one of its limit points in X \ Fj/". By
replacing y with —y we may assume that }'(+00) ¢ F;'*. O

PROPOSITION 21. Forany f € GX, Ws(f) =GX.

Proof. Let g € GX be arbitrary and pick lifts g € GX of g and ]7 €GX of f.
Theorem 19 provides a geodesic ¥ € GX and sequences {f,} in R and {¢,} in T such
that ¢, (,, - ¥) — &. SE’:E]Z[ = n(ty - V). N

Since the orbit I" - f(4-00) is dense in d X we may pick, for each fixed n, a sequence
{¢n,k}§{";1 C I such that ¢y x(f (+00)) = P,(400). For all k, consider geodesics g, «
with g,k (4+00) = ¢k (f (+00)) and g k(—00) = yn(—00). Clearly gnx = p(gnk) €
W (f) for all k, n e N and by a diagonal argument we obtain a sequence gy ku) =
P (8n k(n)) that, up to appropriate parametrization, converges to g = p(g). O

3.2. Proof of topological mixing.  For the proof of topological mixing for the geodesic
flow on X, we closely follow the notation and the analogous proof for CAT(—1) spaces
in [5], which, in fact, follows the steps of Eberlein’s work (cf. [10]). For the proofs of
the following lemmata, we refer to the corresponding proofs in [5] and deal only with the
issues arising from the non-unique closed geodesics.
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LEMMA 22.

(@) ForanygeGXandteR, Ws(t-g)=t-(W(g)).

(b) Let g, heGX with h € W¥(g) and let O C GX be an open neighborhood of h.
Then there exists an open neighborhood A containing g such that for any g1 € A,
W (g) N O #0.

(¢) Ifh e WsS(g), then W55 (h) C W*5(g).

Proof. (a) If h € W3S(¢t - g), there exist a sequence {h,},en C W (¢ - g) with h, — h.
It is clear from the definitions that (—t) - h, — (—t) - h and {(—t) - hp}uen C W (g).
This shows that (—¢) - h € W55(g) and, hence, h =1t - ((—t) - h) €t - (W55(g)). For the
converse inclusion, let 4 € t - (W*5(g)). This means that there exist a sequence {h,},eNn C
W*S(g) with t - h, — h. Clearly, t - h,, € W*S(¢t - g), hence h € WS5(¢t - g).

(b) Lift g and & to geodesics g and i in GX such that h € W* (¥) and consider an
open neighborhood O C GX of h such that p(@) C O. We show that there exists an
open neighborhood A containing g such that for any g € A, W EHn o # . Then
A = p(A) would be the desired neighborhood of g = p(3).

We may assume that O is of the form

O, K,e)={feGX|d(f(t), K(t)) <e forallt € [-K, K]}.
Consider the open neighborhood
r=1{re RX |r= f|[_K,OO) for some fe 5}

of RX. Clearly, (£, 7(0), 2(0)) = 0 where £ = g(+00) = /i (+00). By Proposition 15 we
may choose open sets A and B of X and 9X, respectively, such that (71(—[( ),E)e AxB
ando (A x B) C Og where o is the function produced in Proposition 15. By Lemma 14,
we may choose open sets C and D of X and 0X, respectively, such that (g(—K), §) € C x
D and for every geodesic ray rq : [—K, 00) — X with r¢(—=K) € C and rg(+00) € D,
there exists a geodesic ray rj, : [—K, 00) — X with ri(—=K) € A, rg(4+00) = rj(400) and
a(rg(+00), rp(—K), rg(—K)) = 0, in other words, r, € W¥ (r,).

The inverse image ¢~ '(C x (B N D)) is an open neighborhood in RX containing
8ll-K.00)- Extend all geodesic rays in Q_I(C X (BN D)) to geodesic lines in order to
obtain A C GX containing 3.

Every geodesic g| € A determines a geodesic ray rg, € 0~ 1(C x (B N D)) for which
we have shown that there exists a geodesm ray rp; €0 ~1(A x B). Extending 7y 10 @
geodesic line, we obtain a geodesic hie O with hi e Wss (g1), thus W (g1) N 14] # 0.

(c) Let g* be an arbitrary element in W5 () and O an arbitrary open neighborhood
of g*. We show that g* € WS(g). Since W% (h) N O #( we may choose, by part
(b), an open neighborhood A of & such that, for every f € A, W (f)N O #@. Since
h € W55(g), there exists g1 € W% (g) N A and, thus, W*(g;) N O = W*(g) N O £ 0.
Since O was arbitrary, g* € W*5(g) as required. O

LEMMA 23. Let f € GX be unique, that is, either p(f) is non-closed or, p(f) € GX is

closed and unique in its homotopy class, and O is a neighborhood of f.

(@) There exists a neighborhood O in X of f(400) such that for any geodesic g with
g(H+00) € O and g(—o0) = f(—00) there exists a re-parametrization g of g with
geO.
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(b) If {&,} is a sequence in X with & — f(4+o0) and { f,} a sequence of geodesics
with f,(+00) =&, and f,(—00) = f(—00), we may re-parametrize { f,} such that

Jn—> .

Proof. (a) The proof of part (a) follows from (b). To see this, assume the result does not
hold. Then for a decreasing sequence of open neighborhoods O, \, f(4+00) there must
exist &, € O, such that any geodesic f;, with f,,(400) =&, and f,(—0o0) = f(—o00) has
the property f,, ¢ O. In particular { f,,} does not converge to f contradicting (b).

(b) This is a special case of Proposition 16. O

PROPOSITION 24. There exists a geodesic g € GX such that W55(g) = GX.

Proof. We follow the line of proof of Proposition 4.1 in [5]. In that setup, geodesic lines
are uniquely determined by their boundary points, so conditions (u) and (c) stated in the
beginning of the introduction hold. The modification will consist of the following: every
geodesic that comes into play will be replaced by a (unique) geodesic whose limit point
belongs to X \ F;" so that conditions (U) and (C) can be applied.

To prove the proposition, it suffices to show that

for any open O and Y € G X,

6
there exists g € O such that W% (g) NU # . ©

Then, using a countable basis {O, },en for the topology of G X the proof is completed by
a standard topological argument (cf. [10, Theorem 5.2]).

Let O, U € GX be arbitrary open sets. Pick f € p~'(©) such that f is non-closed.
Similarly, choose h € p_1 (U) such that 4 is not closed.

By condition (U), f (respectively, /) is unique, thus, by Lemma 23(a), there exists
connected open neighborhood Oy C 3X of f(+o00) (respectively, Uy of h(+00)) such
that for every & € O (respectively, & € Uy,) there exists a geodesic with boundary points
&, f(—o0) (respectively, &, h(—o0)) that belongs to p~1(O) (respectively, p~1(U)).

By condition (D), there exists a closed and unique geodesic 8 such that

{B(+00), B(—00)} C F}/ )

and
(B(+00). B(—00)) € Of x Up.

By the choice of Oy (Lemma 23(a)) there exists a geodesic joining B(+00) and f(—00)
that belongs to p~!(O), which by property (7) is unique. Replace f by this geodesic and,
thus, we may assume that f(+o00) = f(4+00). Similarly, we arrange so that h(+00) =
B(—00). Denote by ¢ the hyperbolic isometry corresponding to .

For each n, by extending the geodesic segment joining f(0) with ¢"(h(0)) to a
geodesic line, it follows that the function a (-, f(0), ¢" (h(0))) attains positive and negative
values on 9X. As 98X is assumed to be connected, there exists &, in dX such that
a(&,, £(0), @"(h(0))) =0. We claim that

&, — f(4+00) asn— oo. (8)
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To see this assume, on the contrary, that {£,} (or, a subsequence of it) converges to £ € 9 X
with £ # f(400). Let M be a positive real number. For each fixed n, using equation (2)
and the fact that &, is chosen so that ¢ (2(0)) and f(0) are equidistant from &,, we may
pick a sequence {x}, },sen With the property x), — &, as m — oo and

lee(x), £(0), ¢"(h(0)))| <M for all m large enough,

with M > 0 being independent of n. It is well known (see, for example, [7, Ch. I, §4]) that
X U dX is metrizable, hence, by a diagonal argument we obtain a sequence {x,’jz( n)}neN
such that x”;(n) — & asn — oo and

(x> £(0), @™ (R(0))| <M forall n. 9)

For the hyperbolic product of the sequences {x,, (n)}neN and {¢" (h(0))},en With base point
f(0) we have

2(x > " (1(0))) r0) =d(f(0), X)) + d(£(0), " (h(0)))
— d(¢" (h(0)), L)
= —a (X F(0), 9" (h(0) +d(f(0), ¢" (h(0))).
It follows by (9) that (xr’jl(n), ¢"(h(0))) 0y — o0 as n — oo, hence, the sequences
{x”;(n)}neN and {¢"(h(0))},en define the same point at the boundary. This is a
contradiction, since ¢" (h(0)) — B(4+00) = f(+00) and {xrr:z(n)}"EN — &.
Thus, equation (8) is proved. In a similar manner we show that

¢ " (&) — h(+00) asn — oo. (10)

Choose now geodesics f;, € GX, n €N, such that fn(+00) =&, and f,,(—00) = f(—00)
and by Lemma 23(b), we may parametrize f, so that f,, — f or, equivalently, f,(0) —
f(0). Similarly, choose h, € GX such that h,(+00) =&, and h,(—00) = ¢" (h(—00))
and parametrize them so that

a(&ns fn(0), hn(0)) =0. Y

It is apparent that for n large enough, f, € p~'(O) and h, € W*(f,). If we show that
¢ " (hy) € p~1U) for n large enough, then we would have

p(fa) €0,
p(hy) = p(¢p~"(h,)) €U, and
p(hn) € W (p(fu)).

The above three properties imply that for n large enough, W*(p(f,)) NU # ¥, as
required in equation (6). We conclude the proof of the proposition by showing that
¢ "(hy) € p~U) forn large enough. In fact, we show that ¢ ~"*h,, — h. Clearly,

(7" (hn))(400) = ™" (hn(00)) = ¢~ " (&) — h(+00) 12)

and

(7" (hn))(—00) = ¢~ " (hn(—00)) = h(—00). 13)
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Use equations (12) and (13) to apply Lemma 23(b) for the unique geodesic % to obtain a

re-parametrization, say h,, of each ¢~ (h,) such that h, — h.In particular, we have
d(h(0), Im h,,) — 0,

which implies
d(h(0), Im ¢~"(hy)) — 0

as n — +o00. Therefore,
d(@"(h(0)), Imh,) — 0 asn— oo. (14)

Let h,(t,), t» € R be the point on Im £, that realizes the distance in equation (14). As
the function « is Lipschitz with respect to the third variable (with Lipschitz constant 1)
we have

la(6n, £(0), ¢" (h(0))) — a(&n, £(0), hn(tn))] < d(@" (h(0)), hn(tn)).
Using the defining property of &,, that is, «(&,, f(0), ¢" (h(0))) =0, it follows that
a(&,, fQ0), hy(t,)) >0 asn — oo.

Similarly, using the fact that f,(0) — f(0) as n — oo and the Lipschitz property of « with
respect to the second variable we have

a (&, 110, hy(ty)) — 0 asn— oo.

Since, by Lemma 11(c), there is a unique point on each Im 4,, that is equidistant from
fn(0) with respect to &,, namely, 4, (0) (cf. equation (11)), it follows that #, — 0, which,
combined with equation (14), implies that

d(@" (h(0)), hn(0)) > 0 asn — oo.

Therefore, ¢ =" (h,(0)) — h(0) as n — co. By Proposition 16 it follows that ¢ ~"*h,, — h,
which implies that ¢~ (h,) € p~! (i) concluding the proof. O

PROPOSITION 25. For every closed geodesic c € GX, W5 (c) = GX.

Proof. Let g be the geodesic produced in Proposition 24, that is, W$5(g) = GX and let ¢
be a closed geodesic. By Proposition 21, WS (c) = GX so that g € W¥(c) = GX. Thus,
there exists a sequence {g,} C W*(c) such that g, — g. For each n € N, consider lifts g,
and ¢ of g, and c, respectively, satisfying g, € W*(¢) and use Lemma 11(c) to obtain a
real number 7, such that 7, - g, € W*(c). Each 7, may be written as

Z‘l:kw—i_tl’h

where k € Z and t,, € [0, w). By choosing, if necessary, a subsequence, t,, — ¢ for some ¢ €
[0, w]. Thent, - g, —>t-gandt, - g, € W*(c), which simply means that ¢ - g € W55(c)
and by Lemma 22(c) we have WsS(c) D WsS(t - g) =1t - W3 (g) = GX. O

We need a point-wise version of topological mixing and a criterion for such a property.
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Definition 26. Let h and f be in GX and let {s,},cN be a sequence converging to 400 or
—o0. We say that £ is s,-mixing with f (notation, i ~, f) if for every neighborhood O
and U in GX of h and f, respectively, s, - O NU # @ for all n sufficiently large.

For a geodesic A, denote by —h the geodesic with the reverse orientation, that is,
(=h)(t) := h(—t), t € R. For a neighborhood O of i denote by —O the neighborhood
of —h defined by —O :={—f | f € O}.

LEMMA 27. Let {s,}neN be a sequence converging to +00 or —oo. Then
h NSn f < f Nfsn h < _f NSVL _h'

Proof. Let O and U in GX be arbitrary neighborhoods of 4 and f, respectively. The
assumption & ~, f means that for each n € N, there exists a geodesic &), € O such that
sn - h), € U or, equivalently, (—sp) - (s, - h),) € (—s,) - U. In other words, h), € (—s,) - U,
which implies that (—s,) - U N O # @. This shows that f ~_; h. The converse of the
first equivalence is trivial as {—(—s,)} = {s,}.

Assuming f ~_, h we have, by definition, that (—s,) -U N O # @ for all large n.
Thus, for each large enough n € N, there exists a geodesic f, € U such that (—s,) -
£ € O or, equivalently, —[(—s,) - f1]1€ —O. Since —[(—sp) - fi]l =sn - (—f,) we have
sn - (—f) € —O. Clearly, — f, € —U and, thus, s, - (—U) N (—O) # @. This shows that
—f ~s, —h. The proof of the converse of the second equivalence is again trivial as

—(=fH=r O

Remark 28. The first equivalence in the previous lemma shows that the s, -mixing relation
is not a symmetric relation. In particular, it is not an equivalence relation.

The following criterion for the s,-mixing of /, f holds.

LEMMA 29. Ifhand f € GX, then h ~, f if and only if for each subsequence {s),} of {s,}
there exists a subsequence {r,} of {s,,} and a sequence of non-closed geodesics {h,} C GX
such that hy, — h, ry - hy — f and h,(4+-00) ¢ F]'" for some, hence any, lift hy, of h,,.

Proof. If h ~, f for some h and f € GX, then using decreasing sequences of open
neighborhoods of & and f it is easily shown that for each subsequence {s)} of {s,}
there exists a subsequence {r,} of {s,,} and a sequence {h,} C GX such that h, — h and
rn - hyn — f. We proceed to show that we may replace {4,} by a sequence {g,} of non-
closed geodesics so that g, — hand ry, - g, — f.

Let y be the geodesic posited in Theorem 19, that is, its orbit R - ¢ is dense in GX.
As observed at the end of the proof of Theorem 19, y is non-closed. Thus, there exists
a sequence {til}ieN such that tl.l -y — h1. Set gi1 = tl.l -y and, clearly, all gi1 are non-
closed. Similarly, for each /,,, we may find a sequence of non-closed geodesics g/' =1;" - y
converging to s,. By a diagonal argument we obtain a sequence of non-closed geodesics
{gn} converging to & and, clearly, lim,_, ooty - g = iMooty - hy = f.

By Lemma 20, the geodesic ¥ having dense orbit can be chosen so that y(+00) ¢
F;'". Since the non-closed geodesics {g,,} constructed above are all translates of y the last
requirement of the lemma is fulfilled.

The proof of the converse statement is elementary. O
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Remark 30. For a geodesic f € GX and a sequence s, — o0 the set
{heGX :h~y, [}
is a closed set.

Proof. Assume {h;} is a sequence with hy — h and hy ~, f for all k € N. We show that
h ~, f. Let O and U be arbitrary neighborhoods of # and f, respectively. Find ko such
that hig, € O. Then, as hy, ~;, f, we have s, - O NU # @ for all n sufficiently large. The
latter means, by definition, that & ~, f. O

We next show the following lemma that asserts that point-wise topological mixing is
transferred via the strong stable relation of geodesics.

LEMMA 31. Let f, g and g’ € GX so that f € WS5(g), f is non-closed, g is closed and
unique with g(400) € F}! for some, hence any, lift g of g. Then, if g ~, g' for some
sequence s, — 00, then f ~;, g'.
Proof. Fix a sequence s, — oco. By Remark 30, it suffices to prove the assertion of the
lemma for f non-closed and f € W*(g). The rest of the proof follows the line of proof
given in [5, Lemma 4.4], which we include here since several restrictions apply in our
setup.

In order to use Lemma 29 above for showing that f ~;, g, let {#,} be arbitrary
subsequence of {s,}. As g ~;, g’ there exists (again by Lemma 29) a subsequence {r,}
of {#,} and a sequence {g,} such that

gn—g and r,-g,— g
Lift g and f to geodesics g and f in GX such that f(+00) =g (400) and
a(f(+00), f(0), 2(0)) =0.

Lift each g, to a geodesic g, such that g,, — g. Since g is unique, the latter is equivalent
to g, (+00) = g(400), g (—00) — g(—00), and g,(0) — g(0). We may assume (cf.
Lemma 29) that

(8n(4+00) |n e N}y C 8X \ F™.

Use Lemma 23(b) to define a sequence of geodesics {f,}nen such that f, — f with
fn(400) =g, (+00) and f,,(—00) = f(—o0). By the continuity of the  function we
have that

lim,, o (§, f2(0), 22(0)) = a (€, (0), 2(0)) =0,

hence, by passing, if necessary, to a subsequence of { f, },cn, We may assume that

a(&n, 1,(0), 22(0)) < 1/n  foralln € N.

By Lemma 11(c) we may choose the parametrization of each £, so that

a &y, £,(0),2,(0) =0 forallneN. (15)
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As the change of parametrization tends to 0 as n — oo we may assume that the sequence
{E}neN satisfies equation (15) and E — 7 Moreover, if we set f, := p(ﬁ), then
fu = f. We proceed now to show that r, - f,, — g’. Let K be an arbitrary compact subset
of R and ¢ arbitrary positive. By construction, f, € W*(g,) foralln € Nand f € W (g).
Since g, (+0o0) € X \ F™, condition (C) applies for all pairs g, f, andg, f. Therefore,
by Proposition 13,

lim;—,o0d (fu (1), g2(1)) =0,  and
limy . 0od (f (1), 8(1)) =0.

Choose a positive real T such that
d(f(T).g(T)) < /6.

The above equation holds for all # > T'. This follows by convexity of the distance function
(see [2, Ch. I, Proposition 5.4]) and equation (16). As f, — f and g, — g we may choose
N € N such that for alln > N
d(fu(T), f(T)) <e/6, and
d(gn(T), 8(T)) <¢/6.

Thus, d(E(T), 2,(T)) < ¢/2 and, as before, it follows that

(16)

d(Fa(t), 3n(1)) <e/2 forallt > T.

As r, — +00, there exists ng such that r, > T — min K for all n > ng. Now for all n
sufficiently large, namely, n > max{N, ng}, we have

d(Fu(rn +1), Tnlrn +1)) <&/2 forallt e K,
which implies that
d(ry - fu(t), rm - gn(@®)) <e/2 forallt e K.
Asry, - gn — g, we have that for all n sufficiently large
d(ry - g.(t), g @) <e/2 forallt € K.
Combining the last two inequalities we obtain that
d(r, - fu(), g () <e forallt e K.

As K, & were arbitrary, we have shown that for all n sufficiently large, r,, - f, lies in any
neighborhood of g’. Therefore, r;, - f, — g as required. O

Proof of Theorem 8. 1t suffices to show that

forall &, f € GX and for all {z,} witht, — oo,

there exists sub-sequence {s,} C {t,} such that 4 ~,, f.

To see that this property is sufficient, assume it holds and, on the contrary, the geodesic
flow is not mixing. Then, there would exist neighborhoods O and ¢/ in GX such that: for
each n € N, there exists 7, > n so that T, - O NU = . Clearly, for any subsequence {s,}
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of {T,} we have s,, - O NU = . Thus, for any & € O and f € U, the above property does
not hold.

Since the notion of s,-mixing is defined via neighborhoods it suffices to show the
above property only for geodesics &, f, which are not closed. This will allow the use
of Lemma 31.

By condition (D), let ¢ be a closed and unique geodesic with

{E(~00), T(+00)} C Ff C8X \ F}™

for some, hence any, lift ¢ of ¢. By Proposition 25 we have W55 (¢) = GX. Clearly, for all
teR, WS(t - ¢) = GX. Let {5, } be a subsequence of {f,} such that s,, - ¢ — ¢ - ¢ for some
t € [0, w], where w is the period of c. Clearly, for any neighborhood U of ¢ - ¢, s, - c €U
for large enough n € N. In other words, ¢ ~, t-c. As f € GX = W*¥(c) is non-closed
we may apply Lemma 31 to the geodesics f, ¢ and ¢ - ¢ to obtain f ~ t-c. The latter
is, by Lemma 27, equivalent to —t -c~;, —f. As —h € W (—t-c)=GX we apply
Lemma 31 to the geodesics —h, —t - ¢ and — f to obtain —h ~;, — f. By Lemma 27, the
latter is equivalent to f ~, &, as required. O

4. Examples and applications
4.1. Euclidean surfaces and their properties. We start by recalling the notion of a
Euclidean surface with conical singularities.

Let S be a surface equipped with a Euclidean metric with finitely many conical
singularities (or conical points), say si, ..., s, in its interior. Every point that is not
conical is called a regular point of S. Denote by 6(s;) the angle at each s; and we assume
that 6(s;) € 2w, +00).

We write C (v, 0) for the standard cone with vertex v and cone angle 6, namely, C (v, 6)
is the set {(r, 1) : 0 < r, t € R/OZ} equipped with the metric ds*> = dr? + r2dt>.

Definition 32. A Euclidean surface with conical singularities sy, ..., s, is a surface S

equipped with a length metric d (-, -) such that:

e everypoint p € S\ {51, ..., s,} has a neighborhood isometric to a disk or half disk in
the Euclidean plane;

e ceachs; € {sy,...,s,} CS\9S has a neighborhood isometric to a neighborhood of
the vertex v of the standard cone C (v, 0(s;)).

Clearly, the metric on S is a length metric and the surface S will be written e.s.c.s. for
brevity. Note that for genus g > 2, such Euclidean structures exist, see [15]. Let S be
the universal covering of S and let p : S — S be the covering projection. Obviously, the
universal covering S is homeomorphic to R? and by requiring p to be a local isometric
map we may lift d to a metric on §, denoted again by d, so that (§, d) becomes a e.s.c.s.

We use the following result.

THEOREM 33. [6, Theorem 12] Let g be a non-closed geodesic or geodesic ray in a closed
e.s.c.s. S with genus at least two. Then d(Im g, {s1, ..., s,}) =0.

COROLLARY 34. Let Q be a compact e.s.c.s. and g be a non-closed geodesic or geodesic
rayin Q\ 0Q. Thend(Im g, {s1, ..., s,}) =0.
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Proof. Let Q" be a copy of Q and glue Q and Q% along their boundaries to obtain a

closed surface S with 2n conical singularities s1, . . ., Sy, s1+, ..., ;7. By Theorem 33,
d(Img, {si, ..., 50,57, ....s7 ) =0.
Since Im g C Q, itis clear that d(Im g, {sf’, ..., 57} >0, hence,
d(Img, {s1, ..., sy} =0. O

4.2. Examples of CAT(0) surfaces. ~We give an example of a two-dimensional CAT(0)
surface X and we show that it satisfies all four assumptions of Theorem 8.

Let M be a finite area surface of genus g > 2 with pinched negative curvature. Let ¢y
be a simple closed separating geodesic in M such that the closure of at least one of the
components of M \ Im ¢y is compact. Denote by M| the compact subsurface of M and
by M, the closure of the other component. Observe that M> may contain finitely many
cusps, hence, M> may not be compact. Clearly, M = M; |, ey M2

Consider a compact e.s.c.s. S of the same topological type as M and with its boundary
component 9.5 isometric to Im cpy. Set

x=5 |J m A7)
Imcy

to be the surface obtained by gluing §; with M, along their boundaries. Such a surface
X is a CAT(0) space and [14, Theorem 11.6] applies to prove mixing provided that the
Bowen—Margulis measure on X is finite. However, the class of surfaces as defined by (17)
includes examples where the Bowen—Margulis measure is not finite. For example, take the
surface M to be the surface with one cuspidal end constructed in [9, Theorem 1.2] whose
fundamental group is exotic and convergent, thus, the corresponding Bowen—Margulis
measure is infinite.

The above construction can be performed by using, instead of a single simple closed
separating geodesic, a collection cy, . . ., ¢ of pairwise disjoint simple closed geodesics
such that the union Imc; U - - - U Imcy splits M into two components with the closure of
at least one of them being compact.

The rest of this sub-section is devoted to showing that a surface X as defined in (17)
satisfies all four assumption of Theorem 8 and, thus, establish the following.

Application 35. If X is a surface of the form X = Sy Uy, ¢y M2 constructed in (17) above,
then the geodesic flow R x GX — GX is topologically mixing.

We start with condition (A) by showing the following result.
PROPOSITION 36. The space X is hyperbolic in the sense of Gromov.
We need the following lemma.

LEMMA 37. Let [x, y] and [x, z] be geodesic segments in a CAT(0) geodesic metric

space Y with d(y, z) < Cq for some Cqy > 0. Then, for every point A € [x, y], there exists
B € [x, z] such that d(A, B) < Cy.

Proof. The desired property holds for triangles in R? hence, by CAT(0) inequality, the
proof follows. O
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FIGURE 1. The triangle (x, y, x) in X and the thin triangle (xz, zy, yx) in )Nfo.

Proof of Proposition 36. If X does not have any cusps, X is closed and 71 (X) hyperbolic,
in which case we have nothing to show. Assume now that X contains at least one cusp. Let
X be the subsurface of X obtained as follows: consider a horoball based at each cusp of
X and remove its interior. Then, X is a compact surface with as many geodesic boundary
components as the number of cusps in X. We may assume that the length of all boundary
components is bounded by Cp > 0.

Clearly, the universal cover X o of X¢ is a subsurface of X whose fundamental domain
is a polygon that can be obtained from the ideal fundamental domain of X by cutting off all
its ideal vertices by horocycles. As X is compact, hence hyperbolic, and the fundamental
group 71 (Xo) = m1(X) iifree, it follows that fo is 6§O—hyperbolic for some 8;0 > 0. We
use the hyperbolicity of X to prove Proposition 36.

Let (x, y, z) be a geodesic triangle in X. We show that every point A € [x, z] satisfies

d(A, [x, y]Uly, z]) = é5, +2Co, (18)

thus, showing that X is hyperbolic in the sense of Gromov.

Clearly, since X 0 is ﬁ %, —hyperbolic, if x, y, z € X o we have nothing to show. We treat
the case x, y, z € X \ Xp, and the other cases can be treated similarly.

Denote by [xy, y,] the intersection[x, y] N 8)~(0 and, similarly, [x,, z,] and [y, zy] (see
Figure 1). Note that both points xy, x, (respectively, y, y; and zy, zy) belong to a single
horocycle side of Xo. Since the length of the boundary components of X are assumed to
be bounded by Cy we have

d(xy, x;) < Co, d(zx,zy) =Co and  d(yx, yz) < Co. 19)
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If A € [x, x;], then, since d(x,, xy) < Cp, by Lemma 37 we have
d(As [xv xy]) S CO

Similarly, if A € [z, z] we obtain d(A, [z, zy]) < Co. It follows that if A € [x, x,] U
[zx, z] then
d(A, [x, y]Uly, z]) < Co

hence, the desired inequality (18) holds.
If A €[x;, zx], apply Lemma 37 to the segments [x;, z,] and [x;, zy] using (19) to
obtain a point
B € [x;, zy] withd(A, B) < Co.

As )?0 is 83 -hyperbolic there exists a point
C e [xz, yx1U [yx, Zy] withd(B, C) < 8)?0~

Without loss of generality we may assume that C € [x;, yx]. Again by Lemma 37 applied
to the segments [x;, y,] and [xy, y,] we find a point

D € [xy, yx] withd(C, D) < Cy.

Combining the last three inequalities we obtain d(A, D) < 5;0 + 2Cp, thus, we have
shown (18) for all A € [x, y]. O

PROPOSITION 38. The space X satisfies condition (U).

Proof. Assume not, that is, assume there exist non-closed geodesics f, f’ in GX with
S (+Ho0) = f/(+00) and f(—00) = f/'(—00) so that Im f # Im f’. Then by the flat strip
theorem, Im f and Im f” bound a flat strip. Pick any geodesic g in the interior of the flat
strip. Clearly, Im g has positive distance from the set of conical points in X and p(g) does
not intersect M. That is, p(g) in contained in the compact e.s.c.s. S and

d(Im p(g), {s1,...,s,}) > 0.

Since g is homotopic to both f, f it projects to a non-closed geodesic, thus, the above
inequality contradicts Corollary 34. O

We proceed now to show Condition (C).
PROPOSITION 39. Let g1, g2 be asymptotic geodesics with
& = g1(+00) = g2(+00) € IX \ Fj".
Then for appropriate parametrizations of g1, g» we have
lim d(g1(0), 82(1) = 0.

We first show the following.
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LEMMA 40. Let g1, g2 be two geodesics with
£ = g1(+00) = g2(+00) € IX \ F"
all as in the above proposition. Assume that
d(Imgq, Imgy) :=inf{d(x, y) | x € Imgy, y € Imgy} =0.
Then there exists a unique re-parametrization g of g1 such that
lim d(@(0), g2() =0.
Proof. As g1, g» are asymptotic, the distance function

t—d(g1(t), g2(t)),t >0

is convex (see [2, Ch. I, Proposition 5.4]) and bounded. Therefore, it is decreasing with a
global infimum, say, C > 0. Clearly, if C =0 we have nothing to show. Assume C > 0.
For each point g>(#) on Img,, denote by g;(s(¢)) the unique point on Img; realizing the
distance d(g2(t), Imgy). By [2, Ch. I, Corollary 5.6], the function t — d(g1(s(¢)), g2(¢)),
t >0, is convex and by assumption it decreases to 0. As d(g1(), g2(¢)) \ C it follows
that

d(gi(s(®)), g1(1)) > C ast— oo. (20)

Since g; is a geodesic, |t — s(t)| & C as t — oo. There exists a sequence f, — 0o such
that
ty, — s(t,) = 8C with |§] = 1. 21

Define the geodesic g; by g;(t) := g1(t — §C) and we show that
d(g,(ty), g2(tp)) > 0 asn — oo.

By the triangle inequality, we have

d(g1(tn), 82(tn)) = d(g1(tn), g1(s(ta))) + d(g1(s(t)), &2(1n))
=d(g1(tn —8C), g1(s(12))) + d(g1(s(1)), &2(tn))
=[tn = 8C — s(ta)| + d(g1(s(tn)), g2(tn))
—- 040
where the first equality holds by the definition of g, the second equality holds since g

is a geodesic and the limit is obtained by (21) and the fact that d(g;(s(¢)), g2(¢)), t >0,
decreases to 0. O

We need a Gauss—Bonnet formula stated for a simply connected non-positively curved
surface P with one piece-wise geodesic boundary component d P and finitely many conical
points in its interior and/or its boundary. For each conical point s € d P, denote by 6p (s)
the cone angle at s inside P. Then the following holds (see [4, Proposition 8])

< Y @r—0()+ Y (T —0p(s). (22)

seP\0P sedpP
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Proof of Proposition 39. If Img; N Img, # @, then there must exist a K € R such that

Imgi [k, +o0) C Imgy (23)

otherwise uniqueness of geodesic rays would be violated. Clearly, if property (23) holds,
the result follows trivially, so we may assume that Img; N Img, = @. If d(Img;, Img,) =
0, the result follows from Lemma 40. We assume

d(Imgq, Imgy) =C >0 24)
and we will reach a contradiction. Consider the convex region P bounded by

Imgl[0,+00) U Imgali0, +o0) U [£1(0), g2(0)] =9 P.

We claim that there exist finitely many conical points in the interior of P. Assume, in
contrast, that there exist infinitely many conical points in the interior of P. Then, for
any positive integer N we may find Ty € (0, +00) so that the bounded convex region Py
bounded by

Imgiljo,7y1 YU Imgalio, 7] Y [£1(0), 201U [g1(Tn), g82(Tn)]1 = 9 Pry,

contains at least N conical points in its interior. This can be done because gi, g» are
asymptotic and, thus, the distance between the segments [g1(0), g2(0)], [g1(Tn), g2(Tn)]
tends to +o00 as Ty — oo, which implies that P = | J NeN Pry-

Since there are finitely many conical points in S, there exists 6y > 0 such that
2m — 0(s) < —6y < 0 for all conical points s in S and, hence,

27 —0(5) < —6y <0 for all conical points 3in S.

In particular, all terms (27 — 6(5)) in the first summand on the right-hand side of
formula (22) for Pr, are negative and bounded by —6p. The terms (7 — 6p(5)) are non-
positive for all 5 # g1(0), g2(0), g1(Tn), g2(Ty). Tt follows that for N large enough, say
N > 3(2m /6p), the right-hand side of formula (22) is negative, a contradiction. This shows
that, in fact, there exist finitely many conical points in the interior of P. Let M be a bound
on the distance between conical points in P from [g1(0), g2(0)] and

M3 = sup{d(g1(1), g2(1)) | 1 € [0, +-00)}.
t

Then the geodesic segment [g1(2Mi + 2M>3), g2(2M1 + 2M3)] splits P into two
subsurfaces; a bounded one containing all conical points of P and an unbounded one not
containing conical points. Hence, up to re-parametrization, we may assume that P \ 9 P
does not contain any conical points. Moreover, we may assume that

p(81(0)), p(g200)) € S1, (25)

Clearly, this assumption can be made if both p(Img;) and p(Imgy) intersect S; (by

appropriately restricting g1 and g»). We need to verify or exclude the following four

additional cases:

(i) if both p(Img;) and p(Img,) are contained in M», then the desired result follows as
M has strictly negative curvature;
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(i) if p(Img;) C M> and p(Imgy) C S; (or vice versa), then g and gr cannot be
asymptotic;

@iii) if p(Img1) C M; and p(g») intersects Imc finitely many times, then by appropriate
restriction of g; this case is reduced to either case (i) or (ii);

(iv) if p(Img;) C M> and p(g) intersects Imc infinitely many times, we may pick a
lift ¢ of ¢ such that d(g>(0), Im¢) > d(g2(0), g1(0)), then Imc splits X into two
subsurfaces and 9X \ {€(—00), ¢(c0)} consists of two components one containing
g1(oc0) and the other gr(0co); this is a contradiction since gi, g» are assumed
asymptotic.

Enumerate the conical points on Imgj|[0,+00) by
5 =2100.5.5.5.....5....

according to their distance from g; (0), that is, E'jl e[5), E'jl.,] forall j < j'. We exclude from

the enumeration any conical point whose angle inside P is 7. We also allow the case where

Img|[0,+o0) contains finitely many conical points, that is, the above sequence being finite.

Similarly for Img>|[0,+o0). As the angle at each ?]1 is > m we may extend each geodesic

+1
and the angle at ?j] inside P is w. We claim that le. cannot belong to Imga|[0,+o0) and,

segment ['E}Jr],E}], j=1,2,..., to ageodesic segment [s”} x}] 9'5} so that x} €opP
thus, x} € [£1(0), g2(0)]. Assume, in contrast, thatx} for some j belongs to Imgz|[0,+o0)-
Denote by [le., &) 4, the geodesic sub-ray of g» emanating from x jl Similarly, denote by
51, &) ¢ the geodesic sub-ray of g; emanating from ’s“]l Then, the union

[x}. SITUIS]. &),

is also a geodesic ray from x} to £ because the angle at FJI is at least 7 on both sides.

This contradicts uniqueness of geodesic rays in the CAT(0) space X. For any j < j/,
the geodesic segments [511 le.] and [5}/, xj].,] cannot intersect, otherwise there would exist

two geodesic segments joining the intersection point with Fjl., contradicting uniqueness of
geodesic segments. Hence, x ]1 and le., are distinct. Moreover, as the geodesic triangle
formed by E'jl.,, 21(0) and x jl., contains the segment [5}, le.], it follows that d(g1(0), x }) <
d(g1(0), x ]1.,). We denote the latter property by the symbol < and we have shown that

xj<xj forall j <. (26)

Do the same with the segments [E? j=1,2,..., toobtain points

+10 551,
K 1ji=1,2,...}Clgi0), &20]

satisfying

x?, <sz forall j < j’.

As above, for any j, j’ the geodesic segments [Ej L X j] and ['s‘?, Iy xj,] cannot intersect,
otherwise there would exist two geodesic rays joining the intersection point with &
contradicting uniqueness of geodesic rays. Therefore,

le- < sz-, for all j, j'. (27)
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Let x! (respectively, x?) be the unique accumulation point of the set {x}l j=1,2,...1}
(respectively, {xj2-| j=1,2,...}). In the case Img|[0,+00) contains finitely many conical
points, x! is simply max ifx }} and similarly for x2. Moreover, by (27),

x} <x!' and x? <x12~ for all j. (28)

Case A: x! = x2.

To reach a contradiction, pick points x ]1 and sz., such that

1.2
d(xj, xj,) <C.

Denote by r; (respectively, r;/) the geodesic ray emanating from x} (respectively, sz./)
with r;(4+00) =& (respectively, r;(+00) =§&). By construction, r; and g; have a
common sub-ray and so do rj and g». It follows from (24) that for large enough
T, d(rj(T), rj(T)) = C and, by choice, d(r;(0), r;:(0)) < C. Therefore, the distance
function t — d(r(t), rj(t)), t > 0, is not decreasing. This is a contradiction because the
distance function is convex (see [2, Ch. I, Proposition 5.4]) and, as rj(+00) =/ (+00),
it is also bounded.

Case B: x' # x?. In this case it is easily seen that
dx', x?) > C. (29)
For, if d (xl, x2) < C we may find points le. and sz./ such that
1.2
d(xj, xj/) <C

and proceed to reach a contradiction as above.
Moreover, it can be seen that

dImry,Imrp) > C, 30)

where Im r;, i =1, 2, is the geodesic ray from x' to .
To check this, assume d(Im 71, Im ) < C — ¢q for some ¢y > 0. We may find points

x}, sz,, such that

d(x}, xl) = d(xz, sz-/) =co/3
and, thus, by convexity
d(Imrj,Imry) <co/3 and d(Imry, Imrj;) <co/3.
Since r; (respectively, r;/) and g (respectively, g2) have a common sub-ray
d(Im gy, Im g2) =d(Imrj, Imr;).
It follows that
C=d(Img;,Imgy)=d(mr;, Imr;)
<d(mr;,Imr)) +d(Imry, Imry) +d(Imry, Imr;)
<co/3+(C —co)+co/3
=C —co/3.

We distinguish two sub-cases as follows.
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Subcase Bl: p~'(Im cp7) N P has finitely many components.
Then, by considering sub-rays of g; and g», we may assume that

either p(Im g;) U p(Im g2) C M2 or, p(Img)) U p(Imgz) C S;.

In the former case, Im g1, Im g, are contained in a subsurface of X that has strictly
negative curvature. Thus, as they are asymptotic, their distance d(Img;, Img;) must be
zero contradicting (24). For the latter case, pick distinct points yi, y» in the interior of
the segment [x!, x?] and denote by ¢ (respectively, ¢2) the geodesic ray emanating from
y1 (respectively, y2) with g1 (400) = & (respectively, g2 (4-00) = &). Clearly, Im g1, Im ¢;
are disjoint, thus they are contained in a flat subsurface of Xn (P \ 9P) and, being at
bounded distance, they are parallel. Pick a geodesic ray r in the interior of the flat half
strip bounded by ¢q1, ¢g2. Clearly, r(+00) = & and p(r) is contained in the compact e.s.c.s.
S1 with
d(Im p(r), {s1, ..., s,}) > 0.

By assumption, & € X\ Fi'", which implies that r cannot be closed. Then the above
inequality contradicts Corollary 34.

Subcase B2: p~'(Im cj7) N P has infinitely many components.

We may assume that all such components are segments with one endpoint on Im g; and
the other on Im g>. In this subcase, the convex region bounded by Im r; and Im 7, consists
of infinitely many Euclidean and hyperbolic quadrilaterals formed by sub-segments of the
components of p_1 (Im cpy) N P and sub-segments of 71, r. To fix notation, let

{[Ak, Brl [ k=1,2,...}

be an enumeration of the components of p_l (Im c¢p7) N P such that, for all k, Ay € Im ryq,
Bj € Im rp and

d(Ak, r1(0)) <d(Ak+1,7r1(0)) and d(Bg, r2(0)) < d(Bk+1, r2(0)).

Each segment [Ag, Ar+1] (respectively, [Bx, Bi+1]) has length bounded below by some
constant depending on the geometry of M and Sj. In other words,

there exists C’  such that d(Ag, Agy1) > C' and d(By, Bryy) > C/, (31)

Set Ag =r1(0), Bp =rz(0), and denote by Qf, k=1, 2, ..., the quadrilateral formed
by the segments [Ax_1, Akl, [Ak, Bil, [Bk—1, Bil, and [Ax—1, Br—1]. We may assume
(cf. (25)) that Qo is a Euclidean quadrilateral and so is Qy for all k even. Consequently,
Qy is a hyperbolic quadrilateral for all k odd. Clearly,

o
P={J o
k=0
and for all m # n,

00 1 0, = [Amin{m,n}» Bmingm,n}] if [m —n|=1and

] otherwise.
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Denote by ax, Bk, Yk, and ;. the angles of Qy, that is,

ar = £La, ([Ax, Ak+1], [Ax, Bi])

Bi = £, ([Ak, Bil, [Bk, Bit1])

Yk = LB ([Bks Bi1], [Akss Biw1])
8k = Lt [Aks Ak1]s [Ak+15 Bita])-

We have the following relations

Qg1 + 8 =7 = Bry1 + Vi
ag + Br + yx + 8 =2 if kis even,
ar + Bk + vk + 8k < 2w if kis odd.

It follows that for all k,
ask—1 + PB—1 5 a2k + Pok = @41 + Pak+1 S a2 + Pakta- (32)
In particular, the sequence
{ar + Bi}ren is increasing. (33)
Denote by A(Q2k+1) the area of the quadrilateral Q1.

Claim: the sequence {A(Q2k+1)} is bounded below by some A > 0.

Assume, in contrast, that limy, - oo A(Q2k,+1) = 0 for some subsequence {A(Qx,+1)}
of {A(Qa+1)}-

Consider the geodesic segment [Aog, +1, Bax,+2] that splits Qo 41 into two triangles,
say Tog,+1 and Ty ;. By assumption, the area of T; ., tends to 0 as k, — co. By
(30) the side [Azk,+1, Bak,+1] of Tz’knJrl is bounded below by C and, by (31), the side
[Bak,+1, Bak,+2] is bounded below by C’. It follows that Bk, +1 — 0. In a similar way,
we use the geodesic segment [A2r12, Bok1] to show that aor1 — 0. Thus, {ax,+1 +
Br,+1} — 0, contradicting (33). This completes the proof of the claim.

Note that as M has negative curvature bounded away from 0, there exists a constant A py
such that

A(Qok+1) <Ay Q2r — (a2k+1 + Bok+1 + Vok+1 + 2k+1))-

Combining this inequality with the claim, we have
A
21 — (@2k+1 + Bok+1 + Vok+1 + S2k41) = v
M

A
@k+1 + Pok+1 + Vok41 + k41 <2 — —
AM
A (34)
k41 + Boks1 + (T — Poxg2) + ( — ax42) < 2w — ™

A
@k+1 + Pok+1 + v < ax42 + Pok+o.
M

By (32) it follows that a; + B — 00 as k — 00, a contradiction.
Therefore, the assumption d(Img;, Imgy) = C > 0 (cf. (24)) leads to a contradiction
and the result follows from Lemma 40. O
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We proceed now to show Condition (D). We need the following result.

LEMMA 41. Let ¢ be a hyperbolic element of I' and let n = ¢(—00) and § = ¢(c0) be
the repulsive and attractive points of ¢ in dX. Then any geodesic line c joining n and &
projects to a closed geodesic in X.

Proof. By [2, Proposition 3.3, p. 31], there is an axis cg of ¢ in X that projects to a closed
geodesicin X. Letc be a geodes1c line of X j joining the points 7, £. Then, by the flat strip
theorem, ¢ and ¢ are parallel in X, that s, they bound a flat strip in X. Therefore, ¢ is also
an axis of ¢ and, thus, it projects to a closed geodesic in S. O

PROPOSITION 42. The set
{(g(+00), g(—00)) ‘ p(g) is closed and unique}
is dense in 32X.

Proof. Let O x U be open in 32X where O, U are disjoint intervals in aX. By
Proposition 10, there exists a hyperbolic ¢ € I' such that

(¢(4+00), p(—00)) € O x U.

If the closed geodesic B corresponding to the axis (¢ (400), ¢ (—00)) is unique we have
nothing to show. Suppose B is not unique. Then it is contained in a flat strip, hence,
by parallel translation we may assume that 8 contains a conical point 5 with cone angle
0(5) > 27. The conical point s splits B into two geodesic rays, denote them by r; and r3,
which form an angle 7 inside the flat strip bounded by § and the other angle being equal
to 0(5) — m. Clearly, ry(+00) = B(+00) € O and r3(4+00) = B(—00) € U. Let ry, rq be
geodesic rays with r1(0) = r4(0) =5 such that:

o ri(+00) € O\ {B(+00)} and r4(+00) € U \ {B(—00)};

e 11 and r4 do not intersect the interior of the flat strip bounded by 8; and

o <G(rg,r)>m.

Pick a number 6 satisfying 0 < 6y < (8(5) — 27 /2). If <z(r1, r2) > Oy we may replace
r1 by a geodesic ray r| emanating form ¥ satisfying the above three properties and such
that, in addition, <{;(r{, r2) < 6yp. We similarly replace, if necessary, r4. Hence, we may
assume that the (clockwise) angles formed by r; at s satisfy the following relations

0 < <x(r1, r2) < b,
G (ra, 13) =7,
0 < <g5(r3, ra) <o,
<5(r4, r1) > m.

(35)

Observe that equality in any of the above inequalities holds if and only if the images
of the corresponding geodesics rays have a geodesic segment in common. Let
(r1(+00), ra(400)) be the (open) interval on the boundary 39X between these two points
contained in O and (r3(400), r4(+00)) the corresponding interval in U. Clearly, these
intervals are disjoint. By Proposition 10 and Lemma 41, there exist boundary points

1 € (ri(+00), r2(+00)), ¢ € (r3(+00), r4(400)), (36)
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such that n = g(400), { = g(—o0) for some closed geodesic g in GX. Clearly,
(g(400), g(—00)) € O x U and we show that g is a unique (closed) geodesic.

We first show that Img must contain . X is homeomorphic to an open disk and the
images of the geodesicrays r;, i = 1, 2, 3, 4, split X into four open convex regions denoted
by Pl2, P23, P34, P41 bounded by

Imry Ulmr; \ Imry N Imrp, Imrp Ulmrz,  Imrsz Ulmrg \ Imrs N Imrg,  Imrg U Imrg,

respectively. By its definition (cf. equation (36)) Img intersects P and P34. Assume, in
contrast, that ¥ ¢ Img. Then Img must intersect either P3 or P4;. If Img intersects P,3,
then Img intersects the boundary lines 7, and r3, which are sub-rays of 8. This contradicts
the uniqueness of geodesic segments. Assume now that Img intersects P4;. Then, Img
intersects the boundary lines 7| and r4, that is, there exists x = r{(¢,) € Img N Imr; and
y =r4(ty) € Img NImry. Since <z(rs4, r1) > 7 (cf. (35)), r1l[0,,] Y r4|[0,,y] is a geodesic
segment containing s with endpoints x, y. As x, y € Img and 5 ¢ Img the geodesic g
provides a geodesic segment with endpoints x, y distinct from 72|, U r3|[0,,y]. This
also contradicts uniqueness of geodesic segments.

To see that g is unique, let g’ be a (closed) geodesic with p(g’) freely homotopic to
p(g). Then g’'(—o00) =n = g(—o0) and g'(+00) = ¢ = g(+00). By the above argument
Img’ also contains 5 and by the uniqueness of geodesic rays, g and g’ coincide. O

It is plausible to believe that the techniques used in this section to prove that the CAT(0)
surface X satisfies the assumptions (A), (U), (C), and (D) can be applied for the class of
multipolyhedra of piecewise constant curvature x < 0 (see [13, §3.2]).

Acknowledgement. The authors would like to thank the anonymous referee for very
helpful comments and suggestions which significantly improved this paper.

REFERENCES

[1] D.V. Anosov. Geodesic Flows on Closed Riemannian Manifolds with Negative Curvature (Proceedings
Stelkov Institute of Mathematics, 90). American Mathematical Society, Providence, RI, 1969.

[2] W. Ballmann. Lectures on Spaces of Non Positive Curvature. Birkhéuser, Basel, 1995.

[3] M. Bridson and A. Haefliger. Metric Spaces of Non-Positive Curvature (Grundlehren der Mathematischen
Wissenschaften, 319). Springer, Berlin, 1999.

[4] Ch. Charitos and I. Papadoperakis. On the geometry of Hyperbolic surfaces with a conical singularity. Ann.
Global Anal. Geom. 23(4) (2003), 323-357.

[5] C. Charitos and G. Tsapogas. Topological mixing in CAT(—1)-spaces. Trans. Amer. Math. Soc. 178 (2001),
235-264.

[6] Ch. Charitos, I. Papadoperakis and G. Tsapogas. The geometry of Euclidean surfaces with conical
singularities. Math. Z. 284(3) (2016), 1073-1087.

[7]1 M. Coornaert. Sur les groupes proprement discontinus d’isometries des espaces hyperboliques au sens de
Gromov. Thése de ULP, Publication de IRMA, Strasburg, 1990.

[8] M. Coornaert, T. Delzant and A. Papadopoulos. Géometrie et Théorie des Groupes (Lecture Notes in
Mathematics, 1441). Springer, Berlin, 1980.

[9] F. Dal’bo, M. Peigni, J.-C. Picaud and A. Sambusetti. Convergence and counting in infinite measure. Ann.
Inst. Fourier (Grenoble) 67(2) (2017), 483-520.

[10] P. Eberlein. Geodesic flows on negatively curved manifolds II. Trans. Amer. Math. Soc. 178 (1973), 57-82.

https://doi.org/10.1017/etds.2019.52 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.52

3338 C. Charitos et al

[11] P. Eberlein and B. O’Neill. Visibility manifolds. Pacific J. Math. 46 (1973), 45-109.

[12] M. Gromov. Hyperbolic groups. Essays in Group Theory (MSRI Publications, 8). Springer, Berlin, 1987,
pp. 75-263.

[13] F. Paulin. Constructions of hyperbolic groups via hyperbolization of polyhedra. Group Theory from a
Geometrical Viewpoint, ICTP, Trieste, Italy, March 26-April 6, 1990. Eds. E. Ghys and A. Haefliger.
World Scientific, Italy, 1991.

[14] R. Ricks. Flat strips, Bowen—Margulis measures, and mixing of the geodesic flow for rank one CAT(0)
spaces. Ergod. Th. & Dynam. Sys. 37 (2017), 939-970.

[15] M. Troyanov. Les surfaces euclidiennes a singularites coniques. Enseign. Math. (2) 32(1-2) (1986), 79-94.

https://doi.org/10.1017/etds.2019.52 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.52

	Introduction
	Definitions and preliminaries
	Properties of geodesics and geodesic rays

	Mixing of the geodesic flow
	Topological transitivity
	Proof of topological mixing

	Examples and applications
	Euclidean surfaces and their properties
	Examples of CAT(0) surfaces

	Acknowledgement
	References

