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We present a method of estimating density-related functipwatlsout prior knowl-
edge of the density’s functional forrithe approach revolves around the specifi-
cation of an explicit formula for a new class of distributions that encompasses
many of the known cases in statistidacluding the normalgamma inverse
gammaand mixtures thereofhe functionals are based on a couple of hypergeo-
metric functions Their parameters can be estimatedd the estimates then re-
veal both the functional form of the densitgnd the parameters that determine
centering scaling etc The function to be estimated always leads to a valid den-
sity, by design namely one that is nonnegative everywhere and integrates to 1
Unlike fully nonparametric methodsur approach can be applied to small data-
sets To illustrate our methodologye apply it to finding risk-neutral densities
associated with different types of financial optioige show how our approach
fits the data uniformly very wellWe also find that our estimated densities’ func-
tional forms vary over the datasesfo that existing parametric methods will not
do uniformly well

1. INTRODUCTION

It is often the case that one wishes to estimate a probability density function
(p.d.f.) of a variate without prior knowledge of its functional fornif the var-
iate is directly observabJe number of parametric and nonparametric methods
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are already available for estimating the dendityhowevey the variate is not
observablgand its density can only be extracted indirecthe problem is more
complicatedIn this paperwe propose a method that can be used in the case of
either type of variatdts advantages are illustrated with the following application

1.1. A Motivating Problem

Let S be the price of an asset at tinheTo illustrate we assume for the mo-
ment that the asset does not pay dividends and that it is domiestioio con-
siderations need to be paid to foreign interest rdtaser ory we will consider
an extension to foreign currency options

Suppose that this asset is underlying a European call option with expiration
dateT and strike pricek. Then the intrinsic value of this option at expiration
is Vr = max(S; — K,0). In an arbitrage-free economiy is known (see Harri-
son and Pliska1981) that there exists a risk-neutral dens{f§gND) g(-) such
that the price of a call option can be written as

Gi(K) = e " TVE(Vy) = e‘r(T‘”fK (& = K)9(Sr) dSy, 1)

where E(-) is the expectations operator conditional on all information avail-
able at timet, C,(-) is the price at timé of the call option andr is the contin-
uously compounded risk-free interest raide functionC,(-) depends on the
parameters, T, t and also on others characterizing the process followe8 by
In an arbitrage-free economy we also have the martingale condition

§ = e "TVE(S), (2)

where the expectation is taken with respect to the RIND.
As noticed by Breeden and Litzenbergé®79, differentiating the integral
gives

d [e'e]
1 Gl = =0 [ g8 sy = —e 01— Gk, )

whereG(-) is the cumulative distribution functiofe.d.f.) corresponding to the
p.d.f. g(-). The second derivative is given by
2

C(K) ‘KST = e g(s)),

dK 2

which reveals the required densiy-). It is convenient to work with the future
value

C(K) = e TYC(K) (4)

whose second derivative is the required density function
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If the asset were to return a yield of, or if we were to consider a currency
call option with foreign interest rate’, the martingale condition of the arbitrage-
free economy2) would be

S =e (ITUE(S) @)

instead of(2). Of course no alterations are necessary in formulas (3), and
(4), wherer is the unchanged discount factor used to calculate present values

One way to estimate the density is to postulate a parametric forrg(far
work out analytically the corresponding integrals leading to an expl¢i),
and then fit the observed option pric€¢K) to the strike priceX to determine
the parameters aj(-). Mixtures of lognormal distributions have been used by
Bahra(1996, Melick and Thomag1997), and Séderlind and Svenss@ib97).

It is possible to assume that the underlying process is more general than a log-
normal diffusion(for jump-diffusion versionssee Bates1996a 1996k Malz,
1996.

Alternatively a nonparametric approach may be adoptfdrow and Rudd
(1982 have developed a method based on an Edgeworth expansion involving
a lognormal densityThis approach has been implemented by Corrado and Su
(1996 to price optionsUsing a system of Hermite polynomialsadan and
Milne (1994 suggest a method of approximating the underlying RMbd
Abken Madan and Ramamurti€1996 provide an applicatiarSee also Knight
and Satchel(1997) and Jondeau and Rocking&001), where Gram—Charlier
expansions are use®tutzer(1996 uses a Bayesian method based on the
maximum-entropy principle of Shanndrinally, in a time series context where
large datasets are availabit-Sahalia and Lo(1998 fit kernel-based esti-
mates to the RNDSee also Bondarenk@000. For a survey assessing exist-
ing methodssee Jondeau and Rocking@000. Also, numerical methods can
be used to estimate functionals of densities /amdo simulate option prices
but these have not been used to generate Ri¢@s see Wilmott Dewynne
and Howison1993.

Improvements over these approaches are posdigleause they are either
restrictive(lognormals or jump-diffusions do not always yield positive prob-
abilities (Edgeworth expansions or Hermite polynomjalsr require a large
number of observation&ernel estimates Furthermorethe methodology we
are about to suggest is generahd it may be applied to other problems not
necessarily related to finance or economics

1.2. The Plan

The initial problem is to design a general function whose second derivative is a
class of density functiondVe derive such a functigrand find that it is based
on the confluent hypergeometrid=; function® Examples of recent uses of
this function in economics include the option-pricing approach to investment
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(Dixit and Pindyck 1994 and pricing of callable bond@Buttler and Waldvo-
gel, 1996. Also, Abadir and Lucag2000 show that this function is necessary
to represent densities associated with the minimal sufficient functionals of
Ornstein—Uhlenbeck processemd all the related processes satisfying an in-
variance principle such as the functional central limit theorems in Ph{llip87).
In these applications reason for the success @7 is that it includes as spe-
cial cases the incomplete-gamma and the normal distribution funciioesl-
dition to mixtures of the twoAlso, iterated integrals anf@r derivatives of;F,
give mixtures of,F;, which makes certain classes of these functions closed
under such operation§hese features suggest them as a natural tool to model
option prices andmore generallyfunctionals of densities

For practical purposegarsimony of the model is importarftor example
considering the data in our motivating probleiimere are not many strike prices
available Our approach is of a parsimonious semi-nonparametric natlos-
est in spirit to fitting a system of orthogonal Hermite polynomidewever
we do not estimate a system but rather the parameters of a couple of functions
The functions we use include Laguerre and Hermite polynomials as specigl cases
with the added advantage that Abadif1993a 1999 “fractional” polynomials
allow for monotonic behavior at the tails of the density and thus do not suffer
from the forced oscillatory nature that standard polynomials have for extreme
values Within our mode) parameter estimates determine the functional form
in addition to the usual distributional propertiésg., centering and scaling
This is more efficient than fully nonparametric estimatiamich runs into dif-
ficulties in small sampledt is also more flexible than parametric methods that
restrict functional forms

We do not restrict the functional form of the density to a single tyfiee
only restriction we impose is that it must belong to some family of densities to
be specified in Section,2vhich includes exponential and degenerate nonexpo-
nential casesThis new class of closed-form densities that we are proposing
can have applications in other areas of statistics too and can be used to charac-
terize a broad selection of continuous random variatfles examplethis class
can be used to provide an alternative approach to fully nonparametric density
estimation Another application would be to model nonnormal densities in gen-
eralized autoregressive conditional heteroskedastiG#%RCH) models etc
Our class of densities does not assume the existence of martiergsvoiding
the problem of basing an estimation procedure on calculated “moments” that
may be spurious

In the next section we introduce our density functighalsed onF,, for the
case of double integrals of densitiés Section 3 we illustrate this methodol-
ogy with two applications in option pricingVe also discuss how the empirical
findings can be used for practical purposks Section 4 we generalize the
methodology to the case of observing any functiofmadt necessarily double
integralg of densities We conclude in Section.3roofs and lengthy deriva-
tions are collected in the Appendix
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We denote the set of natural numbéwghich excludes zenoby N and real
numbers byR. The indicator function is written asc] returning 1 if condition
K is satisfied and 0 otherwis@he (complet¢ gamma function is denoted by
I'(v) for v € R, and defining

(@) = @(@+1)...(a+j- 1= o))
| = j = T
leads to the generalized hypergeometric function
P
qu Bl . :8 = Z q j_!’ (5)
SRS 1 ()
where—8. € N U {0}. Special cases that we will be discussing frequently are
ZV
o= [ewta=t ke s, —venvE, @
14
@()—f x_l+ z F<l'3' 22>
2= V2r 2 2mt\2'2 2
1 sgn(z) (1 z >
PR )

where y(-,-) is the incomplete-gamma functip®(z) is the standard nor-
mal cd.f., and sgiiz) is the sign function

2. THE DESIGN OF DENSITY FUNCTIONALS

The ;F; function can represent a variety of density-related functiamsl we

will use it in Section 21 to propose a generalization of the normgdmma

and other variatesNVe will briefly outline how our functional is constructed
and how it reduces to some well-known continuous random variables in statis-
tics. Sections 2 and 23 derive respectivelythe restrictions necessary for the
density functional to have a proper underlying density and the moments im-
plied by this function Section 24 discusses strategies for the estimation of our
function

2.1. Specification and Main Special Cases

We need to model integrals ofcf.s and possibly mixtureGntegralg thereof
Integratingn times the functions (v, z) of (6)

o _l] J+trv+n v+n
fn-fv(v,Z)(dZ)” = Z(. .) z _— Friv+n+l;—-20  (8)

j=0 JI(J + V)n+1 (V)n+1
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and®(z) of (7)

2 1-n3 z2
n_ o-(n/2)-1 — —
f...fq)(z)(dz) 2 F(n+1>1F1< 5 o 2)
2
. 1 F( ni 22> 9
F(r_]+1>1 1 22 2/) o
2

The latter is obtained by means of the parabolic cylinder fundise® Abadir
1993h 1999, and integrals of negative ordefise., derivatives yield the well-
known Hermite polynomialsGenerally parabolic cylinder functions are linear
combinations of,F,; functions that would allow for fractional in (9) and are
closed under differentiation and integratidhese operations keep the result
within the same class of function& weaker version of this property applies to
other linear combinations qfF; too, and this makes them appealing in model-
ing an arbitrary number of functionals of a class of densities that encompasses
the normal gamma and othersWe defer introducing the case of an arbitrary
number of functionals until later in Section Because of the added level of
difficulty that it poses

For double integrals of densitiea mixture that extends the cases seen ear-
lier is given by

Co=c+cz+l,na(z— M) Fy (8,535 b,(z — my)P)
+ (a,)1F1(as;ag;bs(z — my)?), (10)

where—az,—ag € N U {0}, b,b, € R_. The indicator function is required to
represent a component of the density with bounded suplastalso sufficient
for keeping the function real-valued for genebalandbs.

Not all the parameters i€(-) are free to vary unrelatedlypecause some
restrictions(at least three in general and at least seven in our motivating exam-
ple) are needed for the function to be the integral ofdfg and we shall ana-
lyze these restrictions in detail in our next sectiblow, we analyze the relation
of C(-) to familiar distributions

The first two parameters, andc,, drop out when differentiating twice to
get the densitybut they are needed in general either to represent the constants
of indefinite integration or when one of the limits of definite integration is in-
finite. An example of the need for such constants i§3n where the integral of
the density is ove(K,oo) rather thansay (—oo, K). If the limits of integration
of the functional are an interval that is a strict subset of the support of the
density then one would end up with the difference of tWg-) functions We
shall not consider this case explicitiyecause it boils down to usin@(-) twice.
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The first 1F; function in C(-) covers the gamma and other asymmetric
generalizationswhereas the second covers the case of symmetric quadratic-
exponentials such as the normdle do not go further to quartic-exponentials
(or higher powers of even ordebecause they are unlikely to occur in practice
unless the variate is almost degenerdteey are nevertheless covered approx-
imately bybs in the first 1F; function Examples of special cases giving inte-
grals of known density functions include

—b )bl—l
gammaa; = m a,=b;, -1, a;=b; +1, a, =0, b;=1;
inverse ammzsvxal*_(LZ)libl a,=—b a;=2—-b a,=0 b; = —1;
g 1 b1F(2—b1)7 2 1> 3 1> 4 Y 3 )

1 1
Weibul: a, = -1, a,=—, az=—+1 a,=0 b =1

by by
normat a; = 0, a, = ; ag=—-, ag= };
24[—b,7 2 2
Paretoa, = %, as=—mb, withb, — oo, a,=0, b, =0, by =1,

2

where standardizatiofe.g., centering around zeyas not imposed and the con-
stants of integratio, andc, are to be determined by the problem at haralr
the listing of the normalrecall that the first term i9) reduces taz/2 when

n = 1. Extreme-value distributions are useful in the field of value-at-risk in
finance and they are a special case of our approdar further degenerate
special casessee the discussion of confluences in Abadi®99.2 We have
provided one illustrationthe Paretpwhich relies on the confluence

z zZ\ 2
lim ;Fy(az; — mybysb(z—my)) = 1Fo<az§1_ _> = <_> (11)
b,—>00 my my
obtained from the expansion {B). This is a case where the existence of higher
order moments will hinge on the magnitudeaf By the definition of the Pa-
reto densitywe require in addition thad, € (—1,00) andm; € R,. When
estimating the functioi©(-), it is worth testing for its reduction to known sim-
pler cases such as those outlined previously and others in Jghtstm and
Balakrishnan(1994 1995.

Given the fact that our method encompasses a large class of traditional den-
sities and is flexiblewe believe that the potential for misspecification is small
Of course misspecification is always a possibilitgven with the most flexible
of methods that assume the le&sp., fully nonparametric methodsFor ex-
ample let  and¢ be two independent standard normal variatégen the prod-
uctn = £ has a density that is infinite at the origin and that could be represented
by hypergeometric functions of the sort we Usee Abadir1999 p. 302). If
one were to fit a nonparametric density to data generated,fthen the ker-
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nels would smootfibuild a “bridge” over the origin in spite of the true density
being discontinuous ther®ur method avoids such assumptions and encom-
passes a broad class of statistical densitreguding ones with discontinuities

2.2. Necessary Restrictions on the Parameter Space

The second derivative of th€(-) function is a mixture of the densities men-
tioned earlierBy differentiating termwise theF; series

2

9(2) = 5 C(2

=1, ma(z— my)?2| by (b, — 1), Fi(ay;a3;by(z — my)™)

+ a_b2b3(2bl+ b3—l)(Z—m1) 3
3

X 1Fy(a + Lag + 1L;b,(z— my)e)

a,(a,+1)
e e 7 b2b2 Z—m 2bs
a3(a3+l) 2 3( 1)
X 1Fi(a, + 2,85 + 2;b,(z — ml)b3)]

a
+ 2a, a—5 ba| 1 F1(as + L;ag + 1;b,(z — m,)?)
6

as +

1
+2 +lb4(z_m2)21F1(35+2§ae+2§b4(z_m2)2)]-

6

(12)

The estimate ofy(z) that is implied from the estimate d¢€(z) should be a
density It should be nonnegative over its supp®ay (z,,z,) C R, and inte-
grateto 1

The nonnegativity restriction is hardly ever binding near the optimum param-
eter estimatesgiven the design of our functio@(-). Neverthelessit can be
imposed on the estimation routine by a Lagrangian penalty function involving
min(0, g(z)), if the optimumg(-) is found to be negativeNe did not need to
do so in our applications
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For the restriction on the integral of the densiye derive

d
pr C(2)=c+1oma(z— my)? 7t (by) 1 Fr(az;ag;by(z — my)P)

a, b
+ — bybs(z—my)"™
az

X 1 Fy(a, + L;az + 1;by(z — my)®s)

a
+ 2a, a—5 b,(z— m,);Fy(as + L;ag + 1;b,(z— my)?). (13)
6

This expression is linear jrat least ¢, anda, so that the two restrictions that
ensure the proper choice of constants of integrati@mely

give rise to an explicit constraint on each @fanda,. These can be directly
substituted into ou€(z) and there are two fewer parameters to estimahbe
two restrictions will be illustrated in the Appendix

We have mentioned restrictions on thel.hi (positivity) and then two more
on the cd.f. It is also natural that the integral of thedd. will necessitate one
more restrictionnamely one to do with the constant of integratiomhich is
application-specificlt takes the form of a boundary condition @-), e.g.,
C(o0) equals some fixed valu&uch conditions are often known in economics
(especially in growth theopyas transversality conditions and will be illustrated
in the AppendixBecauseC(-) is linear incy, this condition implies an explicit
restriction onc, that can be substituted directly into our functiGiiz).

2.3. Explicit Characterization of the Moments

Finally, it is useful to characterize the moments of the den§hye of the rea-
sons for doing so could be the desire to investigate/andnpose restrictions
on the moments of the density if some thedeg., arbitrage pricing theony
requires themAnother reason may be the desire to estimate our funeion
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by fitting the data to its analytical momentshich is discussed later in Sec-
tion 2.4.

Subiject to these functions being nondegenefiage the existence condition
for the momentys

E(z") = fz dG(2)

4

Z dC(2)
= n —_—
fz z"d =

€

dC(2)

= <z” e nz"lC(z))

z, Zy
+n(n— 1)f z"2C(2) dz (14)

by integrating by parts two time§&orn = 1 and assumingn, € (z,, z,), this
gives

dC(z) %
dz

E(z) = (z — C(z))

Zp

=ay(z,— ml)bl_l[((bl -1z, + my);Fi(ay;as;by(z, — my))
a
+ = bybyz,(z, — my)Ps
az
X 1Fi(a, + Liag + 1;b,y(z, — ml)b3):|

— ay| 1F1(as;ag;bs(z — my)?)

. as)

Z¢

a
-2 a—5 b,z(z— m,),Fy(ag + 1;8¢ + 1;b,(z — mZ)Z)}
6

by substituting from(13) and(10), respectively This expression is linear ia;
and can be used to reduce further the number of parameters to estfrttaee
are reasons to believe that & needs to be restricteé.g., as a result of the
no-arbitrage conditioni2) in our exampleThis, along with a simplification of
the expressignwill be done in the Appendix

Forn > 1, (14) requires us to work out an explicit formula for the integral
Substituting forC(z) from (10) and integrating termwise
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J ) z""2C(z) dz
V4

¢

C1 G
— Znfl_znfl + = (z"=2"
R R R R CHE )

Zy
+ alf 2" 2(z—my)™ Fi(ay;az;b,(z— my)Ps) dz
my

ZU
+ a4f 2" 2 F (as;a6;b,(z — My)?) dz
V4

4

G G
— Zn—l _ Zn—l + Z(z"=2"
n—1 ( u ¢ ) n ( u (,’)

n-2/n-—2 » (a bk z, )
+a12( )mvlz e
j=0

j ko (aghk! Jm,

n-2/n-—2 » (a bk z, )
+a, > < j )mg—Z—l mj (z—m,) "2 dz
Z¢

k=0 (ag)(k!

j=0

Cy _ _ C,
= @AY (@)
n—2/n—2\ mr—2-i(z — m,)brti+l
+a12 . 1 ( u 1)
i=o J jt+b+1
j+b+1
Ay,
2 b )
X 2F2 J+b1+l bZ(ZU_ml) 3
5 +1;
bs
j+1 2z
n-2/n—2 mg’z’i(z— mz)j+1 as, T;
+a ) F ) b,(z—m,)?
42%( i > i1 22 J+3. 4(Z 5)

6
27 z,

Asymptotic expansions gfF, can be used to simplify the expression further
for extreme values of, or z,, as is illustrated in the Appendix

2.4. Strategies for Estimation and Inference

There is more than one possible method for estimating our fun€tien These
include maximum likelihood ML), generalized least squaréSLS), general-
ized method of moment&GMM ), and other approached/e only discuss these
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three Other attractive estimation methqdsich as M-estimatoygan be ana-
lyzed in the same way if desired

The pseudo-likelihood approach is one of the most appealinghe sim-
plest case where the errors of estimating our functi@@) are spherical nor-
mals we can fit the functional to the observed data by nonlinear least squares
(LS). In generalhoweverthe errors may be nonspherically distributédhere
was evidence of nonspherical erroome could specify a covariance structure
for the residualsKeeping the assumption of a pseudo-Gaussian likelihond
could then estimate the variance-covariance masay Q, by an iterative(e.g.,
two-step procedureAn analogous idea would apply to GLS estimatiatbeit
with a difference of a factor oklog(det(Q)) for the objective function to be
optimized

Another potentially appealing approach would rely on the explicit formulas
for the momentswhich we have derived in the previous secti@MM estima-
tion would be based on these expressidtmvever we have an important con-
cern with applying this method heré/e would only recommend it if the user
were willing to restrict estimation to a class of our underlying densities where
the moments do existWe have given an example of our class of densities
Pareto where some moments do not necessarily esbject to this proviso
the appeal of GMM would be in the ease of obtaining an estimate of the co-
variance matrix for the moment restrictions

Two theorems will now be derived for the case of a random sampling of
observed values df(z) and the nonlinear LS estimation of the model

C(z) = C(2) + &,

where estimates are denoted by a, kaltas zero mean and variane@ < .

The conditions ore are sufficient but not necessary for the theorems to.hold
Moreover when the sampling scheme is not independent and identically dis-
tributed (i.i.d.) then for the theorems to be validve assume that the other
methods of estimation discussed earlier are used with the correct covariance
structure Let @ denote the vector of parameters of the funct@(z), which are
defined in(10) subject to theexclusion restrictions outlined there and which

we denote byd € 6. Then we have the following result

THEOREM 1 The nonlinealLS estimators of € © are consistent for any
of the parameters that have a nonzero impact on the functi@).C

The last part of the theorem’s statement refers to the situation when
some component dE(z) drops outin which case somérrelevan) parameters
will not be estimated consistentlfror example if a; = 0, the parameters
my, a,, as, by, by, by in (10) are neither identified nor estimated consistertity
such casgshowevey these parameters have no effect at allG(z) and are of
no interest
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We now turn to inference regarding the estimated parametersthis we
restrictd € O further tod € ® C O by excluding the cases where either of
ay, ay, by, as is zerg® to keep standard asymptotic Gaussian infere@iber-
wise, when a hypothesis on some parameters causes other parameters to disap-
pear from the modelthen nonstandard asymptotics arigg., see Andrews
and Plobergerl994 Hansen 1996 and references therginThe case of non-
standard asymptotics is dealt with by Lawfg&D01) in the context of general
hypergeometric functions and is not treated here

THEOREM 2 The nonlinearLS estimators of¢ € @ are asymptotically
normal with mear® and covariance matrix

dC 9C\\ 1t
0?|NE|( — — ,

76 00’
where N is the sample size.

We need to qualify inferences in our applications of the next section with a
warning because small datasets are involved and asymptotic inference may be
of limited relevance therelThe issue of finite-sample inference within a gen-
eral context isas everan unresolved problenvarious possibilities for attempt-
ing to improve such inference exjgiut we do not pursue them in this paper
and we rely instead on the well-documented robustness of F{fastsot of
t-ratios (e.g., see Ali and Sharmal996 Godfrey and Orme2001 and their
reference lists Examples that can help improve finite-sample performance in-
clude resampling methods such as the bootstrhp difficulties with bootstrap-
ping in the current setup are that it would be computationally very expensive
and that establishing analytically its validity foF; functions is beyond the
scope of this papeiFor examples on the inconsistency of the bootstsge
Basawa Mallik, McCormick Reevesand Taylor(1991), Young (1994, and
Andrews(2000. Of particular relevance is the discussion in Youi§94 es-
pecially p 385 about its failure in environments where moments need not ex-
ist (e.g., stable lawg which can be the case when our function collapses to the
Pareto density11).

3. APPLICATIONS TO OPTION PRICING
AND RISK-NEUTRAL DENSITIES

3.1. The Empirical Setup

We illustrate our methodology with foreign exchange options and with S&P500
index options Both types of options are known to exhibit deviations from log-
normality and are likely to reveal an interesting pattern in terms of densities
(for foreign exchange optionsee Bates1996a 1996k for S&P500 options

see Rubinstein1994). Because our only goal in this part is to illustrate the
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usefulness of our methodather than to describe of all available optipmge
represent the results for a few dates and maturities

First, for foreign exchange datave use over the counté®TC) options Even
though there exist options listed on currency exchanties vast majority of
currency options are traded in the OTC marléetcording to the Bank of In-
ternational Settlementn June 1999the notional value of outstanding OTC
currency derivatives was about 200 times larger than that of currency ex-
changesThis implies that foreign currency OTC markets have greater liquid-
ity. The drawback is that OTC option prices are usually unavailable to the public
We were able to collect OTC data of European French ffBrecatsche mark
(FF/DM) rate optionsin addition to the current exchange rafeom a large
French bank for one randomly selected déité May 1996 during which no
particular event happened and also for another date occurring a few days after
President Chirac announced a snap elect&hApril 1997) that eventually led
to a landslide victory of the then opposition party

For a given time of the daythe bank that provided us with the data re-
quested quotes from the other dealers in the maibkealers are compelled to
give a bid-ask quoteThe bank then retained the best bid and ask quote for
various strike pricesThe fact that the bank retained dealer’s quotations guar-
antees that the option prices are determined simultanedusdysituation would
have been quite different if only prices for traded options were availdable
such a situation reported prices might have been obtained at very different times
of the day possibly for very different values of the underlying assiet which
case prices would have been staléso, for many strike prices there may not
have been transactionSimilarly, we were given the exchange rate from the
same sourceFor exchange-rate quotethe mechanism is similar to OTC op-
tions in that dealers must quote a bid and ask pridés means that for the
foreign currency optionghe magnitude of the nonsynchronicity bias is small
The drawbacks of this market are that prices are not publicly available and that
we were able to obtain data only for a few days

For the first and second datese were able to obtain the bid and ask prices
for options corresponding toN =) 13 and 11 different strike pricesespec-
tively. Even though one couldor the purpose of option pricipgompute RNDs
for the bid or the ask sidewve decided to follow initially the convention of
using the average of the bid and ask price for each strike .pfigking the
mid-spread is compatible with the use made by central bajkéis are mainly
interested in the evolution of the density and its sh@g, see CampaChang
and Reider1997. Neverthelesswe check in Section.3 the importance of
using the mid-spread rather than the bid or the ask pritesreport results on
options with two different maturitiesl and 3 months

Secondl for the S&P500 optionswe downloaded the prefiltered data used
and described in Ait-Sahalia and b998. The options are Europeanover
1993 and for each date there are various maturities availalmdéike our for-
eign exchange optionshese index options are characterized by many strikes
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and a high liquidity We selected three dates randomly and chose a maturity
with a large number of strikes

The benchmark option pricing model assumes that the underlying asset’s price
process follows a lognormal diffusion with constant volatility In this case
European-type call options are traditionally priced with

Ci(K) = e T U5d(dy) — e " T VKd(dy),
where

1
log(S/K) + (r -+ 502>(T—t)

d_ ’
! oNT—t

1
log(S /K) + <r —r - 502>(T—t)

d
2 oNT—1t

Similar formulas apply to put option$f r* is a foreign risk-free interest rate
then we obtain the Garman and Kohlhagd®83 formula for foreign ex-
change optiondf, instead r * is the continuous dividend yieldhen we obtain
the formula for index options of Black and Schold973 and Merton(1973.
In the numerical applications for FBM options we take forr andr * the do-
mestic(French and foreign(German euro-interest rates chosen to match the
expiration of the optionsWe obtain data on these rates and transform them
into their continuously compounded equivalents

If one is willing to assume that volatility is constant across all strike prices
then it is possible to estimate the single volatility parametérwe follow the
literature in doing this by minimizing the quadratic distance between actual
and fitted pricesi.e., by nonlinear LS Table 1 presents the estimates of such
volatilities and also the associated goodness of fit measBmrsboth dates of

TABLE 1. Parameter estimates for lognormal distributions

FF/DM options S&P500 options

17.05.1996 2804.1997
3.05.1993 11.06.1993 20.10.1993

T—t 30days 90days 30days 90days46days 98 days 58 days

o 0.0208 00234 00265 00256 15347 15426 13891
oan (0.33% (0.37% (0.42% (0.41% (24.28%) (24.48%) (22.05%
N 13 13 11 11 15 17 20
R2 0.996841 0994207 0975545 (0966069 (951508 (928570 (0980671
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the FFZDM options we notice a slightly better fit for the first maturity than for
the second maturityFor the S&P500 optionsve notice a better fit than for
FF/DM options with the fit being similar across the three dates

The annualized volatility is denoted 2. For FFDM, o, ranges between
0.33% for the 30 days-to-maturity options on 17 May 1996 up #2® for
similar options on 28 April 1997These figures are slightly smaller than those
reported by Malz(1996, who considers the D¥VE in 1992 a series that is
known to behave more erratically than the/BM. The annualized volatility
of the S&P 500 ranges between.Q2% for the option on 20 October 1993 to
24.48% for the option on 11 June 199Bhe difference in magnitude between
the volatilities of exchange rates and stock returns is ladpavever the data
are of very different natureand the market structures also diffEéor instance
the FFFDM market was subject to tight trading bands within the European Mone-
tary System

To get an overall feel for the inaccuracy of these benchmarkiéspresent
in Figure 1 a typical plot of actual and fitted prices taken from the 3-months to
maturity options of 28 April 199.ANe notice thatfor options with a high strike
price, the fit is bad This implies that a model with constant volatility across
different strike prices is incompletén other words volatility is dependent on
K (a phenomenon known as the volatility “smile” because oflthghaped re-
lation), and further information that is not extracted by the lognormal is con-

o
['e}
o T T T T T T T T T
o
o
<
or .
o
B fitted prices ]
n
® of .
L o
<
a = .
s 8
s 8 |
o
o
5 = .
o
= = .
o
8 I 1 I 1 I 1 n 1 n 1 n 1 n 1 n
o 3.32 3.34 3.36 3.38 3.40 3.42 3.44 3.46 3.48 3.50

strike prices

Ficure 1. Original and fitted Garman—Kohlhagen call option pric28 April 1997,
3-months to maturity
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tained in the available option pricehis further information can be captured
with a hypergeometric-based RNBs we will show

3.2. Numerical Aspects of Estimating Our Nonlinear Function C(-)

We performed all optimizations with the GAUSS program and the OPTMUM
module We used nonlinear LS as our fitting criterion fGx-), as we did with
the lognormalin generalthough one should consider other methods based on
GLS or a likelihood criterionas we have discussed in Sectiod.2Ve do not
elaborate on this point in this sectiogiven how uniformly good the fit turned
out to be and given that the sample we have for the obse@(edis random
This is because the data are given over a grid of options’ “déltas term for
dC/0S. This derivative is a constant plus the distribution functi®f) (e.g.,
see(A.2) in the Appendiy. Because the distribution function of a continuous
variate is uniformly distributed when the function’s argument is randaking
a grid over the option’s deltas is equivalent to stratified sampling

In nonlinear estimatignit is crucial for numerical stability to obtain esti-
mates of comparable magnitud@s help the program find such estimatese
rescale the strike pricel§ by defining the linear transform = « + BK. Be-
causeC(-) is tied to the density of, it is also necessary to rescale the option
prices by the Jacobian of the transfqraccording tog3C(K) = C(z). Because
the bulk of standardized density masses tends to lie in the intern&8], the
mapping of strike prices achieving approximatelg [—3,3] will yield a nu-
merically stable estimation procedure

Another important element in numerical optimization is the choice of initial
values The lognormal benchmark has a shape that is not too different from a
normal We therefore chose for the optimization to start with parameter values
that arise from a normal RNOFrom the discussion followin¢l0),

1

1
2 X variance ofz’

1
as = — > ag = > b, = m, = mean ofz,

and the component starting with is set to zeroSettinga, = 0 initially does
not guarantee a well-behaved function at the next iteraffmn examplecare
should be taken not to leta; € N U {0}, as a division by zero may occur in
computing the F; function (see the expansion () and the subsequent exclu-
sion restrictions To make the program run smoothte starting values of the
initially omitted componentthe one beginning witla,) may be those of a re-
stricted gammgae.g.,

b1:1+a2b3, b3:1, a3:a2+2, a2:4, m1=m2,

because of the shape of RNDs known to arise in the literdsae the refer-
ences cited earligr
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We saw in Section .2 that explicit restrictions om,, a,, and c, exist and
must be implemented in the estimation routiaed in the Appendix we sim-
plify them for the setup of our problerAdditionally, we found in our numer-
ical applications that the reductions implied by the joint hypothbsis 1 +
aybs, a5 = —3, ag = 3 cannot be rejected by an F-te3this simplifies the
former restrictions further to

Cp = —CMy,

c, = —1+ a\—b,m,
! 1 (—by)~2
= ——— _a — 2
2\ _b47T ! 2

as shown in the Appendi¥inally, for the no-arbitrage condition to be checked
(2) or (15) simplifies to
E(2) = a, — %) Cp o anm —m,) +m 17)

1 I'(as— a,) 2 1 2 25
which is naturally a weighted average mf andm,. In both our applications
we found that the condition was satisfied by the d&t now summarize the
empirical results

I'(ag)

I'(ag—a,) |’ (16)

3.3. Summary of the Results

Following the estimation strategy outlined previoyste obtain the estimates
displayed in Table 2 for the various dates and maturiBecauseR? is invari-

TABLE 2. Estimation of ourC(-) function

FF/DM options S&P500 options

17.05.1996 2804.1997
3.051993 11.06.1993 20.10.1993

T—t 30days 90 days 30 days 90 days 46 days 98 days 58 days

ap 3.2375 52241 34870 21929 37889 28683 20763

az 5.2462 70280 56126 65079 63536 62076 47731

b, —0.9250 —13249 -08918 -—-0.7344 -16314 —-09381 —3.9701

bs 1.4641 11114 15385 20968 17809 17482 05589

by -0.5907 -0.1979 —-03806 —0.1131 —0.2023 -0.1837 —0.6288

my —1.5888 —22587 —23913 -0.8451 -0.6736 —18040 —14815

my 0.0128 02263 —0.9261 —0.8509 02864 —0.1961 18474

N 13 13 11 11 15 17 20

R? 0.999955 (0999957 (0999945 (0999899 (999922 (999911 (999661

R? 0.999909 0.999913 0.999863  0.999749  0.999864  0.999857  0.999504
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ant to affine transformations of the datacomparison of this statistic with the
one in Table 1 is feasibl&Ve notice that across all estimationise R? and the
R? adjusted for degrees of freedaine., R?) for our fit are larger by a sizable
magnitude than the ones obtained for the lognormal distribufon DM/FF
options we display in Figure 2 the plot of actual and fitted prices taken from 28
April 1997 (3-months maturity, which is representative of the fit at all the
dates we triedWe notice an excellent fit for all optionélso, a direct compu-
tation of option prices involving formulél) with a numerical routine corrobo-
rated that our method gives a very good fit

We obtain a discretization of the RND by evaluatiyg) over a grid consist-
ing of L,00O points and the plot for two dates and two maturities is in Fig-
ures 3—6 The link between the RND and actu@r objectivg probabilities
involves the degree of risk aversion of investarad an interpretation of the
RND as if it concerned the probability of the financial asset belonging to a
certain range is a rough approximatiokit-Sahalia and Lo(2000 and also
Jackwerth(2000 show how a measure of risk aversion may be inferred from
RNDs and the actual probabilitie€onverselyif one had a model describing
risk aversion one could make a statement about actual probabilitiese in-
vestigations are beyond the scope of our paped central bankers are typi-
cally more interested in how RNDs change from day to day than in measuring
risk aversion

0.05

0.04
T
1

fitted prices

call prices
0.03
T

0.02
T

0.01

00

3.32 3.34 3.36 3.38 3.40 3.42 3.44 3.46 3.48 3.50

0

strike prices

FiGure 2. Original data and hypergeometric-based #8 April 1997, 3-months to
maturity.
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Ficure 3. Lognormal and hypergeometric-based risk-neutral densitiesMay 1996
1 month maturity
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FIGURE 4. Lognormal and hypergeometric-based risk-neutral densitiesMay 1996
3-months to maturity
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Ficure 5. Lognormal and hypergeometric-based risk-neutral densi@#\pril 1997,
1 month maturity
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FIGURE 6. Lognormal and hypergeometric-based risk-neutral densRig#\pril 1997,
3-months to maturity
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Interesting comparative statics can be drawn from analyzing RNDs for dif-
ferent dates antbr maturities The influence of major events is reflected in
their changing shapem our first applicationgraphical inspection of the RNDs
confirms that the first date was a rather quiet ,omkereas the second date was
amid a period of great agitatiofrigures 3 and 4 display the RND for ABPM
options at 17 May 19960or the two maturitiesWe notice that for the higher
maturity the spread is much largéranslating the fact that market participants
associate more uncertainty with the longer.rafso, in comparison with the
lognormal casewe notice that our method reveals a heavier right tlilis
translates the fact that investpeven on a rather normal dagre paying a pre-
mium in the anticipation of a latent devaluation of the @Rke so-called peso
problem).

When we turn to the second datbere is an overall shift to the left for all
distributions coming from the fact thaat that datethe FF had appreciated
with respect to the DMWhen we compare the distributions with those of the
first date there is a larger spread for thedd. at all maturitiesIn other words
for the second date the global uncertainty is much ladgeaddition the right
tail is more slowly decaying for the second dateflecting the fact that market
participants were contemplating the possibility of a large subsequent deprecia-
tion of the FE with a nonnegligible probability

It should be mentioned that the bimodality of the RNithich has arisen in
the literature cited earlieis also found to varying extents in Figures 36
our function we have not forced this bimodalitypr any other oscillatory-tail
features, as is clear from looking at our graph3ur earlier talk of “two” com-
ponents in ourC(-) should not give the erroneous impression that G(+) is
based on just a mixture of two densities with at most two mades(12) for
analytical details Our graphs illustrate that this is not the caseme display-
ing multimodality but others noSee also the discussion aftét.8) in the Ap-
pendix where we could not reduce our estimated functions to just mixtures of
normal and gamma

The multimodality when it appeatscould be due to a number of reasons
For exchange rateshe most plausible explanation of the right hump is the
expectation of a widening of the target bafthe center of the target zone was
set at 335 FFFDM and the width was set at2.5%, implying a band ranging
from 3.2746 up to 34254 The right hump being outside this banduggests
that market participants put a nonnegligible probability on a devaluation of the
FF with respect to the DM

To check the robustness of our estimated RNfag §(-), and the correspond-
ing distributionsG(-), we perform a sensitivity analysisVe estimate the pa-
rameters of the hypergeometric-baged) when omitting one different strike
price at a timeobtainingN estimates of RNDseach based oN — 1 strikes
Denote each of these estimated densitiegjfy) and their corresponding dis-
tributions byéj(-), wherej = 1,2,...N. To illustrate we choose our “worst”-
fitting C(-), namely the FFFDM options at 28 April 1997 for the second
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maturity. We findAthat the maximal absolute deviation betw&(S;) and each
of the 11 cd.f.s G;(Sy), for anyj or Sy, is

max{|G(Sy) — G;(Sr)[} = 0.0056 (18)

which is about half a percentage pqititus indicating a very stable estimate of
the cd.f. This observation is corroborated by FigureThere the dotted line
represents our density estimaj€S;), whereas the narrow band around it is
obtained pointwisei.e., for eachS;) as the minimal and maximal value over
the N estimates);(Sy). This indicates that our estimated RNDs are robust to a
number of possible concerns raised in the finance literataraddition to the
traditional econometric one&or example our RNDs are robust to dropping
the observation with the largest bid-ask spre@dhe observation with the larg-
est(or smallesy strike pricekK, etc

We check further the robustness of the estimated shapes to bid-ask spreads
because this is a particularly important isslie do sq we reestimate the den-
sities by first assuming that all option prices were at the ask side and then by
assuming that they were all on the bid sitiée perform these estimations for
28 April 1997 a day when markets were rather agitatedd for the relatively
illiquid 3 months to maturity optionFor these optionghe spreads tend to be

14

12
T

10

Density and bounds

3.25 3.30 3.35 3.40 3.45 3.50

FIGURE 7. Sensitivity bounds for the hypergeometric-based density with one strike
deleted at a time
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the largest of all the options considered in this stuidye results of the estima-
tion are displayed in Figure. &s can be seerthe overall shape of the densities
is the sameln particular the bimodality of the RNDs for this date appears to
be numerically stable and not simply due to an error in the.dasasidering
the implied cd.f.s, we find that the maximal discrepancy between the mid-
spread and the bid-onlirespectively ask-only prices is 0058 (respectively
0.047). Though the shapes are analogdhs discrepancy of roughly 5% is larger
than the one found ifl8) because here we take the sensitivity analysis to the
extreme of changing all prices simultaneoustyen so the maximal discrep-
ancy between the distributions occurs very close to the pfaak mode of the
density namely at 337 and 335, respectivelybut not in its tails which are of
most interest as explained earlier in connection with Central Bank policy-making
We now turn to the estimation results pertaining to fitting @{r) function
to the S&P500 optiondnspection of the second part of Table 2 confirms our
earlier resultsthe hypergeometric-basézi-) function allows for a very close
fit, of comparable quality to the one obtained for the/BM options For 3
May 1993 Figure 9 represents the RND obtained with the lognormal model
and the hypergeometric on&Ve notice nowin line with the figures repre-
sented in Ait-Sahalia and L1998, that the RND is negatively skewed for
Index options This pattern translates the idea that investors fear a chash
lognormal cannot represent a negatively skewed deresiy thus seems to be

bl T T T T
o~ L ———- Only bid prices i
~ Only ask prices
—— Mid—spread prices
ol
3 wf
2
'
c
g ef
<
o~ N mma
3.25 3.30 3.35 3.40 3.45 3.50
St

FiGURE 8. Hypergeometric-based estimated densities with agtkh bid, and with mid-
spread option prices
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Hypergeometric—based
— — — - Lognormal

Density
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340 380 420 460 500 540

Ficure 9. Lognormal and hypergeometric-based risk-neutral densiE&®500 index
options 3 May 1993 46-days to maturity

incompatible with the datavhereas our hypergeometric-based densities allow
for either type of skewness

Finally, we compare our results to the fits obtained by other methéfsdo
not fit the entropy-based modélecause it has as many parameters as data points
and is therefore going to lead ® = 1 andR? = 0 everywhereAs for the
others Table 3 reports the result$he label “Hermite” refers to the method
used by Jondeau and Rockindg2001) to enforce nonnegativity constraints on

TaBLE 3. A comparison ofR? andR? (in bold) for other methods

FF/DM options S&P500 options

17.05.1996 2804.1997
3.051993 11.06.1993 20.10.1993

T-t 30 days 90 days 30 days 90 days 46 days 98 days 58 days

Hermite 0999669 0099878 (090926 0091626 0997214 0084918 (993403
[0.999603 [0.999853 [0.98865§ [0.989532 [0.99675Q [0.982764 [0.992627
Jumps (999676 0999926 0999850 0999804 (997926 (991013 0995244
[0.999617 [0.999917 [0.999813 [0.99975% [0.99758Q [0.989729 [0.994683
Mixtures Q999947 0999878 (099842 0099835 0998267 0990682 0996039
[0.999906 [0.999817 [0.999812 [0.999725 [0.997573 [0.987577 [0.994983
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the estimation of Gram—Charlier densities by means of Hermite polynamials
“Jumps” refers to the Malz-type jump-diffusion model discussed in the intro-
duction whereas “Mixtures” is the generalization of the benchmark into log-
normal mixtureslt is clear from the table that our method is always best in
terms ofR? and is only once beaten by “Jumps” in terms ofRfthat differs
from ours by less than a unit in the fifth decimal place! Our method does very
well and uniformly so for

(1) volatile days in addition to quiet ones
(2) different maturitiesand
(3) options on very different underlying assets

Our estimated densities’ functional forms vary over the dates and matuases
can be seen in Table 2 from the parameter estimates,,&fs, bs, the other
parameters playing mainly centering and scaling roldgerefore parametric
methods that restrict functional fornge.g., mixtures of lognormalswill not

do uniformly well Notice also that Table 2 indicates that all cases studied
the tails of the RNDs decay exponentially faBbr the markets studiedhis
implies that all moments of finite order exist and that the perceived probability
of extreme events declines at exponential ralése estimated parameters of
the asymmetric component ¢£0) were such that it ended up representing ex-
treme events by means of long tailspecially becausbk; is mostly smaller
than the exponential power 2 of the other component

4. THE DENSITY FUNCTIONAL FOR REPEATED INTEGRALS

Section 2 gave &(-) function based on generaliziri§) and(9) for the case of
double-integrals of jpl.f.’s. Here we extend this approach to the situation where
the pth integral of a pd.f. is observedwherep € N, by taking

C(z)=c +cyz+ - +c,zP 1
+ 1mai(z— my) P Fy(ag;as; by(z — my)s)
+ (a4)1F1(as;a6;by(z — my)?). (19)

The parameters are not generaliye., for p # 2) in correspondence with our
earlierC(z), but the modeling methodology is the same and so is the number
of free parameterdhe case = 1 is one where the variateis directly observ-
able and its empirical @.f. is available to compare to our fitteddd. C(z).

Three types of restrictions on the parameter€6f) are needed

Type I
A: restrictions on the.d.f. given by (up to arbitrary constantsiP~1C(z)/dzP?*
for the edges of its suppgnmiamely z, andz;
B: nonnegativity restrictions on thedif. given by d’C(z)/dzP over its support
(259 ZU);
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C: other specifics of the problerin our previous applicationghe transversality
and no-arbitrage conditioins
Type II: a priori information
Type lll: hypotheses of reduction to known simpler forms

In this sectionwithout a specific application in minene can only implement

restrictions of Types IAup to a constantand IB and provide formulaguch

as expressions for the momentbat are likely to be required for Type IC

Types Il and Il are application-specific and are to be determined by the user
For Types IA and IBwe need thg p — 1)th andpth derivatives ofC(z).

They are obtained by expanding thE; functions in(19) and differentiating

termwise The result isfor eitherq=p—1orq=p,

dq
= C(2) =1 1C(p— D!

dz®
+ 1Z>ml(—1)qa12 2)j '2 (—byj — by)q(z my )P a+bs]
<o (ag); j!
= (as);b; ,
+ a,(—1)¢ — (—=2j Z—m 2]—q’
D J'qu. (ag); J! (=24l 2)

whereq; is the integer part ofq + 1)/2. There are two equivalent ways of
expressing these sunibhe first is the one we have seen earl@nd it is the
sum of ;F, functions For generalp, the expression would be quite cumber-
some so we resort to the second possible metHbthakes use of the general-
ized hypergeometric function if5) to write

dq
proes C(2) = 14—p-1G(p— D)

+ 1z>m1(_ 1)qa1(_ bl)q(z - ml)bl_q

b b,—q+1
ay, 241, 2972y,
b, b, g
X qr1Fqe1 b, b—q+1 b,(z—my)
Az, T e T
* by bs

1
(aS)qi r <q| + 5)

L B
N7 (8g)g T(2g, —q+1)

(4b,) (2= my)24-a

1
as+q,L - +q;
_ 2
X 3F3 q q 1 by (z—my)* |, (20)
a6+qi’qi - 5 +1’qi - §+ 57
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where the duplication formula

N72972T (20, —q+1) = 1“<qi 3 + 1)1“<(J|i 3 + }>
2 2 2
has been used
For restrictions of Type ICit can be helpful to derive an expression for the
moments ofz. By letting g = p andp; = q; (= integer part of(p + 1)/2) in
(20), we get

E(z") = Jzuzn M dz

dzP

€

= (=DPay(=by),

b b,—p+1
. az,b—1+L.., ! bp +1;
u 3 3
Xfmlzn(z_ml)b“’mfpu b b T b
3 b37 ey b3 )
(as) r( +1>
a i -
a4 o i 2 (4b)p
V7 (8g),I(2p —p+1)
1
z, a5+pial,5+pl7
Xf Z"(z—my)?P PR, by(z—my)? |dz
“ a6+pi7pi7_p+l’pi7£)+1_;
2 2 2

(1 mpi(z, — my) PP
= (— P —
(~1)Pay( b1>,,2<.> —

j=o\J

b b,—p+1 j+b,—p+1
az,b—1+1,..., L bp 41, 1b P
X piaF, ’ ° P bz, - myb
pretprz b, by-ptljtbioptl 2
as, by b s b, 5
(as) F< +1>
a s)p L\ Pi > oo i N\ mg-i(z— my)i+2a-p+1
N (ag)p T (2P —p+1) N i=o\J jt2p—p+1
1 j+2p—p+1 2,
a5+pi’1y_+pi9j hPp ;
X 4F 2 2 b, (z—m,)?
o . P p+1j+2|of|0+34 2
s T P, i 5 , Pi 5> o 5 5 .

This completes the explicit formulas mentioned in connection with restrictions
of Type 1
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5. CONCLUDING COMMENTS

We have provided a new methodology for estimating density-related function-
als without prior knowledge of the density’s functional forin this endeavaqr

we have been originally motivated by a problem in the area of contingent-
claim valuation We have shown in our applications that our method did uni-
formly very well, thus illustrating the analytical justifications for our new
approachHowever the new general methodology we propose is equally appli-
cable to different problemd-uture work could apply our method to different
areas of researchVhat this paper has done is to lay down the technical foun-
dations necessary for subsequent applications

NOTES

1. There are two different types of confluent hypergeometric functigmsnmer’s;F; and Tri-
comi's ¥ (see Abadir1999 and references therginThere are also two related confluent hyper-
geometric functions due to Whittakevl andW. We use only;F; in this paper

2. The function can also mimic the basic properties of a lognorifRai this use page 68 of
Abramowitz and Stegufil972: the leading term is picked up by the symmetric quadratic compo-
nent(latter one of C(-), whereas the asymmetry is represented by the 8 also Johnson et al
(1994 1995 for approximating the lognormal density by normgamma and/or Weibull ones

3. The parameten, is not free to vary unrestrictedlisee the discussion dfL3)). To some
extent my is also not free to varyif one believes in arbitrage pricingsee(15) or more clearly
17)).
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APPENDIX

Proof of Theorem 1. The proof follows by checking the standard conditions for con-
sistency(e.g., see Amemiya1985 Ch. 4; Gouriéroux and Monfort1995 Ch. 8). It
draws on the properties of continuity and differentiability of hypergeometric functions
detailed in e.g., Erdélyi (1953. First, by means of the polygamma functiatihe func-
tion C(-) is differentiable an arbitrary number of times with respect to the paramgters
whené € 0, except possiblydepending orb,) at the pointm; = z that has probability
measure zero for the continuous variatéSecond the covariance o€(-) for different
values off € 0 is finite, this being the integral of a distribution function that is bounded
by definition Finally, two nontrivial (nonconstant; F; functions will be identical for all
z, if and only if their parameters are identic@he values of randomly sampl&i z) are
therefore distinct for differen € 6. |

Proof of Theorem 2. The nonlinear LS estimators 6f€ ® C 0 are consisteniy
Theorem 1 so we now check the two additional conditions for asymptotic normality
First, as mentioned in the proof of Theorem the functionC(-) is arbitrarily differ-
entiable with respect t6 whené € @ and a fortiori, whené € ®. Secondthe matrix
of second derivatives of(-) with respect tof is finite with probability 1 as seen in
the proof of Theoremland it has a nonsingular expectation frestricted further to
6 € 0 by the identifiability of all the parameters n

Derivations for Section 3.2. Letting O(z”) denote terms of order of magnitude of at

mostz”,
r'(c) B 1
—|z|?|1+0O(-|), asz— —w
I'(c—a) z

i e(iro(3))
—— 7% |11+ 0| -], asz— oo
r'(a) z

Fu(&cz) = (A1)
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for z € R. We saw in Section .2 that explicit restrictions oy, a4, andc; exist Here
we specialize them to the setup of our applications
First, consider the restrictions arp anda,. In the context of(3) and(4)

d
—C =G —1=-1,
2C?|,_, =6
d C(2) G(z,)—1=0 A2
e - u ) (A.2)
where dC(z)/dz is given by(13). On the assumption tha = m,, the first constraint
reduces to

a
C, = 1= 28, =2 by(z, = My)1Fy(as + L + 1iby(z = m;)?) (A3)

6

and the second is

C = —ay(z, — ml)bl_l[(b1)1F1(32§as§bz(zu —my)")

a.
+ a_2 b,bs(z, — M), Fy(a, + L85 + 1;by(z, — ml)b3):|
3

a
— 23, a_s b4(zy — My)1Fi(as + ;a6 + 1;b,(z, — my)?).
6

The first of these is linear in,, and the second may be reformulated by combining the
two as

a,=1-ay(z,— ml)bll|:(b1)lF1(a2;a3;b2(Zu —my)®)

a.
+ a_2 b, bs(z, — )P, Fy(a, + a5 + 1;by(2, — ml)b3)]
3

a
- {2 a_s bs[(z, — my),Fi(as + ;a5 + 15 b,(z, — my)?)
6

— (z, —my) Fi(as + 186 + L;by(z, — m2)2)]} (A.4)

which is linear ina,. In our two applicationswe found that the reductions implied by
the joint hypothesi®, = 1 + a,b;, as = — 1, ag = 3 cannot be rejected by an F-teas
a result (A.3) and(A.4) simplify further to

I'lag+1
Tastl) (M, — z,) 28571
I'(ag — ag) z—>—o

= —1+as\—b,m (A.5)

— s -a
C;= —1-2a,— (=by) "%
3
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and
I'(as) .
= |:1 —ay(—hy) F(a——:\) [by —aybs] lim (z,— ml)bl—a2b3—1]
3 2 Z,—c
- _2 a_5 (_b )735 M
. 3 ¢ I'(ag — as)

X("m (zy—my) 2% 1+ lim (mz—zwzaslﬂ

- (1— a,(—b,) &> (A6)
24/ —b,m7 I'(ag—ap)

respectively by means of formulgA.1) for extreme values and by substitution for
b, as, as. As explained in Abadif1999, the asymptotic formuléA.1) does not require
|z| — oo but requires only thatz reach some extreme values for the standardized
distribution

Second the restriction implied forc; by the boundary condition of our applications
can be stated explicitly her&he reader will have noticed frofi) and(4) thatC(co) =
C(o0) = 0. For our functionC(z) of (10), this transversality condition translates into

r
G = ZIiLTl]w(_CzZ - al(_bz)*az(z — ml)b17a2b3 %
r
—ay(—hy) "% % (z— mz)—2a5> A7)

by means of(A.1). Similarly to the simplification of(A.3) and (A.4) into (A.5) and
(A.6), respectivelywe may simplify (A.7) further for our applications by substituting
for by, a5, ag as

lim (—czz— (al(—bz)az & + a4\/—b47r>(z— m2)>

70 I'(ag—ay)

C

= lim (1 - ag\[=b,m)z— (1 - 2a,\/—b,7 + az\[—b,7)(z— my))
= lim ((1— a4«/—b47r)m2)
(1—a\—bym)m,

= —CoMy. (A.8)

Note that for a gamma component to existdi-), one would require the further sim-
plificationsb; = 1 andas; = a, + 2. These were not supported by our data h@ret
even at the 1% significance leyednd were therefore not included {A.5)—(A.8). In
other words the first three terms of the formula for the density given(12) do not
simplify to a gammabut the latter two terms do reduce to a normal companent

https://doi.org/10.1017/50266466603195047 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466603195047

DENSITY FUNCTIONALS 811

Finally, to implement the no-arbitrage conditig®) of our examplewe use(A.1) to
simplify E(z) of (15) as

r(a3) —ay |[j b;—aybz—1
E(z) = A ay) (=by) 7% lim (z, — my)> 2" 2((by, — a,bs — 1)z, + my)
3 2 Z,—>0
I'(ag) a o z Z
—ay———— (b)) | —m,| %8s |1+ 2
%4 (2 — ac) (=ba) L, 2= m| % m, .
I'(a3) .
=a F(a—:a) (=by)~% lim (m,)
3 2 Zy—0
z 2z
—an\[—by7m  lim <(|z—m2|<1— )) >
—Z¢,Zy—>0 Z— M, 2z
_ I'(as) —a, .
=a, m (=by)~%m; — g —bym 72)!9"_)00(_7112 —-my)
I'(ag)
=a F(a——:\) (—=by)722m; + 2a,(\/ —by7)m,,
3 2
which can also be written as i17) by substituting fora4 from (A.6). u
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