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Abstract In this paper, we introduce and study a new kind of generalized Hilbert matrix operators,
induced by a positive finite Borel measure on (0, 1), acting on weighted sequence spaces. We establish
a sufficient and necessary condition for the boundedness of these operators. These results extend some
related ones obtained recently in [Bull. Lond. Math. Soc. 55(6) (2023), 2598-2610].
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1. Introductions and main results

For 1 < p < 0o, we denote the Holder conjugate of p by ¢, i.e 4+ = = 1. Let [P be the

space of sequences of complex numbers, i.e.,

1,1
Tp o oq

= f{a = {an}io : ally = (3 laal")? < oo}.

n=0

For a = {an}52y € 1P, b= {b,}32, € 1%, the famous Hilbert’s inequality is stated as

| Z Z | < wesel D)l

where the constant WCSC(%) is the best possible. Hilbert’s inequality has an equivalent
form as follows.

Z\ZmMH\ [rese(D)] lal, ()
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P
where the constant [WCSC(%)] is the best possible, see [19, Theorem 6] or [20,

Theorem 323].
The inequality (1.1) can be restated in the language of operator theory. For the Hilbert

kernel m, we define the Hilbert matrix operator H as
= a
m o0
= _9, " € Ng=NU{0}.
V= 2 g @ = ke n €N =NU{0)

Then (1.1) can be restated as

Theorem 1.1. Let 1 < p < oco. Then H is bounded on IP and the norm of H is
mese(Z).
P

The Hilbert matrix operator is important in analysis and there have been many results
about this operator and its analogues and generalizations. The history and classical
results of this operator can be found in the famous monograph [20]. Modern results
about generalizations of the Hilbert matrix operator and their analogues can be found
in the survey [30] and Yang’s book [31]. Some very new results about the Hilbert matrix
operator have been obtained in [9]. In [11, 12], Diamantopoulos and Siskakis initiated
the study of the Hilbert matrix operator acting on the analytic function spaces. Later,
there have been a good number of researchers studying the Hilbert matrix operator
and its generalizations on various spaces of analytic functions, see, for example, [6,
8, 10, 13-17, 21-26, 28, 29, 32]. For more results about these topics, see the recent
survey [4].

Note that the Hilbert kernel can be written as

1 1
I (”+m>/ (1 — )" dt.
m+n+1 m 0

Here, for v € R, m € Ny, the combinatorial number (;:l) is defined as

<7) =Yy —m+1)
m) m!

In particular, (B’) =1 for any v € R.

Very recently, inspired by the classical work of Hardy [18], the following generalized
Hilbert matrix operator was introduced and studied by Athanasiou in [2]. Let u be a
positive finite Borel measure on (0,1), the operator H, is defined as

H,(a)(n 2/01 (n+m>tm(1—t) am dp(t),a = {am}oe_g, 1 € Np.

m
m=0

It has been proved in [2] that
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Theorem 1.2. Let p be a positive finite Borel measure on (0,1).
(1) Let 1 < p < 4o0. Then H,, is bounded on 1P if and only if

1

Culp) = /( a0 <o

Moreover, when H,, : P — 17 is bounded, the norm of H,, is C,,(p).
(2) H, is bounded on I°° if and only if

= -7t 0.
Cu(o0) = /<0,1>“ B~ du(t) <

Moreover, when H,, is bounded on [*°, the norm of H,, is C,(c0).

The main purpose of this note is to establish an extension of above results obtained in
[2]. To state our results, we first introduce some notations. Let w(n) > 0 for n € Ny. For
1 <p < oo, we denote by [ the weighted Lebesgue space of infinite sequences, i.e.,

oo

= {a = {an}3Z : llallpw = (O w(n)lan ") < oo}.

n=0

We define the class of infinite sequences [ as

Ly = {a={an}7%0 : l|allco,w = sup w(n)|an| < oo}.
n&lNg

When w(n) = 1, we will write {? instead of 2, where 1 < p < 0.
Let o, 0 > —1, B — a > —1 and let u be a positive finite Borel measure on (0,1). For
a sequence a = {a;, }>°_,, we define

= T(n+m+p+1)
HP = / t™(1 — t)"ay, du(t), n € No.
0= 2 L T ra s D g —ary) e e N

Here, T' is the usual Gamma function, see [1]. When a = 0, Hﬁ"ﬁ reduces to the
following operator

Ban':oo n+m+5m—"a n
HE (a)(n) : mz_/()( )i = 7 dute). n € N

m

For two real numbers s,y with v > —1 and v+ s > —1, we define

I(y+s+1)

(v+1):= T+ 1)

We shall prove that
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Theorem 1.3. Let p be a positive finite Borel measure on (0,1). Let 1 < p < oo, and
a,f>-1,8—a>—1. Then Hﬁ‘ﬁ is bounded from 1%, into 15, if and only if

—(1-1 _1
C.(8,p) ;_/( )(17t) (1=3)(B+1)4 p(6+1)d#(t)<oo.
0,1

HMoreover, when Hﬁ"ﬁ b — 1B is bounded, the norm ||Hﬁ‘ﬁ|| of Hﬁ‘*ﬁ is Cu(B,p).
ere

wi(m) = (m+1),7(m+1)g,

wa(m) = (m+p—a+1)P(m+1)z, m e Ny.

Theorem 1.4. Let p be a positive finite Borel measure on (0,1). Let o, > —1,
B —a>—1. Then Hﬁ’ﬁ is bounded from I into I if and only if

Cp(B,00) ;:/ (1— )51 du(t) < oo.

(0,1)

HMoreover, when Hf}’B gy — I3 is bounded, the norm ||Hf}/3|| of Hf}’ﬁ is C, (B, 00).
ere

Wi (m) = (m+1)3", Wa(m) = (m + B —a+1);", m e No.

When a = 0, from Theorems 1.3 and 1.4, we have

Corollary 1.5. Let p be a positive finite Borel measure on (0,1). Let 5 > —1.
(1) Let 1 < p < oo. Then Hff is bounded on 12 if and only if

—(1-1 _1
Cu(ﬁap)Z/( )(l—t) (1=3)(B+1)4 ‘”(ﬁ+1)du(t)<oo.
0,1

Moreover, when Hﬁ s bounded on I¥,, the norm of HE is C,(B,p). Here,
w(m) = (m+1)g, m € Ny.

(2) Hﬁ s bounded on [*° if and only if
CulBio0) = [ (1= 1) dute) < .
(0,1)

Moreover, when Hﬁ is bounded on 1°, the norm of Hﬁ is Cu(B, 00).

https://doi.org/10.1017/50013091526101412 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091526101412

1152 J. Jin

Remark 1.6. Theorem 1.2 will follow if we take 5 = 0 in Corollary 1.5.

The paper is organized as follows. Some lemmas will be given in the next section. We
will first prove Theorem 1.3 in § 3. The proof of Theorem 1.4 will be given in § 4. Final
remarks will be presented in § 5.

2. Some lemmas

To prove the main results, in this section, we will list some known lemmas and estab-
lish some new ones. For the sake of simplicity, in the rest of the paper, we will
write

T(n+m+pB+1)

Kayp(m, n) = Fm+a+1)In+B—-—a+1)

Lemma 2.1. Let m,n € Ny and let a, 8 > —1, f — a > —1. Then we have

fastmon) = 07 (77 P 00 a0
and
ka,g(m,n) = (—1)" <—m —nﬂ - 1) (n+ 1)Eia(m +a+1)5_q.

Proof. Note that

s

'n+m+8+1)=Tn+6+1)||(n+8+19)

i=1

m

=T'(n+pB+1)(-1)" H(—n —B—1).

=1

Then

i (mn)iI‘(n—km—l—ﬂle). L(m+1) 1

W T Ty B—a+1) Dm+a+1) T(m+1)
_(_1)mHZ’;1(—n—ﬁ—i)_ P(m+1)  T(n+B+1)
N I'(m+1) Fm+a+1) T(n+B—a+1)
—(1)m<_n_5_1)(m+l)al(n+ﬁaJrl)a.

m
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Similarly, we have

Tn+m+pB+1)=C(m+p+1) Hm+5+z
=1
Fim+p+1)(— "H —m — 3 —1).
i=1
It follows that

Fos( )_F(n+m+6+1). Tn+1) 1
a,8(m,n) = L(m+a+1) Fn+B—-—a+1) T(n+1)
= (-1)" H?:1(_m - B —1) ) P(n+1) . I'(m+B+1)
- I(n+1) Pn+B8—a+1) T'm+a+1)

o G (RS AR R

This proves the lemma.

Lemma 2.2. Let m,n € Ny and let a, 8 > —1, f — a > —1. Then we have

> kap(mn)t™(m+1)a =1 -t nt+B-a+1)

m=0

and

> kap(mn)1 =" (n+ 1) =t m+a+1)s-
n=0

Proof. By Lemma 2.1, we have

Z ko g(m,n)t™(m + 1),
m=0

= mtm( _B_1>(n+5a+1)a
m= O m

=(1 —t)_"_ﬂ_l(n—l—ﬂ —a+1),,

https://doi.org/10.1017/50013091526101412 Published online by Cambridge University Press

1153


https://doi.org/10.1017/S0013091526101412

1154 J. Jin

and
oo
D kaps(mn)(1—t)"(n+1)s-a
n=0
= -m—-p05-1
=Y (Dra- t)”( my ><m+a+ Dp-a
n=0
=t PN (m a4 1) g
The lemma is proved. O

Lemma 2.3. (2, Lemma 1.4) [ holds that
(1—t)(1—te ™) > etz

forallz >0 and t €[0,1).

Lemma 2.4. (2, Lemma 1.5) Lety,z > 0, then

1 > 1
y f = —/ e Y da.
L'(2) Jo

Lemma 2.5. (7, Lemma 1) Letn > 0. Then

(n+1)st1

1S< b
(n+ ) n+s+1

for s € (—=1,0), and
(n+1)s<(n+s+1)°
for s > 0.

Lemma 2.6. Let p > 1,8 > —1. Let p € (0,1) and N be a natural number. For
e € (0, %(6 + 1)), we define

an(e) = (n+B+1)"17P n e N,.

Then we can take a constant €1 = €1(p,N) > 0 such that

S ane) = (1-p) Y anle),
n=N+1 n=0

for all € € (0,24].
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Proof. We let S =3~ a,(¢). It is easy to see that

> 1 1
SZ/ r+B8+1)" P dp=2— —
0 (@+h+1) ep(B +1)pe

and

N N +1
T;Jan(f) < (67_"_ 1)1+p8'

This means that we can find two constants C; = C;(p, ) > 0,7 = 1,2, such that

N
1
Oie < S and nz::Oan(s) < (3N
It follows that
o] o) N
( 3 an(s))/( Zan(s)) —1- (Z an(€)>/S >1 - C,C,Ne.
n=N+1 n=0 n=0
Hence, if 0 < e < gy := ﬁ, then we have
S @)= 093 ane),
n=N+1 n=0
for all € € (0,e1]. This proves the lemma. O

3. Proof of Theorem 1.3

First we prove the following

Proposition 3.1. IfC,(3,p) < oo, then H;“’ﬁ 20— 1B is bounded and ||H;fﬁ|| <
Cu(B, ).

We then prove

Proposition 3.2. If Hﬁ‘ﬁ 2b = 18 is bounded, then ||H35H >C.(B,p).

2

It is easy to see that Propositions 3.1 and 3.2 imply Theorem 1.3.
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3.1. Proof of Proposition 3.1

For n € Ny, a = {an 32, €1, let

w1

= kag(m,n)t™ (1 — )" |am|.

m=0

First, we show that E,(t) is a well-defined function on (0,1) for each n € Ny. When
p=1,forac lijl, we have

= kap(m,n)t™(1 = )" [wi (m)] ™" - |ap [wy (m).
m=0

Moreover, we have, for each ¢ € (0,1),

s (m, n)t™ (1 — )" [wy (m)] ™' = ka,p(m,n)t™ (1 — )" (m + 1)o(m + l)g1

_ Fn+m+p5+1) miy _ gy
‘*Nm+ﬁ+nnn+ﬁ—a+ntu b

By Stirling’s formula, we know that

F'n+m+p+1)
F(m+p+1)

=(m+L+1)"[1+0(1)], as m — oo.

Here and later, o(1) denotes some sequence {a;}2, with o(1) = a; — 0 as i — o0,
which will be different in different places. Hence, for te(0,1),

Fn+m+38+1)

t™ — 0, as m — oo.
'm+pB8+1)

Then, for each t € (0,1), there is a constant M > 0 such that

(1-t" S
En(t) < M et ) mZ::O | @ w01 (m).

This means that E, () is well-defined on (0, 1) for each n € Ny when p = 1.
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When p > 1, by Holder’s inequality, we have

1

i [ o g (m, )™ (1 — )" [w (m)]_E} [am[wl(m)]i]

{ i [t (1 = s my) ]}
{

IN

m=0

— [F(n+m+pB+1)190(m+B+1) .\ 5
Z[ T(m+ B +1) } Tm+1) }
(1—t"

'n+p—a+1) (3.1)

llallp,uw: -

We note that, using Stirling’s formula again, we have for m > 1,
{[F(n—i-m—&-ﬁ + 1)}11F(m+6 + 1)tqm}#
T(m+8+1) T(m+1)
_tq{l“(n+m+ﬁ+1)}%[F(m—l—,@—&-l)}%
I'm+p+1) L(m+1)
= t9(m + B8) " [1 + o(1)] " mw [1+ o(1)]m
=T <1 as m — oo.

From the root test for series, we know that, for ¢t € (0,1), the series

S Tn+m+B+1)7¢T(m+B8+1) ..,
ZO[ T(m+ B+ 1) Tm+1)

is convergent. It then follows from (3.1) that E,, (¢) is well-defined on (0, 1) for each n € Ny

when p > 1.
We shall give an estimate for FE(t),p > 1. When p > 1, we have

1

= > Trap(mn)t™ (1L =7 |ap|(m + 1)a "

m=0

[k (m, )™ (1= 1) (m + 1)

< [ i ka,g(m,n)t™ (1 —t)"|am|? (m + 1);—1)}

3=

Q=

[ikagmntm(lft) (m+1)a }

=0
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It follows from Lemma 2.2 that

EP(t) < (1—)~ BN 48—+ 1)p7?
<[22 Fasmm™ (1 1) + )27 52)

m=0

When p = 1, the inequality (3.2) obviously holds.
Hence, for p > 1, and ¢ € (0, 1), we have

S walw (D) = S0+ 6 — a-+ 13700 + D)
n=0 n=0
< (1 —t)~ (D= i(n+ﬁ —a+1); (n+1)s
n=0
x [ i K5 (m, n)t™ (1 — )" @ P (m + 1)3;?}
m=0
= (1 — )7 i |am [P (m + 1)57" [ i kap(m,n)t™ (1 —1)"(n+1)gq|.
m=0 n=0

By using Lemma 2.2, we get that

o 00
Y wa(n)ER(t) < (1—t)”CHDE=DE071 Y Hay, P(m 4 1) (m + o+ 1)5-a
n=0

m=0

(1— t)—(6+1)(p—1)t—/3—1 Z |am|?(m +1)77(m +1)4

m=0

=(1- t)*(BH)(p*l)t*Bfl Z |t [P0y ().

m=0

We let
A, = Z/ Ko, 5 (m, n)E™ (1 — )| @] dpu(t).

Then we have
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so that

Sl

|H (a ||pw2—[sz )Hg A (@) ()]

< [Swn]” = [Swntn( [, mane)’]

=

It follows from Minkowski’s inequality that

| H (@) s < /( , (fjw(n)E:;(t)f dp(t)
> n=0

<[, =07 ][ 3 o]

= Cu(B,p)llallp,w,-

=

This proves that Hf}’ﬁ b — 1P is bounded when C,(8,p) < oo and HHﬁﬂH <

C.(B,p). Proposition 3.1 is proved.

3.2. Proof of Proposition 3.2
Let € € (0, %(5 + 1)), we define the sequence a = {a,,}55_, as

am = (m A+ Da(m+1) ;7 (m+ 8+ 1)"G+), m e Ny. (3.3)
Then
o0 (oo}
Zwl( Zm+ﬁ+1 )P < oo
m=0 m=0

To prove Proposition 3.2, we need the following result.

Claim 3.3. Let p,n € (0,1/2). For any € € (0, %(,@+1)), we can find a natural number
Ny = No(p,n) such that

=

1 1-=n 1 1 -
[wa(n)]7 Ay > (1 = p)*[w:(n)] an/ (1 — 1)U ) EFDre s (BHD=e qu(p),
n

for all n > Ny.
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Proof of Claim 3.3. We first fix two positive numbers b and 7. We let
b:= 1(ﬁ +1)+e
p
and
Ti=7(p) = (1= p) T — 1.
By Lemma 2.5, we have
> (m+1)a(m+ 1) 7P (4 B+1)75 > (m+ 1)a(m + 1) P02,
for 8 € (—=1,0), and
> (m+ D)o (m + +1) 5P,

for 5 > 0. By Lemma 2.4, we obtain that

0 > M/OO o (mDz b1 g
- I 0

for 8 € (-=1,0), and

o > (m+1)q /Oo o= (mAB+Dz b1 g
"= T o ’

for 8 > 0.
Thus, for 8 € (—1,0), we have

Eut) = Y kas(m,n)t™(1 - )"ay]

m=0

1—t>"/°°_ b1 % -
> e x ko g(m,n)tme™"*(m + 1), dz.
0 Jo 2

It follows from Lemma 2.2 that

En(t) 2 (n+ B —a+1)a (1I‘(bt))n /ooo e 2P 1 —te ") P dw

_ (-t " /°° bt (Lt A
=n+pf—-—a+1) o) ; ez (1—te*z> dz.
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Then, from Lemma 2.3 and again Lemma 2.4, we obtain that

(1—¢)=8-1

E.t)>n+pf—a+1), 0]

S
/ e—wxb—le—(n+ﬂ+1)tw(1—t)71 dx
0

1+ (n+ Bt

—b
— ] = F,(t), (3.4)

=(+B8—a+1)a(1 —t)-ﬁ-l[

for 8 € (=1,0). For 8 > 0, in the same way, we can obtain that

B+1+nt

—b
— } = Gn(1). (3.5)

E t)>(n+8—a+1)a(l— t)’ﬂ’l[

Hereafter we will assume n > 1. Then, in order to estimate F,(t), note that when

tzm,lt holds that
1+ (n+B)t 1—t 1
— =1t — <1+ —— <1+
tin+B8+1) ttn+B8+1) — tin+pB) ~ T

Then it follows from e € (0, %(ﬂ + 1)) that

1+ (n+ Bty

—2(B+1) _ 1 _
ATl >(1+7) 1—p. (3.6)

Also, by Stirling’s formula, we have

(n+1) (n+6+1)7§—>1, as n — oo.

@

Hence we can take a constant N7 = Nj(p) € N such that

1 B
(n+DF 4B +1)F >1—p, (3.7)
when n > Ny. Meanwhile, we can write

[w2(n)]7 Fy () = (1 — t)~C+DH04 00, [y (n)] 7

M} _b(n+1)§(n+ﬁ+1)*%. (3.8)
Combining (3.6), (3.7) and (3.8), we obtain that
[wa(n)]7 Fu(t) > (1= p)*(1 =)~ CFD0eba, wy (n)] 7, (3.9)

1
when n > Ny and t > Ik
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To estimate G, (), note that when ¢ > T((*an_lg), we have

B+1+4+nt (1-8)(B+1) B+1
B+ T st S T iy ST
so that
BAl+tnt =t —2(41) _ 4 _
T AT > (147) =1-p. (3.10)
We write

[w2(n)]7 G () = (1 — )~ FFDT0 00, [y ()] 7

B4+14nt -0 1
m} (n+1)jn+pB+1)

_B
P

(3.11)

It follows from (3.7), (3.10) and (3.11) that

[w2(n)]7 G (t) > (1= p)*(1 =)~ TV a, wy ()]

S

, (3.12)

when n > Ny and t > T((ﬁnfg).
Now, for 8 € (—1,0), note that when

n >Ny = Na(p,n) = [(rn) '] +2,

it holds that m < 1. Here, [z] is the ceiling function. Hence, we obtain from (3.4)

and (3.9) that

1 1

s (m)] Ap = /( | 2 B0t

1,%
T(n+8)
> (1 - p)2anfwn ()] )
i)
2 2 —(B+1)+by—b
>(1-p) an[wmn)}v/ (1— 1)~ Db (i),
n

when n > max{N, Ny}.
Similarly, for 5 > 0, when

n>Ns = Ns(p,n) :=[(B+1)(rn) "] +1,
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it holds that ( ) <1, so that, from (3.5) and (3.12), we have

[ws(m)]3 Ay, = /( | ) B0 dutt)

B+l
B )

_ t)*(ﬁ+1)+bt7b d,u(t)

=

> (1 — p)an[wy (n)] s
T(n+h)

> (1= p)2an[wi(n)]7 /1 "= 0y B g,

when n > max{Ny, N3}.
Then the claim follows if we take Ng = Ny(p,n) = max{Ny, Ny, N3}. The proof of
the claim is finished. O

We proceed to the proof of Proposition 3.2. We still let e € (0, %(6 + 1)) and take
the same a = {an}>_, as in (3.3). Let p,d € (0,1/2), by using Claim 3.3, for any
e € (0, %(B + 1)), we can take a natural number Ny = Ng(p, d) such that

Sl

[wa(n)]7 Ay > (1 = p)?[wi(n)]7ay, /5 1_6(1 — 1)U E e s DmE 4, (3.13)

for n > NO By using Lemma 2.6 with respect to p, NO, we see that there is a constant
e1 = ¢e1(p, No(p,6)) € (0, p(ﬂ + 1)) such that, for € € (0,4],

o

Z wy(n)al > ( Zwl (3.14)

n:ﬁo+1

It follows from (3.13) and (3.14) that, for € € (0,&1],

oo 1 o0 1
V2 (@) lpaws = | Do wnm)An]” = [ Y2 wa(m)An]”
n=0 n=No+1
1-6 N oo 1
2(17;))2/ (1= 1)~ 0= D B+ =3B+ g ) [ S w }
0 n= N0+1

1-6
> (17’))2%/5 (1 — )~ (=D BHV+= 302 qy1) all oo
Then, for € € (0,&1],

1-6
1 —(1-1% e4—= —€
JH2A) > (1 - p)?* /6 (1 — -0 EG-< gp).
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Note that on the interval [d,1 — 4], the functions
felt) = (1= )70 002 6 (0,0],

are uniformly bounded above and p is finite on [§,1 — §]. Then, let ¢ — 07, by the
dominated convergence theorem, we see that

1-6
IHE P > (1= p)**> / (1= ) D@5 ().
5
Consequently, let 6 — 07, we obtain from the monotone convergence theorem that
1
e N T}
0

Finally, let p — 07, the boundedness of C,,(83, p) follows and |[H3?|| > C,(8,p). This
proves Proposition 3.2.
Now, the proof of Theorem 1.3 is done.

4. Proof of Theorem 1.4

If C.(B,00) < 00, for a = {am}i—o € Iy, we have
1H2 (@)oo, < sup [W2(n)] Ay
n€Np
— sup [@a(n / S g () (1 — )] da(®)
n€Ng 0,1) =0

— sup [@a(n / S s, )™ (1 — 8"+ 1) - a3 )] ).

n€Np 1) m—o

Here A,, is the same as in the proof of Theorem 1.3. Then, it follows from Lemma 2.2
that

1327 (a) oo S/ (1= dut)llalls,m, = Cu(B, 00)l|all oo,

(0,1)

This proves that H*? is bounded from 132 into I3, and [[HP|| < C, (8, 00).

wa?

To prove ||H,‘jﬁ|| = Cu(B,00). We take a = {am }5_g as
am = (Mm+1)q, m € Ny. (4.1)

Then ||al/cow; = 1, and by Lemma 2.2 again, we have

IHP (a)]| oo, = /(0 1)(1 — )P dp(t)]|allsom, = Cu(B,00)|lal|co.m, - (4.2)
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This implies that ||Hﬁ‘ﬁ|| = C,(B,00). Also, if Hﬁ"ﬁ : gy — gy, is bounded, take the

w1

sequence a as in (4.1), and by (4.2), we can obtain that C, (5, 00) < co. This completes
the proof of Theorem 1.4.

5. Final remarks

In this section, we consider the generalized Hilbert matrix operator acting on the spaces
of analytic functions in the unit disk D. We denote by H (D) the class of all analytic
functions on D. Let 8 > —1, pu be a positive finite Borel measure on (0,1). For f =
S o amz™ € H(D), we formally define

HY(f)(z) := 2 [go/(o’l) (" + Z + 5)1&’”(1 — ) an, du(t)}z", 2 eD.

When 3 = 0, the operator H,, has been studied in [3] and [5], where the authors
characterize the measure i such that the operator Hﬂ is bounded on Hardy spaces and

Bergman spaces. We will consider the operator H 5 acting on the Dirichlet-type space
Di.
For A € R, the Dirichlet-type space D) is defined as

o0

Di={f € HD): |fllp, = (n+ 1) a,|2)? < oo

n=0

When A = 0, Dy coincides the classic Dirichlet space D, and when A = 1, D; becomes
the Hardy space H2. More generalized Dirichlet-type spaces can be found in [27].

Note that, for n > 0,s > —1, there exist two positive constants C7,C5, which are
independent of the number n, such that Cy(n+1)° < (n +1)s < C2(n + 1)®. Then, we
see from (1) of Corollary 1.5 that

Theorem 5.1. Let 8 > —1 and let u be a positive finite Borel measure on (0,1). Let
Hﬁ be as above. Then Hﬁ is bounded on Di_g if and only if

Calp) := / (1= 1)~ 2305+ q(4) < oo
(071)
Moreover, if =1, and
G = [ (-7 ) < o
(011)
then Hli is bounded on D and the norm of H}L is C1(w), and if =0,
Col) = [ 1= e dute) < o
(0,1)

then HY) is bounded on H? and the norm of HY is Co(y).
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We end the paper with the following general problem:

Problem 5.2. Characterize the measure p such that Hﬁ s bounded from one analytic
function space X to another one Y in D.
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