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Abstract We explore substitution minimal systems and their relation to stationary Bratteli
diagrams and stationary dimension groups. The constructions involved are algorithmic and
explicit and render an effective method to compute an invariant of (ordéfetiporetic
nature for these systems. This new invariant is independent of spectral invariants which
have previously been extensively studied. Before we state the main results we give some
background.

1. Introduction

1.1. From Bratteli diagrams to topological dynamicsin 1972 Bratteli Br] introduced
special infinite graphs—subsequently call@datteli diagrams—which conveniently
encoded the successive embeddings of an ascending sequgnee > 0) of finite-
dimensional semi-simple algebras ov€r (‘multi-matrix algebras’). The sequence
(A,; n € N) determines a so-called approximately finite-dimensional (EFalgebra.
Bratteli proved that the equivalence relation on Bratteli diagrams generated by the
operation of telescoping is a complete isomorphism invariant for AF-algebras. Inspired by
Bratteli’s results, Elliott El] introduced in 1976 the notion afimension groupdn fact, a
Bratteli diagram is naturally associated with a sequence of free abelian groups of finite rank
(simplicially ordered) with order-preserving homomorphisms between successive groups.
The resulting inductive limit—endowed with the induced ordering—is the dimension
group associated with the Bratteli diagram. TKieheoretic underpinning of this notion

was soon realized, being in fact order-isomorphic to the (ordekgdyroup of the
AF-algebra determined by the Bratteli diagram. Bratteli's result could then be given a more
succinct formulation: a complete isomorphism invariant for AF-algebras is the associated
dimension group (as an ordered group with distinguished order unit). Then, in 1980, Effros
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et al[EHS] gave an axiomatic characterization of dimension groups, namely as countable,

ordered abelian groups which are unperforated and satisfy the Riesz interpolation property.
Their result made it possible to easily produce explicit examples of dimension groups and

to make certain inroads into the classification problem.

From a different direction came the extremely fruitful id&&][to associate dynamics
(‘adic transformations’) with Bratteli diagrams (‘Markov compacta’) by introducing a
lexicographic ordering on the infinite paths of the diagram. By a careful refining of
Vershik's construction, Hermast al [HPS] succeeded in showing that every Cantor
minimal system is isomorphic to a Bratteli-Vershik system, i.e. the dynamical system
associated with a properly ordered Bratteli diagram. An immediate consequence of
their result is that every (simple) dimension group occurs as the (ord&gedjoup that
is associated with a Cantor minimal system, the latter notion being defined in purely
dynamical terms. Subsequentwork by Giordahal[ GPS showed that the orbit structure
of a Cantor minimal system is intimately related to Kg-group.

The main motivation for this article is that until now there have been few explicit
and natural examples that have been worked out to illustrate the correspondence between
Cantor minimal systems and dimension groups, respectively Bratteli diagrams. We shall
show that the family of substitution minimal systems will yield examples of the desired
nature.

General notions of substitutions appeared for the first time in 1963 in an article by
Gottshalk [50]. He pointed out that the famous Morse sequence, initially introduced to
prove the existence of recurrent geodesics on surfaces of negative curvature, can be defined
by a substitution, now known as the ‘Morse substitution’.

Substitutions arise and are studied in many domains. We briefly recall some of these
domains.

1.2. Substitutions and topological dynamicsThe study of symbolic dynamical systems

was initiated by Hedlund and Morse itHM1, HM2]. One of the simplest ways of
constructing interesting minimal symbolic dynamical systems is by means of substitutions.
For this reason, the ergodic and topological properties of substitution systems have been
extensively studied (seQ] for a good bibliography on this subject). Numerous articles
have dealt with the spectrum of the substitution system. The first results were obtained
for substitutions of constant lengtb§2, Ma] and then for substitutions of non-constant
length [FMN, Ho, Sq.

1.3. DOL systems. Substitutions (called iterated morphisms) appeared to be attractive
objects for the theory of formal languages; where they are studied through the notion
of DOL systems. Rozenberg and Salom&$g] proved the decidability of the DOL
equivalence problem.

1.4. p-recognizable sets of numbersCobham’s theoremGo1] belongs to the domains
of the theory of automata and of arithmetic. It states that a set of positive integers which
is ‘recognizable’ in two multiplicatively independent bases is eventually periodic. Sets of
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integers which are recognizable in basé.e. p-recognizable) are characterized by means
of substitutions of constant length[Co2]. This gives a formulation of Cobham’s theorem
using substitutions of constant length.

Let p be a power of a prime number, IEKMR ] it is shown that a set ig-recognizable
if and only if the power series associated with its characteristic sequence is algebraic over
some field of rational fractions.

These results are connected to some problems of transcendence. For example Dekking
[De]] proved that the numbezi*:f x,27", where(x,; n € N) is the Morse sequence, is
transcendent. The articlesH] and [FM] give a partial answer to the following question:
What can we say about real numbers having an expansion in somepbabéch is
substitutive?

A characterization of sequences generated by substitutions of constant length was given
in [BHMV ] with the help of the formalism of first order logic.

1.5. Geometry. Rauzy Ra] opened a new area of investigation for substitutions. He
constructed a partition of the torli$ in three fractal sets and a rotation ®f, and looked

at the symbolic system obtained in coding the orbits of this rotation by the partition.
He found that this system is isomorphic to some substitution subshift. The partition
Rauzy introduced generates self-similar tilings. Def Dekking gave a method, using
substitutions, to generate fractal curves and self-similar tilings; in particular it generates
the famous Penrose tilingf.

1.6. Theoretical physics. In 1984 Shechtmaat al[SBGC] discovered the existence in
nature of quasi-periodic tilings: the quasicrystals. Later substitution sequences appeared
to be good one-dimensional models for quasicrystals (8&&) [and were used in many
articles concerning theoretical physics. In particular, several authors have studied the
properties of the discrete Sduihger operator with potential given by a substitution
sequence (se®g, BBQG)).

1.7. Contents. Before we state the main results of this article we want to acknowledge
the paper by Forresdf], where the main part of Theorem 1 is proved. However, the proofs
given in his paper are mostly of an existential nature and do not state a feasible method
by which to compute effectively dimension groups and Bratteli diagrams associated to
substitution systems (see alg&H]).

THEOREM1. The family B of Bratteli-Vershik systems associated with stationary,
properly ordered Bratteli diagrams is (up to isomorphism) the disjoint union of the
family of substitution minimal systems and the family of stationary odometer systems.
Furthermore, the correspondence in question is given by an explicit and algorithmic
effective construction. The same is true of the computation of the (stationary) dimension
group associated with a substitution minimal system.

By invoking the characterization of the Kakutani equivalence of Cantor minimal
systems in terms of ordered Bratteli diagrams®@P[S, Theorem 3.8] we get the following
corollary.
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COROLLARY 2. The familyB is stable under Kakutani equivalence.

We introduce the notion of linearly recurrent subshifts and we prove the following
result.

THEOREM3. Let(Y, T) be alinearly recurrent aperiodic subshift. There exists a constant
D such that the length of each proper chain of aperiodic subshift factor maps

Y. T) 22 v T 22 B i 1) S (v, 7).

with (Y,,, T) = (Y, T), is less tharD (i.e.n < D).

Also using Theorem 3, we show that substitution minimal systems are linearly recurrent
which is helpful to prove the following theorem.

THEOREM4. A Cantor factor of a systerfX, T') belonging to the familys in the above
theorem again belongs 6.

2. Bratteli diagrams and dimension groups—ordered Bratteli diagrams and Cantor
minimal systems—stationary diagrams

In this section we will recall some basic concepts and results, and also some of the key

constructions that are used to obtain these results. This will later be applied in the context

of stationary Bratteli diagrams and substitution minimal systems—the focus of this article.

We will introduce some relevant terminology and notation. We refeH®g, GPS, Ef

for further details.

2.1. Bratteli diagrams.

Definition 1. A Bratteli diagramis an infinite directed graptV, E), such that the vertex
setV and the edge séi can be partitioned into finite sets

V=VWUViUVoU.-. and E=FE{UEyU-..

with the following properties:

(i) Vo = {vo} is a one-point set;

(i) r(Ep) C Vg, s(Ey) CV,_1,n=1,2,..., wherer is the associatedinge mapmnd
s is the associatesource mapAlso, s 1(v) # ¢ forall v € V andr—1(v) # @ for
allveV\ V.

There is an obvious notion of isomorphism between Bratteli diagrém<) and
(V’, E"); namely, there exist a pair of bijections betwgérand V' and betweerE and
E’, respectively, preserving the gradings and intertwining the respective source and range
maps.

It is convenient to give a diagrammatic presentation of the Bratteli diagramWyithe
vertices at the (horizontal) leveland E,, the edges (downward directed) connecting the
vertices at levek — 1 with those at levet. Also, if |V,,_1| = t,_1 and|V,| = ¢, thenE,
determines @, x t,—1 incidence matrix(See Figure 1 for an example.)
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LEVEL INCIDENCE MATRIX
o _ s(e)
n-1 2 0 Vi
0 1
11 En e
10
n 0 1 r(e) Vi
11 0 0O En+1
0 0 1 1 1
n+l Vn+1
FIGURE 1.
Vn—l
2 1 Ene Ep+1
2 2
Vin+1
FIGURE 2.

2.1.1. Telescoping. Letk,l € ZT withk < [ and letEx11 0 Ex420 --- o E; denote all
paths fromV; to V;. Specifically,

Eryr10---0E
= {(ex+1,...,e)) |ei € Ei,i=k+1,...,1; r(ej) =s(eji+1), i =k+1,...,1—1}.

We definer ((ex41, ..., e) = r(e) ands((ex1, ..., e)) = s(ext1).
Given a Bratteli diagraniV, E) and a sequence

mo=0<my <mp<---

in Z*, we define theelescopingf (V, E) to {m, | n € N} as the new Bratteli diagram
(V', E"), whereV, =V, andE, = E,, _,+10---o E,, and the range and source maps
are as above.
For example, if we remove levelof Figure 1 we get a telescoping to levels- 1 and
n+ 1 asindicated in Figure 2. Note that the new incidence matrix is the product of the two
incidence matrices of Figure 1.
We say thatV, E) is asimpleBratteli diagram if there exists a telescopifigf, E’) of
(V, E) so that the incidence matrices@f’, E’) have only non-zero entries at each level.
We let ~ denote the equivalence relation on ordered Bratteli diagrams generated by
isomorphism and telescoping. It is not hard to show iat, EY) ~ (V2, E?) if and
only if there exists a Bratteli diagrarfV, E) so that telescopingV, E) to odd levels

https://doi.org/10.1017/50143385799133947 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385799133947

958 F. Durand et al

0 <1< 3 < .- yields a telescoping of eithe¥*, E1) or (V2, E?), and telescoping
(V,E)toevenlevels < 2 < 4 < -- - yields a telescoping of the other.

2.2. Ordered Bratteli diagrams and Bratteli—Vershik systems.

Definition 2. An ordered Bratteli diagram{V, E, >) is a Bratteli diagrangV, E) together
with a partial order> on E so that edgeg, ¢ in E are comparable if and only if
r(e) = r(e’); in other words, we have a linear order on each-sét{v}), wherev belongs
toV \ Vo.

Note that if (V, E, >) is an ordered Bratteli diagram aikd< [ in ZT, then the set
Ei4+10 Epi20--- o E; of paths fromV; to V; may be given an induced (lexicographic)
order as follows:

(ek+la ek+27 ey el) > (fk+17 fk+25 ceey ﬁ)

if and only if for somei with k +1 <i <1, e; = f;jfori < j <lande; > f;. It
is a simple observation that {V, E, >) is an ordered Bratteli diagram an®f’, E’) is a
telescoping of(V, E) as defined above, then with the induced ordér (V’, E’, >') is
again an ordered Bratteli diagram. We say it E’, >’) is atelescopingf (V, E, >).

Again there is an obvious notion of isomorphism between ordered Bratteli diagrams.
We let ~ denote the equivalence relation on ordered Bratteli diagrams generated by
isomorphism and by telescoping. One can show iHatc B2, whereB! = (V1 E1, >1),

B? = (V2, E2, >2), if and only if there exists an ordered Bratteli diagr&m= (V, E, >)
so that telescoping to odd levels O< 1 < 3 < - - - yields a telescoping of eithe#® or
B?, and telescoping to even levels O< 2 < 4 < --- yields a telescoping of the other.
This is analogous to the situation for the equivalence relati@m Bratteli diagrams as we
discussed above.

2.2.1. Dynamics for ordered Bratteli diagramslLet B = (V, E,>) be an ordered
Bratteli diagram. LeX g denote the associated infinite path space, i.e.

Xp={(e1,e2,...) | e; € Ei,r(e;) =s(ei+1);i=1,2,...}.

We will exclude trivial cases and assume henceforth thatis an infinite set. Two
paths inX g are said to beofinalif they have the same tails, i.e. the edges agree from a
certain stage. We topologizéz by postulating a basis of open sets, namely the family of
cylinder sets

Uev,ez,....ex) ={(f1, f2,...) € Xp| fi=e;, 1 <i <k}.

Each U(es,...,ex) is also closed, as is easily seen, and so we observeXthat
becomes a compact Hausdorff space with a countable basis of clopen sets, i.e. a zero-
dimensional space. We callz with this topology theBratteli compactunassociated with
B = (V,E,>).If (V, E)is asimple Bratteli diagram, thexiz has no isolated points, and
so is aCantor set
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Notation. Let x = (e1, e2,...) be an element ok z. We will call ¢, thenth label ofx
and denote it by (n). We letX® (respectivelyX@i”) denote those elementsof X g so
thatx(n) is a maximal edge (respectively minimal edge) foreach 1, 2, .... A simple
argument shows tham® (respectivelyX'T'") is non-empty.

Definition 3. The ordered Bratteli diagram® = (V, E, >) is properly ordered(called
simple orderedn [HPY)) if:

() (V, E)isasimple Bratteli diagram;

(i)  XF* respectivel;&(?i”, consists of only one pointyax, respectivelymin.

We can now define a minimal homeomorphi$ty : Xp — Xp, called theVershik
map (or the lexicographic map associated with the properly ordered Bratteli diagram
B = (V, E, <). We will call the resulting Cantor minimal syste(X 3, Vz) a Bratteli—
Vershik system

We let Vg (xmax) = Xmin. If x = (e1, e2,...) # xmax letk be the smallest number so
thatey is not a maximal edge. Lef be the successor ef (and sar(ex) = r(fi)). Define
Ve(x) =y = (f1,..., fi—1, fx, €k+1, €k+2, ...), Where(f1, ..., fir—1) is the minimal
edgeinE1o Ex o --- 0 Ex_1 With range equal to( 7).

It is a theorem that every Cantor minimal system is isomorphic to a Bratteli-Vershik
system. A sketch of the proof of this result (‘The Bratteli-Vershik model theorem’) will be
presented in the next subsection.

2.3. The Bratteli-Vershik model theorem—Kakutani—Rohlin partitiond/e shall sketch
a proof of the following theorem using Kakutani—Rohlin partitions. We shall apply this
later in the context of substitution minimal systems.

THEOREMS. [HPS, Theorem 4.7 et (X, T, x) be a (pointed) Cantor minimal system.
Then there exists a properly ordered Bratteli diagréd= (V, E, >) so that(X, T, x) is
pointedly isomorphic teX g, Vg, xmin), Wherexmin is the unique minimal path of 5.

Definition 4. A Kakutani—Rohlirpartition of the Cantor minimal syste@X, T') is a clopen
partitionP of the kind:

P={T'Zi | ke Aand 0< j < hy}

whereA is a finite set and;, is a positive integer. The'thtowerof Pis{T/Z; |0 < j <
hi}, and thebaseof P is the setZ = Uica Zy.

Note that in HPS] the roles of the basg and the top floors of the towers are reversed.

Sketch of proof of Theorem ket (P,;n € N) be a sequence of Kakutani—Rohlin
partitions with

Py ={T/Zys | ke Ayand0< j < h, 1}, Po={X}

and with base&Z,, = Ukea, Z,, k. We say that this sequencerisstedf, for eachn:
() Zny1C Zn;
(i)  Pnt+1 > Py as partitions.
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To the nested sequenc¢®,; n € N) we associate an ordered Bratteli diagr&m=
(V, E, >) as follows: thg A, | towers inP, are in 1-1 correspondence wit), the set of
vertices at leveh. Letv, x € V, correspond to the towe, ; = {TjZn,k |0<j < hpi}
in P,. Sy« will traverse towers ir?,_; in a certain order, sa§,—1,,, - .., Su—1,i, - (Thus
Sn.k IS partitioned intan parts.) We associate edges, ordered a3y < e2x < -+ <
em i, With r (e ) = v @ands(e; i) = Un—1i;- En is the disjoint union ovet € A,, of the
edges with range equal iq .

Suppose moreover that:

(iii) the intersection of the basd€¥,; n € N) of the partitiong(P,; n € N) consists of
one point only, say;
(iv) the sequence of partitions spans the topology of

Then the systemé&X, T, x) and(X g, Vg, xmin) are pointedly isomorphic, whee =
(V, E,>) is a properly ordered Bratteli diagram with unique minimal pa#i. In fact,
the isomorphisnF : X — Xp is defined as follows. Foy € X, the pathF(y) passes
through the vertex iV, that corresponds to the tower 7, wherey is located. Say
F(y) passes through the verticesof V,_1 andv of V,,, corresponding to the towes,,
in P,_1, S, in P,, respectively. TherF (y)(n) is thei’th edge among the ordered edges
e with r(e) = v, y being ‘picked up’ the’th time S, traverses one of the towers at level
n — 1. (NecessarilyS, will traverse the towerS,, thei'th time.) It is easily seen that
F(x) = xmin by this correspondence.

Finally, one obtains Kakutani—Rohlin partitio(®,; n € N) with the properties listed
above by choosing a nested sequetZg; n € N) of clopen sets shrinking ta, i.e.
Z, 2 Z,+1 andN,Z, = {x}. The partitionP, is obtained by building towers ovef,

by considering the return map #, (For details, cf. HPS]). |

2.4. Dimension groups.

Definition 5. A dimension groups an ordered, countable, torsion free abelian gréup

which is unperforated and satisfies the Riesz interpolation property. Specifically! let

denote the positive cone &f and leta < b denoteb —a € G*. Then:

() Gt+G*tcGT;

(i) Gt -GT=¢G;

(i) Gt N(-G*) ={0};

(iv) if a € G andna € G* for somen € N, thena € G (unperforation);

(v) ifai,az, b1,b2 € Gwitha; <b; (i, j =1, 2),there existg € Gwitha; < c < b;
(Riesz interpolation property).

We say thalG, G™) is simpleif G has no non-trivial order ideals, i.e. J is a proper
subgroup so that = J* — J* (whereJ* = J N G™) and so that it is an element of
anda an element oG with 0 < a < b, thena belongs ta/.

We say that an elementof G* \ {0} is anorder unitif GT ={a €e G |0 < a < nu
for somen € N}. (Observe that foG simple any: € G \ {0} is an order unit.)

A dimension group is associated with the Bratteli diag&mE) which we denote by
Ko(V, E)—the notation is motivated by the connectiorkietheory, see below. In fact, the
Bratteli diagram(V, E) is associated with a system of ordered groups and order-preserving

https://doi.org/10.1017/50143385799133947 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385799133947

Substitutional dynamical systems 961

homomorphisms
zIVol 91, Za| 92 Z|Val 93, 7|Val %4

whereg, is given by matrix multiplication with the incidence matrix between lewels1
andrn of the Bratteli diagram. By definitio&o(V, E) is the inductive limit of the system
above endowed with the induced ordé&ip(V, E) has a distinguished order unit, namely
the element ofKo(V, E)* corresponding to the elementd zZ/Yol = Z. One can show
that(V, E) ~ (V', E’) if and only if Ko(V, E) is order isomorphic t&Ko(V’, E’) by a
map sending the distinguished order unitkaf(V, E) to the distinguished order unit of
Ko(V’, E’). The dimension groufo(V, E) associated witliV, E) is simple if and only

if (V, E)issimple.

Remark.Itis a theorem that all dimension groups arise from Bratteli diagrams as described
above EHS].

2.4.1. We now introduce the definition which will relate Cantor minimal systems to
dimension groups.

Definition 6. Let (X, T') be a Cantor minimal system. L€t X, Z) denote the continuous
functions onX with values inZ—so C (X, Z) is a countable abelian group under addition.
Let

KX, T)=C(X,2)/3rC(X,2)

wheredr : C(X,Z) — C(X, Z) denotes theoboundary operatobr(f) = f — fo T,
andf — f o T is called acoboundary Define thepositive cone

KX, )t ={[f1| feC(X,Z")}

where[-] denotes the quotient map aAd = {0, 1, 2, ...}. KX, T) has adistinguished
order unit namely[1] = 1, where 1 denotes the constant function one.

THEOREM®G6. [HPS, Theorem 5.4 and Corollary 6.3t (X, T) be a Cantor minimal
system. LeB = (V, E, >) be the associated properly ordered Bratteli diagram (having
chosen a base point i, cf. Theorem 5). Then

K%X,T) = Ko(V, E)

as ordered groups with distinguished order units. Furthermore, every simple dimension
groupG (G # Z) arises in this manner.

Remarks.

() In[GPYitis shown thatk°(X, T), as an ordered group with distinguished order
unit, is a complete invariant for strong orbit equivalence of Cantor minimal systems.

(i)  KO(X,T) is order isomorphic, by a map preserving the distinguished order units, to
the Ko-group of theC*-crossed product associated with, 7).

(i) The groupk®(X, T), as an abstract group without order, is isomorphic to the first
Cech cohomology group1(X,Z) of the suspensiorX of (X, T), whereX is
obtained fromX x [0, 1] by identifying(x, 1) and(T x, 0).
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2.4.2. We will describe an alternative method to associate a dimension group with
a nested sequence of Kakutani—Rohlin partitions (cf. §2.3) without invoking Bratteli
diagrams explicitly. This method, close to the approach take@W T, will later be applied
to substitution mininal systems. (Incidentally, the proof of the first part of Theorem 6 is
an immediate consequence of the lemma below.) S@Petn € N) be a nested sequence
of Kakutani—Rohlin partitions (not necessarily satisfying conditions (iii) and (iv) of §2.3),
with

Pn = {T]Zn,k | ke Ap,0< J < hn,k}a Po = {X}

and with baseZ, = Ukea,Z,r. For eachn, let C, be the subgroup o’(X, Z)
consisting of functions which are constant on each element of the paritioand let
CH=C,NC(X,Z"). Let H, be the subgroup of,, consisting of the functiong € C,
which have a null sum over each tower7f, i.e. such that

hyx—1
> f(Tix)=0 VkeA,, Vx € Zy;.
j=0

Let K,, be the quotient groug,/H,, K, the projection ofC; in this quotient, and
1, the projection of the constant function @K, K,', 1,) is an ordered group with order
unit. Obviously,C, C Cy41, C, C C;“H and H, C H,y1; these inclusions induce
a morphismj,4+1 : K, — K,1 of ordered groups with order units. The direct limit

(K(P), K(P)", 1) of the sequence

Ko b Ky P Ky By g et e ez
of ordered groups with order units is calléide dimension group of the sequence of
partitions and writtenK (P,; n € N). It is easy to check that every element Bf is
a coboundary. Thus the inclusiofy — C(X, Z) induce a morphism. : K(P,;n €
N) — KO(X, T) of ordered groups with order units.

LEMMA 7. As an ordered group with order uni (P,; n € N) is isomorphic to the
dimension groupKo(V, E), where B = (V, E,>) is associated with the sequence
(Pn; n € N) of partitions as described in §2.3 (disregard the ordering of the edges).

Proof. For eachf of C,, lety, (f) be the vector oZ!"»! obtained by summing the values
of f over each tower oP,. For eachv, x belonging toV, (corresponding to the tower

with baseZ, i), let
hp—1

(k= D f(Tx)
j=0

for an arbitrary poink € Z, ;. Now y, is a positive homomorphism frofi, ontoz!"»!,
it mapsC;t onto (Z!V»1)* and its kernel isH,. Thus we can identify the ordered groups
K, = C,/H, andZ!V"l forn = 0,1, 2, .... By these identifications the homomorphism
jns1 : Kn — K,41 corresponds to the homomorphigtt»l —s z!V»+1l that we get
from the Bratteli diagraniV, E). Therefore the two inductive limits are order isomorphic.
Furthermore, it is easy to verify that the distinguished order units are mapped to each other
by this isomorphism. ]
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FIGURE 3.

2.5. Stationary diagrams and dimension groups.

Definition 7. A Bratteli diagram(V, E) is stationaryif k = |V1| = |[V2| = --- and if
(by an appropriate labelling of the vertices) the incidence matrices betweem|evel
n + 1 is the samé& x k matrix C foralln = 1,2,.... In other words, beyond level 1
the diagram repeats. (Clearly we may label the verticdg,iasV (n, a1), ..., V(n, ai),
whereA = {a1, ..., ax} is a set ok distinct symbols.)

B = (V, E,>) is astationary ordered Bratteli diagrarif (V, E) is stationary, and
the ordering on the edges with rangén, a;) is the same as the ordering on the edges
with rangeV (m, a;) form,n = 2,3,... andi = 1,...,k. In other words, beyond
level 1 the diagram with the ordering repeats. (For eacim A = {a1,...,a;} and
eachn = 2,3, ..., we thus get an ordered list of edges whose rangé&(is ;). By the
stationarity of the ordering aB we thus get a well defined map fromto A™ (the set of
non-empty words o), by taking the sources of the edges in question.)

(G, G™) is astationary dimension grouip G is order isomorphic t&o(V, E), where
(V, E) is a stationary Bratteli diagram.Ko(V, E) is completely determined by the
incidence matri>xC of (V, E)—we disregard the distinguished order unit. Al&a(V, E)
is simple if and only ifC is aprimitive matrix, i.e. a certain power af has only non-zero
entries.

In this article we will only encounter stationary Bratteli diagrams. In Figure 3 we
exhibit two examples of stationary ordered Bratteli diagrams; the one on the left is properly
ordered, while the one on the right is not properly ordered (having in fact two max and
two min paths). The dimension group associated with the two diagrams (strip the order
structure) isZ[1/2], the dyadic rationals, with obvious ordering and with distinguished
order unit equal to one.

2.5.1. The question of the unicity of the Bratteli-Vershik model is addressed in the
following proposition.

PROPOSITIONS. [HPS, Theorem 4.7]Let B = (V! , E', >") be associated with the
pointed Cantor minimal systewX;, T;, x;),i = 1,2, according to Theorem 5. Then
(X1, T, x1) is pointedly isomorphic to(X», T2, x) if and only if B ~ B? (cf.
Definition 2.)
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FIGUREA4.

By a modification of the ‘symbol splitting’ procedure iGPS, 83], Forrest proved the
following lemma, which will be useful to us.

LEMMA 9. [Fo,Lemma 15)LetB = (V, E, >) be a stationary, properly ordered Bratteli
diagram. TherB ~ B’ = (V’, E’, >'), whereB’ is again stationary and properly ordered,

and with the added property that there are no multiple edges between level 0 and level 1.
(By the above propositioriX 5, Vg) and(Xp/, V) are isomorphic.)

Proof. By taking a sufficiently high power of the incidence mattxof (V, E) (this
corresponds to a periodic telescoping of the diagram), we may assume that each row sum
of C is greater than or equal to the maximum number of edges between a vertex at level
1 and the top vertex (i.e. level 0). We now proceed by introducing new vertices between
two successive levels, the number of which is the samé&dsi.e. the number of edges
between level 0 and level 1. One may now construct a properly ordered Bratteli diagram
with these added levels, so that one gets the original by telescoping. (This construction
is not unique.) By instead telescoping to the new levels introduced one gets the desired
B’ = (V',E',>"). We will give a diagrammatic example which will illustrate how to
proceed in the general case (cf. Figure 4). a

2.6. Kakutani equivalence.

Definition 8. The Cantor minimal systemsX, T) and (Y, S) are Kakutani equivalenif
they have (up to isomorphism) a common derivative, i.e. there exist clopety 4@isX)
andV (in Y), so that the induced systems &nandV, respectively, are isomorphic.

We will relate Kakutani equivalence to Bratteli diagrams—the relevant fact being
change of the order unit.

Observe first that if(V, E) is a Bratteli diagram with associated dimension group
G = Ko(V, E), then any finite change aV, E), i.e. adding and/or removing a finite
number of edges (vertices), thus changiig E) into a new Bratteli diagraniV’, E’),
does not change the isomorphism classGofbut does change the order unit. In fact,
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G' = Ko(V', E’) is order isomorphic taG, but the distinguished order units are not
necessarily preserved by the isomorphism. Clearly, any change of order unitrafy
be obtained by such a procedure.

Likewise, if B = (V, E, >) is a properly ordered Bratteli diagram we may change
B into a new properly ordered Bratteli diagraBt = (V’, E’, >") by making a finite
change, i.e. adding and/or removing any finite number of edges (vertices), and then making
arbitrary choices of linear orderings of the edges meeting at the same vertex (for a finite
number of vertices). S& and B’ are cofinally identical, i.e. they only differ on finite
initial portions. (Observe that this defines an equivalence relation on the family of properly
ordered Bratteli diagrams.)

THEOREM10. [GPS, Theorem 3.8]Let (Xp, Vg) be the Bratteli-Vershik system
associated with the properly ordered Bratteli diagraéin= (V, E, >). Then the Cantor
system(Z, ) is Kakutani equivalent teX g, V) if and only if (Z, v) is isomorphic to
(X, Vg), whereB’ = (V’, E’, >’) is obtained fromB by a finite change as described
above.

We indicate briefly the ingredients of the proof: every clopen seét pfs a finite union
of cylinder sets. By telescoping appropriately one may assume that the clopen sets in
question are disjoint unions of cylinder sets of the fd/i), wheree € Eq (cf. §2.2.1.).
This is achieved by making a finite change of the original diagram. One may thus assume
at the outset that the only changes that are done to the diagram occur between level 0
and level 1. With this simplification the proof follows by observing that removing edges
corresponds to inducing on a clopen set.

3. Basic facts about substitution dynamical systems

3.1. Notations: words, sequences, morphisman alphabetis a finite set of symbols
calledletters If A is an alphabet, aord on A is a finite (hon empty) sequence of letters;
AT is the set of words. Fai = uius...u, € AT, |u| = n is thelengthof u; for each
lettera, we write |u|, the number of occurrences ofin u; the vector(|ul,; a € A) is
sometimes called theomposition vectoof u. A* consists ofA* and the empty word of
length zero.

Given awordu = uj...u,; and an intervall = {i, ..., j} contained in{1, ..., m},
we write u; to denote the wordi;u;1...u;. We extend this notation in an obvious
way to infinite intervals. Afactor of v is a wordu such thatu = v; for some interval
J c{1,...,m}; we writeu < v.

Elements ofAZ are calledsequencesver the alphabet. For a sequence we use the
notationx,; and the ternfactor exactly as for a word; thiEanguageZ(x) of the sequence
x is the set of words which are factors.af

Let A, B be two alphabets, angl : A — BT a map. By concatenatiog, can be
extended to amap™ — BT and also to a mapgZ — BZ. As a general rule, these maps
will also be denoted by.

The following definitions will be used in 85.

Definition 9. Let A be an alphabet, ar a finite subset ot ™.
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(i) R is a code if every word: € AT admits at most one decomposition in a
concatenation of elements &.
(i) R isacircular code if it is a code and, moreover, if

w1, ..., Wi, w, wy,...,wp €R; se€ AT and e A*
are such that
w=rts and wi...wj=sw]... wt

thenr is the empty word. It follows thaf = k + 1, w;11 = w; for 1 <i < k and
thatwy = s.

Circular codes have a property of unique decomposition of sequences: suppdge that
is a circular code on the alphahét and that some € AZ can be decomposed in a the
concatenation of the words; k € Z) belonging toR, i.e. that

X =...w_3w_2w_1 | wowiwaz...
where the vertical bar separatigs., 1] fromx(g +o0). Then this decompositionis unique.

Moreover, forn € Z, the shifted sequen@"x (given by(T"x)x = x,4+ for all k) can be
decomposed in a concatenation of elementR @fand only if n is one of the numbers:

—|wrwyg1...w-1] r <0); 0; Jwowy...w,| (r = 0).

3.2. Subshifts. For every alphabet we denote by the shift onAZ, except when some
ambiguity can occurT is defined by

(Tx), = xp41 foreveryx e A% and everyr € Z.

A is endowed with the discrete topology, and with the product topology; thua? is a
compact metric space, afila homeomorphism of this space.
WhenB is an alphabet angd : A — B+ a map, the corresponding map AZ — BZ
is continuous, and satisfies
¢(Tx) = TPl ().

A subshift(X, T') on the alphabet is a closedl-invariant subseX of AZ, endowed
with the restriction ofT to X, we also denote it by". Given a subshifiX, T') on the
alphabetd, and two words:, v on A, we write

[ul ={x € X | x[0,ju)) = u} and [uv]={x € X| X[—jul,lv)) = Uv};
subsets ofX of this kind are calleaylinder sets Remark that these notations depend on
the given subshift, which is supposed to be determined by the context.

The language£(X) of the subshift(X, T) is the set of words which are factors of at
least one element of, and we have

X ={x e A% | L(x) C L(X)}.

The subshif{ X, T) is minimal if and only ifC(x) = £(X) for all x € X.

The subshift spannethy a sequence e AZ is the closured, of the T-orbit of x
endowed with the restriction of the shift @,; it is characterized by.(O,) = L(x). This
subshift is minimal if and only ik is uniformly recurrenti.e.

Vu € L(x))@n = 1D (Vv € Lx))(Jv| = n = u < v).
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3.3. Definition of substitution dynamical systems.

3.3.1. Asubstitutionon the alphabet is amaps : A — A™T. Using the extension to
words by concatenatiom, can be iterated; for each integer- 0,6" : A — AT is again
a substitution.

In this article we only considgurimitive substitutions, i.e. substitutions on A such
that:

(3n > 0)(Va,b e A)(b <o"(a)) and (Ja € A)( IiT lo"(a)| = +oo).

We denote by (o) the language ob, i.e. the set of words oA which are factors of
o"(a) for somea € A and some: > 1, andX, the subshift ofAZ associated with this
language, i.e. the set ofe AZ whose every finite factor belongsfi{o); X, is closed in
AZ, and invariant under the shift; we denote Bythe restriction of the shift t&,,. The
dynamical systeniX,, Ty ) is calledthe substitution dynamical systeagsociated witla .
It is a well-known resultQu] that

Every substitution dynamical system is minimal and uniquely ergodic.

3.3.2. In the literature, substitution dynamical systems are often defined by a different
(but equivalent) method, using fixed points: for every integef 0, the substitutior ”
defines the same language, thus the same system,dags. Substituting? for o if
needed, we can assume that there exist two lettérs A such that:
(i) risthe last letter of (r);
(i) ¢ is the first letter ot (£);
(i) r€e L(o).

Whenever and¢ satisfy the conditions (i) and (ii), it is easy to check that there exists
a uniquew € AZ such that

w_1=r; wo=4{£ and o(w) =w.
Such anw is calleda fixed point ofo. If r and¢ also satisfy (iii), we say thab is an
admissible fixed point of.
If wis an admissible fixed point ef, thenX, is the closure of the orbit ab for the

shift. This property is often taken of the definition ¥§ in the literature. More precisely,
we have:

Given a fixed pointw of the primitive substitutions, the following conditions are

equivalent:
() wisadmissible;
(i) we Xe;

(i) X, is the subshift spanned ly
(iv) w is uniformly recurrent.

We shall use the following convention: when we say thas a fixed point ofo, we
mean that is a fixed point ofoc? for somep; aso ando? define the same system, this

convention cannot lead to any misunderstanding; moreover, with this convention, every
substitution has at least one admissible fixed point.
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3.3.3. Some technical difficulties in the study of substitution dynamical system arise
from the fact that a given substitution can have several admissible fixed points. We now
introduce a class of substitutions which are easier to study.

Definition 10. A substitutiono on the alphabed is properif there exists an integgr > 0

and two letters, £ € A such that:

(i) foreverya € A, risthe last letter 07 (a);

(i) foreverya € A, ¢ is the first letter ob 7 (a).

A proper substitution has only one fixed point. We shall see later (in §6) that every
substitution dynamical system is isomorphic to the system associated with some proper
substitution, which can be explicitly constructed.

3.4. Structure of substitution dynamical system the sequel(X,, T) is the system
associated with the primitive substitutienon the alphabefi, w is an admissible fixed
pointofo, r = w_1 and?¢ = wo.

There exist substitutions such that the systerX, is finite, i.e. that every in X, is
periodic, or equivalently, that is periodic. As these substitutions are of little interest from
a dynamical point of view, we consider henceforth only hegperiodicsubstitutions, i.e.
substitutions giving rise to infinite systems. Note that there is an algorayHL] which
decides whether a given substitution is aperiodic or not.

The systems arising from (primitive, aperiodic) substitutions have a simple self-similar
structure we explain now. We first note that by the first definitionXgf we have
0(Xs) C Xo. The result below says that, although neither A — AT is assumed
to be one-to-one, norigr(a) | a € A} assumed to be a code, the restrictiorrab X,
behaves almost as if these properties were true; let us begin with some notation.

As w = o(w), it can be written that

w=...0(w-_2)0(w-1) | o(wo)o(w1) ...
where the vertical bar separates. o, 1) andwjo +). Let E = {e; | j € Z} be the set of
‘natural cutting points’ arising from this decomposition, defined by
—|O’(a)[j’0))| If ] < O
ej =10 if j=0
lo (wio, j))I if j >0.
THEOREM11. [Mol, Mo2] Let o be an aperiodic primitive substitution on the

alphabetA.
(i) [Mol] There existd. > 0 such that

nekE, meZ, u-—Ln+L) = Om-Lmt+L) = m€E.
(i) [Mo2] There exista4 > 0such that
I,JE€LZ, Oej—Me+M) = Ole;—Me;+M) = O = 0j.

Remark.Earlier proofs of the same (or similar) results do exigta], but are false.
Until Mosse’s articles, people working with substitutions had to make extra hypotheses
(‘recognizability’, injectivity) on the substitution they were dealing with.
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The theorem has the following topological interpretation (for proofs, Qe ¢r [Ho]).

COROLLARY 12.
() Themap : X, - X, is one-to-one and open.
(i) Everyx € X, can be written in a unique way

x=TKo(y) withy € X, and0 < k < |0 (y0)|.

(i) Foreveryx € X,, |o(xg)| is the first return time of (x) to o (X, ), i.e. the smallest
positive integek such thatT*o (x) € o (X,).

(v) The maps : X, — o(X,) is an isomorphism of the systei,, T,;) onto the
system induced b}, ono (X,).

The same results hold far” for eachn > 0. For every lettem € A, we write
[a] = {x € X,; xo = a}. From the preceding corollary we immediately get the following.

COROLLARY 13. For everyn > 0,
Pu=1{T""(a])) |a € A, 0<k < |o"(a)}
is a clopen patrtition ofX,,.

It is worth noticing that the partitiof®, is a Kakutani—Rohlin partitiorin the sense of
[HPS, 84]. The base of this partition is

e ah) = 0" (Xo).

acA

ProPOSITION14. The sequence of partitioni®,) is nested (see §2.3), that is:

(i) the sequence of basés" (X, ); n € N) is decreasing;

(i) for everyn, P,y1 > P, as partitions.

Moreover, if the substitutios is proper, then:

(i) the intersection of the bases consists of only one point (which is the unique fixed
point of o');

(iv) the sequence of partitions spans the topolog¥ of

Proof. (i) is obvious. Remember that, for everye X,
" (Tyx) = T;UH(XO)‘O'n(X).

Leta be a letter, and an integer with 0< k < |6"1(a)|. Setbs...b, = o(a), So that
we have
lo"(b1...bw)| = |0" T a)| > k.

Letj € {0, ...m — 1} be the integer defined by
lo"(b1...b))| <k < |o"(b1...bj11)l.
It follows immediately that
T*o" ([a]) € T*o" (1b;1)

wheret =k — |o"(b1...D;)|, and (i) is proved.
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We assume now that is proper. Then (iii) is obvious.

Let us prove (iv). Letp,r,£ be as in the definition of a proper substitution
(Definition 10).

Given an integem > 0, we claim that, for: large enoughy[_,, »,] iS constant on each
element ofp,,.

Forn > p, we writeR, = |6" P (r)| andL, = |c"~P(£)|. Choose: so large thair,
andL, are both greater than. Fixa € A and 0< k < |0"(a)|. For eachx € T*o"([a]),
there existsy € X, with yop = a andx = TXo"(y). The worde” (a)o"(y1) is a prefix
of (6" (¥))[0,00), aNda™~P(£) is a prefix ofo”(y1), thusc”(a)o" =7 (£) is a prefix of
(0" (¥))[0,00)- The same wayy" 7 (r) is a suffix of (6" (¥)) (—co,—15, @and

(Un (y))[iR”’Kﬂ‘i’Ln) = O—n_p(r)an(a)o’n_p(ﬁ)

wherek, = |¢"(a)|, and we get:
X—m,m] = (@""P(r)a" (@)o" P () [Ry-+k—m, Rp+k-+m]

which does not depend on but only ona andk: our claim is proved, and (iv) follows3

4. From Bratteli diagrams to substitutions
In this section we prove the first part of Theorem 1. More precisely, we show here that:

The system associated with a stationary, properly ordered Bratteli diagram
is isomorphic, either to the substitution dynamical system associated to some
proper substitution, or to an odometer with a stationary base.

4.1. The substitution read on a stationary ordered Bratteli diagrarhet 5 be a
stationary, properly ordered Bratteli diagram. Remember that, for each intege0,
V, denotes the set of vertices at level Let us choose a stationary labeling bf (for
n > 0) by an alphabe, i.e.V, ={V(n,a) |a € A} foralln € N. Forn > 1 anda € A,
V(n, a) is the vertex of labek at leveln. Fix an integen > 1. For every letten € A,
consider the ordered ligt1, . . ., ¢;) of edges which range &(n, a), and let(ay, . . ., ax)
be the ordered list of the labels of the sources of these edges. The rma; . . . ax from
A to AT does not depend af. We consider it as a substitution on the alphabeind call
it the substitution read of3.

LEMMA 15. The substitutiom read onj3 is primitive and proper.

Proof. As B is simple, there exists an integer> 1 such that, for every, b € A, the
vertexV (1, b) is connected to the vertéx(n, a); by definition ofc, it means thab occurs
in " 1(a): the substitutior is primitive.

For eachu € A, leti(a) be the first letter o0& (a): for eachn > 1, the minimum edge
which ranges aV (n, a) sources a¥(n — 1,i(a)). Suppose that, for every > 1, the
range of the map" : A — A contains at least two letters. Then there exist two distinct
sequencega,; n > 1) and(b,; n > 1) of letters, withi (a,+1) = a, andi(b,+1) = b,
for everyn; by definition ofi, there exist two minimal paths y € X5 such that, for every
n > 1, x goes through/ (n, a,) andy throughV (n, b,). But B is properly ordered, and
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we get a contradiction. We have shown that, folarge enough, the first letter of? (a)
does not depend an and by the same method the last lettes 6fa) does not depend on
a: o is proper. ]

4.2. A particular case. Let (d,; n € N) be a sequence of positive integers. We recall
that the inverse limit of the sequence of groW@gdods . . .d,Z), properly topologized,
endowed with the addition of 1 is called tle@lometer with baséd,;n € N). If
d =d, = dy+1 = dyy2 = - -+ for a certainm, then we say that the odometer is stationary
with stationary basé.

We can now prove the result in a particular case.

PROPOSITION16. Let B be a stationary, properly ordered Bratteli diagram with only

simple edges between the top vertex and the first levelgand — AT the substitution

read onB.

(i) If o is aperiodic, then the syste(X 3, V) is isomorphic to the systetX ., Ty ).

(i) If o is periodic, the systerX 3, Vi) is isomorphic to an odometer with a stationary
base.

Proof of (i). Consider the sequenc®,) of partitions associated with as in 83.4. The
ordered Bratteli diagram associated with this sequence of partitions as in 82.3 is Blearly
By Proposition 14 and Lemma 15, this sequence of partitions satisfies hypotheses (iii) and
(iv) of 82.3, thus(X,, Ty) is isomorphic ta X3, V3).

This proves (i), but we find it interesting to give an independent proof based on an
explicit construction of an isomorphism. The notations introduced here will be used in the
proof of (ii).

Letw : X — AZ be defined by:

Vx € Xg,Vk € Z,Va € A, (w(x))x = a if Vix goes throughV (1, a).

We claim thatr is an isomorphism betwedX 3, Vg) and(X,, Ty ).

The proof of this claim uses some definitions, which will also be used in the proof of
(ii). So we do not suppose thatis aperiodic for the moment.

7 is clearly continuous, and

moVp=Tom D

whereT is the shift on4Z. Remember thaX 5 is naturally endowed with a sequen@,)
of Kakutani—Rohlin partitions wher@,, is defined by the first + 1 levels: two paths
x,y € Xp belong to the same element ¢, if they agree until the levet + 1. In our
case,Q, is easy to describe. L& (n, a) be the set of paths € X5 such that:
(¢) x goesthroughV(n + 1, a);
(B) from the top vertex to the level+ 1, x consists of only minimal edges.

By induction, the number of paths from the origin to the vertax + 1, a) is equal to
lo"(a)| foralla € A and alln > 0, and the partitior®,, can be written:

O, ={VEK(m,a)lae A, 0<k <|o"(@)]}.
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We now definea magf : Xp — Xg. Letx € Xg be a path; fon > 1, letx(n) be
the label of the edge between the levels 1 andn the pathy goes through; we remark
that, for the class of Bratteli diagrams we consider, the sequarfieg n > 2) completely
determines: the edger (1) of x between the top vertex and the first level is determined by
its range, which is the source ©t2). For alln > 2, lety(n) bex(n — 1) andy(2) be the
label of the minimal element i'; of the set of edges which range at the source@).
The sequencéy(n); n > 1) determines a path € X,,, and we definegf(x) = y.

Clearly we have

S (xmin) = Xmin. (2
Suppose that the pathe Xg goes throughV (1, a). By construction of the Vershik map
we have

FVe) =V f@) and (Ve =V @lre) foralln>=1  (3)

moreover, ifo(a) = by...by, thenfor0< j < |o(a)| the pathvéf(x) goes through
V (1, bj41); therefore we have

mof=o0om. (4)
It follows thato (7 (xmin)) = 7 (xXmin), thusm (xmin) is the unique fixed poinb of o. By
(1), (2) and continuity we get(Xp) C X, andr(Xg) = X, by minimality.
By definition of f, for every lettex: we havef (K (0, a)) = K (1, a) andf" (K (0, a)) =
K (n, a) for everyn > 1 by induction. From (1) and (4) we get:
Va € A,¥n = 1L,Vjwith0 < j < |o" (@), n(V4K (1, @) C Tio"(a]).  (5)

Suppose now that is aperiodic. By (5);r maps different elements of the partiti@h, in
different elements of the partitioh, ; as the sequend®),,) of partitions spans the topology
of X, 7 is one-to-one and our claim is proved. O

Proof of (ii). We suppose that is periodic. Letp be the smallest period of its fixed point
o, andu = wyo, p), SO thatw is an infinite concatenation of the word As o (0) = o, it

is also an infinite concatenation of the wardu), and it follows thato (u) = u...u (d
times) for some integef > 1. Thus, for every: € A,

> M(©@)paluly = lo@)la = dlulq

beA
whereM (o) is the matrix ofo, defined by

foralla,b € A, M(0)p, 4 is the number of occurrences®in o (b).

In other words, the composition vect@r|,; a € A) of u is a left eigenvector o¥ (o)
for the eigenvalud. Thus, for every: > 0 and every: € A,

lo"Wla = d"|ula and [o" )| = pd".

As 7 mapsXpg onto X, and K (0, a) onto [a] for eacha, the partitionQy is periodic of
period p for Vg; this means that everyz-orbit visits the elements afg with period p;
moreover, each interval of lengghin eachVg-orbit visits the seK (0, a) |u|, times.
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Forn > 1, letK, be the base of the partitio@,, i.e. the union of the set& (n, a), and
W, be the transformation induced b on K,,. For eacht € K (0, a), f*(x) € K(n, a)
and the first return time of " (x) to K, is [c"(a)|, thus

W /") = V@1 1) = £ (Vi)

by (3), andf™ is an isomorphism ofX 3, Vi) to (K,, W,). This isomorphism maps the
partition Qg to the partitionk,, = {K(n,a) | a € A} of K,,. Therefore, the partitioRR,

is periodic forw, with periodp, and every interval of length of eachW,,-orbit visits the
setK (0, a) |u|, times. As(K,,, W,) is the system induced kX 5, Vi) on K,,, it follows
that the partitiorQ,, is periodic forVgz, with a period equal to

D o™ (@)lula = lo" w)| = pd".

acA
Finally, the sequence of partitiong, is nested, and spans the topologyX; 9, is
periodic of periodpd”. It follows that(X g, Vi) is isomorphic to the odometer with base
(p.d.,d,...). O

4.3. The general case. We turn now to the general case, i.e. without the assumption that
the edges from the top vertex to the first level are simple. The result follows immediately
from [Fo, Lemma 15] that we recalled in §2.5 (Lemma 9).

5. Return words and derivatives of a sequence

We present here a modification of the methodeifirn word and derivative sequences
introduced in Pul]. This method will be used in the next section to prove that every
substitution dynamical system is isomorphic to the system associated with some stationary,
properly ordered Bratteli diagram; and also in 88 in the study of factors of substitution
dynamical systems. As it can be interesting in itself, we present it here with more generality
than we actually need. The proofs which are not given here can be foubdin DuZ].

5.1. Return words. Throughout this section(X, T) is a minimal subshift on the
alphabetd, andx a given point ofX; x is uniformly recurrent (see §3.2).

Letu be a suffix ofr(_oc,—1) andv a prefix ofxg +«), and we assume that at least one
of them is not the empty word.

We define aroccurrence ofi.v in x to be an integer such thatvy, | »4v)) = uv.

Definition 11. A word w on A is areturn word tou.v in x if there exist two consecutive
occurrenceg, k of u.v in x such thatw = xy; x).

As x is uniformly recurrent, the difference between two consecutive occurrenaes of
in x is bounded, and the s&, , of return words ta:.v is finite. It is immediate to check
that a wordw € AT is a return word if and only if:

() wuwv e L(x) (i.e.uwv is a factor ofx);
(i) wvis aprefix ofwv andu is a suffix ofuw;
(iii) the worduwv contains only two occurrences ob.
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Remarks and notations.

(1) The statement (i) cannot be simplified: it is not equivalent te a prefix ands a
suffix ofw. For example, iiaaaa is a factor ofx then the word: is a return word
toaa.aa.

(2) From this characterization it follows that the set of return words does not depend on
the choice of the point, but only on the subshifX.

(3) If the sequence, or the subshif(X, T) in which we consider return words is not
clear from the context, we writ®,, ,(x) or R, ,(X) instead ofR,, ,.

(4) To avoid unnecessarily heavy notation, we wftg instead ofRy ,, .

LEMMA 17. The sefR, , is a code. Moreover, it is a circular code (Definition 9).

Proof. Let m be a word, and assume that can be written as a concatenation =
w1 ... wy Of return words. From the property (ii) of return words, it follows by induction
on j thatu is a suffix ofuw ... w; for 1 < j < k. By backwards induction; is a prefix of
wj...wgv forl < j < k. Thusu.v has at least +- 1 occurrences inmv = uws . .. wyv,
namely betweem andws; betweemnw; andw;1 for 1 < j < k; and between; and
v. By the property (iii) of return words;.v cannot have other occurrencesimv. The
decompositiom = w; ... wy of m is obtained in cutting the worgm v at each occurrence
of u.v; this decomposition is therefore unique, a@Rgl, is a code. Moreovey is a suffix
ofwy ... wgif lwi...wg| > |ul; andv a prefix ofw1 ... wy if Jw1...wg| > |v]. It follows
that if a sequence € AZ can be decomposed as a concatenation of return words, the
occurrences of.v in y are exactly the cutting points of this decomposition. From that we
deduce easily thak,, ,, is a circular code:

Letwy, ..., wj,w, w),...,w; € Ryy, s, € A* be as in the definition of a circular
code, andy be the periodic point

y=wi... w)® | (wi...w;)>*.
By the previous discussion, 0 is an occurrence.ofin y. But
y = (wwy...w)>r | s(wy ... ww)>®

andts = w € R, ,; again by the previous discussion, 0 is not an occurrenaevoh y,
exceptift is the empty word. ]

5.2. Derivatives of a sequencelt will be convenient to label the return words. Put
Ryv = {l, ceey CardRu.v)}

and let¢,, : R,, — Ry, be the bijection defined as follows: &, , be ordered
according to the rank of first occurrence i, +o), and ¢, (k) defined to be thé&th
element ofR,,,, for this order. Whem is the empty-word we sef, , = ¢,.

We consideR, , as an alphabet, angl, , as a map fron®, , to A™. The last lemma
can be stated as follows.

COROLLARY 18. ¢, , : R, — AT and¢,, : RZ, — A? are one-to-one.

v

The sequence itself is by construction a concatenation of return words, thus we can
define the following.
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Definition 12. Theu.v-derivativeof x is the unique sequen@®, , (x) on the alphaber,, ,
such that:

Guv(Dyp(x)) = x.

5.3. Topological interpretation. The notion of a derivative sequence is the
combinatorial analogue to the notion of an induced system, as we explain now.

Let u, v be as above. The cylinder sé¢tswv] for w € R, , are obviously pairwise
disjoint; they are included in the cylinder §etv] by the property (ii) of return words. Let
y € [u.v] andn be the smallest positive occurrencewod in y; thenw = yjg ) iS a return
word, andy € [u.wv]. Thus{[u.wv] | w € Ry} is a partition of[u.v]. Moreover, if
w € Ry, andy € [u.wv], the first return time o} to [u.v] is |w| by the property (iii) of
return words. It follows that

Q= {T/[uwv] | w € Ry, and 0< j < |w|}

is a Kakutani—Rohlin partition of, with basdu.v]. Using the bijectior, ., this partition
can also be written:

Q ={T/[u.¢uv(k)v] | k € Ry and 0< j < |0 (K)]}.
Let S be the shift O”Rfv andY the subshift spanned [y, , (x).

LEMMA 19. ¢,., is an isomorphism ofY, S) onto the system induced ¥, 7) on the
cylinder sef{u.v].

Proof. We know thaip, , : RZ, — AZ is one-to-one. As

v

Guv(Dyy(x)) =x
Z

u.v’

and, forally € R
Pun(Sy) = T gy ()

we getg, ,(8"D, ,(x)) € X for all n, thuse, ,(Y) C X. By definition of¢, ,, we have
Gun(Y) C [u.v].

Let z € [u.v]. There exists a sequen¢e) of integers such that”ix — z; as[u.v]
is open inX, for i large enougilix € [u.v], andn; is an occurrence of.v in x, it
follows thatT" x = ¢,.,(S5D, ,(x)) for somek;, andT" x € ¢,,(Y). Finally we get
Z € ¢y (Y) andeg, ,(Y) = [u.v].

Lety € Y andz = ¢,.,(y); the first return time of to [u.v] isn = |¢,.,(yo)|; thus
the image ot by the first return time transformation18'z = ¢, ,(Sy), and the lemma is
proved. m]

5.4. Return words and Bratteli diagrams.We consider now return words for longer and
longer prefixes of|g, +0) and suffixes ok, —1;. To avoid unnecessarily heavy notation,
we write, for alln > 1:

Rn =Ry _gxiony  Bn = Ruy _pxoms  Pn = Pxy_qyxiom -
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We get a sequence of Kakutani—Rohlin partitighswhere

P =T/ [x[—n,—1.wXj0.)] | w € R, and 0= j < |w]}
={T/Bux | k € Ryand 0< j < |, (k)|}

whereB, x = [X[—n,—1]-¢n(k)x[0,m)] fOr k € R,. The base oP, iS B, = [x[—n,—1].X[0,n)]-
Fixn > 1. Asx[_,,—1 is a suffix ofx;_,—1,—1j, andxg ) a prefix ofxg ,+1), €ach word
belonging taR,,+1 can be written as a concatenation of words belongirg,tpand it can
be done in a unique way. It follows that there exists a uniquemapr,+1 — R, with:

Pn 00y = Ppya.

Clearly, B,+1 C By,. Letk belong toR,+1, j1-..jm = on(k) andy € Byi1x. By
definition,y € B, j,. The orbit ofy climbs thej;th tower ofP,, then goes td,_;,, climbs
the joth tower of P, ... goes toB, ;,, climbs thej,th tower of P, and comes back to
B, +1. The sequence of elements®f the orbit of y visits before it returns tad,, 1 does
not depend on the pointe B,11«, thus the partitiorP,,1 is finer thanP,. The sequence
(P,) of partitions is nested in the sense of §2.3.

Moreover, (), B, consists exactly of the point, and the sequencg,) spans the
topology of X becausey|—, , is constant on each element Bf,. Thus this sequence
satisfies all the hypotheses (i), (ii), (iii) and (iv) of §2.3: it can be used to construct a
properly ordered Bratteli diagraih with (X3, Vi) isomorphic to(X, T), or to compute
the dimension group aiX, 7). It may be interesting to remark that the incidence matrices
of this diagram—uwhich are used to compute the dimension group—are the mafricgs
associated with the mapg and defined as follows.

Fori € R,y1andj € R,, (M(0y));,; = number of occurrences gfin o, (i).

6. From substitutions to Bratteli diagrams
6.1. In this section, we prove the second part of Theorem 1 in the form of the following
proposition.

ProOPOSITION20. The system associated with any (primitive, aperiodic) substitution
is isomorphic to the system associated with some stationary, properly ordered Bratteli
diagram.

Suppose first that the (primitive, aperiodic) substitutéoms proper. We can clearly
define a stationary ordered Bratteli diagr&nwith simple edges between the top vertex
and the first level, such that the substitution read3an the sense of 84 is exactly. This
diagram is simple becauseis primitive, and properly ordered becausés proper. Ass
is aperiodic, Proposition 16 of 84 says thiat,, 7,) is isomorphic to(Xg, Vi), and our
result is proved. We consider now the general case, without assuming that the substitution
is proper.

Remark.The proposition is partially proved ifrp]. Our approach differs from Forrest’s in
that we give an explicit (algorithmic) construction of a properly ordered Bratteli diagram,
and also of a proper substitution, defining a system isomorphi40 7 ); in particular, it
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leads to an explicit method with which to compute completely (i.e.: with the order and the
order unit) the dimension group of any substitution dynamical system: we do not make any
assumption on the given substitution—except of course that it is primitive and aperiodic.

6.2. A derivative of a fixed point of a substitutionLet o be a (primitive, aperiodic)
substitution on the alphabdt andx one of its fixed points. We write = x_1 and¢ = xg,
so thatr is the last letter o0& () and¢ the first letter of (£).

We use here freely the notations introduced in 85. But, as we consider here return words
tor.£ only, we writeR, R, ¢, D(x) instead ofR,.¢, Ry¢, ¢¢ andD,.¢(x), respectively.

We define now a substitutionon the alphabegk.

Letj € R, andw = wi...wr = ¢(j) € R. By the characterization of return
words (see 85.1), we havev? € L(o), w1 = ¢ andwy = r. Aso(x) = x, the word
o(rwt) = o(r)o(w)o (£) also belongs t& (o). Butr is the last letter o& (r), and¢ the
first of o (¢); it follows thatro (w)£ € L(o); and also that the first letter ef(w) is £ and its
last letterr: r¢ is a prefix and also a suffix of (w)£. Therefore, the word (w) appears
in x between two occurrencesot, thus it is a concatenation of return words, i.e. belongs
togp(R™);as¢g : R — AT is acode (Lemma 17), there exists a unique woed R* such
thato (w) = ¢ (u).

We definer (j) = u; 7 is a substitution on the alphabRt characterized by

potr=00¢.
It follows thatg o t”" = ¢" o ¢ for eachn > 0.
LEMMA 21. t is proper, primitive, aperiodic, an®(x) is its fixed point.

Proof. Recall thaip (1) is the first elementin the decompositiom@f, 1) in return words,
i.e. thatg (1)€ is a prefix ofxg, +0). Letn be so large thaz" (£)| > [¢(1)|. Asc™(¢£) and
¢ ()¢ are both prefixes ofjo,+o0), ¢ (1)€ is a prefix ofe” (£). Let j € R, andw = ¢ (j).
As ¢ is the first letter ofw, o (£) is a prefix ofa” (w), and thusp (1)¢ is also a prefix of
o (w). It follows that¢ (1) is the first element in the decompositionodf(w) = ¢ (t"(j))
in a concatenation of return words, i.e. that 1 is the first lettef’¢§).

Letm = (D(x))_1: r¢(m) is a suffix ofx_~, —1;, and the same argument shows that,
for everyn large enough and evepye R, m is the last letter ot” (j): t is proper.

Let k > O be an occurrence of¢ so large that every return word € R appears in
the decomposition aof(g 1), i.e. that everyj € R occurs in the word: € R defined by
¢ (u) = x0,%); letn be so large tha” (¢)| > k. Leti, j € R. As abovex(g )¢ is a prefix
of o (£), which is a prefix ofe (¢ (i)) = ¢ (" (i)). Thusu is a prefix oft" (i), and
occursint”(i): T is primitive. Moreover

¢(t(D(x))) = 0 (¢(D(x))) =0(x) =x = p(D(x))

thust (D(x)) = D(x) by the unique decomposition property, al¢r) is the unique fixed
point of . As¢(D(x)) = x is not periodic,D(x) is not periodic and the substitutianis
aperiodic. ]
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6.3. Proof of the Proposition 20. The proof of the announced result is almostimmediate
from this point. LetA be the stationary, properly ordered Bratteli diagram naturally
associated ta: it has simple edges between the top level and the first level,raisd
the substitution read on it.

Let B be the stationary, properly ordered diagram which is identical &xcept that,
for eachj € R, the top level is joined by ()| edges to the verteX (1, j). We claim that
(Xo, Ty) isisomorphic ta X, Vg).

In 84 we have constructed an isomorphismt from (X., T;) to (X 4, V.4). For every
J € R, this isomorphism maps the cylinder $¢t of X, to the subset ok 4 consisting of
the paths which go through the verte€x1, j). Thus the system&X,, T,) and(Xpg, Vi)
are constructed in putting Kakutani—Rohlin towers of the same height over subséts of
and X 4 respectively, which correspond via this isomorphism: hence these systems are
isomorphic. ]

6.4. The dimension group of a substitution dynamical systefthe above construction
allows us to compute the dimension group of any substitution dynamical system, including
the order and the order unit.

Wheno is a substitution on an alphabat we let M (o) denote its matrix; it is the
|A| x |A| matrix, with rows and columns indexed By defined by:

fora,b € A, M(0),.5 is the number of occurrencesdin o (a).

Let us recall the definition of the dimension group, K1, 1) of ad x d matrix M with
nonnegative integer entries. Define:

G ={n €Q?|3n > 0suchtha” i € 29}

Gy ={n €Q?|3n > 0suchtham"m e z%)

H={7 Q|3 > 0suchthatM" 7 = 0}
K =G/H; K istheimageof5; in K

andlis the image inK of the vector_l) =(@{1,...,1.

THEOREM22. Leto be a (primitive, aperiodic) substitution on the alphaBet

() If o is proper, thenk (X, T,) is isomorphic to the dimension group of the matrix
of o as ordered groups with order units.

(i) Inthe general case, lat be the substitution on the alphab®tand¢ : R — A™
the morphism defined in 6.2. Thé&?(X,, 7,,) is isomorphic as ordered group to
the dimension group of the matrix of through this isomorphism, the order unit of
K%X,, T,) corresponds to the image of the vecta#(j)|; j € R) in the dimension
group of this matrix.

Proof. If o is proper, thenX,, T,) is isomorphic to(Xg, Vi) whereB is a stationary,
properly ordered Bratteli diagram (see §6.1) with simple edges between the top vertex and
the first level, and> is the substitution read o8. The incidence matrix of8 is M (o)

at each level, and the result follows immediately from the computation of the dimension
group of the system associated with a Bratteli diagram (Theorem 6).
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In the general case, |1& be the Bratteli diagram constructed in §6.3. At each level,
its incidence matrix is the matrix af; it has|¢ ()| edges between the top vertex and the
vertex of labelj in the first level, and the result follows. |

6.5. An example. The setsR and R, the map¢ and the substitution on R can be
computed in an explicit way from the substitutienas shown in the following example.
Leto be the substitution defined on the alphaktet {a, b} by:

o(a) = aba o (b) = baab.

This substitution is clearly primitive, and it can be checked that it is aperiodic.
Let x be the fixed point oé such thatt_; = b andxg = a:

x = ... abaababaab | ababaababa . ..

where the vertical bar separatgs ., 1) 0f x[0,+o0) @s usual. A$a is a factor ofo (a), x
is admissible.

As baba is a factor ofx, w1 = ab is a return word td.a; wy is in fact the first return
word in the decomposition ofjp, ), thus we sep (1) = wy. We have:

o(w1) = ababaab = wiwiw?r

wherewy = aab is necessarily a return word; we g8t2) = wp, and we get (1) = 112.
We have:

o (wz) = abaababaab = wiwowiwy

thust(2) = 1212. As the substitution is primitive, the alphabeR cannot contain any
other letter, thugk cannot contain any other return word. We get:

R ={1,2}; R ={ab,aab}; ¢p(1) = ab; ¢$(2) = aab; t(1) = 112 ©(2) = 1212

We can check that, as announced, the substitutisnprimitive, aperiodic and proper;
its fixed point is
y=...121211212121121121212...

which is equal tdD(x), and thus satisfieg(y) = x.
Let us compute the dimension group of the substitution dynamical systen¥y ); we

use the notations of §6.4.
2 1
M(z) = (2 2) .

Here the matrixM (7) is
The determinant o# (¢) is not zero, thusf = {0} andK°(X,, T,) = G.

As the determinant af/(t) is two, for everym € G there exists an integér> 0 with
27 e Z2. Moreover, it is easily checked that, for every integer 0 there exists an
integern > 0 such that all the coefficients af (7)" are multiples of 2. It follows that

KXo, T,) =G ={2%a,27%b) |a,be Z, k =0} c Q°.
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With p = 2 + /2 (the Perron—Frobenius eigenvalue) we have

2V20 "M (t)" — <\;§ \/15) asn — +oo.

It follows that
K)(Xo,T,) = G4 = {(@. B) € K°(Xo, Ty) | av/2+ B = O
The order unitisl = (2, 3).

7. Construction of a proper substitution
We use the notation of the preceding section.

By Lemma 9, there exists a stationary, properly ordered Bratteli diagraith simple
edges between the origin and the first level, which is order equivaléhtnd thus defines
an isomorphic system. From Proposition 16 we know i#t, T,,) is isomorphic to
(X¢, Tr), whereg is the substitution read ofy this substitution is proper by Lemma 15.
This is illustrated in Figure 4 (82). In fact the left-hand diagram correspong&mdr),
while the right-hand diagram correspond€tand¢).

It is perhaps interesting to give an explicit and direct construction of suctvighout
the use of Bratteli diagrams. This will provide an alternative proof of Proposition 20, in the
formalism of substitutions. Moreover, this construction is perhaps more algorithmic than
the one arising from Lemma 9 proved by Forrest. The work is done using the following
proposition, which is a modification of an unpublished result from Rauzy.

PrROPOSITION23. Lety be an admissible fixed point of a primitive substitutioan the
alphabetR, A an alphabetp : R — AT a one-to-one maps = ¢(y) and (X, T) the
subshift spanned by.

There exist a primitive substitutianon an alphabeB, an admissible fixed pointof ¢
andamap : B — A such that:
(i) 0@ =x;
(i) if ¢(R) is a circular code, thed is an isomorphism fromiX,, 7;) to (X, T);
(iii) if ¢ is proper, thert is proper.

From (i) it follows that¢ is aperiodic whenever the sequencis not periodic.

Proof. The proofis very simple, but the notations are, in an inescapable way, a bit heavy.
Substituting a power of for t if needed, we can assume that;j)| > |¢(j)| forall j € R.
Forall j in R, we writem ; = |t(j)| andn; = |¢(j)|. We define:
° an alphabeB by B ={(j,p) | je R, 1L < p <n;};
e amap: B— Aby6(j.p) = ()
. amapy : R — Bt byv(j) = (j, D, 2 ...(Jnj).

Clearly,6 o ¢ = ¢.

We define a substitution on B by:

tlf((r(j))p) ifl1<p<n;j
forjinRand 1< p <n;, ¢(j,p) =

I/f((f(j))[nﬁ mj]) if p=nj,
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sothat, forevery € R, (¥ (j) =¢(, D ...¢(j,nj) =¥ (x (), i.e.
(oY =yYor (6)

and it follows that
"oy =y ot foralln>0.

We claim that is primitive. Letn be an integer such thatoccursint” (a) foralla, b € R.
Let (j, p) and(k, g) belong toB. By construction (j, p) containsy (z(j),) as a factor,
thuszt1(j, p) containss (Y (t(j) ) = ¥ (" (z(j)p)) as a factor. By the choice af
k occurs int” (t(j) ), thusy (k) is a factor ofyr (" (z(j),)) and also ot"*t1(j, p). As
(k, q) is a letter ofy (k), (k, ¢) occurs ing"+1(j, p) and our claim is proved.

Letz = ¥ (y). From (6) we get (z) = v (z(y)) = ¥(y) = z, andz is a fixed point
of ¢. By constructiong is uniformly recurrent, thus it as an admissible fixed point of
Moreoverf(z) = 0¥ (y)) = ¢(y) = x, and (i) is proved.

Proof of (ii). Asé commutes with the shift and map$o x, it mapsX, ontoX. It remains
toprovethadt : X, — X isone-to-one. Let € X. By definition ofX, there exisy € X,
and an integep, with 0 < p < |¢(y0)|, such thatr = T?¢(y). Let 8 be an element of
X with 6(B) = «. By definition of, there exist somé € X, and some integey, with
0 < ¢ < |¥(80)|, such thais = wa(a); it follows thatT9¢ (8) = 6(B) = a = TP¢(y);
as 0< g < |¥(8)| = |¢(8)] by construction ofyr, and¢ (R) is a circular code, it follows
thatd = y andg = p, thusg = T;I/f(y): B is uniquely determined by, and6 is
one-to-one.

Proof of (iii). Let¢ € R be the letter such thdtis the first letter oft (k) for everyk € R.
Let (j, p) € B, andk = 7(j),. By definition of¢, the first letter o (j, p) is (k, 1), and
the first letter ofz2(j, p) is the first letter of (k, 1), i.e. (¢, 1). By the same method, if
is the last letter of (k) for everyk € R, then the last letter of2(j, p) is (r, n,) for every
(j, p) € B. O

The example of 86.5 continue&s |t(j)| > |¢(j)] for j = 1, 2, we need not to consider
a higher power fot. We haven1 = 2,m1 = 3,n2 = 3 andmg = 4.
The alphabesB is:

B={(1,1), (1,2, (2,1), (2,2, (2,3)}.
The map® : B — Aandy : R — BT are given by:

01D =a; 61L2D=b 0R2D=a 6022=a 0623 =b
YD =1DA2; ¢¥@)=2DE222S3.

We now compute the substitutignon B:

(LD = Y@y = ¥v@ = LDA2

(1.2 = YyDprz) = ¥v1A2 = @1 DA 22 D2 223
(2,1 = Y@@y = ¥v@ = LDA2

£2,2) = Y22 = ¥v@ = 2DE2223

12,3 = Y(Ta4) v(12 = 1.DA 292 D2 22Z73).
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To simplify the notation, we put:
a=11; B=12; y=@21: 6§=(22; e=(273
andB = {a, B, v, 8, €}. The substitutiors and the map : B — A can be written:

f(a) =af;  ¢(B) =aByde; ¢(y)=oaB; () =yde; ((e) =aPfyle;
0@ =a;, 06PB)=b; 6()=a; 06@)=a 0()=b.

¢ is proper: for everyn € B, « is the first and the last letter ot 2(m). The fixed point of
Zis:

z=... afydeafydeaByde | afafydeafaByde ....
We haved (z) = x; 6 is an isomorphism froniX,, Ty) to (X, T), and henc€X,, T,) is
isomorphic to the Bratteli-Vershik system associated with the stationary, properly ordered
Bratteli diagram naturally derived from

8. Cantor factors of substitution subshifts
In this section we prove Theorems 3 and 4.

In 88.1 we introduce the notion of linearly recurrent subshifts and prove some properties
of such subshifts. In 8.2 we prove Theorem 3 and we show that a minimal Cantor system
which is a factor of a linearly recurrent subshift is either isomorphic to a subshift or to an
odometer. This last result is the core of the proof of Theorem 4, given in 88.3.

8.1. Linearly recurrent sequences and subshifts

Definition 13.We say that a sequenaeon a finite alphabet ifinearly recurrent (with
constantk € N)ifitis recurrent and if, for every factar of x, the difference between two
successive occurrencesoin x is less thark |u].

THEOREM24. Letx be a linearly recurrent aperiodic sequence with const&nfThen:
(i) the number of distinct factors of lengttof x is less than or equal t& »;

(i) xis (K + 1)-power free (i.eu®*1 e L(x) if and only ifu = @);

(i) forallu € L(x) andforallw € R, we have(l/K)|u| < |w];

(iv) forallu € L(x), CardR,) < K(K + 1)2.

Proof. We begin with a remark. Let be a positive integer ande £(x) a word of length
(K +1n—1. Letv € L(x) be aword of lengtl. The difference between two successive
occurrences of is less tharKn, consequently has at least one occurrencevofWe have
proved that: for each, all words of lengthn occur in each word of lengttk + 1)n — 1.
From this remark we deduce (i).

Letu € £(x) be a word such that*1 e £(x). Each factor ofc of length|u| occurs
in «X+1, But at the mostu| distinct factors of lengthu| of x occurs inuX*1. This
contradicts the aperiodicity aof.

Assume there exist € L(x) andw € R, such thatju|/K > |w|. The wordw is a
return word tou thereforeu is a prefix ofwu. We deduce thavX is a prefix ofu. Hence
wX+1 belongs toL(x) becausevu belongs toL(x). Consequentlyy = ¢ and (i) is
proved.
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Let « be a factor ofr andv € L(x) be a word of lengthK + 1)?|u|. Each word of
length(K + 1)|u| occurs inv, hence each return word #ooccurs inv. It follows from (iii)
that inv will occur at the mosK (K + 1)2|u|/|u| = K (K + 1)? return words ta:, which
proves (iv). ]

We say that a subshift iinearly recurrent (respectively K-power fre@ if it is
minimal and contains a linearly recurrent (respectivklypower fre@ sequence. If a
subshift(Y, T') is linearly recurrent (respectiveli -power free) then by minimality all
sequences belongingYoare linearly recurrent (respectiveli~power free). The following
proposition was first proved irbul].

ProPOSITION25. All substitution subshifts are linearly recurrent.

Proof. Let t be a substitution od. Let u be a word of£(z) andv be a return word to
u. A well-known property of substitutions (se@1(l]) asserts that there exists a constant
such that for all positive integeks

St = supl|t¥(@)| | a € A} < Cinf{|z*(a)| | a € A} = CI.

Letk be the smallest integer such thiat> |u|. The choice ok entails that there exists a
wordab € L(t) of length two such that occurs int*(ab). Let R be the largest difference
between two successive occurrences of a word of length twigof. We have

[v]| < RSy < RCIy < RCS11;—1 < RCS1]|ul.
The subshift spanned hyis linearly recurrent with consta®C S;. a

Remarks.Let ¢ be a factor map from the subshifk, 7) on the alphabe#d onto the
subshift(Y, T) on the alphabeB. A classical result (Theorem 6.2.9 ibN1] ) asserts that
¢ is asliding block code That is to say there exists a non-negative integandr-block
mapf : A2+ — B such thai(p(x)); = f(x[i—ri+s) foralli € Z andx € X. We shall
say thatf is ar-block map associated with.

Whenr = 0 (i.e. whenf is a map fromA to B), theng is the restriction taX of the
extension fromAZ to BZ of f introduced in §3.1.

Suppose now that is a positive integer. 1t = wuou1...u, is a word of length
n > 2r + 1 we definef(u) by (f(w)i = f(uiit2)), i € {0,1,...n —2r}. LetC
denote the alphabet?” *1 andZ = {((x[_+i,+i1);i € Z) € C? | (xu;n € Z) € X}. Itis
easy to check that the subshif, T) is isomorphic ta X, T') and thatf induces a 0-block
map fromC onto B which defines a factor map frotx, T) onto (Y, T).

PROPOSITION26. Let (X, T) and (Y, T) be aperiodic subshifts such th&y, T) is a

factor of (X, T). Then:

(i) If (X, T) is linearly recurrent with constank then (Y, T) is linearly recurrent.
Moreover there existgg such that: for allu € £(Y), of length greater thang, and
forall w € R, we haveu|/2K < |w| < 2K |u| andCardR,) < 2K (2K + 1)2.

(iiy If (Y, T)is K-power free, thergX, T) is L-power free for somé..

Proof. We denote by the alphabet ok and byB the alphabet of. Lety : (X, T) —
(Y, T) be a factor map. Lef : AZ+1 — B be a block map associated with
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Let u be a word of£(X) of length|u| > 2r + 1 andv be a word of£(Y) defined by
fu) = v. We havelv| = |u| — 2r. If w is a return word ta then|w| < max|s| | s €
R,} < Klu| < K(Jv| + 2r). The subshift(Y, T) is linearly recurrent with constant
K(@2r + 1). Moreover, for allv € L£(Y) such thatjv] > 2r, and for allw € R,,
lw| < 2K|v].

Suppose there exists a wosdof lengthn > 2r such thatw?S+1 belongs toL(Y).
Each word of lengtl occurs ine?§ 1, But in «?X*1 at mostj«| = n words of length
occur. This contradicts the aperiodicity@f, 7), thereforax is the empty word. The same
arguments we used to prove point (iii) of Theorem 24 complete the proof of (i).

Assume thaty, T) is K-power free. Suppose that there exists a wordreater than
2r + 1, such thau®+ is a factor ofx. Let w be f (uujo.2-—17). The wordwX is a prefix
of f(u'X*+D), hencew is the empty word and the same farThis completes the prodfl

COROLLARY 27. Let(X, T) and (Y, T) be two isomorphic aperiodic subshifts. Then:
(i) if (X, T)is linearly recurrent, ther(Y, T) is linearly recurrent;
(iiy if (X, T)is K-power free for som&, then(Y, T) is K-power free.

8.2. Chains of factors. A chain of factor maps of length is a finite sequence¢y;
(Yiy1, Tiv1) — (Y, T;); 0 < i < n — 1) of factor maps of minimal Cantor systems:
Yn. Tn) 5 (Yyo1, Taop) 255 - 5 (Y1, T1) > (Yo, To).

The notion ofsubchainis implicitly defined. A chain igoroperwhen none of the;s are
isomorphisms.

Let(y; : (Y;41,T) — (Y;,T);0 < i < n — 1) be a chain of subshift factor maps.
A remark in 88.1 implies that by substituting, if needed, same7T') by an isomorphic
subshift, we can suppose that for each {0, ..., n — 1} the factor mayy; is defined by a
0-block map.

Proof of Theorem 3The subshift(Y, T) on the alphabeti is linearly recurrent with
constantk. Let(y; : (Yi+1,T) — (Y;,T); 0 <i <n — 1) be a proper chain of aperiodic
subshift factor maps of lengthsuch that¥,,, T) = (¥, T). Substituting, if needed, some
(Y;,T), 0 < i < n— 2, by an appropriate isomorphic subshift we can assume that the
factor mapsy;, 0 < i < n — 2, are given by 0-block maps; from the alphabet of;1
to the alphabet of;. We do not changé€Y, T) andy,_1 because it would change the
constantk . It follows from Proposition 26 that there exists a positive integesuch that:
forall0 <i <n—1,forallv e L(Y;) such thaiv| > ng and for allw € R, we have
lv|/2K < |w| < 2K|v|. We choose a word,_1 of L(Y,,—1) such thatv,_1| > ng.

Leti € {0,...,n — 2}. The factor mapy;yi+1...y,—2 iS given by the 0-block-
mapy = ¥;¥Viy1-.-Va_2 Letv; = ¥(v,—1). If wis a return word tov,_1, then
¥ (w) is a concatenation of return words #p. Therefore we can define a unique map
Ai 1 Ry, | — R;fl_ by ¢, 1i = ¥y, , (See 85.2). Ley be a word ofL(Y;). A word of
lengthn of L(Y;) has at the mostRn/|y| occurrences of. From this we deduce that for
allainR,, ,

2K Y (¢y,_,(@))] - 2K |py,_(a)] _ 2K?|vy_1|
[vi - [vi - [vi

[2i(a@)| = = 2K2.
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Recall that Car@R,,) < 2K (2K + 1)° (Theorem 24).

The length of the image of each letter under the mgp0 < i < n — 2, and the
cardinality of the alphabetR,, , andR,, are bounded independently ofandi. Hence
the set of mapsa;, 0 < i < n — 2, is bounded independently efandi, more precisely it
is bounded by

(2K (2K + 1)2)41<3(21<+1)2 -D.

Assume that is greater tham + 2, in this case there exist two integersp < g <n—2
such that, = A,4. Let p be the 0-block map v ,_1...7,_1. It defines a factor map
from (Y, T) onto(Y,, T). We want to prove that(R,,) = Ro,.

The definition ofv, andv, implies thatp(v,) = v,. Let w be a return word
to v,. The wordp(w) is a concatenation of return words tg. Suppose thap(w)
is a concatenation of at least two return wordsvto There exist$» € R,, ; such
thaty, ...V, 2(#y,_,(b)va—1) has an occurrence abv,. Consequently the number
of occurrences of return words tg, in y,...7,_>(¢y,_,(b)v,—1) is greater than the
number occurrences of return wordsupin y; ... 7, _»(¢y,_; (b)v,—1). That is to say,
[Aq(B)| < |2, (D), which contradicts that, = A,;. Thereforeo(R,,) C Ry,

Let w be a return word tw,,. If there is no return wora to v, such thato(x) = w,
then as above we can prove that there exists a létteelonging toR,, , such that
|Ag(B)| < |2, (b)|. We obtaino(R,,) = Ry,

Moreover CardR,,) = CardR,,), hence the letter to letter morphismrestricted to
the set of concatenations of return wordsjois a bijection from the set of concatenations
of return words tov, onto the set of concatenations of return wordsvto This
induces an isomorphism froig¥,, T) onto (Y, T) and proves thay,ypi1...v4-1 IS
an isomorphism. This contradicts the fact thats the length of(y; : (Yi;1,T) —
Y;, T);0<i<n-1). O

PROPOSITION28. Let (Y, S) be a Cantor system which is a factor of a linearly recurrent
subshift. TheriY, S) is either isomorphic to a subshift or to an odometer.

Proof. Let (X, T) be a linearly recurrent subshift with constaatand letA : (X, T) —
(Y, S) be a factor map. LetP, = {P(n,1),..., P(n, py)} | n € N) be a sequence of
partitions ofY such that:
(i) each element of these partitions is clopen;
(i) Pp < Pus1;
(i) the sequencé&P,; n € N) separates the points &f

Letn be a positive integer. We sdt, = {1, ..., p,} and we defineamap: ¥ — A,
by §(x) =i if and only if x belongs toP (n, i). Letg, : ¥ — A,z, be the map defined by
(n(x)); = 8(S(x)) foralli € Z. We setY, = ¢,(Y). The mapy, is a factor map from
(Y, S)onto(Y,, T).

Property (ii) implies that there exists a 0-block map frag.1 onto A,;, which induces
a factor mapy, : (Yp+1, T) — (Y, T) satisfyingy,¢n+1 = ¢,. We have the following
scheme:

(X.T) 25 (7.8 23 (V0. 1) 25 v, T) 250 2 (v 1) 2% (vo. T).
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Let Q be the sef{(xg, x1,...) € Hj;"(‘)’Yi | yi(xi+1) = x;,i € N} Itis the inverse
limit of the sequencé(Y;, T), ¢;; i € N). We endow2 with the topology induced by the
infinite product topology. Endowed with this topologyis a Cantor set. Clearly, the map
U : Q — Q defined byU ((xo, x1,...)) = (Txg, Tx1,...) is a homeomorphism. The
reader can check tha2, U) is a minimal Cantor system. In what follows we prove that
(22, U) isisomorphic tay, S).

Lety : (¥,S) — (2,U) be the map defined by (x) = (¢o(x), p1(x),...). It
is easy to see that is a factor map. It remains to prove thatis one-to-one. Let
x and y be elements ofr. It follows from property (iii) that there exists an integer
nand 1< i < j < p,suchthatx € P(n,i) andy € P(n,j). Hence we have
on(x)o = i # j = @u(y)o. This implies thaty(x) # y(y). Thereforey is an
isomorphism.

Taking the sequence of partitio(#8,; n > [) for somel € N, if needed, we can suppose
that either:

()  none of the subshiftéy,,, T) are periodic; or
(i) each subshifty,, T) is periodic.

Assume that(P,;n € N) fulfills (i). The subshift (X, T) is linearly recurrent;
consequently Theorem 3 implies that there exigise N such that for alli > ng the
subshift factor map, : (Y41, T) — (Y, T) is an isomorphism. Then it is easy to check
that(Y,,, T) is isomorphic to(€2, U) anda fortiori to (¥, S).

Suppose (ii). For each € N the subshift is finite and we sg} = CardY,. Clearly
(Y, S) is isomorphic to the odometer with ba@g; n € N). O

8.3. Cantor factors of substitution subshiftsWe now give a condition for a subshift to

be isomorphic to a substitution subshift. Then we prove that under some assumptions
a Cantor factor of a substitution subshift is isomorphic to a substitution subshift. We
conclude this section with the proof of Theorem 4.

PROPOSITION29. Letx be a uniformly recurrent sequence. ket xjo ) andv = xjo.7,
n < [, such that eaclwu, w € R,, occurs in each return word te. If D,(x) = D,(x)
then:

(i) D,(x)is a substitution fixed point; and

(ii)  the subshift spanned hyis isomorphic to a substitution subshift.

Proof. We haveD, (x) = D,(x) henceR, = R, = R. It follows from the hypothesis
that each return word tois a concatenation of return wordsitoThis allows us to define

a morphismz : R — R' by ¢,¢ = ¢,. The reader can check that it is a substitution.
Moreover, we have

Dul(Dy(x)) = ¢pp(Dy(x)) = ¢y (Dy(x)) = x.

The unicity of D, (x) implies that; (D, (x)) = D, (x). This proves (i).
We havex = ¢,(D,(x)) and Lemma 17 asserts that(R) = R, is a circular code.
Proposition 23 completes the proof. ]

Proof of Theorem 4Let (Y, S) be a minimal Cantor system which is the factor of a subshift
spanned by a substitutian: A — A*. Two cases appear (Proposition 28):
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(i) (v, S)isisomorphic to a subshittv, T);
(i) (v, S) isisomorphic to an odometer.

Assume thaty, S) fulfills (i). Let B be the alphabetd¥. Lety : (X;,T) - (W, T)
be a factor map ang : AZ+1 — B an associated block-map. Conside? ! as an
alphabet that we denote [&y. Let X be the se{((x(s—rn+r);n € Z) € CZ | (xp:n €
Z) € X.}. The subshiftX, T) is isomorphic to(X, T) and f induces a 0-block map
from C to B which defines a factor map : (X, T) — (W, T). In [Qu] a substitution
o : C — Ctis defined in the following way:

o((cy...c2r41)) = (dida. . .dor41)(dod3 . . .dor42) ... (dir(ep)diz(ep+1 - - - Dir(er)|+2r)

wheret(c1...c241) = did2...d,. Let (y,; n € Z) be afixed point ot, and remark that

Y = ((yn...yns2-); n € Z) is afixed point ofr and belongs tX. Thereforer spansx.

In [Dul] it is proved that the image by a 0-block map of a one-sided substitution fixed
point has a finite number of derivative sequences. The proof can be adapted to bi-infinite
sequences to obtain that the §BY,(z) | u = z[0,,], n € N} is finite. We apply this result

to the uniformly recurrent sequengé&y”’) which spandW: there exists: andv fulfilling

the hypothesis of Proposition 29. Hen@#, T), anda fortiori (Y, S), is isomorphic to a
substitution subshift.

Now we suppose that’, S) is isomorphic to the odometer with bage,; » € N). To
prove that this odometer has a stationary base it suffices to prove that thel3olb peime
numbers dividing somg,, is finite.

We choose, [ € A satisfying the requirement (i), (ii) and (iii) in §3.3.2. Letbe a
return word to.l. Let p be a prime number df. The systemiZ/pZ, x — x+1(modp))
is a factor of(X,, T). Consequently there exists a positive integgsuch thatp divides
12" @) = Y gen (M(T)*(ula; a € A)), forall n > no. Let P(X) = Y14 ¢; X' be the
characteristic polynomial of/ (z)". We know thatg = det M (t)") and, by the theorem
of Cayley—Hamilton, tha (M (t)")(Juls; @ € A) = 0. It follows that p dividesco|u|,
hencep divides|u| detM (). We conclude that the sétis finite.

Suppose now that, S) is a minimal Cantor system which is a factor of an odometer
with stationary basép, g, ¢, ...). Let (P,; n € N) be a nested sequence of partitions of
Y. Letn € N. Let (Y,, T) be the subshift associated to the partitiBn (see the proof
of Proposition 28). It is easy to check that this subshift is finite and its périativides
pq' for somei. Hence the set of prime numbers dividing sokpds finite and(Y, S) is
isomorphic to an odometer with stationary base. |

9. One-sided systems

The motivation of this section lies in the fact that people working with substitutions often
consider only one-sided fixed points, bypassing the difficulty of admissibility which occurs
when considering two-sided ones. One is lead to consider one-sided substitution dynamical
systems, defined as the closure of the orbit of some one-sided fixed pdilit iafter the

basic definitions, we shall introduce here the dimension group of an one-sided system
and explain its relations with the dimension group of (ordinary, i.e. two-sided) dynamical
systems. It will lead us to an alternative method—which could be called one-sided—to
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compute the dimension group of a substitution dynamical system; more precisely, it uses
the return words o# only, instead of the return words ert used in §6.

9.1. Definitions

Definition 14. A one-sided dynamical systdiX, T') is a compact metric spaceendowed
with a mapT : X — X which is continuous and onto.

Recall that we say thdiX, T') is a dynamical system when in additi@nis also one-to-
one. The most classical examples of one-sided systems are one-sided subshifts.

Definition 15.Let A be an alphabef the shift onAN defined by(Tx),, = x,41 for all
x € ANand alln € N, andX a closed subset ofN with 7X = X. We say thatX, T) is
aone-sided subshift oA.

The one-sided subshif, T') is said to beminimalif the only closed set#' of X with
TF = F arey) andX; it implies that the only closed seBswith TF C F are@ andX.

Some of the one-sided dynamical systems can also be associated with ordered Bratteli
diagrams: a simple ordered Bratteli diagram is said tedmi-properif it has only one
minimal path. For such a diagraandx € Xp, we defineVgx as usual ifx is not
maximal, andVzx to be the minimal pathmin if x is maximal. The systeriXg, Vg) is
then a minimal one-sided system. But such a system is very particular: it has only one
point—namelyyyin—with several preimages. In fact, there is no clear method with which
to associate a Bratteli diagram with minimal one-sided Cantor systems in general.

9.2. The natural extension. Given a one-sided syste@X, T') there exists a dynamical
system(X, T) and a factor mag : X — X such that:

For every dynamical systeitY, S) and every factor map : Y — X there
exists a unique factor map: ¥ — X with 7 o p = ¢.

The triple(X, T, 7r) with this property is unique up to isomorphism in an obvious sense.
It is calledthe natural extension ofX, T').

Let us recall one of the possible constructions. Xétbe endowed with the product
topology, andX be the subset okZ consisting of the points = (x,; n € Z) with
xnp1 = Tx, foralln € Z. X is closed inX?, it is not empty becausE is onto, and it is
invariant under the shift akZ. Let T be the restriction of this shift t&, andz : X — X
be defined byr (x) = xo. (X, T, ) satisfies all the announced properties and thus can be
called the natural extension @X, 7). From this construction it follows that:

() X isaCantor setif is a Cantor set;

(i) (X, T)is minimal if and only if(X, T) is minimal;

(iii) for every clopen set/ of X there exists: > 0 such thatr(T"U) is clopen and
T—"U = 7 1n(TU).

An alternative construction is possible whéx, T) is a one-sided subshift on some
alphabetA: let £(X) be the language aof, i.e. the set of words oA which are factors
of x for somex € X; let (X, T) be the (two-sided) subshift associated with this language:
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X is the set ofy € A% every factor of which belongs t6(X), andT be the restriction of
the shift ofAZ to X. The projectiont : A — AN mapsX ontoX, and(X, T, ) is the
natural extension ofX, 7).

9.3. The dimension group of a one—sided systein. this subsection we assume the
spaces we encounter are Cantor sets.

A dimension group can be associated with every Cantor minimal one-sided system
(X, T), exactly as for dynamical system$&iRS]: let arC(X,Z) be the group of
coboundaries, i.e. the set of functions which can be wrigtego T for someg € C(X, 2).

KO9(X, T) is the quotient groug' (X, Z)/ar C(X, Z); K?r(X, T)istheimageot”(X,Z)

in this quotient; andl the image of the constant function 1K%(X, T), K?r(X, T)) is
an ordered group, anblan order unit. The tripléK°(X, T), K?r(X, T), 1) is called the
dimension group of the one-sided systexn 7). (That it actually is a dimension group
follows from Proposition 32.)

The dimension groups of one-sided systems share some of the properties of those of
dynamical systems. In particular, as B\V], we have the following.

LEMMA 30. Letg : (X, T) — (¥, S) be a factor map between two one-sided systems.
Then the corresponding homomorphigin: K%Y, S) — K9(X, T) is one-to-one, and
*(KI(Y, 8) = KQ(X, T) N ¢*(KO(Y, 5)).

Moreover, we have the following.

PROPOSITION31. Let(X, T, ) be the natural extension of the one-sided syst&nt’).
Thenn* : KO(X,T) - K9(X, T) is an isomorphism of ordered groups with order units.

Proof. By Lemma 30, we have only to prove that is onto. Lete € K%X, T), and
f € C(X,Z) arepresentative af. From the remark (iii) of §9.2 it follows that there
exists an integer > 0 such thatf o T" factorizes througlX, i.e. is equal tqg o 7 for
someg € C(X, Z). If Bisthe class of € K%(X, Z), thenz*(B) is the class off o T" in
KO(X, T), which isa. O

Let (Y, S) be a Cantor minimal one-sided systegiX, 7, ) its natural extension. When
we want to compute the dimension group(sf S) or of (X, T), we are often lead to use a
sequence of Kakutani—Rohlin partitionsXfwhich does not satisfy either the hypotheses
(iii) or (iv) of 82.3. We have to work with weaker conditions, and the next result cannot be
obtained by simple modifications of the proofs BiHS]. As the use of Bratteli diagrams
seems to be of little help, we prefer use the formalism@#\{], associating directly a
dimension group to the sequence of partitions (§2.4).

THEOREM32. Let (X, T, m) be the natural extension of the one-sided Cantor minimal

systemY, S). Let(P, = {TfB,iyk | k € Ay,0 < j < hyi}; n € N) be anested sequence

of clopen Kakutani—Rohlin partitions &f, whereB,, is the base oP,, such that:

() if x,x’ € X are such thatr(x) # n(x'), then forn large enough they belong to
different elements @?,;

(i) for eachn there existp > n andk € A, suchthatB, C B, .
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Thenk9(X, T) is isomorphic as ordered group with order unit to the dimension group
K(P,; n > 1) definedin §2.4.

Proof. We freely use the notation of §2.4.

Letx,x" be two points i, B,, and suppose that(x) # 7 (x'). By (i) there exists:
such thatc andx’ belong to different elements @f,. Let p andk be as in (ii);x andx’
both belong taB, x, and we get a contradiction. We have proved:

s < N Bp) consists of one point. (P1)
p
We claim that
kinj h(n,k) - +o00 whenn — +oo. (P2
E n

Suppose it is false. There exists an integes 0 and, for infinitely many values of, a
pointx, € B, and an integeyj, with 0 < j, < J andT/»x, € B,. By compactness,
there exists a point € (), B, and an integejj > 0 such tha/x € (), B,. By (P1),
Sin(x) = n(T/x) = n(x), and it is impossible becaugk, §) is minimal andy is infinite:
our claim is proved.

We prove now that. maps K+ (P) onto K?L(X, T). Let f € C(X,Z%). By
Proposition 31 is cohomologous tg o 7 for someg € C(Y,Z™). From (i) it follows
by compactness that, for every clopen 4aif Y, 7 ~1(A) is a union of elements o?, for
n large enough. Thugo 7 € C;! for n large enough. It follows that(K ") = K?L(X, T),
and it implies immediately that is onto.

It remains to prove that is one-to-one. Letr be an element oK (P) with A(x) = 0.
a is the image inK (P) of an element8 € K, for somer > 1; let f € C, be a
representative of. As A(a) = 0, the definition ofA implies thatf is the coboundary
of someg € C(X, 2).

As in the proof of Proposition 31, there exist> 0 andkh € C(Y,Z) such that
goT! =hom.

By (P2), there exista > r such thati(n, k) > i for everyk € A,. Let p andk be
associated with as in (ii). For0< j < i, Tij C T/ B(n, k), and f is constant on this
set because it belongs®, andf € C,,: f is constant orTfB,, andf o T/ is constant on
B,.

By (P1), there existg > p such that the functioh is constant omr (B,), and it follows
thatg is constant orT B,, and thatg o 7" is constant orB,,.

Asf=g—goT,
i—1

g=goT' +> foT;
j=0
each of the functions on the right-hand side of this expression is constadijt dnusg is
constant orB,.
Moreover, f belongs toC, and, for allk € A, and allx € B,

h(g.k)—1 '
Y f(Tx) = g(x) — g(T"@Px) =0

j=0
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because and7"@-% x both belong taB, andg is constant on this set. ThySbelongs to
H,, and the projection of in K, is zero. But this projectionis equalip_10---0i.(8).
From the definition of a direct limit, it follows that = 0. o

An application: one-sided return word$n 85.3 we considered a pointin a minimal
subshift(X, T), and we showed how to compute the dimension grouwXofl') by using

the return words om[_, —1;.x[0,,). We could make the same construction but with the
return words onxjg ), and it would produce a sequen@,,) of partitions instead ofQ,,).

Let Y be the projection ok in AN andS the shift onAN: (X, T') is the natural extension

of (¥, S). The sequence?,,) satisfy the hypotheses of Theorem 32, thus it can be used to
compute the dimension group of the system.

9.4. Application to substitution dynamical systems.

Definition 16. We say that the substitutian on the alphabeA is left-properif there exist
aletter? € A and an integep > 0 such that is the first letter ob?(a) foralla € A.

COROLLARY 33. (cf. Theorem 22 in 8§86.4)et o be a left-proper (primitive, aperiodic)
substitution on the alphabet. Then the dimension group 6f,, 7, ) is isomorphic to the
dimension group of its matrix (as ordered groups with order units).

Proof. Let = be the natural projection adZ to AN, S the one-sided shift omN, and
Y = 7(Xy); (¥, S) is the one-sided substitution dynamical system associated &md
(X, T, ) is the natural extension @, S). We have only to check that the sequence
of partitions(P,) introduced in 83.4 satisfies the two conditions of Theorem 32. But it is
immediate, using the same method as in the proof of the point (ii) of Corollary 120

The preceding remarks lead to an alternative method by which to compute the
dimension group of an arbitrary substitution dynamical system. oLbe a (primitive,
aperiodic) substitution on the alphabgtz one of its one-sided fixed points, afd= zo.

There exists an admissible two-sided fixed paimtith x[g +~) = z. We use the notations

of 85, following the same method as in §6.2, except that we consider the return words on
¢ instead ofr.£. Lety = Dy(x). Asin 86.2, there exists a substitutipron R, such that

¢e o p =0 o ¢y, andy is a fixed point ofp. p is primitive and left-proper, an@X,, T,,) is
isomorphic to the system induced b¥,, 7,) on the cylinder set¢]. From Corollary 33

we get the following.

ProPOSITION34. With the previous definitions, the dimension grougXf, 7, ) is the
dimension group of the matrix @f, except that the order unit is the image of the vector

(pe(DI; J € Ro).

Remark.This method to compute the dimension group could be called one-sided: the
two-sided fixed pointc appears here only because we have no defined return words for
one-sided sequences.
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