Ergod. Th. & Dynam. Sy$2001),21, 1525-1561
Printed in the United Kingdom © 2001 Cambridge University Press

A theorem of measurable rigidity in Diff ©(S1)

JULIO C. REBELOY

Pontificia Universidade Catolica do Rio de Janeiro PUC-Rio,
Rua Margs de &o Vicente 225 - @vea, Rio de Janeiro,
RJ 22453-900, Brazil
(e-mail: jrebelo@mat.puc-rio.br)

(Received 5 January1999and accepted in revised fortr® October2000)

Abstract We consider measurable conjugacies between two non-solvable subgroups
G1, G, of the group of analytic diffeomorphisms of the circle which admit a finite
generating set close to the identity. These measurable conjugacies are characterized by
our main result which asserts that, up to finite coverings, they coincide almost everywhere
with an analytic diffeomorphism of the circle.

1. Introduction

Consider the non-solvable subgroups of the group of orientation-preserving analytic
diffeomorphisms of the circle, Diff(S?), divided into two categories according to whether
they are discrete or not. The main examples of discrete groups it¥ ©#f are the
Fuchsian groups (or conjugates of them) whereas the main source of examples of non-
discrete groups are those admitting a finite generating set close to the identity (cf. §2.2).
Both types of groups have applications in different branches of mathematics (e.g. geometry,
foliations, dynamical systems). Fuchsian groups have been intensively studied and
their dynamical properties have been considered from the differentiable, topological and
measure theoretic point of view.

However, for groups having a finite set of generators close to the identity, the best
known features are related to topological behavior (e.g. presence of finite orbits, density
of orbits). In a previous papeREb], we introduced an approach to questions involving
‘differentiability’. In particular, we settled the question of the ergodicity of such groups.

In this work we extend the method dRgb] in order to study the conjugacy classes
of groups generated by a finite set of diffeomorphisms close to the identity from the
measurable point of view. In this paper we shall be concerned with orientation-preserving
diffeomorphisms. However, it is easy to generalize our methods to include orientation-
reversing analytic diffeomorphisms 8t.
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Recall that a measurable transformation is a measurable mapping, having a measurable
inverse, which preserves the class of the Lebesgue measure (cf. §2.1). Our main result is
as follows.

RIGIDITY THEOREM. LetG be an abstract non-solvable group generateddy . . ., g}.

Consider two faithful representationsy, p2 of G in Diff (S1). Then there exists a

neighborhood/ of the identity in the real analytic topology (cf. 82.2) such that, if

p1(gi), p2(gi) eU fori =1, ..., 1, then the following are equivalent:

(i) G1 = p1(G) and G2 = p2(G) are C*-conjugate (i.ef o p1(gi) o F1 = pa(gi),
i=1,...,1, for somef € Diff “(S1));

(i) G1= p1(G) andG2 = p2(G) are topologically conjugate (i.6 o p1(gi) o b=t =
p2(g), i =1,...,1, for some homeomorphisim St — S1);

(i) G1=p1(G) andG2 = p2(G) are measurably conjugate (i.¢.o p1(gi) o ¢~ 1(x) =
p2(g)(x),a.e.fori =1, ...,1 and some measurable transformatigh

The equivalence between (i) and (ii) (called topological rigidity) was established in
our work mentioned above so that the new contribution of the Rigidity theorem is the
equivalence between (i) and (iii) (called measurable rigidity). Nevertheless, the part of the
Rigidity theorem concerning measurable rigidity is much harder than the one related to
topological rigidity. We also point out that, despite the fact that topological conjugacies
are often singular with respect to the Lebesgue measure, the argument presented here can
equally well be used to give an independent proof of topological rigidity. In any case our
first proof is much simpler than this new one.

We also know that any topological conjugacy betwéan G- is necessarily an analytic
diffeomorphism (cf. Reb]). It is then natural to ask whether the part of the Rigidity
theorem concerning measurable conjugacies can similarly be improved. In other words,
we want to decide whether a measurable transformation realizing a measurable conjugacy
between groups;1, G2 as before must coincide almost everywhere with an analytic
diffeomorphism. However counterexamples for the last claim can easily be produced by
considering a grou’; commuting with a suitable finite group of rotations (I thank the
referee for pointing out this remark). Indeed it is enough to consider the lift to a finite
cover ofSt of groups having suitable fixed points. Nonetheless, it turns out that this is the
only source of counterexamples. This is the content of the following.

COMPLEMENT TO THE RIGIDITY THEOREM. Suppose that group&1, G2 as in the
Rigidity theorem are measurably conjugate by a measurable transformatidhen there
is a covering mapr : St — S, of finite degree, such thag; (respectivelyGy) is a

lift with respect tor of another subgroup obiff ©(S') denoted byG1 (respectivelyGy).

Furthermore ¢ induces throughr a measurable conjugagy betweenG, G. Finally ¢

coincides almost everywhere with an elemenDdf  (S1).

Remark.As we have said, for topological conjugacies, the improvement of the Rigidity
theorem is immediate since the conjugating homeomorphism is in fact an analytic
diffeomorphism. Note also that the covering map: S' — S! is generically the
identity. Indeed for rather generic groups, G, as before, any measurable conjugacy
must coincide a.e. with an element of DiffS?).
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Itis interesting to compare the Rigidity theorem with the analogous question concerning
Fuchsian groups. First of all topological rigidity does not hold in that case. Indeed, if
m1(X) denotes the fundamental group of the oriented surface of genus greater than 1,
then any two cocompact embeddingsmafX) into PSL(2, R) are topologically conjugate.
However they ar&!-conjugate only if they define the same point in Teichier space.

We observe that these homeomorphisms are singular with respect to the Lebesgue measure
thanks to a result of Bowen and Series.

On the other hand, the result about measurable rigidity asserted by our theorem is in
line with the corresponding problem for Fuchsian groups:dfis a Fuchsian group acting
ergodically orSt x S, Kuusalo established a result similar to the Rigidity theorem under
the additional assumption that the measurable transformatiena homeomorphism.
More general results regarding measurable rigidity were obtained by Tukia under the
assumption thatG1 acts ergodically on a convenient subsetSéfx S (references for
the various facts mentioned above can be obtainetuik]).

At this point it seems important to stress two features of our proof of measurable
rigidity. Firstly the proof can be extended to show that our groups always act in an
‘essentially’ ergodic way 08! x S! (‘essentially’ means in particular, that the number
of ergodic components is finite, cf. Theorem 3.5 and Proposition 4.1). Since this fact plays
an important role for Fuchsian groups, one may expect it to have interesting applications
in our setting as well. Actually a complete study of all these ‘diagonal actions’ will appear
in [R-S]. Another fact that deserves to be noted is that our method of proving measurable
rigidity may provide rigidity theorems even under hypotheses weaker than conjugation by
a ‘measurable transformation’. We have not investigated this possibility but we believe
that it might provide results under hypotheses of regularity similar to those considered by
Tukia in [Tuk].

Finally we want to say some words about our assumption concerning the non-solvability
of our groups. This is of course a very weak assumption, but some assumption of
this type is necessary since the same statement does not halddctions. In fact,
Arnold has constructed a real analytic diffeomorphisrSbfopologically conjugate to an
irrational rotation but such that no conjugating homeomorphism is absolutely continuous;
furthermore, this diffeomorphism can be made arbitrarily close to the identity@Ha]).

In a slightly different context, Furstenberg’s example (da& ) shows in particular that
measurable equivalence also does not imply the existence of a topological conjugacy.

In what follows we shall outline the main ideas of this paper and describe its structure.

One of the most important analytic tools used is the notion of vector field in the ‘closure
of a pseudogroup’. In order to get an idea of the significance and applicability of this
notion, let us suppose th&t; = p1(G) and G2 = p2(G) are contained iPSL(2, R)
acting onS? viewed as the projective line. Note that this action induces a representation
of psl(2, R) (the Lie algebra oPSL(2, R)) in ¥*(S1) (the algebra of analytic vector fields
onSY).

Next observe thati1, G, are not discrete as subgroupsRBL(2, R). In fact they are
non-solvable groups (in particular, non-nilpotent) admitting a finite generating set close
to the identity so that the assertion results from Zassenhaus’s lemma. NowGsinGe
are not discrete, their respective closu@s G, in PSL(2, R) are Lie groups possessing
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non-trivial Lie algebrae. These Lie algebrae define, via the representatiosi(8f R)

in X2(SY) mentioned above, analytic vector fields 8h which are said to be irthe

closure of Gy (respectivelyGy). Vector fields as above are the prototype of what we
understand by vector fields in the closure of groups or pseudogroups. More precisely they
possess the following property: lat! (respectivelyX?) be a vector field in the closure

of G1 (respectivelyGy), then fort € R fixed, the diffeomorphisrrz»;(1 (respectivelyzb;(z)

induced by the corresponding flow can 6€° (or even analytically) approximated by
elements inG1 (respectivelyG>). It is the possibility of approximating differentiawal

by elements of the corresponding group (respectively pseudogroup) that makes these vector
fields useful for studying the dynamics of the group itself (respectively pseudogroup).

We continue to assume thé&t, G, are contained ifPSL(2, R) so that we have a non-
trivial Lie algebra®; C psl(2, R) (respectively®, C psl(2, R)) formed by vector fields
in the closure of51 (respectivelyG,). We have pointed out that these vector fields permit
us to keep a very good control on the dynamics of the corresponding groups. Nonetheless
it turns out that this control is still better if one considers the diagonal actiah of
T2 = S! x S obtained by means of; x p» (by abuse of notation we refer to this
action as the action off; x G2 on S* x S). The diagonal action is defined through
the representatiop : G — Diff “(ST x S1) by settingp(g)(x, y) = (p1(g)(x), p2(g)(¥))

(g € G). Just as before this new action possesses non-trivial vector fields in its closure
(note thatG1 x G2 is contained in the Lie groupSL(2, R) x PSL2, R) so that we can
repeat the preceding arguments). Denote®y, ., the algebra formed by vector fields

in the closure ofG1 x G». If X € &¢,x¢, thenX (x, y) can be written asx1(x), X2(y))

with X1 € &1, X? € &,. FurthermoreG1 x G acts naturally orég, xG,, hence it is

easy to show thab ¢, g, contains vector fieldX, Y, ... which are linearly independent

at generic points.

We are now ready to explain how the proof of the Rigidity theorem runs and also to
explain the difference betweeneasurable rigidityandtopological rigidity. First suppose
thatG1, G2 are topologically conjugate and denotefothe conjugating homeomorphism.
After the definition of the diagonal action 6f1 x G onT? = St x S! it follows that
the graph of h, Graph), is invariant undeiG1 x Go. Sincel is continuous it follows
that Graplih) is also invariant under the vector fields in the closur&efx G,. Hence
Graphh) is contained in the union of the common trajectories of these vector fields which
is a smooth analytic curve (sincé, Y belong to this algebra of vector fields). The last
claim will imply thath belongs to Diff*(S1).

Suppose now thati1, G2 are (measurably) conjugate by the measurable transforma-
tion ¢. Notice that all the arguments below should be understood ‘modulo sets of measure
zero'. The graph of, Graphy), is a measurable curve invariant underx G,. However
we cannot ensure that Gragh is invariant under the vector fields g, g, sinceg
might be highly discontinuous. We then refine the approach employed in the topological
case by considering the set of poipts= (p1, p?) € T? where there does not exist a vector
field Z = (Z1, Z?%) e &g, xq, satisfyingZt(pt) = 0 andz?(p?) # 0 (i.e. Z is vertical
at p). Roughly speaking we shall prove that these points form an analytic curve. Thus it
is reasonable to expect that Graphbe contained in this curve otherwise Graphcould
be displaced ‘slightly upwards’ which should be impossible (this idea is detailed in §4).
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The fact that Grapty) is contained in such a curve will imply the result on measurable
rigidity.

Consider now general subgrou@s, G as in the statement of the Rigidity theorem.
The first idea one has to use to prove the theorem for these groups is to imitate the
constructions outlined before. However | have not been able to construct global vector
fields in the closure off1 x G2. Nonetheless such vector fields do exist ‘locally’. In other
words, there are locally defined vector fields which behave as expected in relation to
some pseudogroups. Naturally the pseudogroups in question are generated by suitable
restrictions of elements iG1 x G2 to certain open sets so that they reflect part of the
dynamics associated 101 x G». Using these local vector fields, we shall succeed in
adapting the argument sketched above for general subgéoups;.

In 82 we set up the notion of vector fields in the closure of pseudogroups. The section
begins with §2.1 which contains the precise definition of measurable transformations.
The reader will also find a simple lemma which will be used in 83. In §2.2 the analytic
topology is introduced. It plays a role in the statement of the Rigidity theorem and in
an important preliminary result due to Ghys. We then revisit Nakai's wdt&1]
in §2.3 since some subgroups of Dif§!) contain pseudogroups as those considered
in [Na1] (in fact it is enough to consider a subgroup of DifS!) having a finite orbit).

Here we also define vector fields in the closure of a pseudogroup. Finally in §2.4 another
result (Proposition 2.7) about the existence of such vector fields for a suitable class of
pseudogroups is presented. Pseudogroups in this class always appear in connection with
subgroups of Diff (S) which do not contain (in a natural sense) pseudogroups verifying
Nakai’s assumptions (clearly only subgroups of Bif!) satisfying the assumption of the
Rigidity theorem are considered). However, a complete proof of Proposition 2.7 is deferred
to Appendix A since it uses some ideas already appearirigeb|[

83 is devoted to ‘globalizing’ the vector fields constructed in 882.3 and 2.4 to the whole
of (or most of)T2. Notice that ‘globalize’ means only to (try to) obtain such a local vector
field around every poinp € T2. In general one cannot patch these local vector fields
together in order to construct a global vector field&n The fact that our vector fields are
not global leads to further analytical difficulties.

In 84 we take for granted Proposition 4.1 which provides a lot of information on the
structure of the points that admit neither a vertical nor a horizontal vector field around them.
Using this proposition we settle the proof of the Rigidity theorem based on the argument
of ‘pushing up’ the graph of the measurable transformation in question. Finally in 85
Proposition 4.1 is proved.

Main notation. Firsti/ always denotes an intrinsic neighborhood of the identity in the
analytic topology. We denote l§yan abstract group and kgyan element of;. We reserve

the letter G for groups of diffeomorphisms (globally defined); pseudogroups will be
denoted byl". The lettersf, h stand for diffeomorphisms regardless of whether they

are local or global (more generally they refer to ‘mappings’). The corresponding capitals
F, H also denote mappings, however these are mappings possessing two coordinates, i.e.
F = (f1, f? (the coordinates are written with superscripts to distinguish them from

a set of ordinary mappinggi, f2,...). We also add superscripts to ‘mapping’, 2
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(respectivelyh!, h?) when they are associated to each other in some way (often this
association is given by a conjugacy). Note that the context will make clear the distinction
between two mappings with superscrigts, 2 and iterates off. In the case where we
have to use both types of notation at the same time, we shall \wfitg¢ (e.g. (f%)*

is the 4th iterate of the ‘coordinatef?). Conjugating diffeomorphisms (respectively
homeomorphisms) are denotedfofyespectivelyh). Vector fields (local or global) on the
circle, torus or open sets @' in general are denoted by capitalsY, Z. Ifitis necessary

to specify their coordinates we shall write = (X, X2). Ordinary points are usually
denoted by, y, however when we want to ‘distinguish’ or ‘fix’ a point it may be denoted
by p, q (in factx, y are usually ‘variables’ whilg, ¢ are given points). The Greek letters

¢ andg stand respectively for a flow of a vector field and a measurable transformation.
Finally p andp always denote representations of a grgup

2. Preliminaries
In this section we collect some background material which will be useful in other parts of
this work.

2.1. Isomorphisms of measureln this section we recall the notion efomorphism of
measure(sometimes also called measurable isomorphignwhich plays an important
role in several aspects of ergodic theory. We consfideendowed with the normalized
Lebesgue measure and with theo-algebra of Borelian sets. Most of the concepts
discussed here must be understood ‘modulo sets of mezeiare

By a measurable mapping: S' — S! we mean a measurable mapping whose domain
is afull measure subset @' (and not necessarily the whd¢). Such a mapping will be
called ameasurable transformatiahit satisfies the further conditions:
e there is another measurable mappingt : ST — S? such thaty o ¢~ 1(x) =

¢ lop(x)=xforu-a.ex e St

° ¢ preserves thelass ofu, i.e. u andgp™u have the same null sets.

We now consider an abstract grogpand two faithful representations, o> of G
in Diff ©(SY). We putGy = p1(G) and G2 = p2(G). A measurable transformation
¢ : St — Slis aisomorphism of measuf@r ameasurable conjugacyr ameasurable
isomorphismbetweenG1 andG: if one hasp o p1(g)(x) = p2(g) o p(x) foranyg € G
andu-a.e.x € St. The groupsG1, G» are said to beneasurably conjugater measurably
equivalent

Since a measurable isomorphism takes into account only the features that may be
described in terms of ‘measure theory’, it becomes a natural notion of equivalence between
dynamical systems from the ergodic point of view. Indeed dynamical properties which
are linked to the measurable structure of the dynamics are naturally invariant under this
relation of equivalence. The most simple example of these properties is the ergodicity,
however there are a good number of other important (and more subtle) examples (see
[CSV]). We finish these comments by giving a simple lemma that will be needed later.

LEMMA 2.1. Let f1 and f2 be two real analytic diffeomorphisms 6f such that
9o flog™l(x) = f%(x) for u-a.e.x € S and a suitable measurable transformation
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¢ : St — S Assume thay! +# id has a fixed point. Then, for an appropriate integer
k € N\ {0}, (fK is different from the identity and has a fixed point (whefé)* stands
for thekth iterate of £2).

Proof. Sincef! has a fixed pointangd?® # id, (f1)¥ is different from the identity for any
k € N\ {0}). We claim that, for everg € N\ {0}, (f2)¥ is different from the identity as
well. In fact, if (f2)* were the identity for somé € N\ {0}, then( f1)* would coincide
with the identity in a set of total measure. Thus!)¥ would be the identity since it is
analytic.

We now consider r@tf?), the rotation number off2. It is enough to prove that
rot( £2) € Q. Assume by contradiction that one hag(f#) € R \ Q.

Let us choose an open intervial(/ # ) strictly contained in a fundamental domain
[p, f1(p)] for somep € St. Becausef?! has fixed points, the orbit of the intervals a set
of measure strictly comprised between 0 and 1. So we conclude that the optfitdfyhe
setp(I) has positive measure strictly smaller than 1. However a diffeomorphism with irra-
tional rotation number acts ergodically 8h(cf. [KaHa]). Thereforef2 cannot have an ir-
rational rotation number which gives us the desired contradiction. The lemma is proved.

2.2. The analytic topology. We want to equip Diff (S1) with a natural topology called
the real analytic topology (also referred to as the analytic topology o€ théopology)
which has some remarkable features. This topology wilhixdnsic so that the statement
of the Rigidity theorem makes sense (i.e. one can consider neighborhoods of the identity
from an intrinsic point of view without specifying any particular embeddingSbfin
R™ or C"). However, in practice, the main use we shall make of this topology is
summarized by a theorem of Ghys (Theorem 2.2) which can be stated without explicit
reference to the analytic topology. This form of stating Ghys’s result has the advantage
of enabling computations and allowing explicit constants. Moreover, it may also appear
‘more concrete’ to the reader.

Thus we begin by introducing Theorem 2.2 and then we shall define the analytic
topology in Diff*(S1).

Assume thatG is a group contained in Diff(S1) and generated by the finite set
S = {f1,.... fi} (notation: G = (f1,..., fi) or G = (S)). Following [Gh], let us
associate t¢ a sequence of selm) C G (m =0, 1, .. .) by the inductive rule below:
@ SO =5,
(i) S(m 4+ 1) is the set whose elements are written under the fyfit, h*1] where

geSm)andh € S(m)U S(m — 1) (h € SO) if m=0).

ConsideiS! as the unit circle ifC. For a giverr verifying 0 < t < 1/4, letAo, denote
the annulus defined by, = {x € C: 1— 2t < ||x|| < 1+ 2t}. Now observe that any
belonging to Diff*(S1) admits a holomorphic extension, denoedo some neighborhood
of St in C. Suppose we are given> 0 and O< 7 < 1/4 (as above), we then define the
setUs_ C Diff ©(St) by saying thatf e Uj_ if and only if:
(1) f admits a holomorphic extensighto Ao;;
(2)  SUReay, /() — x|l <e.

The following theorem due to Ghys will be needed in 83.
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THEOREM2.2. [Gh] Let us regardSt as the unit circle contained ift. For any givenr

with 0 < 7 < 1/4, there exists ¢ > 0 such that, as long as the s&t= {f1,..., fi} is

contained inU3. andG = (S) is not solvable, the following holds:

(1) S(m) does not degenerate infa@} for anym > 0;

(2) anyhy € S(m) has a holomorphic extension to the annufys={x e C: 1 -7 <
x| <1+7}

() if hm € S(m) thensup.c,, Ihm(x) — x| < 27™e (where hy stands for the
holomorphic extension a@fy,).

Let us now introduce the analytic topology @ -topology). As we have observed, for
the rest of this paper we only need Theorem 2.2 so that the role of the analytic topology is
just to provide a coherent and intrinsic set up to our work.

Fix hereafter a real analytic embeddingsdfin some Euclidean spad . We identify
St with the image of the fixed embedding so that we can sayShé contained irR".

An open Riemann surfac® ¢ CV containingS® ¢ R" is called acomplexificatiorof

St if any real analytic function defined d®t possesses a unique holomorphic extension
to some neighborhood & in St. Two complexifications ofs! (for the fixed analytic
embedding) coincide in a Qeighborhooc&%fand we choose one of them.

Fort > 0, we denoteS! as the set of points i§! whose distance (the Euclidean
distance ofC") to St is smaller tharr. Letu be a real analytic function froNrﬁl to an
Euclidean spac&”. Assume that there is a holomorphic extensioof « to S! (taking
values inC"). Under this assumption, the symijd||; will denote the supremum of the
norm|i(x)|| wherex belongs toS1. If there is no holomorphic extension ofto S, we
put ull; = oco.

Letr > 0 ande > 0 be given numbers. The set defined by the diffeomorphisms
f: St — St ¢ RY which satisfy|| f — id ||; < ¢ is going to be denoted ky¢. We are
now ready to introduce a topology on DfffS?) simply by declaring that:

(i) thesetd/, v > 0ande > 0, define a base of neighborhoods for the identity;
(i) given f e Diff “(S1), a base of neighborhoods fgris obtained by translation of the
one for the identity.

The topology introduced just above is the so-cadeadlytic topologyor C“-topology).
Despite its ‘extrinsic’ definition (in which one has made use of an embedding), this
topology isintrinsic since it does not depend on the embedding chosen at the beginning.
When endowed with thé®-topology, Diff* (S) supports a unique structure of topological
group. However there is no compatible structure of Lie groups or’[iff).

Finally let us point out that, strictly speaking, the embeddin§f'dh C as the unit circle
does not provide a complexification §f. In fact, we should begin with an embedding of
St in someRY (and obviously the unit circle of is not contained iR c C). To obtain
a complexification oS! through this embedding we have to consi@easR? (so that one
has an embedding & in R?). The resulting complexification is therefore a Riemann
surface contained ifi2. Nevertheless the reader can easily check that thesetsed in
the statement of Theorem 2.2 does contain an open neighbathobthe identity for the
C®-topology. Hence Theorem 2.2 can be rephrased as follows: there is a neighborhood of

T e can be explicitly estimated in terms of
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the identity in theC“-topology such that, if a generating sebf a non-solvable groug
is contained i/, then conclusions (1), (2) and (3) of the theorem in question do hold.

2.3. Germs of holomorphic diffeomorphims {f€, 0). In this section we shall recall
a theorem due to NakaiNRl], see also $ch)) concerning the local dynamics of non-
solvable subgroups of DIft€, 0) (where Diff(C, 0) stands for the group of germs of
holomorphic diffeomorphisms fixing & C). In fact, for our purposes, it is sufficient
to deal with the germs of holomorphic diffeomorphisms having real coefficients.

However, instead of working with germs of diffeomorphisms (with real coefficients),
we prefer to considethe pseudogrougienerated by a collectiofify, ..., f;} of local
holomorphic diffeomorphisms fixing 0= C. Let Diffg(C, 0) be the group formed
by the germsof holomorphic diffeomorphisms with real coefficients. We say that the
pseudogroup generated BYi, ..., fi} is non-solvable if the subgroup of DiffC, 0)
generated by the germs of tifgs is non-solvable.

Assume that the pseudogroup generated fay. .., f;} is not solvable and preserves
the real line. Then there are local diffeomorphisms (fixinge0 C) f1,f2 in this
pseudogroup, for which the respective Taylor’s expansions centered @t&re written

fi(x) =x + x4 1
fo(x) =x+czxr2+l+~~(c1027é 0 and O< r1 < r2). @)

Furthermoref1, f2 do not generate a solvable group (which in this case is equivalent to
saying thatfq, f do not commute). Therefore it is sufficient to deal with non-solvable
pseudogroup$ generated by elements, f, as above. Since no misunderstanding can
arise, in what follows we simply writg1, f> for denotingfi, fo.

Given a local holomorphic diffeomorphism satisfying f(0) = 0, f/(0) = 1 and
f # id, one denotes by Bag) the basinof f, namely the set of points € C for which
{f*(x)} (is defined for alk € N and) converges to @ C whenk goes to infinity. Itis a
well known fact that Bagf) U Bag f 1) always contains a neighborhood o&GC.

The following theorem is due to Nakai and it is going to be used in §83 and 5.

THEOREM2.3. [Nal] Assume thafi, f> are asin (1) (in particular, they generate a non-
solvable pseudogroup). There exists a real analytic vector fieXd(without singularities)
defined orBag f1) \ {0} which has the following properties.

(1) X(x)is defined as the uniform limit of the sequence of vector f{glgér)} given by

X)) = meD g f1 (20 f1 00 = f1 (),

for an appropriate sequencgi} € N (here X is the vector field obtained by
applying the linear transformationm; fo @) ffl to the vector whose extremities are
fF(x) as origin andf o ff(x) as endpoint).

(2) X induces a local flow such that, farfixed, the corresponding mapping, is
holomorphic.

(3) LetV be arelatively compact open subseBafy f1) \ {0} andsy > 0 so small that
¢ is defined onV whenevelO < ¢ < 0. Then there is a sequence of mappings
{h,} C T converging ta;bﬂ? uniformly onV (and in fact eactk,, is defined orV).
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(4) The sequencgh, } mentioned above is explicitly given by, = £, o 2”('") o fo"
(for m large enough) and a suitable sequence:) c N. Indeed it suffices to take
v(m) so thatv(m).m"1~"2/" — 1y whenm goes to infinity.

Vector fields as above will be referred to as Nakai’'s vector fields. None of Nakai’'s
vector fields is defined in a neighborhood of @, nevertheless the union of the domains
of all these vector fields (fdr fixed) contains a punctured neighborhood &f €. The last
claim can easily be checked after Theorem 2.3. In fact it is sufficient to remiam:yefl‘l
and to recall that Bag1) U Bas(fl‘l) contains such a neighborhood.

The property (4) of Nakai's vector fields is one of the motivations for Definition 2.4.

Definition 2.4. Let U be an open set d” andI" a pseudogroup of holomorphic mappings
generated by a collection of holomorphic mappings fiéro C” (i.e. the generators af
are defined on the wholg). Suppose thal/ is equipped with a real analytic vector fietxd
and denote by, the local flow ofX. One says thaX is in the closure of" relative toU
if for any relatively compact set C U andr > 0, such thap) (V) is defined whenever
0 <t < 1o, the induced mappingg‘(’ : V — C" fulfils the following two conditions:
e ¢¥Y:V — C"is holomorphic;
. there is a sequence of mappirgs} C T (h,, defined onV for everym) converging

to ¢ uniformly on'V.

According to Definition 2.4, the Nakai's vector fieki defined on Basf1) \ {0} is in
the closure of" relative to Basf1) \ {0}. When there is no possibility of misunderstanding
about the domai considered, we simply say th&tis in the closure of".

Before finishing this paragraph, we have to introduceriHfeld version of Nakai’s
theorem. For the sake of notation, we shall state only the two-fold version. Actually the
generalization to an arbitrarye N is obvious. '

Let us consider four local holomorphic diffeomorphisms (preserving the real ﬁ.he)

(i, j = 1, 2) fixing 0 € C. In terms of Taylor series we set:

fll(x) —x _,’_C]]:xr1+l+ cee le(x) - x +C%xr2+l+ - 2
)y =y+cdytthy o By =y+dy2tte... 3)

wherex, y are complex variablesicic2cZ # 0,0 < r1 < rp and 0< 51 < s2 (we prefer

to write s1, s instead of-2, r22 to reduce the number of indices).
Using the coordinatesr, y) € C x C = C2, the local diffeomorphisméfi, £2) and
(le, f22) defined around0, 0) € C2 generate a pseudogroup of holomorphic mappings
between open sets @?. This pseudogroup will be denoted by, «r,. Notice that the
projection of'r, xr, on the first (respectively second) coordinate defines a pseudogroup
I'1 (respectivelyi"2) of holomorphic mappings between open set€oMoreover,I'y, I'z
are generated respectively iy, £+ and f2, f2. In particular, they preserve the real line.
We are finally ready to prove the existence of ‘Nakai’s vector fields’ associated to
I'rx1,. Of course the result asserting the existence of such vector fields corresponds
to the so-called two-fold version of Nakai’'s theorem. Actually this result was not stated
in his work [Na1] but it can immediately be deduced from the discussion carried out there
complemented by a fairly simple remark.
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THEOREM?2.5. Let fll, le andflz, f22 be as above. There exists a nowhere singular real

analytic vector fieldX defined or(Bas(fll) \ {0} x (Bas(flz) \ {0} having the following

features.

(1) X(x,y) = (XYx), X°(y)) whereXx?! (respectivelyx?) is a real analytic vector field
onBag 1) \ {0} (respectivelyBas( £2) \ {0}).

(2) X1 (respectivelyx?)is in the closure of"; (respectively,) relative toBag fll) \ {0}
(respectivelyBag( f2) \ {O0}).

(3) X = (X%, X?)isinthe closure ofr, r, relative to(Bas( 1)\ {0}) x (Bas( f2)\{0}).

(4) Assume thap), denotes the local flow of. LetV be a relatively compact subset
of (Bas(fll) \ {O}) x (Bas(flz) \ {0}) and# > 0 be such thap’, (V) is defined for
all 0 < r < 0. Then the restriction op}, to V is the uniform limit (onV) of a
sequence,, = (hL,, h2) wherehj, = (f{)™" o (f§)"™ o (f{)" (j = 1,2) foran

appropriate sequence of integergn).

Proof. Let us consider the Nakai's vector field#! (respectivelyX?) on Bag fll)
(respectively BanlZ)) associated tgfll, le (respectivelyflz, fzz). Clearly one can suppose
that(s2 — s1)/s1 > (r2 — r1)/r1. Hence the proof of the theorem is reduced to the claim
below.

CLAIM. If (so — s1)/s1 > (r2 — r1)/r1 then the vector fieldX?, 0) fulfils the required
conditions. On the other hand, (2 — s1)/s1 = (r2 — r1)/r1 then it is enough to take
X = (X1, X?).

Proof of the claim. Let V € Bag(f{) \ {0} andzo > O be such that the local flow of?,

qb;(l, is defined onV whenever 0< ¢ < 19. We choose a sequence of positive integers
v(m) such thatv(m).m"1772/"1 — 15, According to Nakai’s theorem, the sequence of
mappings((/1) ™ o (/)™ o (f{)™} converges uniformly oV towardsg?;. On the
other hand{v(m).m$1752)/51} converges either to zero (ifo —s1)/s1 > (ro—r1)/r1) Orto

to (if (s2 —s1)/s1 = (r2 — r1)/r1). Employing Nakai’s argument once again, the sequence
{(fA)™™ o (f2)V™ o (2™} must converge uniformly on compact sets of 865 \ {0}
either to the identity or t@;?z (the local flow ofX?). The proof of the claim is over. O

Therefore so is the proof of the theorem. ]

Remark 2.6.Recall that our diffeomorphisms preserve the real line. Suppose that for
x,y € Ryx,y >0 small,(fll)"(x) and(flz)"(y) converge to zero wheh increases.

In this case it is easy to see tk(ﬁlas(fll) \ {O}) x (Bas(ff) \ {0}) contains a rectangle of

the form{(x,y) e R?: 0 < x < eand O< y < ¢} (for some smalk > 0). Thus such

a rectangle can be endowed with a Nakai’s vector fieldrhis remark will often be used

in 85.

2.4. Vector fields in the closure of pseudogroup$he purpose of this paragraph is to
state a generalized version of the basic result concerning the existence of vector fields ‘in
the closure of certain pseudogroups’ establishedib]. The desired generalization will

be obtained by Proposition 2.7 which is a type of ‘two-fold version’ of the corresponding
proposition in Reb] (just as Theorem 2.5 is the two-fold version of Nakai’'s theorem).
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Nonetheless, in the proof of this new result we make use of a number of ideas which already
appear in my previous work. Therefore, | have decided to include the corresponding proofs
only in Appendix A.

We call B the unit ball ofC and we writeB? to denote the produ@ x B c C2. Inthe
following we will be concerned with a very special type of pseudogroup of holomorphic
mappings between open subsetg8f In fact these pseudogroups split into coordinates
C x C. Since the result we shall discuss is similar to Theorem 2.5, we keep some
notation of the preceding paragraph, namely we shall denoig by, andI'r, xr, some
pseudogroups to be introduced below.

Denote byl'r, xr, @ pseudogroup of holomorphic mappings between open sét$ of
which verifies the following conditions.

(1) EachH e I'r,xr, has the formH (x, y) = (h'(x), h?(y)) whereh/ (j = 1,2)
is a holomorphic mapping from an open 86t Cc C to C. Furthermore, each’
preserves the real line (i.lel(vj NR) C R).

(2) There exists” = (f1, £2) in I'r,«r, fulfilling the following hypotheses:

(@) F is defined in the entir&?;

(b) F(0,0) = (0,0), f/ #idandf/ o f/ #id (j = 1, 2);

(©)  {(fH%(x)} (respectively{( ) (y)}) converge to 0 C whenk increases to
infinity as long asc € R (respectivelyy € R) is positive and sufficiently near
to0eC.

(3) There exists a sequenciff= {H;},cn Of elements il xr, (Hy # id for all j)
such that eacltl, is defined in the whol&2. Moreover, the sequeng@é converges
uniformly to the identity onB2.

(4) ForanyHy = (h}, h2) € H, one has:}(0) > 0 orh2(0) > 0.

As in 8§2.3, the projection of'r,«r, on the first (respectively second) coordinate
naturally defines a pseudogroliip (respectivelyi’z) of holomorphic mappings between
open sets of.

Suppose we are given two positive real numbars, and a pointp € R. Let us
denote byR;,, , C C the rectangle whose vertices die — ¢1, €2), (p + €1, €2), (p +
e1, —¢€2), (p — €1, —¢€2). Let Rf, denote the produ;,, , X Rep, p C C2 (we are going
to omit the dependence d‘w‘lz, on g1, e2 since no misunderstanding is possible). We are
finally ready to give the statement of Proposition 2.7.

PROPOSITION2.7. Let I'r, x1, be a pseudogroup satisfying all the above conditions.
Then there are positive real numbers 2 and a pointp € R (in fact p > 0) such that
R2 is endowed with a nowhere zero real analytic vector figld, y) = (X*(x), X%(y))
which is in the closure ofr, xr, relative toRIZ). Moreover, X! (respectivelyX?) is in the
closure ofI'; (respectively,) relative toR,,, , C C.

3. The diagonal action
Let us begin by fixing some notation that are going to be used throughout the section.
Firstly G denotes an abstract non-solvable group admitting a finite generating set

T The proposition in question will be used in the proof of Theorem 3.2. In that theorem the sedq#ignce
appears as restrictions of mappings associated to thé @ejof §2.2.
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{g1,...,&}. Assume that we are given two faithful representatignsp, of G in
Diff (S1). In the followingG1 ¢ Diff ©(S?) (respectivelyG, c Diff ©(S1)) is the image
of G by p1 (respectivelyp,) endowed with the naturally induced group law. Finally one
setsf! = pi(gi) and f7 = p2(gi) (i € {L.....1}).

Under the assumptions above, the gr@umas a natural action ofi? = S x St
which is called the diagonal action. More precisely, one obtains a faithful representation
7 : G — Diff ®(T?) by

2(g): T?=S'x St — T?=s! x st
(x, y) > (p1(8)(x), p2(g)(¥))-

The homomorphisnp is called the diagonal representation pof and p2 and the
corresponding action of on T? is the diagonal action This action, sometimes also
referred to as the two-fold diagonal action, is the object of this section.

Denote byG c Diff ®(T?) the image ofs. Givenp = (pl, p?) e T?, Staly;(p) stands
for the stabilizerof p in G, namely it is the subgroup consisting of those elements in
leavingp fixed. In what follows, we shall be concerned with vector fields defined on open
sets ofT? having the formX (x, y) = (X1(x), X2(y)). These vector fields are associated
to certain pseudogroups generated by restrictions of some elemdnt®isuitable open
sets. Recall tha6; (respectivelyG,) acts onS! which can be viewed as the unit circle
in C. In this setting, the vector field (respectivelyx?) is in fact defined on an open
set of C which intersect$. It turns out thatx? (respectivelyX?) is in the closure of a
certain pseudogroup generated by restrictions of some elemédgiigiespectivelyG ;) to
suitable open sets df (in fact the elements i1 (respectivelyGy) in question possess a
holomorphic extension to a uniform open set®f

On the other hand, the sketch of the proof of the Rigidity theorem given at the
introduction shows that only the orbits &f (respectivelyX?) contained irS* are relevant
to our discussion (since we are interested only in the dynamigsai open sets df?).
Therefore we shall adapt Definition 2.4 to our context. SikiéeX? will be considered as
vector fields defined only on open intervalsSf(i.e. their holomorphic extensions to open
sets ofC will not enter into the discussion), it is natural to work with #i&-topology.

Definition 3.1.Let G be a group ofC® (or C*°) diffeomorphisms acting ol =
St x ... x St (n times). Suppose thdt < T” is an open set endowed with (or just
C*) vector field X whose corresponding local flow is denoigd. We say thatX is in
the C*°-closure ofG relative toU if and only if it has the following property: for every
relatively compact open subsgtof U andrg € R, 1o > 0, so small tha&b;((V) is defined
whenever 0< t < 1, there is a sequence of diffeomorphisfits,} € G such that the
restriction of them td/ converge€'™ to 2 : V — ¢2(V).

In the rest of this section we are going to study the (two-fold) diagonal action generated
by two non-solvable grougs1, G2 which are measurable equivalent and have a generating
set close to the identity. Indeed we intend to proving Theorem 3.2.

THEOREM3.2. Let I/ be the neighborhood of the identity Diff ®(S) furnished by
Theorem 2.2 (in its ‘intrinsic’ version). We suppose that foriakk {1,...,/}, fl.l, fi2
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belong tol{. We also suppose the existence of an isomorphism of meadueéveen
G1 and G2 (so thatg o f1(x) = f? o ¢(x) for a.e.x e S1). Then, given a point
p = (pt, p?) e T2 such that neithep! is periodic for G1 nor p? is periodic for G,
there is an open neighborhodd T2 of p endowed with a nowhere ze€’-vector field
X (x,y) = (XY(x), X2(y)) which is in theC®-closure ofG relative toU.

The proof of Theorem 3.2 needs a good knowledge of the topological dynamics
associated to a group liké1 (namely a non-solvable group generated by a finite set of
diffeomorphisms near to the identity). In particular, a result due odder” (cf. HH])
asserts that such a group always contains non-trivial diffeomorphisms displaying fixed
points.

On the other hand, it is also known that a non-solvable subgroup of 5 generated
by diffeomorphisms belonging @ is such that the union of all periodic points (i.e. points
having finite orbit), P€iG), is a finite set (maybe empty). Furthermore, restricting the
action to each connected componer§bfPerG), all the points havé&-orbits everywhere
dense. In particular, if PéG) is empty thernG is minimal, i.e. every point has dense orbit
(cf. [Gh]).

We recall thatGy (respectivelyG») is generated by(fl, ..., f!} (respectively
{f12, e, flz}) wherefij belongs td{. By assumption there is an isomorphism of measure
¢ : St — s such thaty o fil optx) = fiz(x) a.e.x € Sl Let us assign tas
(respectivelyG2) the sequence of sef§(m) C G1 (respectivelyS2(m) C G») defined by
means of the generating et', . . ., £} (respectively{ fZ, ..., f?}) asin §2.2.

For eachm € N, G;(m) (j = 1,2) denotes the subgroup @; generated by
Sim)U Sj(m — 1) U S;(m — 2). Notice thatG;(m) is not solvable for everyn € N.
Indeed a solvable subgroup of DHS?) is metabelian(i.e. its second derived group is
trivial). However the second derived group®@f (m) containsS; (m + 2) which is distinct
from {id} after Ghys's result. One concludes tl@at(m) is not solvable.

ConsideringS! as the unit circle inC, we observe that any diffeomorphism §n(m)
admits a holomorphic extension to some annuliys(z > O fixed). Furthermore, if
{h{y}men IS @ sequence such thaf, € S;(m), then{hy}men converges uniformly to
the identity onA ;.

We need the following lemma.

LEMMA 3.3. Assume thap = (pt, p?) e T? is such that neithep! is periodic forG1
nor p? is periodic forG,. Then there exist = (f1, f2) € G, such thatf1, /2 have
both fixed points and also verifi (51) # pt and f2(p%) # p? for somep = (pL, p2) in
the G-orbit of p.

Before proving the Lemma (3.3), let us deduce Theorem 3.2.

Proof of Theorem 3.2.Let p = (pl, p?) as in the statement of the theorem. We want to
show the existence of a (nowhererg vector fieldX in the closure ofz and defined in a
neighborhood op. Obviously it suffices to find a vector field in the closurel®vhich is
defined in a neighborhood of an arbitrary point of therbit of p. Actually if p = H(p)

for someH € G andX is a (nowhereerg vector field in the closure d& defined around
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p,thenH*X is a vector field defined in a neighborhoodmfMoreover,H* X is a nowhere
zerovector field in the closure df.

Combining Lemma 3.3 with the discussion above, we see that there is no loss of
generality in assuming the existence f= (f1, f2) € G such thatp! (respectively
p?) is not fixed by f1 (respectively f2). In fact we can also assume that both
fL, f2 have fixed points. Therefore, it results immediately that the sequehge) =
(fHEPH. (f5*(p?)) converges to a poing = (¢, ¢?) such thatf1(g') = 4 and
£2(¢%) = ¢? (recall that our diffeomorphisms preserve the orientation).

One identifiesg?, ¢2) with (0,0) € R? ¢ C2. We fix a bidiscB.. c C? with center
at (0,0) and radiuse > 0, on which F has a holomorphic extension. Furthermore,
using Ghys’s theoreme can be chosen such that any eleméht = (hi,h2) of
(S1(m) x S2(m))NG also admits such an extensionBgq . In fact, any non-trivial sequence
{Hy} of elements in(S1(m) x S2(m))NG converges uniformly to the identity on this bidisc.

Assume first that, fomg large enough, every elemeHty,, of (S1(mg) x S2(mp)) NG
fixes the origin(0,0) (~ (g%, ¢%). Then the stabilizer o0, 0) (~ (g%, ¢?) in G is
not solvable since its ‘first coordinate’ contaitg (mp + 2). Therefore (by iterating
commutators) we can find an elemefit = (h1, h2) in G, fixing (0,0) (~ (g1, ¢?),
and such that ‘the flatness order’ bt (respectivelyr?) at 0 is strictly greater than the
corresponding order of1 (respectively f2). Hence Ba(sfll) U Bas(ff) is equipped
with a nowherezero ‘Nakai's vector field’ (cf. Theorem 2.5). Sincg*(p) converges
tog ~ (0, 0), the theorem follows in this first case.

Suppose now that, for every € N fixed, there isHy, € (S1(m) x Sz2(m)) N G such
that Hn (0, 0) # (0, 0) (i.e. Hn(q?, ¢°) # (¢, ¢®). Maybe by replacingdy, by H; ! itis
possible to choose a non-trivial sequensl, = (i, h2)}, Hn € (S1(m) x S2(m)) NG,
for which at least one betweebri(O), h%(O) is positive.

Call H = {H,} the sequence of mappings froBa. to C2 obtained by restriction of
(the holomorphic extension of) theg#, to B... Finally letT'r,«r, be the pseudogroup
generated by:

(1) the sequencH;
(1) therestriction taB., of (the holomorphic extension ofj (note that the holomorphic
extension ofF is still one-to-one orB,. provided that > 0 is small).

Clearly I'r, «1, satisfies conditions (1), (2), (3) and (4) of Proposition 2.7. So this
proposition ensures the existence of a non-trivial vector felethose restriction tdR2
produces the required vector field. Theorem 3.2 is proved. |

It remains to prove Lemma 3.3. For the convenience of the reader we divide the proof
into two cases depending on whether or @atm) has finite orbits (for somm).

Case 1.Suppose that1(m) has no finite orbits for aliln € N. In this case one has the
following.

LEMMA 3.4. The set of finite orbits ofio(m) is either empty or consists of exactly one
fixed point.

Proof. Suppose for a contradiction that the statement were false. We consider a
mp € N such that the set of periodic points (i.e. points having finite orbitsy afimo),
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Pel(G2(mp)), contains at least two points. Because the grauipén) are generated by
diffeomorphisms which become closer and closer to the identity, thare &N such that
all points in PefG2(mg)) are fixed byGa(m1).

On the other handy gives a natural correspondence betwéarims) and Go(my).
HoweverG1(m1) acts ergodically or$! with respect to the Lebesgue measure since it
has no periodic points (cf.Reb]). But since G2(m1) leaves invariant the connected
components ofS! \ PerG,(mp)), it does not act ergodically o8'. The resulting
contradiction establishes the lemma. ]

Proof of Lemma 3.3 in Case 1Consider a poinp = (pt, p?) € T? (if Per(G2(mg)) is not
empty form large, assume also thaf is not the corresponding fixed point, cf. Lemma 3.4).
We claim the existence df = (f1, f2) e G such that f1H)*(pl) (respectively f2)k(p?))
converge toy? (respectivelyg?), ¢ # p! (respectivelyy? # p?), where f1(g1) = ¢
(respectivelyf2(g%) = ¢?). In order to settle the claim, recall thabldér's theorem
enables us to find a diffeomorphisfit € G1 (f* # id) displaying a fixed point. Applying
Lemma 2.1, we see that we can assume the corresponding diffeomorphism G-
(f2 = 9o flogptae.) has fixed points as well. Thus,zt, p? are simultaneously
not fixed by 11, 72 respectively, the diffeomorphisii = (f1, f2) satisfies the required
conditions. On the other hand, assume tphts fixed by f1 (respectivelyp? is fixed
by f2). BecauseGi(m) has no fixed points for alln € N (respectively the unique
possible fixed point foiGo(m) is distinct from p2), there isH = (h, h?) in G, close
to the identity, such thai! (respectivelyr?) takesp! (respectivelyp?) to a point which
cannot be fixed by (respectivelyf?) because it is ‘very close’ tp! (respectivelyp?).
Hence the diffeomorphistH ~1 o F o H satisfies the required conditions.

Finally, if (p, p?) is such thatp? is fixed by G2(m) (cf. the assumptions of
Theorem 3.2), withm large, but is not fixed byso, then there is a pointpt, 52) in the
G-orbit of (pt, p?) verifying p? # p?. This establishes the lemma in the first case. O

Case 2.G1(m) has finite orbits fom large. If G2(m) has no finite orbits for alin,
then we use the arguments of Case 1. Thus it suffices to discuss the case in which both
G1(m), G2(m) have finite orbits. Indeed we can assume that they fiewé points Denote
by Pe(G1(m)) (respectively PdiG2(m))) the set of periodic points (i.e. points having
finite orbit) for G1 (respectivelyG»).

Proof of Lemma 3.3 in Case 2Choosemg € N so large thatG1(mg), G2(mg) have fixed
points and leave fixed all respective points in(an, Per(G2) (these latest sets may be
empty). Note however that, since every elemert itimo) (respectivelyG»(mg)) has fixed
points, a point irB is periodic (i.e. has finite orbit) faB 1 (mg) (respectivelyGz(mg)) only

if it is fixed by G1(mg) (respectivelyGa(mp)).

Fix (p, p?) as in the statement and suppose first that (respectively p?) is
not periodic for Gi(mg) (respectivelyGa(mg)). Take F = (f1, f) # (id,id)
in (S1(mg) x S2(mp)) N G. In particular, f1 (respectively f2) fixes all points in
PerG1(mp)) = Fix(G1(mpg)) (where FiXG1(mp)) stands for the set of fixed points
of G1(mp)) (respectively P€iG2(mg)) = Fix(G2(mp))). BecauseGi(mg) possesses
all orbits dense in the connected componentsSbf\ PelG1(mo)), there is a point
(pL, %) in the orbit of (pl, p?) such thatf1(pl) # pt and (fH*(pl) converges to
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gt € PerGi(mg)) = Fix(G1(mg)). Therefore, if 52 is not fixed by 2 the proof of
the lemma is over.

Hence let us suppose thaf(j5%) = p2. First notice that given! € G1(mo), the point
hlo (fL)k(pl)is notfixed byf?! provided thak € Nis large enough. In fact, we have seen
that( 1) (p1) converges tg* which belongs to P&€61(mg)) = Fix(G1(mp)). Thusg?lis
fixed byi® and thereforé® o ( f1)¥(pl) cannot be fixed by'l. On the other hang;? lies
on the complement of Pé%2(mg)) since it belongs to th&»(mg)-orbit of p2. Thus there
is H = (h1, h?) (whereh! € G1(mg), h? € G2(mg)) such that:2(j52) is not fixed by /2.
Therefore, fork large enough the poirf o F¥(p1, p2) in the G-orbit of (pl, p?) verifies
the statement for the initial’ (note that( )% (52) = p2).

Now consider the general case. Obviously we can suppose pthdtes away
from PeKG1(mg)) but p? belongs to P&Go(mg)). Clearly there is a finite set of
diffeomorphismsHy = (h}, h?),..., H. = (hl, h?) in G satisfying the following: for
any pointg € PelGa(mg)) \ PenGy) there ish? (i e {1,...,e}) such thath?(q)
lies in the complement of P&F2(mg)). Next choosedy,, = (hrlnl, h,z.:ll) with my very
large. Using the local density of the orbits 6%, we can assume that, (p!) # p’
(in fact we ‘displace’(pt, p?) by elements inG to obtain this condition, obviously we
can suppose that during this procedure the ‘correspongifigémains in PG 2(mog))).
Finally let H; = (hl, h?) be such that?(p?) ¢ Pel(Ga(mg)). Note that the same holds
for h? o hZ, (p?) for my very large (sincéZ, must fix points in PeiG2(mo))). However,
hi(ph) andh} o kY, (ph) cannot simultaneously belong to P&k (mo)). The lemma is
proved. m]

We leave the following straightforward version of Theorem 3.2 which is interesting
in its own right to the reader (naturally this version depends omtfi@d version of
Proposition (2.7), cf. Remark A.8). L€ c Diff “(S') be a non-solvable group admitting
a finite generating set which is contained in the neighborfaood the identity furnished
by Ghys’s result. Giverf € G, we define a diffeomorphisitty, ..., f) (n-times) of the
torusT" = St x - - x St (n-times) by letting

(fsos PG, xn) = (F(x)s - -, f ().

This type of component-wise iteration raises a natural actioi oh T”. This action is
named the:-fold diagonal action of; onT” and is going to be denoted lgy™.

THEOREM3.5. LetG = (f1,... fi) C Diff ®(S}) be a non-solvable group and assume
that f; e U (¢ = 1,2,...,1). Assume in addition thap = (p1,...,py) € T"

is such that none of its coordinate represents a periodic pointdor Then there is
an open neighborhood < T”" of p, equipped with a nowhere zeG“ vector field
(X(x1), ..., X(xp)) (WhereX is a vector field on an open interval 8f) which is in the
C*>-closure ofG™ relative toU.

4. Measurable rigidity

We keep the notation of the preceding section. Here the Rigidity theorem will be proved
by means of the diagonal action arising fram andG». The proof we are going to give

is based on Proposition 4.1 which in turn depends on Theorem 3.2. Nevertheless we will
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postpone the proof of this proposition to the next section in order to motivate its statement
which may sound a bit technical.

So letG1 = p1(G9), G2 = p2(G) be as in 83 ¢1 and G2 measurably conjugate).
Recall that we have the diagonal representatianG — Diff “(T?) and we have called
G = p(G). Assume that there is a vector field of the fofix, y) = (X1(x), X2(y))
in the closure ofG relative to some (non-empty) open détc T2 (cf. §2.3 and §2.4).
Given a pointp = (pl, p?) of V, one says thafX is vertical at p if X(p) =
(X1(pY), X2(p?)) is such thatxl(pl) = 0 and X2(p?) # 0. Similarly we define
horizontalvector fields.

From now onP(G) will denote the set of pointy = (pl, p?) € T2 such thatp! is
periodic (i.e. has finite orbit) fo61 or p? is periodic forG,. Clearly P(G) consists of a
finite union of vertical and horizontal paths. Finally, B& c T2 is the set of periodic
points forG. This means that = (pl, p?) belongs to P&G) if and only if pt is periodic
for G1 andp? is periodic forG,. We are now able to state Proposition 4.1.

PROPOSITION4.1. There exists an analytic cun@ c T? which is invariant under the

action of G and has the following properties.

(1) If p € T?2\ (C U P(G)) then there is a (nowhere zero) vector figlddefined in a
neighborhood ofp (X in the closure ofG relative to this neighborhood) which is
vertical or horizontal atp.

(2) The curvel is smooth (without isolated points). Moreover, the tangegtaba point
g € C\ PerG) is neither vertical nor horizontal.

(3) If (pl, p?) € PeG)NC, then there is a neighborhodd of (p*, p?) such thatV NC
is either the graph of a strictly monotone function or the union of the graphs of two
strictly monotone functions (one increasing and the other decreasing).

The rest of the present section is devoted to setting up the proof of the Rigidity theorem.
Since G1 and G, are measurably conjugate by the measure isomorphiswe can
consider thgraphof ¢ defined by

Graphy) = {(x, ¢(x)) C T?: for u-a.e.x € S1}.

Obviously Graply) is a measurable curve T?.

Modulo a set of measure zero, Graphis invariant under the action @. In fact, for
anyg € G, we ‘forget’ the set of the points € S such thaio p1(g) oo 1(x) # p2(g)(x).
By assumption this set has null measure for each G. As G is a countable group,
it follows that there is a full measure set Bt on which ¢ is defined and such that
@ o p1(g) o ¢ 1(x) = p2(g)(x) foranyg € G andx in this set. Therefore, restricting
¢ to the set in question, one concludes that G(apls a measurable curve invariant Gy
as desired.

In what follows many assertions should be understood ‘modulo sets of measure zero'.
We want to estimate the size of Gragph which lies away fronC. Hence one introduces
the setD, = {x € S' : (x,9(x)) ¢ C U P(G)}. Obviously D, is a measurable set
(i.e. a Borelian). The next proposition has crucial importance for the proof of the Rigidity
theorem.

PROPOSITION4.2. D, has null measure (i.g¢(D,) = 0).
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The most convenient way of proving this proposition is reasoning by contradiction.
So we start our approach by supposing th@b,) > ¢ > 0. By means of Lusin’s theorem,
we can find a Borel se8 ¢ S! and a continuous functiop : St — S such that:

(1) wB)=1-¢/2
(2) @ coincides withp on .

As u(BN Dy,) > ¢/2 > 0, we can pick a poinpl € BN D, which is a Lebesgue
density point for this set. We now choose a sequétige.y of intervalsl; c St centered
at p1 whose diameters convergezera Thus one obtains

i KBNDYNL) _

1. 4
smoo () )

Let V ¢ T? be a neighborhood aip?, ¢ (p1)) = (pt, @(p)) equipped with a nowhere
zero vector fieldX, vertical or horizontal atp!, @(pl)), contained in the closure @
relative toV (see Proposition 4.1). Replaciggby ¢~1 and regarding the graph gf 1
‘from the second coordinate’, we see that it suffices to consider the case in Whigh
vertical at(pt, g(p)). Next chooseg > 0 so small thap'2(pt, o(ph)) # (p, B(phH)
belongs toV (whereg, stands for the local flow arising frok). Finally letU c V be
a small ball centered &p, ¢(pl)) and such thap2(U) c V does not intersedt (i.e.
PRAU)YNU = 0).

Since the diameter af; goes to zero, we can assume that the poin®(x)) belongs
to U for anyx € I; (thanks to the continuity of). Let us write I, under the form
Iy = [pt — ¢ pt + ¢l

One denotes by; : T2 = St x St — S the projection onto the first coordinate.

Recall that the vector field has the form(X1(x), X?(y)), so that¢?2(x,y) =
(@ (x), ¢%,(y)). BecauseX is vertical at(p*, @(p')), one concludes thaf?, (p!) = p*.
In particular, there is a positive constanit (1 > ¢; > 0) such that the interval
[pt—c1cs, pt+cicy]is contained iy N1[¢2(Graph@)|;,)]1 (actuallye; is ‘essentially’
the derivative ofgbi?l at p! so that it does not depend o). Therefore we can also
define an intervalCY ¢ I, by letting 15V = @2)7HIpt — cacs. L+ cacs]).
Clearly u(Zy) > /,L(Is(c_l)) > Cou (1) for an appropriate constagb > 0 and sufficiently
larges € N.

Suppose we are given (a small 0. Fors large enough we can assume that

wBND,NIEY) wBND,NI)
pac? T ndy)
w(BN Dy N[pt - cics, pt + c1c4]) } 5)

1-48<min

3

n([pt — c1cs, pt+ c1e5])
LEMMA 4.3. Fixeds > 0, for s large enough we have

HERBODy L) p@uBODy NI (1-95)
n@o Yy ppt - ptrac) T

2c,>0. (6)
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Proof. Recall thatls(c_l) C I is such thatu(Z;) > M(IS(C_D) > Cou(Ily). Moreover,
choosing very large, it results thax(BmemIS(;l)) > (1—5)u(1§§1)) > (1-68)Cou(ly)
(cf. (5)).

We now remind the reader thaﬁ?l is aCl (C*) local diffeomorphism (since so is
gb;?). Thus the variation of its derivative between poinisx2 is bounded by a constant
(the supremum of its derivative) times the distance betwger. Therefore, fos large,
one has

w@S (BN D, NI

n@% 1))

-1
w(BN D, NIEY)
-1
u(1s)

>(1-9)

Putting together the estimates above, one gets

HGUBN D NI p@uBN D N 1) L s HBND, N IEY)

= > 8)
w(@ (L) n([pt — cicy, pt + c166]) n(1&Y)
1-8)? I
L A=9Conly) _ 1 520,20
(i)
The lemmais proved. m]

Proof of Proposition 4.2. We fix § > 0 very small. Choose large enough such that
estimates (5) and (6) hold.

Recall that¢§? is induced by the local flow ok which is in the closure of relative

to V (recall thatyU c V andqb;?l(U) C V). Hence we can find a sequence of elements
{Hy) € G which converge€! to ¢ onU (H,, = (h%, h2)). Because is fixed, for a

sufficiently largem, estimate (6) ‘essentially’ holds replacird{ijl by hl. Precisely one
has

w(h: BN D, N ICYY) > (1 - 28)2Con(hl (1SY)).

Furthermore, taking: still larger if needed, we can also assume that:
1 rta$Y) c Iy andH,(U)NU = g;
2 wBN D, NALULD)) = (L - 20)uhl (U )).

In fact, assumption (1) is obvious becauﬁ} converges tcx;b;’l on U (and Hy,
converges tep@?). To show assumption (2), let us observe that estimate (5) implies that

~1
w(BN D, N ¢;?1(Is(c ) _ pnBNDy,N [pt — c1cs, pt + c1¢5]) -

- 1-6.
n(@ (1) m(lpt = cacs, pt+ 1)) -

Therefore, assumption (2) follows from tiig-convergence o{fh,ﬁ,} to qb;?l.
We now consider_Grfapiw)|BOD¢NS<;1> and Gra_phﬁ)|BmD¢mh%l(ls(;1)?, the restrictions of
the graph ofp to the indicated sets. To accomplish our proof, we first observe that

[H (Graph@) ;1)1 N Graph@)l,,, -, = ¥
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(sincer Y c 1, hL (1Y) ¢ I, and Graplip)|;, is enclosed in the ball). However

plra(Hp (Graph@)| g, o, c0)) N7 (Craph@)lg,, pa c0)]
> u(ht, (BN Dy N ISDY) + uBn Dy NALUSD)) — wnl,15))
> [(1 - 28)2C2 — 281u(hL, (1)) > O. (7)

As p coincides withy on 5, the same holds when replacing the grapia by that ofep.
Nonetheless, Graff) is invariant underH,, so thath(Grapr(<p)|BmD¢m15<;1>) has to
be contained in Graﬂb)lh}n(,;;n)- On the other hande(Graph¢)|BmD¢N§;n) C
Grapf(<p)|h%1(1§(__1)) does not intersect (in the measure sense) C{r/a)pgmwmh#(,:(:n) C
Grapr(<p)|h’1n(ls(c_1)). By definition of the graph of, it follows that the measure of the
projection on the first coordinate of the intersection of these two sets must be zero. It results
in a contradiction with inequality (7) which proves the proposition. a

The proof of the Rigidity theorem requires a few additional lemmas.

LEMMA 4.4. Let G c Diff “(S1) be a non-solvable group admitting a finite generating
set close to the identity. Denote lgyf < Diff “(St) the group consisting of those
diffeomorphisms iiff ©(S') which commute with all elements &. Then the group
G¢ is C”-conjugate to a finite group of rotations.

Proof. Denote by P€IG) the finite set of periodic points fa¥. Choose a diffeomorphism
f € G (f # id) possessing at least one fixed pointSh\ PerG) (such anf always
exists; if Pe(G) = ¢ its existence follows from bBlider’s theorem and if PéG) # @ then,
for instance, it is an easy consequence of Nakai's result). Observe that a diffeomorphism
h¢ € G° displaying a fixed point must coincide with the identity. Indeed, suppose that
h¢ # id has a fixed point and commutes with In view of the preceding discussion, there
is f € G (f # id) having a fixed poinp such that:i¢(p), (h)2(p), ... form an infinite
set (i.e.p is not fixed byi¢). However, sincef commutes withi¢, all these points are
fixed by f. Becausef is analytic, it impliesf = id which is impossible.

Next denote by Fikf) # @ the set of fixed points off. The diffeomorphisms in
G°¢ permutes the points in Fix), thereforeG¢ possesses a subgroup of finite index
whose elements admit a common fixed point. This subgroup is therefore redyadid to
It follows thatG¢ is a finite group acting properly discontinuously®h(since no element
in G¢ other than the identity has fixed points). Clearly such a grouf’isonjugate to a
finite group of rotations. a

We fix a groupG as in Lemma 4.4. Consider the (two-fold) diagonal actis® of G
on St x St (as explained at the end of §3, i€.= G1 = G>). In the following let us
identify G with the corresponding group of diffeomorphismgiBf= St x S and write
P(G@) for denoting the set of points = (pl, p?) e T2 such thatp? or p? is periodic
for G.

Notice that Proposition 4.1 can be used to study the actiofi@f (just lety = id).
Hence there is an analytic curv€;we, possessing all the properties stated in
Proposition 4.1, such that any poiptin the complement o€ U P(G?) has a
neighborhood equipped with a vector field in the closuré 6t and vertical (or horizontal)
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at p. The curveC;2 may not be connected, however tléagonal of the torus
is necessarily one of its connected components. Furthermore, the diagohidlisf
obviously invariant unde6?. We conclude from the mentioned propertie€gfz that
all the connected component$ C» are invariant undeG @ (recall thatG preserves
orientation). This remark will enable us to prove Lemma 4.5.

After Lemma 4.4, it is known that a group of diffeomorphisms commuting \Gitrs
conjugate to a finite group of rotations. It is therefore cyclic and ‘changing coordinates’
we can suppose that the rational rotatRyngenerates this group.

LEMMA 4.5. Let G and R, be as above. Suppose thate Diff “(S1) is such thatR,
commutes with all diffeomorphismsjit1o G o f. Thenf verifies the functional equation

R)M o f(x) = f(x +a),
for someM € N.

Proof. Givenx e S, we consider the pointf(x), f(x + «)) € T2. Assume that,
for somex e S, the point(f(x), f(x + «)) lies away fromCgs. In this case, we
can suppose without loss of generality the existence of a vector fiel¢t (X1, X?)
vertical at( f (x), f(x+a)) and in the closure af @ (the caseX horizontal is analogous).
This results in the existence of a sequefllg = (A, fim)}meny C G@ such that:

(1) {hm o f(x)} converges tgf (x);

(2) |hmo f(x +a)— f(x + a)| converges towards sonae> 0.

It follows from (1) that{ f 1 o &,, o f(x)} tends tox. Sincef 1o h,, o f commutes
with R,, we see thaff =1 o h,, o f(x + )} should converge ta + «. However this
last convergence is impossible in view of (2). The resulting contradiction proves that
(f(x), f(x + @) belongs tcC ;> for everyx e St.

The preceding result shows that the g&t f o Ry o f1(x)) : x € S1} coincides with
some connected component@fw . It is then invariant unde6@ (cf. the discussion
above). The last claim implies thgto R, o f~1 commutes withG. Thusf o Ry o f~Lis
of the form(R,)™ for someM e N. The proof of the lemma follows at once. O

Proof of the Rigidity theorem First of all we notice that the set of pointse S such
that (x, ¢(x)) belongs toP(G) has measure zero. Otherwigevould take a set having
positive measure onto a set of measure zero which is impossible. Thus one concludes from
Proposition 4.2 that the sét € S : (x, ¢(x)) € C} contained irS! has total Lebesgue
measure.

Assume firstly tha€ is connected. In order to prove our theorem it is sufficient to prove
thatC is a graph. In fact we want to show the existence of a homeomorghissh — S*
such that = Graph). If such anj exists then it must be a real analytic diffeomorphism.
Furthermore, as it conjugatés;, G, in a set with positive measure it has to conjugate
these groups in the enti&'. Finally, as Grapty) < C, one sees that coincides a.e.
with b, therefore the proof of the theorem will be complete.

We now proceed with the construction of the required homeomorphisnPick a
point p = (pt, p?) in C \ PerG) such thatp? = ¢(pl) andp! = % is a Lebesgue
density point for the sefx € S : (x,¢(x)) € C}. Recall thatC is smooth and has
‘oblique tangents’ aroung (i.e. it is known that the tangent 1 in a point which lies
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away from PetG) is neither vertical nor horizontal). Hence for smélle R, 6 > 0,
we can define a local homeomorphigithrough the conditior(e®*? h(e%+%)) e C.

If b is defined ate?t%1 (¢%0t91 ¢ PerG)) then one can extendl to a neighborhood
of %1% in the same way. Whee*% is a periodic point forG;, we extendh to a
neighborhood 0% %1 using item (3) of Proposition 4.1 (or item (2) (#0101, p(ef0101))
does not belong to PeR)). Proceeding in this way, it is possible to defipe®*?) for
anyé € [0, 2rr). The resulting functioty is aC®-mapping which is monotone (increasing
or decreasing) thanks to items (2) and (3) (‘oblique tangents’) of Proposition 4.1.

Therefore to show thaj is a homeomorphism (and thusCG¥-diffeomorphism) it is
enough to verify the assertions below:

(@) bisone-to-one;
(b) whend — 27, h(e®t?) converges tdy(e®) = po.

Let us prove assertion (a). Suppose for a contradiction fjhist not one-to-one.
Since h is monotone, the existence 6f < (0, 27) follows such that the restriction
of h to [e%, e®otf1) satisfies the following conditionsh| e e+, iS One-to-one and
onto S, in addition h(e®) = h(e®ot?) = p2. Hence we can define the inverse
h=1: ST — [ef0, ¢P0t01). We observe tha coincides (aroungh) with ¢ in a subset of
[e?, e%0tf1) which has positive measure. Note however that the equatioit = 42 o b,
for arbitrary it = p1(g), h? = pa(g), does not need to hold in a set with positive
measure (even thoudhcoincides withy in such a set). In fact;! may take the points
x of the set{x € S! : ¢(x) = h(x)} to its complement, so that one cannot ensure the
equality above. On the other hand,/t is sufficiently C1-close to the identity, then
hl({x € St : p(x) = h(x)}) must have non-trivial intersection (in the measure sense)
with {x € S : ¢(x) = h(x)}. Since the mappings involved are analytic, we deduce
that the equatioty o hlmg = h?no o b holds for everyx e [e%, ¢%0t01] provided that
the diffeomorphisnhy,  (respectivelyr?, ) belongs toS; (mo) (respectivelySz(mo)) for
mo € N large enough. Hence the equatih), o b= = b o 42, holds forx e St.
This implies that the image df 1, namely the sefe®, e®0t01) = [pl, ¢%t01) < S is
invariant under elements iy (mp) and thus invariant unde¥ 1 (mg) (using the notation of
§3). Choosingp? ‘generic’, we obtain a contradiction which proves thas one-to-one.

The proof of (b) is now easy. We note that the argument employed above shows in
particular that limg_, 2, h(e®t?) < p2. The reciprocal argument (replaciggby ¢ 1)
will imply that limg_ 2, h(e®t?) > p2. Hence lim_ 2 h(e®t?) = p? as required.
The theorem is proved fd@t connected.

Consider now the general case in whi€hmay have distinct connected components
C1,...,Cr. Modulo erasing some of these components, we can assume that the-set
{x e ST : (x, (x) € C;} has positive measure for every= 1, ..., r. Furthermore, these
sets are such that their union has total Lebesgue meastite Denote by{ L, ..., '}
(respectively flz, cee flz}) a generating set (close to the identity) o1 (respectivel\G ).
Proceeding as before, to eaGhwe can associate a diffeomorphigisuch that (for some
m; large enough):

(1) b; isaC®-conjugacy betweet1(m;) andG2(m;);
(2) i isac®-conjugacy betweelf! o Gi(m;) o (fH)~* andfj2 o Ga(m;) o (sz)—1 for
everyj =1,...,1.
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In fact for concluding (2) it suffices to observe that the generatoﬁ;.l@fGl(mi) o (fjl)—1
(respectivelyfj2 o Ga2(m;) o (sz)*l) become arbitrarily close to the identity whan
increases.

Takingmp = maxm;}, we see in particular that anty, provides aC®-conjugacy
betweenGi(mg) and Ga2(mp). Consider the group generated by the diffeomorphisms
{f)fll o b;,} and note that anyglfll o i, commutes withG1(mo). It follows that these
diffeomorphisms preserve the orientation (otherwise they would have fixed points which
in turn would imply that they coincide with the identity, cf. the proof of Lemma 4.4).
Hence Lemma 4.4 permits us to assume thgil o h;,} generate a finite group of rotations

(similar considerations hold fdb, o b }).

Denote bywr; : S!' — S! the covering map associated to the rotation group
generated b){bfll o hi,}. The groupGi(mp) naturally induces another group; (mo)
of diffeomorphisms o whose (one) lift byr; is exactlyG1(mp). In fact it is enough to
recall thatG1(mg) commutes with the mentioned rotations. Similarlyzif: St — Stis
the covering map corresponding to the group generaté[jipyhi‘zl}, G2(mg) also induces
a groupGa(mo) C Diff @Sy whose (one) lift byr; is Go(mg).

We claim thaty naturally induces a measurable conjuggcpetweenGi(mo) and
G2(mp). Indeed, the union of the sefs has total measure so that the et St:px) =
hi(x) forsomei = 1,...,r} has total measure as well. Thyscan be ‘pushed down’
by 71 (andmy) to define the required measurable conjugacyActually b;,, b, differ
by an element of the group associated to these coverings_; more preciselidéntifies
pointsxy, x» € St then hi, (x1), i, (x2) are identified byr, as well. Moreover, after
the case treated firstly (i.€. connected), it results that coincides a.e. with an analytic
diffeomorphism. B

To accomplish the proof of the Rigidity theorem (along with its ‘complement’)
it remains to verify that the initial group&1, G2 are C®-conjugate. Note that
G1(mp), G2(mp) are so after the above discussion. In fact the gra@psno), G2(mo)
are C”-conjugate by a diffeomorphism coinciding a.e. with To show thatGi, G»
are C“-conjugate as well, we are going to verify that thEy can be ‘pushed down’ by
m1, 2. In other words, we shall see th@i, G, naturally induce throughy, 2 groups of
diffeomorphismg51, G2 which are therefore measurably conjugategby

Sofixa generatofjl of G1 and let us checl;t”jl can be pushed down by. Recall that
b conjugatesfjl 0 G1(mg) o (fjl)*l to f,2 0 Ga(mg) o (fj?)*l. Thus the diffeomorphisms
in fjl o G1(mg) o (fjl)—l commute with the rotationsl.‘ll o hi,. Hence Lemma 4.5
shows thatfjl satisfies a suitable functional equation which in turn proves ﬁ;’rad:an

be ‘pushed down’ as desired (i.e. two poinisx, € St are identified byr; if and only if
fjl(xl), fjl(xz) are identified byrp). The theorem is proved. a

5. \Vertical vector fields

In this last section we shall provide the proof of Proposition 4.1 accomplishing, in this way,
the demonstration of the Rigidity theorem.
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According to Theorem 3.2, any poipt € T? \ P(G) is contained in a neighborhood
equipped with a (nowhere zero) vector fildwhich is in the closure of. Of course it
may happen that a poipt € T? \ P(G) possesses a neighborhood with vector fislds
as above which are also linearly independent.atn this case one obtains a vector field
Z vertical atp and contained in the closure @f by simply considering a suitable linear
combination ofX, Y.

Nextwe define? ¢ T?\ P(G) to be the set formed by those pointse T? \ P(G)
which does not admit any neighborhood equipped with a vectorXieid the closure ofs,
which is vertical or horizontal gb. Clearly any poinp € C’ is such that all the vector
fields in the closure of defined aroung are parallel ap. We now defin& c T? as the
closure ofC’ in T?. It is immediate to check that is invariant undefG. The rest of the
paper is devoted to showing th@tis an analytic curve with the properties announced in
Proposition 4.1.

Our strategy for proving thaf is such a curve consists of showing tliats locally
so, that isC is an analytic curve in a neighborhood of any pginte T2. Note thatC’ is
invariant under the local orbits of vector fields likebecause it is invariant undé (in
particular,C has no isolated points). Hence locallylooks like a union of orbits ofX.
There are two distinct cases depending on whether ompnio¢longs toP(G). Let us
consider first the case € T2\ P(G).

We fix a pointp € T2\ P(G), a neighborhood of p endowed with a (nowhere zero)
vector fieldX which is in the closure o&. The first part of Proposition 4.1 is established
by the following.

PROPOSITIONS.1. If p € T?\ P(G) then there is a neighborhodd of p such thaC NV
is either empty or a smooth analytic curve.

We begin by showing the following lemma.

LEMMA 5.2. If p € T2\ C' U P(G), then there is a neighborhood of p such that
vne=4a.

Proof. Assume first that aroungh we have vector fields(, Y (in the closure ofG)
linearly independent gb. ThusX, Y remain linearly independent at any point of a small
neighborhood’ of p. So every point oV possesses a vertical vector field in the closure
of G. It follows thatV N C = ¢.

We now assume that all vector fields in the closureGoand defined aroung are
parallel atp. After Lemma 3.3, we can assume the existenc& o= (f1, f?) in G
(FL(pH # pL, f2(p?) # p?) such that bothft, £2 have fixed points. Employing once
again the argument used in the proof of Theorem 3.2, we see that the seB&aeg
is converging and, fok large enough, contained in the domain of a (howhere zero) vector
field Y in the closure ofz. FurthermoreY must be vertical (or horizontal) at every point
F¥(p). Therefore the first (or second) coordinat&’dias to be trivialt and a suitable pull-
back (F¥)*Y provides a vector field in the closure &f which is vertical (or horizontal)

+ Maybe F¥(p) converges to a point at which is not defined. In this casE is a ‘Nakai's vector field’ in the
sense of Theorem 2.5. Even in this case the argument works because if Bighertical (or horizontal) at one
point of its domain then it must be vertical (or horizontal) in the whole domain.
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at any point of a neighborhood ¢@f. ThereforeC does not intersect this neighborhood.
The lemma.is proved. m]

Lemma 5.2 says th& is a closed set ifi?\ P(G)), in particularC’ = CN(T?\ P(G)).
So we just need to prove Proposition 5.1 for the pojnis ¢’ = C \ P(G).

Recall that, fom € N, we have set§1(m) C G1 (respectivel\§>(m) C G3) associated
to the set{fL, ..., f!} (respectively(f2, ..., f?}) as in §2.2. Defin§(m) C G in an
analogous way by means of the $efi, £2), ..., (£}, f2)}. Finally G1(m) denotes the
group generated by (m) U S(m — 1) U S(m — 2). Similarly one define&i2(m), G(m).

Takep = (pl, p?) € C' = C\ P(G). As usual letx = (X1, X?) be a vector field
in the closure ofG which is defined in a neighborhodd of p. For fixedm, denote by
Hp,; = (hi, ;. h2 ) the diffeomorphismsi§(m)US(m—1)US(m—2) (i = 1,...,r(m)).
If m is large enough, thefw ; (p) = (h3, ;(pY). hZ, ;(p?)) belongs tov.

Now let qb;( be the local flow ofX. Fix m as above and, for eadt, ;, let#; be such
that the local diffeomorphism{ﬁ? = ¢ o Hn,;i = (gb"l o hm,,qs”z o h2 ;) satisfies

¢ti0hl (ph) = pt. Letus consider the neighborhoodogiven byV mﬂfg) Héffg(V).

Proof of Proposition 5.1.Because € H(¢)(V) itis enough to check that, for so (¢)

as before, the vector fields and(H(¢’))*X are linearly independent at generic pomts.
In fact, if X, (H("’))*X are linearly independent, thém VvV N ﬂ’(m) H(¢)(V) is contained
in a local analytlc curve along which these vector fields are parallel Furthertase,
invariant under the corresponding rowinf(Hr(n"’?)*X so thatC is a union of common
trajectories for these vector fields (in particular, it is smooth). Since it is also an analytic
curve passing through, the statement follows.

In view of the preceding discussion, let us suppose for a contradiction that all the vector
fields in question are parallel at every pointwofn (/" H\" (V). First observe that,
for somei € {1,...,r(m)}, H(¢) does not coincide with the identity, otherwise all the

H(¢) would be embedded in a commutative group (locally givepby. HenceS(m + 1)
would degenerate intfid} which is impossible. Now leg be such thatp?!, y) belongs to
VN ﬂr(m) H("’)(V) SinceX, (H(¢))*X are parallel, one gets

(@2, 0 % ) (NX2(y) = @y 0 hyy ) (PHX2(@Y, 0 hZ ()

(where the primé stands for the derivative). Thus the actiongf, o 42 ; on X2 consists

of multiplying X2 by a constant (namelp’:, o 2%, ,)'(ph)). Howeverg, preservest?.

It follows thathﬁw. also acts onX2, multiplying it by the same constant. Parametrizing
(locally) the vertical line throughp by the flow of X2, one sees that the group generated
by hfn)l. (i =1,...,r(m))is conjugate to a subgroup of the linear affine group. Therefore
G2(m) is solvable which gives us a contradiction. Proposition 5.1 is proved. o

After Proposition 5.1, the proof of Proposition 4.1 is essentially reduced to study the
behavior ofC around points inP(G). In fact we shall see that it is sufficient to analyze the
case in whiclp € Per(G), which in turn is settled by the next proposition.
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PROPOSITIONS.3. Let p = (p1, p2) be a point belonging t&?erG) N C. There is a
neighborhoodV ¢ T? of p such that eitherV N C is the graph of a strictly monotone
C®-function or it is the union of the graphs of two strictly monotarfé-functions (one
increasing and the other decreasing).

Before proving Proposition 5.3 we want to show how Proposition 4.1 can be deduced
fromit.

Proof of Proposition 4.1. It is already known thaf is invariant undefz. We have to
prove thatC is an analytic curve. Becau§# is compact, it suffices to see that any point
p = (pt, p? e T?is contained in a neighborhodd such thatU N C is such a curve.
Forap € T?\ P(G), the assertion follows from Proposition 5.1.7fbelongs to P&(S)
then the existence of such a neighborhood results from Proposition 5.3. Hence we just
need to prove that, ip € P(G) \ PerG), then there id/ so thatyU NC = .

Fix p = (pt, p?) € P(G) \ PerG). There is no loss of generality in supposing that
plis periodic forG1. Using theG-invariance of, it is enough to check the existence of
an arbitrary poinfp, in the G-orbit of p, such thaC N U = @. Since Pe&iG1) is invariant
underG1, one can also assume the existence ef (f1, f2) e G verifying f1(pt) = pt
and such thaf( f2)*(p?)} converges to a poirt? in Per(G>) (in particular,p? is not fixed
by £2). Notice that(pl, ¢2) belongs to P&(), hence there exists a neighborhdodf
(pt, ¢ as in Proposition 5.3.

Suppose by contradiction the existence of a sequiingey, )}, contained irc’ ¢ T2\
P(G), converging ta pt, p?). Fix k so large thatF* (pl, p?) lies onV. This implies that
sequencgFX (x,, yu)lnen is contained irC’ N V (for n large). Furthermore this sequence
converges to a point of the forap?, 3%) € V with §2 # ¢2. It follows thatC N V cannot
be the graph of a regular function. The resulting contradiction showg tisednalytic.

It remains to verify that satisfies properties (2) and (3) of Proposition 4.1. Naturally
property (3) is nothing but Proposition 5.3. As to property (2), we see that,dfC \
PerG), thenC is smooth aroung because it is tangent to a non-singular vector field which
in addition is neither vertical nor horizontal. On the other hang, & C "PerG), then the
statement follows once again from Proposition 5.3. The proof of Proposition 4.1 isover.

The problem is therefore reduced to proving Proposition 5.3. Since this proposition has
local nature, we identify p, p2) with (0,0). Let VD < R? be given by{(x, y) € R? :
0<x <eand0< y < €} for some smale > 0. We denote by @ (respectively
v, v@) the square obtained by reflexion BfY with respect tox = 0} (respectively
(0,0), {y = 0}). Putw = v U v® (where the bar stands for the topological closure).
By ‘symmetry’ it is enough to prove that N W is the graph of a monotone increasing
C®-function (provided that it is neither empty nor reducedgo0)).

We shall often writeG; x G instead ofG (similarly to as in §2.3) to emphasize
the local nature of some arguments. It is enough to consider the case in (®@h@®his
accumulated by points idN V. Unless otherwise stated, we shall suppose the existence
of (1, f2) € G1 x G2 (=~ G) such that fH*(x), (f2)*(y) tend to zero wheik — oo
(provided thatx, y are positive and small). Under this assumptiof is endowed with a
non-singular Nakai vector fieldd = (X1, X?).
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If X is neither vertical nor horizontal (in the sense of Theorem 2.5, i.e. nekfer
nor X2 is trivial), one can employ the same reasoning used in Proposition 5.1 to find
H = (h1, h?) € G1 x G, for which H*X and X are linearly independent at generic
points of the intersection of their domains. Sirfégreserves vertical and horizontal lines,
it can be supposed that this intersection contaifid (maybe reducing > 0). It results
thatC’ n v is an analytic curve given by a union of common trajectorieX and H*X .
Write H*X = ((h1)*X1, (h?)*X?).

The coordinatex®, X2 (respectivelyh)* X1, (h?)*X?) of X (respectivelyH*X) can
obviously be considered as®-functions defined or0, ¢). In general, none of these
functions admit aC¢-extension to a neighborhood of<OR. However all of them possess
an asymptotic expansioat O € R. Let us explain the last assertion. The formal series
s=) 70 cl.lxi is called theasymptotic expansioof X1 if there are constants Copstich
that, for everys € N, one has

n
‘ Xl(x) — Zcilxi
i=0

for smallx € R (x > 0). The existence of an asymptotic expangsibfor X! (respectively

X2, (hH*x1, (h?)*X?) follows from the construction of the (‘ordinary’) Nakai’s vector
field X1. IndeedX? is defined and holomorphic in a sectfy having vertex at 0= C

and positive angl® (and also ‘positive radius’). Furthermore, keepinge Sy, the

limit lim ,_o(XH) @) (x) exists for any- € N (where(X1)") stands for the'th derivative

of X1). This property guarantees the existence of the corresponding asymptotic expansion.
Actually one hag! = r!lim,_o(X1)")(x) (cf. [Car]). Naturally similar conclusions do

hold for X2, (h1)y* X1, (h?)* X2

< Const, ||x|"

LEMMA 5.4. Suppose that’ N VD accumulates0, 0) (~ (p1, p2)). Thenitis a union
of trajectories ofX, all of them converging t¢0, 0).

Proof. Obviously X is neither vertical nor horizontal (in the sense of Theorem 2.5),
otherwise’ is disjoint fromV @, We parametriz& = (X1, X?) so that, for small positive

x € R, ¢;(1(x) goes to zero when increases (wher¢;(1(x) is the local flow ofX?1).
BecauseZ’ N VW is a union of trajectories ok, it suffices to check that any trajectory
of X converges tq0, 0). This will be obtained by proving thaﬁ;z(y) — 0 whent
increases, provided thatis small and positive¢(§(2(y) stands for the local flow ok?2).
Hence we suppose by contradiction that the orientatiot?dé such thatb;(z(y) increases
with 7 for y positive. It results thak has a saddle-like behavior aiV. SinceC’ n v®
accumulateg0, 0), we conclude that, for any arbitrarily small> 0, ¢’ N VD cuts the
section{(¢/2, y) : 0 < y < &8} infinitely many times. Therefore the equation

X'(€/2)
(h)*X1(e/2)
has infinitely many solutions for & y < §. On the other hand, the formal equation which
arises from replacing®, X2 and(h1)* X1, (h%)* X? by their asymptotic expansion in (8) is
not trivial becaus& andH*X are linearly independent at generic points (and we precisely
know the asymptotic expansion of a Nakai vector field). Thus this formal equation shows

X2(y) — h**X%(y) =0 (8)
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that (8) can have only a finite number of solutions for smalR (y > 0). A contradiction
that proves the lemma then follows. m]

Clearly we are interested in the case in which N VD accumulates(0, 0)
(~(p1, p2)). Therefore we assume that Nakai’s vector figldatisfies lim_, o ¢§(1(x) =
lim; 00 ¢»(y) = 0. After Lemma 5.4¢" N V@D is the union of a number of trajectories
of X, all of them ending at0, 0) € R2. Let us call7 one of these trajectories. It can
immediately be checked th@t can be given as the graph o€&-functionf : (0,¢) - R
which is monotone increasing.

LEMMA 5.5. Suppose thatX, 7, h are as above. Thefy admits aC®-extensionh
to a neighborhood of zero which (locally) conjugates two non-solvable subgroups of
Diffg (C, 0).

Proof. Modulo choosing an appropriate subgroup®f x G», we see thaZ can be
supposed invariant undef; x G,. Let h™) be therth derivative ofh. The limit
lim,_ o+ h(x) clearly exists for every e N. According to Borel (cf. Car]), there
is aC>™-functionh defined in a neighborhood of ® R which coincides withy on (0, €).
In particular” (0) = lim,_ o+ H*) (x).

Becausd isinvariantundet 1 x G2, one concludes thatis a local conjugacy between
the (local) actions ot51 and G restricted to(0, €). We claim that the Taylor series of
at zero furnishes a formal conjugacy between G,. Indeed assume by contradiction
thath! € G1 andh? e G, are not formally conjugated by the serieshofwheres! x h?
belongs toG1 x G2). Thus theC>™-local diffeomorphismh o il o 5 o (1) ~1is not
infinitely tangent to the identity at @ R. However it coincides with the identity qi, ¢).

A contradiction that proves the preceding claim follows.

To finish the proof, we recall a result of Cerveau and Moussu establishing the
convergence of a formal conjugacy between two non-solvable subgroups g{©if)
[CeMo]. Therefore the Taylor series df converges and defines a local analytic
diffeomorphismh around Oc R. Obviouslyh is the desired extension of ]

Recall that we have supposed the existence ¥, f2) € Gi x G» such that
iMy— oo (FHR(x) = lim,— oo (fD*(y) = 0 (provided thatx, y are small and positive).
Let us prove Proposition 5.3 in this special case.

Proof of Proposition 5.3 in the special casd.et p = (pl, p?) € PerG) be a point
accumulated by points i6’. We want to show thaf N W is the graph of a monotone
analytic function (as long as it is neither empty nor reduced to one point). Naturally we are
assuming thap is accumulated by points i&f N V@,

We equipV @ with a Nakai's vector fieldt = (X1, X2). Thanks to Lemma 5.4, we
know that the corresponding local flowt§,1, ;(2 are such thabgfl(x), ¢§(2(y) go to zero
whent increases (where, y are positive and small). Actually’ N V@ is a union of
trajectories ofX which end a{0, 0) € R2. Obviously there is at least one such trajectory.
We shall prove that there is exactly one such trajectory.

Suppose there were distinct trajectoriBs 7> as above. Again passing to a suitable
subgroup ofG;1 x G2 we can assume that bofh, 7> are invariant unde; x Go. These
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curves are the graphs 6f*- functlonshl, h2 defined on(0, ¢). According to Lemma 5.5,
b1, h2 haveC®- extensmné)l, f)z to a neighborhood of & R. Furthermorebl, f)z are
conjugacies betweefi;, Go. Becausds1, G, are non-solvable groups, it is well known
that such a conjugacy is uniquely determined. In other wobds= b, which is a
contradiction. One concludes th&tn vV consists of one unique trajectofy.

Now, again using Lemma 5.5, is associated to §“- conjugacy6 betweenGi, G2
which is monotone increasing [0, ¢) (andh(0) = 0). Sinceho fLloh~1 = f2we see that
f1, 2 allow us to define a Nakai vector field aif® which has properties analogous to
those ofX. Therefore one can deduce thas also monotone increasing 2. The proof
of the special case is over. ]

We now drop the assumption on the existencefdf f2) € G1x G as above. In order
to prove Proposition 5.3 in this general setting, we shall need the fadtthatG, has a
global realization a&.

Proof of Proposition 5.3 in the general cas€ix p = (pt, p?) € PerG). Again we shall
prove thatC N W is the graph of a monotone analytic function (provided tifat V@
accumulatep). After the special case treated above, we just need to verify the existence
of (f1, f2) € G1 x G2 such that lim_ o (fH¥(x) = limi_ 0o (f2)¥(y) = 0. Replacing
fL by (fH~1, we can assume that! satisfies the required condition. Therefore let us
suppose by contradiction that?) =% (y) — 0 whenk increasesy small and positive).

We recall that( 1, £2) has a global realization. Following the positive orbit of a point
g = (g%, g% e C'nv® by (fL, £2), we see that this orbit converges to a paipt, 52).
We can suppose thgf is fixed by a suitable subgroup 6f,, otherwise there is a vector
field in the closure ofs defined aroundp?!, 52) (cf. Proposition 2.7). I is such a vector
field, we immediately see th&t N VM cannot accumulatéep?, p?).

On the other hand, assuming thiat, 52) is fixed by a suitable subgroup 6f; x G2
(~ G), we can apply the proposition in the special casgpth 52). It results that is the
graph of a monoton€®-function around p!, 52). AsC' is invariant undefs, we see that
it cannot accumulatép?, p2). The resulting contradiction proves the statement. O
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A. Appendix. Proof of Proposition 2.7
I have tried my best in order to make this appendix as self-contained as possible.
This attempt explains the presence of some overlaps R#b|[ We keep the notation
of §2.4.

Let us start our approach to Proposition 2.7 by recalling a few basic facts about local
holomorphic diffeomorphisms fixing @ C. Let f(x) be such a local diffeomorphism.
For our purposes, we can assume tliat Diff g (C, 0). We remind the reader that, if
f'(0) # £1, thenf is locally holomorphic conjugate to the homothety> f/(0)x (here
x is a complex variable).

On the other hand, the cagé(0) = +1 can also occur. However, since we are able
to replacef by f~1 as well as to iteratg’ twice, it is sufficient to deal with the case
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f'(0) = 1L andf(x) < x for very small real positive.. For fixed positived, r € R, the
sectorS; ¢ is defined by

Sro={xeC:x= |x|e'* where—6 <« < 6 and 0<| x |< r}.
For anf normalized as above, the next lemma is fairly easy and well known.

LEMMA A.1l. There are positive real numbersé so thatS, verifies the properties

below:
(1) foranyx in S.g, f*(x) is defined for allk € N and converges t® € C when
k — oo;

(2) if vV is an open (relatively compact) set 8f4, then f* : Vv — f&WV)is a
holomorphic diffeomorphism (for arkye N).

Let us return to Proposition 2.7. Maybe performing a rescaling of coordinates, we
can add one more assumption Bp, -, without loss of generality: if(f7/) )] # 1
(j = 1,2), then f/ is analytically conjugate to the homothety— (f7)’(0)x in the
whole B. Furthermore, if f/)'(0) = 1, then there is a sect&h » (r = 1,6 > 0) which
satisfies the conclusions of Lemma A.1. In the following these hypotheses will be assumed
with no additional comment.

From now on, we fix some € R (0 < p < 1) and denote by? the point(p, p) € C2.
According to assumption (2c) abolit, xr,, (f)*(p) converges to G= C whenk goes
to infinity. Fore > 0, we write Ry, to denote the rectangle @ whose vertices are
(fX(p), &), (p.e), (p, —e), (fX(p), —e). AnalogouslyRy, is the rectangle with vertices
(f2(p), &), (p. ), (p, —¢), (f2(p), —¢). Finally R; is Ric X Rp.

LEMMA A.2. If ¢ > Ois sufficiently small then the following assertions hold fet 1, 2.

(1) Rj is contained in the basin gf/ and(f/) : R;. — (f/)*(R;.) is a holomorphic
diffeomorphism.

(2) There is a positive consta@onstsuch that

ICFD ) — (FHR(p)Il < Constl(fFHE(p) — (FH ()| (A1)

for everyx € R;. (where|(f/)*(x) — (f/)¥(p)| is the norm of the vector whose
extremities ard /) (p) and (f7)¥(x)).
(3) There are positive constant® > C; > 0 such that

Sug{ERjg ||D(f_/)k(x)((fj)—k)|| <C (A.2)
2. :

0<C(C1< - - =<
infrer, ||D(fj)k(x)((f])7k)||

Proof. The case in which & C is a hyperbolic fixed point of / is easy. Indeed, under
this assumption and in appropriate coordinafess a contractive homothety definedsn
Since the requested features are obvious for such a homothety, the lemma is proved by
noticing that these features are invariant under change of coordinates.

We now assume thdtf/)’ (0) = 1. In this case claim (1) results immediately from
Lemma A.1. Thus we just need to show claims (2) and (3). For a very smalD, R,
(j = 1, 2) is enclosed in a strictly larger domdihstill contained inA1 ¢ so that it verifies
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the conclusions of Lemma A.1. We ppit;) = (p+ (fH(p))/2 andi j; = 1/((FH%Y (p).
In order to prove claim (2), let us consider the mappifigs: U — C given by

2+ A (fDR@) + By — 2 (FDRB i)

One sees immediately th&j; is univalent (one-to-one) oti. BesidesTj«(p(j)) = P
and T]fk(ﬁ(j)) = 1. Thanks to the homogeneity of (A.1), it is enough to prove the
existence of a uniform constant Const for which one Wag (z) — Tjx((f))(p)Il <
Const|Tjx(p) — jk((fj)(p))”. Nevertheless, the latest estimate is a consequence of
Koebe’s bounded distortion theorem, since there is a Riemann mapping/ftorthe unit
disc takingp ;) at the center of the disc (note also tiiat is conveniently normalized (cf.
[AIf]). |

It remains to prove claim (3) under the hypothesis that)’'(0) = 1. The homogeneity
of (A.2) permits us to multiply the function(f/)~* : (fHXU) — U by
D(fj)k(ﬁ(j))((ff)*k) in order to get an univalent function with derivative 1(#t)* (5 ;).
By means of the Riemann mapping considered abowepié’s bounded distortion theorem
(version for derivatives) applies to provide the existence of constants, as required.
The proof of the lemma is over. m]

Let us assume from now until the end of this section that sueh:a 0 is fixed.
Hence so are the rectanglBg: (j = 1, 2).

An important part of our construction derives from the simple remark according to the
which diffeomorphismg*-close to the identity behave in short distances like translations.
This remark is going to be accurately stated by the next two lemmas which are elementary
and borrowed fromReb.

For an open sa/ € CV (~ R?M) and aC!-mappingh from U to CV (~ R?), one
denoteg|i||1.y = sup(llk(x)|| + |Dsh|| : x € U}, whereD,h is the differential ofh
atx. Sometimes we denote k ., .) the Euclidean distance @, in other cases we use
the symbol|| - || to denote the norm of a vector. At last, for mappingsh, defined in a
domain ofCV and taking values i€V, the notation(h1 — h2)(x) = h1(x) — ha(x) stands
for the vector whose origin is2(x) and whose final extremity iy (x).

LEMMA A.3. LetU C C be an open set and C U be a relatively compact subset&f
Given arbitrary numbersig € N ande > 0, there exist$ > 0 such that, as long as
|k —id|1,v < 8, 0ne has

[(h" —id)(x) — n(h —id) ()| < ell(h —id)(x)],
for everyx € V and0 < n < 2ng (whereh” is thenth iteratedi o - - - o h).

LEMMA A.4. Let V,U as in Lemma A.3. Giveng € N and fixed positive constants
C3, Cg4, there iss > 0 such that

[(h —id)(y) — (h —id) ()| < lI(h —id)(x)]I/4C4,
provided thatx, y € V,

Ik —id)|1u < 8 andd(x, y) < C3[|(h*" — id)(x)].
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The desired vector field is going to be built up as the limit of a suitable sequence of
vector fields. We start the construction of this sequence by choosing a monotone increasing
sequence by of positive integdrrs; }. To eachn; we shall associate a vector fiek); so
that a subsequen¢#& ; } will converge to a vector field which has the required properties.

One definesc = maxd, supcg [(fY],supcs (fH Y], supeg [(F2)], SURcp
|(f2)*1’|}. We choose and fin; € N. Because the diffeomorphismd; < H
converge uniformly to the identity oB2, by applying Cauchy’s integral formula, we can
suppose that they converge in tié (C>) topology (modulo restricting our domain).
From Lemmas A.3 and A.4 it results that, for a fixeg there exist®ig; € N such that, as
long asJ > ngy, the diffeomorphisma?, #2 ((h1, h2) € H) satisfy the estimates

in P 1 P
[((h))" —id)(x) —n(h) —id)(x)|| < mll(h’, —id(x) |, (A.3)
foreveryx € B and 0< n < 2n;. Furthermore,

I(h)y —id)(y) = (B —id) ()| < Ell(h'} —id)()ll, (A.4)

provided that/(y, x) < 2c max1, Const}[|((h%)2"7 — id)(x)|.

Let now us fix aH; € H which fulfils the preceding conditions and such tlﬂﬂgfl
fulfils the same conditions as well. Thus we have already fixedd > 0,n; € N and
H; € H. Next we defing; € N as thesmallestpositive integer for which at least one of
the inequalities below holds:

HY () — (FHY(p) < nslld —id) ((FH )l (A.5)

or
(FAHY (p) = (Y p) < nyll (G —id)(FHY (). (A.6)

The reader should observe that such,aalways exists becausg'(0) = f2(0) = 0
and, at least for ong¢ < {1, 2}, hj(O) > 0. On the other hand, we can havg > 3
since it can be supposed thrq;t||(h§ —id)(p)| converges to zero (in fact whery is fixed
the corresponding diffeomorphishi; can be chosen arbitrarilg*-close to the identity).
Passing to an appropriate subsequence, there is no loss of generality in supposing also that,
for everyny, k; occurs forf. We shall work on this assumption in the following and we
notice that it gives us the following converse inequality

Y p) = (FAHX (p) = ny (% —id)(FAH% (p))]I. (A7)

The next lemma furnishes us with two estimates which are elementary but crucial for
the construction of our vector field.

LEMMA A.5. We still have the following estimates:

(n; = DIGRE =i HY el < FHY L) — FHY (p); (A.8)

I(hY —id)(y) — 5 —id) (D ()1 < 1k =i FHY (p)ll/4, (A.9)

wheneverd(y, (fH% (p)) < Const|(fH% ~L(p) — (fH% (p)| (whereConstis as in
Lemma A.2).
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Proof. We consider the points, f1(p), (f1)?(p), ... and the corresponding sequence of
fundamental domainisf1(p), pl, [(fH2(p), f1(p)], . ... Thanks to the definition of;,
we have

(HY () — (FHY(p) < ny i —id) ((FH* ()]l

We may assume thatl o (fH% (p) > (fH% (p) (since the other possibility is
completely analogous). Hence estimates (A.3) and (A.4) give that

hy o (FH% ) > (FHY(p)
and

hyo (fH% ) > (fHY p)
(where we have used the fact that the ratio

1D ) — FHY DD (p) — HY )l

is less tharr). We claim that estimate (A.8) holds. Indeed assume for a contradiction that
one has the converse inequality. In this case inequality (A.4) gives us that

IrS —id)y (D Lp)) — (Y —id) ((FHY (o)1 < 1S —id)((FH (p))ll/4n;.
Therefore we conclude that
ny IRy —id) ((FHY L)1 = njllay —id) (FHR ()1l — 1Y —idy (FHY (p)11/4
> (HY ) - (FHY (),

which contradicts the minimality df;. Thus the first estimate is verified.
It remains to check the second estimate. ConsiderB be such that

d(y, (fH% (p)) < Constl(fH% ~2(p) — (FH* (p)II.

We get the sequence of estimates below:

d(y. (fH (p)) < Constl(fHY L(p) = (fHY ()
< cConst|(fH% (p) — (FHY ()|l
< cny Const| (b3 —id) (fH* (p)l
< 2c Const| (k)™ —id)((fHY ().

where in the last estimate we have used (A.3). Now the desired inequality follows from
(A.4). The proof of the lemma is over. ]

Let us definee; as thesmallestpositive integer for whichthl)¢/ o (fH* (p) >
(fH*=1(p) (we recall that we have assumed o (fH% (p) > (fH% (p) so that the
existence of such aa; results from the discussion above). Applying the estimates we
have obtained, the reader will easily conclude the next lemma.

LEMMA A.6. There are uniform constants (independingBrs, ¢ So thatesny < ey <
ceNy. O
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We now proceed with the construction of the sequence of vector fi#lds For fixed
ny; € N, we choosefl; € H, kj,e; € N as above. The reader should also recall that
F=(fY, f?, H; = (h}, h) andR, = R1. x Ry. Letus define the vector fiellf; on
R, by the formula

Xy(x,y) = €1.Dpy () (F¥).(Hy —id) o F¥ (x, y). (A.10)
One observes that this formula enable us to wiitg under the formX;(x,y) =
(X1(x), X2(y)) where X (respectivelyX?) is a vector field onR1. (respectivelyRz;)
given by

X5 (x) = €1.D 1ty () (SHT).(0F —id) o (SHY (x))
(respectivelyXZ (y) = e;.D j2yk; (,y (fA7).(hF —id) o (fHF (1))

We still need one more lemma.

LEMMA A.7. There are positive uniform constan®s > C7 > 0 verifying

C7 < i}gf X7 (x, Il < supll Xy (x, )| < Cs.

R

Proof. Firstly we are going to find a positive lower bound for;igfnx% || which in turn
will imply the left-hand side of the desired double inequality.

As f1 preserves the real line, the mean value theorem enables us to conclude the
existence of a poinj € [(fH% T1(p), (fH% (p)] such that

Dy ((fH™*) = p = FA@I/IHY (p) = (FHY ).
Now givenx € Rj., we can write
lles D gayes o (FHTRG —id) o (fFHY ()]
> 5Ny 11D 1ty oy (FHT). (R —id) o (FHY ()]
1D 1yt (o) ((SHTI
1Dy ((fH)
> csC1ny | Dy ((FH74).(h] —id) o (fHY ()|

(where in the first estimate we use Lemma A.6 and in the last one Lemma A.2).
Moreover, by applying Lemma A.2, we see that

d((fH @), (fHY (p)) < Consti(FH¥ (p) — (fHY ).
Hence Lemma A.5 shows that
I(hy —id) o (fH™ )1l = 3lI(h} —id) o (FH™ (p)/4.
So the sequence of inequalities can be continued as follows:
IX5 ) > esCiny |1 Dg ((FHTF)INIRT —id) o (FHY ()]

) 1P — (YD
—csC
= 2TV TR () — O]

4
3
265C1llp - Yl =C7>0 (by(AB))

proving the first part of the lemma.

1D, ((FH7R) (Y —id) o (FH* ()]

=csNy

(% —id) o (FHY (p)

v
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Now we have to prove thaX§ (respectivelyX%) is uniformly bounded onR1.
(respectivelyRo.). The case ofX% is left to the reader since the argumentation is
completely analogous to that employed above (modulo using the other half of the same
inequalities above). So we shall deal wi. Letgs € [(f2)*T1(p), (f»* (p)] be such
that one has

Dy, (fH7H) = 1lp = FP@I/IHY () — DY D).
Using again the same type of reasoning, we obtain
lp — f2(p)l
12k (p) = (fH%+L(p)l
Therefore it is sufficient to show that
nsll(h3 —id) o (S DI/  (p) — (22 )
is less than &2 In fact if this were false, then one would have
(5P —id) o (FH I > | (FAHY (p) — (FH ()l
(thanks to inequalities (A.3) and (A.4)). Thus
I(h% —id) o (f2)* (y) — (hF —id) o (fHM (p)I| < I1(hF —id) o (FDH¥ (p)Il/4n,.
It follows that
nsll(h3 —id) o (fHM () > (ny — 1/ (hF —id) o (fHM (p)]

> cll(fHY () — (HY I
> 1M p) = (DY (),

so that a contradiction with inequality (A.7) results. The lemma is proved. |

IX2 ()| < ceCany I(h3 —id) o (fHM (M. (A11)

Proof of Proposition 2.7. Let us consider the sequence of vector figls} defined on

R, by (A.10). According to Lemma A.7 the sequer(cg,} is uniformly bounded orR;.
Furthermore eaclX ; is a holomorphic mapping fronk. to C?; hence one concludes
from Montel's theorem that theX ;} form a compact family orR,. Choosing a domain
Rlz, strictly contained inR,, we can find a limitX (defined oanz,) for a suitable
subsequence dfX;}. Clearly X has no singularities orRﬁ since all theX; have a
positive uniform lower bound (Lemma A.7). Finally we have to verify the fact tiat

is in the closure of'r, x1,. S0 we denote by);( the local flow associated t&. Consider

a relatively compact open sét C Rlz, and a certaing > 0 such thaip}, (V) C Rf,
forany 0 < ¢ < 1. In order to prove the proposition, it is enough to show that the
sequence((fH™ o (K™ o (fH%, (f5)7 o (WD) o (f)%)} (where[e, o]
stands for the integral part ef;zg) converges tq&ﬁ? uniformly on V. However, because
Xy(x,y) = (X%(x), X%(y)) the resulting vector field can also be written under the
form (x1, X?) so thatgy = (¢, ',). Thus we can apply the argument did]

(cf. also Nalj) to see that the analogous convergence occurs on each coordinate. This
means that(f1) =% o (hllesol o (L% (respectively(f2) ™% o (h3)lesnl o (f2)kr)
converge thb;‘(’l (respectivelyqs;‘(’z) uniformly on a suitable domain. It follows that
{(fH™, o (nhlesol o (fhks (£2)7ks o (WZ)lest0l o (£2)k7)} converges tgpy as desired.
The proof of the proposition is complete. m]
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Remark A.8.The reader may easily deduce the statement of the higher-dimensional
version of Proposition 2.7.
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