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Abstract. We explore substitution minimal systems and their relation to stationary Bratteli
diagrams and stationary dimension groups. The constructions involved are algorithmic and
explicit and render an effective method to compute an invariant of (ordered)K-theoretic
nature for these systems. This new invariant is independent of spectral invariants which
have previously been extensively studied. Before we state the main results we give some
background.

1. Introduction
1.1. From Bratteli diagrams to topological dynamics.In 1972 Bratteli [Br ] introduced
special infinite graphs—subsequently calledBratteli diagrams—which conveniently
encoded the successive embeddings of an ascending sequence(An; n ≥ 0) of finite-
dimensional semi-simple algebras overC (‘multi-matrix algebras’). The sequence
(An; n ∈ N) determines a so-called approximately finite-dimensional (AF)C∗-algebra.
Bratteli proved that the equivalence relation on Bratteli diagrams generated by the
operation of telescoping is a complete isomorphism invariant for AF-algebras. Inspired by
Bratteli’s results, Elliott [El] introduced in 1976 the notion ofdimension groups. In fact, a
Bratteli diagram is naturally associated with a sequence of free abelian groups of finite rank
(simplicially ordered) with order-preserving homomorphisms between successive groups.
The resulting inductive limit—endowed with the induced ordering—is the dimension
group associated with the Bratteli diagram. TheK-theoretic underpinning of this notion
was soon realized, being in fact order-isomorphic to the (ordered)K0-group of the
AF-algebra determined by the Bratteli diagram. Bratteli’s result could then be given a more
succinct formulation: a complete isomorphism invariant for AF-algebras is the associated
dimension group (as an ordered group with distinguished order unit). Then, in 1980, Effros
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et al [EHS] gave an axiomatic characterization of dimension groups, namely as countable,
ordered abelian groups which are unperforated and satisfy the Riesz interpolation property.
Their result made it possible to easily produce explicit examples of dimension groups and
to make certain inroads into the classification problem.

From a different direction came the extremely fruitful idea [Ve] to associate dynamics
(‘adic transformations’) with Bratteli diagrams (‘Markov compacta’) by introducing a
lexicographic ordering on the infinite paths of the diagram. By a careful refining of
Vershik’s construction, Hermanet al [HPS] succeeded in showing that every Cantor
minimal system is isomorphic to a Bratteli–Vershik system, i.e. the dynamical system
associated with a properly ordered Bratteli diagram. An immediate consequence of
their result is that every (simple) dimension group occurs as the (ordered)K0-group that
is associated with a Cantor minimal system, the latter notion being defined in purely
dynamical terms. Subsequent work by Giordanoet al[GPS] showed that the orbit structure
of a Cantor minimal system is intimately related to it’sK0-group.

The main motivation for this article is that until now there have been few explicit
and natural examples that have been worked out to illustrate the correspondence between
Cantor minimal systems and dimension groups, respectively Bratteli diagrams. We shall
show that the family of substitution minimal systems will yield examples of the desired
nature.

General notions of substitutions appeared for the first time in 1963 in an article by
Gottshalk [Go]. He pointed out that the famous Morse sequence, initially introduced to
prove the existence of recurrent geodesics on surfaces of negative curvature, can be defined
by a substitution, now known as the ‘Morse substitution’.

Substitutions arise and are studied in many domains. We briefly recall some of these
domains.

1.2. Substitutions and topological dynamics.The study of symbolic dynamical systems
was initiated by Hedlund and Morse in [HM1, HM2 ]. One of the simplest ways of
constructing interesting minimal symbolic dynamical systems is by means of substitutions.
For this reason, the ergodic and topological properties of substitution systems have been
extensively studied (see [Qu] for a good bibliography on this subject). Numerous articles
have dealt with the spectrum of the substitution system. The first results were obtained
for substitutions of constant length [De2, Ma] and then for substitutions of non-constant
length [FMN, Ho, So].

1.3. D0L systems. Substitutions (called iterated morphisms) appeared to be attractive
objects for the theory of formal languages; where they are studied through the notion
of D0L systems. Rozenberg and Salomaa [RS] proved the decidability of the D0L
equivalence problem.

1.4. p-recognizable sets of numbers.Cobham’s theorem [Co1] belongs to the domains
of the theory of automata and of arithmetic. It states that a set of positive integers which
is ‘recognizable’ in two multiplicatively independent bases is eventually periodic. Sets of
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integers which are recognizable in basep (i.e.p-recognizable) are characterized by means
of substitutions of constant lengthp [Co2]. This gives a formulation of Cobham’s theorem
using substitutions of constant length.

Let p be a power of a prime number, in [CKMR ] it is shown that a set isp-recognizable
if and only if the power series associated with its characteristic sequence is algebraic over
some field of rational fractions.

These results are connected to some problems of transcendence. For example Dekking
[De1] proved that the number

∑+∞
i=1 xn2−n, where(xn; n ∈ N) is the Morse sequence, is

transcendent. The articles [LP] and [FM ] give a partial answer to the following question:
What can we say about real numbers having an expansion in some basep which is
substitutive?

A characterization of sequences generated by substitutions of constant length was given
in [BHMV ] with the help of the formalism of first order logic.

1.5. Geometry. Rauzy [Ra] opened a new area of investigation for substitutions. He
constructed a partition of the torusT2 in three fractal sets and a rotation onT2, and looked
at the symbolic system obtained in coding the orbits of this rotation by the partition.
He found that this system is isomorphic to some substitution subshift. The partition
Rauzy introduced generates self-similar tilings. In [De3] Dekking gave a method, using
substitutions, to generate fractal curves and self-similar tilings; in particular it generates
the famous Penrose tiling [Pe].

1.6. Theoretical physics. In 1984 Shechtmanet al [SBGC] discovered the existence in
nature of quasi-periodic tilings: the quasicrystals. Later substitution sequences appeared
to be good one-dimensional models for quasicrystals (see [BT]) and were used in many
articles concerning theoretical physics. In particular, several authors have studied the
properties of the discrete Schr¨odinger operator with potential given by a substitution
sequence (see [Be, BBG]).

1.7. Contents. Before we state the main results of this article we want to acknowledge
the paper by Forrest [Of], where the main part of Theorem 1 is proved. However, the proofs
given in his paper are mostly of an existential nature and do not state a feasible method
by which to compute effectively dimension groups and Bratteli diagrams associated to
substitution systems (see also [AP]).

THEOREM 1. The family B of Bratteli–Vershik systems associated with stationary,
properly ordered Bratteli diagrams is (up to isomorphism) the disjoint union of the
family of substitution minimal systems and the family of stationary odometer systems.
Furthermore, the correspondence in question is given by an explicit and algorithmic
effective construction. The same is true of the computation of the (stationary) dimension
group associated with a substitution minimal system.

By invoking the characterization of the Kakutani equivalence of Cantor minimal
systems in terms of ordered Bratteli diagrams of [GPS, Theorem 3.8] we get the following
corollary.
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COROLLARY 2. The familyB is stable under Kakutani equivalence.

We introduce the notion of linearly recurrent subshifts and we prove the following
result.

THEOREM 3. Let(Y, T ) be a linearly recurrent aperiodic subshift. There exists a constant
D such that the length of each proper chain of aperiodic subshift factor maps

(Yn, T )
γn−1−→ (Yn−1, T )

γn−2−→ · · · γ1−→ (Y1, T )
γ0−→ (Y0, T ),

with (Yn, T ) = (Y, T ), is less thanD (i.e.n ≤ D).

Also using Theorem 3, we show that substitution minimal systems are linearly recurrent
which is helpful to prove the following theorem.

THEOREM 4. A Cantor factor of a system(X, T ) belonging to the familyB in the above
theorem again belongs toB.

2. Bratteli diagrams and dimension groups—ordered Bratteli diagrams and Cantor
minimal systems—stationary diagrams

In this section we will recall some basic concepts and results, and also some of the key
constructions that are used to obtain these results. This will later be applied in the context
of stationary Bratteli diagrams and substitution minimal systems—the focus of this article.
We will introduce some relevant terminology and notation. We refer to [HPS, GPS, Ef]
for further details.

2.1. Bratteli diagrams.

Definition 1. A Bratteli diagramis an infinite directed graph(V ,E), such that the vertex
setV and the edge setE can be partitioned into finite sets

V = V0 ∪ V1 ∪ V2 ∪ · · · and E = E1 ∪ E2 ∪ · · ·
with the following properties:
(i) V0 = {v0} is a one-point set;
(ii) r(En) ⊆ Vn, s(En) ⊆ Vn−1, n = 1, 2, . . . , wherer is the associatedrange mapand

s is the associatedsource map. Also, s−1(v) 6= ∅ for all v ∈ V andr−1(v) 6= ∅ for
all v ∈ V \ V0.

There is an obvious notion of isomorphism between Bratteli diagrams(V ,E) and
(V ′, E′); namely, there exist a pair of bijections betweenV andV ′ and betweenE and
E′, respectively, preserving the gradings and intertwining the respective source and range
maps.

It is convenient to give a diagrammatic presentation of the Bratteli diagram withVn the
vertices at the (horizontal) leveln andEn the edges (downward directed) connecting the
vertices at leveln− 1 with those at leveln. Also, if |Vn−1| = tn−1 and|Vn| = tn thenEn

determines atn × tn−1 incidence matrix. (See Figure 1 for an example.)
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2.1.1. Telescoping. Let k, l ∈ Z+ with k < l and letEk+1 ◦ Ek+2 ◦ · · · ◦ El denote all
paths fromVk to Vl. Specifically,

Ek+1 ◦ · · · ◦ El

= {(ek+1, . . . , el) | ei ∈ Ei, i = k + 1, . . . , l ; r(ei) = s(ei+1), i = k + 1, . . . , l − 1}.
We definer((ek+1, . . . , el)) = r(el) ands((ek+1, . . . , el)) = s(ek+1).

Given a Bratteli diagram(V ,E) and a sequence

m0 = 0 < m1 < m2 < · · ·
in Z+, we define thetelescopingof (V ,E) to {mn | n ∈ N} as the new Bratteli diagram
(V ′, E′), whereV ′n = Vmn andE′n = Emn−1+1 ◦ · · · ◦ Emn and the range and source maps
are as above.

For example, if we remove leveln of Figure 1 we get a telescoping to levelsn− 1 and
n+1 as indicated in Figure 2. Note that the new incidence matrix is the product of the two
incidence matrices of Figure 1.

We say that(V ,E) is asimpleBratteli diagram if there exists a telescoping(V ′, E′) of
(V ,E) so that the incidence matrices of(V ′, E′) have only non-zero entries at each level.

We let∼ denote the equivalence relation on ordered Bratteli diagrams generated by
isomorphism and telescoping. It is not hard to show that(V 1, E1) ∼ (V 2, E2) if and
only if there exists a Bratteli diagram(V ,E) so that telescoping(V ,E) to odd levels
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0 < 1 < 3 < · · · yields a telescoping of either(V 1, E1) or (V 2, E2), and telescoping
(V ,E) to even levels 0< 2 < 4 < · · · yields a telescoping of the other.

2.2. Ordered Bratteli diagrams and Bratteli–Vershik systems.

Definition 2. An ordered Bratteli diagram(V ,E,≥) is a Bratteli diagram(V ,E) together
with a partial order≥ on E so that edgese, e′ in E are comparable if and only if
r(e) = r(e′); in other words, we have a linear order on each setr−1({v}), wherev belongs
to V \ V0.

Note that if (V ,E,≥) is an ordered Bratteli diagram andk < l in Z+, then the set
Ek+1 ◦ Ek+2 ◦ · · · ◦ El of paths fromVk to Vl may be given an induced (lexicographic)
order as follows:

(ek+1, ek+2, . . . , el) > (fk+1, fk+2, . . . , fl)

if and only if for somei with k + 1 ≤ i ≤ l, ej = fj for i < j ≤ l andei > fi . It
is a simple observation that if(V ,E,≥) is an ordered Bratteli diagram and(V ′, E′) is a
telescoping of(V ,E) as defined above, then with the induced order≥′, (V ′, E′,≥′) is
again an ordered Bratteli diagram. We say that(V ′, E′,≥′) is a telescopingof (V ,E,≥).

Again there is an obvious notion of isomorphism between ordered Bratteli diagrams.
We let ≈ denote the equivalence relation on ordered Bratteli diagrams generated by
isomorphism and by telescoping. One can show thatB1 ≈ B2, whereB1 = (V 1, E1,≥1),
B2 = (V 2, E2,≥2), if and only if there exists an ordered Bratteli diagramB = (V ,E,≥)

so that telescopingB to odd levels 0< 1 < 3 < · · · yields a telescoping of eitherB1 or
B2, and telescopingB to even levels 0< 2 < 4 < · · · yields a telescoping of the other.
This is analogous to the situation for the equivalence relation∼ on Bratteli diagrams as we
discussed above.

2.2.1. Dynamics for ordered Bratteli diagrams.Let B = (V ,E,≥) be an ordered
Bratteli diagram. LetXB denote the associated infinite path space, i.e.

XB = {(e1, e2, . . . ) | ei ∈ Ei, r(ei) = s(ei+1); i = 1, 2, . . . }.

We will exclude trivial cases and assume henceforth thatXB is an infinite set. Two
paths inXB are said to becofinal if they have the same tails, i.e. the edges agree from a
certain stage. We topologizeXB by postulating a basis of open sets, namely the family of
cylinder sets

U(e1, e2, . . . , ek) = {(f1, f2, . . . ) ∈ XB | fi = ei, 1 ≤ i ≤ k}.

Each U(e1, . . . , ek) is also closed, as is easily seen, and so we observe thatXB

becomes a compact Hausdorff space with a countable basis of clopen sets, i.e. a zero-
dimensional space. We callXB with this topology theBratteli compactumassociated with
B = (V ,E,≥). If (V ,E) is a simple Bratteli diagram, thenXB has no isolated points, and
so is aCantor set.
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Notation. Let x = (e1, e2, . . . ) be an element ofXB . We will call en thenth label ofx
and denote it byx(n). We letXmax

B (respectivelyXmin
B ) denote those elementsx of XB so

thatx(n) is a maximal edge (respectively minimal edge) for eachn = 1, 2, . . . . A simple
argument shows thatXmax

B (respectivelyXmin
B ) is non-empty.

Definition 3. The ordered Bratteli diagramB = (V ,E,≥) is properly ordered(called
simple orderedin [HPS]) if:
(i) (V ,E) is a simple Bratteli diagram;
(ii) Xmax

B , respectivelyXmin
B , consists of only one pointxmax, respectivelyxmin.

We can now define a minimal homeomorphismVB : XB → XB , called theVershik
map (or the lexicographic map), associated with the properly ordered Bratteli diagram
B = (V ,E,≤). We will call the resulting Cantor minimal system(XB, VB) a Bratteli–
Vershik system.

We letVB(xmax) = xmin. If x = (e1, e2, . . . ) 6= xmax, let k be the smallest number so
thatek is not a maximal edge. Letfk be the successor ofek (and sor(ek) = r(fk)). Define
VB(x) = y = (f1, . . . , fk−1, fk, ek+1, ek+2, . . . ), where(f1, . . . , fk−1) is the minimal
edge inE1 ◦E2 ◦ · · · ◦ Ek−1 with range equal tos(fk).

It is a theorem that every Cantor minimal system is isomorphic to a Bratteli–Vershik
system. A sketch of the proof of this result (‘The Bratteli–Vershik model theorem’) will be
presented in the next subsection.

2.3. The Bratteli–Vershik model theorem—Kakutani–Rohlin partitions.We shall sketch
a proof of the following theorem using Kakutani–Rohlin partitions. We shall apply this
later in the context of substitution minimal systems.

THEOREM 5. [HPS, Theorem 4.7]Let (X, T , x) be a (pointed) Cantor minimal system.
Then there exists a properly ordered Bratteli diagramB = (V ,E,≥) so that(X, T , x) is
pointedly isomorphic to(XB, VB, xmin), wherexmin is the unique minimal path ofXB .

Definition 4. A Kakutani–Rohlinpartition of the Cantor minimal system(X, T ) is a clopen
partitionP of the kind:

P = {T jZk | k ∈ A and 0≤ j < hk}
whereA is a finite set andhk is a positive integer. Thek′th towerof P is {T jZk | 0≤ j <

hk}, and thebaseof P is the setZ = ∪k∈AZk.

Note that in [HPS] the roles of the baseZ and the top floors of the towers are reversed.

Sketch of proof of Theorem 5.Let (Pn; n ∈ N) be a sequence of Kakutani–Rohlin
partitions with

Pn = {T jZn,k | k ∈ An and 0≤ j < hn,k}, P0 = {X}
and with baseZn = ∪k∈AnZn,k. We say that this sequence isnestedif, for eachn:
(i) Zn+1 ⊂ Zn;
(ii) Pn+1 � Pn as partitions.
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To the nested sequence(Pn; n ∈ N) we associate an ordered Bratteli diagramB =
(V ,E,≥) as follows: the|An| towers inPn are in 1–1 correspondence withVn, the set of
vertices at leveln. Let vn,k ∈ Vn correspond to the towerSn,k = {T jZn,k | 0 ≤ j < hn,k}
in Pn. Sn,k will traverse towers inPn−1 in a certain order, saySn−1,i1, . . . , Sn−1,im . (Thus
Sn,k is partitioned intom parts.) We associatem edges, ordered ase1,k < e2,k < · · · <
em,k, with r(ej,k) = vn,k ands(ej,k) = vn−1,ij . En is the disjoint union overk ∈ An of the
edges with range equal tovn,k .

Suppose moreover that:
(iii) the intersection of the bases(Zn; n ∈ N) of the partitions(Pn; n ∈ N) consists of

one point only, sayx;
(iv) the sequence of partitions spans the topology ofX.

Then the systems(X, T , x) and(XB, VB, xmin) are pointedly isomorphic, whereB =
(V ,E,≥) is a properly ordered Bratteli diagram with unique minimal pathxmin. In fact,
the isomorphismF : X → XB is defined as follows. Fory ∈ X, the pathF(y) passes
through the vertex inVn that corresponds to the tower inPn wherey is located. Say
F(y) passes through the verticesw of Vn−1 andv of Vn, corresponding to the towerSw

in Pn−1, Sv in Pn, respectively. ThenF(y)(n) is thei ′th edge among the ordered edges
e with r(e) = v, y being ‘picked up’ thei ′th timeSv traverses one of the towers at level
n − 1. (Necessarily,Sv will traverse the towerSw the i ′th time.) It is easily seen that
F(x) = xmin by this correspondence.

Finally, one obtains Kakutani–Rohlin partitions(Pn; n ∈ N) with the properties listed
above by choosing a nested sequence(Zn; n ∈ N) of clopen sets shrinking tox, i.e.
Zn ⊇ Zn+1 and∩nZn = {x}. The partitionPn is obtained by building towers overZn

by considering the return map toZn (For details, cf. [HPS]). 2

2.4. Dimension groups.

Definition 5. A dimension groupis an ordered, countable, torsion free abelian groupG

which is unperforated and satisfies the Riesz interpolation property. Specifically, letG+
denote the positive cone ofG and leta ≤ b denoteb − a ∈ G+. Then:
(i) G+ +G+ ⊆ G+;
(ii) G+ −G+ = G;
(iii) G+ ∩ (−G+) = {0};
(iv) if a ∈ G andna ∈ G+ for somen ∈ N, thena ∈ G+ (unperforation);
(v) if a1, a2, b1, b2 ∈ G with ai ≤ bj (i, j = 1, 2), there existsc ∈ G with ai ≤ c ≤ bj

(Riesz interpolation property).
We say that(G,G+) is simpleif G has no non-trivial order idealsJ , i.e.J is a proper

subgroup so thatJ = J+ − J+ (whereJ+ = J ∩G+) and so that ifb is an element ofJ
anda an element ofG with 0 ≤ a ≤ b, thena belongs toJ .

We say that an elementu of G+ \ {0} is anorder unit if G+ = {a ∈ G | 0 ≤ a ≤ nu

for somen ∈ N}. (Observe that forG simple anyu ∈ G+ \ {0} is an order unit.)
A dimension group is associated with the Bratteli diagram(V ,E) which we denote by

K0(V ,E)—the notation is motivated by the connection toK-theory, see below. In fact, the
Bratteli diagram(V ,E) is associated with a system of ordered groups and order-preserving
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homomorphisms

Z|V0| ϕ1−→ Z|V1| ϕ2−→ Z|V2| ϕ3−→ Z|V3| ϕ4−→ · · ·
whereϕn is given by matrix multiplication with the incidence matrix between levelsn− 1
andn of the Bratteli diagram. By definitionK0(V ,E) is the inductive limit of the system
above endowed with the induced order.K0(V ,E) has a distinguished order unit, namely
the element ofK0(V ,E)+ corresponding to the element 1∈ Z|V0| = Z. One can show
that (V ,E) ∼ (V ′, E′) if and only if K0(V ,E) is order isomorphic toK0(V

′, E′) by a
map sending the distinguished order unit ofK0(V ,E) to the distinguished order unit of
K0(V

′, E′). The dimension groupK0(V ,E) associated with(V ,E) is simple if and only
if (V ,E) is simple.

Remark.It is a theorem that all dimension groups arise from Bratteli diagrams as described
above [EHS].

2.4.1. We now introduce the definition which will relate Cantor minimal systems to
dimension groups.

Definition 6. Let (X, T ) be a Cantor minimal system. LetC(X, Z) denote the continuous
functions onX with values inZ—soC(X, Z) is a countable abelian group under addition.
Let

K0(X, T ) = C(X, Z)/∂T C(X, Z)

where∂T : C(X, Z) → C(X, Z) denotes thecoboundary operator∂T (f ) = f − f ◦ T ,
andf − f ◦ T is called acoboundary. Define thepositive cone

K0(X, T )+ = {[f ] | f ∈ C(X, Z+)}
where[·] denotes the quotient map andZ+ = {0, 1, 2, . . . }. K0(X, T ) has adistinguished
order unit, namely[1] = 1, where 1 denotes the constant function one.

THEOREM 6. [HPS, Theorem 5.4 and Corollary 6.3]Let (X, T ) be a Cantor minimal
system. LetB = (V ,E,≥) be the associated properly ordered Bratteli diagram (having
chosen a base point inX, cf. Theorem 5). Then

K0(X, T ) = K0(V ,E)

as ordered groups with distinguished order units. Furthermore, every simple dimension
groupG (G 6= Z) arises in this manner.

Remarks.
(i) In [GPS] it is shown thatK0(X, T ), as an ordered group with distinguished order

unit, is a complete invariant for strong orbit equivalence of Cantor minimal systems.
(ii) K0(X, T ) is order isomorphic, by a map preserving the distinguished order units, to

theK0-group of theC∗-crossed product associated with(X, T ).
(iii) The groupK0(X, T ), as an abstract group without order, is isomorphic to the first

C̆ech cohomology groupH 1(X̂, Z) of the suspension̂X of (X, T ), whereX̂ is
obtained fromX × [0, 1] by identifying(x, 1) and(T x, 0).
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2.4.2. We will describe an alternative method to associate a dimension group with
a nested sequence of Kakutani–Rohlin partitions (cf. §2.3) without invoking Bratteli
diagrams explicitly. This method, close to the approach taken in [GW], will later be applied
to substitution mininal systems. (Incidentally, the proof of the first part of Theorem 6 is
an immediate consequence of the lemma below.) So let(Pn; n ∈ N) be a nested sequence
of Kakutani–Rohlin partitions (not necessarily satisfying conditions (iii) and (iv) of §2.3),
with

Pn = {T jZn,k | k ∈ An, 0 ≤ j < hn,k}, P0 = {X}
and with baseZn = ∪k∈AnZn,k. For eachn, let Cn be the subgroup ofC(X, Z)

consisting of functions which are constant on each element of the partitionPn, and let
C+n = Cn ∩ C(X, Z+). Let Hn be the subgroup ofCn consisting of the functionsf ∈ Cn

which have a null sum over each tower ofPn, i.e. such that

hn,k−1∑
j=0

f (T jx) = 0 ∀k ∈ An, ∀x ∈ Zn,k.

Let Kn be the quotient groupCn/Hn,K
+
n the projection ofC+n in this quotient, and

1n the projection of the constant function 1.(Kn,K
+
n , 1n) is an ordered group with order

unit. Obviously,Cn ⊂ Cn+1, C+n ⊂ C+n+1 andHn ⊂ Hn+1; these inclusions induce
a morphismjn+1 : Kn −→ Kn+1 of ordered groups with order units. The direct limit
(K(P),K(P)+, 1) of the sequence

K0
j1−→ K1

j2−→ K2
j3−→ · · · jn−→ Kn

jn+1−→ Kn+1
jn+2−→ · · ·

of ordered groups with order units is calledthe dimension group of the sequence of
partitions, and writtenK(Pn; n ∈ N). It is easy to check that every element ofHn is
a coboundary. Thus the inclusionsCn ↪→ C(X, Z) induce a morphismλ : K(Pn; n ∈
N) −→ K0(X, T ) of ordered groups with order units.

LEMMA 7. As an ordered group with order unit,K(Pn; n ∈ N) is isomorphic to the
dimension groupK0(V ,E), where B = (V ,E,≥) is associated with the sequence
(Pn; n ∈ N) of partitions as described in §2.3 (disregard the ordering of the edges).

Proof. For eachf of Cn, let γn(f ) be the vector ofZ|Vn| obtained by summing the values
of f over each tower ofPn. For eachvn,k belonging toVn (corresponding to the tower
with baseZn,k), let

(γn(f ))k =
hn,k−1∑
j=0

f (T j x)

for an arbitrary pointx ∈ Zn,k. Now γn is a positive homomorphism fromCn ontoZ|Vn|,
it mapsC+n onto (Z|Vn|)+ and its kernel isHn. Thus we can identify the ordered groups
Kn = Cn/Hn andZ|Vn| for n = 0, 1, 2, . . . . By these identifications the homomorphism
jn+1 : Kn −→ Kn+1 corresponds to the homomorphismZ|Vn| −→ Z|Vn+1| that we get
from the Bratteli diagram(V ,E). Therefore the two inductive limits are order isomorphic.
Furthermore, it is easy to verify that the distinguished order units are mapped to each other
by this isomorphism. 2
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FIGURE 3.

2.5. Stationary diagrams and dimension groups.

Definition 7. A Bratteli diagram(V ,E) is stationaryif k = |V1| = |V2| = · · · and if
(by an appropriate labelling of the vertices) the incidence matrices between leveln and
n + 1 is the samek × k matrix C for all n = 1, 2, . . . . In other words, beyond level 1
the diagram repeats. (Clearly we may label the vertices inVn asV (n, a1), . . . , V (n, ak),
whereA = {a1, . . . , ak} is a set ofk distinct symbols.)

B = (V ,E,≥) is a stationary ordered Bratteli diagramif (V ,E) is stationary, and
the ordering on the edges with rangeV (n, ai) is the same as the ordering on the edges
with rangeV (m, ai) for m,n = 2, 3, . . . and i = 1, . . . , k. In other words, beyond
level 1 the diagram with the ordering repeats. (For eachai in A = {a1, . . . , ak} and
eachn = 2, 3, . . . , we thus get an ordered list of edges whose range isV (n, ai). By the
stationarity of the ordering ofB we thus get a well defined map fromA to A+ (the set of
non-empty words onA), by taking the sources of the edges in question.)

(G,G+) is astationary dimension groupif G is order isomorphic toK0(V ,E), where
(V ,E) is a stationary Bratteli diagram.K0(V ,E) is completely determined by the
incidence matrixC of (V ,E)—we disregard the distinguished order unit. Also,K0(V ,E)

is simple if and only ifC is aprimitive matrix, i.e. a certain power ofC has only non-zero
entries.

In this article we will only encounter stationary Bratteli diagrams. In Figure 3 we
exhibit two examples of stationary ordered Bratteli diagrams; the one on the left is properly
ordered, while the one on the right is not properly ordered (having in fact two max and
two min paths). The dimension group associated with the two diagrams (strip the order
structure) isZ[1/2], the dyadic rationals, with obvious ordering and with distinguished
order unit equal to one.

2.5.1. The question of the unicity of the Bratteli–Vershik model is addressed in the
following proposition.

PROPOSITION8. [HPS, Theorem 4.7]Let Bi = (V i, Ei,≥i ) be associated with the
pointed Cantor minimal system(Xi, Ti, xi), i = 1, 2, according to Theorem 5. Then
(X1, T1, x1) is pointedly isomorphic to(X2, T2, x2) if and only if B1 ≈ B2 (cf.
Definition 2.)
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By a modification of the ‘symbol splitting’ procedure in [GPS, §3], Forrest proved the
following lemma, which will be useful to us.

LEMMA 9. [Fo, Lemma 15]LetB = (V ,E,≥) be a stationary, properly ordered Bratteli
diagram. ThenB ≈ B ′ = (V ′, E′,≥′), whereB ′ is again stationary and properly ordered,
and with the added property that there are no multiple edges between level 0 and level 1.
(By the above proposition,(XB, VB) and(XB ′ , VB ′) are isomorphic.)

Proof. By taking a sufficiently high power of the incidence matrixC of (V ,E) (this
corresponds to a periodic telescoping of the diagram), we may assume that each row sum
of C is greater than or equal to the maximum number of edges between a vertex at level
1 and the top vertex (i.e. level 0). We now proceed by introducing new vertices between
two successive levels, the number of which is the same as|E1|, i.e. the number of edges
between level 0 and level 1. One may now construct a properly ordered Bratteli diagram
with these added levels, so that one gets the original by telescoping. (This construction
is not unique.) By instead telescoping to the new levels introduced one gets the desired
B ′ = (V ′, E′,≥′). We will give a diagrammatic example which will illustrate how to
proceed in the general case (cf. Figure 4). 2

2.6. Kakutani equivalence.

Definition 8. The Cantor minimal systems(X, T ) and(Y, S) areKakutani equivalentif
they have (up to isomorphism) a common derivative, i.e. there exist clopen setsU (in X)
andV (in Y ), so that the induced systems onU andV , respectively, are isomorphic.

We will relate Kakutani equivalence to Bratteli diagrams—the relevant fact being
change of the order unit.

Observe first that if(V ,E) is a Bratteli diagram with associated dimension group
G = K0(V ,E), then any finite change of(V ,E), i.e. adding and/or removing a finite
number of edges (vertices), thus changing(V ,E) into a new Bratteli diagram(V ′, E′),
does not change the isomorphism class ofG, but does change the order unit. In fact,
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G′ = K0(V
′, E′) is order isomorphic toG, but the distinguished order units are not

necessarily preserved by the isomorphism. Clearly, any change of order unit ofG may
be obtained by such a procedure.

Likewise, if B = (V ,E,≥) is a properly ordered Bratteli diagram we may change
B into a new properly ordered Bratteli diagramB ′ = (V ′, E′,≥′) by making a finite
change, i.e. adding and/or removing any finite number of edges (vertices), and then making
arbitrary choices of linear orderings of the edges meeting at the same vertex (for a finite
number of vertices). SoB andB ′ are cofinally identical, i.e. they only differ on finite
initial portions. (Observe that this defines an equivalence relation on the family of properly
ordered Bratteli diagrams.)

THEOREM 10. [GPS, Theorem 3.8] Let (XB, VB) be the Bratteli–Vershik system
associated with the properly ordered Bratteli diagramB = (V ,E,≥). Then the Cantor
system(Z,ψ) is Kakutani equivalent to(XB, VB) if and only if (Z,ψ) is isomorphic to
(XB ′ , VB ′), whereB ′ = (V ′, E′,≥′) is obtained fromB by a finite change as described
above.

We indicate briefly the ingredients of the proof: every clopen set ofXB is a finite union
of cylinder sets. By telescoping appropriately one may assume that the clopen sets in
question are disjoint unions of cylinder sets of the formU(e), wheree ∈ E1 (cf. §2.2.1.).
This is achieved by making a finite change of the original diagram. One may thus assume
at the outset that the only changes that are done to the diagram occur between level 0
and level 1. With this simplification the proof follows by observing that removing edges
corresponds to inducing on a clopen set.

3. Basic facts about substitution dynamical systems
3.1. Notations: words, sequences, morphisms.An alphabetis a finite set of symbols
calledletters. If A is an alphabet, aword onA is a finite (non empty) sequence of letters;
A+ is the set of words. Foru = u1u2 . . . un ∈ A+, |u| = n is the lengthof u; for each
lettera, we write |u|a the number of occurrences ofa in u; the vector(|u|a; a ∈ A) is
sometimes called thecomposition vectorof u. A∗ consists ofA+ and the empty word∅ of
length zero.

Given a wordu = u1 . . . um and an intervalJ = {i, . . . , j} contained in{1, . . . ,m},
we write uJ to denote the worduiui+1 . . . uj . We extend this notation in an obvious
way to infinite intervals. Afactor of v is a wordu such thatu = vJ for some interval
J ⊂ {1, . . . ,m}; we writeu ≺ v.

Elements ofAZ are calledsequencesover the alphabetA. For a sequencex we use the
notationxJ and the termfactor exactly as for a word; thelanguageL(x) of the sequence
x is the set of words which are factors ofx.

Let A,B be two alphabets, andφ : A → B+ a map. By concatenation,φ can be
extended to a mapA+ → B+ and also to a mapAZ → BZ . As a general rule, these maps
will also be denoted byφ.

The following definitions will be used in §5.

Definition 9. Let A be an alphabet, andR a finite subset ofA+.
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(i) R is a code if every wordu ∈ A+ admits at most one decomposition in a
concatenation of elements ofR.

(ii) R is a circular code if it is a code and, moreover, if

w1, . . . , wj , w, w′1, . . . , w′k ∈ R; s ∈ A+ and t ∈ A∗

are such that
w = ts and w1 . . . wj = sw′1 . . . w′kt

thent is the empty word. It follows thatj = k + 1, wi+1 = w′i for 1 ≤ i ≤ k and
thatw1 = s.

Circular codes have a property of unique decomposition of sequences: suppose thatR
is a circular code on the alphabetA, and that somex ∈ AZ can be decomposed in a the
concatenation of the words(wk; k ∈ Z) belonging toR, i.e. that

x = . . . w−3w−2w−1 | w0w1w2 . . .

where the vertical bar separatesx(−∞,−1] fromx[0,+∞). Then this decomposition is unique.
Moreover, forn ∈ Z, the shifted sequenceT nx (given by(T nx)k = xn+k for all k) can be
decomposed in a concatenation of elements ofR if and only if n is one of the numbers:

−|wrwr+1 . . . w−1| (r < 0); 0; |w0w1 . . . wr | (r ≥ 0).

3.2. Subshifts. For every alphabetA we denote byT the shift onAZ , except when some
ambiguity can occur;T is defined by

(T x)n = xn+1 for everyx ∈ AZ and everyn ∈ Z.

A is endowed with the discrete topology, andAZ with the product topology; thusAZ is a
compact metric space, andT a homeomorphism of this space.

WhenB is an alphabet andφ : A→ B+ a map, the corresponding mapφ : AZ → BZ

is continuous, and satisfies
φ(T x) = T |φ(x0)|φ(x).

A subshift(X, T ) on the alphabetA is a closedT -invariant subsetX of AZ , endowed
with the restriction ofT to X, we also denote it byT . Given a subshift(X, T ) on the
alphabetA, and two wordsu, v onA, we write

[u] = {x ∈ X | x[0,|u|) = u} and [u.v] = {x ∈ X | x[−|u|,|v|) = uv};
subsets ofX of this kind are calledcylinder sets. Remark that these notations depend on
the given subshift, which is supposed to be determined by the context.

The languageL(X) of the subshift(X, T ) is the set of words which are factors of at
least one element ofX, and we have

X = {x ∈ AZ | L(x) ⊂ L(X)}.
The subshift(X, T ) is minimal if and only ifL(x) = L(X) for all x ∈ X.

The subshift spannedby a sequencex ∈ AZ is the closureOx of the T -orbit of x

endowed with the restriction of the shift toOx ; it is characterized byL(Ox) = L(x). This
subshift is minimal if and only ifx is uniformly recurrent, i.e.

(∀u ∈ L(x))(∃n ≥ 1)(∀v ∈ L(x))(|v| ≥ n⇒ u ≺ v).
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3.3. Definition of substitution dynamical systems.

3.3.1. Asubstitutionon the alphabetA is a mapσ : A→ A+. Using the extension to
words by concatenation,σ can be iterated; for each integern > 0, σn : A→ A+ is again
a substitution.

In this article we only considerprimitive substitutions, i.e. substitutionsσ on A such
that:

(∃n > 0)(∀a, b ∈ A)(b ≺ σn(a)) and (∃a ∈ A)

(
lim

n→+∞ |σ
n(a)| = +∞

)
.

We denote byL(σ ) the language ofσ , i.e. the set of words onA which are factors of
σn(a) for somea ∈ A and somen ≥ 1, andXσ the subshift ofAZ associated with this
language, i.e. the set ofx ∈ AZ whose every finite factor belongs toL(σ ); Xσ is closed in
AZ , and invariant under the shift; we denote byTσ the restriction of the shift toXσ . The
dynamical system(Xσ , Tσ ) is calledthe substitution dynamical systemassociated withσ .
It is a well-known result [Qu] that

Every substitution dynamical system is minimal and uniquely ergodic.

3.3.2. In the literature, substitution dynamical systems are often defined by a different
(but equivalent) method, using fixed points: for every integerp > 0, the substitutionσp

defines the same language, thus the same system, asσ does. Substitutingσp for σ if
needed, we can assume that there exist two lettersr, ` ∈ A such that:
(i) r is the last letter ofσ(r);
(ii) ` is the first letter ofσ(`);
(iii) r` ∈ L(σ ).

Wheneverr and` satisfy the conditions (i) and (ii), it is easy to check that there exists
a uniqueω ∈ AZ such that

ω−1 = r; ω0 = ` and σ(ω) = ω.

Such anω is calleda fixed point ofσ . If r and` also satisfy (iii), we say thatω is an
admissible fixed point ofσ .

If ω is an admissible fixed point ofσ , thenXσ is the closure of the orbit ofω for the
shift. This property is often taken of the definition ofXσ in the literature. More precisely,
we have:

Given a fixed pointω of the primitive substitutionσ , the following conditions are
equivalent:
(i) ω is admissible;
(ii) ω ∈ Xσ ;
(iii) Xσ is the subshift spanned byω;
(iv) ω is uniformly recurrent.

We shall use the following convention: when we say thatω is a fixed point ofσ , we
mean thatω is a fixed point ofσp for somep; asσ andσp define the same system, this
convention cannot lead to any misunderstanding; moreover, with this convention, every
substitution has at least one admissible fixed point.
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3.3.3. Some technical difficulties in the study of substitution dynamical system arise
from the fact that a given substitution can have several admissible fixed points. We now
introduce a class of substitutions which are easier to study.

Definition 10.A substitutionσ on the alphabetA is proper if there exists an integerp > 0
and two lettersr, ` ∈ A such that:
(i) for everya ∈ A, r is the last letter ofσp(a);
(ii) for everya ∈ A, ` is the first letter ofσp(a).
A proper substitution has only one fixed point. We shall see later (in §6) that every
substitution dynamical system is isomorphic to the system associated with some proper
substitution, which can be explicitly constructed.

3.4. Structure of substitution dynamical systems.In the sequel,(Xσ , Tσ ) is the system
associated with the primitive substitutionσ on the alphabetA, ω is an admissible fixed
point ofσ , r = ω−1 and` = ω0.

There exist substitutionsσ such that the systemXσ is finite, i.e. that everyx in Xσ is
periodic, or equivalently, thatω is periodic. As these substitutions are of little interest from
a dynamical point of view, we consider henceforth only hereaperiodicsubstitutions, i.e.
substitutions giving rise to infinite systems. Note that there is an algorithm [Pa, HL] which
decides whether a given substitution is aperiodic or not.

The systems arising from (primitive, aperiodic) substitutions have a simple self-similar
structure we explain now. We first note that by the first definition ofXσ we have
σ(Xσ ) ⊂ Xσ . The result below says that, although neitherσ : A → A+ is assumed
to be one-to-one, nor is{σ(a) | a ∈ A} assumed to be a code, the restriction ofσ to Xσ

behaves almost as if these properties were true; let us begin with some notation.
As ω = σ(ω), it can be written that

ω = . . . σ (ω−2)σ (ω−1) | σ(ω0)σ (ω1) . . .

where the vertical bar separatesω(−∞,−1] andω[0,+∞). Let E = {ej | j ∈ Z} be the set of
‘natural cutting points’ arising from this decomposition, defined by

ej =


−|σ(ω[j,0))| if j < 0

0 if j = 0

|σ(ω[0,j))| if j > 0.

THEOREM 11. [Mo1, Mo2] Let σ be an aperiodic primitive substitution on the
alphabetA.
(i) [Mo1] There existsL > 0 such that

n ∈ E, m ∈ Z, ω[n−L,n+L) = ω[m−L,m+L) ⇒ m ∈ E.

(ii) [ Mo2] There existsM > 0 such that

i, j ∈ Z, ω[ei−M,ei+M) = ω[ej−M,ej+M) ⇒ ωi = ωj .

Remark.Earlier proofs of the same (or similar) results do exist [Ma], but are false.
Until Mosse’s articles, people working with substitutions had to make extra hypotheses
(‘recognizability’, injectivity) on the substitution they were dealing with.
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The theorem has the following topological interpretation (for proofs, see [Qu] or [Ho]).

COROLLARY 12.
(i) The mapσ : Xσ → Xσ is one-to-one and open.
(ii) Everyx ∈ Xσ can be written in a unique way

x = T k
σ (σ (y)) with y ∈ Xσ and0 ≤ k < |σ(y0)|.

(iii) For everyx ∈ Xσ , |σ(x0)| is the first return time ofσ(x) to σ(Xσ ), i.e. the smallest
positive integerk such thatT k

σ σ (x) ∈ σ(Xσ ).
(iv) The mapσ : Xσ → σ(Xσ ) is an isomorphism of the system(Xσ , Tσ ) onto the

system induced byTσ onσ(Xσ ).

The same results hold forσn for eachn > 0. For every lettera ∈ A, we write
[a] = {x ∈ Xσ ; x0 = a}. From the preceding corollary we immediately get the following.

COROLLARY 13. For everyn > 0,

Pn = {T k(σn([a])) | a ∈ A, 0≤ k < |σn(a)|}
is a clopen partition ofXσ .

It is worth noticing that the partitionPn is aKakutani–Rohlin partitionin the sense of
[HPS, §4]. The base of this partition is⋃

a∈A
σn([a]) = σn(Xσ ).

PROPOSITION14. The sequence of partitions(Pn) is nested (see §2.3), that is:
(i) the sequence of bases(σn(Xσ ); n ∈ N) is decreasing;
(ii) for everyn, Pn+1 � Pn as partitions.
Moreover, if the substitutionσ is proper, then:
(iii) the intersection of the bases consists of only one point (which is the unique fixed

point ofσ );
(iv) the sequence of partitions spans the topology ofXσ .

Proof. (i) is obvious. Remember that, for everyx ∈ Xσ ,

σn(Tσx) = T |σn(x0)|
σ σn(x).

Let a be a letter, andk an integer with 0≤ k < |σn+1(a)|. Setb1 . . . bm = σ(a), so that
we have

|σn(b1 . . . bm)| = |σn+1(a)| > k.

Let j ∈ {0, . . .m− 1} be the integer defined by

|σn(b1 . . . bj )| ≤ k < |σn(b1 . . . bj+1)|.
It follows immediately that

T kσn+1([a]) ⊂ T `σn([bj ])
where` = k − |σn(b1 . . . bj )|, and (ii) is proved.
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We assume now thatσ is proper. Then (iii) is obvious.
Let us prove (iv). Letp, r, ` be as in the definition of a proper substitution

(Definition 10).
Given an integerm > 0, we claim that, forn large enough,x[−m,m] is constant on each

element ofPn.
For n ≥ p, we writeRn = |σn−p(r)| andLn = |σn−p(`)|. Choosen so large thatRn

andLn are both greater thanm. Fix a ∈ A and 0≤ k < |σn(a)|. For eachx ∈ T kσn([a]),
there existsy ∈ Xσ with y0 = a andx = T kσn(y). The wordσn(a)σn(y1) is a prefix
of (σn(y))[0,∞), andσn−p(`) is a prefix ofσn(y1), thusσn(a)σn−p(`) is a prefix of
(σn(y))[0,∞). The same way,σn−p(r) is a suffix of(σn(y))(−∞,−1], and

(σn(y))[−Rn,Kn+Ln) = σn−p(r)σn(a)σn−p(`)

whereKn = |σn(a)|, and we get:

x[−m,m] = (σn−p(r)σn(a)σn−p(`))[Rn+k−m,Rn+k+m]

which does not depend onx, but only ona andk: our claim is proved, and (iv) follows.2

4. From Bratteli diagrams to substitutions
In this section we prove the first part of Theorem 1. More precisely, we show here that:

The system associated with a stationary, properly ordered Bratteli diagram
is isomorphic, either to the substitution dynamical system associated to some
proper substitution, or to an odometer with a stationary base.

4.1. The substitution read on a stationary ordered Bratteli diagram.Let B be a
stationary, properly ordered Bratteli diagram. Remember that, for each integern ≥ 0,
Vn denotes the set of vertices at leveln. Let us choose a stationary labeling ofVn (for
n > 0) by an alphabetA, i.e.Vn = {V (n, a) | a ∈ A} for all n ∈ N. Forn ≥ 1 anda ∈ A,
V (n, a) is the vertex of labela at leveln. Fix an integern > 1. For every lettera ∈ A,
consider the ordered list(e1, . . . , ek) of edges which range atV (n, a), and let(a1, . . . , ak)

be the ordered list of the labels of the sources of these edges. The mapa 7→ a1 . . . ak from
A to A+ does not depend ofn. We consider it as a substitution on the alphabetA, and call
it the substitution read onB.

LEMMA 15. The substitutionσ read onB is primitive and proper.

Proof. As B is simple, there exists an integern > 1 such that, for everya, b ∈ A, the
vertexV (1, b) is connected to the vertexV (n, a); by definition ofσ , it means thatb occurs
in σn−1(a): the substitutionσ is primitive.

For eacha ∈ A, let i(a) be the first letter ofσ(a): for eachn > 1, the minimum edge
which ranges atV (n, a) sources atV (n − 1, i(a)). Suppose that, for everyn ≥ 1, the
range of the mapin : A → A contains at least two letters. Then there exist two distinct
sequences(an; n ≥ 1) and(bn; n ≥ 1) of letters, withi(an+1) = an andi(bn+1) = bn

for everyn; by definition ofi, there exist two minimal pathsx, y ∈ XB such that, for every
n ≥ 1, x goes throughV (n, an) andy throughV (n, bn). But B is properly ordered, and
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we get a contradiction. We have shown that, forp large enough, the first letter ofσp(a)

does not depend ona, and by the same method the last letter ofσp(a) does not depend on
a: σ is proper. 2

4.2. A particular case. Let (dn; n ∈ N) be a sequence of positive integers. We recall
that the inverse limit of the sequence of groups(Z/d0d1 . . . dnZ), properly topologized,
endowed with the addition of 1 is called theodometer with base(dn; n ∈ N). If
d = dn = dn+1 = dn+2 = · · · for a certainn, then we say that the odometer is stationary
with stationary based.

We can now prove the result in a particular case.

PROPOSITION16. Let B be a stationary, properly ordered Bratteli diagram with only
simple edges between the top vertex and the first level, andσ : A → A+ the substitution
read onB.
(i) If σ is aperiodic, then the system(XB, VB) is isomorphic to the system(Xσ , Tσ ).
(ii) If σ is periodic, the system(XB, VB) is isomorphic to an odometer with a stationary

base.

Proof of (i). Consider the sequence(Pn) of partitions associated withσ as in §3.4. The
ordered Bratteli diagram associated with this sequence of partitions as in §2.3 is clearlyB.
By Proposition 14 and Lemma 15, this sequence of partitions satisfies hypotheses (iii) and
(iv) of §2.3, thus(Xσ , Tσ ) is isomorphic to(XB, VB).

This proves (i), but we find it interesting to give an independent proof based on an
explicit construction of an isomorphism. The notations introduced here will be used in the
proof of (ii).

Let π : XB → AZ be defined by:

∀x ∈ XB,∀k ∈ Z,∀a ∈ A, (π(x))k = a if V k
Bx goes throughV (1, a).

We claim thatπ is an isomorphism between(XB, VB) and(Xσ , Tσ ).
The proof of this claim uses some definitions, which will also be used in the proof of

(ii). So we do not suppose thatσ is aperiodic for the moment.
π is clearly continuous, and

π ◦ VB = T ◦ π (1)

whereT is the shift onAZ . Remember thatXB is naturally endowed with a sequence(Qn)

of Kakutani–Rohlin partitions whereQn is defined by the firstn + 1 levels: two paths
x, y ∈ XB belong to the same element ofQn if they agree until the leveln + 1. In our
case,Qn is easy to describe. LetK(n, a) be the set of pathsx ∈ XB such that:
(α) x goes throughV (n+ 1, a);
(β) from the top vertex to the leveln+ 1, x consists of only minimal edges.

By induction, the number of paths from the origin to the vertexV (n+ 1, a) is equal to
|σn(a)| for all a ∈ A and alln ≥ 0, and the partitionQn can be written:

Qn = {V k
BK(n, a) | a ∈ A, 0≤ k < |σn(a)|} .
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We now define a mapf : XB → XB. Let x ∈ XB be a path; forn ≥ 1, letx(n) be
the label of the edge between the levelsn − 1 andn the pathx goes through; we remark
that, for the class of Bratteli diagrams we consider, the sequence(x(n); n ≥ 2) completely
determinesx: the edgex(1) of x between the top vertex and the first level is determined by
its range, which is the source ofx(2). For alln > 2, lety(n) bex(n− 1) andy(2) be the
label of the minimal element inE2 of the set of edges which range at the source ofx(2).
The sequence(y(n); n ≥ 1) determines a pathy ∈ Xσ , and we definef (x) = y.

Clearly we have

f (xmin) = xmin. (2)

Suppose that the pathx ∈ XB goes throughV (1, a). By construction of the Vershik map
we have

f (VBx) = V
|σ(a)|
B f (x) and f n(VBx) = V

|σn(a)|
B f (x) for all n ≥ 1; (3)

moreover, ifσ(a) = b1 . . . bm, then for 0≤ j < |σ(a)| the pathV j

Bf (x) goes through
V (1, bj+1); therefore we have

π ◦ f = σ ◦ π. (4)

It follows thatσ(π(xmin)) = π(xmin), thusπ(xmin) is the unique fixed pointω of σ . By
(1), (2) and continuity we getπ(XB) ⊂ Xσ andπ(XB) = Xσ by minimality.

By definition off , for every lettera we havef (K(0, a)) = K(1, a) andf n(K(0, a)) =
K(n, a) for everyn ≥ 1 by induction. From (1) and (4) we get:

∀a ∈ A,∀n ≥ 1,∀j with 0≤ j < |σn(a)|, π(V
j

BK(n, a)) ⊂ T j
σ σn([a]). (5)

Suppose now thatσ is aperiodic. By (5),π maps different elements of the partitionQn in
different elements of the partitionPn; as the sequence(Qn) of partitions spans the topology
of XB, π is one-to-one and our claim is proved. 2

Proof of (ii). We suppose thatσ is periodic. Letp be the smallest period of its fixed point
ω, andu = ω[0,p), so thatω is an infinite concatenation of the wordu. As σ(ω) = ω, it
is also an infinite concatenation of the wordσ(u), and it follows thatσ(u) = u . . . u (d
times) for some integerd > 1. Thus, for everya ∈ A,∑

b∈A
M(σ)b,a|u|b = |σ(u)|a = d|u|a

whereM(σ) is the matrix ofσ , defined by

for all a, b ∈ A, M(σ)b,a is the number of occurrences ofa in σ(b).

In other words, the composition vector(|u|a; a ∈ A) of u is a left eigenvector ofM(σ)

for the eigenvalued. Thus, for everyn ≥ 0 and everya ∈ A,

|σn(u)|a = dn|u|a and |σn(u)| = pdn.

As π mapsXB ontoXσ andK(0, a) onto [a] for eacha, the partitionQ0 is periodic of
periodp for VB; this means that everyVB-orbit visits the elements ofQ0 with periodp;
moreover, each interval of lengthp in eachVB-orbit visits the setK(0, a) |u|a times.
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Forn ≥ 1, letKn be the base of the partitionQn, i.e. the union of the setsK(n, a), and
Wn be the transformation induced byVB on Kn. For eachx ∈ K(0, a), f n(x) ∈ K(n, a)

and the first return time off n(x) to Kn is |σn(a)|, thus

Wnf
n(x) = V

|σn(a)|
B f n(x) = f n(VBx)

by (3), andf n is an isomorphism of(XB, VB) to (Kn,Wn). This isomorphism maps the
partitionQ0 to the partitionRn = {K(n, a) | a ∈ A} of Kn. Therefore, the partitionRn

is periodic forWn with periodp, and every interval of lengthp of eachWn-orbit visits the
setK(0, a) |u|a times. As(Kn,Wn) is the system induced by(XB, VB) onKn, it follows
that the partitionQn is periodic forVB, with a period equal to∑

a∈A
|σn(a)||u|a = |σn(u)| = pdn.

Finally, the sequence of partitionsQn is nested, and spans the topology ofXB; Qn is
periodic of periodpdn. It follows that(XB, VB) is isomorphic to the odometer with base
(p, d, d, . . . ). 2

4.3. The general case.We turn now to the general case, i.e. without the assumption that
the edges from the top vertex to the first level are simple. The result follows immediately
from [Fo, Lemma 15] that we recalled in §2.5 (Lemma 9).

5. Return words and derivatives of a sequence
We present here a modification of the method ofreturn word and derivative sequences
introduced in [Du1]. This method will be used in the next section to prove that every
substitution dynamical system is isomorphic to the system associated with some stationary,
properly ordered Bratteli diagram; and also in §8 in the study of factors of substitution
dynamical systems. As it can be interesting in itself, we present it here with more generality
than we actually need. The proofs which are not given here can be found in [Du1, Du2].

5.1. Return words. Throughout this section,(X, T ) is a minimal subshift on the
alphabetA, andx a given point ofX; x is uniformly recurrent (see §3.2).

Let u be a suffix ofx(−∞,−1] andv a prefix ofx[0,+∞), and we assume that at least one
of them is not the empty word.

We define anoccurrence ofu.v in x to be an integern such thatx[n−|u|,n+|v|) = uv.

Definition 11.A word w on A is a return word tou.v in x if there exist two consecutive
occurrencesj, k of u.v in x such thatw = x[j,k).

As x is uniformly recurrent, the difference between two consecutive occurrences ofu.v

in x is bounded, and the setRu.v of return words tou.v is finite. It is immediate to check
that a wordw ∈ A+ is a return word if and only if:
(i) uwv ∈ L(x) (i.e.uwv is a factor ofx);
(ii) v is a prefix ofwv andu is a suffix ofuw;
(iii) the worduwv contains only two occurrences ofuv.
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Remarks and notations.
(1) The statement (ii) cannot be simplified: it is not equivalent tov is a prefix andu a

suffix ofw. For example, ifaaaaa is a factor ofx then the worda is a return word
to aa.aa.

(2) From this characterization it follows that the set of return words does not depend on
the choice of the pointx, but only on the subshiftX.

(3) If the sequencex, or the subshift(X, T ) in which we consider return words is not
clear from the context, we writeRu.v(x) orRu.v(X) instead ofRu.v .

(4) To avoid unnecessarily heavy notation, we writeRu instead ofR∅.u.

LEMMA 17. The setRu.v is a code. Moreover, it is a circular code (Definition 9).

Proof. Let m be a word, and assume thatm can be written as a concatenationm =
w1 . . . wk of return words. From the property (ii) of return words, it follows by induction
onj thatu is a suffix ofuw1 . . . wj for 1≤ j ≤ k. By backwards induction,v is a prefix of
wj . . . wkv for 1≤ j ≤ k. Thusu.v has at leastk + 1 occurrences inumv = uw1 . . . wkv,
namely betweenu andw1; betweenwj andwj+1 for 1 ≤ j < k; and betweenwk and
v. By the property (iii) of return words,u.v cannot have other occurrences inumv. The
decompositionm = w1 . . . wk of m is obtained in cutting the wordumv at each occurrence
of u.v; this decomposition is therefore unique, andRu.v is a code. Moreover,u is a suffix
of w1 . . . wk if |w1 . . . wk| ≥ |u|; andv a prefix ofw1 . . . wk if |w1 . . . wk| ≥ |v|. It follows
that if a sequencey ∈ AZ can be decomposed as a concatenation of return words, the
occurrences ofu.v in y are exactly the cutting points of this decomposition. From that we
deduce easily thatRu.v is a circular code:

Let w1, . . . , wj ,w,w′1, . . . , w′k ∈ Ru.v , s, t ∈ A∗ be as in the definition of a circular
code, andy be the periodic point

y = (w1 . . . wj )
∞ | (w1 . . . wj )

∞.

By the previous discussion, 0 is an occurrence ofu.v in y. But

y = (ww′1 . . . w′k)∞t | s(w′1 . . . w′kw)∞

andts = w ∈ Ru.v ; again by the previous discussion, 0 is not an occurrence ofu.v in y,
except ift is the empty word. 2

5.2. Derivatives of a sequence.It will be convenient to label the return words. Put

Ru.v = {1, . . . , Card(Ru.v)}
and letφu.v : Ru.v → Ru.v be the bijection defined as follows: letRu.v be ordered
according to the rank of first occurrence inx[0,+∞), andφu.v(k) defined to be thekth
element ofRu.v for this order. Whenu is the empty-word we setφu.v = φv.

We considerRu.v as an alphabet, andφu.v as a map fromRu.v to A+. The last lemma
can be stated as follows.

COROLLARY 18. φu.v : R+u.v → A+ andφu.v : RZ
u.v → AZ are one-to-one.

The sequencex itself is by construction a concatenation of return words, thus we can
define the following.

https://doi.org/10.1017/S0143385799133947 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385799133947


Substitutional dynamical systems 975

Definition 12.Theu.v-derivativeof x is the unique sequenceDu.v(x) on the alphabetRu.v

such that:

φu.v(Du.v(x)) = x.

5.3. Topological interpretation. The notion of a derivative sequence is the
combinatorial analogue to the notion of an induced system, as we explain now.

Let u, v be as above. The cylinder sets[u.wv] for w ∈ Ru.v are obviously pairwise
disjoint; they are included in the cylinder set[u.v] by the property (ii) of return words. Let
y ∈ [u.v] andn be the smallest positive occurrence ofu.v in y; thenw = y[0,n) is a return
word, andy ∈ [u.wv]. Thus{[u.wv] | w ∈ Ru.v} is a partition of[u.v]. Moreover, if
w ∈ Ru.v andy ∈ [u.wv], the first return time ofy to [u.v] is |w| by the property (iii) of
return words. It follows that

Q = {T j [u.wv] | w ∈ Ru.v and 0≤ j < |w|}
is a Kakutani–Rohlin partition ofX, with base[u.v]. Using the bijectionφu.v , this partition
can also be written:

Q = {T j [u.φu.v(k)v] | k ∈ Ru.v and 0≤ j < |φu.v(k)|}.
Let S be the shift onRZ

u.v andY the subshift spanned byDu.v(x).

LEMMA 19. φu.v is an isomorphism of(Y, S) onto the system induced by(X, T ) on the
cylinder set[u.v].
Proof. We know thatφu.v : RZ

u.v → AZ is one-to-one. As

φu.v(Du.v(x)) = x

and, for ally ∈ RZ
u.v ,

φu.v(Sy) = T |φu.v(y0)| φu.v(y)

we getφu.v(S
nDu.v(x)) ∈ X for all n, thusφu.v(Y ) ⊂ X. By definition ofφu.v , we have

φu.v(Y ) ⊂ [u.v].
Let z ∈ [u.v]. There exists a sequence(ni) of integers such thatT ni x → z; as[u.v]

is open inX, for i large enoughT ni x ∈ [u.v], andni is an occurrence ofu.v in x, it
follows thatT ni x = φu.v(S

kiDu.v(x)) for someki , andT ni x ∈ φu.v(Y ). Finally we get
z ∈ φu.v(Y ) andφu.v(Y ) = [u.v].

Let y ∈ Y andz = φu.v(y); the first return time ofz to [u.v] is n = |φu.v(y0)|; thus
the image ofz by the first return time transformation isT nz = φu.v(Sy), and the lemma is
proved. 2

5.4. Return words and Bratteli diagrams.We consider now return words for longer and
longer prefixes ofx[0,+∞) and suffixes ofx(−∞,−1]. To avoid unnecessarily heavy notation,
we write, for alln ≥ 1:

Rn = Rx[−n,−1].x[0,n)
; Rn = Rx[−n,−1].x[0,n)

; φn = φx[−n,−1].x[0,n)
.
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We get a sequence of Kakutani–Rohlin partitionsPn where

Pn = {T j [x[−n,−1].wx[0,n)] | w ∈ Rn and 0≤ j < |w|}
= {T jBn,k | k ∈ Rn and 0≤ j < |φn(k)|}

whereBn,k = [x[−n,−1].φn(k)x[0,n)] for k ∈ Rn. The base ofPn is Bn = [x[−n,−1].x[0,n)].
Fix n ≥ 1. Asx[−n,−1] is a suffix ofx[−n−1,−1], andx[0,n) a prefix ofx[0,n+1), each word
belonging toRn+1 can be written as a concatenation of words belonging toRn, and it can
be done in a unique way. It follows that there exists a unique mapσn : Rn+1→ R+n with:

φn ◦ σn = φn+1.

Clearly,Bn+1 ⊂ Bn. Let k belong toRn+1, j1 . . . jm = σn(k) andy ∈ Bn+1,k . By
definition,y ∈ Bn,j1. The orbit ofy climbs thej1th tower ofPn, then goes toBn,j2, climbs
the j2th tower ofPn . . . goes toBn,jm , climbs thejmth tower ofPn and comes back to
Bn+1. The sequence of elements ofPn the orbit ofy visits before it returns toBn+1 does
not depend on the pointy ∈ Bn+1,k, thus the partitionPn+1 is finer thanPn. The sequence
(Pn) of partitions is nested in the sense of §2.3.

Moreover,
⋂

n Bn consists exactly of the pointx, and the sequence(Pn) spans the
topology ofX becausey[−n,n) is constant on each element ofPn. Thus this sequence
satisfies all the hypotheses (i), (ii), (iii) and (iv) of §2.3: it can be used to construct a
properly ordered Bratteli diagramB with (XB, VB) isomorphic to(X, T ), or to compute
the dimension group of(X, T ). It may be interesting to remark that the incidence matrices
of this diagram—which are used to compute the dimension group—are the matricesM(σn)

associated with the mapsσn and defined as follows.

For i ∈ Rn+1 andj ∈ Rn, (M(σn))i,j = number of occurrences ofj in σn(i).

6. From substitutions to Bratteli diagrams
6.1. In this section, we prove the second part of Theorem 1 in the form of the following
proposition.

PROPOSITION20. The system associated with any (primitive, aperiodic) substitution
is isomorphic to the system associated with some stationary, properly ordered Bratteli
diagram.

Suppose first that the (primitive, aperiodic) substitutionσ is proper. We can clearly
define a stationary ordered Bratteli diagramB, with simple edges between the top vertex
and the first level, such that the substitution read onB in the sense of §4 is exactlyσ . This
diagram is simple becauseσ is primitive, and properly ordered becauseσ is proper. Asσ
is aperiodic, Proposition 16 of §4 says that(Xσ , Tσ ) is isomorphic to(XB, VB), and our
result is proved. We consider now the general case, without assuming that the substitution
is proper.

Remark.The proposition is partially proved in [Fo]. Our approach differs from Forrest’s in
that we give an explicit (algorithmic) construction of a properly ordered Bratteli diagram,
and also of a proper substitution, defining a system isomorphic to(Xσ , Tσ ); in particular, it
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leads to an explicit method with which to compute completely (i.e.: with the order and the
order unit) the dimension group of any substitution dynamical system: we do not make any
assumption on the given substitution—except of course that it is primitive and aperiodic.

6.2. A derivative of a fixed point of a substitution.Let σ be a (primitive, aperiodic)
substitution on the alphabetA, andx one of its fixed points. We writer = x−1 and` = x0,
so thatr is the last letter ofσ(r) and` the first letter ofσ(`).

We use here freely the notations introduced in §5. But, as we consider here return words
to r.` only, we writeR, R, φ,D(x) instead ofRr.`, Rr.`, φr.` andDr.`(x), respectively.

We define now a substitutionτ on the alphabetR.
Let j ∈ R, andw = w1 . . . wk = φ(j) ∈ R. By the characterization of return

words (see §5.1), we haverw` ∈ L(σ ), w1 = ` andwk = r. As σ(x) = x, the word
σ(rw`) = σ(r)σ (w)σ(`) also belongs toL(σ ). But r is the last letter ofσ(r), and` the
first of σ(`); it follows thatrσ (w)` ∈ L(σ ); and also that the first letter ofσ(w) is ` and its
last letterr: r` is a prefix and also a suffix ofrσ (w)`. Therefore, the wordσ(w) appears
in x between two occurrences ofr.`, thus it is a concatenation of return words, i.e. belongs
to φ(R+); asφ : R→ A+ is a code (Lemma 17), there exists a unique wordu ∈ R+ such
thatσ(w) = φ(u).

We defineτ (j) = u; τ is a substitution on the alphabetR, characterized by

φ ◦ τ = σ ◦ φ.

It follows thatφ ◦ τn = σn ◦ φ for eachn ≥ 0.

LEMMA 21. τ is proper, primitive, aperiodic, andD(x) is its fixed point.

Proof. Recall thatφ(1) is the first element in the decomposition ofx[0,+∞) in return words,
i.e. thatφ(1)` is a prefix ofx[0,+∞). Let n be so large that|σn(`)| > |φ(1)|. As σn(`) and
φ(1)` are both prefixes ofx[0,+∞), φ(1)` is a prefix ofσn(`). Let j ∈ R, andw = φ(j).
As ` is the first letter ofw, σn(`) is a prefix ofσn(w), and thusφ(1)` is also a prefix of
σn(w). It follows thatφ(1) is the first element in the decomposition ofσn(w) = φ(τn(j))

in a concatenation of return words, i.e. that 1 is the first letter ofτn(j).
Let m = (D(x))−1: rφ(m) is a suffix ofx(−∞,−1], and the same argument shows that,

for everyn large enough and everyj ∈ R, m is the last letter ofτn(j): τ is proper.
Let k > 0 be an occurrence ofr.` so large that every return wordw ∈ R appears in

the decomposition ofx[0,k), i.e. that everyj ∈ R occurs in the wordu ∈ R+ defined by
φ(u) = x[0,k); let n be so large that|σn(`)| > k. Let i, j ∈ R. As above,x[0,k)` is a prefix
of σn(`), which is a prefix ofσn(φ(i)) = φ(τn(i)). Thusu is a prefix ofτn(i), andj

occurs inτn(i): τ is primitive. Moreover

φ(τ(D(x))) = σ(φ(D(x))) = σ(x) = x = φ(D(x))

thusτ (D(x)) = D(x) by the unique decomposition property, andD(x) is the unique fixed
point of τ . As φ(D(x)) = x is not periodic,D(x) is not periodic and the substitutionτ is
aperiodic. 2
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6.3. Proof of the Proposition 20. The proof of the announced result is almost immediate
from this point. LetA be the stationary, properly ordered Bratteli diagram naturally
associated toτ : it has simple edges between the top level and the first level, andτ is
the substitution read on it.

Let B be the stationary, properly ordered diagram which is identical toA except that,
for eachj ∈ R, the top level is joined by|φ(j)| edges to the vertexV (1, j). We claim that
(Xσ , Tσ ) is isomorphic to(XB, VB).

In §4 we have constructed an isomorphismπ−1 from (Xτ , Tτ ) to (XA, VA). For every
j ∈ R, this isomorphism maps the cylinder set[j ] of Xτ to the subset ofXA consisting of
the paths which go through the vertexV (1, j). Thus the systems(Xσ , Tσ ) and(XB, VB)

are constructed in putting Kakutani–Rohlin towers of the same height over subsets ofXτ

andXA respectively, which correspond via this isomorphism: hence these systems are
isomorphic. 2

6.4. The dimension group of a substitution dynamical system.The above construction
allows us to compute the dimension group of any substitution dynamical system, including
the order and the order unit.

Whenσ is a substitution on an alphabetA, we let M(σ) denote its matrix; it is the
|A| × |A|matrix, with rows and columns indexed byA, defined by:

for a, b ∈ A, M(σ)a,b is the number of occurrences ofb in σ(a).

Let us recall the definition of the dimension group(K,K+, 1) of ad×d matrixM with
nonnegative integer entries. Define:

G = {−→m ∈ Qd | ∃n > 0 such thatMn−→m ∈ Zd}
G+ = {−→m ∈ Qd | ∃n > 0 such thatMn−→m ∈ Zd+}
H = {−→m ∈ Qd | ∃n > 0 such thatMn−→m = −→0 }

K = G/H ; K+is the image ofG+ in K

and1 is the image inK of the vector
−→
1 = (1, . . . , 1).

THEOREM 22. Letσ be a (primitive, aperiodic) substitution on the alphabetA.
(i) If σ is proper, thenK0(Xσ , Tσ ) is isomorphic to the dimension group of the matrix

of σ as ordered groups with order units.
(ii) In the general case, letτ be the substitution on the alphabetR, andφ : R → A+

the morphism defined in 6.2. ThenK0(Xσ , Tσ ) is isomorphic as ordered group to
the dimension group of the matrix ofτ ; through this isomorphism, the order unit of
K0(Xσ , Tσ ) corresponds to the image of the vector(|φ(j)|; j ∈ R) in the dimension
group of this matrix.

Proof. If σ is proper, then(Xσ , Tσ ) is isomorphic to(XB, VB) whereB is a stationary,
properly ordered Bratteli diagram (see §6.1) with simple edges between the top vertex and
the first level, andσ is the substitution read onB. The incidence matrix ofB is M(σ)

at each level, and the result follows immediately from the computation of the dimension
group of the system associated with a Bratteli diagram (Theorem 6).

https://doi.org/10.1017/S0143385799133947 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385799133947


Substitutional dynamical systems 979

In the general case, letB be the Bratteli diagram constructed in §6.3. At each level,
its incidence matrix is the matrix ofτ ; it has|φ(j)| edges between the top vertex and the
vertex of labelj in the first level, and the result follows. 2

6.5. An example. The setsR andR, the mapφ and the substitutionτ on R can be
computed in an explicit way from the substitutionσ , as shown in the following example.

Let σ be the substitution defined on the alphabetA = {a, b} by:

σ(a) = aba σ(b) = baab.

This substitution is clearly primitive, and it can be checked that it is aperiodic.
Let x be the fixed point ofσ such thatx−1 = b andx0 = a:

x = . . . abaababaab | ababaababa . . .

where the vertical bar separatesx(−∞,−1] of x[0,+∞) as usual. Asba is a factor ofσ(a), x

is admissible.
As baba is a factor ofx, w1 = ab is a return word tob.a; w1 is in fact the first return

word in the decomposition ofx[0,+∞), thus we setφ(1) = w1. We have:

σ(w1) = ababaab = w1w1w2

wherew2 = aab is necessarily a return word; we setφ(2) = w2, and we getτ (1) = 112.
We have:

σ(w2) = abaababaab = w1w2w1w2

thusτ (2) = 1212. As the substitutionτ is primitive, the alphabetR cannot contain any
other letter, thusR cannot contain any other return word. We get:

R = {1, 2}; R = {ab, aab}; φ(1) = ab; φ(2) = aab; τ (1) = 112; τ (2) = 1212.

We can check that, as announced, the substitutionτ is primitive, aperiodic and proper;
its fixed point is

y = . . . 12121121212| 1121121212. . .

which is equal toD(x), and thus satisfiesφ(y) = x.
Let us compute the dimension group of the substitution dynamical system(Xσ , Tσ ); we

use the notations of §6.4.
Here the matrixM(τ) is

M(τ) =
(

2 1
2 2

)
.

The determinant ofM(τ) is not zero, thusH = {0} andK0(Xσ , Tσ ) = G.
As the determinant ofM(τ) is two, for every−→m ∈ G there exists an integerk > 0 with

2k−→m ∈ Z2. Moreover, it is easily checked that, for every integerk > 0 there exists an
integern > 0 such that all the coefficients ofM(τ)n are multiples of 2k. It follows that

K0(Xσ , Tσ ) = G = {(2−ka, 2−kb) | a, b ∈ Z, k ≥ 0} ⊂ Q2.
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With ρ = 2+√2 (the Perron–Frobenius eigenvalue) we have

2
√

2ρ−nM(τ)n→
(√

2 1
2
√

2

)
asn→+∞.

It follows that

K0+(Xσ , Tσ ) = G+ = {(α, β) ∈ K0(Xσ , Tσ ) | α√2+ β ≥ 0}.
The order unit is1= (2, 3).

7. Construction of a proper substitution
We use the notation of the preceding section.

By Lemma 9, there exists a stationary, properly ordered Bratteli diagramC with simple
edges between the origin and the first level, which is order equivalent toB, and thus defines
an isomorphic system. From Proposition 16 we know that(Xσ , Tσ ) is isomorphic to
(Xζ , Tζ ), whereζ is the substitution read onC; this substitution is proper by Lemma 15.
This is illustrated in Figure 4 (§2). In fact the left-hand diagram corresponds toB (andτ ),
while the right-hand diagram corresponds toC (andζ ).

It is perhaps interesting to give an explicit and direct construction of such aζ without
the use of Bratteli diagrams. This will provide an alternative proof of Proposition 20, in the
formalism of substitutions. Moreover, this construction is perhaps more algorithmic than
the one arising from Lemma 9 proved by Forrest. The work is done using the following
proposition, which is a modification of an unpublished result from Rauzy.

PROPOSITION23. Let y be an admissible fixed point of a primitive substitutionτ on the
alphabetR, A an alphabet,φ : R → A+ a one-to-one map,x = φ(y) and (X, T ) the
subshift spanned byx.

There exist a primitive substitutionζ on an alphabetB, an admissible fixed pointz of ζ
and a mapθ : B → A such that:
(i) θ(z) = x;
(ii) if φ(R) is a circular code, thenθ is an isomorphism from(Xζ , Tζ ) to (X, T );
(iii) if τ is proper, thenζ is proper.

From (i) it follows thatζ is aperiodic whenever the sequencex is not periodic.

Proof. The proof is very simple, but the notations are, in an inescapable way, a bit heavy.
Substituting a power ofτ for τ if needed, we can assume that|τ (j)| ≥ |φ(j)| for all j ∈ R.
For allj in R, we writemj = |τ (j)| andnj = |φ(j)|. We define:
• an alphabetB by B = {(j, p) | j ∈ R, 1 ≤ p ≤ nj };
• a mapθ : B → A by θ(j, p) = (φ(j))p;
• a mapψ : R→ B+ by ψ(j) = (j, 1)(j, 2) . . . (j,nj ).

Clearly,θ ◦ ψ = φ.
We define a substitutionζ onB by:

for j in R and 1≤ p ≤ nj , ζ(j, p) =


ψ
((

τ (j)
)
p

)
if 1 ≤ p < nj

ψ
((

τ (j)
)
[nj ,mj ]

)
if p = nj ,
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so that, for everyj ∈ R, ζ(ψ(j)) = ζ(j, 1) . . . ζ(j, nj ) = ψ(τ(j)), i.e.

ζ ◦ ψ = ψ ◦ τ (6)

and it follows that
ζ n ◦ ψ = ψ ◦ τn for all n ≥ 0.

We claim thatζ is primitive. Letn be an integer such thatb occurs inτn(a) for all a, b ∈ R.
Let (j, p) and(k, q) belong toB. By construction,ζ(j, p) containsψ(τ(j)p) as a factor,
thusζ n+1(j, p) containsζ n(ψ(τ(j)p)) = ψ(τn(τ (j)p)) as a factor. By the choice ofn,
k occurs inτn(τ (j)p), thusψ(k) is a factor ofψ(τn(τ (j)p)) and also ofζ n+1(j, p). As
(k, q) is a letter ofψ(k), (k, q) occurs inζ n+1(j, p) and our claim is proved.

Let z = ψ(y). From (6) we getζ(z) = ψ(τ(y)) = ψ(y) = z, andz is a fixed point
of ζ . By construction,z is uniformly recurrent, thus it as an admissible fixed point ofζ .
Moreover,θ(z) = θ(ψ(y)) = φ(y) = x, and (i) is proved.

Proof of (ii). As θ commutes with the shift and mapsz to x, it mapsXζ ontoX. It remains
to prove thatθ : Xζ → X is one-to-one. Letα ∈ X. By definition ofX, there existγ ∈ Xτ

and an integerp, with 0 ≤ p < |φ(γ0)|, such thatα = T pφ(γ ). Let β be an element of
Xζ with θ(β) = α. By definition ofψ, there exist someδ ∈ Xτ and some integerq, with
0 ≤ q < |ψ(δ0)|, such thatβ = T

q
ζ ψ(δ); it follows thatT qφ(δ) = θ(β) = α = T pφ(γ );

as 0≤ q < |ψ(δ)| = |φ(δ)| by construction ofψ, andφ(R) is a circular code, it follows
that δ = γ andq = p, thusβ = T

p
ζ ψ(γ ): β is uniquely determined byα, andθ is

one-to-one.

Proof of (iii). Let ` ∈ R be the letter such that̀is the first letter ofτ (k) for everyk ∈ R.
Let (j, p) ∈ B, andk = τ (j)p. By definition ofζ , the first letter ofζ(j, p) is (k, 1), and
the first letter ofζ 2(j, p) is the first letter ofζ(k, 1), i.e. (`, 1). By the same method, ifr
is the last letter ofτ (k) for everyk ∈ R, then the last letter ofζ 2(j, p) is (r, nr ) for every
(j, p) ∈ B. 2

The example of §6.5 continues.As |τ (j)| ≥ |φ(j)| for j = 1, 2, we need not to consider
a higher power forτ . We haven1 = 2, m1 = 3, n2 = 3 andm2 = 4.

The alphabetB is:

B = {(1, 1), (1, 2), (2, 1), (2, 2), (2, 3)}.
The mapsθ : B → A andψ : R→ B+ are given by:

θ(1, 1) = a; θ(1, 2) = b; θ(2, 1) = a; θ(2, 2) = a; θ(2, 3) = b;
ψ(1) = (1, 1)(1, 2); ψ(2) = (2, 1)(2, 2)(2, 3).

We now compute the substitutionζ onB:

ζ(1, 1) = ψ(τ(1)1) = ψ(1) = (1, 1)(1, 2)

ζ(1, 2) = ψ(τ(1)[2,3]) = ψ(12) = (1, 1)(1, 2)(2, 1)(2, 2)(2, 3)

ζ(2, 1) = ψ(τ(2)1) = ψ(1) = (1, 1)(1, 2)

ζ(2, 2) = ψ(τ(2)2) = ψ(2) = (2, 1)(2, 2)(2, 3)

ζ(2, 3) = ψ(τ(2)[3,4]) = ψ(12) = (1, 1)(1, 2)(2, 1)(2, 2)(2, 3).
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To simplify the notation, we put:

α = (1, 1); β = (1, 2); γ = (2, 1); δ = (2, 2); ε = (2, 3)

andB = {α, β, γ, δ, ε}. The substitutionζ and the mapθ : B → A can be written:

ζ(α) = αβ; ζ(β) = αβγ δε; ζ(γ ) = αβ; ζ(δ) = γ δε; ζ(ε) = αβγ δε;
θ(α) = a; θ(β) = b; θ(γ ) = a; θ(δ) = a; θ(ε) = b.

ζ is proper: for everym ∈ B, α is the first andε the last letter ofζ 2(m). The fixed point of
ζ is:

z = . . . αβγ δεαβγ δεαβγ δε | αβαβγ δεαβαβγ δε . . . .

We haveθ(z) = x; θ is an isomorphism from(Xζ , Tζ ) to (Xσ , Tσ ), and hence(Xσ , Tσ ) is
isomorphic to the Bratteli–Vershik system associated with the stationary, properly ordered
Bratteli diagram naturally derived fromζ .

8. Cantor factors of substitution subshifts
In this section we prove Theorems 3 and 4.

In §8.1 we introduce the notion of linearly recurrent subshifts and prove some properties
of such subshifts. In §8.2 we prove Theorem 3 and we show that a minimal Cantor system
which is a factor of a linearly recurrent subshift is either isomorphic to a subshift or to an
odometer. This last result is the core of the proof of Theorem 4, given in §8.3.

8.1. Linearly recurrent sequences and subshifts

Definition 13.We say that a sequencex on a finite alphabet islinearly recurrent (with
constantK ∈ N) if it is recurrent and if, for every factoru of x, the difference between two
successive occurrences ofu in x is less thanK|u|.
THEOREM 24. Letx be a linearly recurrent aperiodic sequence with constantK. Then:
(i) the number of distinct factors of lengthn of x is less than or equal toKn;
(ii) x is (K + 1)-power free (i.e.uK+1 ∈ L(x) if and only ifu = ∅);
(iii) for all u ∈ L(x) and for allw ∈ Ru we have(1/K)|u| < |w|;
(iv) for all u ∈ L(x), Card(Ru) ≤ K(K + 1)2.

Proof. We begin with a remark. Letn be a positive integer andu ∈ L(x) a word of length
(K + 1)n− 1. Letv ∈ L(x) be a word of lengthn. The difference between two successive
occurrences ofv is less thanKn, consequentlyu has at least one occurrence ofv. We have
proved that: for eachn, all words of lengthn occur in each word of length(K + 1)n− 1.
From this remark we deduce (i).

Let u ∈ L(x) be a word such thatuK+1 ∈ L(x). Each factor ofx of length|u| occurs
in uK+1. But at the most|u| distinct factors of length|u| of x occurs inuK+1. This
contradicts the aperiodicity ofx.

Assume there existu ∈ L(x) andw ∈ Ru such that|u|/K ≥ |w|. The wordw is a
return word tou thereforeu is a prefix ofwu. We deduce thatwK is a prefix ofu. Hence
wK+1 belongs toL(x) becausewu belongs toL(x). Consequentlyw = ∅ and (iii) is
proved.
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Let u be a factor ofx andv ∈ L(x) be a word of length(K + 1)2|u|. Each word of
length(K+1)|u| occurs inv, hence each return word tou occurs inv. It follows from (iii)
that inv will occur at the mostK(K + 1)2|u|/|u| = K(K + 1)2 return words tou, which
proves (iv). 2

We say that a subshift islinearly recurrent (respectivelyK-power free) if it is
minimal and contains a linearly recurrent (respectivelyK-power free) sequence. If a
subshift(Y, T ) is linearly recurrent (respectivelyK-power free) then by minimality all
sequences belonging toY are linearly recurrent (respectivelyK-power free). The following
proposition was first proved in [Du1].

PROPOSITION25. All substitution subshifts are linearly recurrent.

Proof. Let τ be a substitution onA. Let u be a word ofL(τ ) andv be a return word to
u. A well-known property of substitutions (see [Qu]) asserts that there exists a constantC

such that for all positive integersk

Sk = sup{|τ k(a)| | a ∈ A} ≤ C inf{|τ k(a)| | a ∈ A} = CIk.

Let k be the smallest integer such thatIk ≥ |u|. The choice ofk entails that there exists a
wordab ∈ L(τ ) of length two such thatu occurs inτ k(ab). LetR be the largest difference
between two successive occurrences of a word of length two ofL(τ ). We have

|v| ≤ RSk ≤ RCIk ≤ RCS1Ik−1 ≤ RCS1|u|.
The subshift spanned byτ is linearly recurrent with constantRCS1. 2

Remarks.Let ϕ be a factor map from the subshift(X, T ) on the alphabetA onto the
subshift(Y, T ) on the alphabetB. A classical result (Theorem 6.2.9 in [LM] ) asserts that
ϕ is asliding block code. That is to say there exists a non-negative integerr andr-block
mapf : A2r+1→ B such that(ϕ(x))i = f (x[i−r,i+r]) for all i ∈ Z andx ∈ X. We shall
say thatf is ar-block map associated withϕ.

Whenr = 0 (i.e. whenf is a map fromA to B), thenϕ is the restriction toX of the
extension fromAZ to BZ of f introduced in §3.1.

Suppose now thatr is a positive integer. Ifu = u0u1 . . . un is a word of length
n ≥ 2r + 1 we definef (u) by (f (u))i = f (u[i,i+2r]), i ∈ {0, 1, . . . n − 2r}. Let C

denote the alphabetA2r+1 andZ = {((x[−r+i,r+i]); i ∈ Z) ∈ CZ | (xn; n ∈ Z) ∈ X}. It is
easy to check that the subshift(Z, T ) is isomorphic to(X, T ) and thatf induces a 0-block
map fromC ontoB which defines a factor map from(Z, T ) onto(Y, T ).

PROPOSITION26. Let (X, T ) and (Y, T ) be aperiodic subshifts such that(Y, T ) is a
factor of(X, T ). Then:
(i) If (X, T ) is linearly recurrent with constantK then (Y, T ) is linearly recurrent.

Moreover there existsn0 such that: for allu ∈ L(Y ), of length greater thann0, and
for all w ∈ Ru we have|u|/2K ≤ |w| ≤ 2K|u| andCard(Ru) ≤ 2K(2K + 1)2.

(ii) If (Y, T ) is K-power free, then(X, T ) is L-power free for someL.

Proof. We denote byA the alphabet ofX and byB the alphabet ofY . Let ϕ : (X, T )→
(Y, T ) be a factor map. Letf : A2r+1→ B be a block map associated withϕ.
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Let u be a word ofL(X) of length|u| ≥ 2r + 1 andv be a word ofL(Y ) defined by
f (u) = v. We have|v| = |u| − 2r. If w is a return word tov then|w| ≤ max{|s| | s ∈
Ru} ≤ K|u| ≤ K(|v| + 2r). The subshift(Y, T ) is linearly recurrent with constant
K(2r + 1). Moreover, for allv ∈ L(Y ) such that|v| ≥ 2r, and for all w ∈ Rv ,
|w| ≤ 2K|v|.

Suppose there exists a wordα of lengthn ≥ 2r such thatα2K+1 belongs toL(Y ).
Each word of lengthn occurs inα2K+1. But in α2K+1 at most|α| = n words of lengthn
occur. This contradicts the aperiodicity of(Y, T ), thereforeα is the empty word. The same
arguments we used to prove point (iii) of Theorem 24 complete the proof of (i).

Assume that(Y, T ) is K-power free. Suppose that there exists a wordu, greater than
2r + 1, such thatu(K+1) is a factor ofx. Let w bef (uu[0,2r−1]). The wordwK is a prefix
of f (u(K+1)), hencew is the empty word and the same foru. This completes the proof.2

COROLLARY 27. Let (X, T ) and(Y, T ) be two isomorphic aperiodic subshifts. Then:
(i) if (X, T ) is linearly recurrent, then(Y, T ) is linearly recurrent;
(ii) if (X, T ) is K-power free for someK, then(Y, T ) is K-power free.

8.2. Chains of factors. A chain of factor maps of lengthn is a finite sequence(γi :
(Yi+1, Ti+1)→ (Yi, Ti); 0≤ i ≤ n− 1) of factor maps of minimal Cantor systems:

(Yn, Tn)
γn−1−→ (Yn−1, Tn−1)

γn−2−→ · · · γ1−→ (Y1, T1)
γ0−→ (Y0, T0).

The notion ofsubchainis implicitly defined. A chain isproperwhen none of theγis are
isomorphisms.

Let (γi : (Yi+1, T ) → (Yi , T ); 0 ≤ i ≤ n − 1) be a chain of subshift factor maps.
A remark in §8.1 implies that by substituting, if needed, some(Yi, T ) by an isomorphic
subshift, we can suppose that for eachi ∈ {0, . . . , n− 1} the factor mapγi is defined by a
0-block map.

Proof of Theorem 3.The subshift(Y, T ) on the alphabetA is linearly recurrent with
constantK. Let (γi : (Yi+1, T )→ (Yi , T ); 0 ≤ i ≤ n− 1) be a proper chain of aperiodic
subshift factor maps of lengthn such that(Yn, T ) = (Y, T ). Substituting, if needed, some
(Yi, T ), 0 ≤ i ≤ n − 2, by an appropriate isomorphic subshift we can assume that the
factor mapsγi , 0 ≤ i ≤ n − 2, are given by 0-block mapsγ i from the alphabet ofYi+1

to the alphabet ofYi . We do not change(Y, T ) andγn−1 because it would change the
constantK. It follows from Proposition 26 that there exists a positive integern0 such that:
for all 0 ≤ i ≤ n − 1, for all v ∈ L(Yi) such that|v| ≥ n0 and for allw ∈ Rv we have
|v|/2K ≤ |w| ≤ 2K|v|. We choose a wordvn−1 of L(Yn−1) such that|vn−1| ≥ n0.

Let i ∈ {0, . . . , n − 2}. The factor mapγiγi+1 . . . γn−2 is given by the 0-block-
map ψ = γ iγ i+1 . . . γ n−2. Let vi = ψ(vn−1). If w is a return word tovn−1, then
ψ(w) is a concatenation of return words tovi . Therefore we can define a unique map
λi : Rvn−1 → R∗vi

by φviλi = ψφvn−1 (see §5.2). Lety be a word ofL(Yi). A word of
lengthn of L(Yi) has at the most 2Kn/|y| occurrences ofy. From this we deduce that for
all a in Rvn−1

|λi(a)| ≤ 2K|ψ(φvn−1(a))|
|vi | ≤ 2K|φvn−1(a)|

|vi | ≤ 2K2|vn−1|
|vi | = 2K2.
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Recall that Card(Rvi ) ≤ 2K(2K + 1)2 (Theorem 24).
The length of the image of each letter under the mapλi , 0 ≤ i ≤ n − 2, and the

cardinality of the alphabetsRvn−1 andRvi are bounded independently ofn andi. Hence
the set of mapsλi , 0≤ i ≤ n − 2, is bounded independently ofn andi, more precisely it
is bounded by

(2K(2K + 1)2)4K3(2K+1)2 = D.

Assume thatn is greater thanD+2, in this case there exist two integers 0≤ p < q ≤ n−2
such thatλp = λq . Let ρ be the 0-block mapγ pγ p−1 . . . γ q−1. It defines a factor map
from (Yq, T ) onto(Yp, T ). We want to prove thatρ(Rvq ) = Rvp .

The definition ofvp and vq implies thatρ(vq) = vp. Let w be a return word
to vq . The wordρ(w) is a concatenation of return words tovp . Suppose thatρ(w)

is a concatenation of at least two return words tovp. There existsb ∈ Rvn−1 such
that γ q . . . γ n−2(φvn−1(b)vn−1) has an occurrence ofwvq . Consequently the number
of occurrences of return words tovp in γp . . . γ n−2(φvn−1(b)vn−1) is greater than the
number occurrences of return words tovq in γq . . . γ n−2(φvn−1(b)vn−1). That is to say,
|λq(b)| < |λp(b)|, which contradicts thatλp = λq . Thereforeρ(Rvq ) ⊂ Rvp .

Let w be a return word tovp. If there is no return wordx to vq such thatρ(x) = w,
then as above we can prove that there exists a letterb belonging toRvn−1 such that
|λq(b)| < |λp(b)|. We obtainρ(Rvq ) = Rvp .

Moreover Card(Rvq ) = Card(Rvp ), hence the letter to letter morphismρ, restricted to
the set of concatenations of return words tovq , is a bijection from the set of concatenations
of return words tovq onto the set of concatenations of return words tovp . This
induces an isomorphism from(Yq, T ) onto (Yp, T ) and proves thatγpγp+1 . . . γq−1 is
an isomorphism. This contradicts the fact thatn is the length of(γi : (Yi+1, T ) →
(Yi, T ); 0≤ i ≤ n− 1). 2

PROPOSITION28. Let (Y, S) be a Cantor system which is a factor of a linearly recurrent
subshift. Then(Y, S) is either isomorphic to a subshift or to an odometer.

Proof. Let (X, T ) be a linearly recurrent subshift with constantK and letλ : (X, T ) →
(Y, S) be a factor map. Let(Pn = {P(n, 1), . . . , P (n, pn)} | n ∈ N) be a sequence of
partitions ofY such that:
(i) each element of these partitions is clopen;
(ii) Pn ≺ Pn+1;
(iii) the sequence(Pn; n ∈ N) separates the points ofY .

Let n be a positive integer. We setAn = {1, . . . , pn} and we define a mapδ : Y → An

by δ(x) = i if and only if x belongs toP(n, i). Let ϕn : Y → AZ
n be the map defined by

(ϕn(x))i = δ(Si(x)) for all i ∈ Z. We setYn = ϕn(Y ). The mapϕn is a factor map from
(Y, S) onto(Yn, T ).

Property (ii) implies that there exists a 0-block map fromAn+1 ontoAn, which induces
a factor mapγn : (Yn+1, T ) → (Yn, T ) satisfyingγnϕn+1 = ϕn. We have the following
scheme:

(X, T )
λ−→ (Y, S)

ϕn+1−→ (Yn+1, T )
γn−→ (Yn, T )

γn−1−→ · · · γ1−→ (Y1, T )
γ0−→ (Y0, T ).

https://doi.org/10.1017/S0143385799133947 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385799133947


986 F. Durand et al

Let � be the set{(x0, x1, . . . ) ∈ 5+∞i=0Yi | γi(xi+1) = xi, i ∈ N}. It is the inverse
limit of the sequence((Yi , T ), ϕi; i ∈ N). We endow� with the topology induced by the
infinite product topology. Endowed with this topology� is a Cantor set. Clearly, the map
U : � → � defined byU((x0, x1, . . . )) = (T x0, T x1, . . . ) is a homeomorphism. The
reader can check that(�,U) is a minimal Cantor system. In what follows we prove that
(�,U) is isomorphic to(Y, S).

Let γ : (Y, S) → (�,U) be the map defined byγ (x) = (ϕ0(x), ϕ1(x), . . . ). It
is easy to see thatγ is a factor map. It remains to prove thatγ is one-to-one. Let
x and y be elements ofY . It follows from property (iii) that there exists an integer
n and 1 ≤ i < j ≤ pn such thatx ∈ P(n, i) and y ∈ P(n, j). Hence we have
ϕn(x)0 = i 6= j = ϕn(y)0. This implies thatγ (x) 6= γ (y). Thereforeγ is an
isomorphism.

Taking the sequence of partitions(Pn; n ≥ l) for somel ∈ N, if needed, we can suppose
that either:
(i) none of the subshifts(Yn, T ) are periodic; or
(ii) each subshift(Yn, T ) is periodic.

Assume that(Pn; n ∈ N) fulfills (i). The subshift (X, T ) is linearly recurrent;
consequently Theorem 3 implies that there existsn0 ∈ N such that for alln ≥ n0 the
subshift factor mapγn : (Yn+1, T )→ (Yn, T ) is an isomorphism. Then it is easy to check
that(Yn0, T ) is isomorphic to(�,U) anda fortiori to (Y, S).

Suppose (ii). For eachn ∈ N the subshift is finite and we setkn = CardYn. Clearly
(Y, S) is isomorphic to the odometer with base(kn; n ∈ N). 2

8.3. Cantor factors of substitution subshifts.We now give a condition for a subshift to
be isomorphic to a substitution subshift. Then we prove that under some assumptions
a Cantor factor of a substitution subshift is isomorphic to a substitution subshift. We
conclude this section with the proof of Theorem 4.

PROPOSITION29. Letx be a uniformly recurrent sequence. Letu = x[0,n] andv = x[0,l],
n < l, such that eachwu, w ∈ Ru, occurs in each return word tov. If Du(x) = Dv(x)

then:
(i) Du(x) is a substitution fixed point; and
(ii) the subshift spanned byx is isomorphic to a substitution subshift.

Proof. We haveDu(x) = Dv(x) henceRu = Rv = R. It follows from the hypothesis
that each return word tov is a concatenation of return words tou. This allows us to define
a morphismζ : R → R+ by φuζ = φv . The reader can check that it is a substitution.
Moreover, we have

φuζ(Du(x)) = φv(Du(x)) = φv(Dv(x)) = x.

The unicity ofDu(x) implies thatζ(Du(x)) = Du(x). This proves (i).
We havex = φu(Du(x)) and Lemma 17 asserts thatφu(R) = Ru is a circular code.

Proposition 23 completes the proof. 2

Proof of Theorem 4.Let (Y, S) be a minimal Cantor system which is the factor of a subshift
spanned by a substitutionτ : A→ A+. Two cases appear (Proposition 28):

https://doi.org/10.1017/S0143385799133947 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385799133947


Substitutional dynamical systems 987

(i) (Y, S) is isomorphic to a subshift(W, T );
(ii) (Y, S) is isomorphic to an odometer.

Assume that(Y, S) fulfills (i). Let B be the alphabet ofW . Let ϕ : (Xτ , T )→ (W, T )

be a factor map andf : A2r+1 → B an associated block-map. ConsiderA2r+1 as an
alphabet that we denote byC. Let X be the set{((x[n−r,n+r]); n ∈ Z) ∈ CZ | (xn; n ∈
Z) ∈ Xτ }. The subshift(X, T ) is isomorphic to(Xτ , T ) andf induces a 0-block map
from C to B which defines a factor mapγ : (X, T ) → (W, T ). In [Qu] a substitution
σ : C → C+ is defined in the following way:

σ((c1 . . . c2r+1)) = (d1d2 . . . d2r+1)(d2d3 . . . d2r+2) . . . (d|τ (c1)|d|τ (c1)|+1 . . . d|τ (c1)|+2r ),

whereτ (c1 . . . c2r+1) = d1d2 . . . dn. Let (yn; n ∈ Z) be a fixed point ofτ , and remark that
y ′ = ((yn . . . yn+2r ); n ∈ Z) is a fixed point ofσ and belongs toX. Thereforeσ spansX.
In [Du1] it is proved that the imagez by a 0-block map of a one-sided substitution fixed
point has a finite number of derivative sequences. The proof can be adapted to bi-infinite
sequences to obtain that the set{Du(z) | u = z[0,n], n ∈ N} is finite. We apply this result
to the uniformly recurrent sequenceγ (y ′) which spansW : there existsu andv fulfilling
the hypothesis of Proposition 29. Hence(W, T ), anda fortiori (Y, S), is isomorphic to a
substitution subshift.

Now we suppose that(Y, S) is isomorphic to the odometer with base(pn; n ∈ N). To
prove that this odometer has a stationary base it suffices to prove that the subset0 of prime
numbers dividing somepn is finite.

We chooser, l ∈ A satisfying the requirement (i), (ii) and (iii) in §3.3.2. Letu be a
return word tor.l. Letp be a prime number of0. The system(Z/pZ, x 7→ x+1 (modp))

is a factor of(Xτ , T ). Consequently there exists a positive integern0 such thatp divides
|τn(u)| = ∑

a∈A (M(τ)n(|u|a; a ∈ A))a for all n ≥ n0. Let P(X) = ∑|A|
i=0 ciX

i be the
characteristic polynomial ofM(τ)n. We know thatc0 = det(M(τ)n) and, by the theorem
of Cayley–Hamilton, thatP(M(τ)n)(|u|a; a ∈ A) = 0. It follows thatp dividesc0|u|,
hencep divides|u| detM(τ). We conclude that the set0 is finite.

Suppose now that(Y, S) is a minimal Cantor system which is a factor of an odometer
with stationary base(p, q, q, . . . ). Let (Pn; n ∈ N) be a nested sequence of partitions of
Y . Let n ∈ N. Let (Yn, T ) be the subshift associated to the partitionPn (see the proof
of Proposition 28). It is easy to check that this subshift is finite and its periodkn divides
pqi for somei. Hence the set of prime numbers dividing somekn is finite and(Y, S) is
isomorphic to an odometer with stationary base. 2

9. One–sided systems
The motivation of this section lies in the fact that people working with substitutions often
consider only one-sided fixed points, bypassing the difficulty of admissibility which occurs
when considering two-sided ones. One is lead to consider one-sided substitution dynamical
systems, defined as the closure of the orbit of some one-sided fixed point inAN. After the
basic definitions, we shall introduce here the dimension group of an one-sided system
and explain its relations with the dimension group of (ordinary, i.e. two-sided) dynamical
systems. It will lead us to an alternative method—which could be called one-sided—to
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compute the dimension group of a substitution dynamical system; more precisely, it uses
the return words oǹ only, instead of the return words onr.` used in §6.

9.1. Definitions

Definition 14.A one-sided dynamical system(X, T ) is a compact metric spaceX endowed
with a mapT : X→ X which is continuous and onto.

Recall that we say that(X, T ) is a dynamical system when in additionT is also one-to-
one. The most classical examples of one-sided systems are one-sided subshifts.

Definition 15.Let A be an alphabet,T the shift onAN defined by(T x)n = xn+1 for all
x ∈ AN and alln ∈ N, andX a closed subset ofAN with T X = X. We say that(X, T ) is
aone-sided subshift onA.

The one-sided subshift(X, T ) is said to beminimal if the only closed setsF of X with
T F = F are∅ andX; it implies that the only closed setsF with T F ⊂ F are∅ andX.

Some of the one-sided dynamical systems can also be associated with ordered Bratteli
diagrams: a simple ordered Bratteli diagram is said to besemi-properif it has only one
minimal path. For such a diagramB andx ∈ XB, we defineVBx as usual ifx is not
maximal, andVBx to be the minimal pathxmin if x is maximal. The system(XB, VB) is
then a minimal one-sided system. But such a system is very particular: it has only one
point—namelyxmin—with several preimages. In fact, there is no clear method with which
to associate a Bratteli diagram with minimal one-sided Cantor systems in general.

9.2. The natural extension. Given a one-sided system(X, T ) there exists a dynamical
system(X̃, T̃ ) and a factor mapπ : X̃→ X such that:

For every dynamical system(Y, S) and every factor mapφ : Y → X there
exists a unique factor map̃φ : Y → X̃ with π ◦ φ̃ = φ.

The triple(X̃, T̃ , π) with this property is unique up to isomorphism in an obvious sense.
It is calledthe natural extension of(X, T ).

Let us recall one of the possible constructions. LetXZ be endowed with the product
topology, andX̃ be the subset ofXZ consisting of the pointsx = (xn; n ∈ Z) with
xn+1 = T xn for all n ∈ Z. X̃ is closed inXZ , it is not empty becauseT is onto, and it is
invariant under the shift ofXZ . Let T̃ be the restriction of this shift tõX, andπ : X̃→ X

be defined byπ(x) = x0. (X̃, T̃ , π) satisfies all the announced properties and thus can be
called the natural extension of(X, T ). From this construction it follows that:
(i) X̃ is a Cantor set ifX is a Cantor set;
(ii) (X̃, T̃ ) is minimal if and only if(X, T ) is minimal;
(iii) for every clopen setU of X̃ there existsn ≥ 0 such thatπ(T̃ −nU) is clopen and

T̃ −nU = π−1π(T̃ −nU).
An alternative construction is possible when(X, T ) is a one-sided subshift on some

alphabetA: let L(X) be the language ofX, i.e. the set of words onA which are factors
of x for somex ∈ X; let (X̃, T̃ ) be the (two-sided) subshift associated with this language:
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X̃ is the set ofy ∈ AZ every factor of which belongs toL(X), andT̃ be the restriction of
the shift ofAZ to X̃. The projectionπ : AZ → AN mapsX̃ ontoX, and(X̃, T̃ , π) is the
natural extension of(X, T ).

9.3. The dimension group of a one–sided system.In this subsection we assume the
spaces we encounter are Cantor sets.

A dimension group can be associated with every Cantor minimal one-sided system
(X, T ), exactly as for dynamical systems [HPS]: let ∂T C(X, Z) be the group of
coboundaries, i.e. the set of functions which can be writteng−g◦T for someg ∈ C(X, Z).
K0(X, T ) is the quotient groupC(X, Z)/∂T C(X, Z); K0+(X, T ) is the image ofC(X, Z+)

in this quotient; and1 the image of the constant function 1.(K0(X, T ),K0+(X, T )) is
an ordered group, and1 an order unit. The triple(K0(X, T ),K0+(X, T ), 1) is called the
dimension group of the one-sided system(X, T ). (That it actually is a dimension group
follows from Proposition 32.)

The dimension groups of one-sided systems share some of the properties of those of
dynamical systems. In particular, as in [GW], we have the following.

LEMMA 30. Let φ : (X, T ) → (Y, S) be a factor map between two one-sided systems.
Then the corresponding homomorphismφ∗ : K0(Y, S) → K0(X, T ) is one-to-one, and
φ∗(K0+(Y, S)) = K0+(X, T ) ∩ φ∗(K0(Y, S)).

Moreover, we have the following.

PROPOSITION31. Let (X̃, T̃ , π) be the natural extension of the one-sided system(X, T ).
Thenπ∗ : K0(X, T )→ K0(X̃, T̃ ) is an isomorphism of ordered groups with order units.

Proof. By Lemma 30, we have only to prove thatπ∗ is onto. Letα ∈ K0(X̃, T̃ ), and
f ∈ C(X̃, Z) a representative ofα. From the remark (iii) of §9.2 it follows that there
exists an integern ≥ 0 such thatf ◦ T n factorizes throughX, i.e. is equal tog ◦ π for
someg ∈ C(X, Z). If β is the class ofg ∈ K0(X, Z), thenπ∗(β) is the class off ◦ T n in
K0(X̃, T̃ ), which isα. 2

Let (Y, S) be a Cantor minimal one-sided system,(X, T , π) its natural extension. When
we want to compute the dimension group of(Y, S) or of (X, T ), we are often lead to use a
sequence of Kakutani–Rohlin partitions ofX which does not satisfy either the hypotheses
(iii) or (iv) of §2.3. We have to work with weaker conditions, and the next result cannot be
obtained by simple modifications of the proofs of [HPS]. As the use of Bratteli diagrams
seems to be of little help, we prefer use the formalism of [GW], associating directly a
dimension group to the sequence of partitions (§2.4).

THEOREM 32. Let (X, T , π) be the natural extension of the one-sided Cantor minimal
system(Y, S). Let (Pn = {T jBn,k | k ∈ An, 0 ≤ j < hn,k}; n ∈ N) be a nested sequence
of clopen Kakutani–Rohlin partitions ofX, whereBn is the base ofPn, such that:
(i) if x, x ′ ∈ X are such thatπ(x) 6= π(x ′), then forn large enough they belong to

different elements ofPn;
(ii) for eachn there existsp > n andk ∈ An such thatBp ⊂ Bn,k.
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ThenK0(X, T ) is isomorphic as ordered group with order unit to the dimension group
K(Pn; n ≥ 1) defined in §2.4.

Proof. We freely use the notation of §2.4.
Let x, x ′ be two points in

⋂
p Bp, and suppose thatπ(x) 6= π(x ′). By (i) there existsn

such thatx andx ′ belong to different elements ofPn. Let p andk be as in (ii);x andx ′
both belong toBn,k , and we get a contradiction. We have proved:

π

(⋂
p

Bp

)
consists of one point. (P1)

We claim that
inf

k∈An

h(n, k)→+∞ whenn→+∞. (P2)

Suppose it is false. There exists an integerJ > 0 and, for infinitely many values ofn, a
point xn ∈ Bn and an integerjn with 0 < jn ≤ J andT jnxn ∈ Bn. By compactness,
there exists a pointx ∈ ⋂n Bn and an integerj > 0 such thatT jx ∈ ⋂n Bn. By (P1),
Sjπ(x) = π(T jx) = π(x), and it is impossible because(Y, S) is minimal andY is infinite:
our claim is proved.

We prove now thatλ maps K+(P) onto K0+(X, T ). Let f ∈ C(X, Z+). By
Proposition 31,f is cohomologous tog ◦ π for someg ∈ C(Y, Z+). From (i) it follows
by compactness that, for every clopen setA of Y , π−1(A) is a union of elements ofPn for
n large enough. Thusg ◦ π ∈ C+n for n large enough. It follows thatλ(K+n ) = K0+(X, T ),
and it implies immediately thatλ is onto.

It remains to prove thatλ is one-to-one. Letα be an element ofK(P) with λ(α) = 0.
α is the image inK(P) of an elementβ ∈ Kr for somer ≥ 1; let f ∈ Cr be a
representative ofβ. As λ(α) = 0, the definition ofλ implies thatf is the coboundary
of someg ∈ C(X, Z).

As in the proof of Proposition 31, there existi ≥ 0 andh ∈ C(Y, Z) such that
g ◦ T i = h ◦ π .

By (P2), there existsn ≥ r such thath(n, k) > i for everyk ∈ An. Let p andk be
associated withn as in (ii). For 0≤ j < i, T jBp ⊂ T jB(n, k), andf is constant on this
set because it belongs toPn andf ∈ Cn: f is constant onT jBp andf ◦ T j is constant on
Bp.

By (P1), there existsq ≥ p such that the functionh is constant onπ(Bq), and it follows
thatg is constant onT iBq , and thatg ◦ T i is constant onBq .

As f = g − g ◦ T ,

g = g ◦ T i +
i−1∑
j=0

f ◦ T j ;

each of the functions on the right-hand side of this expression is constant onBq , thusg is
constant onBq .

Moreover,f belongs toCq and, for allk ∈ An and allx ∈ Bq ,

h(q,k)−1∑
j=0

f (T jx) = g(x)− g(T h(q,k)x) = 0
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becausex andT h(q,k)x both belong toBq andg is constant on this set. Thusf belongs to
Hq , and the projection off in Kq is zero. But this projection is equal toiq−1 ◦ · · · ◦ ir (β).
From the definition of a direct limit, it follows thatα = 0. 2

An application: one-sided return words.In §5.3 we considered a pointx in a minimal
subshift(X, T ), and we showed how to compute the dimension group of(X, T ) by using
the return words onx[−n,−1].x[0,n). We could make the same construction but with the
return words onx[0,n), and it would produce a sequence(Q′n) of partitions instead of(Qn).
Let Y be the projection ofX in AN andS the shift onAN: (X, T ) is the natural extension
of (Y, S). The sequence(Q′n) satisfy the hypotheses of Theorem 32, thus it can be used to
compute the dimension group of the system.

9.4. Application to substitution dynamical systems.

Definition 16.We say that the substitutionσ on the alphabetA is left-properif there exist
a letter` ∈ A and an integerp > 0 such that̀ is the first letter ofσp(a) for all a ∈ A.

COROLLARY 33. (cf. Theorem 22 in §6.4)Let σ be a left-proper (primitive, aperiodic)
substitution on the alphabetA. Then the dimension group of(Xσ , Tσ ) is isomorphic to the
dimension group of its matrix (as ordered groups with order units).

Proof. Let π be the natural projection ofAZ to AN, S the one-sided shift onAN, and
Y = π(Xσ ); (Y, S) is the one-sided substitution dynamical system associated toσ , and
(Xσ , Tσ , π) is the natural extension of(Y, S). We have only to check that the sequence
of partitions(Pn) introduced in §3.4 satisfies the two conditions of Theorem 32. But it is
immediate, using the same method as in the proof of the point (ii) of Corollary 12.2

The preceding remarks lead to an alternative method by which to compute the
dimension group of an arbitrary substitution dynamical system. Letσ be a (primitive,
aperiodic) substitution on the alphabetA, z one of its one-sided fixed points, and` = z0.
There exists an admissible two-sided fixed pointx with x[0,+∞) = z. We use the notations
of §5, following the same method as in §6.2, except that we consider the return words on
` instead ofr.`. Let y = D`(x). As in §6.2, there exists a substitutionρ on R` such that
φ` ◦ ρ = σ ◦ φ`, andy is a fixed point ofρ. ρ is primitive and left-proper, and(Xρ, Tρ) is
isomorphic to the system induced by(Xσ , Tσ ) on the cylinder set[`]. From Corollary 33
we get the following.

PROPOSITION34. With the previous definitions, the dimension group of(Xσ , Tσ ) is the
dimension group of the matrix ofρ, except that the order unit is the image of the vector
(|φ`(j)|; j ∈ R`).

Remark.This method to compute the dimension group could be called one-sided: the
two-sided fixed pointx appears here only because we have no defined return words for
one-sided sequences.
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