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CONSISTENT ESTIMATION IN
COINTEGRATED VECTOR
AUTOREGRESSIVE MODELS WITH
NONLINEAR TIME TRENDS IN
COINTEGRATING RELATIONS

PENTTI SAIKKONEN
University of Helsinki

This paper studies the consistency of the Gaussian maximum likelihood estimator
in a cointegrated vector autoregressive model with nonlinear time trends in co-
integrating relationsThe results are proved in a coordinate free framework that
readily allows for general nonlinear parameter restrictions and makes it possible
to show the consistency of reduced form parameter estimators without assuming
identifiability of underlying structural parameteiéarious consistency results for
structural parameter estimators can then be obtained by imposing suitable identi-
fication conditions for the parameters of interest but not necessarily for nuisance
parametersOrders of consistency are also obtained because they are needed to
develop a related asymptotic theory of statistical inference

1. INTRODUCTION

The statistical theory of cointegrated systems has experienced considerable de-
velopment since the seminal paper by Engle and Gra@87). As far as
parameter estimation is concerpedost of the research has been focused on
problems that are linear or can be handled by methods applicable in linear
problems Papers dealing with theoretical aspects of genuinely nonlinear esti-
mation problems are still rather feReference can be made to Philli{i991),
Saikkonen(199331995, Wooldridge (1994, Johansen1997), Pesaran and
Shin (1997, and Park and Phillip$1998. Except for Wooldridgg1994 and

Park and Phillipg£1998, this previous work has been restricted to models where
nonlinearity only appears in parameters and not in variatid@sh of these

two papers study nonlinear least squares estimation in single equation cointe-
grating regressiondVooldridge (1994 only allows for nonlinear functions of
stationary variableswhereas Park and Phillipd998 concentrate on a non-
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linear regression model with a scalar regressor integrated of ordefl ghe
The purpose of this paper and its sequghikkonen 2000 is to develop a
fairly complete asymptotic estimation theory for Gaussian vector autoregres-
sive (VAR) models with general parameter restrictions and nonlinear determin-
istic time trends in cointegrating relatiankhis paper formulates the considered
model and proves the consistency of the maximum likelihddd ) estimatoy
whereas the sequel deals with asymptotic infereftds hoped that the meth-
ods of proof used in these two papers can also be useful in other contexts
involving nonlinearities and integrated processes

A major motivation of including nonlinear time trends in cointegrating rela-
tions is to allow for the effect of structural changes such as level sidfish
structural changes may be sudden or gradaadtl they should ideally have a
clear interpretationlf they are erroneously neglected serious misinterpreta-
tions of the estimated model can resliit particular the cointegrating rank of
the model may be incorrectly estimatdRipatti and Saikkone2001; see also
Heinesen 1997 provide a more thorough discussion of these aspects in the
context of a VAR model and illustrate them by an empirical application to in-
terest rate datesimilar ideas have also been used in the related univariate prob-
lem of testing for an autoregressive unit rodhe recent paper by Leybourne
Newbold and Vougag1998 is pertinent to our work and contains a good dis-
cussion of the potential usefulness of models with gradual structural changes
The wide literature on sudden structural breaks is also worth mentipaing
though the case of an unknown break date is excluded from our anéiysis
some recent work on structural breaks in cointegrated systems see QL#8@s
Seq 1998 Inoug 1999 and the references thergin

The rest of the paper is organized as follo®sction 2 formulates the model
to be considered in subsequent sections and also in Saikk@néd). The ex-
istence and consistency of the ML estimator are studied in Sectionlke in
some previous worksee e.g., Saikkonen 19933 Wooldridge 1994 our re-
sults are obtained for a global maximizer of the likelihood function instead of a
local maximizerOur consistency results are proved in a coordinate free frame-
work similar to that used by Johans€t997) in a model without nonlinear
time trendsA convenient feature of this approach is that it makes it possible to
obtain consistency results without requiring identifiability of all structural pa-
rameters of the modeThis relates our work to the recent research on the esti-
mation of partially identified models studied by Philligk989 and Choi and
Phillips (1992. Finally, Section 4 provides a discussion of the results with po-
tential extensionsand an Appendix contains a number of useful auxiliary re-
sults in addition to proofs of the theorems

The following notation will be used throughout the papEre vec operator
stacks the columns of a matrix one below anathed the symbo) indicates
the Kronecker product for matricelSsor ann X m matrix A of full column rank
A, is ann X (n — m) matrix of full column rank and such th&/A, = 0
(0 < m< n). If Ais a square matrix its smallest and largest eigenvalues are
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denoted byAmin(A) and A A), respectivelywhereas dé#) and tr(A) denote
the determinant and trace 8f respectivelyWhen applied to matriceshe in-
equality A > B (A = B) means that the differencé — B is positive definite
(semidefinitg. By |A| we denote the Euclidean matrix norm of the mathix
that is |A| = {tr(A’A)}¥2 In the context of parameters and parameter spaces
the subscript 0 is used to emphasize “true” parameter vairetS is used for
the closure of the seb The standard notatioB®[0,1]" signifies the product
space ofn copies ofD[0,1], the space of functions d®,1] that are right con-
tinuous and have left hand limit$he symbols= and LN signify weak con-
vergence and convergence in probahiligspectivelyand| - | denotes the integer
part of the indicated real numb@&he usual lag operator is denotedlbwhereas
A =1 — L is the related difference operator

2. MODEL AND ASSUMPTIONS
2.1. Specification of the Stochastic Part of the Model

Lety,,t=1,...,T be ans-dimensional time series generated by a VAR process
of orderp. The error correction form of the process reads as

p—1
Ay, =d + 10y, g + > BjAy, +&, t=12,..., (2.1)
j=1

wherell (s X s) andB; (s X s) are unknown parameters adg(s X 1) is a
deterministic sequence to be discussed in the next sedfiarthermore the

initial valuesy_p.4,..., Yo are observable angl is Gaussian white nois¢hat

is, & ~ NID(0,Q) with Q > 0. This last assumption is only made for simplic-

ity and could be replaced by a more general martingale difference assumption
as in Sims Stock and Watsor(1990. Because we are interested in time series
whose stochastic components are integrated of order one and cointegrated we
make the following assumptignvhich implies that the version of Granger’s
representation theorem in Johang2@95 p. 49) applies

Assumption 1
(a) The matrixII in (2.1) is of rankr (0 < r < s) so that it can be written as
= ap (2.2)

wherea andp ares X r matrices of full column rank
(b) If det[(ls — P-1'B;z))(1 — z) — I1z] = O then|z| > 1 orz=1.
(c) The matrixa; (Ig — E,—”;l B;)B, is of full rank s —r.

When Assumption 1 holdghe columns of the matri are cointegrating
vectors so thatwith a suitable specification of initial valugloth Ay, andB’y,
are stationary around deterministic trepndhough the procesg itself con-
tains a nonstationary(1) componentsee Johansed995 p. 49). In this paper
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the cointegrating rankr, is supposed to be correctly specifjgzbssibly with
the help of some test procedure

We also need additional conditions to guarantee the uniqueness of cointegrat-
ing vectors This is part of the following assumption

Assumption 2

(a) The matrix of cointegrating vectors is of the fon= B(¢) = [I; —A(¢$)]’ where
A(¢) is a continuous function from a sét C RKto R™*S™"), k = r(s—r).

(b) A(¢o) is an interior point ofA(®) in the relative topology oA(®), and in some
neighborhood ofp, the functionA(¢) is bijective and has a continuous inverse
in some neighborhood d&(¢o).

Thus we assume that the cointegrating vectors can be specified by a contin-
uous possibly nonlinearfunction of ak-dimensional parameter vectér Note
that we do not assume compactness of the parameter, gmiseoften done in
nonlinear estimation problemA price to be paid for this is that proving the
existence and consistency of a ML estimatokiofets somewhat complicated
In fact, we shall first prove these results for the reduced form parameter matrix
A = A(¢) when its parameter space is extended fld() to A(®). Assuming
thatA(¢o) is an interior point ofA(®) in the relative topology oA(®) ensures
that in large samples a consistent estimatoA@b) defined inA(®) still takes
values inA(®). Readers who wish to avoid topological technicalities may in-
stead of the first condition of Assumptiorit®) simply assume thai(d) is open
or closed In the latter case the true parameter vai{é,) may be a boundary
point of A(®). In its general form Assumption(B) rules out the possibility
thatA(¢,) is among certain “corner” points &(®). To give a concrete though
somewhat artificial examplsuppose thaA(®) = {(a;,a,) ER?: —1<a; < 1,

—1 < a, = 1}. In this case the true parameter valigp,) may not be(—1,1)

or (1,1). If A(¢o) were one of these two points a consistent estimator taking
values inA(®) could even in large samples estimateby 1 or —1 and would
therefore not belong t&(d).

As a whole Assumption @) implies that a ML estimator o is well de-
fined when the sample size is large enough,dadhermore that a consistent
estimator of¢ can be recovered from a consistent estimatof@p). Assump-
tion 2(b) is actually an identification condition for the paramegebased on
the well-known idea discussed in Rothenbét§71, p. 585). This identifica-
tion condition is slightly stronger than the commonly used requirerAéshi #
A(do), ¢ # ¢o, although from a practical point of view there is probably not
much difference between these two conditioAs advantage of the formula-
tion of Assumption 2 is its generalitindeed because the parameter spdces
an arbitrary subset @* our treatment also covers the case where conventional
restrictions are imposed on the parameter vegtolt may also be noted that
in addition toA(¢), Assumption 2b) also permitsp, to be a boundary point
of its parameter space
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Assuming that the first rows of 8 form an identity matrix is a convenient
and frequently used normalizing restrictidhis easy to see that it is equiva-
lent to the requirement that the last- r components of; are not cointegrated
Thus the validity of this assumption is testalileee Saikkonerl992 Boswijk,

1996 Luukkonen Ripatti, and Saikkonen1999. When the parameter matrix

«a is unrestrictedone can have a specification suchs= [ B1(¢) B(¢)] with

B1(¢) (r X r) nonsingularThis is obvious from(2.2) becausexB’ can be re-
placed bya.[l; —A(¢)] with . = aB1(¢) andA(¢) = —B1(d)'Ba(). If we
haveBi(¢) = B1 andB»(¢p) = B, with B, and B, unrestricted except for iden-
tifying zero restrictions our specification for the cointegrating relatiBng
becomes similar to that used in traditional simultaneous equations mbida¢s

that in this case the matri&k(¢) is a nonlinear function of the unknown param-
eters in the matrix3 even though this matrix itself is only restricted by zero
restrictions Saikkonen(1993h provides a general discussion of structural co-
integrating relations of this kindt is easy to see that the identification condi-
tions given therein are sufficient for Assumption |2 VAR models similar
structural cointegrating relations have recently been employed by Johansen and
Juselius(1994), Boswijk (199531995h 1996, and Pesaran and Sh{i997)
among othersThe last authors also consider the case where the cointegrating
vectors are specified by a nonlinear function of an underlying structural param-
eter vector(for similar work see also Johanseh991, 1997 Phillips, 1991).

We will also allow for the possibility that the short-run parameterand
Bi,...,B,—1 are nonlinear continuous functions of an underlying parameter vec-
tor. This is formalized in the following assumption

Assumption 3

(@ The parameter matriB = [B;...By_;1«] is of the formB = B(y) whereB(¢) is
a continuous function from a sdt C R¢ to RS<(P~Vstr

(b) B(ip) is an interior point ofB(¥) in the relative topology oB(¥), and in some
neighborhood ofj the functionB(¢) is bijective and has a continuous inverse
in some neighborhood @ ().

Of course Assumption 3 is entirely similar to Assumption 2 so that the re-
marks made regarding the latter also apply hassumption 3 implies that our
model allows for very general restrictions on the short-run dynansiash re-
strictions have received attention in the recent literature on cointegrated VAR
models For instancethey may result from weak or strong exogeneity assump-
tions as discussed by Boswijkl9953, Hsiao (1997), and PesararShin and
Smith (1997 (for a general formulation see also Johansen and Jus&bgg).

The so-called conditional model obtained in this setup is similar to a traditional
simultaneous equations model so thathe same way as in simultaneous equa-
tions modelsit can be transformed to a reduced form whose parameters are
nonlinear functions of underlying structural parametérsery different moti-
vation for restricting short-run parameters is given by Reinsel and(AB&2
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and Ahn(1997), who assume a nested reduced rank structure for the parameter
matricesB,, ..., B,_; and thereby restrict them in a nonlinear fashigat an-
other examplewhich can also involve restrictions on the cointegrating vectors
is obtained by combining individual models specified for different sectors of
an economyThis possibility was recently discussed by Granger and Swanson
(1997, Sect IV ), who also provide further references

Later we use the obvious notatiar(y) andB;(y)(j = 1,...,p — 1). How-
evet we continue to use the reduced form parameBgts Bj(j =1,...,p — 1)
and alsoA and when there is no need to be explicit about their dependence
on the structural parametegsand ¢.

2.2. Specification of the Deterministic Part of the Model

In the applications of the preceding model it has so far been customary to as-
sume that the deterministic sequenkeontains an intercept term and conven-
tional dummy variablesSometimes a linear time trend has also been included
In this paper we are mainly interested in nonlinear deterministic trends but only
of a certain rather specific typ&he main idea is to allow for the possibility
that a standard model may fail because the mean of the cointegrating relations
B’Y: is not constantReasons for this may be structural changes caused by in-
terventions or changes in institutigrolicy, etc

In this paper we shall assume that the deterministic trend tkican be ab-
sorbed into the cointegrating relations so that

d = —ag(w). (2.3)

Hereg:(w)(r X 1) is a generally nonlinear deterministic function of time and
the parameter vectqr. Thus inserting(2.2) and(2.3) into (2.1) shows that the
observed series is generated by

p—1
Ay, = a(B'Yr— G(w) + X BjAY,+g, t=1..T (2.4)
j=1

A convenient way to specify the sequergén) is to follow the approach used

in nonparametric regression and assume thk) = g(t/T; u) whereg(-; u)

is a suitable function defined on the interyal1]. Note thaf for ease of nota-
tion, we usually suppress the dependence of the sequghae on the sample
sizeT and use the same notational convention also for other related quantities
The preceding approach of specifying the sequeptg) is discussed in Ri-
patti and Saikkonefi1998, where previous references can also be fouiere

we only mention that in the context of cointegrating regressions deterministic
trends with the scaled time indexXT have previously been used by Phillips
and Hanser§1990 and Park and Hah(1999. However unlike ourselvesthe
former authors only deal with linear modgighereas the latter use a nonpara-
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metric approach to model deterministic structural changes in cointegrating
vectors

To give an idea of how the functiog(x; u) might be specified in practice
consider the functions

g(x;u) = pq + [1+ exp{—pa(X — wa)l] "ty (2.5)
and
g(X;m) = pq + expl—ma(X — w3)?} g, (2.6)

whereu = [} o pmg myl’ with wy andu, r X 1 parameter vectors and,
and u; scalar parameters with, > 0 and 0< w3 < 1. If (2.5) is employed a
smooth change of the logistic form in the mean of the cointegrating relations is
assumegdwhereas a specification based (h6) assumes that such a smooth
change can essentially be modeled by the density function of the normal distri-
bution To see the idea of2.5) more clearly suppose that the components of
M4 are positive Then the parameter vectar; describes the mean of the cointe-
grating relations at the beginning of the sam@ad x, + w4 is a new mean
value that applies after a smooth increasing change parametej; deter-
mines the average location of the chapgbereasu, is a slope parameter that
indicates how rapid the change The smaller the value of the parameteris
the longer it takes before the mean value reaches its new \edn the value
of u, is “large” we are close to the case of a single structural br&hls case
is actually obtained in the limit by letting., — oo because theri2.5) ap-
proachesu; + | (X = u3) ua Wherel (-) is the indicator functionlf the value of
the parametep is known this amounts to using a conventional step dummy
If (2.6) is employed the assumed change in the mean of the cointegrating rela-
tions is nonmonotonic and symmetric abquy. For instancewhen the com-
ponents ofu, are positive the mean is first assumed to increase smoothly from
M1 to w1 + g and then decrease back gq. Again, w, is a slope parameter
that determines how rapid these changes@re can think 0f2.6) as a smooth
analog of the functionu; + 1(us = X < wa)ps (0 < po < uz < 1) that
defines a conventional dummy variable when the values of the parameters
and u3 are known

In our general setting we partitign = [»' ']’ and for theoretical reasons
make the additional structural assumption

g(w) = d@)f(y), (2.7)

whered (v) (r X rq) is a time invariant matrix function of the parameter vector
v (n X 1), whereasf,(y) (r; X 1) is a time dependent vector function of the
parameter vectoy (q X 1). As already indicatedthe sequencé(y)is sup-
posed to be of the formy(y) = f(t/T;y) wheref(-;y) is a suitable function
defined on the intervdl0,1]. If the sequencé&(y) is independent of the param-
eter vectory and hence the sequeng# w) is nonlinear only in parameterthe
estimation theory simplifiesThis is the casefor example when the sequence
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fi(y) is defined by conventional dummy variablétowever in the general case
where the sequendg(y) is unknown and nonlinear in the time varialiléhe
situation becomes more complicatégiontrary to the other parameters of the
model we have to assume that the parameter spagaso€ompact

Because our trend model is fairly general the number of required assump-
tions is somewhat largd herefore these assumptions are divided into several
parts First we give the following assumption about the matrix functib).
The parameter space pfis denoted byM = N X T whereN C R" andl’" C R¢
are the parameter spaceswoéndy, respectively

Assumption 4

(@) d(v) is a continuous function from a sBtC R"toR™"™

(b) d(vo) is an interior point ofd (N) in the relative topology of/(N), and in some
neighborhood of the functiond (v) is bijective and has a continuous inverse in
some neighborhood of (vo).

The two conditions in Assumption 4 are similar to the two conditions in As-
sumptions 2 and,3and their motivation is also simildsee the discussion fol-
lowing Assumption 2

Before presenting assumptions about the funcfioqy) used to define the
sequencéd,(y) we shall give the following general conditipwhich can also
be used for other similar functionsuch as partial derivatives 6f-;vy). Recall
that functions belonging tB[0,1] have at most countably many discontinuities

Condition 1 Let G(x;«) be a vector function from0,1] X K to R* whereK
is a compact subset of an Euclidean spatle say that the functios(x;«)
satisfies Condition 1 if the following three requirements hold

(a) The collection of function§G(x;-); x € [0,1]} is equicontinuous

(b) G(-;k) € D[0,1]2 for all k € K, and for everys > 0 and everyxo € [0,1] at
which the functionG(-; k) is continuous there exists a constant- 0 such that
SUPRek |G(X;k) — G(Xo; k)| < & as|xo — x| < 6.

(0) supr SUPek 2i—2 G(t/T;x) — G((t — 1)/T;x)| < oo

We shall discuss Condition 1 after the following assumptighich contains
conditions required from the functidrix;y) used to define the sequenféy).
Note thaf in the same way as with other parametave use the notation =
d(V) anddo = d(Vo).

Assumption 5 Let f(x;vy) be a function fron{0,1] X T to R">. Assume that
the sequencé(y) is of the formf,(y) = f(t/T;vy), t = 1,...,T and that the
following conditions hold

(a) T is a compact subset @

(b) f(x;7y) satisfies Condition 1 withk = T.

(© [3f(x;y)f(x;y) dx>0forally €T.

(d) There exists ax € [0,1] such thatdf (x;y) # dof (X;y0) for (&,y) # (do, o).
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Because the functiofi(x;y) may be nonlinear in both of its arguments the
compactness of the parameter spEée a standard assumptiocand it seems to
be more difficult to avoid it than in the case of the parameter spd&¢ds and
N where the associated nonlinearity only appears in parameters

Assumption %b) says that the functiofi(x;y) satisfies the three require-
ments of Condition 1 in the whole parameter spBc&he assumed compact-
ness of the parameter spacemplies that the equicontinuity required in the
first condition can actually be strengthened to uniform equicontingig Dud-
ley, 1989 Theorem 24.5). This means that for every > 0 there is5 > 0 such
that||y, — v,| < & implies| f(x;y1) — f(X;v,)|| < e for all y,,v, € I" and all
x € [0,1]. (Hereé is independent of botl andy4,y,.) Continuity is not re-
quired in the former argument df(x;y) so thaf for example conventional
step dummies and trends with multiple breaks at known points of time are in-
cluded Trends with breaks at unknown points of time are exclydedvever

The second requirement of Condition 1 implies that at the continuity points
of the functionf (-;y) continuity obtains uniformly ovey. Of course the first
two conditions hold if the functiori(x;y) is continuous of0,1] X T'. Notice
that from these two requirements and the compactneds aifie can readily
conclude that the functiofi(x;y) is bounded orj0,1] X T'. This implies that
the sequencé(y), t = 1,...,T is bounded uniformly in bothy € T" and T.
Thus in some sense we assume that the considered trends are “safiafih-
drews and McDermattl995 p. 347).

According to the third requirement of Condition 1 differences of the trend
variabled, = adf(y) are asymptotically negligibleThis assumption essen-
tially means that the functiorf§-;y), v € T are of bounded variation and their
total variations have an upper bound independeng.dk sufficient condition
for this is that the functiofi(x;y) is continuously differentiable with respect to
x and thawf (x;y)/ox is bounded of0,1] X T'. The examples i2.5) and(2.6)
clearly satisfy this property

Assumptions ¥c) and(d) are identification conditions for the parametets
andy. Equation(2.7) implies that from the viewpoint of estimating,, Assump-
tion 5(c) is analogous to the usual full rank condition in least squares estima-
tion. An analog of Assumption @l) appears in Assumption R of Andrews and
McDermott(1995. Note that in the special case whedtéy) does not depend
on unknown parameterso thatf,(y) = f;(yo) can be assumedssumption %d)
follows from Assumption ). When Assumptions (&) and(d) are combined
with Assumption 4b), they yield an identification condition for the parameter
vector u.

As a whole Assumption 5 appears reasonably general to cover a number of
interesting casesncluding (2.5) and(2.6) and also their extensions discussed
in Ripatti and Saikkone2001).

The preceding assumptions are sufficient to develop an asymptotic theory of
estimation and statistical inference when all the structural parameters of the
model are identifiedHowever in Saikkonen(2001) we are also interested in
asymptotic inference when some of the structural parametrergted as nui-
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sance parameterare not identified For that purpose the consistency results
obtained with the foregoing assumptions are not sufficient because appropriate
orders of consistency are not obtaind@ be able to prove stronger consis-
tency results additional assumptions are nee@edine the parameter vector

n = [vedd) v'] and letM denote the space of its permissible valisse
Assumptions 4 and)5Instead of the functiog(x; ) we now consideg(x; u) =
(f(x;7) ® l,)vedd) = df(x,y), that is g(x; u) treated as a function of the
structural parametey and the reduced form parametér

Assumption 6

(& The true parameter valye, is such thaty, is an interior point ofl” and in some
neighborhood ofy, the functionf(x;y) is continuously differentiable with re-
spect toy.

(b) The function formed frondf (x;y)/dy; (i = 1,...,q) satisfies Condition 1 withk
some compact neighborhood .

(c) The matrix [ [g(X; wo)/dp][9g(X; wo)/dp’ 1dx is of full rank

As already indicatedAssumption 6 will be used to obtain consistency re-
sults needed to derive limiting distributions of estimators and test statistics
Therefore it may be no wonder that Assumption 6 is similar to what one sees
in treatments of asymptotic inferend@a particulay in that context the differ-
entiability assumption imposed in the first conditjas standard although we
can do without assuming the existence of second partial derivaBersaiuse
Assumption 6 will only be used when Assumptiofbbis also assumed the
second condition in Assumption 6 also holds for the function formed fromy)
andof (x;y)/dy; (i =1,...,q). This implies that sample moments that appear in
the derivation of limiting distributions converge in an appropriate .wBg-
cause this assumption is only used when a consistent estimagas @fvailable
it suffices to assume that Condition 1 holds in sotamal) neighborhood of
the true parameter valu&he third condition in Assumption 6 is a variant of a
conventional rank condition that guarantees that estimators have nonsingular
limiting distributions Note that hergand also in other similar situatione/e
use the notatiodg/(x; w)' /o = (9g(x; w)/du’)" (cf. Litkepoh] 1996 p. 173).

2.3. A Representation Theorem

To prove the results of this paper and also those in Saikk¢2@@1), we need

a version of Granger'’s representation theorem or a solutig@.4f for y;. Be-
cause the deterministic sequergzéw) and hence the serigg are assumed to
depend on the sample sidethe previous representation theorem in Johansen
(1995 p. 49) is not directly applicableFortunately however a similar result
can readily be obtained and will be given in the following thearéfare it is
reasonable to include the sample size in the notation and \griéu) =
d(v)fr(w) andy, t(t=1,...,T).
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THEOREM 21. Suppose thatyy,..., yr 1 are generated by2.4) and that
Assumptiori holds Then there exists a choice of initial valugsry=y;, j =
—p + 1,...,0, whose distribution is independent of &nd such thatfor t =
1...,T,

t oo t
Yor =AD&+ Eo Kiej— Eo Kjag—j t(u) + Pg, Yo, (2.8)
j=1 i= i=

whereA = B, [a[(Is— 21 T)B, 1 al, Py, = B.(B] B,) B!, and the coef-
ficient matrices Kare defined by Kz) = E{";o K; zi, a rational matrix function

such that its power series representation converges absolutely in an open disk
containing the unit disk

For later purposes we introduce the process
t
X =AY g+ K(L)s. (2.9)
=1

As representatiof2.8) shows x; is the stochastic part of 1. It is independent
of the sample siz& and in fact identical to its counterpart in the corresponding
representation in Johans€h995 p. 49). Because the initial valug, is also
independent off the dependence of + on the sample size is only due to the
deterministic sequenag +(u) or f, +(y). This fact simplifies asymptotic deri-
vations and makes them in many respects similar to those in previous standard
casesFor this reason our usual convention to exclude the syritiobm the
notation should not cause any confusion

Becausey, +(u) = g(t/T; u) and the functiorg(-; n) is defined on the inter-
val [0,1] we have not defined the sequergze () for t < 0. For this reason the
third sum on the right hand side (&£.8) is truncated and therefore different from
its counterpart in Johans€f®995 Theorems 2 and 42). However from the
proof of Theorem 2L it can be seen thatith suitable definitions of, +( ),
t < 0, we could replace this sum Y o K;ag,_; (1) = K(L)ag, +(u). As-
suming that the series is convergent is obviously requized if the distribu-
tion of the initial values is to be independent ©fit is also necessary that
0. 7(w), t < 0 are independent of. The present form of Theorem22can be
formulated in this way by assumirgy () = 0 for t < 0. If convenient this
assumption will also be explicitly used

Because we will assume that differences of the sequapngéu) are
asymptotically negligible in the sense implied by Conditioft)1the series
Ayt andB’y,—; 1t — g 7( ) are nearly stationary or asymptotically stationary
For Ay, 1 this follows directly from(2.8), which implies thatAy; + = Ax, —
K(L)aAgt(u) =~ AX. For B'y,_1 1 — 0,7(u) we can use the decomposition
K(L) = K(1) — K(L)*A and observe thg#’K(1)a = —I, (cf. Johansenl1995
the proof of Theorem 2). From this and(2.8) one then obtaing’y,_; + —
O, 1(p) = B'%-1 — Agyr(p) + B'K(L)"@Agi-1(p) =~ B'%-1.
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3. MAIN RESULTS
3.1. Existence of ML Estimators

As already mentionedsome complications in our estimation theory arise be-
cause we do not assume compactness of the parameter $pacparticularly
holds for proving the existence of ML estimatpemnd for that purpose it ap-
pears convenient to write the model({@4) as

p—1
Ay, = aU_y(y) + X BjAY,_ + Cy, 1 + Dfi(y) + &, t=1...,T,
i=1

whereC = C(a,A) = —a(A—Ap), D=D(a,d) = —a(d — dy), andu,_1(y) =

Y1t-1 — AoYa -1 — dofi(y) with y, = [y, y5.]' partitioned in an obvious way

Here we have expressed the model in terms of the reduced form parameters
discussed following Assumption Because this form of the model will be em-
ployed later we write it more compactly as

Ay, = Bz (y) + Cy, 1 + Dfi(y) + &, t=1,...,T, (3.1)

wherez(y) = [Ay{_;...Ay{_p+1U1(y)']" andB is as in Assumption .3

Our estimation theory for the structural parametgrss, andv is based on a
coordinate free approach in which existence and consistency of ML estimators
of the reduced form parameteBs C, andD are first established'he rationale
of this is that the likelihood function depends on these structural parameters
only through the reduced form parametBysC, andD. In cointegrated systems
the same idea was recently used by Johar$8€7), and it has also been com-
mon in the estimation theory of stationary autoregressive moving average
(ARMA) models where the transfer function of the infinite order moving aver-
age representation plays the role of reduced form paramétara brief dis-
cussion see Potschet991 Appendix A for a comprehensive account see
Hannan and Deistlefl988. Thus we consider the ML estimation of the pa-
rametersB, C, D, andy in (3.1) and of course also the estimation of the error
covariance matriX). At this stage the relation between this estimation problem
and that concerning the structural parameters is that Assumptions 2—4 are used
to define the parameter spaces Bf C, and D, which areB = B(WV), C =
C(a(¥),A(®)), andD = D(a(¥),d(N)), respectively

Denoted = (C,D,v,B) and let® = C X D X I X 3 contain the permissible
values off. Then conditioning on the initial valueg_.,1,..., yo we can write
minus two times the logarithm of the likelihood function as

.
€:(0,Q) = Tlogdef Q) + tr {Ql > st(H)st(O)’}, (3.2)

where

£(0) = Ay, — Bz(y) — Cyz,t—l — Df(y).
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Note that even though modéB.1) is infeasibles(#) is observable for given
values ofA, B, 4, andy because its dependence on the unknown true param-
eter valuesA, and 4, cancels ML estimators of6 and Q, if they exist are
obtained by minimizing the functioi+(6,Q) over® € ® andQ > 0. The
reason why we do not consider the likelihood functie@¢+(6,Q) is that we
make use of ideas similar to those in Saikkori#895 Sect 4.3), where esti-
mators are obtained as a solution of a minimization probldaverthelesswe
shall refer tof+(6,Q) as the likelihood function

We have not been able to establish the existence of a ML estimatér of
without slightly extending the parameter spageTherefore we consider the
likelihood function ovem € ©. Of course becauseis compact by assumption
this only means that we have to extend the parameter sgacgsand D by
including their boundaries andf these parameter spaces are clgsasl as-
sumed in Johansgi997), no extension is needeNote thatB3, C, andD would
be closed if the parameter spades¥, and N were assumed compackthe
following result shows thatvhen the sample size is large enoulyh estima-
tors of # and Q exist over the extended parameter spf@eQ):6 € ® and
Q > 0}. These estimators are denoted dyyand 7, and they are of course
related by

T
QT =T 2 st(éT)St(éT)’- (3.3)
t=1

A similar notation will also be used for the componentségfand also ML
estimators ofA, 4 and the structural parametepsys, andy. Now we can prove
the following propositionUnless otherwise statedll limits in this paper are
taken asT — co.

PROPOSITION 3L Lety,...,yr be generated by2.4), wheree, is as in
(2.1). Suppose that Assumptiotis2(a), 3(a), 4(a), and 5(a)—(c) hold. Then
ML estimatorsf; and {3y exist with probability approaching one anthore-
over, Cr = O,(T¥2).

Thus in addition to the existence of the ML estimat@ksand;, Proposi-
tion 3.1 also shows the consistency and order of consistency of the long-run
parameter estimatd®;. This latter result is actually obtained directly when the
existence of the estimatoés and(); is proved(see the Appendix It will be
used later to prove the consistency of the other componeriis arid the con-
sistency of()r. It will also provide a first step for obtaining better orders of
consistencywhich will be needed to derive limiting distributions of structural
parameter estimatofsf. the discussion in Saikkonef©995.

3.2. Consistency of ML Estimators

The prove the consistency results discussed previpitggems convenient to
follow Saikkonen(1995 and express the vectaet(#) and thereby the likeli-
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hood function as a sum of two componeri&cause the idea is basically that
one of the components &f(#) should contain integrated variables the two com-
ponents might be defined ay; — Bz (y) — Dfi(y) and—Cy, ;. However in
addition toC, we have found it more convenient to also intergpeaindy as
long-run parameteraind therefore we partitioft = (6,, 6,) wheref; = (C,D, y)
andé, = B. The two components of;(6) are thus defined as

£11(0) = —C¥y 1 + ado[ fi(y) — fi(yo)] — Dfi(y) (3.4)
and
&2(0,) = Ay, — Bz, (3.5)

wherez, = z(yo). Using the definitions one can check thB#, = Bz(y) +
adg[ fi(y) — fi(yo)] and furthermore that (6) = £,,(0) + &5(6,), as desired
Because the processes 1(yo) = Yi1-1 — AoYa1-1 — dofi(yo) and Ay, are
asymptotically stationary the same is true fi(see the discussion at the end
of Section 23 and the definition of; () following (3.1)). Note also that;(6) =
—C¥s,1-1 + aldfi(y) — dofi(yo)] and dfi(y) — dofi(yo) = a(w) — 9(mo)
when the structural parametgris used(cf. (2.7)). However at this stage we
will not use these expressions because we have not established the existence of
ML estimators ofdandw.

Using the identitys,(6) = £1,(6) + &5(6,) we can write

€1(6,Q) = €,7(0,Q) + €,7(6,,0), (3.6)

where

T T
€17(0,Q) = 2“.(9—1 2 Slt(0)£2t(02)/> +1r <Q_l 2 81t(9)811(0)’>
t=1 t=1

and

.
€51(60,,Q) = Tlogdet(Q) + tr (Q_l > 82t(92)82t(92)'>-
=1

Clearly &4;(610,6,) = 0, and consequentl§; (6,10, 6,, Q) = 0. Because»1(6,,Q)
is the likelihood function of a linear regression model with asymptotically sta-
tionary regressors and Gaussian white noise errors this component of the like-
lihood function{¢+(0) is easy to deal with because standard methods appiy
is a major reason why we have found the preceding decompositiegp( &f
convenientThe other component of the likelihood functiaramely €,11(6, Q),
contains the integrated processes of the systdnith make the estimation prob-
lem nonstandard

The only identification condition assumed in Propositiafh @as Assump-
tion 5(c). It is of course clear that the structural paramet¢rsy, v, andy
cannot be consistently estimated without further identification conditidog/-
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ever some consistency results can still be obtajresithe following theorem
shows

THEOREM 31. Suppose that the assumptionsAof Propgsiﬂdrhold. Then
with probability approaching oneML estimatorsA; and 4+ also exist and
furthermore

@ Cr=0,(T %) and Ar=Ag+0y(T 2,
(b) Br 5 B, and Of 250
© T3, ldr fi(37) — dofi(y0)|2 5 0.

Theorem 3L shows that when the assumptions of Propositidn &e not
supplemented by other identification conditions one can only consistently esti-
mate the reduced form parametér@andB in addition to the error covariance
matrix Q. The order of consistency obtained for the estimaigrin Proposi-
tion 3.1 can also be slightly improveénd the same order of consistency can
be obtained for the ML estimator & No consistency result can be proved for
the reduced form parameter estimaiiar. The identification condition given in
Assumption %c) is only sufficient to prove the existence of this estimator and
also the existence of the estimatd¢. This is not surprising because the pa-
rameterd appears in the model in the product forff,(y) so that without
further assumptionst is not possible to separate the two factors of the prod-
uct Therefore it is also expected that the paramete@annot be consistently
estimated without further assumptiotowever the last result of Theorem B
can be seen as a reduced form consistency result for the trend model or the
sequencelf(y) = g(w), t=1,...,T.

When appropriate identification conditions are imposed further consistency
results can be readily deduced from Theoref Specifically we have the fol-
lowing corollary

COROLLARY 3.1. When the assumptions of Theor8&h hold the follow-
ing additional assumptions imply the existerwdth probability approaching
one and consistency of the indicat®dlL estimators

(@ If Assumptior2(b) holds thendr - ¢o.

(b) If Assumptior8(b) holds thengr - .

(c) If Assumptiorb(d) holds then.d+ - do and 91 - v, and, if Assumptiorb(d)
is supplemented by Assumptiétb), theno BN vg also holds

Each of the given conditions implies the stated consistency result regardless
of the validity of the other conditiong-or instanceAssumptions 2b), 3(b),
and 5d) in conjunction with the assumptions of Theoreml 3nply that the
structural parameters can be consistently estimated except ftgre no order
of consistency is obtained for the long-run parameter estim&tolt is easy to
see thathr = ¢o + 0,(T " ¥2) if ¢, is an interior point ofb and in some neigh-
borhood of¢ the functionA(¢) is continuously differentiable with the matrix
dvecA(¢g)/d¢’ of full column rank This is a standard assumption in asymp-
totic inference onp. When it holds the previously mentioned result can be jus-
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tified by using a mean value expansion to show tfatsomes > 0, | A($r) —
A(po)|? = €| dr — ¢l with probability approaching one

We have already mentioned that Assumptidn)avas used to guarantee the
existence of the estimatof3; and.d+. It can be seen from the Appendix that
this assumption is not needed if one considers the special case where the func-
tion g;(w) reduces td;(y). Then one can assume that the valuela$ a priori
known so thatD = 0. On the other handwe noticed in Section 2 that in the
special case where the functify) does not depend on unknown parameters
Assumption %d) is redundant because it follows from Assumptiofe)5

The consistency results of Theorem &nd Corollary 3L are sufficient to de-
rive limiting distributions of estimators and test statistics when identifiability of
all structural parameters is assumeldwever when this is not done the situa-
tion gets more complicatednd it seems to be difficult to do without further
results about order of consisten@yerefore we prove the following proposition

PROPOSITION 2. Suppose thain addition to the assumptions of Propo-
sition 3.1, Assumption$(d) and 6 also hold Then

(@ Ar=Ag+ Oy(T™),

(b) dt = do+ Op(TY2),
(c) '}A’AT = yo + Op(TY2),
(d) BT = Bo + Op(Tfl/z).

Proposition 2 improves the order of consistency obtained for the reduced
form parameter estimatdk; in Theorem 31 and also provides orders of con-
sistency for the estimatowbr, Y, and B. For these results to hold it is not nec-
essary that the structural parametéts, andys be identified but appropriate
identification conditions are of course needed for the parametensdy. As-
sumption %d) was already used in CorollaryI3to prove the consistency of the
estimatorsd+ and$+, and the additional requirements are similar to those needed
to guarantee that these estimators have nonsingular limiting distribufibies
first three results of PropositionBare used in Saikkong2001) wheny is the
parameter of interest anl = A(¢), d = d(v), andy are nuisance parameters
with ¢ andr not necessarily identified he last result is used when the roles of
these parameters are reversed so ¢hat, andy are parameters of interest and
B = B(y) is a nuisance parameter wighnot necessarily identified

4. CONCLUDING REMARKS

This paper provides a fairly complete treatment of consistent estimation in co-
integrated VAR models with nonlinear time trends in cointegrating relations
However there are still several potential extensions that are not covered by our
analysis For instanceone might wish to relax the assumption that the time
trends can be totally absorbed in the cointegrating relatidngxample of this
would be a model with an unrestricted intercept term and nonlinear time trends
in cointegrating relationdn this model the integrated components of the series
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would have linear time trend®ote that linear time trends may appear in the
cointegrating relations of our modélthough the time index is assumed to be
standardized according tgT it is not difficult to modify our treatment and
allow for a nonstandardized time index in linear trend terms or even in higher
order polynomials of timeOne might also wish to follow Park and Hakt999

and allow for deterministic structural changes in cointegrating vectors that in
our framework would be modeled by a parametric function similar to that used
for the trend termFinally, it might be of interest to consider models containing
nonlinear functions of stochastic variahleghich in some special cases have
been studied by Wooldridgel 994 and Park and Phillip§1998.

We have not tried to cover the preceding extensions or even some of them in
the present work because the considered model is already rather corhiglex
ever the methods used to prove the results of this paper and Saikkaned)
may also be helpful if these extensions are considdresome cases this may
only require straightforward modifications to our treatmdntothers a more
elaborate analysis or additional assumptions may also be needed
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APPENDIX

A.1. Proof of Theorem 2.1.Define ¥+ = [(B'Ye1) (BLAY,v)' ]'(t = 1,...,T).
Then proceeding exactly in the same way as in the proof of TheorénJdhansen
(1995, we find that

_ =g, (1) (a'a)ta’
ALYt = 0 + (@] a)) tal &ty t=1,...,T,

whereA(L) = ,—pzoA,- L’ has no unit roots and all other roots are outside the unit circle
by Assumption 1Note thatA(L) is precisely the same lag polynomial matrix as in Jo-
hansern(1995 p. 51). Using Theorem 2 in Johansel(1995 we can now solvg; + and
obtain

P
Vo1 = Z Ft—j (Aj Yo+ -0t Aj+p—1y1—p,T)
j=1
1 [ (a'a)ta’ 1[G r(w)
+EFJ / 1, St—j_EFj 0 ) t=1,...,T,
j=0 (aja)) ta] j

where the matrice§; are defined byF(L) = 32,F LI = A(L)"% Next note that it is
possible to choose the initial values such that

. (a'a) a’ c 9o, 7 (1)
a0
(cf. Johansen1995 the proof of Theorem .2). Because this choice depends on the

sequencey t(u) only throughge +(u) = g(0; w) it is independent oT. Thus if we set
g.1(p) = 0,t < 0, we have

(a'a) ta’

(CHET

M

'ft—j(Aj Yor+ -t Aj+p—1§71—p,T) =

I

]

yt,T: 'f(L)|: :|(8t_agl,T(/“L))’ t=1...,T.

The final step is to recovey, + from ¥, . This, howevey can be done in the same way
as in the proof of Theorem.2 of Johanse(1995, and the result is easily seen to be as
claimed in the theorenThis completes the proof n

A.2. Auxiliary Results. This section contains some auxiliary results that will be used
in subsequent proofs and also in Saikkoi2@01). Proofs of these results make use of
the representation given in Theoreni.2However unlike in (2.8) we will not use the
subscriptT in the notation Because the serieg depends on the sample siZeonly
through the deterministic sequenigéy) it is not difficult to check that the dependence
on T has no effect on the validity of the employed arguments

We start by introducing some notatiobet K be a compact set as in Condition 1
and denote byC(K)®*P the space of all continuous functions frafnto R®<° where
C(K)®*® is endowed with the uniform metric arit with the Euclidean metricThus
the distance betweem (x) andh,(k) in C(K)®<? is given by supek |hi(x) — ha(k)|.
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The notationC(K)2<P = C(K) is used ifa = b = 1. Next recall from Section .3
the notationz, = [Ay;_;...AY{ . 1U_1(¥0)']" whereui—1(yo) = BoYi—1 — Gi(o) and
Bo=1[l; —A(do)]. In the following lemma Assumption 2 is not needed so that in the
definition of z; the matrixB, need not be of the preceding particular foffor this lemma
we also introduce the vectogs = [Ay; z{]" and{; = [AX{...AX{_p.1 X{-18o]" Where
X; is defined in(2.9). Further let Wp(x) be a Brownian motion with covariance matrix
O and defineWs,(x) = e5AoWp(X) with €5 = [0 |s_, ] and Ag defined in(2.8). Finally,
we USEeC, €y, Cy, . .. t0 signify finite positive constants not always the same ones
LEMMAA .1. Lety,..., yr be generated b{2.4) wheree, is as in(2.1) and g(u) as
in (2.7). Suppose that Assumptidrholds and that the sequengéyf) in (2.7) is of the
form f(y) = f(t/T;vy) where the function(fx;y) satisfies ConditiorL(c) wheny = vo.
Let G(x; k) be a function that satisfies Conditidn Then setting G(x) = G(t/T;«) and
using the notation defined previously

@ T'Elz2 > EGd,

(0) T EL1YsalZ el = 0p(D),

(©) supex T 221 Gi(1)[Z &1l = Op(D),

(d) TilZI:th(Kl)Gt(Kl)/ - folG(X§K1)G(X§K1)’ dx,

(e 723, Yo i-1Y2.t-1 = folwz(x)Wz(X)/ dx

(f) T-%2 thzl Y2,1—1Gt(K)/ = f01W2(X)G(X;K)’ dx.
Here (d) holds uniformly ovefky, k1) € K X K, and in(f) the left hand side also has a
weak limit in the function space ()72 Finally, joint weak convergence dg)
and (f) applies

Proof. First recall from the end of Section@thatAy, = Ax; — Ko(L) agdoAfi(yo)
andu-1(yo) = BoYi-1 — dofi(yvo) = BoXi—1 — doAfi(yo) + BoKo(L) agdoAf_1(vo)
whereAf(yo) is asymptotically negligible in the sense of Conditioft)1 It is not dif-
ficult to see that filtered versions dff;(y,), like those in the preceding expressions of
Ay; andBgy; 1 — dofi(yo), are asymptotically negligible in the same seridsing this
fact and the stationarity of the processes andBjx;_; it is further straightforward to
show that the first and second sample moments obtained fxgmand By,—, —
dofi(yo) are asymptotically equivalent to those obtained fram and Byx;_,. The
first result follows from this and the law of large numbers

To prove the second respfiartitionx, = [x;; x5.]’ conformably with the partition of
y; and for 0 = j = p — 1, consider

T
T 2 Yo, t—1AYj
t=1

.
=T E [Xg, -1 — €5 Ko(L)agdo fi(vo) ] [AX—j — Ko(L) ag do Afi_j(0)]’
t=1

+ 05(1)

T T
=T 2 Xo i1 AX{j — T E [eKo(L) agdo fi(yo)|AX{_;
t=1 t=1

-7t 2 Xo,t-1[Ko(L) agdo Afi_j(v0)]" + 0p(). (A1)
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Here the first equality results from ignoring the tee§P; y, from the expression of
Y2.1—1 (see(2.8)), whereas the second one follows from the boundedness of the se-
quencefi(yo) and the asymptotic negligibility of the differenca(yq). The first term
in the last expression @i\.1) is of orderO,(1) by well-known properties of stationary
and integrated processdecause\x; is a stationary zero mean ARMA process and the
sequencé(yo) is bounded one readily finds that the second term in the last expression
of (A.1) obeys a weak law of large numbers and is therefore of angldp. Using par-
tial summation and the same argument it can also be seen that the third term in the last
expression ofA.1) is of orderoy(1). Finally, similar arguments withvy;_; replaced by
u;—1(vo) ande; can be used to complete the proof of the second result

To prove the third resulive proceed in the same way as previously,d0d0 = j <
p — 1, first consider

T T
T Y23 Gk Ay =T Y2Gr(k)yr = T Y2 X2 AG(K)Y{ 1, (A.2)

t=1 t=1

whereGg(x) = 0 and the equality follows from partial summatiokrguments similar
to those already used show that the first term on the right hand side is of ©ptbr
uniformly in x, whereas the replacementyf;_; by x;_;_, in the second one causes an
error of orderoy(1), again uniformly ink. Because it is well known tha[‘l/zx[Tu] =
AoWo(U)(0 = u=1) we have max<=1 T~ 2| x| = Op(1) and becauses, () satisfies
Condition 1(c), it follows that the second term on the right hand sid€¢/AP) is of order
O, (1) uniformly in k. Thus we have shown that the left hand side(éf2) is of order
Op(1) uniformly in «, and because the same arguments apply wiyh ; replaced by
U;—1(yo) andey, the stated result follows

The proof of the fourth result is based on arguments similar to those used in the proof
of Lemma 1 of Andrews and McDermdtt995. DefineGt)(x;«) = G(([Tx] + 1)/T;«)
for x € [0,1) andGt)(1; k) = G(1;«). Then Gery(x;x) = G(t/T; k) for (t —1)/T=x<
t/T(t=1...,T—1) andG)(x;«) = G(1;«) for (T —1)/T = x = 1. With these defini-
tions we have

lim sup
T (ky, 1) EKXK

1 1
f Gy (X5 k1) Gy (X5 2)’ dxff G(X;k1)G(X;K5)" dX
0 0

1
= ”m f sup Gy (X3k1) Gery (X3 k2)" — G(X; k1) G(X; k2)" [ X
0

(K1, k) EKXK

1
:f lim sup Gy (X3k1) Gery (X3 k2)" — G(X; k1) G(X; k)" || dxX
0

T (kq, k) EKXK
=0.

Here the first equality follows from the dominated convergence theorem with dominat-
ing function 2 sup=y=1Sup.ek||G(x;k)|2% The second equality is based on Condi-
tion 1(b), which implies thaGt(x; k1) Gi1)(X; k2)" = G(X; k1) G(X; k2)" uniformly over
(k1,k2) and for(Lebesgugalmost allx. Because the former integral in the first expres-
sion of the given definition equals the left hand side in the assertion the stated result
follows.
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The fifth result is an immediate consequence of the boundedness of the sequence
fi(yo) and well-known properties of integrated processes that imply that on the left hand
sidey, ;—; can be replaced by, ;. To prove the last assertipfirst note that(2.8) and
arguments used in the previous proofs readily show that

T Tt
T2y Y2.1-1Gi(K) = AT %2 > &Gy (k) + 0,(1)
t=1

t=1j=1

uniformly over k. Thus we need to prove the relevant weak convergence for the first
term on the right hand sid®enote this term bt («) and analogously taG)(X; ),
define S7)(x) = T Y2(eg + -+ + grq+1) for x € [0,1) and S1y(1) = T ¥2(g; +

.-+ + e1). Then we can write

1
Xr(k) = %Aojo ST (X Gy (X5 1)" dx.

In the same way as in the proof @) we haveGt)(x;x) — G(x;«) for every fixed

k € K and at every continuity point o0& (x;«). It is not difficult to check that this
convergence also holds in the Skorohod topolddws becaus&)(x) = Wy(x) in the
Skorohod topology it follows from the continuous mapping theorem thaevery fixed

k € K, Xt(k) converges weakly to the quantity obtained from the right hand side) of
The corresponding weak convergence of finite dimensional distribytibasis the joint
weak convergence of1(k1),..., X1(kp), is obtained similarlyThus from Theorem 1@

of Pollard (1990 it follows that we only need to verify the stochastic equicontinuity of
X1 (k). In other wordswe have to show that for eagh> 0 andn > 0 there is & > 0
such that

lim supP{ sup [ Xy (ky) — Xq (k)| > 7,} <s.
T

[y —rol <&
To show this observe that

E sup [[X:(ky) — Xy

| k1= Kol <&

.
=T % >E

t=1

t
>

j=1

sup  [G(kq) — Gi(xo)ll

k1=Kl <8

.
=T 1Y sup [G(t/T;ky) — G(t/T;ks)

t=1 |k —Ko| <8

=c, sup  sup [G(x;ky) — G(X;k2)].

0=x=1 |k1—kz|<8

Because the equicontinuity requirement of Conditiga) an be strengthened to uni-
form equicontinuity(see the discussion following Assumptioh the last quantity can

be made as small as desired by choodirmgnall enoughThus by Markov’s inequality

the stochastic equicontinuity & («) holds and the last assertion followBecause the
stated joint weak convergence is straightforward to establish the proof of the lemma is
complete |
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Note that the third result of Lemma.RA immediately implies thatG,(«)z{ and
G (k)& obey uniform laws of large numberk the last result we have not character-
ized the stochastic properties of the weak limit as a random element in the function
spaceC(K)(s~"*a This characterization would not be difficult to obtabut, because
it is not needed in this paper or in Saikkon@®01), we skip it The following general
result may be of interest when weak convergence results in the function Gpkgé<°
are applied

LEMMA A .2. Let (Z1(k), zt) and (Z(«), ) be random elements in(&)2<? x K
and assume thdiZ(k), k1) = (Z(k), k) holds Then Z; (k1) = Z(k.).

Proof. Consider the functioiZ, k) — Z(x) from C(K)&? x K to R®*P, This func-
tion is known as an evaluation mappjrend by the continuous mapping theorgih
suffices to establish its continuityhis, however is well known (see Hy 1964 Propo-
sition 52, and note that the boundedness of the metric assumed in this proposition is not
needed here because the Kds compackt n

Because of the rather strong requirements of Conditiothd following lemma is
simple to prove and yet very powerful in subsequent derivations and also in Saikkonen
(2002.

LEMMA A .3. Suppose that the function(&; «) satisfies Conditiorl in a compact
neighborhood of the poing,. Set G(k) = G(t/T;«) and let Zr, k¢, and kt be random
vectors such thamax ——1| Zr| = Op(1), &1 - ko, and | — kol = |1 — Kol for
allt=1,...,T. Then

@ T 134G (%) — Gi(ko)Zir - 0,
(b) SL,[Gi(Rr) — G(k)]AZr 0.

Proof. In case(@) it suffices to show that max=1[ G(&r) — Gi(ko)| = 05(1). How-
ever this maximum is dominated by sgp=1 max —i=7| G(X; ker) — G(X;k0)|, which
is of ordero,(1) because the equicontinuity in Conditioal holds uniformly and be-
cause maxi=t| ke — Kol = |kt — Kol = 0,(1) by assumptionTo prove(b), use par-
tial summation to write

—

Z[Gt(RT) - Gt(Ko)]AZ{T =[Gy (ky) — GT(KO)]Z',I'T —[Ga(ky) — Gl(Ko)]ZiT

,_,
Il

T
- Zz [AGt(RT) - AGt(KO)]ZtLl,T'

The arguments used in ca&® show that the first two terms on the right hand side are
of orderoy(1). The norm of the third one is dominated by

T
max [Zr | 3 [AG (k1) — AG (o)
1=t=T =

M T
=0,(D) Z:ZHAGI(RT) —AGi(ko)| + Oy(D) X 1”AGI(RT) — AG(ko).

t=M+

Here the first term on the right hand side is of ordg(l) for every fixedM. To analyze
the second ondet K; be a compact neighborhood of the poigtin which Condition 1
holds and suppose tha{ € K;. Then
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T

T
E ”AG[(RT> _AGI(KO)H =2 sup E ”AGI(K)”'

t=M+1 KEK) t=M+1

Using Condition 1c) it can be shown that the right hand side can be made arbitrarily
small by choosingV large enoughHence we have established the stated result in the
special cas&t € K;. The general case is obtained in a straightforward manner because

The first result of Lemma 8 makes it possible to apply mean value expansions term-
wise in sums containing quantities suchfag+) — fi(yo). In this way we can avoid
using second order Taylor expansipndich simplifies the derivations considerably
these applicationZr is typically T2y, ,_; or fy(§7). The second result can be used
in usual mean value expansions witlZ,r typically beingT ~%/2g; or T =%z,

A.3. Proofs for Section 3.1.

A.3.1. Proof of Proposition 3.1.First note that the likelihood function defined in
(3.2) can be written as

.

€:(6,Q) = Tlogdet( Q) + tr {QIRT E QtT(Y)QtT(Y)/R'T}, (A.3)
t=1

where Ry = [Is =B —T¥2C —D] and qr(y) = [AY; z(y) T Y2y; 4 fi(y)'].

Using Lemma Al we now prove the following intermediate result

LEMMA A .4. Suppose that the assumptions of LenfAnkhold with G(x;k) and K
replaced by tx;y) andT, respectivelySuppose also that Assumptib(t) holds Then
there exists ar > 0 such that with probability approaching one

T
inf )‘min(T1 2 QtT('Y)th('Y)’> = e.
V€l t=1

Proof. Let 1, be the covariance matrix @f = [AX{...AX{_p.1X{—18o]" and

1 1
doJO f(x;9) F(x;y) dxdy —dofo f(x;7)V(y; %) dx
222()’): 1 1
*fOV(x;v)f_(x;v)’dxda Lv(x;y)v(xw)’dx

’

whereV(x;y) = [Wx(x)" f(x;y) ] andf(x;y) = f(x;y) — f(X;y0). From the defini-
tion of g (y) it follows that

0
Z —dofi(y)
=]+ |,
0 T71/2y2,tfl
fe(v)
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wherez, = [Ay; z/]" as before and,(y) = f(t/T;vy). Thus an application of Lemma
A.lyields

L C[sw 0] [0 0
T t:EthT(V)QtT(V) 2[ 0 O] + [0 222(7)}

= 3(y), (A.4)

where the partitions on the right hand side ao¢ conformable but the X r lower right
hand corner ok 1; and ther X r upper left hand corner &,,(y) overlap Moreover the
left hand side also has a weak limit@(I')2*2 a = s(p + 1) + ry. It is easy to see that
311> 0 and3,s(y) = 0 (as) for all y € T'. From this it can further be shown that the
sum on the right hand side of Expressi@a4) is positive definite(a.s.) for all y € T.
To demonstrate thjsconsider the quadratic form’>(y)b = b{3;,b; + by3,5(y)b,
whereb; andb, are suitable subvectors bfand the last components ob; and the first
r components ob, are the sameBecauses; > 0 and3,5(y) = 0 (as.) the equality
b’>(y)b = 0 impliesb; = 0 so thath, is of the formb, = [0’ b%,]’ whereb,,is (s—r +
r,) X 1. Thus it follows that bézfolV(X;'y)V(X;'y)’ dxh,, = 0 and becauseNs(x) is a
full rank Brownian motion andolf(x;y)f(x;y)’ dx > 0 for all y (Assumption 5c)),
we must havéd,, = 0. Hence we have shown that,in(2(y)) > 0 (as.) for all y and
becausé.(y) is a continuous function of, it follows from the continuity of eigenvalues
and compactness dfthat inf,er Amin(2(7y)) > 0 (as.). This, (A.4), and the continuous
mapping theorem imply the result of the lemma provided the functigps C(I')3*2 —
C(T),a=s(p+1) +ry,andinf,er: C(I') = R are continuousThese continuity results
are straightforward to verify and therefore are omitf€dis completes the proof W

Using Lemma A4 we can now establish the existence of the estimaipmmand Or.
The first step is to restrict the parameter space by using the inequality in Len¥na A
Thus suppose that this inequality holds and note th@A{A,) = A max( A1) Amin(A2) for
any s X s matricesA; and A, such thatA; > 0 andA, > 0 (seg eg., Deistler and

P6tscher1984 p. 848). Then because the first columns ofRy form an identity matrix
and consequentlyA ,i,(Rr R;) = 1, one obtains fron{A.3)

.
T H7(60,9) = 1094 1in(Q) + Anax(Q ) Ain <RTTl Z QtT(')’)QtT(V)’R’T>
t=1

= slogAmin(Q) + Am%n(ﬂ)/\mm<TltEqun(v)qn(y)’>
= S10gA min (Q) + &/Amin(Q).
This shows thal ~1¢+(6,Q) — oo if Amin(Q2) — 0. Next note that
T72:(0,Q) = log det Q) = 10g Apma(Q) + (S— 1)10g Ayin(2),
where the second inequality is based on the fact thatdes the product of the eigen-

values ofQ. Hence if Amin(Q) = ¢; we haveT "1(0,Q) — co when Aya(Q) — co.
From (A.3) one also obtains
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T
T H7(60,9) = 5109 Ayin(Q) + Apin(Q™H)tr <RTT1 > qlT(Y)th(Y)/R%')
t=1

T
= SIOg )‘min(ﬂ) + )‘:n:gx(ﬂ)/\min <Tl E qlT(')’)QtT('Y)’ ) tr(RT R"I')
t=1

(cf. Deistler and Potschei984 p. 850). Thus if Apin(Q) = ¢ and Apma(Q) = ¢, we
haveT ~%+(0,Q) — o when t(R; R;) — oo. Using the definition ofRr we can now
conclude thatfor everyT for which the inequality of Lemma 4 holds T 1¢+(6,Q) —

oo if any of the following conditions holds(i) Amin(Q) — 0, (ii) Amax(Q) — oo, (iii)
IB| = oo, (iv) |[TY2C| = oo, (V) [D| = oo. Thus because it is readily checked that
T2 (60, Q) = Op(1) it follows that ML estimatordr and Q7 exist with probability
approaching one if the functiofi~1¢+(6,Q) has a minimum in the part of the param-
eter space whergmin(Q) = ¢1, Amax(Q) = Gy, |B| = 3, [TY2C| = ¢4, and|D|| = cs
for suitablec;, ..., cs. These restrictions in conjunction with€ T define a compact set
whose intersection with the extended parameter sfi@ce): 6 € ® andQ > 0} is also
compact Because the functiof ~¢+(0, Q) is continuousit has a minimum in a com-
pact set Thus we have proved the first assertion of Propositioh. 3he proof of the
second assertion is immediate because we saw earliewtitiaprobability approaching
one the estimatoiCr exists and satisfiefT V/2C;| < c, for a suitablec,.

Before turning to the proof of Theorem13we note that in the special case where
the sequencey(u) reduces tof(y) we haveRy = [l —B —T¥2C] and g (y) =
[AY z(y)" T Y2y5, 1] on the right hand side dfA.3) andV(x;y) = Wa(x) in the
proof of Lemma A4. From the given proofs it can then be seen that Lemn¥haikd
consequentlyProposition 3L can be proved without Assumptior{c.

A.3.2. Proofs of Theorem 3.1 and Corollary 3.10n the basis of Proposition Bwe
can assume that the estimatéfsand ) exist and thaCr = Op(T ~¥2). The arguments
used in the proof of PropositionBalso show that we can assume thatQr, andQ;*
are of orderO,(1). From the definitions and3.6) it thus follows that

0= €T(é‘r, QT) - €T(00’ Qo)
= Oy (05, Qp) + Cor (01, Q1) — Cor (620, Q)

= €1T(éT’QT) + {(gn];}ezT(BZs‘Q) — £57(020,Qp),
2>

where the infimum is over unrestricted valuesfefand Q) > 0. Recall thatd, = B and

that €,1(6,, Q) is the likelihood function of the linear regression modg} = Bz + &

where the regressors are asymptotically stationary in the sense that the matrix of second
sample moments converges in probability to a nonstochastic positive definiteThmi

using standard arguments it can be seen that the difference between the second and third
terms in the last preceding expression is of or@g(1). In fact, this difference is the
negative of the likelihood ratio test statistic for the null hypothésis 6, andQ = Qq.

Hence we have

0= €41 (fr, 0r) + O, (1). (A5)
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This result will be used to show that
T M7 (6r,0p) = Op(T~2). (A.6)

The definition of¢17(6,, Q) shows that the left hand side 04.6) consists of two addi-
tive componentsFor the first one we consider

T T
Tilzsn(éﬂsm(éﬂ)' = 7CATT711:21y2,l71[Ayt —Brz ]
T A
+ ardoTH El[ fi(y1) — fi(yo)l[Ay; — Brz ]’
t=

.
- I:A)'rT_1 E f(3)[Ay, — IEA”T z]
t=1
= 0,(T¥2). (A7)

Here the latter equality is based on Propositich Bemma A1(b),(c), and the fact that
61 = Op(1). Thus becausel* = O,(1) we can conclude fronA.5) and the definition
of ¢17(0,Q) that

0= T_lelT(éT’ﬂT) + Op(T_l)

T
=1 (QTlTl > Slt(éT)slt(éT)/> +Op(TY2). (A.8)

t=1
Because the first term in the last expression is nonnegative it must be at most of order
O,(T~%2), and so(A.6) follows.

The results obtained earlier will first be used to prove the consistency of the estima-
tors By and Q. Define

€3(B,Q) = log det(Q) + tr{Q " [Q5" + (B — Bo) (E¢, &) (B~ Bo)' I},

where &, = [AX{_;...AX{_, 1X{_1Bo]" as before Using the definitions and Lemma
A.1(a) it is not difficult to check thatT ~1¢,1(B, Q) LN 4,(B,Q) where the conver-
gence is uniform over compact subsets of the parameter spacsard Q. It is also
easy to checKand actually well knowhthat the functionf,(B, Q) has a unique min-
imum at(B, Q) = (Bp, Qo). Thus we have

5By, Or) = 05(By, Q)
=T (0, Q) + [€2(By, Qo) — T H,1(Bo, Q)]
=T M7 (67, Q7) + T Hor (B, Or) + [£2(Bo, ) — T~ Hr(Bo, Q)]
= 0,(Br, Or) + 0, (D).

Here the last equality is based 6i.6) and the previously mentioned uniform conver-
gence of T™1,r(B,Q). As a whole the preceding inequalities show that
0(Br,0r) B 0,5(B,, Q) and becausel,(B, Q) is uniquely minimized aiB, Q)
(Bo, Q), We must have(éT,QT)AQ (Bo, Qo). Indeed becauseBr = O,(1) and )y
Op(1) every subsequence 0By, (1) contains a weakly convergent subsequence with a
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limit (B.,(.), say Thus if T, signifies this latter subsequence one obtains from the con-
tinuity of the functionfz(B Q) that €2(BT,QT) = 0,(B,,(,), and because we must
havel,(Bo, Qo) = €Z(B<,Q ), we have a contradiction unleéB,, Q.) = (Bo, Qo) (as.).

This implies that(Br, 1) converges weakly t6Bo, Q) and hence also in probability
This proves partb) of Theorem 3L.

The next step is to establish the existence of the estimdtpand d+. Recall that
C=—a(A— Ay andD = —a(d — dp). Because we have already proved the consis-
tency of the estimato&r we can here assume that the parameter spaceisfa (V)
instead of its closureThen we haveA = Ag — (a'a) ta’'C andd= do — (a’a) ta’D
so that there is a one to one correspondence between the paramet€yd) and
(a,A,d). In fact, this correspondence is even a homeomorphigrat is a continu-
ous bijection with a continuous inverselence it follows from Proposition 3L that
with probability approaching oneML estimators ofA and 4 exist and are related to
the ML estimatorSaT, Cr, and Dy by Ar = Ay — (&} ar) a4 Cr and dr = do —

(&4 ér) '@} Dy, respectivelyFor later purposes we also note that this means that sub-
sequently we can writ®dr = —a+(dt — do) and furthermore 4, () = —CTyZ 1+
ar[drf(37) — dofi(yo)] (cf. the discussion following3.5)).

To prove the remaining parts of Theoreni,3recall that the first term in the last
expression ofA.8) is of orderOy(T - 12y Thus using the previously mentioned expres-
sion of e1,(67) yields

.
Op(Til/Z) =1r <QT1CATTl 2 y2,tlyé,tlcil'>
t=1
A~ A T A
-2 tI'(erlcTTl E Yo o1 [dr fi(¥1) — do ft(?’o)]"%)
=1

+r <Qr ta T 2 [ZtT fi(¥7) — do ft(?’o)][;iT fi(¥7) — do ft(YO)]’&'i)

E (A.9)

BecauseTV2Cr, d+, and 41 are of orderO,(1) we can extract from an arbi-
trary subsequence ofT¥2C;,dr,$r) a weakly convergent subsequence o)
that (Tl/ch,dT,yT) = (C,,d.,v.), say We wish to show thatC, = 0 (as.),
which |mplies thatTl/ZCT = 0p(1). To this end we use Lemmas A(d)—(f) and

A.2 in conjunction with the consistency of the estimatdrs and Qr to derive

an expression for the weak limit oirTj. It is easy to check thatedefining the sub-
sequence if necessarwe can assume subsequently that all the needed joint weak
convergencies applyrhus we find that

YT,- =t <Qc_)1_f0 {C WL (X) — ag[d, T(X;7.) — doT(X;570)]}
XA{CML(X) — ag[d, T(X;7.) — doT(X;570)]} dX)

1
= )‘min(Qal)jo IC.Wo(X) — aold. f(X37.) = dof(X;70)]1% dX. (A.10)
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However from (A.9) we see that the last expression must be Zerm) so that the
integrand must be zero fgtebesgugalmost allx. BecauseNs(x) is a full rank Brown-
ian motion this impliexC, = 0 (as.), as desiredThus we have proved thaf V/2C; =
op(1). BecauseAr = Ay — (&4 éy) a4 C; this and the consistency ofr give
TY2(Ar — Ag) = 0,(1). This proves parta) of Theorem 3L.

To complete the proofnote that whenl 2C; = 0,(1) holds we find from(A.9),
Lemma Al(e) and(f), and arguments used to deri@#.10) that

0p(1) = tr <ﬁ;léTT-l 2 [dr fu(97) = dofi(yo)l[dr fu(37) = do ft(yo)]'c%)

.
= Amin(@7 Q7 an) T2 Y dr £ (97) — dofu(yo) ]2
t=1

The last result of the theorem follows from this and the consistency of the estindgtors
and ;. Thus the proof of Theorem 3 is complete n

To prove Corollary 3L, observe first that wher, = A(¢o) is an interior point of
A(®) in the relative topology ofA(®) it follows from the consistency ofr that with
probability approaching oné\; belongs to a neighborhood 8§ contained inA(®). By
the latter condition of Assumption(B) we can choose this neighborhoa, say such
that the continuous inverse functigxr (-) is defined on it In the setA=1(A\p) there
then existspr such thatA(dr) = Ay and the consistency @by follows from the con-
sistency ofAr and the continuity of the functioA~1(-). The existence and consistency
of the estimatonj; follow similarly from Assumption 8b) and the properties of the
estimatorBr. To prove the third resultrecall the argument used i#.10) where we
concluded that the integrand must be zero(loebesgug almost allx and thatC,. = 0
(a.s.) also holds Thus we must haved. f (x;v.) = dof (X;y0) (as.) so that the identi-
fication condition of Assumption @) and the right continuity of the functiofi(-;y)
imply that 4, = do andy, = yq (as.). This gives the consistency of the estimatars
and 9. Finally, the last assertion follows from the consistency ®f and Assump-
tion 4(b) by arguments similar to those used in the case of the estirdgtearlier W

A.3.3. Proof of Proposition 3.2. Denoted; = (A, 4,y) and note that under the stated
conditions ML estimators of};, B, and Q exist with probability approaching one and
are consistenfWrite the vectore (6) and the likelihood functio®+(6,Q) in terms of
the parameterg, B, andQ and denote the resulting quantities&qyd,, B) = e1¢(391, B) +
e21(B) and€1 (91, B, Q) = €17(91, B, Q) + €-1(B, Q), respectively(cf. (3.4)—(3.6)). Again,
we haveeq; (10, B) = 0 and consequentlyl7(d10, B, Q) = 0. Thus it follows that

0 = €T(1_§1T7 éTs‘f)T) - €T(1_910’ BTr‘(\lT)

= elT(ﬁlT, BTvﬂT)

T
=2 tr<ﬁT1 2 81t(1_§lT7 ET)‘th(éT)/)
t=1
+ t"(Q?lE Slt(ﬁlTvéT)Slt(ﬁlT7BT)’>- (A.11)
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Here we have, (Br) = Ay, — Brz,, whereaseq (917, Br) can be written as
81[(7_91T7 éT) =a71(¥5,1-1® |r)VeC(AT —Ap) +ar(f(97) ® Ir)vec(;iT — dy)
+ ardo(f(¥1) — i (v0))

(cf. (3.4)). Inserting these expressions of (Br) andey (17, Br) into the first term of
the last sum in(A.11) and using a mean value expansion to lineafizg¢) — fi(yo)
gives

T T
! (QTl 2 £1 (D17, BT)Szt(BT)’> =TV 2 [Ay, — Br Zt]'Q?lﬁlTQtT(f’T:?T)’fT
t=1 t=1

def o

= E8rén (A.12)
where
TvedAr — Ay)
ér = | TV2ved dr — do)
TY2(31 = 7o)
and
Qur (97, 77) = [(T2y5 1 @ 1) (fu(37) @ 1) do(0fi(¥r)/dy")].

Hereof,(¥1)/dy’ is due to the mean value expansion and signifies a matrix wibse
row equals theth row of the matrixdf, (y4)/dy’ with 3’ = a;yo + (1 — &) 9+, 0 =
a=1(i=1..,r.

Now consider the latter term of the last sum(ih.11). Here we linearizd(y1) —
fi(yo) in e1:(d17, Br) by a termwise mean value expansidising the preceding nota-
tion we can then writes (10, Br) = drQur (97, 7er)'ér Wherey,r indicates intermedi-

ate pointsy:y’ such that| 7.y’ — ol = |97 = ¥ol (i = 1,...,r1). Thus

.
tr (Q?l E £1¢ (U171, Br) gy (D17, BT)')

t=1
~ T A £
=&T 2 Qir (¥, ¥er) G5 Q7 &7 Qur (7, ¥ier) 67
t=1

=i

& Erér (A13)

Because our assumptions imply that the function formed fféxyy) andof (x;y)/dy;
(i=1,...,0) satisfies Condition 1 in some compact neighborhoog @afe can now use
the consistency of the involved estimators and Lemma$ah and A1(d)—(f) to con-
clude that

N
Eor = T2 Qur(¥o, ¥0) 6 Qo a0 Qur (Y0, ¥0)' + 0p(1)
t=1

def —

1
:>f r(X;v0) ap Qo agr (X,7,)" dX = Ey,
0

wherer (X;y0) = [(Wa(X)" & 1r) (f(X;70)" ® Ir) do(df (X;70)/dy")]". In the same way
as in the proof of Lemma A it can be seen th&,, > 0 (a.s.) when Assumption &)

https://doi.org/10.1017/50266466601172026 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466601172026

326 PENTTI SAIKKONEN

holds Hence for somec > 0, Amin(E,7) = ¢ with probability approaching onés for
Z.7 in (A.12), note that the consistency of the involved estimators and LemrhéA
and(c) imply that 21 = Op(1). Thus from (A.11)—(A.13) it follows that with proba-
bility approaching ong

0= Amin(Z2r)| 7121 = Eor /11D, (A.14)

whereéyr = 2| Z17//Amin(Z21) = Op(1). Because\ min(Z2r) = ¢ holds with probability
approaching one it is straightforward to conclude from this thiat) = Op(1). By the
definition of &+, this proves the first three results of Propositia8.3

Now consider the proof of the last result of Propositia@ and notice thal; =
Ao + On(T™Y), dr = do + Oy(T~Y?), and 91 = yo + Op(T~¥2) by the first three
results just provedThese facts and the consistencyBaf imply that we can improve
(A.7) by replacing the tern®p(T ~*/2) by Op(T ~1). As far as the first and third expres-
sions on the right hand side of the first equality (#.7) are concernecthis follows
directly from Lemma Al(b) and(c) and the previously mentioned consistency results
For the second expression the same conclusion is obtained similarly after linearizing
fi(y1) — fi(yo) by @ mean value expansiohhus we can conclude that the first term in
the last expression df\.8) is of orderO,(T 1), and therefore we also have

€7 (917, Br, Op) = O, (1). (A.15)
Thus from the definitions andA.15) we find that
o1 (Bo, Op) = €1(D10, B, O7) = € (D17, Br, Q) = Lo (Br, Op) + Oy (1).

Taking the difference between the extreme quantities yields

0=tr {QT1<2 SZl(BT)SZI(BT)’ - 2 SZI(BO)SZt(BO)’>} + Op(l)
t=1 t=1

T T
_tr{ﬁT1<(éT _BO)EZtZ{(éT_Bo)/>} _2tr{ﬁT1<(éT _BO)EZ'(S{>}

t=1
+0,(1)
A T A
= )‘min(QWil)Amin <Tl 2 Zt Z'E) T” BT _BOHZ
t=1

.
T Y2 7,6

t=1

- 2|05 T2[By — Bol + Op(1)

£ e TIBr — Bol? — € TY2| By — Byl + O, (D).
Hence
0= 6, T|Br — Bol|2(1 — €51 /Eor TY2| By — By|) + Op(1).

The definitions show thalzr = Oy(1) and thatfor somec, > 0, €1 = ¢, with proba-
bility approaching oneThus in the same way as in the case(8f.14) we can conclude
that Br — By = Op(T 2). |
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