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In this article we investigate less restrictive conditions on the model parameters that
enable one to establish the likelihood ratio ordering of one generalized order statistic
by conditioning on the right tail of another lower-indexed generalized order statistic.
One application of the main results is also presented.

1. INTRODUCTION

The concept of generalized order statistics (GOSs) was introduced by Kamps [9,10]
as a unification of several models of random variables arranged in ascending order
of magnitude with different interpretations and statistical applications. Specifi-
cally, let n e N={1,2,...}, k > 0, and m, = (my,...,m,_1) € N" be parameters

such that
n—1
Ven=k+Y (m+1) >0, r=1...n—1, (1.1)
j=r
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ifn > 2 (m, arbitrary if n = 1).If the random variables U, i, k), ¥ = 1, ..., n,possess
a joint density of the form

n n—1
i k—1
fU(l.nﬁm.k)v~~sU(n.n.ﬁI”,k) (ur, ... up) = 1_[ Yin (1_[ (1- ui)ml> (1 — uy)
=1 i=1

forall0 <u; <up <--- <u, < 1withy,, =k, then they are called uniform GOSs.
Now, let F' be an arbitrary distribution function. The random variables

Xe ity = F ' Ut nin ) r=1,...,n, 1.2)
are called the GOSs based on F, where F~! is the right-continuous version of its
inverse. In the particular case m; = - - - = m,—1 = m, X n, k) 1s denoted by X, k)
forr=1,...,n.

Denote by [Z]A] any random variable whose distribution is the conditional distri-
bution of Z given event A. Hu, Jin, and Khaledi [6] proved, among other things, that
if m > —1 and F is absolutely continuous, then

[X(s,n,m,k) - y|X(r,n,m,k) > Y] Elr [X(s’,n’,m,k) - y|X(r’,n’,m,k) > y] fOfy en (1-3)

whenever s > r and s’ — s = ¥’ — r > max{0,n’ — n}. Under the same conditions as
earlier, Hu, Li, Xu, and Zhuang [7] established that

[X(s,n,m,k) - y|X(r,n,m,k) > y] Slr [X(x-&-l,n,m,k) - y|X(r,n,m,k) > y] (1-4)

and
[X(s,n,m,k) - y|X(r+1,n,m,k) > y] Slr [X(s,n,m,k) - y|X(r,n,m,k) > y] (1-5)

for r < sandany y. Here, <, denotes the likelihood ratio order. See Miiller and Stoyan
[15] and Shaked and Shanthikumar [16] for more details on various kinds of univariate
and multivariate stochastic orders, their interrelationships, and their properties.

The purpose of this article is to establish analogous results of (1.3)—(1.5) for GOSs
with unequal m;, generalizing the main results in Hu et al. [6,7]. More precisely, we
investigate conditions on parameters (r, s, n, r', s, n’, m;) such that

[Xesiiniy = Y Xrminniy > ] < [Xewwing o — Y Xy iy > Y]

fory e M, wherel <r <s<nand1 <r < s < n. The motivation of such a study
can be found in Khaledi and Shaked [12] and Khaledi and Shojaer [13].

The article is organized as follows. The main results and their proofs are given
in Section 3. Some useful lemmas, which will be used in Section 3, are presented in
Section 2. One application is presented in Section 4.

Throughout the article, the terms ‘increasing’ and ‘decreasing’ are used in the
weak sense, all ratios are well defined, and a/0 is understood to be 400 whenever
a> 0.
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2. PRELIMINARIES

Let {X¢- i, b» 7 = 1,...,n} be the GOSs based on distribution function F and define

F(max{y,y +x})

(o) = Fmax{
@ FO)

s xeN,

the conditional survival function of [X — y|X > y], where X is arandom variable with
distribution function F.

LEMMA 2.1: For each i, 0 <i <n, denote [i; = (Wil,- .., MKin—i—1) = (Miy1,...,
myu_1). Then

Xty — VWX 1t > Y = Xt | s =i+ 1,...,n}

st y .

=1 Xomin—ifipy S =1+ 1.0, n} 2.1

st .

= [ X — Y Xiniiy =¥].s =i+ 1,....n}, 2.2)
where Xonmn, k) = —00, X means equality in distribution and Xf;fi’nfi’ﬁhk) is the

(s — i)th GOS based on distribution function F.

PrOOF: We give the proof of (2.1); the proof of (2.2) is similar or can be found in
Kamps and Cramer [11, Lemma 2]. The proof of (2.7) in Hu et al. [7] for the case
my = --- =m,_ = mis still valid for the lemma with a minor modification. We give
the details. It is well known that {X, .. 1), ¥ = 1,...,n} canbe regarded as sequential
order statistics based on distribution functions {F;,i = 1, ..., n}, where

Fi(x) = 1 — [F(x)]%=, xen,

and
Uiy = ——, i=1,...,m 2.3)

see Kamps [10] or Cramer and Kamps [4,5]. Using this observation, we conclude that

{[Xsniniy = Y X1 miindy > Y = X |, s =i+ 1,....n}

can be regarded as sequential order statistics of size n — i based on distribution
functions {G;,j = 1,...,n — i}, where

—a,

G =1-F" @1, ref
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From (1.1) and (2.3), it follows that

k+ Y10y + 1)

n—i—j+1
kT i+ D)
B n—i—j+1
kT D
B n—i—j+1

Aitjn =

def ~
= Ujn—i,

which implies that {X(yH.’nﬂ.’ Ak S = i+1,...,n} can also be regarded as sequential
order statistics of size n — i based on distribution functions {G;,j = 1,...,n —i}.
Therefore, (2.1) follows. |

LEMMA 2.2: Let [i; be as defined in Lemma 2.1. If F is absolutely continuous, then
Xis—rn—rjinj <ir X(s—in—i,jik) 2.4

forO<i<r<s<n

Proor: Fix (i,r,s) such that 0 <i <r <s<n. Let {Bj,—,j=1,...,n—7r} be

a sequence of independent random variables such that B;,_, is exponentially
distributed with parameter ¥; ,_, given by

n—r—1 n—1
Pnor =k+ D (mear+ D =k+ Y (m+1).
I=j I=j+r

Similarly, let {B;,—;,j = 1,...,n — i} be another sequence of independent random
variables such that B, ,_; is exponentially distributed with parameter y;,_; given by

n—1

Vi =k+ Y (m+1).

I=j+i

By Theorem 3.1 in Cramer and Kamps [5] (see also Hu and Zhuang [8, Lemma 2.1]),

S—r
st
X(sfr,nfr,ﬂ,,k) = Hp Z Bj,nfr (2.5)
j=1
and
S—1
st
Xs—in—ij ) = Hr ZBj,n—i , (2.6)
j=1
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where Hp(x) = F~'(1 —e™) for x € W;. Since ¥j,—r = Vi4r—in—i for each
j=1,...,s —r, it follows that

s—i s—r
st
E Bj,nfi: E Bj,nfr'
j=1

Jj=r—i+l1

Note that exponential distributions have log-concave densities. Thus, by Theorem
1.C.9 in Shaked and Shanthikumar [16], we have

s—r s—i r—i
E Bj,nfr <Ir E Bj,nfi + E Bj,nfi
=1 j=1

j=r—i+1

- 2_: Bjy_i. Q.7)
j=1

Since F is absolutely continuous, Hg(x) = F (e™) is increasing and differentiable.
Using the fact that the likelihood ratio order is closed under increasing and differen-
tiable transformations (see [16, Thm. 1.C.8]), it follows from (2.5)—(2.7) that (2.4)
holds. u

The next three lemmas (Lemmas 2.3-2.5) are of independent interest. We first
recall the definition of the multivariate likelihood ratio order (see [16, Sect. 6.E]).
Let X and Y be two n-dimensional random vectors with density functions f and g,
respectively. We say that X is less than Y in the multivariate likelihood ratio order,
denoted by X <, Y, if

fXely) <fxAygxVvy), Vx,yei

where X Ay=(min{x;,y},...,min{x,,y,}) and xVy=(max{x;,yi},...,max
{x4, y»}). In the slightly more special case, when X and Y are nonnegative, some
of the X;’s might be identically zero and the joint distribution of the rest is absolutely
continuous or discrete. Suppose that X, ..., X, are those that are identically zero for
some 0 < r < n. Also, let f denote the joint density of (X,,...,X,). In this case,
X <, Yif

f(xr+1s--wxn)g(yl’-“ayn)
SFCr AVt oo X AYVDEWV s oo s Vi X1 V Vit ls oo o3 X V V) (2.8

for all (x;41,...,%,) € X" "andy € R".
LEMMA 2.3: Ifmy > my > --- > m,_y > —1 and F is absolutely continuous, then

Xy s X ) - - + s Xnm Lningk) <1t (X2niinn k) s X B ) - - - » Xy ) -

https://doi.org/10.1017/50269964808000193 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964808000193

338 H. Xie andT. Hu

PRrOOF: First note that the order <j; is preserved under strictly monotone transfor-
mations of each individual coordinate of the underlying random vectors (see [16,
Thm. 6.E.3]). In view of (1.2) and the fact that F~! is strictly increasing when F is
continuous, we thus have to prove that

(Ui tys Uamingkys - - > Un—tmn i) <tr (Uni k> Usnini)s - > Unning k)
2.9)

for the uniform GOSs. Since the multivariate order <y, is closed under marginalization,
to prove (2.9) it suffices to verify that

(0’ U(l,n,th,,,k)’ DI U(n—],n,rh,,,k)) <Ir (U(l,n,ﬁzn,k)’ U(Z,n,ﬁz,,,k), cees U(n,n,rhn,k))-

Since the joint density of the first 7 uniform GOSs (U1 n i, k)5 - - - » Utr i ) 18 given by

fU(l.luh,,,k>,---,U(r.luh,,,k> (ul’ cee Mr)

r r—1
= IT»n (]_[(1 — u)) (1 — )7 (2.10)
j=1

i=1

forall0 <u; <up <--- <u, <1(see[l0, Lemma 3.1]), by (2.8) we have to prove
thatforall0 <up < - <u, <land0 <y <y <--- <y,

n—2 n—1
(1’[(1 - ui+1>"’f><1 — )" (H(l - w)’"f)(l — )t

i=1 i=2

n—2
= (l—[(l — Uil N vl-+l)'n1>(1 —u, A\ Vn)yn—]‘nfl

i=1
n—1

x <H(1 —u; Vv v,)”“) (A —u, V) (2.11)
i=2

SetEy ={i:u; >v;,i=2,...,n—1}. Then (2.11) reduces to

(1_[(1 _ I/t,')m';] = V,')m’) (1- Lln)m”’l_H

icE;
= <l_[(1 — )" (1 = Mi)m')(l — Uty A vy)™ L
i€k,

which is true if m; > my > --- > m,_; > —1. This completes the proof of the
lemma. |

https://doi.org/10.1017/50269964808000193 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964808000193

GENERALIZED ORDER STATISTICS 339
LemMA 2.4: Let (X i), = 1,...,0n} and {X¢nir i)t =1,...,n+ 1} be

GOSs based on an absolutely continuous distribution F, respectively, where my | =
(I’;ln, my). Ifmn > —1, then

Xt i1 05 - - > Xount L1 0) Ste (X ks - - > X ) -

PrROOF: By the same argument as that of Lemma 2.3, we have to prove that for the
uniform GOSs,

~ ~ < ~ ~
El SMp4-1 £l RLLL 5 —_ RLLSLLLBY UL T Y
Uan+1m ks - > Unnt i ) <tt U niindo)s -« > Ugnnging o)

Exploiting (2.10), it is sufficient to check that forall 0 < u; <up <--- <u, <l and
O0<vi<vm=<---=<v,

n—1 n—1
(]‘[(1 - u»’"f) (1= )Pt (H(l - v,»)’"') (1 =)'

i=1 i=1

n—1
= (H(l —u N V,‘)mi>(1 —u, N\ Vn)y”'”“_l

i=1

n—1
x (1_[(1 —u; Vv v[)’"’) (1 =, v vy)<!

i=1
or, equivalently,
(1 = )" (1= v)* < (1 =ty A V) (1 =y Vv,

which follows trivially since m, > —1 and y,, ,+1 = k + (m, + 1). This completes the
proof. |

LeEMMA 2.5: Let {X( i iy ¥ = 1, ... 0} and (X g1 oo ¥ = 1, ... ,n+ 1} be the
same as in Lemma 2.4. I[f my > my > - -+ > m,, then

X1 indeys -+ o> X)) <1t X @t Liins1.0)s -+ + > Xk Lt L 1.,6))+

PROOF: By the same argument as that of Lemma 2.3, we have to prove that for the
uniform GOSs,

O, Ut pnn s - - - » Ui k) <tt XLt Liinns1 6> X Liitns 16> + - + 3 X (b Lk Ly 1,6)) -
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Exploiting (2.8) and (2.10), itis sufficient to check that forall 0 < up < --- < u,y; <1
and) <v; <--- <y, <1,

n—1 n
(H(l - u,-m"“")(l — 1) <H(1 - w)'”f)(l = vng )
i=1 i=2

n—1
< (l_[(l — U1 A v,»ﬂ)’"f)(l — Ut A V1)

i=1
X (H(l —u v Vi)mi)(l — Uy V V)
i=2

or, equivalently,

[T —wy = —vym < [T = wy™ @ —viy™, 2.12)
i€k, i€k,
where £, = {i : u; > v;,1 =2,...,n}. Since m; is decreasing in j, (2.12) holds. This
completes the proof. ]

Remark: Theorems 3.1-3.3 in Zhuang and Hu [17] established multivariate likelihood
ratio ordering for sequential order statistics, which are analogous to Lemmas 2.3-2.5.
Although GOSs can be regarded as sequential order statistics based on special distri-
butions, the conditions imposed on the parameters m; in Lemmas 2.3-2.5 cannot be
deduced from Theorems 3.1-3.3 in Zhuang and Hu [17].

Lemma 2.6 can be used to establish the monotonicity property of a fractional
expression in which both numerator and denominator are integrals.

LEMMA 2.6: (Misra and van der Meulen, [14]): Let ©® and D be subsets of the real
line N and let X be a random variable, taking values in D, with a distribution function
belonging to the family P = {H(-|0),0 € ®}, which satisfies that

H(-|0,) <q H(:|6) whenever 0,,0, € © and 6, < 6,.

Let W (x,0) be a real-valued function defined on D x ©. If V(x,0) is increasing
[decreasing] in (x,0), then E4[WV (X, 0)] is increasing [decreasing] in 0.

3. MAIN RESULTS

Throughout this section, let {X; .7, %), i = 1, ..., n}and {X(; py1,,, k), i=1,...,n+ 1}
be GOSs based on an absolutely continuous distribution function F', where i, =
(’/;l”, mll) .
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THEOREM 3.1: If m; > —1 for each i, then

[X(s,n,rh,,,k) - y|X(r+1,n,ﬁz,,,k) > y] <ir [X(x,n,ﬁu,,k) - y|X(r,n,Fn,,,k) > y] (3'1)

whenever 1 <r <s<nandy € R.

ProOF: Since the likelihood ratio order is closed under weak convergence (see [16,
Thm 1.C.7]), we may assume that all m; > — 1; that is, 1, > Y2, > -+ > Vyu =
k > 0. For x € i, we have

P [X(s,n,rhn,k) =y > X, X k) > )’]

r—1

= Z P[ X =Y > % Xt > Y = Xinino )
i=0

r—1
= Z P[Xisninb) = > XXt tnin by > ¥ = X |
i=0

X AP [X(+ 1ty > Y] = PXmini) > ¥1}

(see Hu et al. [7, (2.3)]). For any random variable W, denote by Fy and fi the
corresponding distribution and density functions of W, respectively. Thus, by Lemma
2.1 and the identity

F(y)
P [ Xt > ¥| = P Xinmo > Y] = ———fosinmn @)
[ (i+1,n,71,,k) ] [ (i,n,my k) ] yi+1,nf(y) (i+ 1 k)

(see [11, Eq. (8)D),

P[X(s,n,rhn,k) —y> xlx(r,n,rhn,k) >yl

r—1

FX)’ X f())) fX(i+l i k) (y)

oiniid 7y f ) Fxg o )

Il
=}

i

so that the conditional density function, A,y (-), of [X(snm. k) — VI Xk > ¥ 18
given by

f(y) fX(iJrl,n,ﬁx,,,k) (y)
J/i+1,nf » FX(f.,x.mn,kJ (y )

r—1
hrsay®) =) fo @) (3.2)
i=0

https://doi.org/10.1017/50269964808000193 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964808000193

342 H. Xie andT. Hu
To prove (3.1), it suffices to verify that A,y . (x) /Ay s, (x) is decreasing in x. From
(3.2), it follows that

Tty @) ol Gt i O, O)

(s—in—i,jL; k)
X
hr,sﬂ,y (x) er:—()l [1 /(yiJrl’")]fxi‘:\-—i,n—iﬁ;.k) (x)fx(iﬁ»]‘n,ﬁzn,k) )
[1/()’r+1,n)]fx" (‘x)fX(r+l.n,ﬁ1,,.k) )]

(s—rin—r.fir k)

+
ol i)l o Gt O)
[ 1 /(Vr+ 1 ,n)]fX(,+l,n,771,,.k) (y)
S0 Wit Wm0 @,

=1+
) i (x))
(s—in—i,fi; k) (s—rn—rjir k)

is decreasing in x if and only if

S ()

(s—in—i.fi; k)

fx

(s—rn—r,jir.k)

is increasing in x,

which is true by Lemma 2.2. This completes the proof of the theorem. ]
THEOREM 3.2: Ifmy > my > --- > m,_| > —1, then

(X inde) — VX mig ) > Y] Zte [Xst+1 0 — YIX+1mm00 > Y] 3.3)

whenever 1 <r <s <nandy e R.

PrROOF: For any y € i and each pair (i,j), | <i < j < n, the conditional density
function of [ X, — YIXnk > y] is given by

1 oo
By () = —/ Fonmm Xonmo WX +W)du,  x €Ny, (34)
1,1,y P[X(i,n,nﬁ,,,k) = y] ) (i k) 52 (g k)
where fx,,.i. 10 Xgnino C> *) 18 the joint density function of (X, k) X(Gniiy.k))- TO prove

(3.3)for 1 <r < s < n, it suffices to verify that

r+1,s+1,ny (9)

h
A(0) = ; 0 is increasing in 0 € N,..
78,10,y

From (3.4), we get

fyoofxwm,rhn.k),X(Hl,n,rh,,.k) (u,6 + y)du
/;Joofx(r,rz.r'nmk) Xs.niimn ) (u,0 + y)du
= Eo[¥1(U,0)], (3.5)

A(0) x

where

fx(r+l,n,fnn.k) X541, (u,6 + y)
b X ) X (5,0, (u,0 +)

and W (u,0) = ¥;(0 +y,0) for u > 6 4y, and the random variable U has a distri-

bution belonging to the family P = {H(-|0),6 € Y} with corresponding densities

W (u,0) =

foru<6+y
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given by
h(ul0) = d©)fx, i Xonio U0 +¥)  foru > y.

Here, d(0) is the normalizing constant.
Next, we will prove that

H(-|01) <y H(-|6,) whenever 0 < 6, < 6,. 3.6)
From (2.2), it follows that

h(u|0) = d(O)fx;

(s—rn—r.jir

@ Vfs i (0
For any uy > u; > y, by Theorem 1.C.27 in Shaked and Shanthikumar [16] we get
[XIX > u1] <y [XIX > up],

where X is arandom variable with distribution F. Observe that X (bfyfr,nfr’ ax TU is the
(s — r)th GOS based on the distribution of [X|X > u] and that the multivariate order
<y is closed under marginalization. Thus, by Theorem 3.6 in Belzunce, Mercader,
and Ruiz [3], we get that if m; > —1 for each i, then

X"

(s—rn—r,fiyk

)+ul <Ir X/

)
(s—rn—r,fi, k) +ua, y < < u,

which implies that

hul0)  Tx2, e @V )
h(u110)  fym 0 + ) fxminio U1)

(s—ran—r.fir oy TH1

is increasing in 0 € (u; — y, 00); that is, (3.6) holds and, hence,
H(|6,) <4 H(:|6>) whenever 0 < 6, < 6,. 3.7)
Finally, by Lemma 2.3, we get

X i o> X, k) tr K(rt- 1,550 46> X541 ) ) s

implying that W, (u, 0) is increasing both in u and in 6. Therefore, applying Lemma
2.6 in (3.5) yields that A;(0) is increasing in 8 € N .. This completes the proof. W

An immediate consequence of Theorems 3.1 and 3.2 is the following.
COROLLARY 3.3: Ifm; >mp > --- > m,_| > —1, then

(X (s iy = Yy > Y] <te (Xt 10 — YIXnmnty > Y]

whenever 1 <r <s<nandy e .
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THEOREM 3.4: If m; > —1 for each i, then

[X(S,nJrl,ﬁl,H],k) - y|X(r,n+l,n~1,,+],k) > y] Slr [X(x,n,ﬁl,l,k) - y|X(r,n,ﬁ1,l,k) > y] (3'8)

whenever | <r <s<nandy e N.

PROOF: We use the same notations as in the proof of Theorem 3.2. It suffices to prove
that

By snt1(0
Az(@) = S8, +1,)( )

is decreasing in 6 € N,
T sny(0) £ *

From (3.4), we get that

/;ofx(r,nﬂ.ﬁznﬂ.k) X (s iy 41 ) (u,0 + y)du
,/lyoofX(r,n,m,bk) X5, 40 (u,0 + y)du
= B[V (U, 0)], 3.9

Ay (0) x

where
fX(r,nJrl,ﬁan KX (1L 1) (u,0 +y)

fX(r,n.fn,, KX (s, ) (u,0 + y)

Wy (u,0) = V(0 +y,0) for u > 6 +y, and U is the same as that in the proof of
Theorem 3.2 with property (3.7). By Lemma 2.4, we get

Wr(u,0) =

foru <6 +y,

Xr 11,0100 Xt s £)) St K k) s X (syn i k)

implying that W, (u, 0) is decreasing both in u and in 6. Therefore, applying Lemma
2.6 1n (3.9) yields that A, (0) is decreasing in 8 € R,. This completes the proof. H

THEOREM 3.5: If my > my > -+ > m, > —1, then

Xy = Y Xk > Y] <tr Xt 104 L ) — VXt 1t Lo > Y1 (3.10)

whenever 1 <r <s<nandy € N.

PROOF: We use the same notations as in the proof of Theorem 3.2. It suffices to prove
that

r+1,s+l,n+l,y(9)

h
A (0) = o (0) is increasing in 6 € M.

From (3.4), we get that

,/:\v()ofx(r+l,rz+l,rhn+],k)vX(.v+17n+]ﬁ1n+],k) (u,0 + y)du
.fyoof X ko X s ) (u,0 + y)du
= Bo[W5(U,0)], (3.11)

Ar(0)
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where

fx(r+l,n+].ﬁxn+1,k|5X(A+].n+l,fnn+1,k) (u,0 + y)

W3 (u,0) =
fx(r.nﬁm,kisX(Ln.frxy,.k) (u,60 +y)

foru <6 +y,

Wi (u,0) = W3(0 + y,0) for u > 6 +y, and U is the same as that in the proof of
Theorem 3.2 with property (3.7). By Lemma 2.5, we get

(Xorni k> X(snig b)) Ztr XLt L 1.6 X(s+ Lt Liigs1.4)) s

implying that W3(u, 0) is increasing both in « and in 6. Therefore, applying Lemma
2.61in (3.11) yields that A3(6) is increasing in 6 € N .. This completes the proof. M

4. ONE APPLICATION

In a progressive type II censoring scheme, N units are placed on a lifetime test. The
failure times are described by independent and identically distributed random variables
with a common distribution . A number n (n < N) of units are observed to fail.
A predetermined number R; of surviving units at the time of the ith failure are randomly
selected and removed from further testing. Thus, Y .| R; units are progressively
censored; hence, N = n+ ) _, R;. The nobserved failure times are called progressive
type Il censored order statistics based on F', denoted by X En, N = X%fn’ N < X,l}:nyN,
where R = (R, ..., R,) is a censoring policy. For more details on this model, we refer
to Balakrishnan and Aggarwala [2] and Balakrishnan [1].

Note that n progressive type Il censored order statistics {X, an nsi=1,...,n})based
on F correspond to n GOSs based on F with parameters k =R, +1 > 1 and m, =
R, >0forr=1,...,n— 1. From Theorems 3.1 and 3.2, Corollary 3.3, and Lemma
2.3, we have the following.

COROLLARY 4.1: Let F be absolutely continuous.
(1) Forye N, and1 <r <s <n, we have
[Xsl:ln,N - y|X}5¢1:n,N > y] =Ir [XSRnN - y|XrI:{n,N > y]
(2) IfRi >Ry, >--->Ry_j, thenforye Ryand1 <r <s<n,

[Xrl:{n,N - le)Rn,N > y] =Ir [XEH:n,N - y|XE|—1:n,N > y]’
RETES D CATESTENP SIS DEAES I}

(3) IfRi =Ry>--->R,_y, then

R R R R
Kigns - X in) Sie Koy oo Xopy)-
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