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ABSTRACT

This paper presents a dynamic formulation of the boundary element method for stress and failure crite-

rion analyses of anisotropic thin plates.
tions and inertia terms are treated as body forces.

a boundary element formulationithout any domain integral for general anisotropic plate problems.
RIM, the augmented thin plate spline is used as the approximation function.
analysis is implemented. The time integration is carried out using the Houbolt method.

The elastostatic fundamental solutions are used in the formula-
The radial integration method (RIM) is used to obtain

In the
A formulation for transient
Integral equa-

tions for the second derivatives of deflection are developed and all derivatives of fundamental solutions

are computed analytically. Only the boundary is discretized in the formulation.

Numerical results

show good agreement with results available in literature as well as finite element results.

Keywords: Boundary element method, Radial integration method, Plates, Composite materials,
Dynamic of plates, Stress analyses and failure criterion.

1. INTRODUCTION

Rarely, damage caused by low velocity impact are
detected with the naked eye. Since they cannot be
found, the harm caused by low velocity impact in
composite materials are considered potentially hazard-
ous. In general, the cracking of the matrix and fiber
breakage are the initial damage prior to delamination.
The stiffness of the damaged material and therefore the
structure can be significantly reduced by damage.
This loss of stiffness may even cause a catastrophic
failure. For these reasons, it is important to develop
tools that enable analysis of structures of composite
materials under low velocity impact.

The numerical analysis of damage caused by low
velocity impact has been made mainly by the finite el-
ement method (FEM). Lakshminarayana and murthy,
[1]; Luo et al. [2] made a dynamic analysis of a struc-
ture using a commercial program to predict damage to
the material without regard to the progressive failure
analysis aid. Zhao and Cho [3] analyzed the onset of
damage in a composite material using 8 noded shell
elements. Ganapathy and Rao [4] analyzed the dam-
age in a laminated curved shell element using a double
curvature of 48 degrees of freedom. Li et al. [5,6]
presented a numerical model to simulate the process of
low velocity impact based on a Mindlin plate element
of 9 nodes. In literature review, were not found any
articles in the literature where damage caused by low
velocity impact was analyzed using the boundary ele-
ment method (BEM). However, some characteristics
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of BEM makes it attractive for this analysis aid, for
example, its high rate of convergence in the analysis of
problems of high gradients, and the case of propagation
of waves arising from the impact.

The boundary element formulations have been ap-
plied to problems of anisotropic plates in flexion, con-
sidering the Kirchhoff's theory, and theories of shear
deformable plates. Shi and bezine [7] provide a
boundary element analysis of plate bending problems
using the fundamental solution proposed by Wu and
altiero [8] based on the assumptions of flexion of the
Kirchhoff plate. Rajamohan and Raamachandran [9]
proposed a formulation in which the singularities are
avoided by points sources placed outside the domain.
Paiva et al. [10] presented an analytic treatment for
singular integrals and hypersingular formulation pro-
posed by Shi and bezine [7]. Shear deformable plates
has been analyzed using the boundary element method
by Wang and Schweizerhof [11,12], with the funda-
mental solution proposed by Wang and Schweizerhof
[13].

In the boundary element method for plate bending,
the presence of distributed force in the domain do ap-
pear in the integral equation. Aiming to solve these
integrals, the integration scheme by cells can give ac-
curate results, as shown by Shi and bezine [7] for prob-
lems of anisotropic plates in flexion. However, the
domain discretization into cells reduces one of the main
advantages of the boundary element method and the
discretization that only the outline. Rajamohan and
Raamachandran [9] have proposed the use of private
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solutions to approximate the domain discretization as
an alternative to this procedure. However, the use of
particular solutions requires finding a function satisfy-
ing the governing equation. Depen ding on how com-
plex the ruler equation, this function can be difficult to
find.

In this paper, domain integrals due to distributed
loads are transformed into boundary integrals by radial
integration method. This method was proposed by Gao
[15] for three-dimensional elasticity isotropic problems
and extended by Albuquerque et al. [16] to anisotropic
Kirchhoff plate.

2. MECHANICAL FAILURESIN COMPOSITE
MATERIALS

The theories of failure are central to the determina-
tion of criteria for the prediction of failure of a material
against a bi-or three-dimensional state tensions. When
the state of tensions is one-dimensional, the simple cri-
terion to control the amount of tension so as not to ex-
ceed the yield stress or rupture of the material is suffi-
cient to determine fault. However, a complex state of
tensions requires own theories for the type of material.

The formulation developed in this paper is applied to
compute the stress and displacements of plane struc-
tures of composite laminates subjected to transverse
loads to the structure plane. Will be studied in this
work the failure criteria for composite materials, fo-
cusing on the quadratic criterion of Tsai and Wu [17].

Looking at the data presented it follows easily that
the failure in composite materials and more complex
than in isotropic materials, it involves the analysis of a
larger number of variables. Thus, the criteria tradi-
tionally used in the design of machines and structures in
materials with isotropic behavior may not be appropri-
ate and may even lead the designer to catastrophic er-
rors if used wrongly.

The utilization of more complex criteria leads to
more accurate results, but at a higher cost. The crite-
ria of maximum stress and maximum deformation re-
quire the analysis of three different fault conditions for
the determination of the actual limit. This inconven-
ient is eliminated with the development of quadratic
criteria such as Tsai — Hill, Hill [18], Tsai [19], and Tsai
- Wu [17]. While the first Tsai - Hill is simpler to use
the second Tsai-Wu presents a better accuracy of the
results. All these criteria however require a larger
number of tests of composite materials (unidirectional
laminate) than those required for determining the char-
acteristics of an isotropic material.

3. BASIC RELATIONSFOR
ANISOTROPIC PLATES

Consider a plate following the assumptions defined
in the previous section. As shown by Lekhnitskii [20],
the lateral mid-surface deflection w satisfies the differ-
ential equation:
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where the D;; are the flexural rigidities of the aniso-
tropic plate and g is the transverse load intensity.

The general solution for w in Eq. (1) depends on p,
M2, By and W, the roots of the characteristic equation,
given by

Dy, 0* +4D,6 W2 +2(Dyy + 2D )0’ +4Dio u+ Dy =0 (2)

The roots of this equation are always complex for a
homogeneous material. The complex roots w, = d; +
el and W, = d, + eyi are known as the transverse-
displacement complex parameters.

4. BOUNDARY INTEGRAL EQUATION FOR
BENDING PROBLEMS OF
ANISOTROPIC PLATES

As shown by Shi and Bezine [21], the equilibrium
Eq. (1) can be transformed into a boundary integral
equation given by

ow(P)
on

Kw(Q)+ JF[VJ(Q, P)w(P)=m, (O, P) } dr(p)

+ 3RO, Py w,(P) = S R (PW, (O, P)

i=1 i=1

+f {VA(P) W (Q. P)-m, (P)%} dr(P)

+[_aPw'(©0, P de
)

where 0( ) / On is the derivative in the direction of the
outward vector n that is normal to the boundary I'; m,
and V, are, respectively, the normal bending moment
and the Kirchhoff equivalent shear force on the bound-
ary I'; R, is the thin-plate reaction of the corners; w, is
the transverse displacement of the corners; P is the field
point; QO is the source point; and an asterisk denotes a
fundamental solution.

The constant X is introduced in order to take account
of the possibilities that the point O can be placed in the
domain, on the boundary, or outside the domain. If
the point Q is on a smooth boundary, then K = 1/2.

In order to have an equal number of equations and
unknown variables, it is necessary to write an integral
equation corresponding to the derivative of the dis-
placement w(Q) with respect to a Cartesian coordinate
system fixed to the source point. The axis directions
of this coordinate system are coincident with the direc-
tions of two vectors that are normal and tangential to
the boundary at the source point.

For the particular case where the source point Q is
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placed on a smooth boundary, the boundary equation is
given by Paiva, [22]:

1omQ) , am, (Q, P) ow(P)
2 on, r|: @ PPy~ on, on }dF(P)
aRU CI
Z (O, Pyw,(P)= Z (P Q P)
o O | W (O, P)
+ r{w)a—nl(g, P)—m,(P) aﬂ[ — ﬂ dr(P)

+ &P S0 P o
o)

where 0( ) / On, is the derivative in the direction of the
outward vector nl normal to the boundary I' at the
source point Q.

It is important to say that it is possible to use only Eq.

(3) in a boundary element formulation, by using the
boundary nodes and an equal number of points external
to the domain of the problem as source points.

Fundamental solutions for anisotropic thin plates can
be found in Shi and Bezine [21] and Albuquerque ef al.
[16].

5. TRANSFORMATION OF DOMAIN INTE-
GRALSINTO BOUNDARY INTEGRALSFOR
ANISOTROPIC PLATESIN FLEXION

An application of the boundary element method re-
quires, preferably, that the fundamental solution to the
problem in consideration is known. This fundamental
solution should take into account all the terms of the
governing equation to obtain a formulation where only
the boundary is discretized. When this is not possible,
the terms not considered in obtaining the fundamental
solution will produce comprehensive domain which
preferably should be transformed into boundary inte-
grals. The first alternative is to do the exact transfor-
mation of the domain integral in boundary integral.
However, this is only possible when the terms are con-

sidered not only functions of geometry (distributed load,

for example). The second alternative is to transfer the
effects of the domain integral to the contour using the
method of boundary element dual reciprocity or the
radial integration, Albuquerque and Aliabadi [23].
These procedures are more general and can be used for
any terms. In this paper, the domain integral arising
from the distributed load will be transformed into
boundary integrals by exact transformation, while that
the terms of inertia will be processed using the method
of radial integration.

As can be seen in Egs. (3) and (4), a couple of do-
main integrals in the formulation due to the distributed
load domain and the terms of inertia. These integrals
can be calculated by direct integration; using cells in
the area Qg (see Fig. 1). However, the boundary ele-
ment formulation loses its main attraction, i.e, the only
boundary discretization. Here, the integral domain
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arising from distributed loads are transformed into
boundary integrals by an exact transformation.

Consider the plate of Fig. 1, under a load g, applied
over an area Qg. Assuming that the load g has a linear
distribution (4x + By + C) in the area Qg, the domain
integral can be written as

j , gwdQ =j  (Ax+By+C) wpdpd® (5)

j , @vdQ= j j (Ax + By +C) w'pdpd® (6)
€ 00

where 7 is the value of p at a point on the boundary I',.
Defining F* as the integral

F = j ;(Ax+By+C) W’ pdp (7)

we can write
IgggwdﬁzjeF do (8)

Considering an infinitesimal angle d0, the relation be-
tween the arc length 7d0 and the infinitesimal boundary
length dI” can be written as

rd0/2 cosa

or db=
dr/2 r

dr 9)

where a is the angle between the unit vectors » and n.
Using the properties of the inner product of the unit
vectors n and r, we can write

do=""ar (10)
r
Finally, by substituting Eq. (9) into Eq. (6), the domain
integral in Eq. (3) can be written as a boundary integral
given by

: F’
Jgggw dQ —jrng.rdF (11
-
4
Ty
T
0

0,

Fig. 1 Thin plate.
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Provided that
x=pcosO® and y=psin6 (12)
the integral F* can be written as

F =J.rL(Apcose+Bpsin9+C)
08m

[CR + R, +Cy(S, - S,)]pdp (13)

F :Si{(AcoseJrBsme)jo'pz[CIR1 +CR+Gy(S, - S,)] dp
T

+C[ p [GR+CR,+Ci(S - 5,)] dp}
(14)
where

1

p=[(r—x) +(y-3) ]2

x and y are the coordinates of the field point P, x, and yo
are the coordinates of the source point Q,

0 = arctan 22 ,
X=X,
(dl_d2)2_(elz_e§) (dl_d2)2+(elz_e§)
Cl = H CZ = s
GHe, GHe,
¢ A —ds)
GH

G=(d, _d2)2 +(q +62)2 , H=(d, _dz)2 +(e¢ —62)2
R =p’ [(cos@+d,. sin0)* —e sin’ 6]

2
x{ln [p—z((cosem, sin0)” + ¢’ sin e)} —3}
a

_ 4p2 e; sin B(cos 0+ d; sin B) arctan e; sin 9.
cos0+d, sin6

S, = p’e, sinB(cos O+ d, sin 0)
2
x {m {%((cos 0+d, sinB)? +¢* sin? e)} - 3}

+p’ [(cos 0+d,sin0)* —¢’ sin’ 9] arctanan
cos0+d, sin 6

The repeated index i in the terms of R; and S; does
not imply summation. The coefficient a is an arbitrary
constant, taken as equal to 1.

di and ei are respectively the real and imaginary
parts of the roots p; of the characteristic Eq. (2).

Following a procedure similar to that used to obtain
Eq. (14), the domain term of Eq. (4) can be written as

ow' G
[ g(P) -0 P) a0 =j97n.rdr (15)

where
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rc,| 95 55 dp+C[p ¢ R o R
on, On 0 on, on,

+C3 %_ai dp
on, On
(16)

As can be seen, Eqgs. (14) and (16) are not h-dependent.
These integrals can be evaluated analytically.

Although in this work the loads on the domain are
considered as uniformly or linearly distributed, the
procedure presented in this section can be extended to
other, higher-order loads.

6. TRANSIENT PROBLEMS

The boundary element method for radial integration
is applied to calculate the displacement fields for tran-
sient problems in the time domain. The integration in
time is performed using the method proposed by
Houbolt [24] because it has already been shown by
Loeffler and Mansur [25] that the Houbolt method is
most appropriate to use the direct integration in time
combined with the boundary element method for radial
integration, and used by Albuquerque ef al. [26]. An
important feature of the Houbolt method is that it has a
high numerical damping. This damping makes the
results obtained by the boundary element integration of
radial smoother than those obtained by other formula-
tions of the boundary element method applied to elas-
to-dynamic Fedelinsk et al. [27] and Chirino ef al. [28].
However, the numerical damping can be reduced using
smaller time steps. Sometimes, to be able to reduce
the time step and obtain a greater precision of results is
necessary to refine the mesh or increasing the number
of internal nodes.

Consider the unique body forces in a body of domain
Q and boundary I" are due to the acceleration field w,
ie.

b = phiv (17)

The Houbolt scheme is framed between the methods
of multiple steps, because it uses not only the values of
the previous step to determine the current values, but
three other steps in the past. To carry out the integra-
tion over a time period 7, this period is divided into N
equal intervals At | (T = NAt). The acceleration in
T + At is approximated by the finite difference expres-
sion:

w‘[‘f’A‘[ = (2W1:+At - SW‘: + 4W‘:7A1: - W1:72A‘:) (1 8)

AT
where
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T+ At — Current time step;

T— time step immediately preceding the cur-
rent step T + At;

T —At — time step immediately prior to the step T;
T —2At — time step immediately prior to the step
T — AT,
At —  time interval between consecutive time
steps.

Since w,, w;_a, and w; _,a, are known, one can calcu-
late w. , o through a system of the form:

Axr+Ar = y‘H—A‘E (19)

where x. ; a. 1S the vector of unknown variables and
V4 ar 18 the vector of known variables, and that its ele-
ments are calculated from the values of w time steps
earlier and boundary conditions in time t + Ar.

Since the system (19) is solved, the vector w. , 5. is
known and the solution can then be found for the next
time step.

7. NUMERICAL RESULTS

Some results obtained with the routines implemented
are presented below. These results are compared with
results obtained by finite element method and meshless
methods Petrov-Galerkin (meshless Petrov Galerkin
method, MLPG) proposed by Sladek et al. [29].

7.1 ApplyingthisRIM for Transient Analysisin
Orthotropic Plate

In this section, numerical results for moments are
presented for plates under time dependent loads. The
values obtained at one point of the plate are compared
with results available in literature

7.1.1 Square plate simply supported on all four sides
under uniformly distributed load

Consider a plate supported (Fig. 2) charged at time
7, =0 s by a charge ¢ = 2,07 x 1% N/m? type step (Fig.
3). The plate is orthotropic and has the following
properties and dimensions: E, = 6895MPa, E| = 2E,,
Gy, = 2651.9MPa, v;; = 0, 3, p = 7166kg/m’, a =
254mm and thickness # = 12, 7mm. This problem is
equivalent to problem proposed by Sladek et al. (2007)
that was analyzed using MPLG. The static bending
moment at the center of the plate is given by m**° =9,
54 x 10°Nm / m for factor standardization of time ¢, =

a*(Jph! Dy,)/ 4.

7.1.1.1

The plate was discretized using 12 quadratic discon-
tinuous boundary elements of the same length of time
steps At = 3,9447 x 107s.  The problem was analyzed
using 1, 9 and 25 internal points uniformly distributed.
Figure 4 shows the bending moment at the center of the
plate as a function of time.

Sensitivity to the Number of Internal Points
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Fig. 2 Supported orthotropic square plate.
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Fig. 4 Mesh with internal points in the plate.

It can be observed that the uses of internal points are
necessary to achieve greater accuracy of results. In
this case, the result obtained with 25 internal points was
closer to the solution of finite element and MLPG that
results with 1 and 9 internal points. However, results
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at 9 and 25 points inside are very similar, which indi-
cates a convergence of results. The results showed an

internal point excessively smooth away the other results.

That is, the number of internal points was insufficient
for adequate modeling of this problem.

7.1.1.2  Sensitivity to the Number of Elements

The plate was discretized using nine internal points
and time step At = 3,9447 x 107°s. The problem was
analyzed using 8, 12 and 16 quadratic discontinuous
boundary elements of equal length. Figure 5 shows
the bending moment at the center of the plate as a func-
tion of time.

As noted, the curves are presented in juxtaposition,
indicating that only two elements per side is enough for
adequate modeling of this problem.

7.1.1.3  Sensitivity to Time Step

The plate was discretized using nine internal points
and 12 quadratic discontinuous boundary elements of
equal length. The problem was analyzed using time
steps equal to At =1, 3149 x 107, At =3, 9447 x 10~
s and At = 1,9723 x 107s.  Figure 6 shows the bend-
ing moment at the center of the plate as function of
time.

In this case, one can observe that there was little
variation of results when the time step At = 1,9723 x
107s it used, however, for the time step At = 1,3149 x
10~*s result was so much smoother.  This indicates that
excessively large time steps tend to soothe the result,
there is an optimum size at which time steps vary
slightly lower results

7.1.1.4 Behavior of the Moment in a Longer Time
Interval

The plate was discretized using nine internal points
and time step At = 3.9447 x 107s. The problem was
analyzed using 12 quadratic discontinuous boundary
elements of equal length. Figure 7 shows the bending
moment at the center of the plate as a function of time.

Observe that the curve had a slight dampening of
peaks, which can be assigned to the numerical damping
of the Houbolt method. However, you need a closer
look and a greater number of issues to better understand
the characteristics of the Houbolt method. For purposes
of this work, the result was quite satisfying.

Following the same procedure done for the moment,
we carried out calculations of the displacement of the
central board for the same period of time. Figure 8
shows the displacement of the center of the plate as a
function of time.

According to Figure 8, it was observed that the shift
showed a good performance over the time interval, var-
ying little in shape and amplitude of cycles.

7.1.2 _Square Plate Clamped on All Four Sides Under
Uniformly Distributed Load
Consider a clamped plate (Fig. 9) charged at time
7, =0 s by a charge ¢ = 2,07 x 1% N/m” type step (Fig.
3). The plate has the same properties and dimensions
as section 1. The only difference is the boundary con-
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dition. The static bending moment at the center of the
plate is given by m™¢ = 4, 06 x 10°Nm / m and the

normalization factor for time ¢, = a’>(\Jph/Dy)/4.
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Fig. 5 Bending moment of the central plate as a func-
tion of time subject to variation of number of
elements.
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Fig. 6 Bending moment at the central plate subject to
the variations of time step.
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Fig. 7 Bending moment at the center of the plate.
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Fig. 9 Clamped orthotropic square plate.

7.1.2.1

The plate was discretized using 12 quadratic discon-
tinuous boundary elements of the same length of time
steps AT =2,1915x 107%s.  The problem was analyzed
using 1, 9 and 25 internal points uniformly distributed.
Figure 11 shows the bending moment at the center of
the plate as a function of time. Moreover, this figure
are shown the results using the finite element MLPG and
presented by Sladek et al. [29].

It may be noted that internal points are necessary to
achieve greater accuracy of results, as shown in Fig. 10.
With only one internal point there is a significant dif-
ference in relation to the other results. The result with
25 internal points proved to be closest of the solutions
obtained by Sladek et al. [29]. The result with 9 points
inside was a good concordance with the results of the
literature.

Sensitivity to the Number of Internal Points

7.1.2.2 Sensitivity to the Number of Elements

The plate was discretized using nine internal points
and time step At = 2,1915 x 107s. The problem was
analyzed using 8, 12 and 16 quadratic discontinuous
boundary elements of equal length. Figure 11 shows
the bending moment in the center of the plate as a func-
tion of time.

It can be seen in Fig. 11 that the discretization of the
contour of the plate had little effect on the results, just as
in the case of the plate supported analyzed previously.
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Fig. 10 Bending moment at the center of the plate as a
function of time, varying the number of inter-
nal points.
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Fig. 11 Bending moment in the center of the plate as a
function of time, varying the number of ele-
ments.

7.1.2.3  Sensitivity to Time Step

The plate was discretized using internal points 9 and
12 quadratic discontinuous boundary elements of equal
length. The problem was analyzed using time steps
equal to At = 7,3049 x 107s, At = 2,1915 x 10~ and
At =1,0957 x 107s. Figure 12 shows the bending
moment in the plate as a function of time.

As seen in Fig. 12, there was little variation in results
when we used the time step At = 7, 3049 x 10~ and
At =2,1915 x 107%s. However, for the time step At =
1,0957 x 1075, the result was very smooth, as noted in
the previous example.

7.1.3 Plate Clamped-Free Under Uniformly
Distributed Load

Consider a plate clamped-free (Fig. 13) charged at
time 70 = 0s by a load step type q = 2,07 x 10°N/m’.
The plate has considered the same properties and di-
mensions of Section 1. The plate was discretized us-
ing 20 quadratic discontinuous boundary elements of
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Fig. 12 Bending moment in the central plate subject to
variation of time step.
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Fig. 13 Orthotropic square plate clamped on one side
and free on 3 sides.

equal length, time step is At = 1, 1667 x 10~ and 25
uniformly distributed internal points. Figure 14 shows
the vertical displacement of the center of the plate as a
function of time.

It can be seen in Fig. 14 that the results were near the
finite element solution. Figure 15 shows the bending
moment in the center of the plate as a function of time.
It can be seen that the results remained stable through-
out the analyzed interval.

8. CONCLUSIONS

This paper presented a formulation of the boundary
element method for the calculation of moments, ten-
sions and failure criteria on internal points in thin plates
of composite materials. The formulation of the
boundary element method for analyzing elastodynamics
problems in anisotropic materials was obtained using
the fundamental solutions elastostatic and considering
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Fig. 14 Vertical displacement at the center of the
plate over time.

-3.5 4

-4

0.035

-6.94E-17 0.005 U.bl 0.015 t(s) U.dl 0.025 0.03
Fig. 15 Bending moment in the center of the plate

over time.

the terms of inertia and body forces. We used quad-
ratic discontinuous boundary elements. The domain
integrals from terms of inertia were transformed into
boundary integrals using the radial integration method.

The radial basis function of thin plates spline is used as
an approximation function in the radial integration method
augmented by polynomials, as reported in literature, pre-
sents a good performance in various formulations.

The formulation was applied to various numerical
problems and showed good agreement with results
available in the literature. Analysis of sensitivity to
the number of internal points, number of elements and
the time step size were made.

The method was sensitive to the number of internal
points, requiring, in all problems a minimum number of
internal points from which the response shows good
agreement with literature results. When few internal
points are used, the results tend to be softer.

There was little sensitivity as the number of bound-
ary element mesh, obtaining good agreement with the
literature even for very coarse meshes.
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The method was sensitive to the size of the time step.
Large time steps tend to soften the results, although still
remaining with a good agreement with literature results.

Overall, the developed formulation performed well
in modeling dynamic problems of thin anisotropic
plates, constituting itself as an alternative to the analy-
sis of structures of composite laminates subjected to
transient loading.
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