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K-theory for ring C*-algebras attached to function fields
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Abstract

We study the K-theory of ring C*-algebras associated to rings of integers in
global function fields with only a single infinite place. First, we compute the
torsion-free part of the K-groups of these ring C*-algebras. Secondly, we
show that, under a certain primeness condition, the torsion part of K-theory
determines the inertia degrees at infinity of our function fields.
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1. Introduction

We generalize the work of J. Cuntz and the author in [Cu-Li3], where K-theory has
been computed for ring C*-algebras attached to F,[T], the polynomial ring over the
finite field with g elements. Here ¢ is a prime power, i.e. ¢ = p” for some prime p
and positive integer v. By the (reduced) ring C*-algebra of a ring without left zero
divisors, we mean the C*-algebra generated by the left regular representation of the
ring. The details of constructing ring C*-algebras are recalled in the next section.

In the present paper, we consider more general global function fields, i.e. finite
separable field extensions of F,(7"), namely those which have only one single
infinite place. In other words, we focus on function fields that do not split at infinity.
Here, our convention is to call the place of F,(7") corresponding to the inverse of
the indeterminant 7" the infinite place (as it is usually done). A place of a function
field is then called infinite if it sits above this infinite place of F, (7).

Given any function field, we can consider the ring C*-algebra attached to its
ring of integers. By the ring of integers, we mean the integral closure of F,[T] in
this function field. Our present goal is to study the K-theory of this ring C*-algebra
in the situation of a function field with only a single infinite place.

In our previous work [Cu-Li3], we considered specific examples, namely the
ring of integers IF,[T] in the function field F,(T")/IF,(T). So the setting in [Cu-Li3]
was very concrete. On the one hand, this had the advantage that the K-theoretic
computation could be done in a very explicit way. This led to explicit generators
for the K-groups of interest. On the other hand, it was not clear in [Cu-Li3] how to
generalize the work, i.e. what happens in the case of more general function fields.

The present paper clarifies the situation and helps to understand what is going
on in the general case. Our investigations reveal which properties of the function
field are needed for the approach developed in [Cu-Li3] to work out, and where the
obstacles to more general K-theoretic computations lie.

Moreover, new phenomena arise in the more general situation. Most notably,
we will see that the K-theory of ring C*-algebras attached to function fields (or
rather their rings of integers) can carry torsion. This is not the case for the ring
C*-algebra of F,[T'] as shown in [Cu-Li3]. Unfortunately, the appearance of torsion
leads to extension problems in our computations that cannot be solved in general.
For this reason, we can in general only determine the torsion-free part of the K-
groups. However, it is at the same time an interesting problem to find out what sort
of information about the function fields can be extracted from the torsion part of the
K-groups of the associated ring C*-algebras. It turns out that the torsion in K-theory
encodes the inertia degrees at infinity of our function fields.

We state now our main results:
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Let L/F,(T) be a finite separable field extension. Assume that F, is the field
of constants in L, i.e. I, is the algebraic closure of IF,, in L. We assume that L has
only a single infinite place. Let f be the inertia degree at infinity of L/F,(T).

Define Q7 := q;__ll . Moreover, the multiplicative group L* always admits a
decomposition L™ = Fj* x I' where I is a free abelian subgroup of L*. Note
that I" is of countably infinite rank. Now let R be the ring of integers of L. The ring
C*-algebra of R, i.e. the C*-algebra generated by the left regular representation of

R (see Section 2 for details), is denoted by 2A[R]. In this situation, we have

Theorem 1.1 After inverting Q7 , we obtain for the K-theory of A[R]:
K. (U[R]) ®z Zlgz7] = (Ko(C*(F,)) ®z A* (1)) ®z Z[57]-

Ko stands for reduced K-theory, and we know that Ko(C *(F)) = 7972,
A*(T) is the exterior Z-algebra over I'. Moreover, K, denotes the direct sum of K
and K; and is viewed as a Z /2Z-graded abelian group. So we are identifying Z /2Z-
graded abelian groups. On Z[&] and Ko(C* (F;)), we take the trivial grading, and
on A*(T") we take the canonical grading. All the tensor products are graded tensor
products.

For our second main result, take two function fields L; and L,. We assume
that both of them have the field of constants F, and only a single infinite place.
Let f; be the inertia degree at infinity of L; /F,(T) for i = 1,2. R; again denotes
the ring of integers in L; /I, (T) for i = 1,2. Under the additional assumption that
(fi.g—1)=1fori = 1,2, we obtain for the ring C*-algebras 2[R;] and 2[R;] of
Rq and R»:

Theorem 1.2 If K. (A[R1]) = K« (U[R2]), then the inertia degrees at infinity of the
extensions L1 /Fy(T) and L, /F,(T) coincide, i.e. we have fi = f5.

This paper is organized as follows: In Section 2, we explain the construction of
ring C*-algebras for rings of integers in function fields. Moreover, we review the
work in [Cu-Li3] in order to recall the strategy of the K-theoretic computations in
the case of polynomial rings over finite fields. As in [Cu-Li3], it is more convenient
to work over the finite place of IF,(T) corresponding to the indeterminant 7" itself
instead of the infinite place corresponding to 77!. We explain the necessary
reduction step in Section 3. Our original task can be reformulated as computing
K-theory for a certain crossed product by the ax + b-group over a function field.
We start with the action of the additive group and of the roots of unity in Section 4.
It then remains to treat the full multiplicative group. This is achieved in two steps:
The first step is to adjoin a prime element (Section 5). The second step is to add the
remaining part of the multiplicative group. We show that it is at least possible to do
this step rationally (Section 6), so that we obtain a proof of Theorem 1.1. Moreover,
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under a certain primeness condition, it is possible to say a bit more about the torsion
part of K-theory. This observation, together with a little number theoretic lemma,
gives a proof of Theorem 1.2 (Section 7).

I would like to thank U. Hartl for helpful comments about global function fields.

2. Preliminaries

2.1. Ring C*-algebras

The theory of ring C*-algebras was initiated in [Cun]. From that point of departure,
it has been further developed in [Cu-Lil], [Li] and [Cu-Li2]. We refer the reader to
the references mentioned above for the general theory of ring C*-algebras. Now, let
us explain the construction in the concrete case of function fields.

By a (global) function field, we mean a finite separable field extension L /I ,(T).
Here p is a prime number and IF,(T') is the quotient field of the polynomial ring over
the finite field with p elements. The ring of integers R in L/F,(T) is the integral
closure of F,[T'] in L, i.e. R is the following subring of L:

{x € L: Jay,....am—1 € Fp[T] with x™ Yamx" T tax+ag= O}.

The reader may consult [Ro] for an introduction to the theory of function fields. The
theory of places and adeles can be found in [Weil], Chapters I-IV.

To construct the (reduced) ring C*-algebra of R, consider the Hilbert space
£2(R) of square summable functions on R. Denote by {¢,: r € R} the canonical
orthonormal basis of £2(R), i.e. &-(s) = 8;s forsin R (§,s = 1if r = 5 and
8rs = 0if r # 5). The ring structure of R allows us to construct two natural families
of bounded operators on £2(R), namely

e additive shifts determined by U be, = ep4r foreveryb € R, r € R,
e multiplicative shifts given by S,e, = ¢,, forallO0#a € R, r € R.

The ring C*-algebra of R is then given by the C*-subalgebra of £(¢?(R)) generated
by {U%: b € R} and {S,: 0 # a € R}. Itis denoted by 2[R], i.e. we have

A[R] := c*({Ub: be R} U{S.: 0#a € R}) € L(L*(R)).
In our situation of function fields, the C*-algebra [ R] is purely infinite and simple

(compare [Cu-Lil], Theorem 3.6). Moreover, it admits — up to Morita equivalence
— a crossed product description

A[R] ~ar Co(A ) x L x L*. (1)
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This follows more or less directly from our constructions (see [Cu-Lil], Section 5).
Here A ¢ is the finite adele ring over L. Our function field L embeds diagonally into
A 7, so there is a canonical action of the ax +b-group L x L™ over L on Cy(A r) by
affine transformations. This is precisely the action which gives rise to the crossed
product on the right hand side of (1).

2.2. Previous K-theoretic computations

The K-theory of 2A[R] has been computed in the case of the function field
F,(T)/F,(T) in [Cu-Li3], where g is a power of the prime number p and we take
the canonical embedding F,(7T") < F,(T). For this function field F,(T")/F,(T),
the ring of integers R is the polynomial ring with coefficients in F, i.e. R =T,[T].
The main result in [Cu-Li3] says that the K-theory of A[F,[T]] can be described as
follows:

The multiplicative group Fy(7)* admits a decomposition Fy(7)* = F x I’
where I is a free abelian subgroup of F, (7)™ (I" is actually a free abelian group of
countably infinite rank). Theorem 7.2 in [Cu-Li3] tells us that

K+ (A[F,[TT]) = Ko(C*(F))) ®z A*(T) 2)

as Z/2Z-graded abelian groups. Here we use the same notation as in Theorem 1.1.

In the sequel, let us briefly recall the steps that lead to (2).

The first and most important ingredient is the so-called duality theorem, proven
in [Cu-Li2]. It says the following:

Let L be a global field, i.e. we have a finite seperable field extension L/Q or
L/F,(T). We can associate to L its finite and its infinite adele space, denoted by
Ay and A, respectively. Since L embeds diagonally into A s and A, there are
canonical actions of the ax + b-group L x L™ on Co(A y) and Cyp(A) by affine
transformations. Corollary 4.2 in [Cu-Li2] tells us that the corresponding crossed
products are Morita equivalent, i.e.

Co(A £) % L3 L* ~pr Co(Aoo) ¥ L x L. 3)

Of course, a function field is a special case of a global field, so we can apply (3) to
function fields. Combining this with (1), we obtain for every function field L /F,(T)
with ring of integers R that

A[R] ~pr Co(Aso) x L xL*. 4)
This is the first step in our computation; it reduces the K-theory computation of

2A[R] to the computation of the K-theory of Co(As) X L x L™,
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The second step, another reduction step, is to switch places from the infinite
place to the finite place corresponding to the indeterminant 7" in F,(7"). For the
function field F,(T)/F,(T) treated in [Cu-Li3], this means the following: The
infinite adele space Ao, of F,(T)/F,(T) is given by the ring of formal Laurent
series F,((T)) with the embedding Fy(T) > f(T) = f(T™') € F,((T)), ie.
the indeterminant is replaced by its inverse. The local field of the place of
F,(T) corresponding to the indeterminant 7" is again given by F,((7")), but this
time with the canonical embedding F, (7)) > f(T) — f(T) € F,((T)). These
two embeddings give rise to two actions of F,(7T") x F,(T)* on Cyp(A) and on
Co(F4((T))). Thus we obtain two crossed products. In Section 3 of [Cu-Li3], we
prove that

Co(Aoo) xFg(T) xFy(T)* = Co(Fg((T))) xFy(T) xFy(T)™.

Thus to compute the K-theory of A[F,[T]], we have to determine the K-theory of
Co(F4((T))) xFy(T) xF,(T)*. This computation is then done in three steps:

As a first step, we treat the additive group and the roots of unity, i.e. we compute
K-theory for Co(Fy((T))) xFq(T)xF; (see [Cu-Li3], Corollary 5.9; Co(Fy((T))) %
Fy(T) xIF; is abbreviated by A_; in [Cu-Li3]). The idea is to find suitable filtrations
and to use the continuity of K-theory.

The second step is to adjoin the canonical prime element for the place
corresponding to 7', namely the indeterminant 7" itself. This means that we have to
compute the K-theory of Co(Fy((T))) xFq(T) x (F; x (T')). However, it is crucial
for what comes next that we do not only compute K-theory, but even obtain explicit
generators with a certain invariance property (see [Cu-Li3], Proposition 5.10 and
Lemma 6.1; Co(Fy((T))) xFy(T) x (F; x (T')) is abbreviated by Ag in [Cu-Li3]).
This explicit K-theoretic computation is achieved through a detailed analysis of the
Pimsner-Voiculescu sequence applied to our situation.

Finally, the third step is to adjoin the remaining part of the multiplicative group
F,(T)*. Here, it turns out to be crucial that we can find generators for this remaining
part of I, (7")*, which all lie in the coset 1 + TF,[T], i.e. which are congruent to
1 modulo TF,[T]. The idea in this step is to use the Pimsner-Voiculescu sequence
and to compare our situation to the one of higher dimensional tori. This comparison
works out precisely because of the invariance property of the generators for K-
theory in the previous step.

This is how the K-theory of 2([F,[T’]] can be computed. In the present paper, we
follow the same route. Some steps work out just as in the case of F,(T")/F,(T), but
sometimes we need modifications or new ideas to make things work.

Remark 2.1 K-theory for ring C*-algebras has also been computed in the case of
number fields, see [Cu-Li2]. As for function fields, the duality theorem (3) plays an
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important role in the computations for number fields, but for quite different reasons.

3. Switching places from infinite to finite

Let now L/F,(T) be a function field with field of constants F,. This means that F,
is the algebraic closure of F, in L. Let R be the ring of integers in L/F,(T). We
know by (4) that the ring C*-algebra of R is Morita equivalent to Co(Aso) x L X L*.
As in the case of polynomial rings and their quotient fields, it is more convenient to
work not with the infinite place v, but with the place vy of F,(T") corresponding
to the prime ideal of F,[T] generated by the indeterminant 7. This means that
we would like to work with the places of L/IF,(T) sitting above vr instead of
those places which sit above v. It is possible to arrange this by twisting the field
extension L/F,(T") by an automorphism of the ground field.

Let ¢ be the inclusion F,(T) < L corresponding to the given field extension
L/F,(T). Consider the automorphism o of F,(7") which fixes F, and sends T to
T~'. Compose ¢ with o to obtain a new field extension L@ /F p(T'). In other words,
we take the same field L, but view IF,(T') as a subfield via too and not via ¢ as it was
the case for the extension L/IF,(T). Since L@ = L as fields, L) has the same
field of constants (namely IF,) and the same places as L. Moreover, it is clear from

our construction that a place w of L lies above the place v7 of F,(T) < L©
if and only if the same place w, now viewed as a place of L, sits above the infinite

place vo of F(, (7)) < L. Therefore we have

[1L9 =TT Lo (5)

wlvy w|Veo

Let A;‘f) = levr LS)’) . The right hand side of (5) is A, the infinite adele space of
L, so that we obtain

Co(Aoo) ¥ L x L™ = Co(A) 50 L@ 50 (L@)*, (6)

Therefore, our goal is to compute the K-theory of C (A(Yf’)) x L) 5 (L©@)x,
In analogy to the case of L/F,(T), we denote by R the ring of integers of
the function field L) /F,(T). Let R©) be the closure of R() in A\gg), ie.

R@ = [ R?,

wlvr

where R is the closure of R©) in L(?.
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4. Additive group and roots of unity

Let us first of all state the main result of this section. For non-negative integers m,

let 1,, denote the characteristic function of 7 R(©@) C A(TG). As T™R© is closed
(o)
T

andopenin A;’, 1,, lies in Cy (A(To) ). In the sequel, we will often deal with crossed
products by the ax + b-group L@ x (L©))* or by subgroups of this group. In each
of these crossed products, let v? denote the unitaries in the multiplier algebra of the
crossed product corresponding to the additive part, and let 7, denote the unitaries
for the multiplicative part. Moreover, whenever in such a crossed product by (a
subgroup of) L) x (L(®))*, F/ is contained in the multiplicative part of the group,
then for a character y € Iﬁ} let p, be the spectral projection q%lzaqux x(a)tz in
the multiplier algebra of the crossed product.

Here is the main result of this section:

Let n be the degree of L) over F,(T). Moreover, 1 € ﬁ} denotes the trivial
character.

Proposition 4.1 We can identify Ko(Co(AS) x L©) x F ) with

zllle P z

FA\(1
q—(;‘ﬂll
in such a way that the Ko-class [1,,] corresponds to . and the Ky-class
0
_q—mn an

0
(1, py) corresponds to ? foreverym e Zsoand 1 # y € E}. Here the

0

0

entry “1” in the vector corresponding to [1,, py] is the x-th entry in @ Z and

FA\{1}

an —gq""—1

q—1

K1(Cy (Agf’)) xt L@ % F /) vanishes.

The first step in the proof of this proposition is to compute the K-theory of
C(R©@)x R©@ xTF . Since L/F,(T) is separable, L© /F,(T) is separable as well.
In addition, ¥, [T'] is a principal ideal domain. Therefore, there is an F, [T']-basis for
R© (see [Neul, Chapter I, Proposition (2.10)). Let wy,...,w, be such a basis. We
set

R :=3%" fiwi: fi € Fg[T].deg(f;) <m—1¢.

i=1
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We know that R() can be identified with lim {R@/T™R©; iy m} where
Pmtim: RO /TMHIRE s RO /Tm R i the canonical projection. Moreover,
we have R©@) = [ J%_ R 1t follows that we can identify C(R©) x R©) x F
with

li_r)n{C(R(")/TmR(")) « R©) xIF;;im,mH}

m

where i m+1: C(RO /T R@)x R\ xFX — C(R@ /T 1 R@) 5 R\ | xF
is given by
im,m-i-l(gvbta) =(g oPm+1,m)vbta (N

forall g € C(R©@/T™R©), b e R,(f,’) and a € F . This can be proven analogously
to Lemma 5.3 in [Cu-Li3].

As a first step, we describe C(R©@) /T R©))x R xF . Let V,, fora € F*, be
the canonical unitary generators of C*(F ). Moreover, let ey, € C (R /1™ R©@))
be the function with value 1 at 0 + 7”7 R© and 0 everywhere else. And for
every d, d’ in R;,f), let e; 4o be the rank one operator in L?(R©@) /Tm R©@)))
given by eq 4/ (§) = (£.64: . 7m R )eq4mr@ . Here {eprmp@ } is the canonical
orthonormal basis of £2(R(@) /T™ R©)).

Lemma 4.2 We have
C(R@/T"R@)x RY xF) = LE*(R /T™R™)) @ C*(F))

via
b —b’
VeV tg > ep g1 @ Vg

The proof of this lemma is analogous to that of Lemma 5.4 in [Cu-Li3].
Identifying L(¢2(R@ / T™ R©@))) with Mymn (C), this lemma leads to
Corollary 4.3
Ko(C(R@/T™R) % R xF)) =~ Pz
Fy
and free generators for Ky are given by the Ky-classes {[empx]: X E ]F‘}}
Moreover, Ki(C(R@)/T™R(©)) x R,(f,’) xF ) vanishes.

This already shows, using continuity of Kj, that K{(C(R@) x R©@) x F))
vanishes.

To determine Ko(C(R©))x R xF ), we have to compute what ip, m+1 (given
by (7)) does on Kj.
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Lemma 4.4 With respect to the generators
{lempyl: x € B} | and {lems1py): 1 € By}

of Ko(C(R@/T™R@) % R\ xF) and Ko(C(R@ /T R®) x RC) | xF)),
respectively, (im m+1)x is of the form

1 0 on ... Q"
(im,m+1)* == ( ) + ( or )
0 1 o" ... Q"

n__
As above, Q" = qq_ll.

Proof: We have to determine the Ky-class of

. T™b —T™p
imm+1(emPy) = empy = Z v €m+1V Px
beR@ /TR

in Ko(C(R@ /TmH1RO)) R,(:il xF ). To do so, we first construct for every ¥/, x
in Iﬁ} a partial isometry in C(R®)/ T™+1 R(©)) x R,(,‘l’il xF ¢ with support projectio\n
(em — em+1) py;,, and range projection (e, — em+1) Py Let ¥ be a character in FJ.
Moreover, set (R()/TR@))* := (R /TR@)\ {O + TR(")}. The partial isometry
mentioned above is constructed with the help of a map

U (RD/TROY 5T ={zeC: |z| =1}
satisfying the relation
W(a-b+TRD) =y (a)¥(h+ TR) (8)

foralla € F and b + TR e (R /TR))*. Let us assume that such a function
exists. Take such a function ¥ and set

x\(I,mH) = Z Wb+ TR(G))vabemHv_Tmb.
b+TR@ e(R© /TR@)x
We have
x\(pm—i—l)(x\(llm—l—l))* _ (x\(ym—l—l))*x‘(ym—i-l) 9)
= Z UTMbem-i-lU_Tmb =€m —€m+1

b+TR(@ e(R©@)/TR(©))*
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and for every y € ﬁ;:

Pxx\(I/mH) 10)
=G > x@ta)( > W(b+ TR e, 10~ T"b)
a€Fy b+TR© e(R©) | TR©@))x
= 25 ) (@b +TRO ) e, vy,
a,b
= 212 _V@Wb+ TR ey 0" @)y (@)1a
a,b

® Z\Il(ab + TR@)yT"abe, .y~ T"ab %W(a))((a)ta
a,b

=Y xy"V LY@ x@t

acFy

(m+1)
=Xy Py

(m+1)

The partial isometry with the desired properties is then given by p,xy, ', since

+1 +1)y 10) +1 +1
(Px GOV (pyx T Z o Y G p
) _ .
= pwx(em em+1)pﬁx = (em _em—l—l)pwx
and
+1 +1 m—+1 +1
(Prxd DY (pyax gty = p I (i ys

)
= px(em em+1)px = (em _€m+1)px-

This implies that the Ko-classes of (em — em+1) pyy, and (em — em+1) py coincide,

. -
i.e. we have for every ¥, y in F,

[(en = emt1)pg, | = [(em—ems1)p] in Ko(C(RO /T R@) % RS ).
(11)

With (11) in mind, we can now compute that

[imm+1(empy)| = [empy] = [em+1Px] + [(em — em+1) Py ] (12)
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and
(q_l)[(em_em-i-l)px] (13)
= [(em —€m+1)P$X] = [em —em+1] (14)
yeFy
= (@"—Dlemr1l=(@" =1 Y [em+1py].
yeF;

(13) implies that for every x in @, we have

[(em —€m+1)19x] =0Q"

]

[em+1py]- (15)

)

ve

Inserting (15) in (12), we obtain

[imm+1(empy)]| = [em+1py] + O" Z [em+1pv]-
veF;

Therefore, (i;;,m+1)« 1s indeed of the desired form.
However, to make all this work, we still need to construct a function ¥ with
property (8).

Lemma 4.5 For every character ¥ in ﬁq; there exists a function
U (RO/TROY 5T ={zeC: |z| =1}
satisfying the relation (8), i.e.
W(a-b+TRO) =y (@W(b+TR?) foralla eF) b+ TR e (R®/TR@)*.

Proof: Let w;,...,w, be a F,[T]-basis of R©) (see the beginning of this sec-
tion, right after Proposition 4.1). Then a complete system of representatives
in R(”)/TR(") is given by Rga) = {Z?Zlb,-a)i: b; E]Fq}. Of course, we have
S biw; + TR = 0+ TR if and only if by = --- = b, = 0. Thus every
b+ TR© in (R©®)/TR@)* is of the form Z?:iobia)i with an index iy € {1,...,n}
such that b;, # 0. Now a function ¥ with the desired property is for example given
by

W(> biw; + TR) := y (byy).

i=ip
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This completes the proof of Lemma 4.4. O
Using

C(R©) x R© XF; o~ 1i_1)n{C(R(U)/TmR(0)) q Rr(g) XF;lim,m+l}

m

and continuity of Ky, the previous lemma yields

Lemma 4.6 We can identify Ko(C(R©))x R©) xF ) with Z[é] oP Z such

F\{(1)
"o
that for every m € Zxo and y € F S\ {1}, [1x] corresponds to . and [1,,py]

qun an
0
corresponds to ? . Here, as in Proposition 4.1, the entry “1” in the vector
0
. 0 . . mn_q
corresponding to [1,, p,] is the y-th entry in G}]B:;\{I}Z, and Q™" = S
q

Now, it is only a small step from this lemma to our proposition. We just have to
invert F,[T]* =T,[T]\ {0} in R Namely, we know that

A = @F[T1)"'R@ and L@ = (F,[T]*) "' R©.
This implies

Co(Agff)) s @) XIF; ~ 1£)n {C(R(cr)) « R©@ XIF;;M}
F,[T]*

where 1 is the multiplicative action of the semigroup F,[7]* on C(R©@))xR(©) xF
via endomorphisms. This observation already implies, using continuity of K, that
K (Co(Agf’)) x L) % FF ) vanishes, since we know that K (C(R(©)) x R©) x F)
vanishes.

Moreover, it turns out that for every f in F,[T]*, u s is an isomorphism on
Ko(C (W) X R(©) xF o, )- Namely, with the help of Lemma 4.6, it is easy to compute
that

(1) = id on Ko(C(R@) x R x ) forevery f € Fy[T]* with vy (f) =0

and
qfn _qann _qfngn
0 1 0
(1) =

0 0 o
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with respect to the identification Ko(C(R©@)) x R(®) x F) = Z[%] ® @E:;\{I}Z
q
from Lemma 4.6. Again, Q" = %;T_ll.
But this implies, again by continuity of Ky, that the canonical homomorphism

C(R@) x R xF) — Co(AY) L xF)

induces an isomorphism on K.
Proposition 4.1 follows immediately from this observation and Lemma 4.6.

5. Adjoining a prime element

To pass from CO(A(TU)) x L) % F/ to CO(A(TU)) x L) 5 (L)%, we have to treat
the multiplicative action, say u. We proceed in two steps which occupy the next
two sections.

From now on, we assume that L has only a single infinite place. This means
that (%) has only a single place w sitting above v7.

Our first goal is to treat the multiplicative action of a prime element for w. Take
such a prime element in R(), say . We observe that we can always find a free
abelian subgroup (of countably infinite rank) I'" of (L©))* such that (L@))* =
F x (r) x I'". Later on, we will choose a particular I'" with special properties.

Let us now determine ()« on KO(CO(Agf’)) x L©) x Fj). We first fix a few
notations. Let f be the inertia degree at w, i.e. (R : tR@) = ¢/. Moreover,
for a subset Y of Ag?), we denote by 1y the characteristic function of ¥ C A(Ta).
Recall that we have already introduced the notation 1,, :=1 In addition, let
1:= ]].0 = IW

Here is the result:

Tm R(o)*

Proposition 5.1 With respect to the identification

Ko(Co(AY) % L@ xF)) = zlile P z

Fy\{(1}
in Proposition 4.1, (ju¢)« is of the form
a7 g0’ .. -0
0 1 0
(Ho)x = .
0 0 1
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Proof: Proposition 4.1 tells us that the copy of Z[é] is generated by the Ky-classes

{[1m]: m € Z>o} and that the ¢ — 2 copies of Z (i.e. @Iﬁ;\{l}Z) are generated by
q

the Ky-classes {[IL Px]3 1#ye ]I:‘Z} with respect to the identification

Ko(CoA)» L@ wF) = Z[Le P Z

F\(1}
in Proposition 4.1.
We have
pr(Lm) = 1 rmge = Z UTMbILm—HU_Tmb-

betR@) /TR

As each of the pairwise orthogonal projections v7"?1,,,v™7"? gives the same
class as 1,,4+1 in K¢, we obtain

()5 ([1m]) = TR : TR [141]
= (R : TRO)(R@ : tRD) M [1,.41]

=4"¢ [Wmt1] = 4" [Lmt].

As [1,,] corresponds to ¢~™" and [1,,41] corresponds to ¢~ 1" with respect to

the identification in Proposition 4.1 (only looking at the copy of Z[é]), we obtain
that (/¢)« acts by multiplication with ¢~/ on the copy of Z[é].

It remains to determine (u¢)«([1py]) for 1 # yx € Iﬁq;. To do so, we construct
forevery ¥, y in F a partial isometry with support projection (1_zy — 1 %@)) Py
and range projection (1 1,%@) Px- The procedure is very similar to the one in

TRO@
the proof of Lemma 4.4. What we need is an element xg € Cy (A(Ta)) corresponding

== . .
to ¢ € F with the properties

k %
XXy = XgXy = ]lrr(a) — ]lTiR(a)

and e
pxXw = xypy, forall y e FJ.

Let (tR©@)/TR©@))* be (tR©) ) TR©@))\ {O + TR(")}. A computation similar to that
in Lemma 4.4 shows that an element xy with the desired properties is given by

Xy = Z Wb+ TR(“))vb]lTWv_b
b+TR@ e(zR©)/TR©@))>
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provided that W is a function (R®)/ TR@))* — T satisfying
W(a-b+TR) =y (a)¥(b+TR)foralla e F}.

Such a function W exists by Lemma 4.5: We just have to restrict the function
constructed in that lemma to

(.L—R(U)/ TR(U))X C (R(U)/ TR(O))X.
Thus, there is a partial isometry with the desired properties. This implies
[(11r =& — L@ pw] [(1, 5 — Lyge) Py forall gy eFX. (16)

We can then compute as in the proof of Lemma 4.4:

[Mr(]lpx)] = [ rR(a)Px] [(]er(m 1TW)P)(] + []lTWPx] (17)

and
(@ = D[ ze — Lrze) Px] (18)
= Z [(ﬂrR(J) TW)I’%{]
weF;
= [1zo ~ Lrzw] = @ = D[1rzm].
(18) implies that

[(1 76— L@ Px) = Q"7 [1, 5w forall y € F. (19)
Inserting (19) in (17) yields
[Mr(ﬂpx)] = Qn_f [ETW] + []ITWPX]'
In the identification

Ko(Co(AY) % L@« ) = Z[1] & EBZ

]Fq \{1}
q;"
in Proposition 4.1, [HTW] = [14] corresponds to . and []ITWPX] =
0
q Q"

0
[ILl Px] corresponds to ? . We therefore obtain that [,ur(ll Px)] corresponds

0

o
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to ,
—npon—f_,—non 1 ¢" 7/ —1-(¢"=1 —f :
q Q ':)_q Q FT —-q (;Qf
0
6 _ : S
1 't 1
0 3 0
0 0 0
with respect to the identification in Proposition 4.1. O
Going through the Pimsner-Voiculescu sequence, we can now derive the
following

Proposition 5.2 We have
Ko(Co AN LO x By x (1) = (Z/0'2)e P Z
X\ (1)

and
Ki(Co AN LO xF) x (1) = P Z.

XEF;\{1}
Moreover; the Ko-class [1] is a generator for the copy of Z.] Q7 Z, and generators
in Koy of G}XE]@X\{I}Z are given by the classes {[]lpx]. x€F, \{1}}. Generators
for K are given by the classes {[wx] xeFS \{1}} where wy are unitaries in the

unitalization of Co(Agg)) x L) x (F; x(t)) of the form
wy = 1x(1p1) + Xx py + (Apy )ty + (1 =1p1 —1py). (20)
Here, we can take for xx any element in Cy (A(T?)) satisfying

* *
XxXy =xyxxy =1 _]lre(o)

and
XX Py = P1XXx-

The proof of this proposition is analogous to that of Proposition 5.10 in
[Cu-Li3]. However, in our present situation, we obtain torsion in Ko (if 9/ > 1).
This did not happen in [Cu-Li3].

Remark 5.3 The element xx can be chosen as

Xx = Z X+ tR("))vb]er(g)v_b
b+TtR©@) €(R(@) /TR(0))>
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where X is a function X : (R /tR©)* — T with the property that
X(a-b+1R9)=%(a)X(b+1R) foralla eF}.

Such a function exists since R /tR©@) ~ F,r and we can identify ¥, with (IFq)f
as Fy-vector spaces. Then we just have to apply the analogous construction as in
the proof of Lemma 4.5.

Later on, we will choose particular elements xx satisfying an invariance
property.

In the case of polynomial rings and their quotient fields, it was possible to go on
from this point and to compute the K-theory of the associated ring C*-algebras.
The idea was to compare the situation with higher dimensional tori and to use
the Pimsner-Voiculescu sequence. Since there was no torsion, everything could
be computed.

Now, as we have seen, torsion can appear. This leads do extension problems
which we cannot solve up to now. Another complication that arises in our more
general situation is that the field of constants F, in L (or L(©)) does not need to
coincide with the field of constants of the local field at infinity (or at the place of
L@ over vr). Therefore, it is not clear any more whether we can choose generators
for the remaining part of the multiplicative group which fix the unitaries w, (at the
level of C*-algebras, not just in K-theory). This step was however crucial in our
computations for polynomial rings. Note that both complications arise if and only if
the inertia degree at infinity of our function field L /IF,(T) (or of L©)/ F,(T) over
v) is strictly bigger than 1.

In the sequel, we proceed in two directions: First, it turns out that once we
rationalize, these two problems disappear. This is of course not surprising for the
extension problems caused by torsion, but the second problem can be solved as
well. And secondly, we develop a solution of the second problem under a certain
primeness condition, namely that the inertia degree f at infinity of L/IF,(T") (or
of L(")/IF‘q(T) over vr) satisfies (f,g — 1) = 1. In this case, we can say more
about torsion, and this leads to our observation that the K-theory of ring C*-algebras
detects the inertia degrees at infinity.

6. Rational K-theory computations

Our goal is to prove Theorem 1.1. Here is the statement:

Take a function field L /F,(T) with field of constants F,. Assume that the field
extension L/F,(T) has only a single infinite place with inertia degree f. Define
0/ = qqf_—11. Let ' € L* be a free abelian subgroup (of countably infinite rank)
such that L™ =F x .
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Theorem 6.1 After inverting Q7, the K-theory of U[R], the ring C*-algebra
associated to the ring of integers R in L /F,(T), is given by

K.([R]) ®z Z[&] = (IZO(C*(IF;)) ®z A" (1)) ®z Z[&]'

Let us come to the proof of this theorem. Since we have already computed K-
theory for Cy (A(TG)) x L@ x (F; x (), it remains to treat the multiplicative action
of a subgroup I'” of (L())* with the property that (L(©))* = Fj x () x I'". Now,
let us fix such a subgroup I'” which is necessarily free abelian of countably infinite
rank. Let u denote the multiplicative action of T'" on Cy (A(Ta)) x L) x Ty > (7).
We start with the following

Lemma 6.2 Let y,,...,y; and y be linearly independent elements in I''. Assume
that there are unitaries {wx.' x€F N\ {1}} as in Proposition 5.2 which are fixed by

Hyps-eosy; and . Then we have (j1y)« = id on Ky (CO(A%T)) x L) x T x({r)x
<V1’---7Vi>))-

Proof: Consider the Pimsner-Voiculescu sequence for
Co(AT) @ L 3 (B x ({) X (y1..0s72) X (7))

2 Co(AY) % L@ 5t B x ((T) X (12ver¥i))) ¥y, Z.

Exactness of the Pimsner-Voiculescu sequence implies that our assertion is equiv-
alent to saying that the boundary maps are surjective. To show this, we construct
K-theoretic elements

[]ijl ,ty_,-z,...,tyjl],[ll “Pyilyj, ’[y./zv-wtyjl]v[wwtm vtyjzv-wty./,]

and
[Jl,tyjl - ,ty],[ﬂ-px,tyjl . ,tl,],[wx,tyjl . ,ty]

forevery 1 < j; <---< j; <i,0<jand y € i\; \ {1} by comparing our situation
with higher dimensional tori as in [Cu-Li3], Section 6. This is possible because of
our assumption that the elements w, are invariant under fty,,...,ty, and p,. Now
the claim is that

{[]l,tyjl,tyjz,...,t,,_il]: 1<ji<-<ji 51’,051}
U1 Pttty | 1 1 << 1 20,0 <Ly e B \ {13

U {[wx,t,,j] ,ty_,z,...,ty_,l]: I<ji<-<ji<i0<liyeFS \{1}}
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are generators for K*(CO(A(TU)) x L) x F; x ((r) x (y1,...,¥:))) and that the
boundary maps in the Pimsner-Voiculescu sequence for

Co(AY) % L 50 (B x ({T) X (y1.....%1) X (1))
2 Co(AY) 3 L@ 5 (F) x ((T) X (y1....71))) ¥y, Z
send
[ty sty oty | 10 [Lity sty oty ],
[Il-px,z),j1 ,t,,jz,...,tyjl,ty] to [Il-px,tyj] ,tyjz,...,tyjl]
and [wx,tyjl ,ty_/.z,...,tyjl,ty] to [wx,t,,jl,t},jz,...,tyjl]

forevery 1 < j; <.+ < jy fi,Ofl;)(efq;\{l}.

It actually suffices to prove the second assertion, because the first one can
be deduced inductively as follows: The starting point is Proposition 5.2, and the
induction step from j to j +1is given by the second observation applied to y1,...,y;
and y = yj41.

The proof of the second assertion is the same as the one for Proposition 7.1 in
[Cu-Li3].

Now, we can choose I" C (L)% so that (L(")){W} = F, x I'" where L@ _
{a e L@: w(a) = O}. By construction, the inclusion L) < Lgff) = Ag?) induces
amap I'" — R = R©) — R©) /7 R() with image in (R©) /T R©)), i.e. a group
homomorphism I — (W/ rm)x;y — y. It is clear that if we choose xx in
the construction of w) to be of the form as in Remark 5.3, the unitaries w, for all
X € E} \ {1} will be fixed by u, if y =1+ TR©). So, let us choose particular

generators 1.y, ... for a subgroup I’ C (L(9))* with (L(")){u)} =T, xI"’. We can
arrange that
1 is a multiplicative generator of (R(®) /7 R(0))*

and that -
Yi=1+1R© foralli > 2.

Set 1_‘l = <T,V1,---,Vi—1)-

Proposition 6.3 We have

Ku(Co(AD) L% (Fy xT)) @2 Zlg7] = (Ko(C*(F)) @2 A*(T) @2 Z[ 5]
for all i > 2 and under these identifications, the canonical map

Co(AY) % L x (F) x T) — Co(AP) 1 L x (B} x Ti41)

https://doi.org/10.1017/is011011023jkt177 Published online by Cambridge University Press


https://doi.org/10.1017/is011011023jkt177

K-theory for ring C*-algebras attached to function fields 223

induces the canonical inclusion
(Ko(C*(F,)) ®z A*(I)) ®z Z[&] — (Ko(C*(F))) ®z A*(Ti11)) ®z Z[&]

foreveryi > 2.

Proof: By the previous lemma and the Pimsner-Voiculescu sequence, we obtain

K (Co(AD) x L@ 3 (B x (v.72,....yi-1))) @2z Zl57]
= (KO(C*(]F;)) Sz A*((T,Vz,---,)/i—ﬂ)) Rz Z[ ] foralli >2

because y; = 1+ tR©@ forall i > 2 implies iy, (wy) = wy forall y € Iﬁ; \ {1} and
i > 2 as observed above.

It remains to prove that (@, )« ®id_ 1 - =id®id__ 1 . on K*(CO(Ag?)) X
Z[F] Z[w]

L©) % (F) X (T.y2.....7i-1))) ®z Z[é]. We know that 7 € (R©) /T R(©))* has
order g/ — 1 because (R©) /T R(©))* =~ F, is a cyclic group of order g’ —1. Thus

(y1)?” =1 = 1 + tR©), and this implies Iy, yar 1 (Wy) = wy forall y € IE; \ {1} as
explained above. Hence, by our previous lemma, we have

(:u(yl)qf )+ ® le[Qf] =id® idZ[&]

on K*(CO(A?)) x L) x F; x(r,y2,.--,7i-1))) ®z Z[é] Thus

g’ -1 -
. q’/ — . . .
((Myl)* ® ldz[é]) = ((Myl)*) ® le[L] =id®id

1 ..
07 Z[w]

This tells us that (@), )« ® id is of order ¢/ — 1, and with the help of the

1

Zl57]
o

Pimsner-Voiculescu sequence (proceeding inductively on i), this implies (i, )« ®

id, 1 =id®id; 1 on Kx(CoAT) L@ % (Fy x (t.y2.....7i-1)) @2 Zl57]
o/ Qf

forall i > 2. O
Now, let us set I' := () x IV so that L* = (L©)* = F; x T'. By continuity of
K-theory, we deduce from the previous proposition that

Ku(Co(AT) x L@ % (L)) @2 Z[ 7] = (Ko(C*(F,)) ®2 A () ®2 Z[57].

This result, together with (4) and (6), completes the proof of Theorem 1.1.

Note that Theorem 1.1 covers the results in [Cu-Li3], since for the function
fields Fy(T')/F,(T), the inertia degree at infinity f is 1, i.e. 0/ =1.

An immediate consequence of Theorem 1.1 is
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Corollary 6.4 In the same situation as in Theorem 1.1, let x € K«(A[R]) be a
torsion element of order N. Then N divides a suitable power of Q7 i.e. N | (07)7
for j big enough. In particular, every prime divisor of N is a prime divisor of Q7.

Remark 6.5 It becomes clear why we restrict our investigations to the case of a
single infinite place. The reason is that if we allow more infinite places, we will
have to deal with many prime elements, one for each infinite place. But then, it is not
possible to carry out the explicit computation in Section 5 for the crossed product
involving the action of all these prime elements. However, the explicit description
of K-theory at this stage is the basis for what we do in this section, so it is not clear
how to proceed in the case of more than one infinite place.

Of course, it would be desirable to say more about the torsion part of K ([R]).
We do so in the next section, but even there we are far away from completely
determining the torsion part. So this remains an open problem.

7. Torsion in K-theory determines inertia degree

In this section, we consider the same situation as in the previous section. In addition,
we assume that the inertia degree f at infinity of our function field L/F,(T) is
prime to the cardinality of the multiplicative group of the field of constants I, i.e.
(f.g — 1) = 1. In this case, we will be able to choose a particular element xy or
rather a particular function X such that the corresponding unitaries w, are fixed by
every element in I'’ for a suitable choice of I''. The unitaries w, were defined in
Proposition 5.2, see (20), and the elements xx were constructed in Remark 5.3.
First of all, note that

f_ -
szqq_ll =1+qg+-—+¢''=f modg—1.

Hence it follows from (f,g — 1) = 1 that we also have (Q/,q — 1) = 1. Thus the
homomorphism F;* — F;a cf " is an isomorphism.
Now let y be a character in F. Composing y by the inverse of the map F; —
. f . .. < 0f\ _
F/a a2’ we obtain a character 7 with the property 7(a2”) = y(a) for every a
inF. Since 0/ (g—1) = g’ —1is the order of the cyclic group (R /tR©))*, we
know that (b + rR("))Qj liesinF C (R /TR(@))* for every element b + R €
(R /7R@)*. Thus we can define X : (R /tR@))* — T as the composition

: of ~
(R@ /R@)< L Fx LT e,

X(b+tR@) = 7((b + tR@)2).
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By construction, we have
X(a-b+tR®) = 7(@® ) i((b +tR“)2") = y(@)X (b + tR).

The point is that we can now choose T’ with particular free generators so that the
unitaries wy are fixed by the multiplicative action of T for every y € F \ {1}.
Recall that I is defined as a subgroup of (L©))* with (L©@))* = FJ x () xI”

or, equivalently, (L(°)) wl

together with free generators {y;} for I''. We know that (y; + tR(‘T))Qf lies in
F; c (R /TR(©))* 50 there exists an element @; in F such that

= F, x I'. Let us start with an arbitrary choice of I'"/

(@iyi + TR@)2" =14 R@ in (R /tR@)*, (1)

(Recall that a — a 27 is an isomorphism of IF; .) Thus we obtain

Kajy; (Xx) = Z X+ rR("))v“i”beler_”f”ib
b+TR©@ (R(@ [tR©@))x
~ S YR —a:Vv;
= 3 b+ tR@)Q yyeriby b
b+tR@
~ S\ — Ly —a:V:
= > Faiyi + RO )T X (a;iyib + TRO WYY psvTevid
b+tR©@)

= 7((@iyi + TR ) ey B xy.

As [Lq,;y,; also fixes all the remaining summands of w, (see (20)), we conclude that
Ma;y; (Wy) = wy. So for every generator y;, there exists an element a; in F such

that (g, fixes w, for all y in ]B/‘; \ {1}. But the elements {a;y;} are again free
generators of a subgroup I of (L©))* with (L))" = F, x I

The following lemma is proven with the help of the Pimsner-Voiculescu
sequence, similarly to the proof of Lemma 6.2:

Lemma 7.1 Assume that we can find unitaries w,, x € f} \ {1}, of the form (20)
and free generators y; for a choice of T (a subgroup of (L(i)\)x with (L)% =
F x (t) x I) such that every ., fixes wy for every y € FS\ {1}. Set I'; :=
{t.v1,...,Yi—1}- Then the canonical map

Co(A) 3 L@ 5 (F) x ;) = Co(AT) % L@ 5 (F) x Ti41)

induces an injective map on K-theory for every i € Zx.
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Now we know that

Co(AD) x L@ 5 (L)) ~ h_r)n{Co(Agf’)) 2 L (F) ri)}.
i

Thus the previous lemma, together with continuity of K-theory, implies that the
canonical homomorphism

Co(AT) 3 L@ x (F) x (v)) = Co(AY) 1 L@ 3 (L)~

induces an injective map on K-theory. The reason, as explained above, is that we
can choose I'” with free generators y; for I'" and unitaries w for y € F\ {1} such
that i, (wy) = wy forall y in ]F‘Z \ {1} as required by Lemma 7.1.

This observation in combination with (6), (4) and Proposition 5.2 leads to the
following

Proposition 7.2 Assume that the inertia degree f at infinity of L/F, (T) satisfies
(f.q —1) = 1. Let R be the ring of integers in L/F,(T). Set 0/ = q _1. Then
K« (A[R]) contains nontrivial Q7 -torsion.

Now let us come to the proof of Theorem 1.2. Let L{/F,(T), L2/F,(T)
be function fields, both having the constant field F,. Assume that both function
fields have only a single infinite place and let f; be the inertia degree at infinity of
L;/F4(T). Suppose that (f;,q—1) = 1fori =1,2. Let R, and R, denote the rings
of integers in L1 /F,(T) and L,/F,(T). In this situation, we can prove that

Theorem 7.3 If K.(A[R;]) = K«(U[R3)]), then the inertia degrees at infinity of
L1/F4(T) and L, /F,(T) must coincide, i.e. fi = f>.

Proof: Let f; denote the inertia degrees, for i = 1,2. Since K.(A[R;]) =
K« (R[R3]), we conclude by Proposition 7.2 that K,(2([R>]) contains a torsion
element of order Q/1. Hence, Corollary 6.4 tells us that every prime divisor of
Q71 divides 0/2. As the situation is symmetric in L; J/Fq(T) and L, /F,(T), we
can equally well deduce that every prime divisor of Q7> divides Q7. Thus we
conclude that Q/1 and Q7> have the same set of prime divisors. The assertion of
the theorem now follows from the following

Lemma 7 4 Let q be an integer with q > 1. Let f1, f> be positive integers. Set
0fi = q i1 T fori =12 If 0" and Q% have the same set of prime divisors, then
A=t

Proof: If 0/1 and Q7> have the same prime divisors, then the set of their prime

divisors is the set of prime divisors of their least common multiple (Q /1, 0/2). We
first prove that

(Qfl’sz)z Q(fl,fz)' (22)
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Write f = (fl,fz) and f1 = fgl, fz = fg2 with (g1,g2) = 1. Then
0/ =07 (1+q" + 4™
and
0" =07 (1+q” +++ @)=
We have to show (1 4+ ¢/ + -+ (¢F)8 11 +¢/ + -+ (@H®™") = 1. As
(g1,82) = 1, there are a,b € Z>( such that ag; = 1+ bg,. Thus
(L+g7 4+ @D - (L4 @)+ 4 (@)
=1 +qf 4+ (qf)agl_l =1 +qf R (qf)bg2_1 + (qf)bgz
=(L+g7 ++ @2 L+ @)+ + (@) ) + (¢7)*.
Thus (14+g7 -+ (g/)& " 14+g7 4--+(q”)%>71) divides (¢ )?8>. If b = 0, then
g1 has to be 1 and we deduce (1+¢7 4+ (gH)& 1 1+¢7 +-+ (g5 =1
If b > 0, then (1 +¢/ + -+ (¢/)8~1,(q/)P8>) = 1, since every prime number 7
that divides (¢7)?#2 also divides ¢/, thus 7 cannot divide 1 4+ ¢/ + --- 4 (¢7)& 1.
This proves (22).
Therefore, we can without loss of generality assume that f, divides fi, i.e. we

have fi1 = f>f. (In general, we can then apply our result to f; and f = (f1, f2)
and to f> and ( f1, f2).) Now consider the prime decompositions

S2 — om ny fi — M1 N,
072 =mn;'myand Q7' =7 e,

where n; and N; are positive integers. Here, we have used our assumption that the
set of prime divisors of Q1 and Q7> coincide. Moreover, since f, divides f;, we
must have N; > n; forall 1 <i <r. It follows that

¢ —1=(g—)al"x" and thus ¢/ = 1 + (g — Dzl -2,

r

Analogously, we obtain ¢/1 = 1 + (¢ — 1)7va1 --7r'r . But we also have

¢/ =" =+ @q- D" ayr)!

S
Efevr
e=0

L (f
=14+ (q— I)Z (e)(q — l)e_ln?le...n;’re‘
e=1

It follows that

S
e = Z(ﬁ)(q— DTt (23)

e=1
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We now claim that forall 1 <j <randall2<e < f
U, () < m(ﬁ )(q — 1) A ), 24)

Here, if x is an integer then vy, (x) is defined as max({v € Zso: 7} | x}).
To prove this, we compute vy, (f7]"77") = vy, (f) +n; and

m(f )(q — 1) ) (25)

=g (f(f —e+ 1) —vg(e) + (e = Dvg (g —1) +nje
2 Vg, (f) _vm(e!) + (e_ l)vﬂ,- (6]— 1) +n;e.

Now expand e with respect to 7;, i.e. write
e=ag+am + - +amn" withao,...,an €{0,...,7; — 1}.
By [Neu], Chapter I, Lemma (5.6), we have
Vg, (e)) = 27 (" = Dam + (7"~ = Dam—1 + - +a1). (26)

If 7; = 2, then 2 | Q71 implies that ¢ is odd. Hence for every 2 < e, we must have
(e — 1)vg, (g — 1) > 0. Inserting this into (25), we obtain

vﬂi((i[) (q— D 7 een ) > vy (f) — v, (€!) + nje. 27

Moreover, we always have by (26) that

vm (e') S (nlm - 1)am + (T[im—l - 1)am—l + .- +a1 (28)

=e—(am+am-1+--+a;+ap) <e—1.

Combining (27) and (28), we obtain in the case w; = 2:

vn,-((f) (g =1} e n ) > v, (f) — (e — 1) + e

e

But this inequality also holds for 7; > 2, since we always have

r ((f )(q — )T ) 2 v, () = v e b (29)
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by (25). Moreover, if 7; > 2, then we deduce from (26) that

U () < (™ = Dam + (7™ ' = Dam—1 + -+ a1

=e—(am +am—1+-+ai+ap) <e—1.

Plugging this inequality into (29), we obtain

U:‘ri((]e() (61 - l)e—lniﬂe___”;ue) > Vg (f) - (e —1) +nje.

Thus we have for every 7;:

Um((i) (q - l)e_ln;“e'"n;lre) > Vg, (f) —(e—1)+n;e

:vm(f)“‘ni+ni(€_1)_(€_1)=vm(f)+ni +@mi—1)(e—1)
> vm(f)‘l‘”i = vm(fﬂfl"'n:lr)-

This proves (24). As a consequence, we deduce for all 1 <i <r that

S
v () (’;)@ ~ D) = v (f] ) = v, () i
e=1

Comparing this with (23), we conclude that

N
N,' = v,,l.(nl !

) = v (f) + i

Thus vy, (f) = N; —n; for all 1 <i < r. This means that nfvl_'“ et divides
foBut g Mg = 0 S1/ 02 = 1 4 g2 4 (gF2)2 4+ (g > ff
f > 1, because ¢ > 1. Thus we obtain a contradiction unless f =1, i.e. f1 = f>.
O

This completes the proof of Theorem 1.2. 0

Let us comment on the conditions in our main results. First of all, since our
function field L/F,(T) has only one single infinite place, the inertia degree f at
infinity of L/F,(T) always divides the degree n = [L : F,(T')]. Thus the primeness
assumption ( f,g —1) = 1 in Theorem 1.2 can be replaced by the stronger statement
(n,q—1) = 1. As the latter condition just requires looking at the global fields instead
of the local fields at infinity, it might be simpler to verify.

Moreover, we can explicitly construct function fields L /I, (T') satisfying all the
conditions needed in Theorem 1.1.

https://doi.org/10.1017/is011011023jkt177 Published online by Cambridge University Press


https://doi.org/10.1017/is011011023jkt177

230 X. LI

Remark 7.5 For every prime power q and every positive integer f, there exists a
finite separable field extension L/F ,(T) such that

o the field of constants of L /F,(T) is I,
e L/F,(T) has only one single infinite place
e the inertia degree at infinity of L/Fy(T) is f.

One possible construction goes as follows: Let ¢ be a primitive (¢/ — 1)-
th root of unity in (F,)*¢, so that F,r = Fy(0). Let g(X) € Fy[X] be the
minimal polynomial of ¢ over F,. Set L := F,(X) and embed IF,(T') into L via
T + g(X)~!. The corresponding extension L/F,(T) is separable as F, is perfect,
so that the derivative of g(X) does not vanish. Moreover, L/F,(T) satisfies by
construction all three conditions listed above.

Remark 7.5, in combination with Theorem 1.2, shows that unlike in the case of
number fields, there are infinitely many possibilities for the K-groups of ring C*-
algebras attached to rings of integers in function fields. The reason why this is not
the case for number fields is that there are not too many possibilities for the inertia
degree at infinity in the number field case: A real place is said to have inertia degree
1, and a complex place is said to have inertia degree 2 (compare [Neu], Chapter III,

§ 1.
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