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Abstract. In this paper, we use moving mesh finite element method based upon 4P; —
P; element to solve the time-dependent Navier-Stokes equations in 2D. Two-layer
nested meshes are used including velocity mesh and pressure mesh, and velocity mesh
can be obtained by globally refining pressure mesh. We use hierarchy geometry tree
to store the nested meshes. This data structure make convienence for adaptive mesh
method and the construction of multigrid preconditioning. Several numerical prob-
lems are used to show the effect of moving mesh.
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1 Introduction

It is important that solving incompressible Navier-Stokes equations by mixed finite ele-
ment method. In order to satisfy the LBB condition, one way is to enhance velocity space
relative to pressure, for example Taylor-Hood element. The other is imposing constraint
on pressure space, such as stablized P; —P;, P; — Py (see [1,2]). In practical computing,
adaptive scheme is often used to decrease the computational cost for efficency. Mean-
while, it can improve the quality of solutions locally see [3]. There are some works using
h-adaptive P, — P; element because of simplicity, see (see [4-6]) for detail. However, if do-
main has some corners or solutions have some singularities, we tend to use lower order
approximations in engineering computation. Adaptive method with stabilized P; —P;
and P; — Py elements are proposed in [7]. In [8], dual element P; — Py is used for moving
mesh method. It has some technical difficulties in applying adaptive mesh based on un-
stable element pairs. So PiisoP,P; (see [9-11]) is considered. In [10], it is pointed out that
PiisoP, P; satisfies the LBB condition. Four velocity elements can be obtained by refining
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Figure 1: Left: pressure p element, o for degrees of p; right: four velocity v elements, o for degrees of v.

the pressure element one time as Fig. 1 shows. Note that PjisoP>P; element is based on
one set of mesh, so basis functions of pressure element are obtained by the interpolation
of velocity basis functions. This will increase calculation.

In this paper, we choose 4P; —P; finite element pair. It has the same structure as
PiisoP,P; pair, so the LBB condition is naturally satisfied. However, The basis functions
of both velocity and pressure elements are all standard P; element without any extra
interpolation. We use the hierarchy geometry tree which was proposed in [12] to store
the mesh structure of 4P; — P; pair.

Moving mesh finite element methods have been developed by a lot of works such
as [13-19]. In [16], a moving mesh finite element method based upon harmonic map
was proposed. The authors in [8] extended the moving scheme to solve incompressible
Navier-Stokes equations. However, the boundary conditions of numerical experiments
in [8] are periodic. In this paper, we use moving mesh method based on 4P; — P; pair and
the boundary conditions are general Dirichlet and Neumann boundary conditions.

The layout of the paper is arranged as follows. In Section 2, we introduce the Navier-
Stokes governing equations. In Section 3, we illustrate data structure for finite element
pair 4P; — P, In Section 4, 4P; — P; pair is used to approximate the governing equations.
Next, the AMG preconditioner for steady stokes equations is shown. In Section 6, the
moving mesh strategy is given. Then we present numerical experiments in Section 7.
Finally, we give the conclusions in this section.

2 Governing equation

Following [20], we give non-dimensional incompressible Navier-Stokes equations as fol-
lows:

atu—%VZu%—(u-V)u—FVp:f, (2.1a)
V-u=0. (2.1b)

The variable u is velocity and the scalar variable p is pressure. The physical domain
is (). Reynolds number Re:= %, where L represents a characteristic length scale for (),

U is the mean velocity of the inflow and v >0 is the constant kinematic viscosity. The
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initial boundary value problem of the system (2.1), with initial and boundary conditions
on Q) :aapanNZ

u=w on dQp x[0,T], (2.2a)
1 du

E%—np—o on 0Oy % [0,T], (2.2b)
uli—o=ug in Q, (2.20)

where n denotes the outward normal to the boundary.

3 Illustration of the 4P; — P; element

From [10], we know that PjisoP,P; element satisfies the LBB condition. This element
pair is based on only one set of mesh for instance velocity mesh as shown in Fig. 2. The
velocity space is represented by standard P; basis functions, while pressure space is rep-
resented by piecewise linear on the larger P> element. So the basis function on node 1
of pressure element is Ny = Ny + (N, + Ny ) /2. This interpolation will make the assembly
of divergent matrix slightly complicated, especially when combining the adaptive mesh
method. Whereas 4P; — P; element is based on two-layer nested meshes including veloc-
ity and pressure mesh. So both velocity and pressure spaces are represented by standard
P; element. Thus the assembly of divergent matrix can be completed only with P; ele-
ment. Moreover, we only pay attention to one set of mesh (pressure mesh) in moving
mesh algorithm, provided the index between two-layer nested meshes is built. In the
following, we use the hierarchy geometry tree in [12] to store the nested meshes, as Fig. 3
shows.

Notice that two meshes are used, the 1 -1 index between them are needed. By travers-
ing all pressure elements one time, we can acquire the 1—1 index based on the hierarchy
geometry tree as Algorithm 3.1 shown.

Algorithm 3.1. Make index between velocity elements and pressure elements.
1: achieveiterator < irregualerMeshV.beginActiveElement()

16—F—®3

Figure 2: PjisoP,P; pair, pressure degrees of freedom are only stored in vertices marked by circles.
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(a) One time uniform refined mesh (b) its hierarchy tree

Figure 3: Hierarchy tree structure.

2: enditerator <— irregualerMeshV.end ActiveElement()
3: while achieveiterator # enditerator do

4: int index-v-element < achieveiterator—) index
5: HElement ( DIM, DIM) % parent <— activeiterator—) parent
6:  int index-p-element <— parent—) index
7. intn_child < parent—) n_child
8: index-p2v[index-p-element].resize(n_child)
9: while i >0 and i < n_child do
10: HElement(DIM,DIM) xchi < parent—)child][i]
11: int index-v-element < child—)index
12: index-p2v[index-p-element][i] +— index-v-element
13: index-v2p[index-v-element] - index-p-element

14: end while
15: end while
4 Finite element approximation
We define the solution and test spaces as
Hi:= {uEHl(Q)d‘u:w on BQD}, H%O = {VEHl(Q)d|u:0 on GQD}.

Variational formulation of (2.1) is to find (u,p) € HL x L,(Q) such that

ou 1
QE-V—I—R—e/QVu:VV—k/Q(u-Vu)-v— Qp(V~v):/Qf-v, (4.1a)
/Qq(V-u)ZO, (4.1b)

forV(v,q) € H%O x Ly (Q2), where Vu:Vv=Vov,-Vu,+Vov,-Vu, in 2D.

Assume Ty is a triangulation of domain () for pressure mesh with mesh parameter
H =maxre,diam(T), T, (h=1/2H) is the triangulation for velocity mesh. Two finite
element spaces X! C Hg and PH C L,(Q) are separately on 7}, and 7.
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So the discrete weak formulation of (4.1) is: find (uy,py) € X% x PH such that

0
;h Vit — /Vuh VVh+/ (uy-Vuy)-v
—/QpH V-vp) :/vah, vy, eXt, (4.2a)
/Q%(V'uh)z(), Vg, € PH. (4.2b)

At the time discretization, we use linear backward Euler scheme, which linearizes the
nonlinear term u} ! Vu} ™ with u/-Vu/*!. Let {¢;}1_; and {g}}_; be linear basis
functions for velocity and pressure. Then uy, », up,y, pu Can be written as follows:

n n m
Upy =Y &y ji, Opx=) 0y i, PH=Y &piPk. (4.3)
j=1 j=1 k=1
Substituting (4.3) into (4.2), then a linear system
! M ! A 144 0 BT
% + + X Ky fx
0 M Llarw Bl || % |~ fv | (4.4)
dt Re Q q
B, B, 0 g

is obtained, where &, = (ay,1,*,&xn, )T, ay = (a1, 0y n,)7, ap = (ap1,--,0pn,)7", dt is
the time step. Mass matrix M, Laplacian matrix A, convection-diffusion matrix W and
divergence matrix By are defined as following:

A=[ag], 0y = /Q Vo, Ve, (4.50)
M= [my], mij = /qujcpi, (4.5b)
W=, wi= [ (b V0)0 (459
B, = [by), b= %": " (45d)

The right hand side terms f, f,, g, separately are

(n
fr=1fxil, fri= /Q (”le;x ) ¢i, (4.6a)
(n)
fu=Uui fui= [ (52 (4.6b)
§= 8« 8k =0. (4.60)
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Figure 4: Left: the k-th pressure element py; right: four velocity elements corresponding to py.

Here, we concentrate on the assembling of divergent matrix. Take BI for instance.
Let Ay, be a velocity element, we can find the corresponding pressure element A, (see
Fig. 4) by the index built in the last section. The local index of basis function is shown.
$i,, $ips iy are the standard linear triangle basis functions defined on A,,. While ., 1x,,
i1, are defined on A ,. Therefor, the element contribution matrix of B is

/ ¢k1 84)12 / Yo 84)12 / ¢k3 84)12 . 4.7)
/ P 84)13 / Yo 84)13 / P a% _

Add the entries of (4.7) to correspondent pos1t1ons (zl,kl), (i1,k2), (i1,k3), (in, k1), (i2,k2),
(ia,k3), (i3,k1), (i3,k2), (i3,k3) in BI. After traversing all the velocity elements and repeat
above action, B! is completely assembled. Similarly, we can assemble matrix ByT .

Conversely, by the index of pressure element py, we can find the corresponding four
small velocity elements v;, vj, Up, Ug, S€€ Fig. 4. B, can be assembled by the similar process
of assembling of BI.

If we get rid of time term and nonlinear u-Vu in system (2.1), we can get steady
Stokes equations. After the same discretization, the linear system equation is as follows

1

T A
E 0 Bx ux fx
0 RieA B] uy | =1 fy |- (4.8)
B, B, 0 P 3

Without loss of generality, we set fy =0, fy =0, ¢=0.

5 Precondition strategy

For simplicity, we apply algbraic multigrid preconditioner to the steady Stokes equations.
Recall linear system (4.8), we choose a MINRES as the solver. As we know, we should

https://doi.org/10.4208/aamm.2016.m1457 Published online by Cambridge University Press


https://doi.org/10.4208/aamm.2016.m1457

748 Y. R. Wu and H. Y. Wang / Adv. Appl. Math. Mech., 9 (2017), pp. 742-756

choose an efficient pre-conditioner to improve the efficiency of MINRES. Let A be the
coefficient matrix in (4.8):

1
—A BT
Re 0 X
A= 1 T |. (5.1)
0 —A B
Re Y
B, B, 0

Block diagonal pre-conditioner K discussed in [20] is defined as following:

1
— 0 0
Re
K= 1 (5.2)
0 —A 0|’
Re
0 0 S

where S = Re(ByA~'BI —I—ByA_lByT ) is schur complement matrix of A. A good approxi-
mation of S will accelerate the speed of solving (4.8). According to [20], pressure mass
matrix Q can be a good approximation of S and Q=diag(Q) works well in practical com-
putation. Here, we briefly illustrate the implementation of preconditioning. We use a

matrix K ,
— 0 0
Re
K= 1 (5.3)
0 —A 0|’
Re A
0 0 Q

as an approximation of A. In preconditioning, we need to solve Vs = K=V, where
the unknown is Vs = (ud,vd,pd)T, Viere= (us,vs,ps)T is given. Firstly, obtain p; by solving
Qpa=ps. Secondly, we have to solve

1 1
ﬁAud =us; and @Avd =0
to obtain u, and v,. Since matrix A is positive-definite, we can use an algbraic multigrid
solver for Possion problem to solve %Aud =u; and %Avd =Us.

We solve the time-dependent Navier-Stokes system (4.4) using GMRES method pre-
conditioned with incomplete LU decomposition.

6 Moving mesh stategy

In our moving strategy, we only move pressure mesh and maintain that the velocity
mesh is once refined of pressure mesh throughout. At time t=t,,;, we can obtain nu-

merical solutions u}(l”),pgl) on old mesh 7;Z(n) by scheme mentioned above. We follow the
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framework in [8] to implement divergence-free interpolation of (u;(l”),pgl)) from 7, to

1 iy o
new mesh 771(“ ). However common Dirichlet and Neumann boundary conditions are

considered instead of periodic boundary conditions. Briefly speaking, our moving mesh
strategy mainly contains four steps as follows.

Step 1 Obtain monitor function. Choices of an appropriate monitor function are very im-
portant for adaptive scheme. There are some common choices of monitor function
G, such as vorticity-based monitor:

Go=1/1+a|wl|?, (6.1)

where w =V xu, a, B are positive constants. In this work, p =2 obtains good
result. Another selection of G is gradient-based monitor:

Gi(u)=4/14a|Vulp, (6.2)

Step 2 Get a new logical mesh. Solve elliptic equation

where u denotes velocity.

Vi (mVy&) =0, (6.3a)
Elan=2&) (6.3b)

where m=1/G, 5 is the coordinates of the logical domain, see [16] for details.
Then a new logical mesh is obtained with triangulation 7.* and .A* as its nodes.

Step 3 Mesh-motion in physical domain. Compute the error between .A* and nodes .A°
of initial logical mesh 7 (fixed uniform mesh):

SA=A"— A*. (6.4)

Then the displacement of physical mesh 6X is obtained according to §.A. Finally,
a new physical mesh is achieved:

Xl* :Xi+y5Xl-, (6.5)

where y is a constant, see [8] for details.

Step 4 Interpolation of solutions. It is required to maintain divergence-free in the inter-
polation when implementing moving mesh method to solve incompressible flow.
In [8], solution re-distribution on the new mesh 7 * is achieved by solving linear
inviscid Navier-Stokes-type equations:

Ju
g—vxuﬁX— —-Vp, (6.6a)
Vx-u=0, (6.6b)
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where dx:= x°ld _ ynew yold ynew ap6 two sets of coordinates in physical domain.
T is a virtual time variable and often chosen as 1.0. Here p is just an intermediate
variable, different from pressure variable in (2.1).

Weak formulation of (6.6) is: find (uy,, pr) € X7 x PH such that

(Ocuy,— Vyuy-0%,v,) = (py, Vvy,), Vv, € X2, (6.7a)
(Vx-u,qm) =0, Vqp € PH, (6.7b)

In this work, we apply full implicit scheme which is unconditional stable, instead
of three-step Runge-Kutta in [8], to (6.7) for time discretization:

( ,* —”h ,Vh) + (5X Vuh*,vh) (pgﬁk,VVh» (6.8a)
(V- uh*/qH) 0, (6.8b)

(n) (n)

where u, "’ and py;’ are the numerical solutions of Navier-Stokes equations at t =

ty+1 using the mesh at t=t,. u }(1”3 and pg)* are the intermediate updated solutions

at t=t,.1 on the new mesh.
In order to illustrate our scheme, we demonstrate the flow-chart of the Algorithm 6.1.

Algorithm 6.1. Moving mesh FEM for Navier-Stokes equations.

(0)

1: Solve steady Stokes system (4.8) on initial velocity mesh ;" and initial pressure

mesh A,E,O). Then ugzo),pgg) are obtained and chosen as the initial values for Navier-
Stokes equations.
2: while t, <T do
Caculate monitor function on A,E,”) using u](qn),pg). And obtain logical mesh & by

solving (6.3).

4: Judge if L, norm of &* — ) js less than tolerance. If yes, the iterator is over. Else,
continue 5-8.

5: Caculate move direction dx of A;n) using the difference of & —¢().

6: Solve Egs. (6.6) on Az(,”) to get intermediate variables u](qn*) , pé”*) on new mesh.

7: Update A;n) to A;’Hl), synchronize Az(]n) to AT(]nH) by the hierarchy geometry
tree.

8: Go back to 3.

9: Solve Navier-Stokes system (4.4) to truly obtain numerical solutions u;(lnﬂ), szﬂ)

on mesh AT(]nH) and A;’Hl).

10: end while
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7 Numerical tests

There are three numerical tests here. In practical computing, we use solutions of
Stokes equations as the initial values of Navier-Stokes equations. We show our
moving mesh and numerical solutions in the following. Our codes are based on
the AFEPack (an adaptive finite element package), which can be obtained from
http://dsec.pku.edu.cn/~rli.

7.1 Accuracy test

We consider the analytic solutions of (2.1):

1y =e~ 2t/ Regin (7x) cos(ry), (7.1a)
uy = e~ 2T/Re o5 (7rx) sin(rry), (7.1b)
p:e*‘mzt/Rei [cos(27x)+cos(2mty)], (7.1c)

where Reynolds number Re =10. Computational domain is Q)= [0,1] x [0,1] and the ve-
locity in (7.1) is interpolated on all boundary of Q).

We use this example to check the accuracy of our moving mesh method. Accord-
ing to [10], the convergence rate of velocity is second-order and pressure is first order
in the uniform mesh computation. Moving mesh algorithm is applied to this example.
We choose gradient-based monitor (6.2), where user-defined parameters a =5.0, p=2.0.
The computations are started at t =0 and evolving forward until t = 0.4, meanwhile we
compute the numerical error:

[ —up [ 12 [P = Plleo

———, Error,=—"——-—, (7.2)
VNu N,

where N, and N, separately denote the number of edges of velocity mesh and pressure

mesh. The velocity mesh space i on velocity mesh is defined as

Error, =

h=—, 7.3
N 73)
where N, denotes the number of elements of velocity mesh. Note that the pressure mesh
space is 2h. From Fig. 5, it is discoverd that velocity has a second-order accuracy and
pressure has at least first-order. Moving mesh and pressure contour are shown in Fig. 6.

7.2 Navier-Stokes flow over a step

We consider the test problem in [21] that the Navier-Stokes flow over a step with
Re=1000. The domain is Q= (0,4) x (0,1)/(1.2,1.6) x (0,0.4), and on the upper and bot-
tom boudaries, Dirichlet condition u = (O,O)T is imposed. Outflow boundary is enforced
natural boundary condition meanwhile at the inflow boundary u= (4y(1—y),0).
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Figure 6: Accuracy test: Moving mesh (a), pressure contour (b).

Vorticity-based monitor (6.1) is selected as monitor with ¥=0.4, f=2.0. As we known,
singularities arise due to the concave corner in this problem. The development of moving
mesh and vorticity contour as time evolving are shown in Figs. 7 and 8. It can be observed
that mesh clusters near the top concave edge and moving mesh is consistent with the
structure of vorticity.

In Fig. 9, the comparation of pressure contour with uniform mesh and moving mesh
at t=20 are shown. In the uniform case, numerical dissipation is introduced. While better
representation of pressure contour with less dissipation is obtained in the moving case.

7.3 Flow over cylinder

This example models the development of flow over an cylinder along a retangular chan-
nel. In [15], the authors apply moving finite element method to this problem. The cen-
ter of cylinder is (0,0) and radius is  =0.3. Let Reynolds number Re =300 and domain
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(a) =1 t ‘ ’“ | (b) =3

Figure 7: Top: moving mesh; bottom: contour of vorticity.

@) =7 (b) t=20

Figure 8: Top: moving mesh; bottom: contour of vorticity.

Q=[-1,5x[—1,1]. Poiseuille flow u=1—y?, v=0 is imposed on inflow boundary x=—1.
u=v=0 1is imposed on the top and bottom of the channel. Outflow boundary x =5 is
natrual condition.

If we concern the fine flow structure, it is required high resolution for small scale
structure. For detecting the vorticity, (6.1) is a good choice as the monitor in our moving
strategy. The parameters « and p are 1.0, 2.0.

In Fig. 10, initial moving mesh is shown clustering near the circular cylinder where
need high resolution. The evolution of moving mesh and vorticity contour are illustrated
in Fig. 11. It can be discovered that our moving mesh can efficiently capture the vorticity
structure and our mesh is more concentrated than [15]. Velocity streamline is shown in
Fig. 12.

8 Remarks

In this paper, unsteady Navier-Stokes equations have been numerically solved using
moving mesh method on 4P; — P; element. Hierarchy geometry tree is used to store the
mesh structure of 4P; — P; element. This pair naturally satisfies LBB condition and it’s
reference element has only P; element.
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Figure 10: Initial moving mesh, Re=2300.

Hierarchy geometry tree structure makes convienence for multigrid preconditioning.
However, the preconditioning strategy isn’t implemented for Navier-Stokes system in
this work. But it will appear in future work. Meanwhile, this tree structure is originally
used for h-adaptive mesh. So the combining moving mesh with h-adaptive mesh by
making use of this tree structure will be also considered.
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Figure 12: Top: vorticity streamline at t =24.5, Re=300.
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