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This paper studies the consistency of the Gaussian maximum likelihood estimator
in a cointegrated vector autoregressive model with nonlinear time trends in co-
integrating relations+ The results are proved in a coordinate free framework that
readily allows for general nonlinear parameter restrictions and makes it possible
to show the consistency of reduced form parameter estimators without assuming
identifiability of underlying structural parameters+ Various consistency results for
structural parameter estimators can then be obtained by imposing suitable identi-
fication conditions for the parameters of interest but not necessarily for nuisance
parameters+ Orders of consistency are also obtained because they are needed to
develop a related asymptotic theory of statistical inference+

1. INTRODUCTION

The statistical theory of cointegrated systems has experienced considerable de-
velopment since the seminal paper by Engle and Granger~1987!+ As far as
parameter estimation is concerned, most of the research has been focused on
problems that are linear or can be handled by methods applicable in linear
problems+ Papers dealing with theoretical aspects of genuinely nonlinear esti-
mation problems are still rather few+ Reference can be made to Phillips~1991!,
Saikkonen~1993a, 1995!, Wooldridge ~1994!, Johansen~1997!, Pesaran and
Shin ~1997!, and Park and Phillips~1998!+ Except for Wooldridge~1994! and
Park and Phillips~1998!, this previous work has been restricted to models where
nonlinearity only appears in parameters and not in variables+ Both of these
two papers study nonlinear least squares estimation in single equation cointe-
grating regressions+ Wooldridge~1994! only allows for nonlinear functions of
stationary variables, whereas Park and Phillips~1998! concentrate on a non-
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linear regression model with a scalar regressor integrated of order one~I ~1!!+
The purpose of this paper and its sequel~Saikkonen, 2001! is to develop a
fairly complete asymptotic estimation theory for Gaussian vector autoregres-
sive ~VAR! models with general parameter restrictions and nonlinear determin-
istic time trends in cointegrating relations+ This paper formulates the considered
model and proves the consistency of the maximum likelihood~ML ! estimator,
whereas the sequel deals with asymptotic inference+ It is hoped that the meth-
ods of proof used in these two papers can also be useful in other contexts
involving nonlinearities and integrated processes+

A major motivation of including nonlinear time trends in cointegrating rela-
tions is to allow for the effect of structural changes such as level shifts+ Such
structural changes may be sudden or gradual, and they should ideally have a
clear interpretation+ If they are erroneously neglected serious misinterpreta-
tions of the estimated model can result+ In particular, the cointegrating rank of
the model may be incorrectly estimated+ Ripatti and Saikkonen~2001; see also
Heinesen, 1997! provide a more thorough discussion of these aspects in the
context of a VAR model and illustrate them by an empirical application to in-
terest rate data+ Similar ideas have also been used in the related univariate prob-
lem of testing for an autoregressive unit root+ The recent paper by Leybourne,
Newbold, and Vougas~1998! is pertinent to our work and contains a good dis-
cussion of the potential usefulness of models with gradual structural changes+
The wide literature on sudden structural breaks is also worth mentioning, al-
though the case of an unknown break date is excluded from our analysis~for
some recent work on structural breaks in cointegrated systems see Quintos, 1997;
Seo, 1998; Inoue, 1999; and the references therein!+

The rest of the paper is organized as follows+ Section 2 formulates the model
to be considered in subsequent sections and also in Saikkonen~2001!+ The ex-
istence and consistency of the ML estimator are studied in Section 3+ Unlike in
some previous work~see, e+g+, Saikkonen, 1993a; Wooldridge, 1994! our re-
sults are obtained for a global maximizer of the likelihood function instead of a
local maximizer+ Our consistency results are proved in a coordinate free frame-
work similar to that used by Johansen~1997! in a model without nonlinear
time trends+ A convenient feature of this approach is that it makes it possible to
obtain consistency results without requiring identifiability of all structural pa-
rameters of the model+ This relates our work to the recent research on the esti-
mation of partially identified models studied by Phillips~1989! and Choi and
Phillips ~1992!+ Finally, Section 4 provides a discussion of the results with po-
tential extensions, and an Appendix contains a number of useful auxiliary re-
sults in addition to proofs of the theorems+

The following notation will be used throughout the paper+ The vec operator
stacks the columns of a matrix one below another, and the symbolJ indicates
the Kronecker product for matrices+ For ann 3 m matrix A of full column rank,
A4 is an n 3 ~n 2 m! matrix of full column rank and such thatA'A4 5 0
~0 , m , n!+ If A is a square matrix its smallest and largest eigenvalues are
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denoted bylmin~A! andlmax~A!, respectively, whereas det~A! and tr~A! denote
the determinant and trace ofA, respectively+ When applied to matrices, the in-
equality A . B ~A $ B! means that the differenceA 2 B is positive definite
~semidefinite!+ By 7A7 we denote the Euclidean matrix norm of the matrixA,
that is, 7A7 5 $tr~A'A!%102+ In the context of parameters and parameter spaces
the subscript 0 is used to emphasize “true” parameter values, and NS is used for
the closure of the setS+ The standard notationD@0,1# n signifies the product
space ofn copies ofD@0,1# , the space of functions on@0,1# that are right con-
tinuous and have left hand limits+ The symbolsn and

p
&& signify weak con-

vergence and convergence in probability, respectively, and@{# denotes the integer
part of the indicated real number+ The usual lag operator is denoted byL whereas
D 5 1 2 L is the related difference operator+

2. MODEL AND ASSUMPTIONS

2.1. Specification of the Stochastic Part of the Model

Let yt , t 5 1, + + + ,T be ans-dimensional time series generated by a VAR process
of orderp+ The error correction form of the process reads as

Dyt 5 dt 1 Pyt21 1 (
j51

p21

Bj Dyt2j 1 «t , t 5 1,2, + + + , (2.1)

whereP ~s 3 s! and Bj ~s 3 s! are unknown parameters anddt ~s 3 1! is a
deterministic sequence to be discussed in the next section+ Furthermore, the
initial valuesy2p11, + + + , y0 are observable and«t is Gaussian white noise, that
is, «t ; NID~0,V! with V . 0+ This last assumption is only made for simplic-
ity and could be replaced by a more general martingale difference assumption
as in Sims, Stock, and Watson~1990!+ Because we are interested in time series
whose stochastic components are integrated of order one and cointegrated we
make the following assumption, which implies that the version of Granger’s
representation theorem in Johansen~1995, p+ 49! applies+

Assumption 1+

~a! The matrixP in ~2+1! is of rankr ~0 , r , s! so that it can be written as

P 5 ab ', (2.2)

wherea andb ares 3 r matrices of full column rank+
~b! If det@~Is 2 (j51

p21 Bj z j !~1 2 z! 2 Pz# 5 0 then6z6 . 1 or z 5 1+
~c! The matrixa4

' ~Is 2 (j51
p21 Bj !b4 is of full rank s 2 r+

When Assumption 1 holds, the columns of the matrixb are cointegrating
vectors so that, with a suitable specification of initial values, bothDyt andb 'yt

are stationary around deterministic trends, although the processyt itself con-
tains a nonstationaryI ~1! component~see Johansen, 1995, p+ 49!+ In this paper
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the cointegrating rank, r, is supposed to be correctly specified, possibly with
the help of some test procedure+

We also need additional conditions to guarantee the uniqueness of cointegrat-
ing vectors+ This is part of the following assumption+

Assumption 2+

~a! The matrix of cointegrating vectors is of the formb 5 b~f! 5 @Ir 2A~f!# ' where
A~f! is a continuous function from a setF , Rk to Rr3~s2r !, k # r ~s 2 r !+

~b! A~f0! is an interior point ofA~F! in the relative topology of RA~F!, and in some
neighborhood off0 the functionA~f! is bijective and has a continuous inverse
in some neighborhood ofA~f0!+

Thus, we assume that the cointegrating vectors can be specified by a contin-
uous, possibly nonlinear, function of ak-dimensional parameter vectorf+ Note
that we do not assume compactness of the parameter space, as is often done in
nonlinear estimation problems+ A price to be paid for this is that proving the
existence and consistency of a ML estimator off gets somewhat complicated+
In fact, we shall first prove these results for the reduced form parameter matrix
A 5 A~f! when its parameter space is extended fromA~F! to RA~F!+ Assuming
thatA~f0! is an interior point ofA~F! in the relative topology of RA~F! ensures
that in large samples a consistent estimator ofA~f! defined in RA~F! still takes
values inA~F!+ Readers who wish to avoid topological technicalities may in-
stead of the first condition of Assumption 2~b! simply assume thatA~F! is open
or closed+ In the latter case the true parameter valueA~f0! may be a boundary
point of A~F!+ In its general form Assumption 2~b! rules out the possibility
thatA~f0! is among certain “corner” points ofA~F!+ To give a concrete though
somewhat artificial example, suppose thatA~F! 5 $~a1,a2! [ R2 :21 , a1 , 1,
21 , a2 # 1%+ In this case the true parameter valueA~f0! may not be~21,1!
or ~1,1!+ If A~f0! were one of these two points a consistent estimator taking
values in RA~F! could even in large samples estimatea1 by 1 or 21 and would
therefore not belong toA~F!+

As a whole Assumption 2~b! implies that a ML estimator off is well de-
fined when the sample size is large enough and, furthermore, that a consistent
estimator off can be recovered from a consistent estimator ofA~f!+ Assump-
tion 2~b! is actually an identification condition for the parameterf based on
the well-known idea discussed in Rothenberg~1971, p+ 585!+ This identifica-
tion condition is slightly stronger than the commonly used requirementA~f! Þ
A~f0!, f Þ f0, although from a practical point of view there is probably not
much difference between these two conditions+ An advantage of the formula-
tion of Assumption 2 is its generality+ Indeed, because the parameter spaceF is
an arbitrary subset ofRk our treatment also covers the case where conventional
restrictions are imposed on the parameter vectorf+ It may also be noted that,
in addition toA~f0!, Assumption 2~b! also permitsf0 to be a boundary point
of its parameter space+
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Assuming that the firstr rows of b form an identity matrix is a convenient
and frequently used normalizing restriction+ It is easy to see that it is equiva-
lent to the requirement that the lasts2 r components ofyt are not cointegrated+
Thus, the validity of this assumption is testable~see Saikkonen, 1992; Boswijk,
1996; Luukkonen, Ripatti, and Saikkonen, 1999!+ When the parameter matrix
a is unrestricted, one can have a specification such asb ' 5 @b1~f! b2~f!# with
b1~f! ~r 3 r ! nonsingular+ This is obvious from~2+2! becauseab ' can be re-
placed bya* @Ir 2A~f!# with a* 5 ab1~f! andA~f! 5 2b1~f!21b2~f!+ If we
haveb1~f! 5 b1 andb2~f! 5 b2 with b1 andb2 unrestricted except for iden-
tifying zero restrictions our specification for the cointegrating relationsb 'yt

becomes similar to that used in traditional simultaneous equations models+ Note
that in this case the matrixA~f! is a nonlinear function of the unknown param-
eters in the matrixb even though this matrix itself is only restricted by zero
restrictions+ Saikkonen~1993b! provides a general discussion of structural co-
integrating relations of this kind+ It is easy to see that the identification condi-
tions given therein are sufficient for Assumption 2+ In VAR models similar
structural cointegrating relations have recently been employed by Johansen and
Juselius~1994!, Boswijk ~1995a, 1995b, 1996!, and Pesaran and Shin~1997!
among others+ The last authors also consider the case where the cointegrating
vectors are specified by a nonlinear function of an underlying structural param-
eter vector~for similar work, see also Johansen, 1991, 1997; Phillips, 1991!+

We will also allow for the possibility that the short-run parametersa and
B1, + + + ,Bp21 are nonlinear continuous functions of an underlying parameter vec-
tor+ This is formalized in the following assumption+

Assumption 3+

~a! The parameter matrixB 5 @B1+ + +Bp21a# is of the formB 5 B~c! whereB~c! is
a continuous function from a setC , R, to Rs3~ p21!s1r+

~b! B~c0! is an interior point ofB~C! in the relative topology of RB~C!, and in some
neighborhood ofc0 the functionB~c! is bijective and has a continuous inverse
in some neighborhood ofB~c0!+

Of course, Assumption 3 is entirely similar to Assumption 2 so that the re-
marks made regarding the latter also apply here+ Assumption 3 implies that our
model allows for very general restrictions on the short-run dynamics+ Such re-
strictions have received attention in the recent literature on cointegrated VAR
models+ For instance, they may result from weak or strong exogeneity assump-
tions, as discussed by Boswijk~1995a!, Hsiao ~1997!, and Pesaran, Shin, and
Smith ~1997! ~for a general formulation see also Johansen and Juselius, 1994!+
The so-called conditional model obtained in this setup is similar to a traditional
simultaneous equations model so that, in the same way as in simultaneous equa-
tions models, it can be transformed to a reduced form whose parameters are
nonlinear functions of underlying structural parameters+ A very different moti-
vation for restricting short-run parameters is given by Reinsel and Ahn~1992!
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and Ahn~1997!, who assume a nested reduced rank structure for the parameter
matricesB1, + + + ,Bp21 and thereby restrict them in a nonlinear fashion+ Yet an-
other example, which can also involve restrictions on the cointegrating vectors,
is obtained by combining individual models specified for different sectors of
an economy+ This possibility was recently discussed by Granger and Swanson
~1997, Sect+ IV !, who also provide further references+

Later we use the obvious notationa~c! andBj ~c!~ j 5 1, + + + , p 2 1!+ How-
ever, we continue to use the reduced form parametersB,a,Bj ~ j 5 1, + + + , p 2 1!
and alsoA andb when there is no need to be explicit about their dependence
on the structural parametersc andf+

2.2. Specification of the Deterministic Part of the Model

In the applications of the preceding model it has so far been customary to as-
sume that the deterministic sequencedt contains an intercept term and conven-
tional dummy variables+ Sometimes a linear time trend has also been included+
In this paper we are mainly interested in nonlinear deterministic trends but only
of a certain rather specific type+ The main idea is to allow for the possibility
that a standard model may fail because the mean of the cointegrating relations
b 'yt is not constant+ Reasons for this may be structural changes caused by in-
terventions or changes in institutions, policy, etc+

In this paper we shall assume that the deterministic trend termdt can be ab-
sorbed into the cointegrating relations so that

dt 5 2agt ~m!+ (2.3)

Heregt~m!~r 3 1! is a generally nonlinear deterministic function of time and
the parameter vectorm+ Thus, inserting~2+2! and~2+3! into ~2+1! shows that the
observed series is generated by

Dyt 5 a~b 'yt21 2 gt ~m!! 1 (
j51

p21

Bj Dyt2j 1 «t , t 5 1, + + + ,T+ (2.4)

A convenient way to specify the sequencegt~m! is to follow the approach used
in nonparametric regression and assume thatgt~m! 5 g~t0T;m! whereg~{;m!
is a suitable function defined on the interval@0,1# + Note that, for ease of nota-
tion, we usually suppress the dependence of the sequencegt~m! on the sample
sizeT and use the same notational convention also for other related quantities+
The preceding approach of specifying the sequencegt~m! is discussed in Ri-
patti and Saikkonen~1998!, where previous references can also be found+ Here
we only mention that in the context of cointegrating regressions deterministic
trends with the scaled time indext0T have previously been used by Phillips
and Hansen~1990! and Park and Hahn~1999!+ However, unlike ourselves, the
former authors only deal with linear models, whereas the latter use a nonpara-
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metric approach to model deterministic structural changes in cointegrating
vectors+

To give an idea of how the functiong~x;m! might be specified in practice,
consider the functions

g~x;m! 5 m1 1 @11 exp$2m2~x 2 m3!%#21m4 (2.5)

and

g~x;m! 5 m1 1 exp$2m2~x 2 m3!2%m4, (2.6)

wherem 5 @m1
' m2 m3 m4

' # ' with m1 andm4 r 3 1 parameter vectors andm2

andm3 scalar parameters withm2 . 0 and 0, m3 , 1+ If ~2+5! is employed a
smooth change of the logistic form in the mean of the cointegrating relations is
assumed, whereas a specification based on~2+6! assumes that such a smooth
change can essentially be modeled by the density function of the normal distri-
bution+ To see the idea of~2+5! more clearly, suppose that the components of
m4 are positive+ Then the parameter vectorm1 describes the mean of the cointe-
grating relations at the beginning of the sample, andm1 1 m4 is a new mean
value that applies after a smooth increasing change+ The parameterm3 deter-
mines the average location of the change, whereasm2 is a slope parameter that
indicates how rapid the change is+ The smaller the value of the parameterm2 is
the longer it takes before the mean value reaches its new level+When the value
of m2 is “large” we are close to the case of a single structural break+ This case
is actually obtained in the limit by lettingm2 r ` because then~2+5! ap-
proachesm1 1 I ~x $ m3!m4 whereI ~{! is the indicator function+ If the value of
the parameterm3 is known this amounts to using a conventional step dummy+
If ~2+6! is employed the assumed change in the mean of the cointegrating rela-
tions is nonmonotonic and symmetric aboutm3+ For instance, when the com-
ponents ofm4 are positive the mean is first assumed to increase smoothly from
m1 to m1 1 m4 and then decrease back tom1+ Again, m2 is a slope parameter
that determines how rapid these changes are+ One can think of~2+6! as a smooth
analog of the functionm1 1 I ~m2 # x , m3!m4 ~0 , m2 , m3 , 1! that
defines a conventional dummy variable when the values of the parametersm2

andm3 are known+
In our general setting we partitionm 5 @n ' g '# ' and, for theoretical reasons,

make the additional structural assumption

gt ~m! 5 d~n! ft ~g!, (2.7)

whered~n! ~r 3 r1! is a time invariant matrix function of the parameter vector
n ~n 3 1!, whereasft~g! ~r1 3 1! is a time dependent vector function of the
parameter vectorg ~q 3 1!+ As already indicated, the sequenceft~g! is sup-
posed to be of the formft~g! 5 f ~t0T;g! where f ~{;g! is a suitable function
defined on the interval@0,1# + If the sequenceft~g! is independent of the param-
eter vectorg and hence the sequencegt~m! is nonlinear only in parameters, the
estimation theory simplifies+ This is the case, for example, when the sequence
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ft~g! is defined by conventional dummy variables+ However, in the general case
where the sequenceft~g! is unknown and nonlinear in the time variablet the
situation becomes more complicated+ Contrary to the other parameters of the
model we have to assume that the parameter space ofg is compact+

Because our trend model is fairly general the number of required assump-
tions is somewhat large+ Therefore, these assumptions are divided into several
parts+ First we give the following assumption about the matrix functiond~n!+
The parameter space ofm is denoted byM 5 N 3 G whereN , Rn andG , Rq

are the parameter spaces ofn andg, respectively+

Assumption 4+

~a! d~n! is a continuous function from a setN , Rn to Rr3r1+
~b! d~n0! is an interior point ofd~N! in the relative topology of Rd~N!, and in some

neighborhood ofn0 the functiond~n! is bijective and has a continuous inverse in
some neighborhood ofd~n0!+

The two conditions in Assumption 4 are similar to the two conditions in As-
sumptions 2 and 3, and their motivation is also similar~see the discussion fol-
lowing Assumption 2!+

Before presenting assumptions about the functionf ~x;g! used to define the
sequenceft~g! we shall give the following general condition, which can also
be used for other similar functions, such as partial derivatives off ~{;g!+ Recall
that functions belonging toD@0,1# have at most countably many discontinuities+

Condition 1+ Let G~x;k! be a vector function from@0,1# 3 K to Ra whereK
is a compact subset of an Euclidean space+ We say that the functionG~x;k!
satisfies Condition 1 if the following three requirements hold+

~a! The collection of functions$G~x;{!; x [ @0,1#% is equicontinuous+
~b! G~{;k! [ D@0,1# a for all k [ K, and for every« . 0 and everyx0 [ @0,1# at

which the functionG~{;k! is continuous there exists a constantd . 0 such that
supk[K7G~x;k! 2 G~x0;k!7 , « as7x0 2 x7 , d+

~c! supT supk[K (t52
T 7G~t0T;k! 2 G~~t 2 1!0T;k!7 , `+

We shall discuss Condition 1 after the following assumption, which contains
conditions required from the functionf ~x;g! used to define the sequenceft~g!+
Note that, in the same way as with other parameters, we use the notationd 5
d~n! andd0 5 d~n0!+

Assumption 5+ Let f ~x;g! be a function from@0,1# 3 G to Rr1+ Assume that
the sequenceft~g! is of the form ft~g! 5 f ~t0T;g!, t 5 1, + + + ,T and that the
following conditions hold+

~a! G is a compact subset ofRq+
~b! f ~x;g! satisfies Condition 1 withK 5 G+
~c! *0

1 f ~x;g! f ~x;g!' dx . 0 for all g [ G+
~d! There exists anx [ @0,1# such thatdf ~x;g! Þ d0 f ~x;g0! for ~d,g! Þ ~d0,g0!+
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Because the functionf ~x;g! may be nonlinear in both of its arguments the
compactness of the parameter spaceG is a standard assumption, and it seems to
be more difficult to avoid it than in the case of the parameter spacesF, C, and
N where the associated nonlinearity only appears in parameters+

Assumption 5~b! says that the functionf ~x;g! satisfies the three require-
ments of Condition 1 in the whole parameter spaceG+ The assumed compact-
ness of the parameter spaceG implies that the equicontinuity required in the
first condition can actually be strengthened to uniform equicontinuity~see Dud-
ley, 1989, Theorem 2+4+5!+ This means that for every« . 0 there isd . 0 such
that 7g1 2 g27 , d implies 7 f ~x;g1! 2 f ~x;g2!7 , « for all g1,g2 [ G and all
x [ @0,1# + ~Hered is independent of bothx andg1,g2+! Continuity is not re-
quired in the former argument off ~x;g! so that, for example, conventional
step dummies and trends with multiple breaks at known points of time are in-
cluded+ Trends with breaks at unknown points of time are excluded, however+

The second requirement of Condition 1 implies that at the continuity points
of the functionf ~{;g! continuity obtains uniformly overg+ Of course, the first
two conditions hold if the functionf ~x;g! is continuous on@0,1# 3 G+ Notice
that from these two requirements and the compactness ofG one can readily
conclude that the functionf ~x;g! is bounded on@0,1# 3 G+ This implies that
the sequenceft~g!, t 5 1, + + + ,T is bounded uniformly in bothg [ G and T+
Thus, in some sense we assume that the considered trends are “small”~cf+ An-
drews and McDermott, 1995, p+ 347!+

According to the third requirement of Condition 1 differences of the trend
variable dt 5 adft~g! are asymptotically negligible+ This assumption essen-
tially means that the functionsf ~{;g!, g [ G are of bounded variation and their
total variations have an upper bound independent ofg+ A sufficient condition
for this is that the functionf ~x;g! is continuously differentiable with respect to
x and that]f ~x;g!0]x is bounded on@0,1# 3 G+ The examples in~2+5! and~2+6!
clearly satisfy this property+

Assumptions 5~c! and ~d! are identification conditions for the parametersd
andg+ Equation~2+7! implies that, from the viewpoint of estimatingd, Assump-
tion 5~c! is analogous to the usual full rank condition in least squares estima-
tion+ An analog of Assumption 5~d! appears in Assumption R of Andrews and
McDermott ~1995!+ Note that in the special case whereft~g! does not depend
on unknown parameters, so thatft~g! 5 ft~g0! can be assumed,Assumption 5~d!
follows from Assumption 5~c!+ When Assumptions 5~c! and ~d! are combined
with Assumption 4~b!, they yield an identification condition for the parameter
vectorm+

As a whole, Assumption 5 appears reasonably general to cover a number of
interesting cases, including ~2+5! and ~2+6! and also their extensions discussed
in Ripatti and Saikkonen~2001!+

The preceding assumptions are sufficient to develop an asymptotic theory of
estimation and statistical inference when all the structural parameters of the
model are identified+ However, in Saikkonen~2001! we are also interested in
asymptotic inference when some of the structural parameters, treated as nui-
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sance parameters, are not identified+ For that purpose the consistency results
obtained with the foregoing assumptions are not sufficient because appropriate
orders of consistency are not obtained+ To be able to prove stronger consis-
tency results additional assumptions are needed+ Define the parameter vector
nm 5 @vec~d!' g '# ' and let wM denote the space of its permissible values~see
Assumptions 4 and 5!+ Instead of the functiong~x;m! we now considerg~x; nm! 5
~ f ~x;g!' J Ir !vec~d! 5 df ~x,g!, that is, g~x;m! treated as a function of the
structural parameterg and the reduced form parameterd+

Assumption 6+

~a! The true parameter valuenm0 is such thatg0 is an interior point ofG and in some
neighborhood ofg0 the functionf ~x;g! is continuously differentiable with re-
spect tog+

~b! The function formed from]f ~x;g!0]gi ~i 5 1, + + + ,q! satisfies Condition 1 withK
some compact neighborhood ofg0+

~c! The matrix*0
1@]g~x; nm0!'0]m# @]g~x; nm0!0]m' #dx is of full rank+

As already indicated, Assumption 6 will be used to obtain consistency re-
sults needed to derive limiting distributions of estimators and test statistics+
Therefore, it may be no wonder that Assumption 6 is similar to what one sees
in treatments of asymptotic inference+ In particular, in that context the differ-
entiability assumption imposed in the first condition, is standard although we
can do without assuming the existence of second partial derivatives+ Because
Assumption 6 will only be used when Assumption 5~b! is also assumed the
second condition in Assumption 6 also holds for the function formed fromf ~x;g!
and]f ~x;g!0]gi ~i 5 1, + + + ,q!+ This implies that sample moments that appear in
the derivation of limiting distributions converge in an appropriate way+ Be-
cause this assumption is only used when a consistent estimator ofg is available
it suffices to assume that Condition 1 holds in some~small! neighborhood of
the true parameter value+ The third condition in Assumption 6 is a variant of a
conventional rank condition that guarantees that estimators have nonsingular
limiting distributions+ Note that here, and also in other similar situations, we
use the notation]g0~x; nm!'0] nm 5 ~]g~x; nm!0] nm'!' ~cf+ Lütkepohl, 1996, p+ 173!+

2.3. A Representation Theorem

To prove the results of this paper and also those in Saikkonen~2001!, we need
a version of Granger’s representation theorem or a solution of~2+4! for yt + Be-
cause the deterministic sequencegt~m! and hence the seriesyt are assumed to
depend on the sample sizeT the previous representation theorem in Johansen
~1995, p+ 49! is not directly applicable+ Fortunately, however, a similar result
can readily be obtained and will be given in the following theorem+ Here it is
reasonable to include the sample size in the notation and writegt,T~ m! 5
d~n! ft,T~m! andyt,T~t 5 1, + + + ,T !+
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THEOREM 2+1+ Suppose that y1,T , + + + , yT,T are generated by~2+4! and that
Assumption1 holds+ Then there exists a choice of initial values yj,T 5 yj , j 5
2p 1 1, + + + ,0, whose distribution is independent of T, and such that, for t 5
1, + + + ,T,

yt,T 5 L (
j51

t

«j 1 (
j50

`

Kj «t2j 2 (
j50

t

Kj agt2j,T~m! 1 Pb4 y0, (2.8)

whereL 5 b4 @a4
' ~Is 2 (j51

p21 Gj !b4 #21a4
' , Pb4 5 b4~b4

' b4 !21b4
' , and the coef-

ficient matrices Kj are defined by K~z! 5 (j50
` Kj z j, a rational matrix function

such that its power series representation converges absolutely in an open disk
containing the unit disk+

For later purposes we introduce the process

xt 5 L (
j51

t

«j 1 K~L!«t + (2.9)

As representation~2+8! shows, xt is the stochastic part ofyt,T + It is independent
of the sample sizeT and in fact identical to its counterpart in the corresponding
representation in Johansen~1995, p+ 49!+ Because the initial valuey0 is also
independent ofT the dependence ofyt, T on the sample size is only due to the
deterministic sequencegt, T~m! or ft,T~g!+ This fact simplifies asymptotic deri-
vations and makes them in many respects similar to those in previous standard
cases+ For this reason our usual convention to exclude the symbolT from the
notation should not cause any confusion+

Becausegt,T~m! 5 g~t0T;m! and the functiong~{;m! is defined on the inter-
val @0,1# we have not defined the sequencegt,T~m! for t , 0+ For this reason the
third sum on the right hand side of~2+8! is truncated and therefore different from
its counterpart in Johansen~1995, Theorems 2+2 and 4+2!+ However, from the
proof of Theorem 2+1 it can be seen that, with suitable definitions ofgt,T~m!,
t , 0, we could replace this sum by(j50

` Kj agt2j,T~m! 5 K~L!agt,T~m!+ As-
suming that the series is convergent is obviously required, and, if the distribu-
tion of the initial values is to be independent ofT, it is also necessary that
gt,T~m!, t , 0 are independent ofT+ The present form of Theorem 2+1 can be
formulated in this way by assuminggt,T~m! 5 0 for t , 0+ If convenient this
assumption will also be explicitly used+

Because we will assume that differences of the sequencegt,T~ m! are
asymptotically negligible in the sense implied by Condition 1~c! the series
Dyt,T andb 'yt21, T 2 gt,T~m! are nearly stationary or asymptotically stationary+
For Dyt,T this follows directly from~2+8!, which implies thatDyt,T 5 Dxt 2
K~L!aDgt,T~m! ' Dxt + For b 'yt21,T 2 gt,T~m! we can use the decomposition
K~L! 5 K~1! 2 K~L!*D and observe thatb 'K~1!a 5 2Ir ~cf+ Johansen, 1995,
the proof of Theorem 4+2!+ From this and~2+8! one then obtainsb 'yt21,T 2
gt, T~m! 5 b 'xt21 2 Dgt,T~m! 1 b 'K~L!*aDgt21~m! ' b 'xt21+
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3. MAIN RESULTS

3.1. Existence of ML Estimators

As already mentioned, some complications in our estimation theory arise be-
cause we do not assume compactness of the parameter space+ This particularly
holds for proving the existence of ML estimators, and for that purpose it ap-
pears convenient to write the model in~2+4! as

Dyt 5 aut21~g! 1 (
j51

p21

Bj Dyt2j 1 Cy2, t21 1 Dft ~g! 1 «t , t 5 1, + + + ,T,

whereC5 C~a,A! 5 2a~A2 A0!, D 5 D~a,d! 5 2a~d 2 d0!, andut21~g! 5
y1, t21 2 A0y2, t21 2 d0 ft~g! with yt 5 @ y1t

' y2t
' # ' partitioned in an obvious way+

Here we have expressed the model in terms of the reduced form parameters
discussed following Assumption 3+ Because this form of the model will be em-
ployed later we write it more compactly as

Dyt 5 Bzt ~g! 1 Cy2, t21 1 Dft ~g! 1 «t , t 5 1, + + + ,T, (3.1)

wherezt~g! 5 @Dyt21
' + + +Dyt2p11

' ut21~g!' # ' andB is as in Assumption 3+
Our estimation theory for the structural parametersf, c, andn is based on a

coordinate free approach in which existence and consistency of ML estimators
of the reduced form parametersB, C, andD are first established+ The rationale
of this is that the likelihood function depends on these structural parameters
only through the reduced form parametersB, C, andD+ In cointegrated systems
the same idea was recently used by Johansen~1997!, and it has also been com-
mon in the estimation theory of stationary autoregressive moving average
~ARMA ! models where the transfer function of the infinite order moving aver-
age representation plays the role of reduced form parameters~for a brief dis-
cussion see Potscher, 1991, Appendix A, for a comprehensive account see
Hannan and Deistler, 1988!+ Thus, we consider the ML estimation of the pa-
rametersB, C, D, andg in ~3+1! and, of course, also the estimation of the error
covariance matrixV+ At this stage the relation between this estimation problem
and that concerning the structural parameters is that Assumptions 2–4 are used
to define the parameter spaces ofB, C, and D, which areB 5 B~C!, C 5
C~a~C!,A~F!!, andD 5 D~a~C!,d~N!!, respectively+

Denoteu 5 ~C,D,g,B! and letQ 5 C 3 D 3 G 3 B contain the permissible
values ofu+ Then, conditioning on the initial valuesy2p11, + + + , y0 we can write
minus two times the logarithm of the likelihood function as

,T~u,V! 5 T log det~V! 1 tr HV21 (
t51

T

«t ~u!«t ~u!'J , (3.2)

where

«t ~u! 5 Dyt 2 Bzt ~g! 2 Cy2, t21 2 Dft ~g!+
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Note that even though model~3+1! is infeasible«t~u! is observable for given
values ofA, B, d, andg because its dependence on the unknown true param-
eter valuesA0 and d0 cancels+ ML estimators ofu and V, if they exist, are
obtained by minimizing the function,T~u,V! over u [ Q and V . 0+ The
reason why we do not consider the likelihood function22,T~u,V! is that we
make use of ideas similar to those in Saikkonen~1995, Sect+ 4+3!, where esti-
mators are obtained as a solution of a minimization problem+ Nevertheless, we
shall refer to,T~u,V! as the likelihood function+

We have not been able to establish the existence of a ML estimator ofu
without slightly extending the parameter spaceQ+ Therefore we consider the
likelihood function overu [ OQ+ Of course becauseG is compact by assumption
this only means that we have to extend the parameter spacesB, C, andD by
including their boundaries and, if these parameter spaces are closed, as as-
sumed in Johansen~1997!, no extension is needed+ Note thatB, C, andD would
be closed if the parameter spacesQ, C, and N were assumed compact+ The
following result shows that, when the sample size is large enough, ML estima-
tors of u and V exist over the extended parameter space$~u,V! : u [ OQ and
V . 0%+ These estimators are denoted byZuT and ZVT , and they are of course
related by

ZVT 5 T21 (
t51

T

«t ~ ZuT !«t ~ ZuT !'+ (3.3)

A similar notation will also be used for the components ofZuT and also ML
estimators ofA,d and the structural parametersf, c, andg+ Now we can prove
the following proposition+ Unless otherwise stated, all limits in this paper are
taken asT r `+

PROPOSITION 3+1+ Let y1, + + + , yT be generated by~2+4!, where«t is as in
~2+1!+ Suppose that Assumptions1, 2~a!, 3~a!, 4~a!, and 5~a!–~c! hold+ Then,
ML estimators ZuT and ZVT exist with probability approaching one and, more-
over, ZCT 5 Op~T2102!+

Thus, in addition to the existence of the ML estimatorsZuT and ZVT , Proposi-
tion 3+1 also shows the consistency and order of consistency of the long-run
parameter estimatorZCT + This latter result is actually obtained directly when the
existence of the estimatorsZuT and ZVT is proved~see the Appendix!+ It will be
used later to prove the consistency of the other components ofZuT and the con-
sistency of ZVT + It will also provide a first step for obtaining better orders of
consistency, which will be needed to derive limiting distributions of structural
parameter estimators~cf+ the discussion in Saikkonen, 1995!+

3.2. Consistency of ML Estimators

The prove the consistency results discussed previously, it seems convenient to
follow Saikkonen~1995! and express the vector«t~u! and thereby the likeli-
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hood function as a sum of two components+ Because the idea is basically that
one of the components of«t~u! should contain integrated variables the two com-
ponents might be defined asDyt 2 Bzt~g! 2 Dft~g! and2Cy2, t21+ However, in
addition toC, we have found it more convenient to also interpretD andg as
long-run parameters, and therefore we partitionu 5 ~u1,u2! whereu1 5 ~C,D,g!
andu2 5 B+ The two components of«t~u! are thus defined as

«1t ~u! 5 2Cy2, t21 1 ad0 @ ft ~g! 2 ft ~g0!# 2 Dft ~g! (3.4)

and

«2t ~u2! 5 Dyt 2 Bzt , (3.5)

wherezt 5 zt~g0!+ Using the definitions one can check thatBzt 5 Bzt~g! 1
ad0@ ft~g! 2 ft~g0!# and furthermore that«t~u! 5 «1t~u! 1 «2t~u2!, as desired+
Because the processesut21~g0! 5 y1, t21 2 A0y2, t21 2 d0 ft~g0! and Dyt are
asymptotically stationary the same is true forzt ~see the discussion at the end
of Section 2+3 and the definition ofzt~g! following ~3+1!!+ Note also that«1t~u! 5
2Cy2, t21 1 a@dft~g! 2 d0 ft~g0!# and dft~g! 2 d0 ft~g0! 5 gt~m! 2 gt~m0!
when the structural parameterm is used~cf+ ~2+7!!+ However, at this stage we
will not use these expressions because we have not established the existence of
ML estimators ofdandn+

Using the identity«t~u! 5 «1t~u! 1 «2t~u2! we can write

,T~u,V! 5 ,1T~u,V! 1 ,2T~u2,V!, (3.6)

where

,1T~u,V! 5 2 trSV21 (
t51

T

«1t ~u!«2t ~u2!'D1 trSV21 (
t51

T

«1t ~u!«1t ~u!'D
and

,2T~u2,V! 5 T log det~V! 1 trSV21 (
t51

T

«2t ~u2!«2t ~u2!'D+
Clearly, «1t~u10,u2! 5 0, and consequently,1T~u10,u2,V! 5 0+ Because,2T~u2,V!
is the likelihood function of a linear regression model with asymptotically sta-
tionary regressors and Gaussian white noise errors this component of the like-
lihood function,T~u! is easy to deal with because standard methods apply+ This
is a major reason why we have found the preceding decomposition of«t~u!
convenient+ The other component of the likelihood function, namely, ,1T~u,V!,
contains the integrated processes of the system, which make the estimation prob-
lem nonstandard+

The only identification condition assumed in Proposition 3+1 was Assump-
tion 5~c!+ It is of course clear that the structural parametersf, c, n, and g
cannot be consistently estimated without further identification conditions+ How-
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ever, some consistency results can still be obtained, as the following theorem
shows+

THEOREM 3+1+ Suppose that the assumptions of Proposition3+1 hold+ Then,
with probability approaching one, ML estimators ZAT and ZdT also exist and,
furthermore,

~a! ZCT 5 op~T2102! and ZAT 5 ZA0 1 op~T2102!,
~b! ZBT

p
&& B0 and ZVT

p
&& V0

~c! T21 (t51
T 7 ZdT ft ~ [gT ! 2 d0 ft~g0!72

p
&& 0+

Theorem 3+1 shows that when the assumptions of Proposition 3+1 are not
supplemented by other identification conditions one can only consistently esti-
mate the reduced form parametersA andB in addition to the error covariance
matrix V+ The order of consistency obtained for the estimatorZCT in Proposi-
tion 3+1 can also be slightly improved, and the same order of consistency can
be obtained for the ML estimator ofA+ No consistency result can be proved for
the reduced form parameter estimatorZDT + The identification condition given in
Assumption 5~c! is only sufficient to prove the existence of this estimator and
also the existence of the estimatorZdT + This is not surprising because the pa-
rameterd appears in the model in the product formdft~g! so that, without
further assumptions, it is not possible to separate the two factors of the prod-
uct+ Therefore it is also expected that the parameterg cannot be consistently
estimated without further assumptions+ However, the last result of Theorem 3+1
can be seen as a reduced form consistency result for the trend model or the
sequencedft~g! 5 gt~m!, t 5 1, + + + ,T+

When appropriate identification conditions are imposed further consistency
results can be readily deduced from Theorem 3+1+ Specifically we have the fol-
lowing corollary+

COROLLARY 3+1+ When the assumptions of Theorem3+1 hold the follow-
ing additional assumptions imply the existence~with probability approaching
one! and consistency of the indicatedML estimators+

~a! If Assumption2~b! holds, then ZfT
p
&& f0+

~b! If Assumption3~b! holds, then ZcT
p
&& c0+

~c! If Assumption5~d! holds, then ZdT
p
&& d0 and [gT

p
&& g0, and, if Assumption5~d!

is supplemented by Assumption4~b!, then [nT
p
&& n0 also holds+

Each of the given conditions implies the stated consistency result regardless
of the validity of the other conditions+ For instance, Assumptions 2~b!, 3~b!,
and 5~d! in conjunction with the assumptions of Theorem 3+1 imply that the
structural parameters can be consistently estimated except forn+ Here no order
of consistency is obtained for the long-run parameter estimatorZfT + It is easy to
see that ZfT 5 f0 1 op~T2102! if f0 is an interior point ofF and in some neigh-
borhood off0 the functionA~f! is continuously differentiable with the matrix
] vecA~f0!0]f ' of full column rank+ This is a standard assumption in asymp-
totic inference onf+ When it holds the previously mentioned result can be jus-
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tified by using a mean value expansion to show that, for some« . 0, 7A~ ZfT! 2
A~f0!72 $ «7 ZfT 2 f072 with probability approaching one+

We have already mentioned that Assumption 5~c! was used to guarantee the
existence of the estimatorsZDT and ZdT + It can be seen from the Appendix that
this assumption is not needed if one considers the special case where the func-
tion gt~m! reduces toft~g!+ Then one can assume that the value ofd is a priori
known so thatD 5 0+ On the other hand, we noticed in Section 2 that in the
special case where the functionft~g! does not depend on unknown parameters
Assumption 5~d! is redundant because it follows from Assumption 5~c!+

The consistency results of Theorem 3+1 and Corollary 3+1 are sufficient to de-
rive limiting distributions of estimators and test statistics when identifiability of
all structural parameters is assumed+ However, when this is not done the situa-
tion gets more complicated, and it seems to be difficult to do without further
results about order of consistency+ Therefore we prove the following proposition+

PROPOSITION 3+2+ Suppose that, in addition to the assumptions of Propo-
sition 3+1, Assumptions5~d! and 6 also hold+ Then,

~a! ZAT 5 A0 1 Op~T21!,
~b! ZdT 5 d0 1 Op~T2102!,
~c! [gT 5 g0 1 Op~T2102!,
~d! ZBT 5 B0 1 Op~T2102!+

Proposition 3+2 improves the order of consistency obtained for the reduced
form parameter estimatorZAT in Theorem 3+1 and also provides orders of con-
sistency for the estimatorsZdT , [gT , and ZBT + For these results to hold it is not nec-
essary that the structural parametersf, n, andc be identified, but appropriate
identification conditions are of course needed for the parametersd andg+ As-
sumption 5~d! was already used in Corollary 3+1 to prove the consistency of the
estimators ZdT and [gT, and the additional requirements are similar to those needed
to guarantee that these estimators have nonsingular limiting distributions+ The
first three results of Proposition 3+2 are used in Saikkonen~2001! whenc is the
parameter of interest andA 5 A~f!, d 5 d~n!, andg are nuisance parameters
with f andn not necessarily identified+ The last result is used when the roles of
these parameters are reversed so thatf, n, andg are parameters of interest and
B 5 B~c! is a nuisance parameter withc not necessarily identified+

4. CONCLUDING REMARKS

This paper provides a fairly complete treatment of consistent estimation in co-
integrated VAR models with nonlinear time trends in cointegrating relations+
However, there are still several potential extensions that are not covered by our
analysis+ For instance, one might wish to relax the assumption that the time
trends can be totally absorbed in the cointegrating relations+ An example of this
would be a model with an unrestricted intercept term and nonlinear time trends
in cointegrating relations+ In this model the integrated components of the series
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would have linear time trends+ Note that linear time trends may appear in the
cointegrating relations of our model+ Although the time index is assumed to be
standardized according tot0T it is not difficult to modify our treatment and
allow for a nonstandardized time index in linear trend terms or even in higher
order polynomials of time+ One might also wish to follow Park and Hahn~1999!
and allow for deterministic structural changes in cointegrating vectors that in
our framework would be modeled by a parametric function similar to that used
for the trend term+ Finally, it might be of interest to consider models containing
nonlinear functions of stochastic variables, which in some special cases have
been studied by Wooldridge~1994! and Park and Phillips~1998!+

We have not tried to cover the preceding extensions or even some of them in
the present work because the considered model is already rather complex+ How-
ever, the methods used to prove the results of this paper and Saikkonen~2001!
may also be helpful if these extensions are considered+ In some cases this may
only require straightforward modifications to our treatment+ In others a more
elaborate analysis or additional assumptions may also be needed+
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APPENDIX

A.1. Proof of Theorem 2.1.Define Iyt,T 5 @~b 'yt,T !' ~b4
' Dyt,T !' # '~t 5 1, + + + ,T !+

Then, proceeding exactly in the same way as in the proof of Theorem 4+2 Johansen
~1995!, we find that

DA~L! Iyt,T 5 F2gt,T~m!

0 G1 F ~a 'a!21a '

~a4
' a4 !21a4

'G«t , t 5 1, + + + ,T,

where DA~L! 5 (j50
p DAj L

j has no unit roots and all other roots are outside the unit circle
by Assumption 1+ Note that DA~L! is precisely the same lag polynomial matrix as in Jo-
hansen~1995, p+ 51!+ Using Theorem 2+1 in Johansen~1995! we can now solveIyt,T and
obtain

Iyt,T 5 (
j51

p

EFt2j ~ DAj Iy0,T 1 {{{ 1 NAj1p21 Iy12p,T !

1 (
j50

t21

EFjF ~a 'a!21a '

~a4
' a4 !21a4

'G«t2j 2 (
j50

t21

EFjFgt2j,T~m!

0 G , t 5 1, + + + ,T,

where the matricesEFj are defined by EF~L! 5 (j50
` EFj L

j 5 DA~L!21+ Next note that it is
possible to choose the initial values such that

(
j51

p

EFt2j ~ DAj Iy0,T 1 {{{ 1 DAj1p21 Iy12p,T ! 5 (
j5t

`

EFjF ~a 'a!21a '

~a4
' a4 !21a4

'G«t2j 2 EFtFg0,T~m!

0 G
~cf+ Johansen, 1995, the proof of Theorem 2+2!+ Because this choice depends on the
sequencegt,T~m! only throughg0,T~m! 5 g~0;m! it is independent ofT+ Thus, if we set
gt,T~m! 5 0, t , 0, we have

Iyt,T 5 EF~L!F ~a 'a!21a '

~a4
' a4 !21a4

'G~«t 2 agt,T~m!!, t 5 1, + + + ,T+

The final step is to recoveryt,T from Iyt,T + This, however, can be done in the same way
as in the proof of Theorem 4+2 of Johansen~1995!, and the result is easily seen to be as
claimed in the theorem+ This completes the proof+ n

A.2. Auxiliary Results. This section contains some auxiliary results that will be used
in subsequent proofs and also in Saikkonen~2001!+ Proofs of these results make use of
the representation given in Theorem 2+1+ However, unlike in ~2+8! we will not use the
subscriptT in the notation+ Because the seriesyt depends on the sample sizeT only
through the deterministic sequenceft~g! it is not difficult to check that the dependence
on T has no effect on the validity of the employed arguments+

We start by introducing some notation+ Let K be a compact set as in Condition 1
and denote byC~K !a3b the space of all continuous functions fromK to Ra3b where
C~K !a3b is endowed with the uniform metric andK with the Euclidean metric+ Thus,
the distance betweenh1~k! andh2~k! in C~K !a3b is given by supk[K7h1~k! 2 h2~k!7+
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The notationC~K !a3b 5 C~K ! is used ifa 5 b 5 1+ Next recall from Section 3+1
the notationzt 5 @Dyt21

' + + +Dyt2p11
' ut21~g0!' # ' whereut21~g0! 5 b0

' yt21 2 gt~m0! and
b0
' 5 @Ir 2A~f0!# + In the following lemma Assumption 2 is not needed so that in the

definition ofzt the matrixb0 need not be of the preceding particular form+ For this lemma
we also introduce the vectorsszt 5 @Dyt

' zt
'# ' and rzt 5 @Dxt

' + + +Dxt2p11
' xt21

' b0# ' where
xt is defined in~2+9!+ Further, let W0~x! be a Brownian motion with covariance matrix
V0 and defineW2~x! 5 e2

' L0W0~x! with e2
' 5 @0 Is2r # andL0 defined in~2+8!+ Finally,

we usec,c1,c2, + + + to signify finite positive constants not always the same ones+

LEMMA A +1+ Let y1, + + + , yT be generated by~2+4! where«t is as in~2+1! and gt~m! as
in ~2+7!+ Suppose that Assumption1 holds and that the sequence ft~g! in ~2+7! is of the
form ft~g! 5 f ~t0T;g! where the function f~x;g! satisfies Condition1~c! wheng 5 g0+
Let G~x;k! be a function that satisfies Condition1+ Then, setting Gt~k! 5 G~t0T;k! and
using the notation defined previously,

~a! T21 (t51
T szt szt

' p
&& E rzt rzt

' ,
~b! T21 (t51

T y2, t21 @ szt
' «t
'# 5 Op~1!,

~c! supk[K 7T2102 (t51
T Gt ~k!@ szt

' «t
'#7 5 Op~1!,

~d! T21 (t51
T Gt ~k1!Gt ~k1!' r *0

1 G~x;k1!G~x;k1!' dx,
~e! T22 (t51

T y2, t21 y2, t21
' n *0

1 W2~x!W2~x!' dx

~f ! T2302 (t51
T y2, t21Gt ~k!' n *0

1 W2~x!G~x;k!' dx+

Here ~d! holds uniformly over~k1,k1! [ K 3 K, and in ~f ! the left hand side also has a
weak limit in the function space C~K ! ~s2r !3a+ Finally, joint weak convergence of~e!
and ~f ! applies+

Proof. First recall from the end of Section 2+3 thatDyt 5 Dxt 2 K0~L!a0d0Dft~g0!
andut21~g0! 5 b0

' yt21 2 d0 ft~g0! 5 b0
' xt21 2 d0Dft~g0! 1 b0

' K0~L!*a0d0 Dft21~g0!
whereDft~g0! is asymptotically negligible in the sense of Condition 1~c!+ It is not dif-
ficult to see that filtered versions ofDft~g0!, like those in the preceding expressions of
Dyt andb0

' yt21 2 d0 ft~g0!, are asymptotically negligible in the same sense+ Using this
fact and the stationarity of the processesDxt andb0

' xt21 it is further straightforward to
show that the first and second sample moments obtained fromDyt and b0

' yt21 2
d0 ft~g0! are asymptotically equivalent to those obtained fromDxt and b0

' xt21+ The
first result follows from this and the law of large numbers+

To prove the second result, partitionxt 5 @x1t
' x2t

' # ' conformably with the partition of
yt and, for 0 # j # p 2 1, consider

T21 (
t51

T

y2, t21 Dyt2j
'

5 T21 (
t51

T

@x2, t21 2 e2
' K0~L!a0d0 ft ~g0!# @Dxt2j 2 K0~L!a0d0 Dft2j ~g0!# '

1 op~1!

5 T21 (
t51

T

x2, t21 Dxt2j
' 2 T21 (

t51

T

@e2
' K0~L!a0d0 ft ~g0!#Dxt2j

'

2 T21 (
t51

T

x2, t21 @K0~L!a0d0 Dft2j ~g0!# ' 1 op~1!+ (A.1)
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Here the first equality results from ignoring the terme2
' Pb4 y0 from the expression of

y2, t21 ~see ~2+8!!, whereas the second one follows from the boundedness of the se-
quenceft~g0! and the asymptotic negligibility of the differencesDft~g0!+ The first term
in the last expression of~A+1! is of orderOp~1! by well-known properties of stationary
and integrated processes+ BecauseDxt is a stationary zero mean ARMA process and the
sequenceft~g0! is bounded one readily finds that the second term in the last expression
of ~A+1! obeys a weak law of large numbers and is therefore of orderop~1!+ Using par-
tial summation and the same argument it can also be seen that the third term in the last
expression of~A+1! is of orderop~1!+ Finally, similar arguments withDyt2j replaced by
ut21~g0! and«t can be used to complete the proof of the second result+

To prove the third result, we proceed in the same way as previously and, for 0 # j #
p 2 1, first consider

T2102 (
t51

T

Gt ~k!Dyt2j
' 5 T2102GT~k!yT2j

' 2 T2102 (
t51

T

DGt ~k!yt2j21
' , (A.2)

whereG0~k! 5 0 and the equality follows from partial summation+ Arguments similar
to those already used show that the first term on the right hand side is of orderOp~1!
uniformly in k, whereas the replacement ofyt2j21 by xt2j21 in the second one causes an
error of orderop~1!, again uniformly ink+ Because it is well known thatT2102x@Tu# n

L0W0~u!~0 # u # 1! we have max1#t#T T21027xt75 Op~1! and, becauseGt~k! satisfies
Condition 1~c!, it follows that the second term on the right hand side of~A+2! is of order
Op~1! uniformly in k+ Thus, we have shown that the left hand side of~A+2! is of order
Op~1! uniformly in k, and, because the same arguments apply withDyt2j replaced by
ut21~g0! and«t , the stated result follows+

The proof of the fourth result is based on arguments similar to those used in the proof
of Lemma 1 of Andrews and McDermott~1995!+ DefineG~T !~x;k! 5 G~~ @Tx# 11!0T;k!
for x [ @0,1! andG~T !~1;k! 5 G~1;k!+ Then, G~T !~x;k! 5 G~t0T;k! for ~t 2 1!0T # x ,
t0T ~t 5 1, + + + ,T 2 1! andG~T !~x;k! 5 G~1;k! for ~T 2 1!0T # x # 1+With these defini-
tions we have

lim
T

sup
~k1,k2![K3K

**E
0

1

G~T !~x;k1!G~T !~x;k2!' dx2E
0

1

G~x;k1!G~x;k2!' dx**

# lim
T
E

0

1

sup
~k1,k2![K3K

7G~T !~x;k1!G~T !~x;k2!' 2 G~x;k1!G~x;k2!' 7dx

5E
0

1

lim
T

sup
~k1,k2![K3K

7G~T !~x;k1!G~T !~x;k2!' 2 G~x;k1!G~x;k2!' 7dx

5 0+

Here the first equality follows from the dominated convergence theorem with dominat-
ing function 2 sup0#x#1 supk[K 7G~x;k!72+ The second equality is based on Condi-
tion 1~b!, which implies thatG~T !~x;k1!G~T !~x;k2!'r G~x;k1!G~x;k2!' uniformly over
~k1,k2! and for~Lebesgue! almost allx+ Because the former integral in the first expres-
sion of the given definition equals the left hand side in the assertion the stated result
follows+
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The fifth result is an immediate consequence of the boundedness of the sequence
ft~g0! and well-known properties of integrated processes that imply that on the left hand
sidey2, t21 can be replaced byx2, t21+ To prove the last assertion, first note that~2+8! and
arguments used in the previous proofs readily show that

T2302 (
t51

T

y2, t21Gt ~k!' 5 e2
' L0T2302 (

t51

T

(
j51

t

«j Gt ~k!' 1 op~1!

uniformly overk+ Thus, we need to prove the relevant weak convergence for the first
term on the right hand side+ Denote this term byXT~k! and, analogously toG~T !~x;k!,
define S~T !~x! 5 T2102~«1 1 {{{ 1 «@Tx#11! for x [ @0,1! and S~T !~1! 5 T2102~«1 1
{{{ 1 «T!+ Then we can write

XT~k! 5 e2
' L0E

0

1

S~T !~x!G~T !~x;k!' dx+

In the same way as in the proof of~d! we haveG~T !~x;k! r G~x;k! for every fixed
k [ K and at every continuity point ofG~x;k!+ It is not difficult to check that this
convergence also holds in the Skorohod topology+ Thus, becauseS~T !~x! n W0~x! in the
Skorohod topology it follows from the continuous mapping theorem that, for every fixed
k [ K, XT~k! converges weakly to the quantity obtained from the right hand side of~f !+
The corresponding weak convergence of finite dimensional distributions, that is, the joint
weak convergence ofXT~k1!, + + + ,XT~kb!, is obtained similarly+ Thus, from Theorem 10+2
of Pollard~1990! it follows that we only need to verify the stochastic equicontinuity of
XT~k!+ In other words, we have to show that for each« . 0 andh . 0 there is ad . 0
such that

lim sup
T

PH sup
7k12k27,d

7XT~k1! 2 XT~k2!7 . hJ , «+

To show this, observe that

E sup
7k12k27,d

7XT~k1! 2 XT~k2!7

# c1T2302 (
t51

T

E**(
j51

t

«j** sup
7k12k27,d

7Gt ~k1! 2 Gt ~k2!7

# c2T21 (
t51

T

sup
7k12k27,d

7G~t0T;k1! 2 G~t0T;k2!7

# c2 sup
0#x#1

sup
7k12k27,d

7G~x;k1! 2 G~x;k2!7+

Because the equicontinuity requirement of Condition 1~a! can be strengthened to uni-
form equicontinuity~see the discussion following Assumption 5! the last quantity can
be made as small as desired by choosingd small enough+ Thus, by Markov’s inequality,
the stochastic equicontinuity ofXT~k! holds, and the last assertion follows+ Because the
stated joint weak convergence is straightforward to establish the proof of the lemma is
complete+ n
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Note that the third result of Lemma A+1 immediately implies thatGt ~k! szt
' and

Gt~k!«t obey uniform laws of large numbers+ In the last result we have not character-
ized the stochastic properties of the weak limit as a random element in the function
spaceC~K !~s2r !3a+ This characterization would not be difficult to obtain, but, because
it is not needed in this paper or in Saikkonen~2001!, we skip it+ The following general
result may be of interest when weak convergence results in the function spaceC~K !a3b

are applied+

LEMMA A +2+ Let ~ZT~k!, SkT! and ~Z~k!,k*! be random elements in C~K !a3b 3 K
and assume that~ZT~k!, SkT! n ~Z~k!,k*! holds+ Then, ZT~ SkT! n Z~k*!+

Proof. Consider the function~Z,k! r Z~k! from C~K !a3b 3 K to Ra3b+ This func-
tion is known as an evaluation mapping, and, by the continuous mapping theorem, it
suffices to establish its continuity+ This, however, is well known~see Hu, 1964, Propo-
sition 5+2, and note that the boundedness of the metric assumed in this proposition is not
needed here because the setK is compact!+ n

Because of the rather strong requirements of Condition 1, the following lemma is
simple to prove and yet very powerful in subsequent derivations and also in Saikkonen
~2001!+

LEMMA A +3+ Suppose that the function G~x;k! satisfies Condition1 in a compact
neighborhood of the pointk0+ Set Gt~k! 5 G~t0T;k! and let ZtT , SktT , and SkT be random
vectors such thatmax1#t#T7ZtT7 5 Op~1!, SkT

p
&& k0, and 7 SktT 2 k07 # 7 SkT 2 k07 for

all t 5 1, + + + ,T+ Then,

~a! T21 (t51
T @Gt ~ SktT ! 2 Gt ~k0!#ZtT

' p
&& 0,

~b! (t52
T @Gt ~ SkT ! 2 Gt ~k!#DZtT

' p
&& 0+

Proof. In case~a! it suffices to show that max1#t#T7Gt~ SktT! 2 Gt~k0!75 op~1!+ How-
ever, this maximum is dominated by sup0#x#1 max1#t#T7G~x; SktT! 2 G~x;k0!7, which
is of orderop~1! because the equicontinuity in Condition 1~a! holds uniformly and be-
cause max1#t#T7 SktT 2 k07 # 7 SkT 2 k07 5 op~1! by assumption+ To prove~b!, use par-
tial summation to write

(
t52

T

@Gt ~ SkT ! 2 Gt ~k0!#DZtT
' 5 @GT~ SkT ! 2 GT~k0!#ZTT

' 2 @G1~ SkT ! 2 G1~k0!#Z1T
'

2 (
t52

T

@DGt ~ SkT ! 2 DGt ~k0!#Zt21,T
' +

The arguments used in case~a! show that the first two terms on the right hand side are
of orderop~1!+ The norm of the third one is dominated by

max
1#t#T

7ZtT7(
t52

T

7DGt ~ SkT ! 2 DGt ~k0!7

5 Op~1! (
t52

M

7DGt ~ SkT ! 2 DGt ~k0!71 Op~1! (
t5M11

T

7DGt ~ SkT ! 2 DGt ~k0!7+

Here the first term on the right hand side is of orderop~1! for every fixedM+ To analyze
the second one, let K1 be a compact neighborhood of the pointk0 in which Condition 1
holds and suppose thatSkT [ K1+ Then,
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(
t5M11

T

7DGt ~ SkT ! 2 DGt ~k0!7 # 2 sup
k[K1

(
t5M11

T

7DGt ~k!7+

Using Condition 1~c! it can be shown that the right hand side can be made arbitrarily
small by choosingM large enough+ Hence, we have established the stated result in the
special caseSkT [ K1+ The general case is obtained in a straightforward manner because
P$ SkT [ K1% r 1+ n

The first result of Lemma A+3 makes it possible to apply mean value expansions term-
wise in sums containing quantities such asft~ [gT! 2 ft~g0!+ In this way we can avoid
using second order Taylor expansions, which simplifies the derivations considerably+ In
these applicationsZtT is typically T2102y2, t21 or ft~ [gT!+ The second result can be used
in usual mean value expansions withDZtT typically beingT2102«t or T2102zt +

A.3. Proofs for Section 3.1.

A.3.1. Proof of Proposition 3.1. First note that the likelihood function defined in
~3+2! can be written as

,T~u,V! 5 T log det~V! 1 trHV21RT (
t51

T

qtT~g!qtT~g!'RT
' J , (A.3)

where RT 5 @Is 2B 2T 102C 2D# and qtT~g! 5 @Dyt
' zt ~g!' T2102y2, t21

' ft ~g!' # '+
Using Lemma A+1 we now prove the following intermediate result+

LEMMA A +4+ Suppose that the assumptions of LemmaA+1 hold with G~x;k! and K
replaced by f~x;g! andG, respectively+ Suppose also that Assumption5~c! holds+ Then,
there exists an« . 0 such that, with probability approaching one,

inf
g[G

lminST21 (
t51

T

qtT~g!qtT~g!'D $ «+

Proof. Let S11 be the covariance matrix ofrzt 5 @Dxt
' + + +Dxt2p11

' xt21
' b0# ' and

S22~g! 5 3d0E
0

1

Nf ~x;g! Nf ~x;g!' dxd0
' 2d0E

0

1

Nf ~x;g!V~g;x!' dx

2E
0

1

V~x;g! Nf ~x;g!' dxd0
' E

0

1

V~x;g!V~x;g!' dx 4 ,
whereV~x;g!' 5 @W2~x!' f ~x;g!'# and Nf ~x;g! 5 f ~x;g! 2 f ~x;g0!+ From the defini-
tion of qtT~g! it follows that

qtT~g! 5 3
szt

J

0
4 1 3

0

2d0 Nft ~g!

J

T2102y2, t21

ft ~g!

4 ,
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where szt 5 @Dyt
' zt
'# ' as before andNft~g! 5 Nf ~t0T;g!+ Thus, an application of Lemma

A+1 yields

T21 (
t51

T

qtT~g!qtT~g!' n FS11 0

0 0G1 F0 0

0 S22~g!G
5
def

S~g!, (A.4)

where the partitions on the right hand side arenot conformable but ther 3 r lower right
hand corner ofS11 and ther 3 r upper left hand corner ofS22~g! overlap+ Moreover, the
left hand side also has a weak limit inC~G!a3a, a 5 s~ p 1 1! 1 r1+ It is easy to see that
S11 . 0 andS22~g! $ 0 ~a+s+! for all g [ G+ From this it can further be shown that the
sum on the right hand side of Expression~A+4! is positive definite~a+s+! for all g [ G+
To demonstrate this, consider the quadratic formb'S~g!b 5 b1

' S11b1 1 b2S22~g!b2

whereb1 andb2 are suitable subvectors ofb and the lastr components ofb1 and the first
r components ofb2 are the same+ BecauseS11 . 0 andS22~g! $ 0 ~a+s+! the equality
b'S~g!b 5 0 impliesb1 5 0 so thatb2 is of the formb2 5 @0' b22

' # ' whereb22 is ~s2 r 1
r1! 3 1+ Thus, it follows that b22

' *0
1 V~x;g!V~x;g!' dxb22 5 0 and, becauseW2~x! is a

full rank Brownian motion and*0
1 f ~x;g! f ~x;g!' dx . 0 for all g ~Assumption 5~c!!,

we must haveb22 5 0+ Hence, we have shown thatlmin~S~g!! . 0 ~a+s+! for all g and,
becauseS~g! is a continuous function ofg, it follows from the continuity of eigenvalues
and compactness ofG that infg[G lmin~S~g!! . 0 ~a+s+!+ This, ~A+4!, and the continuous
mapping theorem imply the result of the lemma provided the functionslmin: C~G!a3a r

C~G!, a5 s~ p11! 1 r1, and infg[G : C~G! r R are continuous+ These continuity results
are straightforward to verify and therefore are omitted+ This completes the proof+ n

Using Lemma A+4 we can now establish the existence of the estimatorsZuT and ZVT +
The first step is to restrict the parameter space by using the inequality in Lemma A+4+
Thus, suppose that this inequality holds and note that tr~A1A2! $ lmax~A1!lmin~A2! for
any s 3 s matricesA1 and A2 such thatA1 . 0 andA2 . 0 ~see, e+g+, Deistler and
Pötscher, 1984, p+ 848!+ Then, because the firsts columns ofRT form an identity matrix
and, consequently, lmin~RT RT

' ! $ 1, one obtains from~A+3!

T21,T~u,V! $ s loglmin~V! 1 lmax~V
21!lminSRT T21 (

t51

T

qtT~g!qtT~g!'RT
' D

$ s loglmin~V! 1 lmin
21 ~V!lminST21 (

t51

T

qtT~g!qtT~g!'D
$ s loglmin~V! 1 «0lmin~V!+

This shows thatT21,T~u,V! r ` if lmin~V! r 0+ Next note that

T21,T~u,V! $ log det~V! $ log lmax~V! 1 ~s2 1! log lmin~V!,

where the second inequality is based on the fact that det~V! is the product of the eigen-
values ofV+ Hence, if lmin~V! $ c1 we haveT21,T~u,V! r ` whenlmax~V! r `+
From ~A+3! one also obtains
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T21,T~u,V! $ s log lmin~V! 1 lmin~V21!trSRT T21 (
t51

T

qtT~g!qtT~g!'RT
' D

$ s log lmin~V! 1 lmax
21 ~V!lminST21 (

t51

T

qtT~g!qtT~g!'D tr~RT RT
' !

~cf+ Deistler and Pötscher, 1984, p+ 850!+ Thus, if lmin~V! $ c1 andlmax~V! # c2 we
haveT21,T~u,V! r ` when tr~RT RT

' ! r `+ Using the definition ofRT we can now
conclude that, for everyT for which the inequality of Lemma A+4 holds, T21,T~u,V! r
` if any of the following conditions holds: ~i! lmin~V! r 0, ~ ii ! lmax~V! r `, ~ iii !
7B7 r `, ~ iv! 7T 102C7 r `, ~v! 7D7 r `+ Thus, because it is readily checked that
T21,T~u0,V0! 5 Op~1! it follows that ML estimators ZuT and ZVT exist with probability
approaching one if the functionT21,T~u,V! has a minimum in the part of the param-
eter space wherelmin~V! $ c1, lmax~V! # c2, 7B7 # c3, 7T 102C7 # c4, and7D7 # c5

for suitablec1, + + + ,c5+ These restrictions in conjunction withg [ G define a compact set
whose intersection with the extended parameter space$~u,V! : u [ OQ andV . 0% is also
compact+ Because the functionT21,T~u,V! is continuous, it has a minimum in a com-
pact set+ Thus, we have proved the first assertion of Proposition 3+1+ The proof of the
second assertion is immediate because we saw earlier that, with probability approaching
one, the estimator ZCT exists and satisfies7T 102 ZCT7 # c4 for a suitablec4+

Before turning to the proof of Theorem 3+1 we note that in the special case where
the sequencegt~m! reduces toft~g! we haveRT 5 @Is 2B 2T 102C# and qtT~g! 5
@Dyt

' zt ~g!' T2102y2, t21
' # ' on the right hand side of~A+3! andV~x;g! 5 W2~x! in the

proof of Lemma A+4+ From the given proofs it can then be seen that Lemma A+4 and,
consequently, Proposition 3+1 can be proved without Assumption 5~c!+

A.3.2. Proofs of Theorem 3.1 and Corollary 3.1.On the basis of Proposition 3+1 we
can assume that the estimatorsZuT and ZVT exist and that ZCT 5 Op~T2102!+ The arguments
used in the proof of Proposition 3+1 also show that we can assume thatZuT , ZVT , and ZVT

21

are of orderOp~1!+ From the definitions and~3+6! it thus follows that

0 $ ,T~ ZuT , ZVT ! 2 ,T~u0,V0!

5 ,1T~ ZuT , ZVT ! 1 ,2T~ Zu2T , ZVT ! 2 ,2T~u20,V0!

$ ,1T~ ZuT , ZVT ! 1 inf
$u2,V%

,2T~u2,V! 2 ,2T~u20,V0!,

where the infimum is over unrestricted values ofu2 andV . 0+ Recall thatu2 5 B and
that ,2T~u2,V! is the likelihood function of the linear regression modelDyt 5 Bzt 1 «t

where the regressors are asymptotically stationary in the sense that the matrix of second
sample moments converges in probability to a nonstochastic positive definite limit+ Thus,
using standard arguments it can be seen that the difference between the second and third
terms in the last preceding expression is of orderOp~1!+ In fact, this difference is the
negative of the likelihood ratio test statistic for the null hypothesisu2 5 u20 andV 5 V0+
Hence, we have

0 $ ,1T~ ZuT , ZVT ! 1 Op~1!+ (A.5)
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This result will be used to show that

T21,1T~ ZuT , ZVT ! 5 Op~T2102!+ (A.6)

The definition of,1T~u1,V! shows that the left hand side of~A+6! consists of two addi-
tive components+ For the first one we consider

T21 (
t51

T

«1t ~ ZuT !«2t ~ Zu2T !' 5 2 ZCT T21 (
t51

T

y2, t21 @Dyt 2 ZBT zt #
'

1 [aT d0T21 (
t51

T

@ ft ~ [gT ! 2 ft ~g0!# @Dyt 2 ZBT zt #
'

2 ZDT T21 (
t51

T

ft ~ [gT !@Dyt 2 ZBT zt #
'

5 Op~T2102!+ (A.7)

Here the latter equality is based on Proposition 3+1, Lemma A+1~b!,~c!, and the fact that
ZuT 5 Op~1!+ Thus, because ZVT

21 5 Op~1! we can conclude from~A+5! and the definition
of ,1T~u,V! that

0 $ T21,1T~ ZuT , ZVT ! 1 Op~T21!

5 trS ZVT
21T21 (

t51

T

«1t ~ ZuT !«1t ~ ZuT !'D1 Op~T2102!+ (A.8)

Because the first term in the last expression is nonnegative it must be at most of order
Op~T2102!, and so~A+6! follows+

The results obtained earlier will first be used to prove the consistency of the estima-
tors ZBT and ZVT + Define

N,2~B,V! 5 log det~V! 1 tr $V21@V0
21 1 ~B 2 B0!~Ezt zt

'!21~B 2 B0!' #%,

where zt 5 @Dxt21
' + + +Dxt2p11

' xt21
' b0# ' as before+ Using the definitions and Lemma

A+1~a! it is not difficult to check thatT21,2T~B,V!
p
&& N,2~B,V! where the conver-

gence is uniform over compact subsets of the parameter spaces ofB and V+ It is also
easy to check~and actually well known! that the function N,2~B,V! has a unique min-
imum at ~B,V! 5 ~B0,V0!+ Thus, we have

N,2~ ZBT , ZVT ! $ N,2~B0,V0!

5 T21,T~u0,V0! 1 @ N,2~B0,V0! 2 T21,2T~B0,V0!#

$ T21,1T~ ZuT , ZVT ! 1 T21,2T~ ZBT , ZVT ! 1 @ N,2~B0,V0! 2 T21,2T~B0,V0!#

5 N,2~ ZBT , ZVT ! 1 op~1!+

Here the last equality is based on~A+6! and the previously mentioned uniform conver-
gence of T21,2T~B,V!+ As a whole, the preceding inequalities show that
N,2~ ZBT , ZVT !

p
&& N,2~B0,V0! and, because N,2~B,V! is uniquely minimized at~B,V! 5

~B0,V0!, we must have~ ZBT , ZVT!
p
&& ~B0,V0!+ Indeed, because ZBT 5 Op~1! and ZVT 5

Op~1! every subsequence of~ ZBT , ZVT! contains a weakly convergent subsequence with a
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limit ~B*,V*!, say+ Thus, if Tj signifies this latter subsequence one obtains from the con-
tinuity of the function N,2~B,V! that N,2~ ZBTj

, ZVTj
! n N,2~B*,V* !, and, because we must

have N,2~B0,V0! 5 N,2~B*,V* !, we have a contradiction unless~B*,V*! 5 ~B0,V0! ~a+s+!+
This implies that~ ZBT , ZVT! converges weakly to~B0,V0! and hence also in probability+
This proves part~b! of Theorem 3+1+

The next step is to establish the existence of the estimatorsZAT and ZdT + Recall that
C 5 2a~A 2 A0! andD 5 2a~d 2 d0!+ Because we have already proved the consis-
tency of the estimator[aT we can here assume that the parameter space ofa is a~C!
instead of its closure+ Then we haveA 5 A0 2 ~a 'a!21a 'C andd5 d0 2 ~a 'a!21a 'D
so that there is a one to one correspondence between the parameters~a,C,D! and
~a,A,d!+ In fact, this correspondence is even a homeomorphism, that is, a continu-
ous bijection with a continuous inverse+ Hence, it follows from Proposition 3+1 that,
with probability approaching one, ML estimators ofA and d exist and are related to
the ML estimators [aT , ZCT , and ZDT by ZAT 5 A0 2 ~ [aT

' [aT !21 [aT
' ZCT and ZdT 5 d0 2

~ [aT
' [aT !21 [aT

' ZDT , respectively+ For later purposes we also note that this means that sub-
sequently we can writeZDT 5 2 [aT~ ZdT 2 d0! and, furthermore, «1t~ ZuT! 5 2 ZCT y2, t21 1
[aT @ ZdT ft~ [gT! 2 d0 ft~g0!# ~cf+ the discussion following~3+5!!+

To prove the remaining parts of Theorem 3+1, recall that the first term in the last
expression of~A+8! is of orderOp~T2102!+ Thus, using the previously mentioned expres-
sion of «1t~ ZuT! yields

Op~T2102! 5 trS ZVT
21 ZCT T21 (

t51

T

y2, t21 y2, t21
' ZCT

'D
2 2 trS ZVT

21 ZCT T21 (
t51

T

y2, t21 @ ZdT ft ~ [gT ! 2 d0 ft ~g0!# ' [aT
'D

1 trS ZVT
21 [aT T21 (

t51

T

@ ZdT ft ~ [gT ! 2 d0 ft ~g0!#@ ZdT ft ~ [gT ! 2 d0 ft ~g0!# ' [aT
'D

5
def

YT + (A.9)

BecauseT 102 ZCT , ZdT , and [gT are of order Op~1! we can extract from an arbi-
trary subsequence of~T102 ZCT, ZdT , [gT ! a weakly convergent subsequence so
that ~Tj

102 ZCTj
, ZdTj
, [gTj

! n ~C*,d*,g*!, say+ We wish to show thatC* 5 0 ~a+s+!,
which implies thatT 102 ZCT 5 op~1!+ To this end, we use Lemmas A+1~d!–~f ! and
A +2 in conjunction with the consistency of the estimators[aT and ZVT to derive
an expression for the weak limit ofYTj

+ It is easy to check that, redefining the sub-
sequence if necessary, we can assume subsequently that all the needed joint weak
convergencies apply+ Thus, we find that

YTj
n trSV0

21E
0

1

$C*W2~x! 2 a0 @d* f ~x;g* ! 2 d0 f ~x;g0!#%

3 $C*W2~x! 2 a0 @d* f ~x;g* ! 2 d0 f ~x;g0!#% ' dxD
$ lmin~V0

21!E
0

1

7C*W2~x! 2 a0 @d* f ~x;g* ! 2 d0 f ~x;g0!#72 dx+ (A.10)
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However, from ~A+9! we see that the last expression must be zero~a+s+! so that the
integrand must be zero for~Lebesgue! almost allx+ BecauseW2~x! is a full rank Brown-
ian motion this impliesC* 5 0 ~a+s+!, as desired+ Thus, we have proved thatT 102 ZCT 5
op~1!+ Because ZAT 5 A0 2 ~ [aT

' [aT !21 [aT
' ZCT this and the consistency of[aT give

T 102~ ZAT 2 A0! 5 op~1!+ This proves part~a! of Theorem 3+1+
To complete the proof, note that whenT 102 ZCT 5 op~1! holds we find from~A+9!,

Lemma A+1~e! and~f !, and arguments used to derive~A+10! that

op~1! 5 trS ZVT
21 [aT T21 (

t51

T

@ ZdT ft ~ [gT ! 2 d0 ft ~g0!# @ ZdT ft ~ [gT ! 2 d0 ft ~g0!# ' [aT
'D

$ lmin~ [aT
' ZVT

21 [aT !T21 (
t51

T

7 ZdT ft ~ [gT ! 2 d0 ft ~g0!72+

The last result of the theorem follows from this and the consistency of the estimators[aT

and ZVt + Thus, the proof of Theorem 3+1 is complete+ n

To prove Corollary 3+1, observe first that whenA0 5 A~f0! is an interior point of
A~F! in the relative topology of RA~F! it follows from the consistency ofZAT that, with
probability approaching one, ZAT belongs to a neighborhood ofA0 contained inA~F!+ By
the latter condition of Assumption 2~b! we can choose this neighborhoodN0, say, such
that the continuous inverse functionA21~{! is defined on it+ In the setA21~N0! there
then exists ZfT such thatA~ ZfT! 5 ZAT and the consistency ofZfT follows from the con-
sistency of ZAT and the continuity of the functionA21~{!+ The existence and consistency
of the estimator ZcT follow similarly from Assumption 3~b! and the properties of the
estimator ZBT + To prove the third result, recall the argument used in~A+10! where we
concluded that the integrand must be zero for~Lebesgue! almost allx and thatC* 5 0
~a+s+! also holds+ Thus, we must haved* f ~x;g*! 5 d0 f ~x;g0! ~a+s+! so that the identi-
fication condition of Assumption 5~d! and the right continuity of the functionf ~{;g!
imply that d* 5 d0 andg* 5 g0 ~a+s+!+ This gives the consistency of the estimatorsZdT

and [gT + Finally, the last assertion follows from the consistency ofZdT and Assump-
tion 4~b! by arguments similar to those used in the case of the estimatorZfT earlier+ n

A.3.3. Proof of Proposition 3.2. Denote tq1 5 ~A,d,g! and note that under the stated
conditions ML estimators oftq1, B, and V exist with probability approaching one and
are consistent+ Write the vector«t~u! and the likelihood function,T~u,V! in terms of
the parameterstq1, B, andV and denote the resulting quantities by«t~ tq1,B! 5 «1t~ tq1,B! 1
«2t~B! and,T~ tq1,B,V! 5 ,1T~ tq1,B,V! 1 ,2T~B,V!, respectively~cf+ ~3+4!–~3+6!!+Again,
we have«1t~ tq10,B! 5 0 and, consequently, ,1T~ tq10,B,V! 5 0+ Thus, it follows that

0 $ ,T~ Ztq1T , ZBT , ZVT ! 2 ,T~ tq10, ZBT , ZVT !

5 ,1T~ Ztq1T , ZBT , ZVT !

5 2 trS ZVT
21 (

t51

T

«1t ~ Ztq1T , ZBT !«2t ~ ZBT !'D
1 trS ZVT

21 (
t51

T

«1t ~ Ztq1T , ZBT !«1t ~ Ztq1T , ZBT !'D + (A.11)
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Here we have«2t~ ZBT! 5 Dyt 2 ZBT zt , whereas«1t~ Ztq1T , ZBT! can be written as

«1t ~ Ztq1T , ZBT ! 5 [aT~ y2, t21
' J Ir !vec~ ZAT 2 A0! 1 [aT~ ft ~ [gT !' J Ir !vec~ ZdT 2 d0!

1 [aT d0~ ft ~ [gT ! 2 ft ~g0!!

~cf+ ~3+4!!+ Inserting these expressions of«2t~ ZBT! and«1t~ Ztq1T , ZBT! into the first term of
the last sum in~A+11! and using a mean value expansion to linearizeft~ [gT! 2 ft~g0!
gives

trS ZVT
21 (

t51

T

«1t ~ Ztq1T , ZBT !«2t ~ ZBT !'D 5 T2102 (
t51

T

@Dyt 2 ZBT zt #
' ZVT

21 [aT QtT~ [gT , TgT !' ZjT

5
def ZJ1T ZjT , (A.12)

where

ZjT 5 3
T vec~ ZAT 2 A0!

T 102 vec~ ZdT 2 d0!

T 102~ [gT 2 g0!
4

and

QtT~ [gT , TgT !' 5 @~T2102y2, t21
' J Ir ! ~ ft ~ [gT !' J Ir ! d0~]ft ~ TgT !0]g ' !# +

Here]ft~ TgT!0]g ' is due to the mean value expansion and signifies a matrix whosei th
row equals thei th row of the matrix]ft ~ TgT

~i !!0]g ' with TgT
~i ! 5 ai g0 1 ~1 2 ai ! [gT , 0 #

ai # 1 ~i 5 1, + + + , r1!+
Now consider the latter term of the last sum in~A+11!+ Here we linearizeft~ [gT! 2

ft~g0! in «1t~ Ztq1T , ZBT! by a termwise mean value expansion+ Using the preceding nota-
tion we can then write«1t~ tq10, ZBT! 5 [aTQtT~ [gT , TgtT!' ZjT where TgtT indicates intermedi-
ate points TgtT

~i ! such that7 TgtT
~i ! 2 g07 # 7 [gT 2 g07 ~i 5 1, + + + , r1!+ Thus,

trS ZVT
21 (

t51

T

«1t ~ Ztq1T , ZBT !«1t ~ Ztq1T , ZBT !'D
5 ZjT

' T21 (
t51

T

QtT~ [gT , TgtT ! [aT
' ZVT

21 [aT QtT~ [gT , TgtT !' ZjT +

5
def ZjT

' ZJ2T ZjT + (A.13)

Because our assumptions imply that the function formed fromf ~x;g! and]f ~x;g!0]gi

~i 5 1, + + + ,q! satisfies Condition 1 in some compact neighborhood ofg we can now use
the consistency of the involved estimators and Lemmas A+3~a! and A+1~d!–~f ! to con-
clude that

ZJ2T 5 T21 (
t51

T

QtT~g0,g0!a0
'V0

21a0QtT~g0,g0!' 1 op~1!

n E
0

1

r ~x;g0!a0
'V0

21a0 r ~x,g0!' dx 5
def

J20,

wherer ~x;g0! 5 @~W2~x!' J Ir ! ~ f ~x;g0!' J Ir ! d0~]f ~x;g0!0]g '!# '+ In the same way
as in the proof of Lemma A+4 it can be seen thatJ20 . 0 ~a+s+! when Assumption 6~c!
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holds+ Hence, for somec . 0, lmin~ ZJ2T! $ c with probability approaching one+ As for
ZJ1T in ~A+12!, note that the consistency of the involved estimators and Lemma A+1~b!

and ~c! imply that ZJ1T 5 Op~1!+ Thus, from ~A+11!–~A+13! it follows that, with proba-
bility approaching one,

0 $ lmin~ ZJ2T !7 ZjT72~12 [c1T 07 ZjT7!, (A.14)

where [c1T 5 27 ZJ1T70lmin~ ZJ2T! 5 Op~1!+ Becauselmin~ ZJ2T! $ c holds with probability
approaching one it is straightforward to conclude from this that7 ZjT7 5 Op~1!+ By the
definition of ZjT , this proves the first three results of Proposition 3+2+

Now consider the proof of the last result of Proposition 3+2 and notice that ZAT 5
A0 1 Op~T21!, ZdT 5 d0 1 Op~T2102!, and [gT 5 g0 1 Op~T2102! by the first three
results just proved+ These facts and the consistency ofZBT imply that we can improve
~A+7! by replacing the termOp~T2102! by Op~T21!+ As far as the first and third expres-
sions on the right hand side of the first equality of~A+7! are concerned, this follows
directly from Lemma A+1~b! and ~c! and the previously mentioned consistency results+
For the second expression the same conclusion is obtained similarly after linearizing
ft~ [gT! 2 ft~g0! by a mean value expansion+ Thus, we can conclude that the first term in
the last expression of~A+8! is of orderOp~T21!, and therefore we also have

,1T~ Ztq1T , ZBT , ZVT ! 5 Op~1!+ (A.15)

Thus, from the definitions and~A+15! we find that

,2T~B0, ZVT ! 5 ,T~ tq10,B0, ZVT ! $ ,T~ Ztq1T , ZBT , ZVT ! 5 ,2T~ ZBT , ZVT ! 1 Op~1!+

Taking the difference between the extreme quantities yields

0 $ trH ZVT
21S(

t51

T

«2t ~ ZBT !«2t ~ ZBT !' 2 (
t51

T

«2t ~B0!«2t ~B0!'DJ 1 Op~1!

5 trH ZVT
21S~ ZBT 2B0! (

t51

T

zt zt
'~ ZBT 2 B0!'DJ 2 2 trH ZVT

21S~ ZBT 2B0! (
t51

T

zt «t
'DJ

1 Op~1!

$ lmin~ ZVT
21!lminST21 (

t51

T

zt zt
'DT7 ZBT 2B072

2 27 ZVT
217**T2102 (

t51

T

zt «t
'**T 1027 ZBT 2 B071 Op~1!

5
def [c2T T7 ZBT 2 B072 2 [c3T T 1027 ZBT 2 B071 Op~1!+

Hence,

0 $ [c2T T7 ZBT 2 B072~12 [c3T 0 [c2T T 1027 ZBT 2 B07! 1 Op~1!+

The definitions show that[c3T 5 Op~1! and that, for somec2 . 0, [c2T $ c2 with proba-
bility approaching one+ Thus, in the same way as in the case of~A+14! we can conclude
that ZBT 2 B0 5 Op~T2102!+ n
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