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We obtain the representation of the backward shift operator on Chebyshev polynomials involv-
ing a principal value (PV) integral. Twice the backward shift on the space of square-summable
sequences l2 displays chaotic dynamics, thus we provide an explicit form of a chaotic operator on

L2

(
−1, 1,

(
1 − x2

)−1/2
)

using Cauchy’s PV integral. We explicitly calculate the periodic points of
the operator and provide examples of unbounded trajectories, as well as chaotic ones. Histograms
and recurrence plots of shifts of random Chebyshev expansions display interesting behaviour over
fractal measures.
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1 Introduction

While finite dimensional linear systems have been well understood, infinite dimensional lin-
ear systems can have surprisingly complex dynamics. Almost 50 years ago, Rolewicz [31]
demonstrated that a linear operator (the backward shift multiplied by 2) on the space of
square-summable sequences l2 exhibits transitivity.

Thus nonlinearity is NOT a requirement for chaotic dynamics. Nice exposition of dynamics
of infinite-dimensional operators is given in Refs. [34], [12] and the books [1], [18].

Recent papers such as [22], [28] also explore the topic of complex behaviour of linear sys-
tems. Bernardes et al. [2] obtain new characterisations of Li–Yorke chaos for linear operators on
Banach and Fréchet spaces.

While the backward shift example seems artificial, transitive operators are not rare. To wit,
Herrero [21] and Chan [6] proved that chaotic linear operators are dense in the set of bounded
linear operators. There are many examples of chaotic linear operators including weighted shifts
[33], composition operators [3], and differentiation and translations [13, 15, 29].

The interest in backward shift operators increased with the notion of chaotic semigroups
[17, 27, 30]. An example of a chaotic shift operator is provided in the form of a linear partial

https://doi.org/10.1017/S0956792518000670 Published online by Cambridge University Press

https://doi.org/10.1017/S0956792518000670
mailto:mkiss@math.bme.hu
mailto:ejam@kalmarnagy.com
https://doi.org/10.1017/S0956792518000670


1026 M. Kiss and T. Kalmár-Nagy

differential equation with both diffusion and transport by Desch et al. [8]. Gulisashvili and
MacCluer [19] demonstrated that the annihilation operator for a linear quantum harmonic oscil-
lator (a weighted shift operator) is chaotic. Conejero et al. [7] study a partial differential equation
arising in the dynamics of linear vibrations of elastic structures. Other applications of shift oper-
ators include a wide range of topics, including scattering theory [11], and a model of blood
production [9].

Our interest in representing and describing dynamics on infinite sequences is motivated by the
Carleman embedding technique which embeds a nonlinear autonomous differential equation into
an infinite system of linear ordinary differential equations [25]. Our aim is to recognise the sig-
nature of the shift operator in infinite dimensional linear systems and thereby demonstrating the
occurrence of chaos in the associated nonlinear differential equations. We envision application
of the method for analysing a sequence of measurements.

Based on Rolewicz’s example, the authors of this paper constructed a chaotic operator on the
space of 2π -periodic odd functions and provided its representation involving a principal value
integral [23], and explicitly calculated the eigenfunction and periodic points of this operator.

In order to enrich the space of sequences with analytical structures, an idea is to represent the
sequence as a Fourier series with respect to a given orthogonal system. The space l∞ of bounded
sequences has poor convergence properties: the series will not converge pointwise. Hence we
work on l2 instead. This can be justified as follows: take a sequence from l∞ and a number
α > 1. Divide the n-th number of the sequence by αn. Then we have a sequence in l2.

In this paper we consider an infinite dimensional dynamical system on the Hilbert space of
square-integrable functions with weight w(x) = 1√

1−x2
, i.e. L2(−1, 1, w(x)). This weight corre-

sponds to Chebyshev functions. If f (x) is Lipschitz continuous on [−1, 1], it has a uniformly and
absolutely convergent Chebyshev series (Chebyshev expansion of functions has been discussed
in [4]):

f (x) =
∞∑

k=0

akTk(x), a0 = 1

π

1∫
−1

f (x)
dx√

1 − x2
,

ak = 2

π

1∫
−1

f (x) Tk(x)
dx√

1 − x2
(k ≥ 1). (1.1)

Here we construct a chaotic linear operator by ‘lifting’ 2B to the space L2

(
−1, 1, 1√

1−x2

)
.

In Section 2 we explicitly construct the backward shift on L2

(
−1, 1, 1√

1−x2

)
in terms of a

PV integral. In Section 3 we define and analyse the corresponding chaotic operator C, including
finding its eigenvectors and periodic points. We provide examples of unbounded and chaotic
trajectories of C. Section 4 concludes the paper.

2 Backward shift on Chebyshev polynomials

Chebyshev polynomials are defined by Tn(cos t) = cos (nt) (n ≥ 0). They are widely used in many
areas of numerical analysis: interpolation theory, uniform approximation, least-squares approx-
imation, numerical solution of ordinary and partial differential equations (the so-called spectral
or pseudospectral methods) [16].
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With the change of variable x = cos t the Chebyshev polynomials Tn(x) have the following
properties:

• satisfy the recurrence relation Tn+1(x) = 2xTn(x) − Tn−1(x);
• have leading coefficient 2n−1 and Tn(−x) = (−1)nTn(x);
• have n zeros in the interval (−1, 1) given by Tn(cos

(
2k+1

2n π
)
) = 0, (k = 0, 1, . . . , n − 1);

• have n + 1 extrema in the interval [−1, 1] given by Tn(cos
(

k
nπ
)
) = (−1)k , (k = 0, 1, . . . , n);

• form a complete orthogonal system in L2(−1, 1, w(x)), w(x) = (1 − x2)−
1
2 ;

• satisfy the Rodriguez-type formula

Tn(x) = (−1)n2nn!
(2n)!

√
1 − x2

dn

dxn
[(1 − x2)n− 1

2 ].

The backward shift B on Chebyshev polynomials is an L2(−1, 1, w(x)) → L2(−1, 1, w(x))
continuous linear operator which maps Tn(x) to Tn−1(x) (with the convention T−1(x) = 0).
Substituting x = cos t, the space L2(−1, 1, w(x)) with the Chebyshev basis is isomorphic to
L2(0, π ) with the cosine basis. Let us define the backward shift operator B as a continuous
linear operator on the space of even square-integrable 2π -periodic functions which satisfies
B cos nt = cos (n − 1)t for n ≥ 1 and B1 = 0.

Theorem 2.1 The backward shift on Chebyshev polynomials can be represented by

BF(x) = F(x)x + 1

π
PV

∫ 1

−1

1 − xy

y − x
F( y)

dy√
1 − y2

. (2.1)

We recall that the PV integral (see i.e., [5], p. 457) of a function f about a point c ∈ (a, b) is
given by

PV
∫ b

a
f (x)dx = lim

ε→0+

(∫ c−ε

a
f (x)dx +

∫ b

c+ε
f (x)dx

)
. (2.2)

Let us substitute y = cos ξ , F( y) = f (ξ ) into the second term of (2.1) (the change of variables is
justified as in [14], p. 17). This gives an isometry from L2(−1, 1, w(x)) to L2(0, π ). With x = cos t
we get (2.3) after rearranging. Hence the statement of Theorem 2.1 is equivalent to the following:

Theorem 2.2 The backward shift operator on the space of even square-integrable 2π -periodic
functions (i.e., on the space L2(0, π ) with basis {1, cos nt : n ≥ 1}) can be represented by

Bf (t) = f (t) cos t + 1

π
PV

∫ π

0

1 − cos ξ cos t

cos ξ − cos t
f (ξ )dξ . (2.3)

Lemma 2.3 The backward shift operator on the space of even square-integrable 2π -periodic
functions with basis {1, cos nt : n ≥ 1} can be expressed as

Bf (t) =
(

f (t) − 1

π

∫ π

0
f (ξ )dξ

)
cos t + (H f (t)) sin t (n ≥ 1), (2.4)

where H is the Hilbert transform:

H f (t) = 1

π
PV

∫ ∞

−∞
f (τ )

t − τ
dτ . (2.5)
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Proof The Hilbert transform maps the real part of a complex differentiable function on the
upper half plane to its imaginary part. In particular, H cos nt = sin nt (n ≥ 0), hence

B cos nt = cos nt cos t + (H cos nt) sin t (n ≥ 1), (2.6)

B1 = 0 = (H1) sin t (n = 0). (2.7)

Thus the two sides of (2.4) agree if f (t) is a basis element. By linearity and continuity, they are
equal for all f (t) ∈ L2(0, π ).

Proof of Theorem 2.2 Let us recall the formula for the Hilbert transform of periodic functions
( [24], pp. 114, 528; [26], p. 18; [20], p. 21; [32], p. 262):

H f (t) = 1

2π
PV

∫ π

−π
cot

(
t − ξ

2

)
f (ξ )dξ = 1

2π
PV

∫ π

−π
sin t + sin ξ

cos t − cos ξ
f (ξ )dξ . (2.8)

If f is an even function, (2.8) can be transformed to

H f (t) = 1

2π
PV

∫ π

−π
sin t

cos t − cos ξ
f (ξ )dξ = 1

π
PV

∫ π

0

sin t

cos t − cos ξ
f (ξ )dξ . (2.9)

Using (2.4) leads to

Bf (t) =
(

f (t) − 1

π

∫ π

0
f (ξ )dξ

)
cos t + 1

π
PV

∫ π

0

sin2 t

cos ξ − cos t
f (ξ )dξ , (2.10)

which is the same as (2.3).

We now define our ‘chaotic’ operator (twice the backward shift) as

CF(x) := 2BF(x) = 2F(x)x + 2

π
PV

∫ 1

−1

1 − xy

y − x
F( y)

dy√
1 − y2

. (2.11)

In the following we discuss the chaotic operator C.

3 Analysis of the Chaotic operator C
Consider the Chebyshev expansion of a function

F(x) =
∞∑

n=0

anTn (x). (3.1)

The eigenfunctions of C can be found from the eigenvalue relation

CF∗(x) = λF∗(x). (3.2)

Instead of using equation (2.11), we revert to equation (1.1) to write

∞∑
n=0

2an+1Tn(x) =
∞∑

n=0

λanTn (x). (3.3)

From this we have

an+1 =
(
λ

2

)
an, (3.4)
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FIGURE 1. Eigenfunctions 4−2xλ
λ2−4xλ+4

for λ= 0, 1/2, 1.

and thus

F∗(x) = a0

∞∑
n=0

(
λ

2

)n

Tn(x) = a0
4 − 2xλ

λ2 − 4xλ+ 4
. (3.5)

The functions corresponding to eigenvalue λ= 1 are

F∗(x) = a0
4 − 2x

5 − 4x
, (3.6)

i.e., the functions a0
4−2x
5−4x are invariant under the action of C. In other words F∗(x)′s are fixed

points of operator C. A family of eigenfunctions is displayed in Figure 1 (we set a0 = 1). At the
endpoints F∗ (±1)= 2

2∓λ .
To better characterise the action of C we want to understand how a given function is ‘shaped’

under the repeated application of C. For F ∈ L2 (−1, 1, w(x)) the orbit of F is defined as
Orb (C, F)= {

F, CF, C2F, . . .
}

where Ck = C ◦ . . . ◦ C︸ ︷︷ ︸
k

is the kth composition of C with itself.

The k-fold composition acts on F(x) as

CkF(x) = 2k
∞∑

n=0

an+kTn(x). (3.7)

A given F ∈ L2(−1, 1, w(x)) is a Q-periodic point of C if CQf = f for the least such integer Q ≥ 1
(a fixed point is a 1-periodic point, i.e. Q = 1). We are now in the position to construct Q-periodic
points of C.

Introducing y = {
y0, . . . , yQ−1

}
, a Q-periodic point of 2B (acting on l2) can be written as [12]

a =
(

y0, . . . , yQ−1,
y0

2Q
, . . . ,

yQ−1

2Q
,

y0

22Q
, . . . ,

yQ−1

22Q
, . . .

)
, (3.8)

whose nth component is given by

an = yn mod Q

2[ n
Q ]Q

. (3.9)
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Using the linearity of C we can easily find a period-2 point of C, i.e. a function g(x) such that
C2g(x) = g(x):

g(x) = y0

∞∑
n=0

T2n(x)

22n
+ y1

∞∑
n=0

T2n+1(x)

22n
= y0

12x

25 − 16x2
+ y1

8x2 − 20

25 − 16x2
. (3.10)

In general, we find a period-Q point of C as

f (t) = y0

(
T0(x) + TQ(x)

2Q
+ · · · + TnQ(x)

2nQ
+ · · ·

)
(3.11)

+ y1

(
T1(x) + TQ+1(x)

2Q
+ · · · + TnQ+1(x)

2nQ
+ · · ·

)
+ · · · + (3.12)

+ yQ−1

(
TQ−1(x) + T2Q−1(x)

2Q
+ · · · + T(n+1)Q−1(x)

2nQ
+ · · ·

)
(3.13)

By defining the ‘basis-functions,’

φ (l, Q)=
∞∑

n=0

TnQ+l(x)

2nQ
= Re

(x + i
√

1 − x2)l

1 − 2−Q(x + i
√

1 − x2)Q
, (3.14)

a period-Q point of C can be expressed as the linear combination

f (x) =
Q−1∑
l=0

ylφ(l, Q). (3.15)

The first few basis functions are (shown in Figure 2)

Q = 1, φ(0, 1) = 2x − 4

4x − 5
(3.16)

Q = 2, φ(0, 2) = 8x2 − 20

16x2 − 25
, φ(1, 2) = −12x

16x2 − 25
, (3.17)

Q = 3, φ(0, 3) = 32x3 − 24x − 64

64x3 − 48x − 65
, φ(1, 3) = 16x2 − 64x − 8

64x3 − 48x − 65
, (3.18)

φ(2, 3) = −128x2 + 8x + 64

64x3 − 48x − 65

Q = 4, φ(0, 4) = 128x4 − 128x2 − 240

256x4 − 256x2 − 225
, φ(1, 4) = 64x3 − 304x

256x4 − 256x2 − 225
, (3.19)

φ(2, 4) = −480x2 + 240

256x4 − 256x2 − 225
, φ(3, 4) = −1024x3 + 784x

256x4 − 256x2 − 225
.

Now we examine the effect of C on some functions, namely the square wave, the semi-
circle and Whittaker’s cardinal function (Sinc). The Chebyshev series of these functions are
the following:
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FIGURE 2. Basis functions φ(l, T) for T = 1, . . . , 4, l = 0, . . . , T − 1.

Sqw(x) =
{− 1

2 −1< x< 0
1
2 0< x< 1

=
∞∑

k=1

2

kπ
sin

(
kπ

2

)
Tk(x), (3.20)

Circle(x) =
√

1 − x2 = 2

π

(
1 +

∞∑
k=2

1 + cos (kπ)

1 − k2
Tk(x)

)
, (3.21)

Sinc(x) = sin 4πx

4πx
= a0T0(x) + a2T2(x) + a4T4(x) + · · · , (3.22)

where the coefficients can be expressed in terms of Bessel functions Jn and Struve functions Hn.
For example

a0 = 1

2
π2H0(4π )J1(4π ) +

(
π − 1

2
π2H1(4π )

)
J0(4π ). (3.23)

Figure 3 shows the first seven elements of the orbits of these functions. Even though initially
the norms of the iterates grow, in general this only holds for our first two examples. For Sqw(x),
limk→∞ | a2k+1

a2k−1
| = 1, hence for each 1<α < 2, α

2k+1

22k+1 |a2k+1| → 0. Consequently

‖Cn Circle(x)‖ ≥ 1√
π

max{2n|an|, 2n|an+1|}>αn (3.24)

for n large enough. The second example (Circle(x)) is similar as limk→∞ | a2k+2
a2k

| = 1. In contrast
to these functions, Sinc(x) has an orbit converging to zero under the action of C. Integrating by
parts in the Rodriguez formula (the last property of Tn(x)) one gets [10]

|an| ≤ 1

2n−1n! max
−1≤x≤1

| f (n)(x)|. (3.25)
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FIGURE 3. Iterates of the square-wave, semicircle and sinc functions.

Power series expansion of f (x) = sin 4πx
4πx shows that

| f (n)(x)| =
∣∣∣∣∣∣
∑

k≥n/2

1

2k + 1

(4π )2kx2k−n

(2k − n)!

∣∣∣∣∣∣≤
e4π

n + 1
(4π )n (3.26)

for −1 ≤ x ≤ 1. Hence for N ≥ 8

‖CN f ‖2 ≤ 4Nπ

∞∑
n=N

|an|2 ≤ 4N+1π

∞∑
n=N

(2π )2n

((n + 1)!)2
≤ 4N+2π

(2π )2N

((N + 1)!)2
(3.27)

which tends to zero.
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FIGURE 4. The first 10 elements of Orb (C,	).

Now we turn to creating a function that gives rise to a chaotic orbit under the action of C. First,
we note that for 2B (on l2) the point

y =
(y0

1
,

y1

2
,

y2

4
· · ·

)
, (3.28)

where yi is a random variable, generates a chaotic orbit. We now lift this point to L2 (−1, 1, w(x))
using equation (3.1):

	(x) =
∞∑

i=0

yi

2i
Ti(x). (3.29)

Figure 4 shows the first 10 elements of the orbit of	 under the action of C, i.e. Orb (C,	), when
the y’s are randomly chosen (with 0.5 probability) from the set {−1, 1}. The first element of the
orbit is 	 itself.

Figure 5 shows the orbit Orb (C,	) evaluated at three different x’s (1/20, 1/2, 19/20) for 100
iteration.

The histograms and recurrence plots (C i	(x) vs. C i−1	(x)) are shown in Figure 6 for x =
0, 1

4 , 1
2 , 3

4 , 1.
The invariant measures and recurrences display fractal properties.
The bottom-left picture (corresponding to x = 1) in Figure 6 shows a uniform distribution.

Indeed, as Tn(1) = 1 for all n, the probability density function is symmetric with respect to every
dyadic number. The bottom-right picture shows that

• C i	(1) = 2(C i−1	(1) ± 1) depending on the ith digit of 	; and
• the numbers Cn	(1) are uniformly distributed on [−1, 1].

Tn(0) is a 4-periodic sequence. It is zero for n odd, and ±1 for n even. As the signs of digits
of yi are + or − with equal probability, we have random sums

∑∞
n=0

±1
4n . Their distribution

is symmetric to 0, ±1, ±(1 ± 1
4 ),. . . ,

∑N
n=0

±1
4n and so on. The support of the invariant mea-

sure is a Cantor set, which is defined recursively as follows.
∑∞

n=0
1
4n = 4

3 , hence the support
is contained in the interval [− 4

3 , 4
3 ]. Let us take this interval and leave out its open mid-

dle third; and repeat this procedure for every line segment ad infinitum. The remaining set
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FIGURE 5. The first 100 elements of Orb (C,	) at fixed x (1/20, 1/2, 19/20).

contains exactly the sums
∑∞

n=0
±1
4n . This is the top-left picture in Figure 6. The top-right picture

shows that

• C i	(1) = 2(C i−1	(1) ± 1) or 2C i−1	(1) depending on the ith digit of 	; and
• the numbers Cn	(1) are uniformly distributed on the Cantor set described above.

Tn( 1
2 ) is a 6-periodic sequence {1, 1

2 , − 1
2 , −1, − 1

2 , 1
2 } from n = 0. The suport of the invariant

measure is a more complicated Cantor set (middle-left picture in Figure 6). The middle-right
picture also shows the support and that C i	(1) = 2(C i−1	(1) ± 1) or C i	(1) = 2(C i−1	(1) ± 1

2 )
depending on the ith digit of 	 in this case.

Finally, Tn( 1
4 ) and Tn( 3

4 ) are themselves uniformly distributed sequences on [−1, 1]. If we per-
mitted sums like

∑∞
i=0

yi
2i Tσ (i)(x), where σ is a permutation, we would get a uniform distribution.

But as the first term in the sum
∑∞

i=0
yi
2i Ti(x) is always ±1 and the sum of remaining terms are

strictly less, there are holes in the support.
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FIGURE 6. Histograms and recurrence plots fixed at x = 0, 1
4 , 1

2 , 3
4 , 1.

Similar to the construction of the case Tn(0), we start from the interval
[−∑∞

i=0
|Ti(x)|

2i ,
∑∞

i=0
|Ti(x)|

2i ], first removing the (−1 +∑∞
i=1

|Ti(x)|
2i , 1 −∑∞

i=1
|Ti(x)|

2i ) interval.
In the nth step let a1, a2, . . . , aN denote the ascending sequence of different numbers∑n−1

i=0 ± Ti(x)
2i . Let L =∑∞

i=n
|Ti(x)|

2i if |Tn(x)|
2n −∑∞

i=n+1
|Ti(x)|

2i = l> 0.
If the interval (max{ak − l, ak−1 + L}, min{ak + l, ak+1 − L}) is nonempty, its points can not

be written as
∑∞

i=0
Ti(x)

2i . Hence we remove these intervals for k = 1, . . . , N (with a0 = −2 − L

and aN+1 = 2 + L). Continuing this process for all n, we reach a complicated Cantor set. As Tn(x)
2n

can be equal to
∑n̂

i=n+1 ± Ti(x)
2i , the distribution will not be uniform.

The above examples show a wide spectrum of behaviour.
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4 Conclusions

Contrary to the prevalent notion that nonlinearity is a necessary ingredient for complex
behaviour, chaotic motions also occur in infinite dimensional linear systems. Starting from
Rolewicz’s example of twice the backward shift on l2, we constructed the corresponding shift

operator C on L2

(
−1, 1,

(
1 − x2

)−1/2
)

and provided its representation using Cauchy’s PV inte-

gral. We explicitly calculated the periodic points of the operator (including its nontrivial fixed
point) and provided examples of bounded, unbounded and chaotic trajectories of C. Histograms
and recurrence plots of shifts of random Chebyshev expansions display interesting behaviour
over fractal measures.
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