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Volatility component models have received considerable attention recently, not only
because of their ability to capture complex dynamics via a parsimonious parameter
structure, but also because it is believed that they can handle well structural breaks
or nonstationarities in asset price volatility. This paper revisits component volatility
models from a statistical perspective and attempts to explore the stationarity of the
underlying processes. There is a clear need for such an analysis, since any discussion
about nonstationarity presumes we know when component models are stationary.
As it turns out, this is not the case and the purpose of the paper is to rectify this.
We also look into the sampling behavior of the maximum likelihood estimates of
recently proposed volatility component models and establish their consistency and
asymptotic normality.

1. INTRODUCTION

Asset price volatility is persistent and several models have been proposed to cap-
ture this salient stylized fact. ARCH-type models originated by Engle (1982) are
the most popular. Yet, empirical evidence suggests that volatility dynamics is bet-
ter described by component models. Engle and Lee (1999) introduced a volatility
component model with additive long- and short-run components. Several others
have proposed related two-factor volatility models, see e.g., Ding and Granger
(1996), Alizadeh, Brandt, and Diebold (2002), Chernov, Gallant, Ghysels, and
Tauchen (2003), Adrian and Rosenberg (2008), Engle, Ghysels, and Sohn (2013),
and Duan (1997) among others.

The appeal of component models is their ability to capture complex dynam-
ics via a parsimonious parameter structure. Yet, there is also another reason why
component models are becoming more popular, and this is again motivated by
empirical evidence. Several studies have reported evidence of so called struc-
tural breaks in asset price volatility, see for example, Andreou and Ghysels
(2002), Berkes, Gombay, Horvath, and Kokoszka (2004), Chen and Gupta (1997),
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Horvath, Kokoszka, and Teyssiere (2001), Horvath, Kokoszka, and Zhang (2006),
Inclan and Tiao (1994), Kokoszka and Leipus (2000), and Kulperger and Yu
(2005), among others. To address the nonstationarity in the data, it has been
suggested that such breaks should be captured by the long-run component. Al-
ternatively, locally stable GARCH models have been considered to handle non-
stationarity - see e.g., Dahlhaus and Rao (2006).

The component model of Engle and Lee (1999) consists of two additive
GARCH(1,1) components. One is identified as short-run (transitory) component,
while the other is identified as long-run (trend) component. The component
models that have been suggested recently are not of the additive ARCH-type,
but instead have a multiplicative structure. The first to suggest a multiplica-
tive component structure that accommodates nonstationarity is Engle and Rangel
(2008), later extended by Engle, Ghysels, and Sohn (2013). These component
models, also known as Spline-GARCH and GARCH-MIDAS, respectively, fea-
ture a multiplicative decomposition of conditional variance into a short-run
(high-frequency) and long-run (low-frequency) components. The high-frequency
volatility component in both models is driven by a so called unit variance
GARCH(1,1) process since it mean-reverts to an unconditional variance equal to
one. The low-frequency component picks up the nonstationarity. The difference
between the two models is the specification of the low-frequency volatility. The
Spline-GARCH model formulates the low-frequency volatility in a nonparamet-
ric manner so that the long-run variance is time varying. This makes the model
much more flexible but at the cost of losing its mean-reverting property. Moreover,
the long-run component of the Spline-GARCH is de facto a deterministic func-
tion of time. The GARCH-MIDAS model of Engle, Ghysels, and Sohn (2013)
modified the dynamics of low-frequency volatility to be stochastic “by smooth-
ing realized volatility in the spirit of MIDAS (mixed data sampling, see e.g.,
Ghysels, Santa-Clara, and Valkanov, 2004) filtering” so that it can incorporate
directly data sampled at lower frequency (say, monthly or quarterly) than the
asset returns (sampled at a daily basis).!

The economic implications of the aforementioned component models and their
empirical application have been studied extensively by Engle and Lee (1999),
Engle and Rangel (2008), and Engle, Ghysels, and Sohn (2013). However, the lit-
erature has not well covered the conditions that characterize nonstationarity issues
of the components. This paper revisits component models from a probabilistic and
statistical perspective and attempts to explore the stationarity of the underlying
processes. There is a clear need for such an analysis, since any discussion about
nonstationarity presumes we know when component models are stationary. As it
turns out, this is not the case and the purpose of the paper is to rectify this.

The rest of the paper is organized as follows. Section 2 gives a brief overview
of volatility component models. Section 3 explores the stationarity of the var-
ious component models. Model estimation and asymptotic analysis of quasi-
maximum-likelihood estimators are discussed in Section 4. Section 5 provides
concluding remarks. Proofs are collected in an Appendix.
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2. AN OVERVIEW OF COMPONENT MODELS

In this section, we will give a brief overview of volatility component models.
Although most of our focus is on multiplicative component models, we start with
filling a gap in the literature pertaining to additive component model, i.e., the
Engle and Lee model. Denote by r; the return on, say day ¢. Namely, let

It ZN/E&'I, )

where {¢;} is an independent and identically distributed (i.i.d.) sequence with O
mean and unit variance, denoted by 77D(0, 1). Engle and Lee (1999) extend the
classic GARCH model by modeling the conditional volatility /, as the sum of a
so-called trend component and a transitory component. To be specific,

hy =1+ g,
gr=a(rl, —n-1)+pgi-1, )
T =0+ pri-1 +¢(’",2_1 —hi—1),

where the parameters satisfy the following conditions

Assumption 2.1. The parameters a, £, w, p, and ¢ in model (2) are positive,
anda+f <p<1,¢<p.

Assumption 2.1 guarantees that /, is nonnegative, and the mean reversion rate
of g;—which is a + f—is slower than that of ;. Therefore, 7; is referred to as
the trend component and g; as the transitory component.

Instead of modeling conditional volatility as the sum of two components, the
spline-GARCH model of Engle and Rangel (2008) and the GARCH-MIDAS
model of Engle, Ghysels, and Sohn (2013) structure conditional volatility as the
product of long- and short-run components. The analysis in this paper focuses on
the latter specification. For r, defined in (1), the conditional variance is character-

ized as:
hy =g,
g=U—a=B) +all,/tu_1)+pg-1, A3)

t=m+03 o (@RVi_t, RV, = Z.,N:_o] rt2_j,

where the short-run component g; is a unit variance GARCH(1,1) process. The
long-run component 7; is stochastic and driven by past realized volatilities (hence-
forth RV). Restrictions are imposed on the parameters (o, 3, 6, m, co).2 In partic-
ular, they satisfy the following conditions:

Assumption 2.2. The parameters «, f, 8 and m are positive, with a + f
< 1, and the weights ¢y (w) are a nonnegative function of e for all £ with

Zle pr(w) = 1.

The GARCH-MIDAS model of (3) is also referred to as GARCH-MIDAS
model with rolling window realized volatility (RV) in Engle, Ghysels, and
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Sohn (2013). The weights {¢;(w),k =1,..., K} are predetermined in model (3),
and o could be a scalar or a vector. At first we will work in Section 3 with weight-
ing schemes involving potentially several parameters. In Section 4, dealing with
estimation issues, we will specialize the analysis to a scalar parameter . This
observation prompts a discussion about the weighting schemes used in (3).

The most commonly used parameterizations for ¢, as suggested in Engle,
Ghysels, and Sohn (2013), are

ew1k+w2k2
or(w) = W Exponential Almon weight, “)
j=1¢
o (w) = (/K™ (1 = k/K)™ Beta weight Q)
> G/ K@= j/K)e! ’
a)k
o (w) = —x - Exponential weight, (6)

Zj=1 w/

where the first two polynomial specifications involve two parameters o =
(w1, ®2), whereas the third and last is a function of a scalar parameter. However,
both the Exponential Almon and Beta weight specifications can be restricted to
a single-parameter settings. For the Exponential Almon this means w; is zero
and for the Beta weights it means that we set w; = 1. Such single-parameter
constrained cases are often used in practice—see Ghysels, Sinko, and Valkanov
(2006) and Ghysels (2013). This means that we still cover a fairly flexible class of
weighting schemes when we turn our attention to asymptotic properties of estima-
tors in Section 4. Obviously, specifications involving more than two parameters
can be considered as well. Our analysis pertains to any weighting scheme which
is a known function of a finite set of parameters.

The specification of the 7r; component for GARCH-MIDAS builds on a long
tradition, going back to Merton (1980), Schwert (1989), and others, of measuring
long-run volatility by realized volatility over a monthly or quarterly horizon. In
a GARCH-MIDAS model, however, one does not view the realized volatility of
a single quarter or month as the measure of interest. Instead, the 7, component
is specified via smoothing historical realized volatilities in the spirit of MIDAS
regression and MIDAS filtering (as in respectively Ghysels, Santa-Clara, and
Valkanov, 2006 and Ghysels, Santa-Clara, and Valkanov, 2005).

In this paper, we will revisit the component models from a probabilistic and
statistical perspective. In particular, we attempt to explore stationarity of the un-
derlying time series by examining their top Lyapunov exponents. To that end we
close this section with some notation. Let x ¥ = max(x, 0) while x~ = max(—x, 0).
Denote by Iy a N x N identify matrix. We say the matrix A = (a;;)nxn iS
nonnegative (or A > 0) if a;; > 0 for any i, j, and A is positive (or A >
0) if a;; > O for any i, j. For matrices A and B, A < B if B— A > 0. The
spectral radius of matrix A is denoted as p(A) and p(A) = max;(|4;]) where
Ai € C is the eigenvalue of A. We consider the following norm in this paper:
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VI =max;—12, .lvj|for V =(v1,.. .,z)n)/ € R", and the induced matrix norm
is [M|| = maxi=1,2, .0 2 ;— Imij| for M = (m;j)nxn € R"™". Given aset U, U
denotes its closure and U its interior.

3. STATIONARITY

This section explores stationarity of the component model of Engle and Lee
and the GARCH-MIDAS models with rolling-window RV. A standard approach
to study stationarity of ARCH-type processes, following Bougerol and Picard
(1992a), is to characterize the process via a stochastic difference equation with
a Markovian representation. In particular, suppose that ¥; is R%-valued random
vector (d > 1) which satisfies the following stochastic difference equation

Yi=AY_1+ B, teZ, 7

where A, is a R*d_yalued random matrix and B, is R?-valued random vector,

and {(A;, B;)} are strictly stationary and ergodic.3 If the model in (7) is stable,
it will converge to its stationary solution. The stability of model (7) closely re-
lates to y (A), the top Lyapunov exponent associated with the sequence {A,}.
We can define the top Lyapunov exponent associated with {A;} as y (A) = inf;cy
E(% log||A;A;_1...A1]) provided that Elog™ ||Ag| < co. A more tractable ex-
pression for y (A), due to Furstenberg and Kesten (1960) and Kingman (1973), is

.1 as. . 1
7 (A) —tl_lglo;Elog”AtAt—l---Al” = 11_1>Igo;10g”AtAt—l~~~Al||~ ®

Suppose further that Elog™ || By|| < oo. Bougerol and Picard (1992b) show that
y(A) < 0 is a necessary and sufficient (N&S) condition under which (7) has
a unique stationary ergodic solution provided that the model is irreducible and
{(A;, B;)} are i.i.d.* For more general settings where {(A;, B;)} are strictly sta-
tionary and ergodic, however, y (A) < 0 is only a sufficient condition, as shown
by Glasserman and Yao (1995).

Models (2) and (3) are similar in spirit to (7), as is typically the case for ARCH-
type models. Yet, the structure of the matrices involved is different. We therefore
need to elaborate.

The calculation of y (A) requires an analysis of the limiting behavior of the
product of random matrices. Their study goes back to Furstenberg and Kesten
(1960) and Furstenberg (1963) (see Goldsheid, 1991 for a comprehensive review).
Kesten and Spitzer (1984) studied the convergence of the product of i.i.d. nonneg-
ative matrices. Cohen and Newman (1984) considered A;A;_;...A| when {A;}
are i.i.d. and the entries of A; are symmetric stable random variables, whereas
Newman (1986) extended it to the case where the entries of A; are normally dis-
tributed. Peres (1992) examined a product of positive matrices with Markovian
dependence (see also Yao, 2001). An explicit formula for y (A), however, is not
available in general. Therefore, most of the discussion on chaotic behavior using
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Lyapunov exponents relies on simulation, see for instance, Lu and Smith (1997),
Whang and Linton (1999), and Vanneste (2010), among others.

In the first subsection it will be shown that the {A,} associated with model (2)
are i.i.d. but have negative entries, while for model (3), {A;} are strictly station-
ary ergodic nonnegative matrices, as explained in the next subsection. We will
examine the associated top Lyapunov exponents in this section and give explicit
necessary and sufficient conditions for y (A) < 0. Moreover, we will show that
y (A) < 0 is also a necessary condition for the stationarity of Model (3).

3.1. Component Model of Engle and Lee

The conditional variance /; in Model (2) consists of two additive GARCH(1,1)
components, and hence the additive component model has a structure of
GARCH(2,2)

he = ag+airt_y +arty + Prh—1 + fahi—2, )

where op =o(l—a =), a1 =¢p+a, aa=—(@a+p)+ap), fi=p+L—¢,
and fr = ¢(a + p) — pf (see Engle and Lee, 1999). It is worth noting that
the coefficients are not nonnegative. Under Assumption 2.1, ag > 0, a1 > 0,
ay <0, f1 > 0,and S <0.> The stationarity of GARCH models with nonnegative
parameters has been well studied. See for instance, Nelson (1990), Bougerol and
Picard (1992a), Chen and An (1998), Carrasco and Chen (2002), Francq and Za-
koian (2006, 2009), Meitz and Saikkonen (2008), Lindner (2009), and Kristensen
(2009), among others. However, the standard results regarding the stationarity
cannot carry over to Model (2) directly.

Engle and Lee (1999) pointed out that 7, defined in (2) is weakly stationary if
p < land a4+ p < 1.5 We will investigate the strict stationarity in this subsection.
To do so, define ¥; = (A1, hs,72), B = (a0, 0,0) , and

Brt+aie; B

A =A(ed) = 1 0 0}]. (10)
&2 0 0

Therefore, (r;,h;) is strictly stationary ergodic if and only if ¥, = A,Y;,—1 4+ B

has a unique strictly stationary ergodic solution. Let ®(Z) =1 - 1 Z - p>Z% and

O(Z) = a1 +azZ. Note that Y; is irreducible if &; has a continuous component

at 0, and ®(Z) and O (Z) have no common roots and all the roots to ®(Z) lie

outside the unit circle (see for instance, Kristensen, 2009, p. 130).7 ‘We therefore
have the following

Assumption 3.1. ¢; has a continuous component at 0.
PROPOSITION 3.1. Under Assumptions 2.1 and 3.1, Y; is irreducible.

Denote by y (A) the top Lyapunov exponent associated with {A(g2)}. Since the
Ay’s are i.i.d. Y; is strictly stationary ergodic if and only if y (A) < 0. The next
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proposition provides a sufficient condition for y (A) < 0. Note that if A;’s were
nonnegative, then y (A) < logp(E A1) (see Kesten and Spitzer, 1984). Therefore,
in Proposition 3.2, we try to find a ‘mirror image’ of A; and then bound y (A)
by the logarithm of the spectral radius of the ‘image’. We also need to following
technical Assumption:

Assumption 3.2. The distribution of ¢, has unbounded support and P (¢; = 0)
=0.

PROPOSITION 3.2. Suppose that Assumptions 2.1, 3.1, and 3.2 hold. Further,
assume that (1 4+ p)(1+a + p) <2, then y (A) <0, and hence Y; (and r; defined
in (2) as well) is strictly stationary. Moreover, under the additional assumption
that &, is absolutely continuous with strictly positive Lebesgue density in a neigh-
borhood of zero, r; is f-mixing.

3.2. The Class of GARCH-MIDAS Models

We next consider the GARCH-MIDAS with rolling window RV, i.e., model (3).

Note that 7; can be written as t; =m +0 ZzNz +1K -l clrtz_ ;» Where ¢;’s are combina-

tions of the weights ¢y () and satisfy ZZNZJ{K_I = Nz,ﬁ(:1 or(w) = N. Let ¢
= /&¢:. Thenr; = /7€, can be viewed as a semistrong ARCH(N + K — 1) with
multiplicative GARCH error. The GARCH error is strictly stationary and ergodic
under Assumption 2.2. This is because g = (1 —a — f) + (aef_] + p)gi—1 is of
the form (7) with i.i.d. coefficients—i.e., A; = agtz_l +pfand B, =(1—a—f),
and the top Lyapunov exponent associated with {A;} is y (A) = Elog|A;| <
log(a + /) < 0 due to the Jensen’s inequality.
Consider the following stochastic difference equation

Y, =A(©)Yi—1 + By, 1)
where Y, = (rtz,rlz_l,...,rlz_N_KH)’, B, = (mge?,0,...,0), ¢ = (c1,¢2,...,

cN+k—-1), and

Ogiclcr ... Ogielenik—2 Ogielenik—1
1 . 0 0
A; (8) — 0 ce 0 0 . (12)
0 1 0

Stationarity of the process in (3) is therefore equivalent to the stability of dynamic
system (11). Let y (A) be the top Lyapunov exponent defined on {A,(c)}. Note
that {A, ()} is strictly stationary ergodic. Equation (11) has a unique stationary
ergodic solution if y (A) < 0. We will show next that y (A) < 0 is also a necessary
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condition. Define S;, = A;(€)A,—1(C)...Aj—p41(¢) for n > 0 and S, o = 1.

Then
k=1

Y, = St,kYt—k +ZSt,nBt—n» (13)
n=0

fork =1,2,.... Further, define matrices Hy, x_i, Gyyx— € RVHK-DxWV+K-1) 59
1 1 ... 1 1 0 0 0 0
0O 0 ... 00 1 0 0

Hysgor=|0 0 - 000 Gyip = ! 00 (14)
0O 0 ... 00 o0 ... 10

Then A;(¢) = 0gie?Hy+x-1D(¢) + Gyik—1, where D(¢) = Diag(ci,...,
CN+K—-1)-

PROPOSITION 3.3. Suppose that Assumption 2.2 holds. Model (3) has a
unique strictly stationary ergodic solution if and only if y (A) < 0.

Note that the GARCH-MIDAS model (3) is also equivalent to the following

representation
X[:AthI_]"‘B, (15)
where X; = (r,+1,rt2,...,rt2_N_K+3)’, B = (m,0,...,0), and
Gclg,stz Ocy ... Ocnik—2 Ocnik-—1
g,etz 0o ... 0 0
At — 0 1 .. 0 0 ) (16)
0 0o ... 1 0.

The results stated in Proposition 3.3 apply to (15) as well with top Lyapunov
exponent defined on (A, }—using a similar argument. However, since it is easier
to examine the top Lyapunov exponent defined on (12), the representation (15)
will not be considered here.

Next we look for tractable conditions - both sufficient and necessary - for
y (A) < 0. We consider three cases: (1) K =1,N=1,2) K =1,N > 1, and
B)K>1,N>1.

When K = N =1, we have y (A) = Elog(@gosé) and therefore,

PROPOSITION 3.4. Suppose that Assumption 2.2 holds. For K = N =1,
model (3) has a unique strictly stationary ergodic solution if 0 < 1.
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This is due to strict concavity of log function and the Jensen’s inequality. When
K =1and N > 1, the weights vanish and A;(¢) is simply

Hg,etz Hgtetz .. ﬁgt«stz ﬁgte%
1 0 ... 0 0
A () = 0 1 . 0 0 , 17)
0 0 ... 1 0

where 1 represents a vector of 1’s. Let M(a) = aHy + Gy for a > 0. Hence
A)y=M (thstz). It is easy to verify that M (a) is a primitive matrix and hence
is irreducible and aperiodic. It follows from the Perron—Frobenius theory that
p(M(a)) is the maximal positive root of f,(1) = det(Aly — M(a)), and it is
simple. Since A, (z) is closely related to the top Lyapunov exponent, we first look
at a few properties regarding the spectral radius of M (a).

LEMMA 3.1. Consider matrix M (a) with a > 0.

1. Foranyk > 0, p(M(a)) < k if and only if f,(k) > 0.
2. The map a — p(M (a)) is nondecreasing and concave.

Next, we present a sufficient condition for y (A) <O when K =1and N > 1.
Let¢ =(—a—p)/(1=p).

PROPOSITION 3.5. Suppose that Assumptions 2.2 and 3.2 hold. For K =1
and N > 1, the top Lyapunov exponent associated with A,(1) is negative if 6 <
SHRVICE T SEE N

Proposition 3.5 can be extended to a more general situation.

PROPOSITION 3.6. Suppose that Assumptions 2.2 and 3.2 hold. For K > 1
and N > 1, the top Lyapunov exponent associated with A;(C) is negative if 6 <
N2 /(1 KANT2 p oo BANT e vl ek n-1).

Therefore, combining Propositions 3.4, 3.5, and 3.6, we have the following
PROPOSITION 3.7. Suppose that Assumptions 2.2 and 3.2 hold. Model (3) has
a unique strictly stationary ergodic solution if
0 <N e cE TR h o TV b ekaval Fekan-1), (18)
where { = (1 —a — f)/(1 —=p). The solution is nonanticipative (or causal). There-
fore, both r; and t; are strictly stationary ergodic.

If Assumption 3.2 is removed, the sufficient condition should be that 8 is strictly
less than the right-hand side of (18). Proposition 3.7 presents a sufficient condition
for y (A) < 0. We next give the necessary condition.
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PROPOSITION 3.8. Suppose that Assumption 2.2 holds. Model (3) has a
unique strictly stationary ergodic solution only if @ < 1/(N{).

Note that under the conditions stated in Proposition 3.7, the unique strictly
stationary ergodic solution to equation (11) is

o0
Y, = ZS”” B;_,, with probability one (w.p.1). 19)
n=0

This solution, however, is not integrable, and hence r; is not weakly stationary.
This is formally stated in the following proposition.

PROPOSITION 3.9. Consider r; defined by model (3), and suppose that As-
sumptions 2.2 and 3.2 hold. If the system starts from the infinite past, then
Er,2 = o0 for any t. If the system starts from time 0, then there exists ty > 1
such that Er? = oo for t > 1.

It follows that the marginal distribution of the stationary version of r; is heavy-
tailed. This is a desirable property in modeling financial time series. Although the
strictly stationary ergodic solution is not integrable, we will show next that it is
‘fractionally’ integrable. We first present a general result.

PROPOSITION 3.10. Consider the stochastic difference equation (7), and
{(As, By)} are strictly stationary ergodic. Suppose that E |l Agll® < oo, and
E|Boll° < oo for some 8 > 0 and the top Lyapunov exponent y(A) < 0. Then
there exists 0 < * < min(d, 1) such that E(||Y;|°") < oo for any t, and hence
E(log||Y,]}) < oc.

Therefore, as a corollary we have

COROLLARY 3.1. Consider r; defined by model (3), and suppose that As-
sumptions 2.2 and 3.2 hold. There exists 0 < 0* < 1 such that E (rf)(;* <00 and
hence E(logr?) < co.

Corollary 3.1 is of importance in statistical inference, especially in studying
the asymptotic behavior of quasi-maximum-likelihood estimators. Most of the
discussion in Section 4 will rely on Corollary 3.1.

4. QMLE OF THE GARCH-MIDAS MODEL

The quasi-maximum-likelihood estimation (QMLE) of conditionally het-
eroscedastic time series models has been discussed by Engle (1982),
Bollerslev (1986), Weiss (1986), Bollerslev and Wooldridge (1992), Lee and
Hansen (1994), Lumsdaine (1996), Berkes, Horvath, and Kokoszka (2003),
Francq and Zakoian (2004), and Straumann and Mikosch (2006), among many
others. Recall that the component model of Engle and Lee can be viewed as a
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GARCH (2,2). The QMLE asymptotic analysis of Engle (1982) and Bollerslev
(1986) therefore straightforwardly applies.®

Unfortunately, the existing asymptotic results do not directly carry over to the
GARCH-MIDAS class of models. In this section, we cover the asymptotic anal-
ysis of the quasi-maximum-likelihood estimator for the GARCH-MIDAS model
with rolling-window RV.

Let U be the parameter space which will be specified later. Define g; and z; as

2

4@ =(-a=p a0

K

7(©)=m+0 pe(@)RV, . 1)
k=1

+ B8i-1(P), (20)

for ® = (a, f,m,0,w) € U and t € Z. Suppose that ©y = (ag, Bo, mo, 0y, wp) €U
is the true parameter such that

r =/ 81(P0)7:(Po)ér, 1 €L, (22)

where &, ~ II1D(0,1) and 8,2 has a nondegenerate distribution. Given a finite
record of r;: {r;, 1 <t < T} where T > N + K, define

@@= (1—a—p)+a= 1 g (@), o3
7(®) =m+0 35y o (@) RVi—,

fort=N+K+1,...,T,and gy is an arbitrary number. The QMLE of @ is
the minimizer of

3 1 ’ r2
Lr@=o——F 2 logV(@®)+ (q)) (24)
t=N+K+1 !

for ® e U, where V; (®) = g;(®)7;(®). The estimator is denoted by ®7. Consider
a companion estimator, @7, which minimizes

1 d rt2
Ly (®) = m{ﬂ%ﬂ log Vi(®) + 30 (25)

over ® € U where V;(®) = g; (D)7, (D). Clearly, 7; (®) = 7;,(D). Although o7 is
not feasible, it is theoretically tractable and Op —Pr = op(1/ VT) (see the proof

of Proposition 4.2).
The properties of @7 and @7 are closely related to the choice of parameter
space U. Suppose that the parameter w is of dimension d, i.e., v = (wy, ..., wq)’ .

The weights are parameterized by w. We rule out the degenerate case that g =0
for some k € {1,2,..., K}. We also assume the weights ¢ () satisfy the follow-
ing conditions.
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Assumption 4.1. There exists an open set Q c RY such that for k e
{1,2,...,K — 1} and w € Q, ¢r(w) > 0, p1(w) + -+ pxg—1(w) < 1 and the
second-order partial derivative 6%y (w)/ 660]2 exists and is continuous on €2, and
the (K — 1)-by-d matrix (0gk(w)/0w))
tod.

(K—1)xd has rank greater than or equal

Remark 4.1. Because px =1 —¢1 —--- — @g—1, under Assumption 4.1 we
have ¢ (w) = pr(wp) if and only if w = wp for all k. For easy exposition we
restrict our attention to the case where w is a scalar for the rest of analysis, i.e.,
d=1.

Note that Proposition 3.7 holds when f = 0 and/or § =0, and § = 0 as it yields
the regular GARCH(1,1). However, for estimation purpose we need to exclude
such cases as it makes the weighting function unidentifiable. We will therefore
require the true parameter 6y > 0. Define

U :Id):(a,/)’,m,@,a))/eRS:a >0,>0,a+p <1,m>0,

K+N=-2
¢

0<0<

,w€eQt,
Tl KN o KN ey nal ek eN -1 ]

(26)
where ¢ = (1 —a — f)/(1 — B). Moreover, define

U ={D=(a, f,m,0,0) €R’:0>0,>0,0+p <1,m>0,0>0,0weQ}.
(27

Clearly, U, contains U;. The process rt2 is strictly stationary ergodic, if ®g €
U1 and Assumption 3.2 holds. The parameter space will satisfy the following
assumption:

Assumption 4.2. The parameter space I/ is a compact subset of U>. The true
parameter @ is in both ¢/ and Uy, i.e., g € U NU.

Consider [, (®) = log V,(®) 42/ V,(D).

LEMMA 4.1. Under Assumptions 3.2, 4.2, and 4.1, Esupgeyq|log(g:(®))| and
E supgeyq |log(z: ()| are finite, and hence E supgeyyl; (P) < 00.?

It follows that under Assumption 4.2, El;(®) is well defined for ® € U/. More-
over, E|l;(Dg)| < oo but Esupgeyq |l (P)| = co. Next we will show that @ is
identifiably unique. In other words, El;(®) is uniquely minimized at @.

LEMMA 4.2. Under Assumptions 3.2, 4.2, and 4.1, El,(®) > El,(®g) for
O el and © # Oy.
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Because E/,(®) may not be finite for ® € U/, the uniform Strong Law of Large
Numbers (SLLN) does not apply. We need the following lemma for the proof of
strong consistency of @7 and 7.

LEMMA 4.3. Suppose that Assumptions 3.2, 4.2, and 4.1 hold. For any com-
pact set C C U, then liminfr_,  infopec L7(®) > infpec EL (D) almost surely

(a.s.).

The proof is skipped. The reader is referred to Lemma 3.11 of Pfanzagl (1969).
The next lemma shows that the asymptotic property of @7 is independent of the
starting value.

LEMMA 4.4. Under Assumptions 3.2 and 4.2,

lim sup |[L7(®)—L7(®)| =0 almost surely. (28)

0 peld

Therefore, we have the following

PROPOSITION 4.1. Under Assumptions 3.2, 4.2, and 4.1, (iDT and (i)T con-
verge to ®g almost surely.

Remark 4.2. Note that if px(w) > 0foroe Qand k =1,2,..., K, then

K K
(Do)  myg Oopi(wo) RV mo Bopk (o)
e i i 29
+ < . + 29)

T T Ty Opi () .

k=1 k=1

We would have E supgey V,_lrt2 < 00 and E supgeyy |l (®)| < co. Therefore,
the proof of Proposition 4.1 will be a direct application of the uniform SLLN (see,
for instance, Theorem 3.3 of Gallant and White, 1988).

Further, we will show that (i)T is also asymptotic normal, with an additional as-
sumption. Let ¢ = (¢1,...,¢x—1) and V = {(x,...,xg—1) :x1 > 0,...,xg—1 >
O, x14+--+xg—1 <1}.

Assumption 4.3. E (sf) < 00. The true parameter @ is an interior point of I,
ie., @y e U°, and o(wg) eV .

By continuity of ¢y, there exists an open ball O, such that wy € O, C
Ow, C Q and ¢(O,) C V. Therefore, one can always find a compact set A
such that ®g € A c U° and for ® = (a, f,m,0,w) € A, p(w) € V. Define

S(0)=E (\/,_z(tl))VV,(tb)VV,(tb)’) for ® € A.10
LEMMA 4.5. Suppose that Assumptions 3.2, 4.2, 4.1, and 4.3 hold. Then

1. X (D) exists and it is positive definite at @.
2. VTVL1(®g) = N(0,(Eet —1)Z(®Dy)).
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3. Let B(®g,1/n) ={® eR5: |®—dg| < 1/n}.

limsup lim sup |H(LT)(®)—Z(Dg)|| =0 a.s. 30)
n—o00 T=00 ¢ By T/mnA
4. lim7— 00 V/T sUpge 4 || VLT (®) — VLT (®) || = 0 in probability.
Lemma 4.5 allows us to establish the asymptotic normality of @7

PROPOSITION 4.2. Under Assumptions 3.2, 4.2, 4.1, and 4.3,
VT (d7 — Do) = N(0, (Ee} — 1) Z(Dp) ™).

Remark 4.3. Note that g,(®g) = (1 —ag— fo) + (aostz_l + fo)gi—1(Po), and

7 (Dg) = mo +6o Z,le 9k (o) RV;_i. Denote by 0, 0g, Om, 09, and &, the partial
derivatives with respect to a, 8, m, 6, and w, respectively. We have d,,g,(Dg) =
0981 (P0) = 0g: (Po) = 07 (D) = dp7: (Do) =0, and thus

Vgl‘ ((DO) = (allgt ((DO)’ aﬂgl‘ ((DO), 09 07 O)/’
VTZ‘ ((DO) = (03 07 am Tt (CD()), 69 Tt ((DO)a acuTt ((DO))/

Note also that

V.72 (©0) V V, (©) V Vi (Do)’

:ng(‘l)o)vgz(q)o)/ Vft(‘DO)VTz((DO)/ VT,(CD())Vg,((DO)/
8:1(D)? 7 (Do)? (o) g: (Do)
Vg (®o) Vi, (Do)’
7 (®g)g: (Do)

It follows that X(®g) = E(v,-2(®o)vv,(q>0)vv,(cbo)/) is a block di-
agonal matrix, and X(®¢) = Diag(Jy, Jo) where J; = E(gt_z(CDo)dg,dg;)

and J» = E (r,—z(cbo)dr,dr;), and dg; = (3,81(®0),3pg:(Pp)) and dr, =
(Ot (@), 097 (Do), 07 (Po))’. The asymptotic variance becomes (Egt -1
Dlag(J_l J_l) For the MLE (I)T (ar,[)’r,mr,ﬂr,wr) (OCT,,BT) and
(mr, GT, @r)’ are asymptotically independent.

Remark 4.4. It should be noted that the results of QMLE can be easily
extended to w being multidimensional. The proofs of Lemmas 4.1-4.4 and
Proposition 4.1 apply to a vector 0 without modification. For Lemma 4.5 and
Proposition 4.2, we just need to replace the (partial) derivative with respect to @
by the partial derivative with respect to each component of w, and the discussion
follows directly.
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5. CONCLUSION

This paper revisits the component models from a probabilistic and statistical per-
spective. Stationarity of two models is investigated: the component model of
Engle and Lee (1999), and the GARCH-MIDAS models of Engle, Ghysels, and
Sohn (2013). By examining the associated top Lyapunov exponents, we present
explicit conditions on the space of parameters—both sufficient and necessary—
for stationarity and ergodicity. This is necessary, because it allows one to easily
track stationarity of the underlying process with given parameters and to man-
age model inference. A by-product regarding the analysis of Lyapunov exponents
is that y (A) < 0 is also a necessary condition for stationarity and ergodicity of
Model (3).

We also show that the GARCH-MIDAS model has fat-tailed marginal dis-
tribution, a desirable property in modeling financial time series. We then study
sampling behavior of the quasi-maximum-likelihood estimator of the model. The
consistency and asymptotic normality of the QMLE are established.

NOTES

1. Applications of Spline-GARCH and GARCH-MIDAS include Baele, Bekaert, and Inghelbrecht
(2010), Bauwens, Hafner, and Pierret (2013), Chauvet, Senyuz, and Yoldas (2010), Chen, Choudhry,
and Wu (2013), Dorion (2010), Golosnoy, Gribisch, and Liesenfeld (2012), Hafner and Linton (2010),
Asgharian, Hou, and Javed (2013), Maheu and McCurdy (2007), and Rangel (2011), among others.

2. We use generic parameter settings across all the models to avoid a proliferation of parameter
notation. Therefore, it is important to note that the parameters in the models (2) and (3) are not related.
For example, the w in (2) is different from the w appearing in (3).

3. The stationarity of Y; of the form (7) has been studied extensively in the literature, see for
instance, Pham (1985, 1986), Brandt (1986), Bougerol (1987), Meyn and Caines (1991), Bougerol
and Picard (1992a, 1992b), and Glasserman and Yao (1995), among others.

4. Model (7) is said to be irreducible if no proper affine subspace H e R exists such that {Ary+
B; 1y € H} C H. For details on irreducibility, the reader is referred to for example Meyn and Caines
(1991), Bougerol and Picard (1992b), and Kristensen (2009).

5. It should be noted that the Jacobian determinant of the map from (w,a,f,¢,p) to
(ag,a1,00,01,02)is —(1 —a —p)(a+ f — p)2, and it is not zero under Assumption 2.1. There-
fore, (@, a, B, ¢, p) can be identified from (aq, ay, a2, f1, f2)-

6. See Engle and Lee (1999, p. 479).

7. A random variable X is said to have a continuous component at 0, if there exists a function
f > 0and a constant d > 0 such that P(X € A) > fAm(—zS,o‘) f(x)dx for any Borel set A C R.

8. See the discussion in Engle and Lee (1999) for details.

9. Where [, (@) = max(—/;(®), 0).

10. We use V to denote the vector differential operator so that V f is the gradient (column vector)
of scalar function f, and H (f) the Hessian matrix of f.

11. This notation is used only in the proof of Lemma 4.2. For a set U, U 0 represents the interior
of U.
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APPENDIX

Proof of Proposition 3.1. Note that ®(Z) has roots outside the unit circle (see Engle
and Lee, 1999). Moreover, since

1
®Gﬂ#@)=1+maM@—ﬂwfm§=—;§@—a—ﬂﬂa¢¢m
2

if and only if p —a — £ and a and ¢ are not 0, then ®(Z) and ®(Z) have no common
roots, and hence Y; is irreducible. u

Proof of Proposition 3.2. We only need to show y (A) < 0. Let

M; = A(stz)A(le_l) .. .A(g%), M; = A(stz)ﬁ(stz_l) .. .A(a%),

where

. Brtaix —p —on

Ax) = 1 0 0 . (A.1)
X 0 0

Then Eﬁ(gtz) = AQ1). By induction ||M;| < 1M, for any ¢. Note that /1(8,2) is not
bounded almost surely and i.i.d. We then have lim;_; 5o % log 1M, || < log(p (A(l))) (see
Kesten and Spitzer, 1984, Thm. 2). Because

a+p+p+v@+p+p)+4@+p)p
2 9

p(A(1)) < 1ifand only if (14 p)(1+a+f) < 2.

Note that the characteristic function of A(0) is det (113 — A(0)) = A(A2— L4 —p2).
The spectral radius of A(0) is therefore less than 1. Define V (y) = |yj|+aly2| +aly3| for
y= (y],yz,yg)/ eR3, wherea = (1—(a; +p1))/4>0.Letr = (14+0a;+41)/2 < 1,
and B > 0is such that (ag+1)/B < 1 —r. Itis easy to verify that E[V (Y;)|Y,_1] < a9+
zV(Y,—1).Define K ={k e R3: V(k) < B}. E[V(Y)|Y;—1 = y]is bounded for y € K. On
K E[VI)N|Y—1=yl<ag+rV(y) < ((ag+1)/B+7)V(y)—1. Under the additional
assumption that ¢, is absolutely continuous with strictly positive Lebesgue density in a
neighborhood of zero, Y; is geometrically ergodic and hence r; is f-mixing, which follows
from Mokkadem (1990) (or Theorem 1 of Carrasco and Chen, 2002; Theorem 8 of Lindner,
2009). |

p(A(1) =

Proof of Proposition 3.3. Note that 1 < ||Ay(c)| < 0g053||HN+K_1D(c')|| +IGN+k -1l <
NOgoe} + 1. We have E(log | Ag(©)])) < Elog(NOgoed +1) < E(NOgoe}) < oo.

Sufficiency follows from Theorem 3.1 of Glasserman and Yao (1995) (see also Bougerol
and Picard, 1992b). The necessity is done through an argument similar to the proof of
Theorem 1.3 of Bougerol and Picard (1992a).

Suppose that (11) has a unique strictly stationary ergodic solution. Let + = 0 in (13).
Since Zﬁ;(l) 80,2 B—n < Yy almost surely for any k, then limy,— 00 So , B—n = 0 almost
surely. In other words,

. 2
lim €¢Z,Sp,¢;1 =0 almost surely,
n —n20,n€l1 y
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where {ej,ez,...,ey4+x—1} is the canonical basis of RN+K=1 Note that for i =
1,2,..., N+ K -2,

2 -.
So,nei = So.n—10€-, 1 HNyk—1D(©)+Gnig—1)ei
2
=0cie”, 1So,n—1€11+S0,n—1€i+1.
2
So,neN+K—1=0cNyk—1€2,1S0,n—1€1-

Therefore, lim;— oo Sp, ,¢; = 0 almost surely for any i, and hence limy, — 0 ¢, = 0 almost
surely. It follows from Lemma 3.4 of Bougerol and Picard (1992b) that y (A) < 0. n

Proof of Lemma 3.1. 1. Note that f;(1) =AY —aiN"1—aiN-2_..._ 422 —gi—a.

For 4| > k,
a a a
D=V -—=—-——...— —
@l 2 1AM = = v
a a a
>kN(1_E_172 ————— —) = f(k).

Note that p(M(a)) is the largest positive root of f,(1). Therefore, p(M(a)) < k if and
only if f (k) > 0.

2. Note that p(M(a)) is the maximal positive root of f(1) = det (LI — M(a)). It is
simple and p(M(a)) > |A| for each root 4 of f(4) = 0. For easy exposition, we simply
write p(M(a)) as 4. Since f(A) = AN —aaAN—1—gaN=2_ ... _ 412 —gi—a=0,

}.N

)

- — =142, A2

where g(1) = ﬁﬂ) and h(2) = AN~ 4 IN=2 4 ... 4 22 4 2 4 1. Note that 1 is a smooth

2
function of a. To prove 4 is a concave function of a is equivalent to show that %2 <0.
On one hand, taking derivative on both sides of (A.2) with respect to a, we have 1 =
(1 +g/)/1/, where g/ = d‘i—(f) and 1 = %. Furthermore, 0 = (1 +g/)/1” +g//(/1/)2,
” 2 ” 2
where g = €84 and 2" = %. On the other hand, write f(1) =0as F(1,a)=0. By
implicit function theorem,

where F, = % = —h(4) <0and F, > 0 (since 4 is the largest root of f and f goes to
oo as 4 goes to oo for fixed a). Hence 2 >0and1 +g/ > 0.

, PNV ”
To show A" < 0, it is sufficient to show that g/ e h3(§§)~ h @) S 0or A=

’ ” / ” 2
2(h (1))? = h(2)h" (1) > 0, where i = 4 ang " = %. Note that

AN -1
hoy="-—-
() 1_19
, NJN-L N
h(A)= -
A—-1 (=1
h,,u)_zv(zv—l)ﬂ"—2 2NN 2N -
N I—1 -2 G-1D3"
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Therefore,

NNV = DAV = (N DAY + (N + D= (N = 1]

A (=13

(A.3)

Define
D) =N-DAN N+ DAV + (N + D= (N =1).

Then D'(2) = 40 — (N — )W + )N = (N + DNV =1 4 (W +1) and D" (1) =
2 / " "
% =(N=1)NN +1)A¥=2(2—1). Note that D(1) = D' (1) = D" (1) =0 and D" <
0for0 </ <1, whileon 4 > 1, D' >0.1t implies that D'>0 except 4 = 1. Going one
step further, we have D > 0on A > land D <0on0 < 4 < I, which means A > 0 on both
A>1and 0 < 4 < 1. By continuity, A > 0 for 2 > 0. It finishes the proof. n

Proof of Proposition 3.5. Let A; = A;(1). Note that 1 < ||Ag]| < 9g08(2)||H|| +|G|l =
Hgoag + 1, and hence E (log || Apl) < Elog(ﬁgoa(z) +1) < EGgoag < 0.

Note that A; = g/ (0e? H + éc) < @O} H+1G). Let A, =0e7H + 1G. A, A, are
nonnegative. We then have ) )

I ArAi—1... Aoll < g18r—1-..80llAsAi—y ... Agll.
It follows that

1 . o
7 (4) < Elog go-+lim = Elog A/ A,y ... Aol < 7.

where 7 is the top Lyapunov exponent associated with the sequence {A;, € Z}. Since Ar’s
are i.i.d. and irreducible and ¢ has unbounded support, then 7 <0if p[E(Ag)] < 1 (see
Kesten and Spitzer, 1984, Thm. 2). Note that E(Ag) = %M(&() and

PLE(Ag)] < 1 &= pIMEO)] < ¢ &> fo () =det (1 —M(©O0)) =0

by Lemma 3.1. fy-(() > 0if 0 < (N_l/(1+(+~-~+(N_1). The proof is complete. W

Proof of Proposition 3.6. Note that A;(¢) = ﬁg;gtzH Ni+k—1D()+Gpyyg—1, where
D(é) = Diag(cy,....cny4x-1)- 1< [Ao@)| < 08063 | Hy4 k1 D@+ Gy k11 <
NGgoa(% + 1. Hence E(log||Ag(©)]) < Elog(N&g()aé +1) < E(NHgog(Z)) < 00.

Note that A;(¢) < g; (08,2 Hyyg—1D(C)+ %G,\H_K_]). Similar to the discussion in the
proof of Proposition 3.5, we have y (A) < 0if p(0C Hy+gx—1D(©)+Gy1g—1) <. Let
f()= det(/llN+K_1 —0CHN K1 D(c) — G N4k —1). Note that

FO)=aNEA e pNHK=2 _pepgNHK =S 0oy k2 = 0Cen k-1
The matrix 0 Hy g —1D(¢) + Gy4x— is primitive. Similar to the discussion in the

proof of Lemma 3.1(1), p(0¢ Hy 1k —1D(¢) + G N1k —1) < ¢ if and only if £(¢) >0, or
equivalently, 0 < ¢ KFN=2/(c; ¢ KFN=2 4 05 KFN=3 oo op v o +egqn—1)- B
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Proof of Proposition 3.8. Note that the top Lyapunov exponent associated with Ay (c),
denoted by y, should be strictly negative. Hence there exists 7y > 0 such that || S; /|| < e'” /2
for t > 1y almost surely. It follows that, with probability one,

N+K-1
Z entjjSy; <(N+K — De'?/2,
i,j=1
where the notation ent;; A represents the entry in the i-th row and j-th column of a ma-
trix A. Note also that A;(¢) =0gre? Hy g -1 D) +Gnyx—1 > 0Ce?Hy g1 D)+
GNyK—1 > 0almostsurely. Let Ly =0¢e? Hyy g —1 D(¢)+ Gy yx—1. Ly are ii.d. Then

we have

N+K—1 N+K—1

> entij(EL)' =E > entjj(LiLi—y...Ly) < (N+K—1)e'7 /% (A9
ij=1 i,j=1

Since EL; are nonnegative and primitive, it follows from the Perron—Frobenius theorem
that Zf\,/]f":li_l entj; (EL1) = O(p(EL}))" (see theorem 1.2 of Seneta, 1981; Kesten and
Spitzer, 1984). Note that y < 0. Together with (A.4), we have p(EL{) < 1.

Let (1) =det(Alyyx_1 — E(Ly)). Note that f(1) = ANFTE=1 _gre gJNFE=2
9(02/1N+K_3 — - —=00cnyg—2A—00cNykx—1. A similar argument to the proof
of Lemma 3.1 yields that £ (1) > 0,i.e.,0 < 1/(N¢). n

Proof of Proposition 3.9. Consider first K = N = 1. Suppose that the system starts
from the infinite past. We have

(o) n

rt2 =m Z o H gi— jglz_ j almost surely, (A.5)
n=0 =0

and Ert2 =m) 2 0"E (H;’:O gt_jatz_j) due to Fubini’s theorem. It is easy to verify

that H;l:o gr—j can be expressed as a polynomial of g;—, of degree n+ 1. In other words,

k3 k,

n o+l o)k (n) . : ki ko 3
szogt_] =21 Gy g~y where G is a function of u, L |, u,2 5 u? 5, u

and u; = as,z + .0 < k; <n.As aresult, we can rewrite Er,2 as

00 n+1 n
Er? :mZH”ZE G](Cn)Hetz_j E(gk,).
n=0 k=1 =0
Note that @ > 0, and a necessary condition for Ert2 < oo is that E(g;H'l) < oo forn > 0.

In other words, Ert2 <ooonlyif E (ug'H) < 1 for any n > 0 (see for example, Bollerslev,

1986 or He and Terasvirta, 1999). Therefore, E rt2 is not finite when &; has unbounded
support.
If the system starts from time 0, we have, by letting k = ¢ in equation (13),

t—1 t—1 n

2 2 2 2

rf=06" Hg,_jet_j ry+m E 0" Hg,_jet_j . (A.6)
i—0 n=0  \j=0
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A similar argument yields

t—1 — n+1

Er? 9’215 G T2, | Ee r§)+mZe"ZE G,(")Hg,j E@_).
=1 j=l1

=1 j=1 n=0

and Ert2 < 0o only if E(g[1 rg) < 00 and E(gll) < oo for 1 </ < t. Therefore, there exists
tg > 1 such that Ert2 =oo fort > 1.

For K and N greater than 1, Y; = 220:0 St,nBt—n w.p.1 if the system starts from the
infinite past, and EY; = Z?,o:() E(St,nBi—n) due to Fubini’s theorem. Note that A;(¢) =
Ogre? Hy 1 x—1 D) +Gyix—1 and By = mgiele; where e = (1,0,...,0)7. We ob-
tained Sy.n = At ()A;—1(0)... Aj_pq1(c) = 0" (H}:(; gz—jetz_j) (Hy1x—1D(©)" +
%, where * represents all the remaining terms, and

n
E(StnBi—n) =m0"E | [ &i—jei_; | (Hn4x-1D@)" e1+%, n>0.
=0

Using a similar argument one can show that Er,2 is not finite. If the system starts from
time 0, then Y; = ;Yo + 3" _{, St.n Bi—n, and EY; = E(S;,Y0) + .04 E(Sp.n Bi—n)-
A similar argument yields that there exists 7y > 1 such that £ r,2 =oo fort > 1. n

Proof of Proposition 3.10. Because E||A0||(; < oo and E||B()||(S < oo imply that
Elogt ||Ag|l < oo and Elogt || Byl < oo, the equation ¥; = A;Y,_; + B; has a unique
strictly stationary ergodic solution. The solution is Y; = Z;O:() St,nBt—n, where S§; , =
AtAi_q... Ay forn>0and S; o= 1.

Consider Yy = >.°° (S, B—n. Note that limy—s 00 £ 5 EloglSo,»ll =7 <O0. There ex-
ists ng such that Elog||Sp ,, |l < 0. Note also that E|Sy n0||()/”0 < E||A0||a < oo due to
the Holder’s inequality. One can find 0 < dy < min(2, 6) such that E||Sp , [% < 1. More-

over, there exist 0 < ¢ < oo and 0 < p < 1 such that E||So,k||‘5° < Eﬁk—see Remark 2.6
of Basrak, Davis, and Mikosch (2001), and Lemma 2.3 of Berkes, Horvath, and Kokoszka
(2003). For dp/2 < 1,

o0 o0
ENYol®/ = 37 E (10,0 B-nll/2) = 3 (ElISo %) 2(E 1 BoI ™)'/ < o0,
n=0 n=0
It follows that E (log || Y ||) < Wl/zlogE(llYtll(sO/z) < 0. [
Proof of Corollary 3.1. Note that E[|A¢(©)| < E(Ogoed)llHy+x—1D@) +
IGN k-1l =0IlHN 1k -1 D@l +1IGNyk—1ll, and E|[By(c) |l = m. The result follows

from Proposition 3.10 immediately with § = 1. u

The proof of Lemma 4.1 needs the following Lemma:
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LEMMA A.1. Suppose that {a;}"_, are nonnegative. Leta =3} _

i—1 @i and a > 0. Then

n n n
log E a; | <logn+ E a—’logai <logn+ E logtq;, (A.7)
a
i=1 i=1 i=1

n n
Ha,‘ < ZIOng a;. (A.8)

i=1 i=1
Since the results are elementary, its proof is skipped.

Proof of Lemma 4.1. Under Assumption 4.2, r,2 and 7, are strictly stationary ergodic,
and Elog(r ) < 00. Equation (20) and 0 < f < 1 imply that gy = (1 —a — f)/(1 = ) +

a> 220 ﬂk - l k almost surely. Thus, for 6* defined in Corollary 3.1,

o]

l—a—pB)%
(aiﬂ)_;’_Z(aﬂk/m)é (rt 1 k)

S*

<K+K§]m“u,lp (A9)
k=0

for some constants K > 0 and 0 < f < 1 due to the compactness of .
Note also that infgezsg/(®) > O almost surely. Therefore, Esupgeyy|log(gr)l =
(0")~ E supgey 1 log(]")] < oo.

Rewrite 7; as 1; _m+82N+K ! l"t I
o (w) and satisfy ZN+K lcl = Nzk 1 9k(w) = N. An application of Lemma A.1
yields

where ¢;’s are combinations of the weights

logm < logt; < log(N + K)+log™ (m)+ (N + K — 1)log™ (9)

N+K-1
+ > logt(e)+logh ).
=1

We have Esupgeys|log(zs)| < oo, due to Corollary 3.1, Assumption 4.1, and the com-
pactness of Uf.

Since [, (®) = (log V; (D) +rt2/Vt(d)))_ < (log V4 (®))~, we have Esupgerl;
(D) < oo. n

Proof of Lemma 4.2. Note that El;(®) — El;(®g) = E(—log(‘(}[(g;%))—i- ‘(}I((%O)) -1 >0,

and the equality holds if and only if V;(®q) = V; (D). Therefore, to complete the proof,
one just needs to show that V;(®g) = V;(®) if and only if @y = ®. The sufficiency is
obvious, so we just need to prove that V;(®q) = V;(®) implies O = O.
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Note that
K+N—-1 n
g = |m+0 Z Clrtz_l‘i‘gcl’”,z_] 77+’7(1+ZH“t—j)ut—1
=2 n>2j=2
K+N-1
=|m+60 Z clrt2_1+6’c1rt2_1
=2
n n
x| n+n 1+ZHM,_j L+n 1+2Huf—j ocgtz_l R (A.10)
n>2j=2 n>2j=2

where n=1—a—f > 0and u; = as;tz + B. Vi(®g) = V;(®) implies that ;1 is mea-
surable with respect to o (g5,5 <t — 1), unless the coefficients in front of ¢;_ are 0. In
particular, we have

n n
Ocin 1+ZH”f—j th_lzﬁoc(l);yo 1+ZHu?_j 0!0V,0_1, (A.11)
n>2j=2 n>2j=2

where we use the superscript 0 to indicate that the function is evaluated at (I)Q.1 1
Since 6y # 0, then 8 # 0. Let

n
Fi_»=0cin I+ZHut_j o

n>2j=2
n n
=0Ocino | 1+ 1+2Hu,_j +a l+ZHu,_j 53_2
n>3j=3 n>3j=3

In view of (A.11), we have F; o = on—z’ and hence

n n
Gclnaz 1+ZH”f—j zgoc?noa% 1+Z Hu?_j R (A.12)
n>3j=3 n>3j=3
n n
Ocina | 14+p 1+ZH”"] =900(1)’10050 1+ fo l—l—ZHu?_j
n>3j=3 n>3j=3
(A.13)

Note that the right-hand side of (A.12) is not 0. Then fc; ;1(12 is not 0 as well. It follows
that

0ocnoay  Bocnoad LI oY noao
Po -p 1+ W =1 (A.14)
( Ocina Ocina’ néjl;[?) =Jj Ocina
This is true only if
00 noag : 0o noa B L o< noag —0
Ocina Ocina? ’ Ocina '
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Therefore, Ocina = 900(1)77()05()’ and f/a = By/og, and hence (A.12) becomes

n n
a1+ [Tuj|=ao| 1+ 2 [T, |- (A15)

n>3j=3 n>3j=3
Note that the left-hand side of (A.15) is

n
o? 1+2Hu, —j a?__;—{—a—f—aﬁ 1+ZH“f—j

n>4j= n>4j=4

Similarly we have

n n
SRR | CEAELA RN | AR (A.16)

n>4j=4 n>4j=4
n n

atap |1+ [Tuj|=co+aobo | 1+ 2 [1u); | (A17)
n>4j=4 n>4j=4

It follows that a = 0, and hence S = fy, 0c| = Hocl, and m —mg +Zl N+K- 1(901 -

Hoc )r —; = 0. In a similar argument and using the fact that ZN K- lcl = N and As-
sumption 4.1, we have m = mg, 0 = 6y, and v = wy. n

Proof of Lemma 4.4. Note that L7 — L7 = m ZzT:N+K+1 10g(&)+

2 2 2
o 1 T 8i—8 3
(Vt 7 ) 7 (N+K) E f=N+K+1 log( ) o g’ L. By Cesaro’s Lemma, it suf:

—&t

2
fices to show supg <4 |10g(g’ )| and supgczy | S | converge to O almost surely.

Ttgt
Fort > K + N, because g; = &; + 1K~ N(gK+N — 8k +n) and U is compact, we
have

log (T) <——-ls—7 /))I_K_NgK+N < Cuf'gk 4N, (A.18)

— r2gkan < CoB'r2 gk N, (A.19)
T8t 8t

for some constant Cyx > 0, and ﬁ € (0,1). Therefore, we just need to show that

SUP g/ Bl gK+N and supq,eu/)’ r, gk +N converge to 0 almost surely.
Note that for any € > 0,

P(sup B'rigk N > €) <e O 2 EGHHV2(E supg A
peld pelU

where ¢* is defined in Corollary 3.1. Because E(rtz)a* is finite and E supgezq g?:+N <00
(due to inequality (A.9)), we have

(0.¢]

Z P(sup B'rlggqn > €) < 0.
1=K+N+1 ¢<U
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It follows from the Borel-Cantelli lemma that supgez¢ A rtzg K+N converges to 0 almost
surely. Similarly, we have supg 7/ ' gk +n converges to 0 almost surely. n

Proof of Proposition 4.1. The proof uses an argument similar to Francq and Zakoian
(2010), p. 159 so the proof is omitted. u

Proof of Lemma 4.5. In what follows, we use 9, 08> 0m %, and 0, to denote the
partial derivatives with respect to a, ff,m,0, and w, respectively. For easy reference, the
parameters {a, S, m, 0, w} are also referred to as {¢;, 1 <i < 5} when there is no confusion.
Let 6; = 0y, the partial derivative with respect to ¢;, and 8;; = 9, 6¢j .

(1) Note that V,2VV,VV/ = ¢ Vg, Vg + 1,2V, V] + g7 o7 (Ve Vr] +
V;Vg)), and

7, ol < 1/m, |17 o] < 1/0, (A.20)
N+K-—1 +K— dcl(a))
It ot < 7,710 Z Z ’/ (o), (A.21)
=1
g7 omarl < g 'a Z/f’“(r?_l_k/rz_l_k)|r,‘_11_kamrf_l_k| < 1/m. (A22)

k=0

Similarly, |g; ' 6pg:| < 1/0, and |g; ' dwgs] < VK1 1999 | 1) (1), Moreover,

e ongil < 1/(1=B)g; +g ‘Zﬁ 2/ t—1-0) < 1/(1—a = p)+1/a,
k=0

o0
18 'opgil < a/(L=B) g g e D KBTI GE /im0

k=1
fj af* R 1)
(1—ﬁ)21—a B o —a=p)/A =B +ap i /t—1-1)
0
a X (B /10
k , A.23
SU—pra-a-p ' ;((1—%5)/(1—@ a2

where d = §* /2 and J* is defined in Corollary 3.1. It follows from (A.23) that

= pEC2 -0\
Ele=lor o212 a _1 i | E @ t—1—k ,
(Elg; opg:l?) /= < (1_/3)2(1—11—/3)-'_/)) ]; ( I—=a=p)/0=p) )
(A.24)

and hence Elgt_laﬂgtl2 < 00. The discussion implies that £ (Vt_ZV Vi VV,’) exists.

Next we will show X (@) is positive definite. Otherwise, there exists p € R such that
p'Z(®g)p =0and || p|| = 1. In other words, p’VV; (@) = 0 almost surely for any ¢.
Note that VV; = V(1 —a — pB)tr) + V(ar;/r,_l)rtz_l + V(B /t—1) Vi1 +

Bri/t—1VV,_y. Let y; = V(1 —a — f)u) + Viat /o_1)r? | + VBt /t—1)Vi_1.
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Then p’VV;(®g) = 0 almost surely for any ¢ implies that p’y;(®g) = 0 almost surely
for any z.

Suppose y; = (Y41, vys). Then w1 = 72| /ry—1 — 1), w2 = 7 (g—1 — 1), and

Wik = 810kt — (ar’_ | /T—1 + Bg—1) Ttk Ty—1/71—1 fork=3,4,5. p'y; (®g) = 0 almost
surely indicates

Okt
Pi(&i—1e_ = 1)+ p2(gi— 1—1)+812Pk o
=3

OkTr—1
— (g1} +Pgi- 1)217 —= =0, (A.25)
k=3 -

almost surely at @(. Rewrite (A.25) as

5 5
O T Ok T,
2 klr—1 kTt
&_18t—1 Pl—az Pkir +gt§ PkT
k=3

=3 t—1

Fi—

5
OkTi—1
=81 ﬁZPkiT PR +p1+p2.
t_

G

Let Hp=m+0%5, Cl",z_l- We obtained

5
(Hip+0cir? )V Fr_pe?_ |+ (n+Bgi—1 +agi—1e2_)) Z pr@xHy o+ 0k Oc)r))
k=3
=Gy_o(Hyp+0cyrl)),
where # =1 —a — f. It follows that
OciFr—p+agi—1 »_ prdy(Oc) =0. (A.26)

k

In view of (A.26), we have (0c| p1 +apycy +aps0 = dey (w) )11 =0cja 22:3 PkOkTr—1-
Therefore,

dCl(w)

(901171 +apgc) +apstd )m =0cjop3,

dcj(w
(9611’1"'“17401‘*‘“1759 1( ))9c1=9c1a(174cz+1759 ZC(O))

forl=1,2,...,N+ K —1. Note that > ;c; =N and >, ‘1001776(00)) = 0. Consequently,

dcj(w)
do

c1p1 =0, 0p3 =mpy, =0 forany!. (A.27)
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Taking expectation on both sides of (A.25), we have 2223 prE(g10rt1/71) =0. In view
of (A.27), we obtained p4E(g;) = 0 and hence p4 = 0. Therefore, p = 0 and this contra-
dicts the assumption that ||p|| = 1.

(2) Note that

2
rt VV[
t 1

We have 9;1; (D) = (1 — e})(0;7:(Dg) /71 (Do) + 8 8+ (Do) /g1 (D). Because 5;l;(dg)
is a measurable function of {s%,s < t}, it is strictly stationary ergodic. Note also that
E(ail;(tl)()))2 is finite, and E(6;1; (®g)|rs,s < t) =0. We have {6;1;(Dg),t € Z} is a mar-
tingale difference sequence with finite second moment. The asymptotic normality follows
from the martingale central limit theorem, and the Cramer—Wold device.

(3) Let By = B(®g,1/n)NA. By is not empty. Note that ¢;;Ly =

T
ZI:N+K+1 aijlt, and

2

r 8t 0i8t 0jtr | 0j8&r ;T
6ile=(l_z_t)(l] 4+ L= l] +17gtj7+j717t

18t 8t Tt 8t T 8t T

+(2r% _l)(aigt +@) (a,g, +6J~n).
Tt 8t 8t Tt 8t Tt

To prove (30), we first need to show Esupgep, [0;0j1; (®)| < co. Note that |rt_16,~ 718

1
T—(NTK)

le7  0ugrls 1g 001, 1g 0werl, and |g; ' omegs| are bounded on A (see Lemma 4.5(1)).

We have
N+K-—1 2 N+K-—1
71 (Dg) _mo JFZ: Boci(wo)r;_ mo JFZ: Opci(wp) (A28)
7 7 7 T m Oci(w) ° ’

=1 =1

and hence |tt_lrt((l)o)| is bounded as well. An argument similar to the proof of
Lemma 4.5(1) shows that |r,_lc’),- ;71| is bounded on A as well. Therefore, it is sufficient to

show that Esupgep, 187 8/ (®0)[%, Esupgep, 37 0pgil*. and Esupgep, 187" 0181
are finite.

Consider n such that n > ng = | 1 +ﬁ0_1(1 _138‘)—1/(1—(5”! where 6 = 0* /4 and 6* is
defined in Corollary 3.1. For ® € B,

oo k.2 0

81(Po) _ mo n a0fori—1—k/T—1-k

& o = n+aﬂkrlz_l_k/r,_1_k

’70 Tt—1—k 26
T o o Z ﬁk(l 5 70 Ti—1-k> (A.29)
1—k
where 7 =1 —a — S, and the superscript 0 indicates that the quantity is evaluated at @.
Note that '70 p ?2 ol and “=1=% are bounded on A. For ® € By,
Tl 1—k
Po Po Bo

< 1.

<
-0 =0 _ _(-0) ~ pU=9) _ —(=d
p=0) — /)’é] 9 _p—(1-9) ﬁél )_no(l 9)
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&
Let pg = W Using (A.29), we have supgep, g, <K+K3p2 0p’5 ,251 k
0

for some constant K > 0. It follows from Corollary 3.1 that

E sup |g; g (®g)? < 0. (A.30)

deB,

Take J appearing in (A.23) as 0* /4, then in a similar argument we have

E sup |g; 6ﬁg,| < 00. (A.31)
deB,
Moreover, note that 648 = (gr — 1)/a, and dq gt = 0. Therefore, supgpep, |gt_] Oap il

—1 -1 -1 .
SUPpep, 18 0u08tls SUP®eB, 18, Oam8t|, SUPdep, |8  Ouwg:| are square integrable.
Note also that

9pp8 20 o~ o] i/ Ti1-k)
‘ﬁﬁt < — A2 kG- 1) 1k
P R R o M = S
-2 'Bkt 1—k o2
+h77Q k=D ——— . (A.32)
= ﬂ)3 ,; m
0 k—1¢,2
‘aﬂmgt Z ap (rt_l_k/ft—l—k) OmTr—1—k ‘
81 k=1 ’7+aﬁk(rt2_1_k/'[[—1—k) Tr—1—k
5%/2
— aﬂk(rtz_l_k/ft—l—k)
<— , (A.33)
(7
‘6mmgt < i aﬁk(rtz—l—k/fl_l_k) ) OmTi—1—k ’2+‘6mm7t—l—k’
& |7 S ntaprel /uo1-k) Ti—1—k Tr—1—k

k 0%/2 2
< Z af’r t 1—k zlamft—l—k‘
=0 Nte—1—k Tt—1—k

We have Esupgep, |g,_18/;ﬂg,| < o0 and Esupgpep, |g,_16/;mg,| < 0o due to (A.20),

0 1=
T mm Tt—1 k‘) (A.34)

Tt—1—k

Corollary 3.1 and A being compact. Similarly, we have Esupgpep, 18, ]5/ggg,|,
Esupgep, |87 ' Opostls Esuboes, 18 om0l Esupaep, |8 mogl. and Esupgep,
|gt_165wgt| are finite.

Because 0;l; is strictly stationary ergodic—it is a measurable function of {rsz,s <t},
and

q)sug I1H(L7)(D) = Z (Do)l <®SUP IH(L7)(D)—EH ) (D)
+E sup [[H{)(D)—HU1)(Po)ll,
deB,

and Esupgep, |H)(P)| is O(1) uniformly in 7, (30) holds due to the dominated con-
vergence theorem and the uniform SLLN.
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(4) Tt suffices to show ﬁ ZzT:N+K+1 Supge 01t (D) — il (D) converges to 0 in
probability for each i. Note that

2 2 (7
- r 0; 'V, r 0; 'V
il —oilil = | 1- L ) ==L - 1- L ) =
Vt Vt Vt Vt
—&r? oV, oigr  4ig 2
_|& =& i aVe +(lgz_ ,gz) i
&g i v 8t & vi ]’
Oigt 0;&t - gr—8| - -
| L 20 < g o |22 48 Mg — 0l
8t 8t

10181 — 0811 < 1 =K = N)B' KN Ngp iy —axanl+ 875 Niagk ol
In view of (A.18) and (A.19), we have, for ® € A,

oV

\0ily = 21li] < Cuf'rf gk n |
t

2
1
Vi

+Cu B (16 8118k +N + 118k +N — 8k +N |+ 16i gk +N 1)

s

for some constant Cy > 0 and 0 < /? < 1. Therefore, for 0 <6 < 1,

E(sup [0;1(®) — ;T (®))° < CU° U E(1,6), (A.35)

DdeA

where

0;i Vi
Vi

E(t,0)=17°E | sup rlgx+n ‘+ (10 gtlgk+N
de A

P
2
- r
+tlgk+N — 8k +NI+ 10 gk +N DI — él}
t
P
2
1
Vi

t

0;i Vi
Vi

P
+E | sup [0;8lgk+N
deA

< E| sup Vz28K+N
deA

2

1

Vi

2
1—=

P
It
v]

P
+E| sup |08k +nNI
de A

+E| sup [gk4+N — 8Kk 4N
Dde A t

Note that Er,za* and E(sup(DEAg,)‘S* are finite (see Corollary 3.1, (A.9)). In a simi-
lar argument and using the fact that r,_la,- 7y is bounded on A, E(Supgpe 4 0; g;)‘s* and
E(suppeq Vt_1 0; Vt)d* are finite. Take d = d4 /3, then E (¢, J«/3) is bounded, say by Ci.
It follows that, Ve > 0,
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1 3
Pl—= > sup|3li(®) =i (D)] > e
ﬁt=N+K+]q’eA

5 /3
T
SWTO™BE| > sup 1511(0) = 511(®)]

t=N+K+1PeA

T

< (ﬁe)_é*” Z Cf /Sta*/3(55*/3)zc**
t=N+K+1

—> 0 ast— oo.

Therefore, im7 _, oo v/T supge 4 I VLT (@) — VL7 (®)|| = 0 in probability. |

Proof of Proposition 4.2. We first show that /T (&7 — D®y) = N(O, (Ez-:;l -
1) (®p)~1). Note that —VL7(dg) = H(L7)(P7) (b7 — ®p) where O is between
@y and 7. Since Or converges to ®q a.s., it follows from Lemma 4.5(3) that
H(L7)(®7) converges to (D) a.s. Note that X (®y) is invertible. Therefore, v/T (O —
Dp) = —(Z((I)O))_l(l +op(1))ﬁVLT(d)0). The asymptotic normality follows from
Lemma 4.5(2) and Slutsky’s theorem.

Next we will show /7 (®7 — ®7) = 0,(1). Note that VLT(EDT) —VLp(dp) =
H(L7)(D7) (D — (I)T) where ®7 is between (I>T and (I>T On one hand,
VT(VLp(OF) — VLT(CDT)) =T(VLy(®7)— VL7 (d7)) converges to 0 in proba-
bility due to Lemma 4.5(4). On the other hand, H(L7)(d7) converges to X (dg) a.s.
due to Lemma 4.5(3). Therefore, /T (&7 — 1) = (£(00)) " (1 +0p (D)(VLT (OT) —
VL7 (d7)) converges to 0 in probability.

An application of Slutsky’s theorem yields that +/7(®r — ®g) converges to
N(0, (Ee} —1)2 (Do)~ in distribution. [

https://doi.org/10.1017/50266466614000334 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466614000334

