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Abstract We investigate the dynamics of unimodal map®f the interval restricted to

the omega limit seX of the critical point for cases whepé is a Cantor set. In particular,
many cases wher& is a measure attractor gf are included. We give two classes of
examples of such maps, both generalizing unimodal Fibonacci nidysBKNS]. In

all casesfix is a continuous factor of a generalized odometer (an adding machine-like
dynamical system), and at the same titfig factors onto an irrational circle rotation.

In some of the examples we obtain irrational rotations on more complicated groups as
factors.

1. Introduction
Let f : [0, 1] — [0, 1] be aC?-unimodal map with critical point, and denote by the
omega limit set of, i.e. the set of all accumulation points of the forward orbitcofit
is well known thatX is either:
e acycle of exact intervals.e. a finite union of intervals that are cyclically permuted
under the action off and for which the restriction of 7 to each of these intervals
is topologically exact # denotes the period of the cycle), or
e azero-dimensional set. In this caZemay be:
— aperiodic orbit (attracting or repelling);
— asolenoidal attractor i.e. the intersection of an infinite nested sequence of
cycles of intervals; or
— aCantor setthat has no arbitrarily small invariant neighbourhoods. Although in
such a situation the set of points with omega limit equaXtis of first category
(i.e. a topological null set), there are some examples where this set has full
Lebesgue measur@KNS, Bru]. In this case we calX a wild attractor.
If X is a wild attractor, thery|x is topologically minimal BL, M]. The same is true,
of course, ifX is a limit cycle or a solenoidal attractor. Throughout this paper, a strong
version of minimality of fix (Q(k) — oo, see below) will be our basic assumption on
f, although a few assertions are valid without it.
1 Supported by the Netherlands Organization for Scientific Research (NWO) and the Deutsche

Forschungsgemeinschaft (DFG).
1 Supported by the Deutsche Forschungsgemeinschaft (DFG).
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The simplest case of a map with a solenoidal attractor is the Feigenbaum map. It
has a nested sequence of interval cycles of lengthaRd it is not hard to see that
fix is conjugate to the dyadic adding machine, i.e. to the addition of 1 in the group of
dyadic integers. Similarly, the dynamics on other solenoidal attractors are conjugate to
generalized adding machines. In the case of wild attractors, a particularly well studied
example is the Fibonacci map. By a Fibonacci map we mean a unimodal map from
a particular topological conjugacy class that we describe in some detgd. it was
proved in BKNS] that Fibonacci maps have a wild attractor provided that the order
of the critical point is sufficiently high. The topological dynamics f¢ for Fibonacci
maps was clarified befor&M ]: fx is conjugate to a symbolic dynamical system T')
which is similar to an adding machine, although it fails to be invertible at the critical
point ¢ where it has two preimages. Indeed (s€&T]), (2, T) is just theS-odometer
built from the sequence of Fibonacci numbers or, equivalently athie transformation
on the golden mean subshift of finite type, and it has the circle rotation by the golden
ratio (v/5 — 1)/2 as a continuous factor. This factor map is in fact nearly a conjugacy,
because it is invertible except on the backwards trajectory whder fix. In order to
investigate the dynamics gfx in other cases, we study a particular class of (generally
nonstationary) adic transformationsgip and relate them to the dynamicsff. A closer
look at two ways to generalize the Fibonacci case is taken in the next two sections. First
we construct examples based on propertieRisbt—Vijayaraghavan (PV) numberand
in a second construction we exploit convergence properties of continued fractions.

Our main results can be summarized as follows. We construct examplés of
odometerscorresponding to unimodal maps for which X is a wild attractor These
examples have the following spectral properties.

(1) Ford = 1,2,3 we find S-odometers generalizing the Fibonacci case which
are measure theoretically isomorphic to irrational rotations ondtiaémensional
torus. The isomorphism is continuous from the sequence sfagsgto the torus.

For d > 4, however, this construction leads to weakly mixifigpdometers (cf.
Theorems 3 and 4).

(2) For anyd > 1 we find S-odometers which have irrational rotations ah
dimensional tori as continuous factors and are measure theoretically isomorphic
to them (Theorem 5).

(3) For each irrationalp with continued fraction of bounded typewve find an S-
odometer with the rotation by on the circle as a continuous factor. Again the
factor map is a measure theoretical isomorphism (Theorem 6).

(4) We find an S-odometer which has simultaneously an irrational rotation on a
solenoidal group and the addition of 1 in the dyadic adding machine as continuous
factors (Theorem 7).

In all these examples the continuous factor maps f(@m7') onto the group rotations
factorize over(X, fix) in such a way thatfx has the same spectral properties as
(2, T). The factor maps frontX, f|x) onto the group rotations are measure theoretical
isomorphisms in cases (1)—(3).

t The boundedness of the continued fraction is not necessary for the construction of the factor. It is only used
to guarantee that the correspondifignay haveX as a wild attractor.
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During our research we learned that Marco Martens, using a different method, obtained
similar results.

2. Adic transformations associated with unimodal maps
Let f : [0, 1] — [0, 1] be a unimodal map. We construct a tower by defining its level
setsD, as D, = [c, ¢1] and forn > 2,

D — f(Dy—y) if D,_1Fc,
" [cn, 1] if D,_13c.

The numbers: such thatc € D, are called thecutting times(Sy)i>0. Observe that
So = 1 and thatD,, = [c,, cy—s,,] fOr Sx—1 < n < S;.

It is well known (see e.gH], or for a more recent expositioMs, p. 108]) that there
is a mapping? : N\ {0} — N (called thekneading mapf f) such thatS; —Si_1 = Sow)-
For everyn, Q(n) < n, and Q satisfies theadmissibility condition

{Qk + D}j=1 = {QQ*(K) + j)}j»1 (1)

for all k, where > denotes the lexicographic order on sequences of integers. On the
other hand, each map : N\ {0} — N satisfying Q(n) < n and the admissibility
condition (1) can be realized within each full family of unimodal maps, in particular so
by some map from each of the familiég,,: 0 <a < 1) for£ =23,4,5,..., where
far () =1—a2'x = 3|

Recall now thatX denotes the omega limit set of the critical pointfofIf Q(k) — oo,
thenc is recurrent and|x is topologically minimal, see e.gBfu]. Moreover,|D,| — O.
In this paper we are interested in a particular class of kneading maps that can be realized
by unimodal maps with wild attractors.

THEOREM 0. ([Bru]) SupposeQ is a kneading map and that there aré k; € N such
that for all k > k4,

Qk)>k—N and Qk+1) > Q%k) +1

holds. Then there i§(N) € N such that for¢ > ¢(N) there is a parametes = a(¢, Q)
for which X is a wild attractor of the magy, ,.

One can show thaQ(k + 1) > Q%) + 1 eventually, if Q(k) is eventually
nondecreasing angd is not infinitely renormalizable (no solenoidal attractor).

In order to understand the dynamics fi, we relate this dynamical system to a
symbolic system2, T') defined in terms of the sequenSe= (S,),-0 and called arfs-
adic machineor S-odometerin [GLT]. We follow the presentation frondLT ] but note
that there is a strong connection to the work of Vershik][and others YL, L1, So1].

Given a nonnegative integerlet £ be the unique integer satisfyin§} < n < Siy1.
There exist integerén), andry(n) with n = (n); - Sy + ry(n) and 0< r(n) < S, and
by iteration we get the&-expansion o

n={n)oSo+ -+ (n)rSk, (2
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where the digits(n); satisfy 0 < (n); < S;11/S;. This is the greedy algorithm (see
e.g. [Fr]). As for our particular sequence$.1/S; < 2, the digits take only the values
0 and 1. The expansion (2) is uniquely determined prow@ﬁ )iSi < Sjy1 for

0 < j < k. Setting(n); =0 for j > k we obtain a sequendg) = ({(n )_ )j=0 in {0, 1}V,
Let (N) := {(n) : n € N}, and denote by the closure ofiN) in {0, 1}". Then

J
Q= {(1) € {0, 1}N . Z(,()[S,‘ < Sj+]_ Vj> 0}
i=0

and we have the following.

LEMMA 1.
Q={o=(@)iene {0, :Vj>0:0=1=w;=0(Q( +1) <i<j-1)}

and if Y¥ o w;S; = Sp11 — 1 for somek > O with Q(k + 1) > 0, then " 24 D1, =

Proof. To prove ‘T’ just observe thaE{;g w;S; < Sj41—S; = Sg(j+1 for eachw € Q.
For the reverse inclusion fix an indgxlet ;' = Q(j +1) — 1, and suppose that; = 1.
Then

Zw,s, _Zw,s + Z i S; _Zw,S +5 —Zw, i — Si1+ S (3)

i=0(j+1)

If Z _owiSi < SkH for all k < j, this continues to be true fdr= j. If w; =0, then
Z’ 0@iSi =215 a), Si < 8; < Sj+1. As wpSo < S, the induction is complete.

To prove the additional assertion, fix an indexand letj < k be the maximal index
with @; = 1. If Y5 @;Si = Si41 — 1, then it follows from (3) that

0(j+D-1
Sk — 1= Z wiSi —Soj+n + Sj+1 = Sjr1 — 1< S — 1
i=0

with equality if and only ifj = £ and ZiQ:({,'“)’l w;iS; = So(j+p — 1. O
Next we define an ‘addition of 1’ okN):
T(n) = (n+1).

Lemma 1 suggests a way how this addition can be described in a purely symbolic way
by means of an ‘add & carry’ operation: Given anc (N) proceed as follows.

Add one.Only one of the first two digits ofo can be 1. If the first digit is 0, replace it
by 1, if it is 1, shift it to the right (i.e., replace 10 by 01). In general the result will no
longer be an element a®.

Carry. Beginning with the smallestsuch thatw; = 1 take the following steps: There is
at most onek € N with Q(k + 1) =1 andw; = 1. If such ak exists replacey, andw;
by 0 andw;1 by 1. (In this casé& equals mifi > [ : w; = 1}). Then restart the carry
operation with/ = k + 1. If there is no suctlt, then the procedure stops.
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In the next lemma we collect some facts ab@uproved in [GLT].

LEMMA 2. If Q(k) — oo thenT extends uniquely to a continuous ma@p: Q — Q.
Moreover, T~ is well defined orf2 \ (0), T is surjective, and’ is minimal.

Proof. If Q(n) — oo there are, for each fixed, only finitely many k such that
Q(k + 1) —1 = j. Therefore the continuity of" follows from [GLT, Theorem 1]
and the rest from Proposition 1(iii) and Theorem 2 of the same reference. O

Remark 1The mapT’ defined in the two preceding lemmas is just the adic transformation
on © in the sense of Vershikvg], see GLT, Proposition 2].
Letp € [0,1] andR, : T — T? be the rotation by anglge. Definell, : @ — T* by

M,(@) =Y aSp (modd.
k>0
For x € R let ||x| denote the distance of to the closest point it%Z. Variants of the
following lemma, whose short proof we include for completeness, are well known.

LEMMA 3.

(1) If >, llpSkll < oo, thenIl, is well defined, continuous arfd, o T = R, o I1,,.

(2 If ¢ : (2, T) — (T R,) is a nonconstant continuous homomorphism and if
¢{0) =0, then) , lpSkll < oo and¢ = I1,,.

Proof. The first assertion is obvious. We prove the second one.(r¢tbe any strictly
increasing sequence of integers such ta} — (0) as j — oo. Then by continuity

of ¢,
D nihSep =njp = Ry (0) = Ry ($(0) = ¢(T" (0) = ${n;) > ¢(0) =0
k
asj — oo. Asthis is true for any such sequenge), it follows that) ", [|oSk|l < oo. In
particular,IT, is well defined. Furthermore, & —1I1,)oT" = ¢—1I1, foralln, ¢ —TI1, is
constant by continuity and topological transitivity @2, 7'), and asp(0) = 0 = I1,(0),
we conclude thap = I1,. O

In later sections we discuss classes of kneading ngapshich satisfyzkZO oSkl <
oo for suitable numberg. But first we relate the dynamics of sushodometers to those
of the correspondingx.

LEMMA 4. If ¢ : (2,T) — (Y, S) is a continuous factor map onto some invertible
dynamical systentt, S) and if v is an ergodic, invariant Borel probability fo§, then the
cardinality #¢~1(y) is the same for-a.e.y € Y (it may be infinite).

Proof. Denote byZ, the family of cylinder sets of rank of Q. ThenY = ¢(Q) =
Uzez, ¢(Z). DefineF, : Y — Z asF, = ZZGZ,, 14z). As all (Z) are compact, thé,
are measurable. Obviousl; < F», < F3 < --- such thatF,, := sup, F, is measurable
and for eachy € Y andk € Z, F.(y) > k holds if and only if #~%(y) > k. Hence
#0~1(y) = F(y) is a measurable function of Furthermore,

#HpH(Sy) < HT 197 1(Sy) = #p 1S TH(Sy) = #o (),
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whenceS—Yy : #p~1(y) > k} C {y : #p~%(y) > k} for eachk € Z. By ergodicity
of v all these sets have eithermeasure 0 or 1, which means that#(y) is v-a.s.
constant. O

Let us introduce some more dynamical notions. A peiig called aclosest precritical
point if (z, ¢) is the maximal interval on whiclf” is monotone for some. Clearlyz is
indeed a precritical point. Also takingmaximal, thenf”[z, c] > ¢. It follows from our
tower construction that”[z, c] = Ds, for somek andz € f~5-1(c). We can enumerate
the precritical points as; € f 5 (c) andzg < z1 < --- < ¢. Of course, the symmetric
pointsz; are also closest precritical points.

BecauseSi11 — Sk = Spx+1) IS the maximal iterate such thatSQ<k+1)|[C,csk] is still
monotone, it follows that

cs, € [2oa+1-1 Zot+1] Y [Zok+1)» Zott—1]-

Define for 2< S;_1 < n < S, thelower intervalof D, as
ﬂ(Dn) = Dn—Sk,l'
LEMMA 5. If n > 2, theng(D,) 2 D,.

Proof. Let, additionally,z_; := 0. First we claim thaDy, C Ds,, forall k > 1. Indeed,
fS"’l(C) S [ZQ(/{)fls C] or [C, 2Q(k)71]1 whence [fsk’l(c), C] - [ZQ(k)fl, C] or [C, 2Q(k)—1]-
Taking the(Sou))th iterate on this inclusion, we obtain

Dy, = [fP0*S(e), fRo0 ()] = [£%(e), f7% ()] S [f5 (zow-1), £20¥ (0]
— [fSQ(k)*SQ(k)—l(C)’ fSQ(k) (C)] — [fSQz(k) (o), fSQ(k) (C)] — DSQ(k)’

which yields the claim.
Now let S;_; < n < S, and assume by contradiction th&tD,) C D, properly. Take
the (S, — n)th iterate of both intervals. Then

Ds, = f%7(Dy) D f%7"(B(Dy)) = B(Ds,) = Ds,, -
This contradicts the claim. O

We can also defingg as a map onN) (or N) as follows. Ifw € (N)\ {(0)}, then
B(w) € (N) is the sequence that appears after changing the last«l info a 0. On
N\ {0} this is equivalent tg8(n) =n — Sy_1 for Sx_1 <n < §. SoB(m) =0ifnisa
cutting time, and

B(Dy) = Dy forn ¢ (S 1k = 0). (4)

This relation will be used in the next theorem to determine the positier fdr n large.
We can construct a nested sequence of inter#&ls= D,, C D,, C --- C Dg, for some
k such that8(n;) = n; 1. We proceed to define a factor map: @ — X.

THEOREM 1. Definern : (N) — orb(c) asnw({(k)) = ¢x. Thensx is uniformly continuous
and has a continuous extensian: Q@ — X = w(c) such that(X, f) is a continuous
factor of (2, T). Moreover,z~1(c) = (0).
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Proof. Takee > 0 arbitrary. Becaus¢D,| — 0, there exists such that|D,| < ¢/2
for all n > §,,. Let m be arbitrary, and leU be ane-neighbourhood ot,, = 7 ({m)).
Takei € N minimal such thap(m) =: k < S,,. So (k) coincides with(m) up to entry
ro — 1, and has only O’'s elsewhere. #f < S,,, i.e. i = 0, then simplyk = m, and
¢m € Dyys,,. If m = S, thenpi~1(m) = k + S, for somer > ro. It follows by (4) that
B~X(D,,) = Diys,, and by Lemma 5¢,, € Dy, .

Let (n) be such that it coincides witlm) up to the(rog — 1)th position. Then there
existsi’ such thatg’ (n) = B (m) = k. This means that alsp’ ~1(n) = k + S, for some
r' > ro. By (4), B ~X(D,) = Di;s, and by Lemma 5¢, € Dyys,. SOc, € Diys, and
¢y € Dyys, forr, v’ > rp. SinceDy s, and Dy, 5, havec, as a common boundary point,
this yieldsc, € U. Hencer is uniformly continuous. The existence and continuity of
the extension follows.

Now suppose0) # w = wows ... € Q andnw(w) = c¢. Letr, s be the first two integers
such thatw,, w; = 1. Clearlys exists, otherwiser (w) = ¢,. It follows from Lemma 5
thatm(w) € Dg,ys,. SO if 1(w) = ¢, thenc € Dg 15, andS, + S, is a cutting time, say
S;. But thens =+ — 1 andr = Q(t), which is forbidden by the construction &f. O

The final goal of this section is to define a factor mgp: X — T* which makes the
following diagram commute:

(,7)

N

g
(X, ) *— (TLR,)

THEOREM 2. Suppose tha} , [|pSk|l < oo such thatll, is well defined and continuous
by Lemma 3. The#ill,(x ~1{x}) = 1 for all x € X, and if the unique element of this set
is denoted byr, (x) this defines a continuous factor map : (X, f) — (T, R,).

Proof. Let M = {x € X : #I1,(x ~1{x}) > 1}. We claim that ifx € M then the closure
of the orbit ofx is contained inM. Since(X, f) is minimal it follows thatM is either
void or equal toX, and asc ¢ M by Theorem 1, this proves thai, is well defined.

Supposex € M. Then there existv,w € Q such thatrw = ne’ = x and
M,w # I,e'. Then

M,(T"w) = Rinw # Rine' = M,(T"o)

T(T"w) = f'rw = f're = 7(T"o),

whence orlix) ¢ M. Now let y be any limit point of orlgx) and let a sequeno@;)en
be given with f*x — y. Since is compact we can assume tH&tw and 7"’
converge simultaneously against somg respectivelyw;, in Q. From the continuity of
7 it follows thatrwy = mwy = y and from the continuity of1, together with the fact
that R, is an isometry we get difil ,wo, I1,wp) = dist(I1,w, [1,0") # 0. This shows
thaty € M and proves the claim.
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Since the mapr : @ — X is continuous, surjective and close@ {s compact),X
carries the final topology af2 with respect tar. So the continuity ofr, follows from
the continuity ofTl, = 7 o 7,,. O

Remark 2Call p € N an eventual divisorof (S,),, if p | S, except for at most finitely
manyn. By Lemma 3,p is an eventual divisor ofS, ), if and only if (Z,, addition of )
is a factor of (2, 7). By Theorem 2,11y, factorizes over(X, f). In particular,
P, = {ﬂlﬁ(l‘) k =0,...,p—1} is a finite partition of X into open and closed
sets which are cyclically permuted. In fags, is an eventual divisor ofS,), if and
only if (X, f?) is not minimal. It follows that(X, f) is totally minimal (i.e.(X, f7) is
minimal for all p > 0) if and only if 1 is the only eventual divisor df,),.

Suppose now thap = (pi1, p2, p3, -..) IS @ sequence of eventual divisors ,),
and thatp;|p;.1 for all i. Then all(Z,,, ‘addition of 1) are factors of(2, T'), and as
M1/p,,, = (pi+1/pi) - Tyyp,, the inverse limit of these finite rotations, namely the adding
machine(Z,, ‘addition of 1’), is also a factor of(2, T'). Denote the factor map by
IM1p. As all Ty, factorize over(X, f), the same is true fofly,,. In particular,P,, .,
is finer thanP,, for all i. We will come back to this in Theorem 7.

3. Examples based on PV numbers
We start this section witl§-odometers given by a kneading map of the tybe: + 1) =
n — d for a fixedd.

Ford = 0 we obtain the classical dyadic adding machine, i.e. the addition of 1 on the
group of dyadic integers. In the context of unimodal maps it is conjugate to the action
of a Feigenbaum map on its attractor.

For d = 1 we obtain the Fibonacc§-odometer. It was described by Lyubich and
Milnor [LM] who proved that it is conjugate to the action of a Fibonacci map on
the omega limitX of its critical point. Furthermore, the golden circle rotation is a
factor of the Fibonacck-odometer, and the factor map is one-to-one except on the set
U1 T7H(O))

For alld > 1, there is a close connection with substitution spaces.

LEMMA 6. For d > 1, @ is homeomorphic to the shift spaég, on d + 1 symbols,
generated by the substitution: 0 - 01,1 — 2,...,d —1—d,d — 0.

Proof. Let Z; = {Zo 0, Z10.0, - - -, Zo..01} be the collection of cylinder sets of ramk
For eachw € Q, we can define the itineray(w) € {0, ..., d}Y with respect taZ, as

0 if T"(w) € Zo.0

ai(@) = { k if T(w) € Zo_owa0 (1 atentryk e {1,...,d)).

Clearly,a : Q2 — a(2) is continuous and it is the shift, theru o T = o 0 a. Let
us prove thatz is injective, and therefore homeomorphic. We have seen before that
T is injective on2 \ T-1(0). Furthermore, each preimage @) lies in a different
element of Z,. This shows that ifw,w € T7"(0) for somen > 1 andw # o,

1 Observe that Lyubich and Milnor show th&tis never an attractor for quadratic Fibonacci maps. However,
in [BKNS] it is proved that for Fibonacci maps with a critical point of higher orders indeed an attractor.
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then a(w) # a(w’). We use the induction hypothesis @il;). If v, € Q are
such thatw; = w] for i < k and wx # oy, thena(w) # a(@). Fork < d
this is obviously true, because them and «’ lie in different elements ofZ,. So
assume tha(H;_,) is true, and thaw, ' € Q are such thaw; = o for i < k
andwy # w;. By the above remark, we can assume théafw) # 7" (w’) for all n > 0.
Assumew;, = 0, thenN = ), _, w;S; = ) ,_, wSi < Si—q. It is easy to check that
(TSk*d_Na)),- = (TSk’d_Na)/),‘ fori <k—d and (Tsk’d_Na))k_d =1 #* (TS"’d_Nw,)k_d.
So (H,) follows, proving the induction.

Let ¢ := a(0) denote the itinerary of0). It is easy to verify that the string
x¥(0) has lengthS; and coincides withx, ...,0g5-1. Moreover,ag, ,,...,05-1 =
ag, ..., 055, ,—1. Since x*(0) converges to the unique fixed point @f this fixed
point coincides withw. As the orbit of(0) is dense in%2, a(2) equalsX,, which by
definition is the orbit closure with respect to the shift of the fixed paint O

Remark 3.The substitutiory on X, is conjugate to the right shiff := v — Ow on .
Indeed,

aoin) =aoy (Y (n)iS:) =a(y(n)iSi) = o=i"S ().

Furthermore,x o 0" (a) = o""(a), wheret, = #{0 < i < n : o; = 0}. Since
oS, 4y .. s 05,1 = Qp, ..., A5_s,_,—1, We havets, = t5_, +1t5,,. By induction we get
ts, = SQ(k+1) and ﬁna"ytn = Zi (l’l)iSQ(H_]_), whencer, +n = Zi (n);Siz1. Now

xoa(n) =y oo (a) = o XiMiSii(g) = a o Yn).
This relation extends immediately frofiN) to . O

Now we investigate the cutting times far> 1:

Sy = k+1, k=0,....,d-1
St4r = S+ Sp—a, k=d.

According to Theorem 5 inGLT] these particulas-odometers are uniquely ergodic.
The characteristic polynomiad, (x) = x?*1—x?—1 of this recurrence has+1 distinct
rootsig, ..., A4, therefore the sequencéé))kzo, el (A’;)kio form a fundamental system
of solutions. To get a nice formula fdf; it is more convenient to consider first the

sequence(sy x>0 Obtained from the initial conditiorgso, ...,ss) = (0,...,0,1). The
solution iss, = Y% _qc. - Ak, wherec;t = [T0_q,.,(Au — &) = A% +d /. So we
have
d )L2d+l
k 2d "
Sk =Sk+2d=ZOCM')\M, WhereCu ZCM-)\'/L = W
M:

()

For the following analysis we need some information about the roots of the
characteristic polynomial.

LEMMA 7. ([Sel, NV])

(i) Every polynomialP,(x) has a unique positive rootS” which is greater than 1.

(i) LetOyz:={ne{0,...,d}:|r,l = 1}. ThenO, = {0} iff d € {1, 2, 3}. In all other
cases#0, > 3. (In fact,#0, = min{2k +1:k e N, 2k + 1> d/3}.)
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(i) If d #£ 4 (mod©, then P;(x) is irreducible. Ifd = 4 (mod©, then P;(x) =
(x2 — x 4+ 1) - P;(x) for some irreducibleP, € Z[x].

(iv) If d # 4 (mod 6, then the Galois group oP, acts as the full permutation group on
thed + 1 roots of P,.

Proof. (i)—(iii) follow from [ Sel with some additional elementary considerations. (iv) is
from [NV], see alsoQ, Corollary 2]. O

So ford =1, 2, 3 the rooagd) is an algebraic integer greater than 1 whose conjugates
have modulus less than 1. Such numbers are célisdt—Vijayaraghavan number&f.
[Pi], [Sall and [Si€]). Henceforth we fix some and write,, instead ofz'". Observe
that for eachu

d d
SEAL = Cuh? + D COAAE = Sy + Y Cuhh = ADIAL. (6)
v v

Therefore the factor mapl, : @ — T* from the last section is well defined far= 1}
if Ao is a PV number, i.e. in cases= 1, 2, 3. As P,(x) is the minimal polynomial of
g In these cases, the numbeérs ...,Ag’ are rationally independent. Therefar®, T)
factors onto the/-torus equipped with the rotatioR;, x - - - x R4 via the factor map
o x - o X I
The next theorem shows that these are essentially all the rotations that we can get as
continuous factors ofQ2, 7).

THEOREM 3. Let (2, T) be as above.

(1) Supposel € {1,2,3}. If ¢ : (2, T) — (T, R,) is a continuous factor map, then
there areqo, ..., qs € Z such thatp = qo + gq1ho + - + qdk‘é and ¢ factors
over Iy, x -+ x [T via ¢ = q1I1;, + - + qaI1,4. In fact, there are no other
L?-eigenfunctions of" other than these functions.

(2) If d = 4 the system2, T) is weakly mixing with respect to its unique invariant
probability measure, but not mixing.

Proof. Let m denote the unique invariant probability measure fbr(see [GLT,
Theorem 5]). Suppose that : (2,T) — (T, R,) is a measurable homomorphism,
i.e. e¥™¢ is an L2 -eigenfunction off'. In view of Lemma 6 we can apply Theorem 1.4
of [Ho] from which it follows that¢ coincides a.e. with a continuous map. So we may
assume thap is continuous.

We first rule out the possibility thgt € Q \ Z. To this end assume that= p/q,
(p.q) =1,9q > 1. AsT is minimal (Lemma 2), it follows that the restriction &,
to ¢ (R2) is minimal such thap (Q) = {Rf)(O) :k=0,...,9 —1}. Hence(Z,,+1 is a
factor of (2, T) and in view of Remark 2¢ must be an eventual divisor @§,),-0, @
contradiction to the definition of,.

From Lemma 3 it follows thad_, |pSk|l < oo. Let I; = {0,...,d} \ O4. As
Sk = cr, Curly + 2 uco, Curl, by (5), we find that

YU D0 pCuL | <D Sl 4+ Y Y - ICul - Il < oo
k

k ne0y nely k
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It follows from [Ma, Lemma 2] thatoC,, € Q(x,) for all u € O,. As C, € Q(r,) by
(5), we conclude thap € Q(x,) for all u € 04.

First case:d = 4 (mod 6. Then(x2—x+1)| P;(x) so that(1+i~/3)/2 € {Au | e Og).
As p e RNQ((1+i+/3)/2), it follows thatp € Q, and because of the introductory part
of this proof,p € Z. So (T, n) is weakly mixing. The not mixing assertion follows in
both cases fromOK, Theorem 2] together with Lemma 6.

Second cased # 4 (mod 6. Now P, is irreducible by Lemma 7. Ap € Q(x,) for all
w € Oy, there are polynomial®,, € Z[x], Q,(x) = Z?:o q..ix", andg, € Z\ {0} such
that Q,,(,) = qup- If p € Q, then as beforep € Z and¢ = 0 is constant. Otherwise
p € Q and theQ, (x) are nonconstant.

For u € O, andk € N it follows from (6) that

d
Skqup = SkQu()w)=un.iSk?»;l
=0

d d
= D quiSiri+ Y qui Y Colkd, — AL
i=0 i=0

vely

d

+D qui Y, Co(h, = AAL, (7

i=0 veO \{u}

and sinced_, llg,Skpell < lgul >4 ISkpll < oo, we conclude that fop € Oy,

d
0 ( qu,icu(xj;—xi)%ﬁ
i=0

I veoau}

< Q.

=Auv

If A,, # 0 for someu,v € Oy4, then|x,| < 1 by [Ma, Lemma 2], which contradicts
we O4. HenceA, , =0forall u,v e 04, ie. 0, (1,) = Q,(1,) for all u,v e 0,.
(This part of the proof is similar to arguments leading to Theorem 2.8},[see also
[S04 Theorem 2.2].)

For the rest of the proof we adapt an argument fr@o4 Corollary 2.3]. LetF
be the splitting field ofP;(x) and denotex := Qu(Xp). Let A := {v € {0,...,d} :
Qo(r,) = «}. Then O, C A. If r is any automorphism ofFf over Q, then
Qo(tr,) = tQ0(A,) =t for all v € A such thattA = A (if te« = @) ortANA=0¢
(if Ta # «). But as the Galois group af,;(x) allows all permutations ofio, ..., A4}
(Lemma 7), and ag)o(x) is a nonconstant polynomial of degree at mdstthis is
possible only if #4 = 1. But then #), = 1 also, and hencé € {1, 2, 3} by Lemma 7.
This proves the theorem faf > 4, d # 4 (mod 6.

Rewriting (7) foru = 0 yields

d d
q0,i q0.i i i
Sep =Y TS+ ) ( —C,(rg —m)xﬁ.
i=0 q0 i=0 q0

vely
As || Sypll — O, it follows thatzl?‘:o(qo,,»/qo)skﬂ- € Z for sufficiently largek. Suppose
this is true fork > kg. Then it is also true fok = kg—d in view of the recurrence relation
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for the S, and by induction it follows that it holds for > —24. Evaluating this relation

fork=-2d,...,—d and observing tha§_;, =--- =8 4, 1=0,S y=---=8=1
yields, successivelygolgo,q, 90lg0,4-1, - - - » golgo,0, i.€. g0 = 1 andp = Qo(r,). Now
the conclusions of the theorem follow immediately. d

The isomorphism onto the two- and three-dimensional torus.

THEOREM 4. ([VL, GLT]) For d = 2,3, the factor mapll,, x --- X 4 is a metric
isomorphism onto the two- and three-dimensional torus, respectively.

Proof. Ford = 2 we can useGLT, Theorem 6 and Remark 5], because Hypothesis B of
that paper is satisfied. This hypothesis requires a certain uniform control on ‘backward
carries’ when adding numbets,,) to elementsy € Q. In our terminology it reads:

There isb € N such that for alk e N, all m > k + b+ 2 and allw € Q with
Wpt1 =+ = Wpp1 = 0 holds: (T5"w); = w; for j =0, ..., k.

Observing that 8, = Su41 + Snw—2+ Su-7, Su + Sps1 = Spi2 + Su_3, and
Sm + Spa2 = Spys for d = 2, it is not hard to check this with = 6. Ford = 3
the hypothesis fails however.

We can prove both cases using a result of Vershik and Livskits [Theorem 3].
Recall that ford = 2, 3, the space2 is homeomorphic to the shift space generated by
the substitution 0— 01,1 — 2,2 — O, respectively 0- 01,1 - 2,2 - 3,3 — 0.
The assumptions of their theorem are satisfied for

se={(o) (o) (ool @ 2={(3); oo
0/,"\10/," \120/, 1/,"\2001/,
whend = 2, and for

0 01 01 012

{<0>1’ <10)2’ <12§)2’ <123§)4} ’

A = {(1) (2) (3) (1232) (0123(2)) (123001; <0120123;
1/,°\2/,"\3/,"\3012/;" \30012/," \3001012/," \ 23001012’
01012012 010120123 1230012300

(120123001’ (30010120135’ (300101201212} ’

Ac

whend = 3. Here (), denotes a pair of balanced blocks ahdthe number of
substitutions needed before a decomposition in elements-af A is possible. d

Additionally, we give an elementary geometric proof of Theorem 4dfet 2, which
at the same time makes explicit the relation to a certain tiling of the plane. It bears some
resemblance toHa], where the recurrenc8, 1 = S, + S,_1 + S,_» is treated. We try
to understand the nature of the factor map

IT;,

0

XH;%:Q—)TZ

© Zwk(sk,\o, SiA3)  (mod Z x 7).
k>0

We will prove the following.
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The projectionlT;, x IT;2 is almost everywhere one-to-one with respect to the
Lebesgue measure on the 2-torus. More precisely: xfar Q let Z,, ,, ,
denote the cylinder of order consisting of allw € @ such thatw; = x; for

i =0,...,n—1. Then for fixedn the images of two different setg,, ., ,

and Z,, ,, , are closed subsets of the torus which intersect only in a set of
Lebesgue measure zero.

Since according to (6) we ha’ .l — S, = K\” Ak 4 K575+, where we defined
K(”) = ¢;(A§ — A}), the factor map can be decomposed in the following way:

(1) a map
n: Q — C
w = Zwk)»’fr“ )
k>0

which creates a ‘fractal’ sé® = I1(2) in the shape of a five legged poodle, cf.
Figure 1;
(2) a linear deformatiof® — ¢ (P) =: P, where

¢ : C~R? —» R?
2 b (1), d2(2)) i= (K2 + K7, K22 + KP2);

(3) and finally the canonical projectiony from R? onto T?.

LEMMA 8.
() Fixn > 2. Then every sefoomxw1 = II(Z,,.,,) IS up to a translation identical
with one of the three setg P, 227P or 1772P. More precisely:

1 AP 00
Pro s Z A A’ﬁ: Pt ifthe stringxo...x,-1 ends with{ 10
i=0 AMte P 01

9)

(i) The poodleP is self-similar in the sense ¢Hu], i.e. it coincides with the unique
nonvoid compact set invariant under the three contractions

I/fooiZHAiZ, 1//100:Z|—>)\,‘I+KEZ and 1//01001ZI—>)»?+)€Z,

which mapP to Pog, P1go and Py1g0 respectively. These three sets form a partition of
P modulo a null set.
(iiiy The translategoA? + k1Al + P, k; € Z, of the poodle intersect only in null sets.

Proof. (i) If xo...x,_1 ends with 10 or 01 then the s&t, ., , is identical toZ,,. ., ,o and
Z,,..x, ;00 respectively, since any two ones have to be separated by at least two zeros.
So consider only the case whetg...x,_1 ends with 00. In this case”(Z,,. ., ,)
equals, whereo denotes the left shift o®2. Now for anyw € Z,, ., we have
M(w) = Y125 x: A7 + A2 T1(0"w), which proves (9).

(ii) Clearly, Q = ZooU Z100U Zo100, SO the first assertion follows from (9). To prove
the second we show that the Lebesgue meastfe equalsi (Poo) + 1 (P1o0) + 4 (Po100).
According to (i), 12 (Poo) + 1(P100) + 11(Pos00) = (12312 + 4312 + [A3]%) - (P), whence it
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suffices to verifya2a3+2323+1404 = 1. ButaZaZ+a3a 3429081 = Ay 24453 +257 -1,
sinceior1rz = 1. The right-hand term, multiplied byj, is equal toA3 + Ao+ 1—Af =
—(ho+ DA —23—-1)=0.

(i) First we have to estimate the shape of the poodle in order to prove that only
adjacent poodles can intersectFor fixedn let d, := max|T1(w)| | wx = 0,Vk > n}.
Then|) ., wk’\]i+4| < M"Y oo dalral™ = [A1|" - dy /(L= |21]") =: r, holds for any
w € Q, so the seP is contained in the union of, balls of radiusr,, centered at the
pointsIT((k)), 0 < k < S,. Forn = 9 the estimates are good enough to show that this
union is contained in the parallelogrgm+ 811 | @ € [-0.79,0.90], 8 € [-0.84, 1.12]}.
whose sides are strictly smaller than 2, respectively.2. So two poodlegq+ ki1 + P
andkg + kjrq + P can only intersect ifk; — k| < 1,i =1,2.

In order to prove (i) it remains to show that the sBtsl+P, A1+ P and 11, +P are
mutually disjoint up to a null set. The clue to the proof is the observation that these four
poodles can already be found ‘en miniature’ after a similarity transformaties AZZ
in different partsP,, ., , of the original poodleP:

~ A

RO

P — AP = Pooooooo
- AT - -

14+ P — A +AJP = Pooo1000
- AT - ~

A +P — A8+AlP = Poooo100

=
e~

1+m+P = M +a8+ )»Zﬁ’ € P1oo00100Y Proooooos

Here we made use of the ‘carry rulef™ = 1% + 252 to convert the ‘illegal’ sums in
the middle row into ‘legal’ ones and of equation (9). By (ii), these parts intersect only
in null sets. d

As an immediate consequence of Lemma 8 we get the following. Forani¥ the
setsPyo..iw, k =0, ..., S,—1, form a partition o modulo null sets. Since all points
z € C which have more than one preimagednhave to lie in at least two distinct sets
Py..x,, and R, , for somen € N, the set of all those points has Lebesgue measure
zero.

Now the only thing left is to show that by the map= o ¢ the setP is squeezed
nicely into the torus in such a way that only boundary pdiri P become identified
(compare Figure 2). To do this one just has to transform the corresponding resRlt for
in Lemma 8(iii). Since

0 O<k+p<?2

») »)
() = KA + K05 = Si—ahg — Sip-a = { -1 2<k+p<4,

the images of.} andA? arep(A}) = — (1) andp(29) = — (2) This shows that the
projectionnrz : P — T? is one-to-one except possibly on the boundary of P. Since the
factor mapIT;, x I,z induces a semi-conjugacy betweErand an irrational rotation on

the torus, the imager2(P) must be the whole torus.

1 The calculations are tedious but straightforward, so the reader may prefer to just have a quick glance at

Figure 2 in order to be convinced of this assertion.
i By ‘boundary’ we mean the intersection of two adjacent poodles.
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Ficure 1. The poodled with the partsby, P1go @and Py Shaded differently. For better comparison between
Figures 1 and 2 we plottedi(:) versus—3().

Ficure 2. The deformed poodle and its eight immediate neighbours.
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Fractal tilings of the plane by sets like the poodle and their connection to Pisot numbers
and finite state automata are investigated in numerous papers, seéle.8a] BG].
The poodle itself was also studied b@4]. For tilings in dimensiond > 2 see $03.

Factor maps ontal-dimensional tori. A generalization of the previous construction
leads to the following.

THEOREM 5. For everyd € N there exist rationally independent irrationajs, . . ., p4
and a unimodal mag such that the torus rotatiotxy, ..., xg) — (x1+p01, . - ., Xa + pa)
is a continuous factor of |x. The factor map is also a measure theoretic isomorphism.
Furthermore, the may is not renormalizable, and can be chosen to have a wild attractor.

Proof. Letag > a; > --- > a; > 1 be integers and letg, ..., A; be the roots of the
equation

x4t —gox? — ... —a; =0.

According to Bra], the largest rookg is an irrational PV number. Hence the numbers
Oi = Ag for i = 1,...,d are rationally independent irrationals. Lé&R,),-0 be the
sequence of integers satisfying

k+1 fO<k<d

Riy1 = .
ket { aoRy + -+ aqR_g if k>d.

According to Solomyak$o3, the odometer based on the numb&rss measure theoretic
isomorphic to the torus rotatiofxy, ..., x;) = (x1+ o1, ..., Xa + pa)-

Next we construct a sequenge;);-o and cutting timegs;);-o with the property that
Sm = Ri. LetA= (Y% ya)—1and

P i foO<i<d
! mi1+A=>G—-d)A+d ifi>d.

Leth:{1,...,A} - {0,...,d — 1} be defined as

h(D)=h@) =---=h(a—1) =0
h(ag) =h(ag+1) =---=h(ag+a1—1) =1
hag+---+aq-1) =h(ap~+ -+ a1+ =---=h(A) =d.

Next let the kneading map

Qm) =0 ifm<d
O@m; + j) = Mi_p(j) if i >dand 1< Jj < A.

A straightforward calculation shows tha&t satisfies the admissibility condition (1), as
well as the conditions of Theorem 0. Moreovet,, = R;. It is shown in Bru,
Lemma 2.3] thatf is renormalizable if and only if there exists> 1 such that

O+ j)=k forall j>1 (10)
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This is clearly not the case, sp is not renormalizable. By the construction @®;);
and the fact thako is a PV number it follows thatp, Ry — Ry — O exponentially.
Therefored",, |lp,Sull < co. Indeed, for 1< j < A andi > d,

d
Sm1+j = z :ekijmi—k’
k=0

for integers 0< ¢, ; < B := max a;. Hence

A

A d
YorSull = d+1+3 D oSl <d+1D 3D e jl10r S|
m i>d j=1 i>d j=1 k=0
< d+ABA+D ) lpRill < oo.
i=0

This shows that there is a continuous factor map. Finally, in order to apply the result
in [So3, let us show that th&R-odometer and th&-odometer are homeomorphic. Any
integern > 0 can be represented in both number systems: > b;R; = >, a;S;.

The sequencesa;); and (b;); can be expressed in terms of each other; in fact
b; = bj(am,;, am,41, ...) anda; = a;(by, by11, ...), wherek is such thatn; <i < my1.

So the transformation relatin@:;); to (b;); is uniformly continuous in both directions,
and therefore extends to a homeomorphism between the wkaldometer ands-
odometer. d

4. Examples based on continued fractions

Letp € [0, 1]\Q and let [Q a1, a2, .. .] be its continued fraction. The convergents will be
written asp;/q;. Hencepo/qo = 0/1, p1/q1 = 1/a1 and in generap; = a; p;—1 + pi—2
and ¢; = a;gi_1 + qi—2. It follows by induction thatp;g;11 — pit1gi = (=1)*L.
Furthermore pzi /q2i < p < pai+1/q2i+1, Whencelp — (p;/q;)| < 1/q;qj+1-

THEOREM 6. For everyp € [0, 1] \ Q there exists a sequence of cutting tinig), such
thatTT, : Q@ — St is continuous. The sequenc§,) is admissible, the corresponding
map f is non-renormalizable and its kneading m@ygk) tends to infinity. Moreover, the
mapTIl, is one-to-one, except in the preimageHpivhere it is two-to-one.

The construction of this kind of example is related to the so-called almost restricted
intervals (cf. P]). In [GS] they are called rotation-like mappings. During our research
we learned that Paul Glendinning was also working on these examples. The Fibonacci
map is delayed, at every closest return,dhy; loops in an almost restrictive interval of
periodg,,.

Remark 4.1f p is of bounded type, i.e.(q;) is bounded, then the kneading m&p
constructed in the proof satisfies— Q(n) < 2- max a,. So it follows from Bru]

that this combinatorial type can coexist with a wild attractor. For rotation numbers of
unbounded type we think that the same is true.

Proof. Again let (gx)r>0 be the denominators of the convergentsofWe will construct
a sequence of cutting times, and a sequéngk.-o with the property thas,, = g;. Let
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the kneading ma@ be as follows:
Q(n)=0 forn <q.

ThenSp = 1 andS,,—1 = g1, SOng = 0 andny = g1—1. Inductively, set; 1 = nx+ais1

and
ng if ng <n <ngy1

Q) = {
Then indeedS,, = g and S, +; = (j +Dgi for 1 < j < ar41. Q is admissible, see (1),
because fon; <n < ng1,

0(Q%n) +1) <mp_p <m_1 < 0(n+1).

It follows from (10) thatf is not renormalizable.

Letw = wow1 ... € Q. As Q(n+1) < ny for everyn, <n < niy1, there can be only
oneny < n < ngy1 such thatw, = 1. As |lpjqill < jlegr — pel < jarlp — (Pe/qo)] <
J/qk+r and S, ;= (j + 1Sy, for 0 < j < ag4a, it follows that

Nk—1 if n= Ni41.

. . 1
Y oxllpSell < Y maxlipjgill 0 < j <l <Y L
k k X

Let us now prove the last statement of the theorem. The choice of kneading map
shows that for each € 2, there is at most one, n; < n < n;,1 such thaw, = 1, and
if w, =1 for somen; <n < ngq1, theNw,,,,+a,,,-1 = Wn,,,—1 = 0. Therefore there is
a one-to-one correspondence betw€eand X, where

Y ={b)i>0:0<b; <ajy1,b; # 0= bi11 < aj12}.

Indeed, one assigrise X to w € @, whereb; = 0 if w, = 0 forn; < n < n;41, else
b; > 0 is chosen such thab, ;1 = 1. A sequencev is eventually maximalf there
exists K such that eithetv,,,_, = 1 for all k > K, or w,,,,,—1 = 1forallk > K. It
follows that 7" (w) = (0) for somem > 1 if and only if w is eventually maximal. The
eventually maximal sequences correspond to the following sequenéasThere exists
K such that eitheby, = ay1 (and thereforéy,_1 = 0) for all k > K, or by 1 = ax.2
(andby, = 0) for all k > K. It is known that the number system is isomorphic to the
circle rotation overp [VS, Theorem 2.1]. The isomorphism is given by

M, :% — 8% M,0) =) lbipgl (modD.

In fact, IT" is one-to-one, except in the eventually maximal sequences (which correspond
to the preimages of the critical point), where it is two-to-one. O

Let A be the dyadic adding machine, i.eA = {0, 1} endowed with the metric
da(x,y) = Y |x; — yi|/2". The natural numbers are represented by their dyadic
expansion. Le3 be the dyadic solenoid, i.&8 = S' x A/ ~, where(x, y) ~ (x’, y') if
(x,y) =(@',y)orx =x"=0andy =y+1 or vice versa. We only need the local
topology of B, which has the structure of a Cantor set cross an arc. Therefore assume
that arcx, x’), the shorter arc betweenandx’ € S*, has length< ;11. Then
|Zi - Zl/|
2i

’

dp((x, y), (X', y)) = lx — x']| + Z
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where
Z:y’zfzy/ if0¢arc(x,x/)orx:x/:0’
z=y+1z =y if0eardx,x) andx’ €0, 1],
z=y,7/ =y +1 if0eardx,x’) andx € [0, 5].

THEOREM 7. There exists a unimodal map such thatB x A is a continuous factor
of (X, f). Moreover, f is not renormalizable, and the kneading mépsatisfies the
conditions of Theorem 0.

Proof. Let (F,).>0 = {1, 2,3,5,...} be the Fibonacci numbers. We will construct the
cutting times of f in such a way that

Sn = 2k(n) Fr(n)v

wherer(n) > k(n) for n large, andk(n) — oo asn — oo. Hence, for every € N, 2¢
is an eventual divisor ofS,),. We start takingS, = F,, soQ(n) =n — 2 forn > 1.
Then we modifyQ and (S,) recursively according to the following algorithm, starting
with i = 1:
(i) choosen; > 5 such that 2dividesS,,;
(i) putQni+1) =n—3,0m;i+2) =n;—2,0n;+3) =n;—2, Q(n; +4) =n; +1,
and forn > n; + 4, we again taked(n) = n — 2;
(iii) increasei by 1 and continue with step (i).
For example, the sequenc¢g,) with n; = 7 starts with

1,2,3,5/8,13 21, 34,42,5568=2x 34,110=2x55178=2x 89, ...

It is easy to show thaP defined this way satisfies the admissibility condition. Moreover,
n—5< Q) <n-—2foralln > 2. Hence by (10),/ is not renormalizable.

It is a straightforward computation tha, .1 = 2S,,_1, Su.4+2 = Su, + Su,—1, and
for n; +3 <n <njy1, S, = 2°F,_3,(u_ny, Wherer is such that 21F, = §,. Hence
S, = 2'F,. for somer > i, wheneven € {n;+1,n;+3,n;+4,n; +5, ..., niy1, niz1+2}.

Next takey = (/5 — 1)/2 and define the factor map : (N) — B x A as
7((n)) = (ny,[ny],n). Here the first component is taken §t, the second is the
integer part ofny, taken inA, and the third component is again takenAn It is clear
that on(N), 7 o T = T’ o r, whereT’ denotes the addition dfy,0,1) in B x A. We
claim thatr is uniformly continuous, so that it extends continuously to the whol&.of

Take e > 0 arbitrarily small and findz such thatC)",. 250y @ < ¢/3 and
4.27%m < ¢/3. HereC is such thaty|F, — F,_1] < Cy" for all n. Take any
{(a) € (N). We will show thatrw(Z,({(a)) N (N)) is contained in are-neighbourhood
of m({a)). Indeed, takeb) € Z,({a)). All cutting timesS; with i > n are multiples
of 281 Sod,(a,b) <22+ < €/3. Alsoy|b —al (modD <> ._ [ySil =
Yian W2 OF | < CY,l, 220y < €/3. So ar¢ya, yb) is indeed short. Note that

lySi = 2"V Fpal = 2°Vy Fgy = Frpal < 2°0Cy"0.
So if ardya,yb) # O, then fa] — [yb] = Y., 0:2"VF,;_1, for some sequence
(01); € {—1,0, 1}N. This is a multiple of 21 hence
2

2
dp((va.[yaD), (vb.[yb]) = lya = ybll + 555 = g€
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If arc(ya, yb) > 0 and b] € [0, 1], then [ya] + 1 —[yb] = 3
again

oiZk(i)Fr(,-)_l, SO

2
—E€.

3

The third possibility goes likewise. Heneg(a)) andx ({b)) are at most apart. [

2
dp((ya,[yal), (vb.[yb]) < llva = ybll + 555 <
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