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Abstract
This paper starts with the Beta transform and discusses the stochastic ordering properties of this transform
under different parameter settings. Later, the distribution of discounted aggregate claims in a compound
renewal risk model with dependence between inter-claim times and claim sizes is studied. Recursive
formulas for moments and joint moments are expressed in terms of the Beta transform of the inter-claim
times and claim severities. Particularly, our moments formula is more explicit and computation-friendly
than earlier ones in the references. Lastly, numerical examples are provided to illustrate our results.
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1. Introduction

Consider a continuous time compound renewal process representing aggregate claims of an
insurance portfolio and let

Zt =
XNt

i = 1

e�δTiXi; t≥0

be the aggregate discounted value at time 0 of all claims recorded over [0, t], where δ≥0 is the force of
interest and Tn =

Pn
i=1 Wi is the occurrence time of the nth claim. The Xi’s are i.i.d. random variables

with common distribution function FX (such that FX(0)=0) and density fX. We denote its moment
generating function by MXðsÞ =

Ð1
0 esxfXðxÞ dx. The counting process {Nt; t≥0} is a renewal process

representing the number of claims up to time t and is defined as Nt=max{n∈ℕ+:W1 +W2 +…+
Wn≤ t}, where inter-claim times W ′

i s are assumed i.i.d. with common distribution function FW
(and corresponding density function fW). Define

VnðtÞ = E½Zn
t �; t≥0; n 2 ℕ+

to be the nth moment of Zt. Note that Vn(0)=0 and V0(t)=1.

Analysis on the moments and distributions of the discounted aggregate claims in the compound Poisson
process can be found in Taylor (1979), Delbaen & Haezendonck (1987) and Willmot (1989). Léveillé
& Garrido (2001a) give explicit expressions for the first two moments of the discounted aggregate
claims in the compound renewal risk process by using renewal theory arguments. Further Léveillé &
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Garrido (2001b) give a recursive formula for the moments of a compound renewal present value
process. Jang (2004) obtains the Laplace transform of the distribution of the discounted aggregate
claims using a shot noise process. Kim & Kim (2007) give the first two moments of the discounted
aggregate claims when the rates of claim arrivals and the claim sizes change according to the states of an
underlyingMarkov process. Ren (2008) obtains some matrix expressions for the Laplace transform and
the first two moments of the aggregate discounted claims, when inter-claim times follow a Markovian
arrival process (MAP). Léveillé et al. (2010) study the moment generating functions of the discounted
aggregate claims process in finite time and infinite time. Covariance and joint moments of Zt and Zt+ s

are discussed in Léveillé & Adékambi (2011, 2012). Wang et al. (2016) give more explicit results on this
topic and use them to calculate risk measures such as Value-at-Risk and Conditional Tail Expectation.

Attention has also been drawn to the introduction of the dependency within the model. Albrecher &
Boxma (2004) propose dependence between Xn and Wn+1, i.e., claim size has an impact on the next
inter-arrival time. This structure is also investigated in Cheung (2012). Conversely, Boudreault et al.
(2006) assume inter-arrival time has effects on the next claim amount. Copula is introduced in Albrecher
& Teugels (2006), and then discussed in Boudreault et al. (2006) and Cossette et al. (2008, 2010).

From literature, it shows that the distribution of Zt for t<∞ is hard to obtain even under independence
assumption, let alone under dependent structure. Therefore, the study on the moments of Zt, at least,
provides some information for its distribution. Further, if an explicit formula on moments is provided,
various moments matching methods can be applied for density approximation purpose.

Barges et al. (2011) investigate the moments of Zt under a compound Poisson process via dependence
being measured by the classical Farlie–Gumbel–Morgenstern (FGM) copula which is a special case of
the copula defined in the next section and studied in our paper. The results in Barges et al. (2011) are
much more complicated and involve multiple summations and significant choice problems for index.
Woo & Cheung (2013) proposes a dependent risk model in which the conditional pdf of X given
W= t can be expressed as a mixture of densities and then the generalised FGM copula is a special
case of their model. However, their method requires a large amount of work in identification and
calculation of the coefficients, even just under the simplest case, i.e., the classical FGM. Thus, the
motivation of this paper is to provide explicit formulas for moments and joint moments of Zt for the
generalised FGM copula, with the help of some interesting properties of the Beta transform.

In this paper, section 2 specifies the copula we are going to use, which is the generalisation of Barges
et al. (2011). Section 3 revisits a distributional transform, the Beta transform, which is actually a
generalisation of the Proportional Hazard (PH) transform in Wang (1995). Later, examples and
stochastic ordering properties are presented. Section 4 gives the integral equation for moments and
joint moments under this framework. Section 5 gives a few specific results, theoretically and
numerically, when the arrival process is a Poisson process, which are more computationed friendly.
Section 6 discusses the moments of this discounted aggregated sum when the inter-arrival times
follow an Erlang(2) distribution. Section 7 gives some concluding remarks.

2. Dependence Between Inter-Claim Times and Claim Sizes

In the renewal risk model, inter-claim times and claim sizes are assumed to be independent. There
exist real-world situations for which such an assumption is inappropriate. Recently, risk models with
dependence between inter-claim times and claim sizes have been studied extensively by researchers.
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Albrecher & Boxma (2004) propose an extension to the classical risk model with dependence between
inter-claim times and claim sizes in which the distribution of the time between two successive claims
depends on the previous claim size and study the Gerber–Shiu function for this dependent risk model.
Such a dependent risk model can be transformed to a semi-Markovian risk model which was first
introduced in Janssen & Reinhard (1985) and further studied by Albrecher & Boxma (2005). This
semi-Markovian risk model is a special case of a MAP risk model, see Badescu et al. (2005). The
moments of the aggregate discounted claims in a MAP risk model have been studied in Ren (2008).

Boudreault et al. (2006) propose an extension to the classical risk model in which a reverse
dependent structure was introduced, the distribution of the next claim amount depends on the time
elapsed since the last claim, i.e., the conditional distribution of Xi given Wi= t is given by

fXi;jWi = tðxÞ = e�βtf1ðxÞ + 1�e�βt� �
f2ðxÞ; i = 1; 2; ¼ ; β>0

where f1 and f2 are two density functions.

Albrecher & Teugels (2006) use copulas to define the joint distribution of the inter-claim times and
claim sizes. Rodriguez-Lallena & Ãbeda-Flores (2004) propose the following bivariate copula:

Cðu; vÞ = uv + θhðuÞgðvÞ; u; v 2 ½0; 1� (2.1)

where h and g are non-zero real functions with support [0, 1] satisfying certain conditions and θ is
constant. Cossette et al. (2008) studies the Gerber–Shiu function in the classical risk model with
dependence introduced by the copula defined above with a special choice of h and g as follows:

hðuÞ = uað1�uÞb

gðvÞ = vcð1�vÞd

where a, b, c, d≥1, and θ takes values from an interval depending on the values of a, b, c, d. This
generalised FGM copula with the above choice of h(u) and g(v) has four parameters with more
flexibility in modelling of dependence. In particular, if a= b= c= d= 1, then

Cðu; vÞ = uv + θuð1�uÞvð1�vÞ; u; v 2 ½0; 1�

with −1≤ θ≤1, is the classical FGM copula, which was discussed in details in Barges et al. (2011).

For h and g defined above, the joint distribution function of (X, W) is

FX;Wðx; tÞ = C FXðxÞ; FWðtÞð Þ

= FXðxÞFWðtÞ + θ FXðxÞð Þa 1�FXðxÞ½ �b FWðtÞð Þc 1�FWðtÞð Þd

the joint density function of (X, W) is

fX;Wðx; tÞ = fXðxÞfWðtÞ + θh0 FXðxÞð Þg0ðFWðtÞÞfXðxÞfWðtÞ (2.2)

and the conditional density of X given that W= t is

fX jW = tðxÞ = fXðxÞ + θh0 FXðxÞÞfXðxÞg0ðFWðtÞð Þ (2.3)
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The covariance of X and W is given by

CovðX; WÞ =
ð1
0

ð1
0

Cðu; vÞ�uv½ �dF�1
X ðuÞdF�1

W ðvÞ

= θ

ð1
0

hðuÞdF�1
X ðuÞ

ð1
0

gðvÞdF�1
W ðvÞ ð2:4Þ

This shows that when θ>0 (<0), X andW are positively (negatively) correlated, while when θ=0, X
and W are independent.

3. Beta Distributional Transform

In this section, we revisit and study some properties of a distributional transform, the Beta transform.
This transform was first proposed in Wirch & Hardy (1999) for distortion functions. Our main
results can be expressed in terms of the Beta transforms of distributions of claim inter-arrivals and
claim severities. Furthermore, upper and lower bounds for the moments of aggregate discounted
claims can obtained by the ordering properties of the Beta transform.

Definition 1. Let X be a positive random variable with probability density function fX(x) and
cumulative distribution function FXðxÞ = 1�FXðxÞ. Define X(α, β) to be a random variable with
probability density function

fXðα; βÞ xð Þ = Γðα + βÞ
ΓðαÞΓðβÞ FXðxÞ½ �α�1 FXðxÞ

� �β�1
fXðxÞ; α> 0; β> 0 (3.1)

and probability distribution function

FXðα; βÞ xð Þ = B FXðxÞ; α; βð Þ
B α; βð Þ (3.2)

where Γ(α), B(α, β) and B(z; α, β) are the gamma function, the beta function and the incomplete beta
function, respectively.

Remarks

1. Clearly fX(α, β)(x) and FX(α, β)(x) are probability density function and distribution function,
respectively. This distributional transform is called the Beta transform.

2. Random variable X can be generalised on ℝ and the distribution function is still the same.
However we restrict X to be positive as it would be claim payment in the following sections.

3. X(1,1) follows the same distribution as the original random variable X.

4. Using a property of the incomplete beta function, we have

FXðα; βÞ xð Þ = B FXðxÞ; β; α
� �
B α; βð Þ (3.3)

5. If α=1, then

FXð1; βÞ ðxÞ = FXðxÞ
� �β

; β> 0

The Beta transform is the PH transform. See Wang (1995) for the properties of this transform and
its applications.
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6. If β=1, then

FXðα; 1Þ ðxÞ = FXðxÞ½ �α; α> 0

This is the dual power transform, see Wirch & Hardy (1999).

The following Lemma shows how to connect FX(α, β) with FX.

Lemma 1. The distribution and the survival function of X(α, β) can be expressed in terms of the
hypergeometric function as follows:

FXðα; βÞ xð Þ = 1
αB α; βð Þ FXðxÞ½ �α 2F1 1�β; α; α + 1; FXðxÞð Þ (3.4)

=
1

B α; βð Þ
X1
n = 0

1� βð Þn
n !

FXðxÞ½ �n+ α
n + α

(3.5)

FXðα; βÞ xð Þ =
1

βBðα; βÞ FXðxÞ
� �β

2F1 1�α; β; β + 1; FXðxÞ
� �

(3.6)

=
1

B α; βð Þ
X1
n = 0

1�αð Þn
n !

FXðxÞ
� �n+ β

n + β
(3.7)

where 2F1(a1, a2; b1) is a generalised hypergeometric function with definition

pFq a1; a2; ¼ ; ap; b1; b2; ¼ ; bq; z
� �

=
X1
m = 0

a1ð Þm a2ð Þm ¼ ap
� �

m

b1ð Þm b2ð Þm ¼ bq
� �

m

zm

m !

and (a)m is the Pochhammer symbol. The moments of X(α, β) can be expressed in terms of the
moments of X(1, β + n) as follows:

E Xj
ðα; βÞ

h i
=

1
B α; βð Þ

X1
n = 0

1�αð Þn
n !

E Xj
ð1; β +nÞ

h i
β + n

(3.8)

Proof. Applying the definition of the incomplete beta function and expanding (1 − x)(β −1) into the
MacLaurin series, we have

B x; α; βð Þ = xα

α
2 F1 1�β; α; α + 1; xð Þ

Using equation (3.2) and the equation above, we obtain equation (3.4). Equation (3.5) is obtained by the
definition of 2F1 function. Applying similar argument to equation (3.3), we obtain equations (3.6) and
(3.7). Equation (3.8) is obtained by noting E Xj

ðα; βÞ
h i

= j
Ð1
0 xj�1 FXðα; βÞ xð Þdx: This completes

the proof. □

Remarks

1. FXðα; βÞ ðxÞ can be expressed as the infinite mixture of FXð1; β + nÞ ðxÞ; the tail of the PH transformed
distribution of X (Remark 5 of Definition 1), for n= 0, 1,… .
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2. If β takes a positive integer value, say β= k, then

FXðα; βÞ xð Þ = 1
Bðα; βÞ

Xk�1

n = 0

1�βð Þn
n !

FXðxÞ½ �n+ α
n + α

as (1 − β)n= (1− k)n= 0 when n≥k.

3. If α takes a positive integer value, say α=m, then

FXðα; βÞ xð Þ = 1
B α; βð Þ

Xm�1

n = 0

1�αð Þn
n !

FXðxÞ
� �n + β

n + β

as (1 − α)n= (1 −m)n=0 when n≥m.

3.1 Some examples

Example 1. If X ~U(0, 1), then

fXðα; βÞ xð Þ =
Γ α + βð Þ
Γ αð ÞΓ βð Þx

α�1 1�xð Þβ�1; 0< x< 1; α> 0; β> 0

i.e., X(α, β) follows the Beta(α, β) distribution.

Example 2. If X ~Exp(η), then FXðxÞ = e�ηx, and it follows from equation (3.7) that

FXðα; βÞ xð Þ =
X1
k = 0

ξke
�ηðk + βÞx (3.9)

where

ξk =
1

B α; βð Þ
1�αð Þk

k ! k + βð Þ ; k = 0; 1; 2; ¼ (3.10)

This is to say that X(α, β) follows an infinite mixture of exponential distributions with parameter
η(k + β), for k=0, 1, 2,…. The moment generating function

MXðα; βÞ sð Þ =
Γ α + βð ÞΓ β� s

η

� �
Γ βð ÞΓ α + β� s

η

� � ; s< ηβ

The jth moment of X(α, β) is given by

E Xj
ðα;βÞ

h i
=

η

B α; βð Þ
X1
k = 0

1�αð Þk
k !

Γ 1 + jð Þ
ηðk + βÞð Þ1 + j

=
1

B α; βð Þ
j !

βj + 1ηj
j + 2 Fj +1 1�α; β; β; ¼ ; β; β + 1; β + 1; ¼ ; β + 1; 1ð Þ

Example 3. If X ~Gamma(2, λ), with

fX xð Þ = λ2x e�λx; FX xð Þ = 1 + λxð Þe�λx
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then it follows from (3.7) that

FXðα; βÞ xð Þ = 1
B α; βð Þ

X1
k = 0

1�αð Þk
k ! k + βð Þ 1 + λxð Þðk+ βÞe�λðk + βÞx

=
X1
k = 0

ξk 1 + λxð Þðk+ βÞe�λðk+ βÞx ð3:11Þ

where ξk is given in equation (3.10), and

MXðα; βÞ sð Þ = 1
B α; βð Þ

X1
k = 0

1�αð Þk
k !

U 2; β + k + 2; β + k� s
λ

� �
; s< λ β + kð Þ

where U(α, γ, z) is the confluent hypergeometric function of the second kind with definition

U α; γ ; zð Þ = 1
Γ αð Þ

ð1
0
e�zttα�1 1 + tð Þγ�α�1; α> 0; z>0

Example 4. If X ~Pareto(γ, η), with

fX xð Þ = γηγ

η + xð Þγ +1 ; FX xð Þ = η

η + x

� 	γ

; x> 0; γ >0; η>0

then it follows from (3.7) that

FXðα; βÞ xð Þ = 1
B α; βð Þ

X1
k = 0

1�αð Þk
k ! k + βð Þ

η

η + x

� 	γðk + βÞ

=
X1
k = 0

ξk
η

η + x

� 	γðk + βÞ
ð3:12Þ

where ξk is given in equation (3.10). This is to say,X(α, β), follows an infinite mixture of Pareto distributions
with parameters γ(k+β) and η for k=0, 1, 2…. In particular, when α=1, then X(1, β) ~Pareto(γβ, η).

Example 5. If X ~Geometric(p), with

fX xð Þ = pqx; FX xð Þ = qx +1; 0< p< 1; p + q = 1; x = 0; 1; 2; ¼

then it follows from (3.7) that

FXðα; βÞ xð Þ =
X1
k = 0

ξkq
x+ 1
k

where qk= qk+ β, for k=0, 1, 2,…. That is to say, that X(α, β) follows an infinite mixture of geometric
distributions with parameter pk=1 −qk.

3.2 Stochastic ordering

Next we use the above equations to derive conditions for α and β under which X(α, β) and X are ordered
under stochastic ordering and the stop loss ordering. We start with the definitions of these two orderings.

Definition 2. Let X and Y be two non-negative random variables. X, is said to be smaller than Y in
the stochastic ordering, denoted as X ≼ st Y; if FX xð Þ≤FY xð Þ; 8x:
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Definition 3. Let X and Y be two non-negative random variables. X, is said to be smaller than Y, in the
convex ordering, denoted as X ≼ sl; = Y; or X ≼ cx Y; if E X½ �=E Y½ �, and E[max (X−x, 0)]≤E[max
(Y−x, 0)], ∀x ∈ ℝ+ or equivalently, if E υðXÞ½ �≤E υðYÞ½ � for all convex functions υ for which the
expectations exist.

Theorem 1. We have the following stochastic ordering between X(α, β) and X.

∙ If α≥1, 0< β<1, then X ≼ st Xðα; βÞ.

∙ If 0< α<1, β≥1, then Xðα; βÞ ≼ st X.

∙ If α=1, β=1, then Xðα; βÞ =
d
X.

Proof. It follows from Lebedev (1972, Section 9) that

2F1 α; β; γ; 1ð Þ = Γ γð ÞΓ γ�α�βð Þ
Γ γ�αð ÞΓ γ�βð Þ ; < γ�α�βð Þ>0 (3.13)

When α≥1, 0< β< 1 it follows from equation (3.4) that

FXðα; βÞ xð Þ = Γðα + βÞ
Γðα + 1ÞΓðβÞ FXðxÞð Þα 2F1 1�β; α; α + 1; FXðxÞð Þ

≤
Γðα + βÞ

Γðα + 1ÞΓðβÞ FXðxÞð Þα 2F1ð1�β; α; α + 1; 1Þ

= FXðxÞð Þα ≤FXðxÞ ðα≥ 1Þ
When 0< α<1, β≥ 1, equation (3.6) gives

FXðα; βÞ xð Þ = Γðα + βÞ
ΓðαÞΓðβ + 1Þ FXðxÞ

� �β
2F1 1�α; β; β + 1; FXðxÞ
� �

≤
Γðα + βÞ

ΓðαÞΓðβ + 1Þ FXðxÞ
� �β

2F1ð1�α; β; β + 1; 1Þ

= FXðxÞ
� �β ≤ FXðxÞ ðβ≥1Þ

In summary, we have

FXðα; βÞ xð Þ
≥FXðxÞ; if α≥1; 0< β< 1

= FXðxÞ; if α = β = 1

≤FXðxÞ; if 0<α< 1; β≥ 1

8>><
>>:

This proves the stochastic ordering stated in Theorem 1. □

Remark. For j∈ℕ, we have the following inequalities for moments by using the results in
Theorem 1

E Xj
ðα; βÞ

h i ≤E½Xj�; if 0< α< 1; β≥1

≥E½Xj�; if α≥ 1; 0< β< 1

= E½Xj�; if α = β = 1

8>><
>>:

Theorem 2. Given E X½ �=E Xðα; βÞ �
h

we have the following stochastic ordering between X(α, β) and X.
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∙ If 0< α< 1, 0< β<1, then X ≼ cx Xðα; βÞ.

∙ If α> 1, β>1, then Xðα; βÞ ≼ cx X.

Proof. Define

ξ xð Þ = Γðα + βÞ
ΓðαÞΓðβÞ FXðxÞ½ �α�1 1�FXðxÞ½ �β�1; 0<x<1; α> 0; β>0

and then fXðα; βÞ ðxÞ is a weighted version of fX(x), i.e.

fXðα; βÞ xð Þ = ξ xð ÞfX xð Þ

We discuss the plots for ξ(x) under two cases.

∙ When 0< α< 1 and 0< β< 1, the plot for ξ(x) is given in Figure 1.

It follows from Figure 1 that ξðaÞ = ξðbÞ = 1 and

ξðxÞ> 1; x 2 ð0; aÞ ∪ ðb; 1Þ
ξðxÞ< 1; x 2 ða; bÞ

(

That is to say

fXðα; βÞ xð Þ> fX xð Þ; x 2 ð0; aÞ∪ ðb; 1Þ
fXðα; βÞ xð Þ< fX xð Þ; x 2 ða; bÞ

(

It now follows from theorem 3.A.44 in Shaked & Shanthikumar (2007) that X ≼ cx Xðα; βÞ when
0< α<1 and 0< β<1.

∙ When α>1 and β> 1, the plot for ξ(x) is given in Figure 2.

It follows from Figure 2 that ξ(c)= ξ(d)= 1 and

ξðxÞ<1; x 2 ð0; cÞ∪ ðd; 1Þ
ξðxÞ>1; x 2 ðc; dÞ

(

Figure 1. ξ(x) for 0< α<1 and 0< β< 1.
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That is to say

fXðα; βÞ ðxÞ< fXðxÞ; x 2 ð0; cÞ∪ c; 1ð Þ
fXðα; βÞ ðxÞ> fXðxÞ; x 2 ðc; dÞ

(

It now follows from theorem 3.A.44 in Shaked & Shanthikumar (2007) that Xðα; βÞ ≼ cx X when
α> 1 and β> 1.

This completes the proof. □

Remarks.

1. Theorems 1 and 2 can be interpreted in the following way:

∙ If α≥ 1 and 0< β< 1, the weighted function ξ(x) increases monotonically. This implies that
fXðα; βÞ and fX cross once and fXðα; βÞ is larger than fX at the tail, therefore FXðxÞ≤FXðα; βÞ ðxÞ for all
x, i.e., X ≼ st Xðα; βÞ.

∙ If 0< α< 1 and 0< β<1, ξ(x) decreases first and then increases, as illustrated in Figure 1. This
implies that fXðα; βÞ and fX cross twice and FXðxÞ and FXðα; βÞ ðxÞ cross once, therefore
FXðxÞ≤FXðα; βÞ ðxÞ for large x, i.e., X ≼ cx Xðα; βÞ.

∙ Similar reasoning for the other two cases in Theorems 1 and 2.

2. By analysing the monotonicity property of the weight functions between densities, we have

X α1 ; βð Þ ≼ st X α2; βð Þ; 0< α1 < α2; β> 0

and

X α; β2ð Þ ≼ st X α; β1ð Þ; 0< β1 < β2; α> 0

In particular

Xðα; β +1Þ ≼ st Xðα; βÞ ≼ st Xðα +1; βÞ

Figure 2. ξðxÞ for α> 1 and β>1.
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3. Further, if E Xðα +1; β +1Þ
� �

= E Xðα; βÞ
� �

, then

Xðα + 1; β + 1Þ ≼ cx Xðα; βÞ

This can be obtained by analysing the monotonicity property of ζ(x) where fXðα + 1; β + 1Þ ðxÞ =
ζðxÞfXðα; βÞ ðxÞ:

Finally, when α≥ 1 and 0< β≤1, the expectation of Beta transform of survival function defines a
coherent risk measure, i.e., the mean of the risk adjusted loss of X(α, β). Details could be found in
Wirch & Hardy (1999). Related definitions and theorems can be found in Denuit et al. (2005,
section 2) and Tse (2009, section 4).

4. Integral Equations for Moments and Joint Moments

In this section, we aim to provide general formulas for the moments and joint moments of Zt when
the joint distribution of (X,W) is defined via the copula defined in section 2. To our knowledge, only
few special cases have been done in the literature up to now. When a=b= c=d=1, recursive
formulas for moments under Poisson arrival process are discussed in Barges et al. (2011, equation
(19)). Later, Woo & Cheung (2013, example 3.2) propose a systematic way for this type of
dependence structure and give numerical results under a=b= c=d=1 and a=b= c=d= 2 cases.
However, their method requires a large amount of calculations for coefficients and is therefore not
computation friendly.

Define MZt ðsÞ = E esZt
� �

to be the moment generating function of Zt. Using the renewal technique, we
have

MZt sð Þ = ℙ W1 > tð Þ +
ðt
0

MX1 j W1 = vðse�δvÞMZt�vðse�δvÞfWðvÞdv (4.1)

The nth derivative of MZt ðsÞ at s is

MðnÞ
Zt

sð Þ =
Xn
j = 0

n

j

 !ðt
0

e�nδvMðjÞ
X1 j W1 = v se�δv� �

Mðn�jÞ
Zt�v

se�δv� �
fWðvÞdv

In order to construct a recursive formula, the term with MðnÞ
Zt�v

se�δvð Þ needs to be eliminated and that
can be done through the use of convolution. First, we start with rearranging MðnÞ

Zt
ðsÞ so that

MðnÞ
Zt

sð Þ =
Xn
j = 1

n

j

 !ðt
0

e�nδvMðjÞ
X1 j W1 = v se�δv� �

Mðn�jÞ
Zt�v

se�δv� �
fWðvÞdv

+
ðt
0

e�nδvMðnÞ
Zt�v

se�δv� �
fWðvÞdv ð4:2Þ

Evaluating equation (4.2) at s=0 gives the following result in terms of the moments of Zt:

Vn tð Þ =
Xn
j = 1

n

j

 !ðt
0

e�nδvE Xj
1 jW1 = v

h i
Vn�j t�vð ÞfW vð Þdv

+
ðt
0

e�nδvVn t�vð ÞfW vð Þdv ð4:3Þ
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Under the dependence assumption in equation (2.3):

E Xj
1 jW1 = v

h i
=
ð1
0

xjfX1 j W1 = vðxÞdx

= E Xj� �
+ θac FWðvÞ½ �c�1 1�FWðvÞ½ �d

ð1
0

xj FXðxÞ½ �a�1 1�FXðxÞ½ �bfXðxÞdx

�θbc FWðvÞ½ �c�1 1�FWðvÞ½ �d
ð1
0

xj FXðxÞ½ �a 1�FXðxÞ½ �b�1fXðxÞdx

�θad FWðvÞ½ �c 1�FWðvÞ½ �d�1
ð1
0

xj FXðxÞ½ �a�1 1�FXðxÞ½ �bfXðxÞdx

+ θbd FWðvÞ½ �c 1�FWðvÞ½ �d�1
ð1
0

xj FXðxÞ½ �a 1�FXðxÞ½ �b�1fXðxÞdx

Applying Definition 1 and using notation X(a, b+ 1) and X(a, b), we have

E Xj
1 jW1 = v

h i
= E½Xj� + θacΓðaÞΓðb +1Þ

Γða +b +1Þ ½FWðvÞ�c�1½1�FWðvÞ�dE½Xj
ða;b +1Þ�

�θbc½FWðvÞ�c�1½1�FWðvÞ�d
ð1
0

xj FXðxÞ½ �a 1�FXðxÞ½ �b�1fXðxÞdx

�θad
ΓðaÞΓðb + 1Þ
Γða+ b +1Þ FWðvÞ½ �c 1�FWðvÞ½ �d�1

E Xj
ða;b+ 1Þ

h i

+ θbd FWðvÞ½ �c 1�FWðvÞ½ �d�1
ð1
0

xj FXðxÞ½ �a 1�FXðxÞ½ �b�1fXðxÞdx

= E½Xj� + θcΓða+ 1ÞΓðb +1Þ
Γða +b + 1Þ ½FWðvÞ�c�1½1�FWðvÞ�dE½Xj

ða;b + 1Þ�

�θd
Γða +1ÞΓðb + 1Þ
Γða+ b +1Þ ½FWðvÞ�c½1�FWðvÞ�d�1

E½Xj
ða;b+ 1Þ�

+ θbc½FWðvÞ�c�1½1�FWðvÞ�d
ð1
0

xj½FXðxÞ�a�1ð1�FXðxÞÞbfXðxÞdx

�θbd½FWðvÞ�c½1�FWðvÞ�d�1
ð1
0

xj FXðxÞ½ �a�1 1�FXðxÞð ÞbfXðxÞdx

�θbc
ΓðaÞΓðbÞ
Γða +bÞ FWðvÞ½ �c�1 1�FWðvÞ½ �dE Xj

ða;bÞ
h i

+ θbd
ΓðaÞΓðbÞ
Γða+ bÞ ½FWðvÞ�c 1�FWðvÞ½ �d�1

E½Xj
ða;bÞ�

= E Xj� �
+ θc

ΓðaÞΓðb +1Þ
Γða +bÞ FWðvÞ½ �c�1 1�FWðvÞ½ �d E Xj

ða;b +1Þ
h i

�E Xj
ða;bÞ

h i� �

�θd
ΓðaÞΓðb +1Þ
Γða+ bÞ FWðvÞ½ �c 1�FWðvÞ½ �d�1

E Xj
ða;b+ 1Þ

h i
�E Xj

ða;bÞ
h i� �

ð4:4Þ
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When a=b= c=d=1, the equation above is much neater than the expression in Barges et al. (2011) and
Woo& Cheung (2013). Substituting E½Xj

1 jW1 = v� into equation (4.3), we have the following equation:

VnðtÞ =
Xn
j = 1

n

j

 !
E Xj� � ðt

0

e�nδvVn�jðt�vÞdFWðvÞ

+ θc
ΓðaÞΓðb + 1Þ
Γða +bÞ

Xn
j = 1

n

j

 !
E Xj

ða;b+ 1Þ
h i

�E Xj
ða; bÞ

h i� �

´
ðt
0

e�nδv FWðvÞ½ �c�1 1�FWðvÞ½ �dVn�jðt�vÞdFWðvÞ

�θd
ΓðaÞΓðb+ 1Þ
Γða +bÞ

Xn
j = 1

n

j

 !
E Xj

ða;b +1Þ
h i

�E½Xj
ða; bÞ�

� �

´
ðt
0

e�nδv FWðvÞ½ �c 1�FWðvÞ½ �d�1Vn�jðt�vÞdFWðvÞ

+
ðt
0

e�nδvVnðt�vÞdFWðvÞ

After identifying W(c, d), we have the following result:

Theorem 3. For any δ≥0 and n∈ℕ, the nth moment of Zt satisfies

VnðtÞ =
Xn
j = 0

n

j

 !
E Xj� � ðt

0

e�nδvVn�jðt�vÞdFWðvÞ

+ θbcBða;bÞBðc; d +1Þ
Xn
j = 1

n

j

 !
E Xj

ða; b+ 1Þ
h i

�E Xj
ða; bÞ

h i� �

´
ðt
0

e�nδvVn�jðt�vÞdFWðc;d + 1Þ ðvÞ

�θbdBða; bÞBðc + 1;dÞ
Xn
j = 1

n

j

 !
E Xj

ða; b +1Þ
h i

�E Xj
ða; bÞ

h i� �

´
ðt
0

e�nδvVn�jðt�vÞdFWðc +1;dÞ ðvÞ ð4:5Þ

Remarks.

1. As the expressions for the Beta transform of fW. and for the moments of the Beta transform of fX
have been given in previous section, the recursion formula given in equation (4.5) can be
evaluated efficiently by using numerical integration method and using the starting value V0(t)=1.

2. When the distribution of W is specified, equation (4.5) can be further simplified. In sections 5 and
6, we deal with the cases where W � ExpðλÞ and W � Γð2; λÞ: Explicit expressions for the
moments in particular the lower moments can be derived.
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Theorem 3 suggests that, because of Beta transform, the computational capacity of Vn(t) depends on
fWðc;dÞ . In particular, we have seen in equation (3.6) and will see in the following sections, whether c is
an integer or not makes a significant difference in calculation of fWðc;dÞ . With the aid of stochastic
ordering properties obtained in section 3.2, lower and upper bounds for Vn(t) can be derived when c
is not an integer. The following lemma is developed for this purpose.

Lemma 2. Let ϕ be a non-negative and non-decreasing function defined on (−∞,∞) with ϕ(∞) <∞.
Let Y1 and Y2 be two positive random variables with corresponding density functions fY1 and fY2 . If
there exists a positive number m, such that fY2ðyÞ< fY1 ðyÞ; y<m; and fY1 ðyÞ< fY2ðyÞ; y>m; i.e.,
Y1 ≼ stY2; then ðt

0

e�rvϕðt�vÞfY1ðvÞdv≥
ðt
0

e�rvϕðt�vÞfY2 ðvÞdv; t≥0; r> 0 (4.6)

Proof. Clearly, inequality (4.6) is true for t≤m. For t>m, the following inequality is true:ð1
t

e�rvϕðt�vÞfY1ðvÞdv≤
ð1
t

e�rvϕðt�vÞfY2ðvÞdv (4.7)

Consider function ψðvÞ = e�rvϕðt�vÞ; 0< v<1: As ψ 0ðvÞ = �re�rvϕðt�vÞ�e�rvϕ0ðt�vÞ≤0; then ψ

(ν) is a non-increasing function. It follows from theorem 1.A.3(a) in Shaked & Shanthikumar (2007)
that ψðY2Þ≼ st ψðY1Þ, therefore E½ψðY2Þ�≤E½ψðY1Þ� and this gives

ð1
0

e�rvϕðt�vÞfY2ðvÞdv≤
ð1
0

e�rvϕðt�vÞfY1ðvÞdv (4.8)

Combining (4.7) and (4.8) shows that inequality (4.6) is also true for t>m and the proof is
completed. □

Now we derive upper and lower bounds for Vn(t) by using Lemma 2. By the second remark on
Theorem 2, we have Xða;b +1Þ ≼ st Xða;bÞ, therefore E½Xj

ða;b+ 1Þ��E½Xj
ða;bÞ�< 0. If θ< 0(>0), following

Lemma 2, Vn(t) has the following lower (upper) bound:

VnðtÞ≥ ð≤ Þ
Xn
j = 0

n

j

 !
E½Xj�

ðt
0

e�nδvVn�jðt�vÞdFWðvÞ

+ θbcBða; bÞBðc; d + 1Þ
Xn
j = 1

n

j

 !
E Xj

ða;b +1Þ
h i

�E Xj
ða;bÞ

h i� �

´
ðt
0

e�nδvVn�jðt�vÞdFW c½ � + 1;d + 1ð Þ ðvÞ

�θbdBða; bÞBðc + 1; dÞ
Xn
j = 1

n

j

 !
E Xj

ða;b+ 1Þ
h i

�E Xj
ða;bÞ

h i� �

´
ðt
0

e�nδvVn�jðt�vÞdFW c½ � + 1;dð Þ ðvÞ
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and the upper (lower) bound

VnðtÞ≤ ð≥ Þ
Xn
j = 0

n

j

 !
E½Xj�

ðt
0

e�nδvVn�jðt�vÞdFWðvÞ

+ θbcBða; bÞBðc; d + 1Þ
Xn
j = 1

n

j

 !
ðE½Xj

ða;b+ 1Þ��E½Xj
ða;bÞ�Þ

´
ðt
0

e�nδvVn�jðt�vÞdFWð cb c;d + 1Þ ðvÞ

�θbdBða; bÞBðc + 1; dÞ
Xn
j = 1

n

j

 !
ðE½Xj

ða;b +1Þ��E½Xj
ða;bÞ�Þ

´
ðt
0

e�nδvVn�jðt�vÞdFWð c½ � + 2;dÞ ðvÞ

where [c] is the integer part of c.

Now we study the joint moments of Zt and Zt+ h by starting with their joint moment generating
function.

MZt ;Zt + hðs; rÞ = E esZt + rZt + h
� �

= E E e
ðs + rÞ

PNt

k = 1

e�δTkXk + r
PNt + h

k = Nt + 1

e�δTkXk

jW1

2
64

3
75

2
64

3
75

=
ðt
0

E e
ðs + rÞ

PNt

k = 1

e�δTkXk + r
PNt + h

k = Nt + 1

e�δTkXk

jW1

2
64

3
75dFWðvÞ

+
ðt +h
t

E e
r
PNt + h

k = 1

e�δTkXk

jW1

2
64

3
75dFWðvÞ +

ð1
t +h

E e0


W1

� �
dFWðvÞ

=
ðt
0

E eðs + rÞe
�δvX1 jW1

h i
E e

ðs + rÞe�δv
PNt

k = 2

e�δ Tk�vð ÞXk + re�δv
PNt + h

k = Nt + 1

e�δ Tk�vð ÞXk

2
64

3
75dFWðvÞ

+
ðt +h
t

E ere
�δvX1 jW1

h i
E e

re�δv
PNt + h

k = 2

e�δ Tk�vð ÞXk

2
64

3
75dFWðvÞ +

ð1
t +h

dFWðvÞ

=
ðt
0

E eðs + rÞe
�δvX1 jW1

h i
MZt�v; Zt�v+ h se�δv; re�δv� �

dFWðvÞ

+
ðt +h
t

E ere
�δvX1 jW1

h i
MZt�v + h re�δv� �

dFWðvÞ +
ð1

t +h

dFWðvÞ ð4:9Þ
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Similar to E Xj


W1 = v

� �
, we have

E½eðs + rÞe�δvX1 jW1� = MX ðs + rÞe�δv� �
+ θ

ΓðaÞΓð1 + bÞ
Γða + bÞ MXða;b + 1Þ ðs + rÞe�δv� ��MXða; bÞ ðs + rÞe�δv� �� �

´ cFWðvÞc�1 1�FWðvÞð Þd�dFWðvÞc 1�FWðvÞð Þd�1
h i

ð4:10Þ

Same reasoning for E½ere�δvX1 jW1�. A quick check that could be done for equation (4.9) is to let θ=0,
i.e. Xk and Wk are independent, then it reduces to Léveillé & Adékambi (2012, equation (2.5)).
Differentiating MZt ;Zt + hðs; rÞ with respect to s and r, n and m times, respectively, and then letting
s= r= 0, we have the following result.

Theorem 4. For any δ≥ 0, and n, m∈ℕ, the expression of joint moments between Zt and Zt+ h is
given by

Vn;mðt; t + hÞ =
Xn
k = 0

Xm
j = 0

n

k

 !
m

j

 !
E Xk+ j
h i ðt

0

e�ðn +mÞδvVn�k;m�jðt�v; t�v + hÞdFWðvÞ

+ θbcBða; bÞBðc; d + 1Þ
Xn
k = 0

Xm
j = 0

n

k

 !
m

j

 !
E Xk + j

ða;b +1Þ
h i

�E Xk + j
ða;bÞ

h i� �

´
ðt
0

e�ðn+mÞδvVn�k;m�jðt�v; t�v + hÞdFWðc;d + 1Þ ðvÞ

�θbdBða; bÞBðc + 1; dÞ
Xn
k = 0

Xm
j = 0

n

k

 !
m

j

 !
E Xk+ j

ða;b+ 1Þ
h i

�E Xk + j
ða;bÞ

h i� �

´
ðt
0

e�ðn+mÞδvVn�k;m�jðt�v; t�v + hÞdFWðc + 1;dÞ ðvÞ ð4:11Þ

Similar to equation (4.5), equation (4.11) can be evaluated recursively by using numerical integration
and noting that V0,0(t, t +h)= 1. In particular, if the counting process is a Poisson process, the joint
moments can be further simplified and V1,1(t, t +h) can be found explicitly. Bounds issue of Vn,m(t,
t +h) can be discussed similarly to Vn(t).

5. Explicit Results Under Poisson Process

In this section, we aim to simplify the results in section 4 to obtain moments and joint moments of
the aggregate discounted claims if W follows an exponential distribution with parameter λ>0.

5.1 Simplified expressions for moments and joint moments

We use Lr zðtÞf g =
Ð1
0
e�rtzðtÞdt to denote the Laplace transform of function z(t).
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Lemma 3. A recursive formula for the Laplace transform of the nth moment of Zt with respect to t
with parameter r is

Lr VnðtÞf g =
Xn
j = 1

n

j

 !
E Xj� � λ

r + nδ
Lr Vn�jðtÞ
� �

+ θc
ΓðaÞΓð1 + bÞ
Γða + bÞ

Xn
j = 1

n

j

 !
E Xj

ða;b +1Þ
h i

�E Xj
ða;bÞ

h i� �

´
r + nδ + λ
ðr + nδÞ B c; 1 + d +

r + nδ
λ

� 	
Lr Vn�jðtÞ
� �

�θd
ΓðaÞΓð1 + bÞ
Γða + bÞ

Xn
j = 1

n

j

 !
ðE½Xj

ða;b+ 1Þ��E½Xj
ða;bÞ�Þ

´
r + nδ + λ
r + nδ

B 1 + c; d +
r + nδ
λ

� 	
Lr Vn�jðtÞ
� �

Proof. The following integral is frequently used in this case

ð1
0

e�rve�ðd�1Þλv 1�e�λv� �c
dv =

1
λ

Γðc + 1ÞΓ r
λ + d�1
� �

Γ c + r
λ + d

� � =
1
λ
B c + 1;

r
λ
+ d�1

� �

which can be done by a change of variable u= e − λν. Then apply the Laplace transform in Theorem 3
and the result follows after direct calculations. □

Inverting the Laplace transform in Lemma 3, we obtain the following result:

Theorem 5. For any δ≥0 and n∈ℕ, a recursive formula for the nth moment of Zt is

VnðtÞ =
Xn
j = 1

n

j

 !
E Xj� � ðt

0

λe�nδvVn�jðt�vÞdv

+ θc
ΓðaÞΓð1 + bÞ
Γða + bÞ

Xn
j = 1

n

j

 !
E Xj

ða;b +1Þ
h i

�E Xj
ða;bÞ

h i� �

´
X1
k = 0

ð1�cÞk
k !

ðt
0

λe�nδv 1 + e
�ð1+ d + kÞλvðd + kÞ
1 + d + k

Vn�jðt�vÞdv

�θd
ΓðaÞΓð1 + bÞ
Γða + bÞ

Xn
j = 1

n

j

 !
E Xj

ða;b +1Þ
h i

�E Xj
ða;bÞ

h i� �

´
X1
k = 0

ð�cÞk
k !

ðt
0

λe�nδv 1 + e
�ðd +kÞλvð�1 + d + kÞ

d + k
Vn�jðt�vÞdv
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Proof. Inverting Lemma 3 gives

VnðtÞ =
Xn
j = 1

n

j

 !
E Xj� � ðt

0

λe�nδvVn�jðt�vÞdv

+ θc
ΓðaÞΓð1 + bÞ
Γða + bÞ

Xn
j = 1

n

j

 !
E Xj

ða;b + 1Þ
h i

�E Xj
ða;bÞ

h i� �

´
ðt
0

λe�nδv 1�e�λv� �c�1
e�dλve�λvVn�jðt�vÞdv

2
4

+
ðt
0

λ2e�nδv
ðv
0

1�e�λu� �c�1
e�dλue�λudu

0
@

1
AVn�jðt�vÞdv

3
5

�θd
ΓðaÞΓð1 + bÞ
Γða + bÞ

Xn
j = 1

n

j

 !
E Xj

ða;b + 1Þ
h i

�E Xj
ða;bÞ

h i� �

´
ðt
0

λe�nδv 1�e�λv
� �c

e�ðd�1Þλve�λvVn�jðt�vÞdv
2
4

+
ðt
0

λ2e�nδv
ðv
0

1�e�λu� �c
e�ðd�1Þλue�λudu

0
@

1
AVn�jðt�vÞdv

3
5

λ, u>0 implies e − λu< 1 and therefore we can apply the MacLaurin series for (1 − e − λu)c− 1. This gives

ðv
0

1�e�λu� �c�1
e�dλue�λudu =

1
λ

X1
k = 0

ð1�cÞk
k !

1�e�ð1 + d + kÞλv

1 + d + k

Bring this relation back and the result follows after direct calculations. □

Remarks

1. As V0(t)= 1, V1(t) in Theorem 5 can be expressed explicitly as the integrals on the right-hand side
of the expression for V1(t) can be integrated out. Once we have an explicit expression for V1(t),
we can find an explicit expression for V2(t) and therefore for Vn(t), after simplifying the integrals.

2. If c is an integer, then the summations of k terminate after finite number of terms. In particular, when

c=1,
P1

k = 0
ð0Þk
k ! and

P1
k = 0

ð�1Þk
k ! only count for the first term and the first two terms, respectively:

VnðtÞ =
Xn
j = 1

n

j

 !
E Xj� � ðt

0

λe�nδvVn�jðt�vÞdv

+ θ
ΓðaÞΓð1 + bÞ
Γða + bÞ

Xn
j = 1

n

j

 !
E Xj

ða;b +1Þ
h i

�E Xj
ða;bÞ

h i� �

´
ðt
0

λe�nδv e�ð1 +dÞλvd�e�dλvðd�1Þ
h i

Vn�jðt�vÞdv
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Therefore the first moment is

V1ðtÞ = λ
1�e�δt

δ
E½X� + θλΓðaÞΓð1 + bÞ

Γða + bÞ E Xj
ða;b+ 1Þ

h i
�E Xj

ða;bÞ
h i� �

´
δ + λ�de�tðδ + λ +dλÞðδ+ dλÞ + ðd�1Þe�ðδ +dλÞtðδ + λ + dλÞ

ðδ + dλÞðδ + λ + dλÞ

3. Further, letting a=b= c=d=1 and noticing that E½Xj
ð1;1Þ� = E½Xj�, we have

VnðtÞ =
Xn
j = 1

n

j

 !
E Xj� � ðt

0

λe�nδvVn�jðt�vÞdv

+ θ
Xn
j = 1

n

j

 !
E Xj

ð1;2Þ
h i

�E Xj
� �� � ðt

0

λe�ðnδ + 2λÞvVn�jðt�vÞdv

This is a more tractable result in comparison to the formulae in Barges et al. (2011), in a form of
multiply summation, and in Woo & Cheung (2013), requiring identifying and calculating of the
coefficients. This formula is more efficient in terms of numerical analysis, as we only need to input
the formula into a software, e.g., Mathematica.

Corollary 1. When t→∞, the moments of Z∞, for any δ>0 and n∈ℕ, can be calculated recursively
as follows:

Vnð1Þ =
Xn
j = 1

n

j

 !
λ

nδ
E Xj� �

Vn�jð1Þ + θ ΓðaÞΓð1 + bÞ
Γða + bÞ

´
Xn
j = 1

n

j

 !
nδ + λ
λ

B 1 + c; d +
nδ
λ

� 	
E Xj

ða; b+ 1Þ
h i

�E Xj
ða; bÞ

h i� �
Vn�jð1Þ

In particular,

V1ð1Þ = λ
δE½X� + θ δ + λ

λ
ΓðaÞΓð1+ bÞ
Γða +bÞ B 1 + c; d + δ

λ

� �ðE½Xða;b+ 1Þ��E½Xða;bÞ�Þ

Proof. Letting t→∞ in Theorem 5, we have

Vnð1Þ =
Xn
j = 1

n

j

 !
λ

nδ
E½Xj�Vn�jð1Þ

+ θc
ΓðaÞΓð1 + bÞ
Γða + bÞ

λ

nδ
E Xj

ða;b +1Þ
h i

�E Xj
ða;bÞ

h i� �
Vn�jð1Þ

X1
k = 0

ð1�cÞk
k !

nδ + λ
nδ + ð1 + d + kÞλ

�θd
ΓðaÞΓð1 + bÞ
Γða + bÞ

λ

nδ
E Xj

ða;b +1Þ
h i

�E Xj
ða;bÞ

h i� �
Vn�jð1Þ

X1
k = 0

ð�cÞk
k !

nδ+ λ
nδ+ ðd + kÞλ
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Apply equation (3.13), then we have

X1
k = 0

ð�cÞk
k !

nδ + λ
nδ + ðd + kÞλ =

nδ + λ
λ

Γ nδ
λ + d
� �

Γ 1 + nδ
λ + d

� � 2F1 �c;
nδ
λ

+ d; 1 +
nδ
λ

+ d; 1
� 	

=
nδ + λ
λ

Γ nδ
λ + d
� �

Γð1 + cÞ
Γ 1 + nδ

λ + d + c
� �

Same idea also works for the other summation and then the result follows after direct calculation. □

Remark. The second remark on Theorem 2 suggests E½Xj
ða;b +1Þ��E½Xj

ða;bÞ�< 0 and B(α, β) decreases
when α or β increases, therefore for θ>0(<0), Vn(∞) increases (decreases) when c or d increases.

Based on Theorem 4 and applying the same technique as in Lemma 3, as well as Theorem 5, we have
the following result:

Theorem 6. For any δ, h≥ 0 and n, m∈ℕ, the joint moment of Zt and Zt +h is given by

Vn;mðt; t + hÞ =
Xn+m
i = 1

Xminfi;ng

k = maxfi�m;0g

n

k

 !
m

i�k

 !
E Xi� � ðt

0

λe�ðm +nÞδvVn�k;m�ði�kÞðt�v; t�v + hÞdv

+ θc
ΓðaÞΓðb + 1Þ
Γða + bÞ

Xn +m
i = 1

Xminfi;ng

k = maxfi�m;0g

X1
j = 0

n

k

 !
m

i�k

 !
ð1�cÞj
j !

E Xi
ða;b+ 1Þ

h i
�E Xi

ða;bÞ
h i� �

´
ðt
0

λe�ðm + nÞδv 1 + e
�vð1+ d + jÞλðd + jÞ
1 + d + j

Vn�k;m�ði�kÞðt�v; t�v + hÞdv

�θd
ΓðaÞΓðb + 1Þ
Γða + bÞ

Xn +m
i = 1

Xminfi;ng

k = maxfi�m;0g

X1
j = 0

n

k

 !
m

i�k

 !
ð�cÞj
j !

E Xi
ða;b +1Þ

h i
�E Xi

ða;bÞ
h i� �

´
ðt
0

λe�ðm + nÞδv 1 + e
�vðd + jÞλð�1 + d + jÞ

d + j
Vn�k;m�ði�kÞðt�v; t�v + hÞdv ð5:1Þ

Remarks

1. For n=m= 1, we have

V1;1ðt; t + hÞ = E½X�
ðt
0

λe�2δv V1ðt�vÞ +V1ðt�v + hÞ½ �dv+E X2� � λ 1�e�2tδ
� �

2δ

+ θc
ΓðaÞΓð1 + bÞ
Γða + bÞ E Xða;b +1Þ

� ��E Xða;bÞ
� �� �X1

l = 0

ð1�cÞl
l !

´
ðt
0

λe�2δv 1 + e
�vð1+ d + lÞλðd + lÞ
1 + d + l

V1ðt�vÞ +V1ðt�v + hÞ½ �dv
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+ θc
ΓðaÞΓð1 + bÞ
Γða + bÞ E X2

ða;b +1Þ
h i

�E X2
ða;bÞ

h i� �X1
l = 0

ð1�cÞl
l !

´
ðt
0

λe�2δv 1 + e
�vð1 +d + lÞλðd + lÞ
1 + d + l

dv

�θd
ΓðaÞΓð1 + bÞ
Γða + bÞ E Xða;b +1Þ

� ��E Xða;bÞ
� �� �X1

l = 0

ð�cÞl
l !

´
ðt
0

λe�2δv 1 + e
�vðd + lÞλð�1 + d + lÞ

d + l
V1ðt�vÞ +V1ðt�v + hÞ½ �dv

�θd
ΓðaÞΓð1 + bÞ
Γða + bÞ E X2

ða;b +1Þ
h i

�E X2
ða;bÞ

h i� �X1
l = 0

ð�cÞl
l !

´
ðt
0

λe�2δv 1 + e
�vðd + lÞλð�1 + d + lÞ

d + l
dv

As V1(t) has an explicit expression, an explicit expression for V1,1(t, t+ h)=1 can be obtained by
simplifying all integrals in the formula above.

2. Similar to moments, when c is an integer, the summations with respect to j terminates after finite
number of terms. In particular, when c= 1, we have

V1;1ðt; t + hÞ = E½X�
ðt
0

λe�2δv V1ðt�vÞ +V1ðt�v + hÞ½ �dv +E X2
� � λ 1�e�2tδ

� �
2δ

+ θ
ΓðaÞΓð1 + bÞ
Γða + bÞ E Xða;b +1Þ

� ��E Xða;bÞ
� �� �

´
ðt
0

λe�2δve�ð1+ dÞvλ d�ðd�1Þevλ� �
V1ðt�vÞ +V1ðt�v + hÞ½ �dv

+ θ
ΓðaÞΓð1 + bÞ
Γða + bÞ E X2

ða; b+ 1Þ
h i

�E X2
ða; bÞ

h i� �

´
e�tð2δ + λ + dλÞλ 2d etλ�1

� �
δ + d2 etλ�1

� �
λ + etλ e2tδ + dtλ�1

� �ð2δ + λÞ� �
ð2δ + dλÞð2δ + λ + dλÞ

Based on above the theorem, we may get a formula for Cov(Zt, Zt+ h). The formula itself is too long
to present here, even for the case c=1. However, an interesting property of covariance will be
discussed in the following section.

5.2 Numerical illustration

In this section, we are aiming to give some examples for the theoretical formulas derived above. Woo
& Cheung (2013, tables 3–6) give the E Zt½ � and SD[Zt] for δ=0.02, 0.04 and λ=1 under a= b=
c=d= 1 and a= b= c= d= 2, respectively, although an explicit formula for the latter case is not
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presented in the paper. It turns out when a, b, c, d are integers, calculations become more
straightforward. We will show our moment formula can lead to various choices of a, b, c, d. Based
on the first remark on Theorem 3, the complexity of our formula is dependent on the choice of c
rather than any other parameters. Thus, for illustration purposes, we let a=b=d=1.5, c= λ=1 and
δ=0.01 considering current low interest rate environment. Finally, we assume claim severities follow
an exponential distribution with mean 100 throughout the whole section.

Tables 1 and 2 give the expected values E Zt½ � and standard deviations SD[Zt] of discounted
aggregate claims Zt. The following two observations could be made.

1. For a fixed θ, E Zt½ � and SD[Zt] are increasing with time t. As the duration of policy gets longer, it
is reasonable to expect more claims.

2. For a fixed t, E Zt½ � and SD[Zt] are decreasing functions of θ. This is intuitive for SD[Zt] but not for
E Zt½ � as we expect, at least, E Zt½ � is increasing when the dependence structure between claim
severity and claim frequency is changing from negative to positive. However, this view is supported
in a few references and interested readers may refer to Woo & Cheung (2013), Cossette et al.
(2008) and Chadjiconstantinidis & Vrontos (2014) for more details. It might be more explainable
by writing down the equation and applying Theorem 3, from which we will end with

E Zt½ � = 10000 1�e�0:01t� ��5:23240θ + 11:73404e�2:51tθ�6:50164e�1:51tθ (5.2)

The exponential functions vanish when t tends to infinity and therefore we can see that positive θ

leads to lower expectations.

For correlation, in order to see the relationship between Zt and Zt+ h, we take time t and step h
starting from 10 with gap 10 as shown in Tables 3 and 4.

Table 1. E Zt½ �.

t
θ

− 1 −0.5 0 0.5 1

5 492.9 490.3 487.7 485.1 482.5
10 956.9 954.2 951.6 949.0 946.4
50 3,939.9 3,937.3 3,934.7 3,932.1 3,929.5
100 6,326.4 6,323.8 6,321.2 6,318.6 6,316.0
500 9,937.9 9,935.2 9,932.6 9,930.0 9,927.4
1,000 10,004.8 10,002.2 9,999.6 9,996.9 9,994.3
5,000 10,005.2 10,002.6 10,000.0 9,997.4 9,994.8

Table 2. SD[Zt].

t
θ

− 1 −0.5 0 0.5 1

5 318.3 313.4 308.5 303.5 298.5
10 438.1 432.0 425.8 419.5 413.1
50 816.3 805.8 795.1 784.2 773.2
100 954.5 942.3 929.9 917.3 904.6
500 1,026.4 1,013.3 1,000.0 986.5 972.9
1,000 1,026.4 1,013.3 1,000.0 986.5 972.9
5,000 1,026.4 1,013.3 1,000.0 986.5 972.9
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The following observations can be made from Tables 3 and 4.

1. For all time t, step h and θ,Zt and Zt+h are positively correlated as expected, becauseZt is part ofZt+h.

2. For a fixed time t and a fixed θ, ρ decreases as step h increases. This is intuitively reasonable as we
expect risk profiles of one policy to become more distinct when time shifts.

3. For a fixed θ, step h has greater impacts when time t is small than when t is large.

Up to now, under this topic, results are easier to be achieved under time t infinity cases rather than
for any t as one parameter is gone under infinity cases. Therefore our intention for these correlations
is to see whether it is possible to give insights to any time t if we know the time infinity cases.
However, above tables show it is not an ideal choice as the correlation of Zt is not good enough
between small t and large t. In any case, ρ may not be a good choice as Zt may not be correlated with
Zt + h in a linear form.

6. Explicit Results Under Gamma(2, λ) Process

This section aims to show that the Beta transform is also applicable for other arrival processes. We
will focus on the case where the inter-arrival times follow the Gamma(2, λ) distribution. For the Beta
transform of a Gamma(2, λ) variable, see Example 3.

Table 3. ρ(Zt, Zt+ h), θ=0.5.

t
h

10 20 30 40 50 60 70 80 90 100

10 0.74092 0.63319 0.57309 0.53486 0.50867 0.48988 0.47596 0.46540 0.45726 0.45090
20 0.85457 0.77345 0.72185 0.68652 0.66116 0.64236 0.62811 0.61712 0.60855 0.60178
30 0.90505 0.84468 0.80333 0.77365 0.75166 0.73498 0.72213 0.71209 0.70418 0.69789
40 0.93328 0.88759 0.85480 0.83050 0.81208 0.79787 0.78678 0.77804 0.77109 0.76554
50 0.95104 0.91590 0.88987 0.87013 0.85491 0.84302 0.83365 0.82621 0.82027 0.81549
60 0.96305 0.93567 0.91491 0.89891 0.88642 0.87657 0.86874 0.86249 0.85747 0.85342
70 0.97157 0.95001 0.93340 0.92042 0.91019 0.90207 0.89558 0.89036 0.88616 0.88277
80 0.97781 0.96071 0.94736 0.93683 0.92846 0.92178 0.91642 0.91209 0.90860 0.90577
90 0.98251 0.96885 0.95808 0.94953 0.94269 0.93721 0.93279 0.92921 0.92631 0.92396
100 0.98610 0.97514 0.96643 0.95948 0.95389 0.94939 0.94575 0.94281 0.94041 0.93847

Table 4. ρ(Zt, Zt +h), θ= −0.5.

t
h

10 20 30 40 50 60 70 80 90 100

10 0.74208 0.63485 0.57438 0.53613 0.50993 0.49112 0.47718 0.46661 0.45846 0.45209
20 0.85503 0.77404 0.72250 0.68719 0.66184 0.64305 0.62881 0.61782 0.60925 0.60248
30 0.90530 0.84502 0.80372 0.77407 0.75210 0.73544 0.72259 0.71256 0.70465 0.69837
40 0.933428 0.88781 0.85506 0.83079 0.81238 0.79819 0.78711 0.77838 0.77144 0.76589
50 0.95114 0.91606 0.89005 0.87033 0.85513 0.84326 0.83390 0.82646 0.82052 0.81575
60 0.96312 0.93578 0.91505 0.89906 0.88658 0.87674 0.86893 0.86268 0.85766 0.85362
70 0.97162 0.95009 0.93350 0.92054 0.91032 0.90220 0.89572 0.89051 0.88631 0.88292
80 0.97785 0.96077 0.94743 0.93692 0.92856 0.92189 0.91653 0.91221 0.90872 0.90589
90 0.98254 0.96890 0.95814 0.94960 0.94277 0.93729 0.93287 0.92930 0.92641 0.92406
100 0.98612 0.97518 0.96648 0.95953 0.95395 0.94946 0.94582 0.94288 0.94049 0.93855
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By Theorem 3 and taking the Laplace transform with respect to time t on both sides, we have

Lr VnðtÞf g =
Xn
j = 1

n

j

 !
E Xj� �Lr Vn�jðtÞ

� �Lr e�nδt λ

2
1�e�2λt� �
 �

+ θc
ΓðaÞΓð1 + bÞ
Γða +bÞ

Xn
j = 1

n

j

 !
E Xj

ða;b + 1Þ
h i

�E Xj
ða;bÞ

h i� �
Lr Vn�jðtÞ
� �

´
Lr e�nδtFWðtÞc�1 1�FWðtÞð ÞdfWðtÞ
n o

1�Lr e�nδtfWðtÞf g

�θd
ΓðaÞΓð1 +bÞ
Γða + bÞ

Xn
j = 1

n

j

 !
E Xj

ða;b + 1Þ
h i

�E Xj
ða;bÞ

h i� �
Lr Vn�jðtÞ
� �

´
Lr e�nδtFWðtÞc 1�FWðtÞð Þd�1fWðtÞ
n o

1�Lr e�nδtfWðtÞf g

The key point is whether we are able to invert the fractional part involving fW(t). The calculation of
the denominator is straightforward and the numerator part can be done in the following way.

Lr e�nδtFWðtÞc�1 1�FWðtÞð ÞdfWðtÞ
n o

=
ð1
0

e�rte�nδt 1�e�tλð1 + tλÞ� �c�1
e�tλð1 + tλÞ� �d λ2

Γð2Þ te
�λtdt

=
X1
k = 0

ð1�cÞk
k !

ð1
0

e�rte�nδt e�tλð1 + tλÞ� �d + k
λ2te�λtdt

=
X1
k = 0

ð1�cÞk
k !

ð1
0

e�tðr + nδ + ðd + k + 1ÞλÞtλ2ð1 + tλÞd + kdt

where we apply Bromwich & MacRobert (1947: 151) to exchange the order of summation and inte-
gration. Further, when d is an integer, we can apply the Binomial theorem and see that

Lr VnðtÞf g =
Xn
j = 1

n

j

 !
E Xj� �Lr Vn�jðtÞ
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2
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 �
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´
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( )
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( )

There are different ways to invert this Laplace transform by manipulating with the expression.
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Theorem 7. For any δ≥0 and n, d∈ℕ, a recursive formula for the nth moment of Zt is

VnðtÞ = λ

2
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Γða + bÞ

Xn
j = 1

n

j

 !
E Xj

ða; b +1Þ
h i

�E Xj
ða; bÞ

h i� �X1
k = 0

ð1�cÞk
k !

´
Xd +k
i = 0

d + k

i

 !ðt
0

e�nδvgðv; d + 1ÞVn�jðt�vÞdv
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where

gðv; dÞ =
ðv
0

ð1 + iÞe�uðd +kÞλuiλ1 + i�ðd + kÞe�uðd +kÞλu1+ iλ2 + i
h i

´
3
4
+
1
4
e�ðv�uÞ2λ +

1
2
ðv�uÞλ

� �
du

=
3
4
e�ðd +kÞvλv1 + iλ1 + i� e�2vλ

4ðd + k�2Þ2+ i 2Γð2 + iÞ + ð1 + iÞðd + k�2Þ½

´Γ ðd + k�2Þvλ; 1 + ið Þ�ðd + kÞΓ ðd + k�2Þvλ; 2 + ið Þ�

+
1

2ðd + kÞ2+ i Γð2 + iÞ�e�ðd + kÞvλ ðd + kÞvλð Þ1 + i�ð1 + iÞΓ ðd + kÞvλ; 1 + ið Þ
h i

and Γðz; αÞ = Ð1z xα�1e�xdx is the upper incomplete gamma function.

Remarks

1. Equation (6.1) is computationally tractable and gives an explicit expression for Vn(t), in
particular for small n, can be obtained by further simplifying the integrals involved, as g(v, d) is
essentially a linear combination of functions of type vγe�ξv.

2. Due to page limit, we choose not to include a numerical example for equation (6.1).

7. Concluding Remarks

This paper studies the moments and covariance of the discounted aggregate claims under a renewal
risk model with dependence between the inter-claim times and claim amounts. The dependence is
given by a generalised FGM copula which has four parameters with more flexibilities in dependence
modelling. According to the structure of this copula, it is natural to define the Beta transform so that
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the main results can be expressed in terms of the Beta transforms of both claim amount distribution
and inter-claim time distribution. This transform has many nice properties and some stochastic
ordering properties can be used to derive upper and lower bounds for the moments of the discounted
aggregate claims.

The Beta transform, with many nice properties, is demonstrated to be an efficient weapon in ana-
lysing quantities arising in risk models with the dependency being measured by the generalised FGM
copula. It is believed that the Beta transform and its properties may have other applications in risk
modelling and risk managements.
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