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MODEL AVERAGING”
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In this article, we present a comprehensive study of asymptotic optimality of least
squares model averaging methods. The concept of asymptotic optimality is that
in a large-sample sense, the method results in the model averaging estimator with
the smallest possible prediction loss among all such estimators. In the literature,
asymptotic optimality is usually proved under specific weights restriction or using
hardly interpretable assumptions. This article provides a new approach to proving
asymptotic optimality, in which a general weight set is adopted, and some easily
interpretable assumptions are imposed. In particular, we do not impose any assump-
tions on the maximum selection risk and allow a larger number of regressors than
that of existing studies.

1. INTRODUCTION

Least squares model averaging has been explored in depth from the theoretical
perspective and has been used widely in empirical applications since the seminal
work of Hansen (2007). One key property possessed by many least squares
model averaging estimators is asymptotic optimality, whereby the model averaging
estimator results in the smallest possible prediction loss among all such estimators
as the sample size increases to infinity.

In the least squares model averaging literature, there are two major approaches
to proving asymptotic optimality based on the restrictions on the weight set. The
first uses a general weight set

My
W={wel0 1" w,=1¢,

m=1
where w = (wy, ... ,an)T is the weight vector and M,, is the number of can-
didate models. In this approach, however, certain hardly interpretable or strong
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assumptions on the number of candidate models, the minimum averaging risk,
the maximum selection risk, and the number of regressors are required. See, for
example, Wan, Zhang, and Zou (2010), Liu and Okui (2013), Zhang, Wan, and
Zou (2013b), Ando and Li (2014), among others.

The other approach establishes asymptotic optimality under a subset of W.
A widely used subset of W is

W®) = {we W :w, € {0,1/N,2/N,.... 1}},

where N is a positive integer. See Hansen (2007), Kuersteiner and Okui (2010),
Hansen and Racine (2012), Cheng, Ing, and Yu (2015), Liu, Okui, and Yoshimura
(2016), and Liu and Tao (2016) for example. In certain cases, the candidate models
must be sequentially nested. When establishing asymptotic optimality under subset
W(N) and nested candidate models, Hansen (2007) did not impose any assumption
on the number of candidate models and merely used a mild assumption on the
minimum averaging risk.

However, regardless of the theoretical approach being used, weight set W is
adopted for an application of a least squares model averaging method in practice.
Furthermore, the nested candidate models depend on the ordering of regressors;
however, there is often no clear justification for the ordering. Therefore, in this
article, we consider a general weight set in the first approach and prove asymptotic
optimality of least squares model averaging estimators according to an alternative
but clearer method. The assumptions we make are more easily interpretable
than those of many existing studies. In particular, our theorems do not impose
any assumptions on the maximum selection risk and allow a larger number of
regressors. Our article provides new support for establishing asymptotic optimality
and sheds light on the theoretical foundation of least squares model averaging.

The remainder of this article begins with a description of models in Section 2.
Section 3 presents asymptotic optimality of the Mallows model averaging (MMA)
under homoscedasticity and compares the new assumptions with the existing
ones. Section 4 analyzes the asymptotic optimality of jackknife model averaging
(JMA) (Hansen and Racine, 2012) under heteroscedasticity and compares the new
assumptions with the existing ones. Section 5 concludes. The proofs of theorems
are detailed in the Appendix.

2. MODELS AND MODEL AVERAGING

Following Hansen (2007), Hansen and Racine (2012), and Zhang et al. (2013b),
we consider a sample of independent observations (y;, x;) for i = 1, ...,n. Let the
conditional mean be u; = E(y;|x;), so

yi = Wi+ e, @®
where E(e;|x;) = 0 and ]E(e%|x,~) = oiz. Lety= (i, 9 o= (@1, .., )7,
ande= (e, ...,e,)".

Suppose that there are M, candidate models and that the regression matrix of
the mth model is denoted by X,,). We allow candidate models to be non-nested;
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that is, the variables in X(,;) may not be included in X(y), and vice versa. We assume
that for any m € {1, ..., M,}, X has a full column rank k,,; thus under the mth
model, the estimator of w is

oy = Xm (X<Tm)X<m))71 X(nY = Py, 2
where Py = X(m) (X(Tm)X(m)) IX(Tm) Letw = (wy,...,wy,)T be a weight vector in
set
My
W=1wel01]":) w, = 1},
m=1
then the model averaging estimator of w is defined as
My My,
W) =Y Wallow = ) _WnPmy = P(W)y, 3
m=1 m=1

where P(w) = foi, WmPom. Define the squared prediction loss as L,(w) =
|72 (w) — s ||? and the corresponding prediction risk as R, (w) = E{L, (W)|x1, ..., X,},
where || - ||* stands for the squared Euclidean norm.

3. HOMOSCEDASTIC ERROR AND MMA

In this sectlon we consider homoscedastic error setting, that is, of = -+ =
crnz =02 Letk = (ki,.. kM”) Ay =1, —Pgny, and A(w) =1, — P(w). Hansen
(2007) proposed choosing weights by minimizing the Mallows’ criterion

Caw) = AWy [* 4207wk 0))

Criterion C,(w) is an unbiased estimator of the risk R,(w) up to a constant term.
Denote Wy, = argmin,,y,,C,(w), so that the MMA estimator of u i8 £(Wya)-
We will establish optimality under clearer, more easily interpretable conditions
than the existing papers. Let &, = inf,,cyy R, (w). All limiting processes discussed
in this article assume the limit of n — oo.

Assumption 1. ]E(eﬂx,-) < v < oo almost surely for i = 1,...,n, where v is a
positive constant.

Assumption 2. M2&-! — 0 almost surely.

THEOREM 1. If Assumptions | and 2 hold, then

Ll‘l (WMMA )

A ——| 3
1nwaW Ln (W)

in probability.

The proof of Theorem 1 is provided in Appendix A.2. Based on Theorem 1,
the MMA estimator (W) is called asymptotically optimal in the sense that its
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squared prediction loss is asymptotically identical to that of the infeasible best
model averaging estimator.

3.1. Discussions of Assumptions 1 and 2

Assumption | places a bound on the conditional moments. Assumption 2 restricts
the rates of increase in the number of candidate models M,, and the minimum
averaging risk &,.

We compare our assumptions with the assumptions (15) and (16) of Hansen
(2007), which are

& — 00 (6)
and
E (e?(N+1)|x,-) <v<oo 7)

almost surely, respectively, where v is a positive constant and N is a positive integer
determined by a discrete weight set

W) = {weW :w, € {0,1/N,2/N,...,1}}.

Obviously, our assumptions are different from these existing ones and (6) is
milder than Assumption 2, but (7) is stronger than Assumption 1. It is worth noting
that the asymptotic optimality in Hansen (2007) and other related works such as
Liu et al. (2016) was built under the discrete weight set W(V), that is,

Ln (/M\}MMA)

-— ﬁ 1’
infy,eyy vy Ly (W)

and inf,,.eyy ) Ly (W) > inf,eyy L, (w). Additionally, in these works, the candidate
models are nested, that is, the mth candidate model uses the first k,, regressors.
Furthermore, Cheng et al. (2015) developed the asymptotic optimality under a
continuous weight set, which improves the result of Hansen (2007), but the weight
set of Cheng et al. (2015) is still a subset of V' and the number of nonzero weights
in the set equals or is smaller than N and thus is finite. The nested candidate models
are also needed in Cheng et al. (2015).
Hansen and Racine (2012) adopted the following assumption

gn=o0(&""), ®)

where g, = maxi<u<m, mn, gmn 15 the number of models that have exactly m
parameters, and N is the positive integer in the discrete weight set YW(N). In the
special case of nested models, g, = 1; then assumption (8) holds automatically
due to (6). For a general non-nested framework with M, = 27" — 1 (i.e., all
possible combinations of regressors are used), where p, is the number of observed
regressors, assumption (8) guarantees that M,p, ! = o(én1 / N), which further implies
Assumption 2 when N > 3 since an;1 = (2P — I)p;1 >> (2P — 1)%9 = Mg'g.
Hence, both (8) and Assumption 2 constrain the number of non-nested models,
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but unlike the case of Hansen and Racine (2012), the asymptotic optimality in this
article is established under a general continuous weight set W.

Wan et al. (2010) and related papers such as Liu and Okui (2013), Xie (2015),
and Zhang, Zou, and Carroll (2015) established asymptotic optimality under the
assumptions that for some fixed positive integer G and positive constant v,

E (e?G|x,-) Sv<oo )
and
My
M,£,2Y RS (wh) — 0 (10)
m=1

almost surely, where w?n is an M,-dimensional vector, in which the mth element is

one and the others are zeros. Similar to (7), when G > 1, assumption (9) is stronger
than Assumption 1 and excludes random errors from heavy-tailed distributions,
such as a t-distribution with the degrees of freedom smaller than or equal to 5
and a Pareto distribution with the shape parameter smaller than or equal to 5.
When G = 1, M,&, 293 )" | RE(WS) = ME; 2300 Ru(wh) = M8, 230 &, =
M2& !, which means that assumption (10) is stronger than Assumption 2.

Let , = max; <m<m, Rn (w?n), which is the maximum selection risk. Assumption
(10) implies that

£, — 0, (11)

which imposes a restriction on the maximum selection risk 7,. In contrast, our
Assumption 2 does not impose any restriction on 7,.. Assume that n,, ~ é,} 3 8, then
assumption (10) implies M, = 0(?;‘,,6/8); thus if G < 4, assumption (10) is stronger
than Assumption 2. Assume that 7, ~ 5,?/ ¥ then assumption (10) is implied by
M, = 0(5,17 G ]6); thus if G > 2, then assumption (10) is milder than Assumption 2.
Therefore, neither assumption (10) nor Assumption 2 is stronger than the other.
However, Assumption 2 is clearer, simpler, and more easily interpretable than
assumption (10).
In eqn. (11) of Ando and Li (2014), the following condition is imposed:

M:G+2nG$n—2G s O, (12)

which is stronger than Assumption 2 for any positive integer G.

Now, we consider an example with R, (w&) = nk,,* + k,, for some a > 1. This

example was also considered in Cheng et al. (2015). We observe that Rn(wffl) is

minimized if k,, ~ (an)'/1*9 and that the minimized order of R, (w?) is n!/(+®;
then, &, = O(n'/%9). If we use a nested candidate model set with the mth
model using the first m regressors, then Assumption 2 needs M, = o(énl/ 2) =

o(n'/ 29y < < (an)!/1+9; that is, the model achieving the optimal rate of R, (WSI)
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TABLE 1. The comparison of assumptions in three papers

Assumptions on  Hansen (2007) Wan et al. (2010) This article
Models Nested Nested or non-nested Nested or non-nested
Weights w e W(N) wew wew
Moments E(e?(N+l)|x,') <v E(e?Gpc,-) <v E(e:.‘|xi) <v
M None £, — 0 None
M,
£, and M, 10 M0 S ROWY) -0 £ 'M?2 -0

m=1

Note: In each row, the mildest assumption is in bold.

cannot be included in the candidate model set.! This is a problem with the theory
in this article and warrants future research.

Last, we use Table | to summarize and compare the assumptions used in Hansen
(2007), Wan et al. (2010), and this article. In each row of the table, we show in bold
the mildest assumption in that row.

4. HETEROSKEDASTIC ERROR AND JMA

In the heteroskedastic error setting, Hansen and Racine (2012) proposed choosing
weights by minimizing the jackknife criterion

Tuw) = [Hw) =y, (13)

where L (w) = ZM” Wi (my and [Zy is the jackknife estimator of y under model

m=

m. The ith component of [Ty, is

~ T T -1T
Kmy,i = X(m),i (X(m).[—i]X(m), [—i]) X(m),[—i]y[—i]’

where X, ; is the ith column of Xy, and X, —;j and y[_; are X, and y with the
ith rows deleted. Let Wy, = argmin,,cyy, J,(w); then, the JIMA estimator of  is
ﬁ(WJMA) .

Assumption 3. inf|;-, 0% > 02 > 0 almost surely.

Let Ay, i = X(Tm),i(X(Tm)X(m))’IX(m),,- which is the ith diagonal element of P,

h = max; <;<m, MaX| <i<p My, ii, and k= maxi <m<m, km-
Assumption 4. 1 — 0 and /k&,”' — 0 almost surely.

THEOREM 2. If Assumptions | and 4 hold, then

Ln (WJMA)

— =1 14)
infy,epy Ly (W)

in probability.

n fact, if one knew the risk is minimized by kpn ~ (an)'/1+9) then the sizes of candidate models can be set around
(an)l/“'*'”), and using all (an)”“'*"” nested candidate models may not be necessary.
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The proof of Theorem 2 is provided in Appendix A.3. According to Theorem 2,
the JMA estimator [&(Wy,) is asymptotically optimal under the heteroskedastic
error setting.

4.1. Discussions of Assumptions 3 and 4

Assumption 3 excludes the case of degenerate heteroskedasticity and is exactly the
same as Cond. (A.1) of Hansen and Racine (2012).

The first part of Assumption 4 is exactly the same as Cond. (A.9) of Hansen and
Racine (2012) and is commonly used in the literature on cross-validation.

To discuss the second part of Assumption 4, we introduce the following
assumption:

hm, il =< Akm}'171 (15)

almost surely for some positive constant A. This assumption is widely used; see,
for example, Li (1987) and Andrews (1991). Under assumption (15), the second
part of Assumption 4 is equivalent to
k= o(n'22) (16)
almost surely. Hence, the largest number of regressors k is constrained.

Wan et al. (2010) used the conditions k2z2~' = O(1) and (10) that, together, are
stronger than (16). Liu et al. (2016) used the condition

k=o(n'?) (17)
almost surely, which is stronger than (16). Ando and Li (2014) used the
conditions

M0 26 5 0 and kn—* = 0(1) (18)

almost surely, that imply M*n& 2k*n=> = o(1), and thus
F=o(n'2gM;)

almost surely, which is stronger than (16).

As discussed in Section 3.1, for a general non-nested framework with M,, =
2Pn — 1 candidate models, where p, is the number of observed regressors, assump-
tion (8) used in Hansen and Racine (2012) needs 277p, I = o(&,: / N), which is
stronger than p, = o(é,f / 2) if N > 3. Thus, based on k < DPn, We obtain that when
N > 3, assumption (8) is also stronger than (16) under the general non-nested
framework.

In summary, under the widely used assumption (15), the second part of Assump-
tion 4 is milder than the existing conditions. In particular, our new assumption
places a milder constraint on the largest number of regressors k than do the existing
conditions.
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5. CONCLUSIONS

In this article, we study asymptotic optimality of least squares model averaging
under non-nested candidate models with a general weight set V. We establish
asymptotic optimality with new theorems under easily interpretable assumptions
on the number of candidate models (M,,) and the minimum averaging risk (§,,). The
restrictions on the number of regressors (k) and the maximum selection risk (7,)
we impose are substantially milder than those in the existing literature. The proof
techniques demonstrated in the Appendix illustrate a new path for establishing
asymptotic optimality of least squares model averaging.

It is worth noting that there are model averaging studies such as Juditsky and
Nemirovski (2000), Yang (2004), and Zhang, Lu, and Zou (2013a) that study the
risk bound under a finite sample size. The framework and the assumptions used
to derive the risk bound in the above studies are very different from those in our
article. The risk bound property does not imply asymptotic optimality in this article
unless several restrictive conditions are imposed.

As afinal note, our Assumption 2, that s, &, lMﬁ — 0, still constrains the rate of
increase in M, as n — oo. In practice, model screening is usually performed before
the model averaging estimation to control the magnitude of M,. Popular model
screening methods include but are not limited to those of Yuan and Yang (2005),
Claeskens, Croux, and van Kerckhoven (2006), Zhang et al. (2013a), Hansen
(2014), and Xie (2017). The topic of relaxing this constraint is beyond the scope
of this article and is left to future research.
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APPENDIXES
A.1. NOTATIONS AND PRELIMINARY RESULTS

LEMMA A.1. (Rao, 1973). For a p x p positive-definite and symmetric matrix U and a
p-dimensional vector u,

2
<ZTM) =u U (A.D

LEMMA A.2. Assume that E(e;) =0, E(elz) =g2 andIE(e?) exists. Let k = E(e?) —304.
For two n x n matrices Oy and Oy,

E(T 0 eeT0re) = o {tr(Ol )r(O2) +1r (01 0, + 01T02) }
+ktr(01 % 03), (A.2)

where * denotes the Hadamard product, that is, the ijth component of O1 * Oy equals the
product of the ijth components of O1 and O, .
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Proof of Lemma A.2. From Wiens (1992), we know that if O and O, are symmetric,
then

E (eT01 eeTOQe) = o4 {tr(0)tr(02) +2t1(01 02)} + ktr(0; % 03). (A3)
When 0} and 0 are asymmetric, from (A.3), we know that
E(T01eeT020) =47 B[ (0 + 0T ) ee™ (024 0] ) )}
—47 1% [tr (01 + 0{) o (02 + og) o { (01 + of) (02 + og) }]
+4_1Ktr{(01 +01T) * (02 +0§)}
— ot [tr(Ol)tr(Og) tur (01 0, + 01T02) ] FKtr(Oy % 0y).

This completes the proof. O

LEMMA A.3. (Zhang, 2010; Gao et al., 2019). Let
W = argmin,,cyy {Ln(W) +an(w) + by},
where an(w) is a term related to w and by, is a term unrelated to w. If

sup |an(W)|/Rn(w) = 0p(1), sup |Rn(w) = Lyn(W)|/Rn(w) = 0p(1),

weWw weWw

and there exists a constant ¢ and a positive integer[\ﬁ so thatwhenn > N*, inf,,c)y Rn(w) >
¢ > 0 almost surely, then L, (W) /inf, ey Ln(w) — 1 in probability.

Let Amax (B1) denote the largest eigenvalue of a symmetric matrix By and {max(B2)
denote the largest singular value of a matrix B,.

LEMMA A.4. For any ny x np matrices By and By ,

¢max (B1B2) =< {max (B1){max(B2) (A4
and
¢max (B1 + B2) < {max(B1) + {max(B2). (A.5)

A.2. PROOF OF THEOREM 1

It is seen that

Crn(w) — Ly (w) = [|[(w) — 1> + 20 2te{P(w)} — [ (w) — ||
=2eTAW) 1+ 202 tr{P(w)} — 2T P(w)e + |||

where the last term is unrelated to w, and

Ra(w) = Laow) = AP + 0% | P2 0w | = 17200) -

= 2T POW)AW) i+ o 2te{PE(w)} — e T P2 (w)e.
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In addition, Assumption 2 implies that there exists a constant ¢ and a positive integer N"so
that whenn > N *, &, > ¢ > 0 almost surely. Hence, from Lemma A.3, to prove Theorem 1,
it is sufficient to verify that

sup |eTAW) el /Rn(w) = 0p(1), (A.6)
we

sup leT PWAW) I /Ra(w) = 0p(1), (A7)
weWw

sup |o2tr{P(w)} — el P(w)el /Rn(w) = op(1), (A.8)
weW

sup |o2tr{P2(w)} — eT P2 (w)el/Ru(w) = 0p(1). (A.9)
wew

For convenience, in all proofs we assume x; be nonstochastic instead of stochastic. This
alternative assumption will not invalidate our proof, because all of our technical assumptions
related to x; hold almost surely.

Proof of (A.6). Let & = (MTA(m)A(s)M)M,,xM,,, that is, the msth component of @ is
MTA(m)A(_Y)LL, anMn = (A(l),u, ...,A(Mn);,b), v = {O‘ztr(P(m)P(s))}M M. and \I/() =
azdiag(kl, .o, kyg,). So, @ = GTG. For anywe W,
whwow < wlww, (A.10)

because for any m, s € {1, ..., My}, wy, > 0, wg > 0 and

12 12
WPy Pisy) =t (PP P ) 2 0.

In addition,
Rp(w) = E{Ly(w)} = E|Z(W) — ul* = E| P(w)y — u||?
=E|Pw)p— +P(w)e]?
= lAewul? +o%uw | Pon |
=wl(d+W)w
> wl (@ + Wg)w, (A.11)

where the last step is from (A.10). We also have

®+ W >0, (A12)
because ® = GTG and Wy > 0.Let p = (eTA(l);L. . eTA(Mn);L)T. It is straightforward to
show that

E(p)=0 (A.13)
and

var(p) = E(oo™) = E{ (" Am " A e, xm, | = 02, (A.14)
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It is seen that

2 M 2
(eTA (W)M) < mn:I Wm eTA (m) ,bL)

SUp —————"— = su 5
weW  Rp(w) wew Rj;(w)

pr)2
e REG)
(v 2 !
= ey W@+ Uy ey Ra(w)
<& @+, (A.15)

where the third step is from (A.11) and the last step is from (A.12) and Lemma A.1. By
Markov inequality, we have that for any 6 > 0,

Prle ot @+ 90" o > 0] <67 lg BT @+ w71 o)

=57l o2 | @+ vy @)

=7l @+ v T o+ g A+ wo) Ty

=5"1g 162 M,, (A.16)
where the second step is from (A.13) and (A.14). Combining (A.15), (A.16), and Assump-
tion 2, we obtain (A.6). O

Proof of (A.7). First, we have

T pT
E (G P(m)e> =0 (A.17)
and
T pT TpT T 2 T pT
var (GTPY, ) =E (GTP{,, TP G) = 0% (Puy GGTPY,,)) . (A.18)
It is seen that
2 M, 2
wup |ETPOVAG [T _ wp 1Y Wime T Py A(w)p|
wew  Rn(w) weW Rn(w)
M, T 2
PimA
<! sup Zm:1Wm|e (m) Wl
weW Rp(w)
2
leTP AWl
< {sup sup —————
mwew  Rn(w)
(ETP(m)GW)Z
=sup sup —————
m weW  Rp(w)
T 2
(e" Py Gw) 1
<sup sup — sup
m ey WP +Wo)w ey Rn(w)
<&, supel Py G(@ + W) 'GTP] e, (A.19)
m
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where the third step is from Z%”lem =1 and wy, > 0, the fifth step is from (A.11),
and the last step is from (A.12) and Lemma A.1. By Markov inequality, we have that for
any 6 > 0,

Pr {Sn_l supeTP(m)G(<I> + \Ilo)_lGTP(Tm)e > 8}
m

M,
= Y Prle e P G@+ w0 TGP e >

m=1
Mn
= Y 5716 B Py G@+ W) TGP e
m=1
M"l

—1e—1_2 —1 ~TpT
=3 575" tr{P(m)G(CD-f-\I/()) G P(m)}

m=1

M,
= Zs—lgn—laztr{(cb +w0)~2GTP], P G(@+ xyo)—W}
m=1

My
= Y07 e o Pmax (Pl P ) ] (@ -+ w0) 26T G (@ 4 wp) 12

m=1

M,
=Y o7 ot | @+ v T 2o @+ w12

m=1

My
m=1

=5"le TM262, (A.20)

n

where the third step is from (A.17) and (A.18), and the sixth step is from that GTG = ® and
that P, is symmetric and idempotent. Combining (A.19), (A.20), and Assumption 2, we
obtain (A.7). O

Proof of (A.8). Let 7 = {0‘2[1‘(13(1)) — eTP(l)e, e ,O‘ztr(P(Mn)) — eTP(Mn)e}T. Then,

we have
E(r) =0 (A.21)
and

var(t) = E <rrT)

E [{ (aztr(P(m)) —e"P(y) 6) (" 2u(P(s) —e' Py) e) }M,, XMJ

E [{eTP(m)eeTP(S)e — G4tr(P(m))tr(P(S)) }M M :|

= 204tr (P(m)P(s)) +Ktr (P(m) *P(s))} (A.22)

M,xM,’
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where the last step is from (A.3). In (A.22), Assumption 1 is actually used because we
utilize « here, but for simplicity, we do not list the assumption here and other places when
it is used. It is seen that

2 2
{O‘ztr{P(W)} — eTP(w)e} (WT‘E>
sup 3 = sup —
weW Ru(w) weW Rip(w)
2
L )
<& = su
=% we1I/)V WT‘DOW
<g Tyl (A.23)

where the second step is from (A.11) and the last step is from Lemma A.1. By Markov
inequality, for any § > O,

prie; ' Tug e > 5
=s7'g B (T ')
=5 Jl“[w&l {20t (P Pis)) + et (P *P(S))}Mann]
= 2045—15,71&[‘1!0‘ Hur (P(m)P(S))}M,lan]
s~ g e [0 e (P Py,
:2028715,;]&[\1’071‘1/0]
67 e[ Wy diag [t (Pony # Py ) im = 1. My}
= 2027 g My g e[ ding {ur (PR ) im =1, M |

=202 e "My + k0267 e M, (A.24)

where diag {tr(P(m) *Pog));m=1,... ,M,,} denotes a diagonal matrix with the mth com-
ponent being tr(P(;,) * P(y)), the second step is from (A.21) and (A.22), the fourth step is

because W’ Uisa diagonal matrix, and the fifth step is from the truth that for any symmetric

matrix O,
r(00) <tr (02) . (A.25)
Combining (A.23), (A.24), and Assumption 2, we obtain (A.8). O

Proof of (A.9). Forje {1,..., My}, let

T
2 T 2 T
v = (o2 (PP ) = TP Payes .0 (PyPayy) — € Py P e)
Then, we have

E (U(])) =0 (A.26)
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and

var(v(;)) = E (v(j)v(%)

~E [ [@2 (PG Pan) = € PGy Pamye) (2P P — TPy Prsye) }Mn XMH]
[ eTPG)Pnyee PGy P(sye —otr (PG Pomy) t (PG P) ]Man,,]
= [0* (P PP P(9) + 0t (Pony Py Pes)

+ &t { (PG Pomy) * (PGyP () Y pg, e, (A.27)
where the last step is from Lemma A.2. For any m, j € {1, ..., My}, we first show that
(PGP P ) Pamy) = WP Py Py PGy Py

= hmax (P tr (P( PGP, f)

=uw(PiaPoPiy)

< (P, (A.28)
where the third step is from Amax (Pmy) < L. Similarly, we have
tr (P Py Pimy) = tr(Pmy) (A.29)
and
e (PP + P Pp) | = 44t (P (A.30)

It is seen that

sup

‘aztr{Pz (W)} — eTP(w)P(w)e‘ 2
wew Rp(w)

2
Y . ’Z]Ai”] chrztr{P(j)P(w)} - Z]M=”1 WjeTP(/)P(w)e‘ }

weWw Rn(w)

IA

2
wp Zj‘i”l Wj|02tr{P(]-)P(w)} —eTP(]-)P(w)e| }

weW Rn(w)
2t4e{PyP(W)} — €T P(;, P
< Lsup sup lo“te{PjP(W)} —e” P(jyP(we|
j weW Rp(w)
2
{oztr{P(j)P(w)} — eTP(i)P(w)e}
=sup sup 3
i wew Ry (w)
2
(WTV(I')>
=sup sup ——~——

i wew Ri(w)
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2
T
1 (W v(f))
<&, sup sup —m———
j owew W Yow

< 5,1_1 sqpvg)\llo_lv(i)
J
= 5;1 Z v(% qJ(;IVU)’ A3D)

where the sixth step is from (A.11) and the seventh step is from Lemma A.1. By Markov
inequality, for any § > O and any j € {1, ..., My},

pr{er vl wg v, > o)
=s7'e "By wg v )
=57"g, w[wg ot (P Pn Py Prsy) + 0 (Pany Py Po)
+etr ((PGyPom) * (PP Yag, o,
=57"g; "ot [ Wy {tr(PyPum Py o)+t (Pn Py Ps)) Yag e, |
5~ g e[y e (P Pon) * (PP ) gy,
=57 g o [ Wy diag {1 (Pgy P Py Pm)
+r (P PGy Pm)) s =1, .. M} ]
67 g e [wg diag {r (P P * (P Pm)) i = L. M}
=71 o[y diag {te (P Py Py Pomy)
HE (PP Pom)im=1,....My}]
071, Nea ™ Wy diag {ir (PG Py + PimPp) * (P Pamy
+PP(p))im=1.....Mu}]
=87 20 [y diag {ur(Pgm)im = 1., My}
+57 ey ea e[y ding [ur ((Py Pamy + P Pp)” ) im =1, Ma |
=67 20t [y diag [P )im=1...... My}
+57 g et [y diag {ur(Puy)im =1, M
=716 My (20 1) 02, (A32)

where the second step is from (A.26) and (A.27), the sixth step is from (A.25), (A.28), and
(A.29), and the seventh step is from (A.30). Combining (A.31), (A.32), and Assumption
2, we obtain (A.9). We have established (A.6)—(A.9), which are sufficient for (5) as stated
above (A.6). O
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A.3. PROOF OF THEOREM 2

Peﬁne the plediction loss of ft(w) as Zn w) = ||g(w) — ;Lll2 and the corresponding risk as
R, (w) = E{L, (w)}. First, from the proof of Thm. 2 in Hansen and Racine (2012) and the
first part of Assumption 4, we have

sup [Rn(w)/Rn(w) — 1] = 0p(1). (A.33)
wewW

Hence, as in the proofs of Thm. 1 in Hansen and Racine (2012) and Thm. 2.1 of Zhang et al.
(2013b), to prove Theorem 2, we only need to verify the following two results:

sup [Lp(w)/Rn(w) — 1| = 0p(1) (A.34)

weWw

and

Ln(Wna)/ inf L,(w) — 1, in probability. (A.35)
weWw

Let Q= diag(olz, ...,02). Similar to (A.6), under heteroscedasticity, we have

Ra(w) = Ly ow) = A0+t [PPon) @} = 17200) — )
= 2T POW)AW) i+ o 2tr{PE (W) 2} — e T P2 (w)e.
So, to prove (A.34), it is sufficient to verify (A.7) under heteroscedasticity and
sup [tr{P2(w)Q} —eT P2 (w)e|/Ru(w) = op(1). (A.36)

wew

Proof of (A.7) under heteroscedasticity. Let @0 = gzdiag(lq, ....kp,), where gz is

defined in Assumption 3. From Assumption 3 and the derivation steps in (A.11), we know
that under heteroscedasticity,

Raw) = A0l +15{ P 0w 2]
= Al + ot [P
> wl(®+ Ygp)w. (A37)

Using (A.37) and the steps in (A.19), we have

2

T

P(w)A =

sup L LAY oot (0 T G + Ti) ! GTPl,e. (A.38)
weW Rn(w) mn

Using the steps in (A.20), we have
Pr {S,j‘ supel Py G (@ +Fg) ™' GTPL o> 5}
m

n

Mi

57 e [P G (@ +To) ' 6P, 2

m=1
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= ¢ i
1<i<n

M’l
< max ozza_léjn_ltl‘|P(m)G(<D+\’ﬁO)_lGTP'(I‘m)]
=1

=5"1g M2 max o? (A.39)

¢ i
1<i<n

Combining (A.38) and(A.39) and Assumptions | and 2, we obtain (A.7) under
heteroscedasticity. O

Proof of (A.36). Forje{l,..., M}, let
T
~ T T
W) = (i (P P1yR) =€ PGy Pyt (P P,y @) — PG Pan,e)
and
K= E(e?) /‘71'4 -3.
Then, similar to (A.26) and (A.27), we have
IE(G(,-)) =0 (A.40)
and
~ ~ ~T
var (v(/)) =E (U(/)v(i))
=F |:[(t1‘ (P(])P(m)Q) — eTP(]-)P<m)e)(tr (P(]')P(S)Q) _eTP(j)P(s)e)]M M ]
=E[[eTe7120!2p Py ! 207 e 201 2P P @1 20 e
(PP @) 0 (PP D) g, |

= {tr (P(j) Py Q2P () P(5)2) + 11 (P oy P(j) QP () P 5)2)

~ 1/2 1/2 1/2 1/2
-I—I(tI'((Q / P(/')P(m)Q / )*(Q / P(/')P(S)Q / ))}MHXM,,’ (A41)
where the last step is from Lemma A.2. Using the steps in (A.31), we have
2
tr{P? (w)2} —eT P? ~
sup [tr{P~ (W)} — e P“(w)e| < 5;1 Supvg) ‘1’61%‘)- (A.42)
weW Ru(w) i

Using (A.40), (A.41), and the steps in (A.32), we have
Pr{e 150, T 15, > o) =07 e[ Ty ding {1 (P Py 2Py Py @)
(P Py QPG Py 2)im = 1,... .My }]
+67 e R4 e[ B diag {tr (PG Py R+ P Py @)
#(P(j)Pmy R+ Py Py Q) sm=1,....My}]
< ( max aiz)za—lg,;lztr[\igldiag{tr(P(m));m =1 M)

1<i<n
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2 ~
+((max o?) 6~ g, R By diag [P )im = 1,..... My )|

1<i<n

2
< ( max crl-2) 8_15,,_1Mn(2+f)g_2. (A43)

~ \l<izn
Obviously, when max<;<p O'l.z =02 =02, wehave k = 0*% (« is defined in Lemma A.2)
and thus the conclusions of (A.32) and (A.43) are the same. Combining (A.42), (A.43),
and Assumptions 1 and 2, we obtain (A.36). Hence, (A.34) is obtained by (A.7) under
heteroscedasticity and (A.36). O

Proof of (A.35). As in Hansen and Racine (2012), we define a matrix ﬁ(m) so that
(my = P(m)y. Let D) be an n x n diagonal matrix with the ith diagonal component being
(11— hm,,'i)_l. From Racine (1997), ﬁ(m) = D(ny(P(m) — In) + In. Let Q) be an n x n
diagonal matrix with the ith diagonal component being Ay, j; /(1 — hy, ;). So

Piny = Dy Py —In) +In
=(n+ Q(m))(P(m) —1In)+1In
= P(m) = Q(m)A(m): (A-44)

Let P(w) = XM vy Py and A(w) = I, — P(w). So
Tn W) = Ln(w) = | (w) = yI1* = I (w) — ul|?
=2TAw)p — 2eTPw)e + |le||?
and
R (w) — Ln(w) = 2¢TB) TA (W) + tr {?(w)Qi)(w)T} — "B TPw)e.
Let En =inf},c)y kn (w). From (A.33) and Assumption 2, we have
MIEET S0 (A.45)

almost surely, which will play the same role in the proof of (A.35) as Assumption 2 in the
proof of Theorem 1. Equation (A.45) implies that there exists a constant ¢ and a positive
integer N* so that when n > N* s '5,1 > ¢ > 0 almost surely. Therefore, from Lemma A.3, to
prove (A.35), it is sufficient to verify that

sup |eTAW) el /Rn(w) = 0p(1), (A.46)
we

sup 1PN TAW) /R (w) = 0p(1), (A.47)
wew

sup [eTPw)el/Rn(w) = 0p(1), (A.48)
weW

sup [tr{Pw)QPw) T} — eTPw)TP(w)el /Rn(w) = 0p(1). (A.49)
weW

Their proof steps are similar to the proof steps of (A.6)—(A.9), respectively. It is seen that
twr(P(w)QP(w)T)
> o2 {PonPon}
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= o2t (P PL)) }Mn o
2,,T {“ ((P (m) = QmyAwm)) (Ps) — Q<S)A<S>)T> }Man” v

oW {tr (P P(s) + QamyAmyAs) Qts)
~QmAmPs) ~ Py A©)Q) Y at, xnt, W

M, M, T
= gztr {Pz(w) } + tar Z WinQm)A (m) Z Wi Qm)A (m)

I
S!

m=1 m=1
— 2w {tr (QumAum)Pis) + PmyAis) Q) Yag, sat, ™
= a2 [P0 | = T {ur (QumAan P+ PamA Q) o, ¥
= 2P | =27 2T (i (Qum A o)+ PimAc Q)

+QmAm)Ps) +P<m>A<s>Q<S>)T) } MyxM,

> o*wfPPon) -2710? supsup [Amax { (QumA ) Ps) +PumAw) Q(»)
+(QmyAm)P(s) +P (m)A(S)Q(S))T} x rank { QA m) P(5)
FPumA Q) + QumAwm P +P <Y">A(S>Q<S))T”

>o’tr {Pz(w) } —271g2 supsup [ {max (Qny A ) P)) + Mmax (PmA ) Q(s)

+rmax (Qum A P () + +max (Pomy A Qs)) }
x {rank (Q A m P (s)) + rank (P A() Q(s) )
+rank (Qm A m P (s)) + rank (P A () Q) ) }]
> oltr {Pz(w)} — 80201 =)~ 'k, (A.50)

where the last two steps are from Lemma A.4. Let b = (MTZ(m)Z(S) WM, xM,- Then,
similar to (A.11), we have

Raw) = IZo0pl? + 1w | Pon 2P on |
> T (&5 n 0_2g2\110> w—8a2h(1 — )~ 1%, (A51)

which will play the same role as (A.11) in the proof of Theorem 1. Now, by the above results,
Assumption 4 and the proof steps of (A.6)—(A.9), we can obtain (A.46)—(A.49). O
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